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IDEAL MEMBERSHIP IN POLYNOMIAL RINGS
OVER THE INTEGERS

MATTHIAS ASCHENBRENNER

INTRODUCTION

The following well-known theorem, due to Grete Hermann [20], 1926, gives an
upper bound on the complexity of the ideal membership problem for polynomial
rings over fields:

Theorem. Consider polynomials fo,...,fn € F[X]| = F[X1,...,Xn] of (total)
degree < d over a field F. If fo € (f1,..., fn), then

fo=qgfi+ - +gnfn

for certain g1,...,9n € F[X] whose degrees are bounded by [3, where § = B(N,d)
depends only on N and d (and not on the field F or the particular polynomials

va"'vfn)-

This theorem was a first step in Hermann’s project, initiated by work of Hentzelt
and Noether [19], to construct bounds for some of the central operations of com-
mutative algebra in polynomial rings over fields. A simplified and corrected proof
was published by Seidenberg [35] in the 1970s, with an explicit but incorrect bound
B(N,d). In [31], p. 92], it was shown that one may take

B(N,d) = (2d)

We will reproduce a proof, using Hermann’s classical method, in Section B below.
Note that the computable character of this bound reduces the question of whether
fo € (f1,..., fn) for given f; € F[X] to solving an (enormous) system of linear
equations over F. Hence, in this way one obtains a (naive) algorithm for solving
the ideal membership problem for F[X] (provided F' is given in some explicitly
computable manner). Later, Buchberger in his Ph.D. thesis (1965) introduced the
important concept of a Grébner basis and gave an algorithm for deciding ideal
membership for F[X] which is widely used today (see, e.g., [6]).

The doubly exponential nature of 5 above is essentially unavoidable, as a family
of examples due to Mayr and Meyer [27] shows. In fact, they prove that ideal
membership for Q[X] is exponential-space hard: the amount of space needed by
any algorithm to decide ideal membership for Q[X] (or Z[X]) grows exponentially
in the size of the input. If we restrict to fo, ..., fn of a special form, often dramatic
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408 MATTHIAS ASCHENBRENNER

improvements are possible: for example, if fo = 1 (the situation of Hilbert’s Null-
stellensatz), then in the theorem we may replace the doubly exponential (2d)2N by
the single exponential bound d if d > 2 (due to Kolldr [22]) and by 2V *! if d = 2
(due to Sombra [38]). A number of results show the existence of single-exponential
bounds in the (general) ideal membership problem for F[X], under suitable geomet-
ric assumptions on the ideal I = (fi,..., fn): for example if I is zero-dimensional
or a complete intersection [7]. Membership in an unmixed ideal I can be decided
in single-exponential time [I0].

In this paper, we study the ideal membership problem over coefficient rings of
an arithmetic nature, like the ring of integers Z (instead of over a field F). The
following example shows that contrary to what happens over fields, if a bound d
on the degree of fo, f1,...,fn € Z[X] is given and fo € (f1,..., fn)Z][X], then
there is no uniform bound on the degrees of g;’s such that fo = g1f1 + -+ gnfn,
which depends only on N and d. So any bound on the degree of the ¢1,...,9, as a
function of fy, fi1,..., fn will necessarily also have to depend on the coefficients of
the polynomials f;.

Example. Let p > 1 and d > 1 be integers. We have 1 € (1 —pX, p?X)Z[X], since
1= (14+pX + - +p" XN (1 - pX) + X plX,

with the degrees of 14+pX +- - -+p?~ 1 X% 1 and X% ! tending to infinity, as d — oc.
Considering everything mod p?, we see that 1 — pX is a unit in (Z/p?Z)[X]; indeed

1= (1 +pX+'~-—|—pd71Xd71)(1 —pX) mod p®.

Hence if 1 = ¢g(X)(1 — pX) mod p? for some g(X) € Z[X], then necessarily g =
14+ pX 4 -4+ p X9 mod p¢. It follows that if

1=g(X)(1—pX)+h(X)p'X  with g,h € Z[X],

then deg g, degh > d—1. Taking for p a prime number and replacing Z by its local-
ization Z,), the same example works if we consider polynomials with coefficients
in Z(p)

A decision procedure for the ideal membership problem for polynomial rings over
Z has been known at least since the early 1970s; see, e.g., [, [5], [12], [21], [32l,
[36], [B7]. However, these results did not yield the existence of a primitive recursive
algorithm, for any fixed N > 3, let alone the existence of bounds similar to the ones
in Hermann’s theorem for polynomial rings over fields. Indeed, it was suspected by
some that this was one of the rare cases where a natural decision problem allows
an algorithmic solution, but not a primitive recursive one. (See [2] for a survey of
the history and the various proposals for computing in Z[X].)

Finding a decision procedure for ideal membership in Z[X] was central to Kro-
necker’s ideology of constructive mathematics [IT]. In fact, one may argue that
he was primarily interested in what we would call today a primitive recursive al-
gorithm. Thus, the task of finding a primitive recursive decision method for ideal
membership in Z[X] has aptly been called “Kronecker’s problem” in [I3]. In this
paper, Gallo and Mishra adapted Buchberger’s algorithm for the construction of
Grobner bases and deduced a primitive recursive procedure to decide the ideal
membership problem for Z[X], when the number of variables N is fixed. Analyzing
their algorithm, they obtained the following bounds:

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



IDEAL MEMBERSHIP IN POLYNOMIAL RINGS OVER THE INTEGERS 409

Theorem. Let fo,..., fn € Z[X]| =Z[X1,...,XnN]. If fo € (f1,..., fn), then

fo=gfi+-+gnfn
for certain polynomials g1, ..., gn € Z[X] whose size |g;| is bounded by

Wants(fol + -+ | fal + N).

Here the size |f| of a polynomial f € Z[X] is a crude measure of its complexity
and equals the maximum of the absolute values of the coefficients and the degrees
of f with respect to each indeterminate; see [I3] p. 346]. The function Wy is the
kth function in the so-called Wainer hierarchy of primitive recursive functions; see
[39). Even for small k, these functions are already very rapidly growing: We have
Wo(n) =n+1, Wi(n) = 2n+ 1, but Wa grows asymptotically like the exponential
n — 2™, Wj like the n-times iterated exponential function, and so on. These bounds
are only primitive recursive for each fixed N; the growth rate of this bound as a
function of N is similar to the notorious Ackermann function.

Gallo and Mishra’s analysis of the complexity of their algorithm ultimately rests
on an effective version of Hilbert’s Basis Theorem for increasing chains of monomial
ideals in Z[X]. This approach is doomed to fail in providing bounds which are also
primitive recursive for varying N: In general, even the length of an increasing chain
of ideals in Z[X] with the kth ideal in the chain generated by monomials of degree at
most kd can have a growth behavior similar to Ackermann’s function, as a function
of N and d. (See [28].)

In the present paper, we will give a proof of the following theorem. Given a
polynomial f € Z[X], we let h(f) be the height of f, that is, the maximum of
log |a| where a ranges over the non-zero coefficients of f, with h(0) := 0.

Theorem A. If fo, f1,..., fn € Z[X] = Z[X1, ..., Xn] are polynomials with fy €

(f1,---, fn), whose degrees are at most d and whose heights are at most h, then
fo=gfi+-+gnfn
for certain polynomials g1, ..., gn € Z|X] of degrees at most

9O (N log(N+1))

(N, d,h) = (2d) (h+1).

In principle, the (universal) constant hidden in the O-notation can be made
explicit; see Section [ below. The bound v on the degrees of the g,’s implies the
existence of a similar (doubly exponential) bound on the heights of the g;. As a
consequence, we obtain a naive elementary recursive decision procedure for ideal
membership in Z[X]. In this paper we prove in fact a generalization of Theorem A
with Z replaced by the ring of integers of a number field F, using an appropriate
notion of height for elements of F'.

The starting point for our proof of Theorem A is the simple observation that
one can localize the question of whether fy € (f1,..., fn) and reduce it to finitely
many subproblems in the following way: Using the classical method of Hermann
(for F = Q), one can test whether fo € (f1,..., f»)Q[X], and assuming this is so,
we obtain, by clearing denominators, a representation

(1) Sfo=gifi+ - +gnfn  Withd€Z 6§40, g1,...,9n € Z[X].

Let p1, ..., pk be the different prime factors of §. Then another necessary condition
for fo € (f1,.. .. fn), besides fo € (f1,..., fu)Q[X], isthat fo € (f1,..., fa)Zp,)[X]
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410 MATTHIAS ASCHENBRENNER

for k=1,..., K. Together with (), these necessary conditions are also sufficient
for fo € (fi,..., fn): If fo € (f1,.. ., fn)Zp,)[X], then

(2)  Orfo=giefi+ -+ gnkfn for some 6y, € Z \ pxZ and g;i, € Z[X].

Since 4,61, ...,0x have no common prime factor, we find, by the Euclidean Algo-
rithm, a linear combination of them that equals 1:

(3) ad + a0 +---+agdg =1 (a,a1,...,ax €Z).
Combining (), ) and B), we get

n
fo=(ad+adi +---+axdg)fo=)_(ag; +argp + - +axgix) fi:
j=1
which exhibits fo as an element of (fi,..., fn)-
Now note that given a prime p, we have fo € (f1,..., fn)Z()[X] if and only if
the homogeneous linear equation

(4) fiyr + -+ fa¥n — foUny1 =0

in the unknowns ¥1,...,yn+1 has a solution (y1,...,Ynt+1) € (Z(p) [X])nJr1 with
Ynt1 = 1. This reduces the problem of deciding whether fo € (f1,..., fn)Z)[X]
to the following two subproblems:

et for the

(a) constructing a collection of generators z(1), ... 21 ¢ (Z»[X])
module of solutions (in Z,)[X]) to equation (@), and
(b) deciding whether the ideal in Z,)[X] generated by the last components of

the vectors 21, ..., 2(5) contains 1.

Problem (b) can be easily treated by applying the effective Nullstellensatz for Q[X]
and F,[X] (or Hermann’s Theorem). By a faithful flatness argument, it is possible
to further reduce problem (a) to the construction of a set of generators for the
Q[X]-module of solutions to @) in Q[X] and a set of generators S C (Z, [X])n—|r1
for the Z,(X)-module of solutions to ®) in Z,(X). Here, Z,(X) denotes the ring
of restricted power series with p-adic integer coefficients (see [8] or Section 2. The
great advantage of the power series rings Z,(X) over polynomial rings over Z (or
over Zy)) is that they satisfy a Weierstra$ Division and Preparation Theorem.
Hermann’s method for deciding ideal membership, that is, deciding solvability of
a single inhomogeneous linear equation, has a variant which allows for the con-
struction of a finite set of generators for the Q[X]-module of solutions to the linear
homogeneous equation @) in Q[X]. The key step in our argument is to adapt this
method to explicitly construct the set S from above, that is, to show the effective
flatness of Z,(X) as a Z)[X]-module. All computations take place in Z,)[X],
and bounds for the heights of the polynomials occurring in each step can be found.
This enables us to calculate the bound 7.

Theorem A naturally generalizes to systems of linear equations over polynomial
rings, and as the sketch above already indicates, one also obtains information on
homogeneous systems of linear equations. For example, the methods developed
here lead to the following theorem on degree bounds for generators of syzygies:

Theorem B. The Z[X]-module of solutions (y1,...,yn) € (Z[X])n of the equation
fiyi+ -+ fayn =0,
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IDEAL MEMBERSHIP IN POLYNOMIAL RINGS OVER THE INTEGERS 411

where fi,..., fn € Z[X] = Z[X1,..., XN] are of degree < d, is generated by solu-
tions

y Ly B e (Z[x))"
whose entries are of degree at most (2d)20(N10g(N+1)).

Note that this bound does not depend on the coefficients of the f;’s. (The
number K of required generators also depends only on N,n and d.) Theorem B
holds in a rather more general context, for any almost hereditary ring in place of
Z. See Section H below for the definition of almost hereditary rings and [1] for
uniform degree bounds on syzygies for an even larger class of rings. The size of the
coefficients of the entries of y*) can be similarly estimated, by a bound that also
depends on the heights of fi,..., fy.

Organization of the paper. We begin (in Section[I]) by recalling basic definitions
about absolute values on number fields, defining a height function on the algebraic
closure of Q, and establishing some auxiliary facts about it used later. In Section [2]
we state some fundamental facts about the ring of restricted power series over a
complete discrete valuation ring. Section Bl contains an exposition of Hermann’s
method for solving systems of linear equations in polynomial rings over fields. This
is the basis for Section @l where we give a proof of Theorem B modeled on this
method. We also indicate two applications concerning bounds for some operations
on finitely generated modules and a criterion for primeness of ideals in Z[X] in the
style of [34]. In Section[d we complement Theorem B for rings of integers in number
fields by establishing bounds on the height of generators for syzygy modules. In
Section [6l we use these results to prove Theorem A.

Notation and conventions. Throughout this paper N = {0,1,2,...} denotes
the set of natural numbers.

Let R be a ring (here and below: always commutative with a unit element). The
localization S~'R, where S denotes the set of non-zero-divisors of R, is called the
ring of fractions of R, denoted by Frac(R). If A is an m X n-matrix with entries in
R, the set of solutions in R™ to the homogeneous system of linear equations Ay = 0
is an R-submodule of R™, which we denote by Solg(A). It is sometimes called the
(first) module of syzygies of A. If R is coherent (e.g., if R is Noetherian), then
Solg(A) is finitely generated. For submodules M, M’ of an R-module L we write

(M':M):={acR:ame M forallme M},
which is an ideal of R (containing the annihilator of M). If 6 € R, then
(M:6):={meL:omeM},
which is a submodule of L. If L = R™ is a finitely generated free module and
R — R’ a ring homomorphism, then MR’ denotes the R’-submodule of (R')™
generated by the image of M.

By X = (X1,...,Xx) we always denote a tuple of N distinct indeterminates,
where N € N. The (total) degree of a polynomial 0 # f € R[X]| = R[X1,...,XnN]
is denoted by deg(f), and the degree of f in X; (where ¢ € {1,...,N}) is denoted
by degx. (f). By convention deg(0) := —oc and degy (0) := —o00, where —oo < N.
We extend this notation to finite tuples f = (f1,..., fn) of polynomials in R[X] by
setting deg(f) := max; deg(f;) (the degree of f). Similarly we define degx. (f).
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412 MATTHIAS ASCHENBRENNER

The notions of computable field and computable ring are used in an informal way.
We will say that a computable ring R is syzygy-solvable if there is an algorithm
which, given ai,...,a, € R, constructs a finite set of generators for the solutions
to the homogeneous linear equation ai1y1 + - -+ + any, = 0. (This is called “finitely
related” in [32].) For example, the prime fields Q and F,, are clearly syzygy-solvable,
as is Z, or more generally the ring of integers of any number field (see [9]).

1. ABSOLUTE VALUES AND HEIGHT FUNCTIONS

We assume that the reader is familiar with the basic theory of absolute values on
number fields as expounded in, say, [25, Chapter II], and the (absolute, logarithmic)
height function on the algebraic closure of Q as used in diophantine geometry (see
[24, Chapter 3]). We recall some definitions and a few basic facts used later.

Absolute values. We let || denote the usual (Euclidean) absolute value |- | on
Q, and for a prime number p we let |- |, denote the p-adic absolute value on Q:
lal, = p~**(@) for a € Q, where vp: Q% — Z denotes the p-adic valuation on Q.
Let F' be an algebraic number field of degree d = [F' : Q], and let R = OF be the
ring of integers of F'. If v is a finite place of F' which lies over the prime number p,
we write v|p. If v is an infinite place of F', we write v|oo. To every place v of F' we
associate an absolute value |- |, on F, normalized so that

(1) if v|p for a prime p, then |-|, extends the p-adic absolute value |- |, on Q,
(2) if v|oo, then ||, extends the usual absolute value |-| on Q.

For every place v of F' we let F, denote the completion of F' with respect to the
topology induced by |-|, and Q, C F, the completion of Q with respect to the
topology induced by the restriction of |-|, to Q. We put d, = [F}, : Q). If v|p
is finite, then Q) is the field of p-adic numbers. If v|oo, then Q, = R, and either
F, =R and d, = 1 (in which case v is called real) or F,, = C and d, = 2 (v is
complex). Given w = co or w = p for a prime p, we have

d=> dy,

v|w
where the sum ranges over all places v of F' with v|w. We let Mp denote the set
of all places of F;, M := {v € My : v|oo} the set of infinite places, and MY :=
Mp \ M the set of finite places of F. We put ||al|, := |a|d" for v € Mp. With
this normalization, the number field F' satisfies the following product formula:

(1.1) II llallb=1  (aeF~).

vEMF

The assignment v — p, 1= {r ER:|r, < 1} establishes a one-to-one correspon-
dence between MY and the set of non-zero prime ideals of R. If v|p is a finite place
of F and p = p,, then the absolute value |- |, on F associated to v and the p-adic
valuation on F' are connected as follows:

la|, = p~vr(@)/e for all a € F*.

Here e, denotes the ramification index of v, that is, the unique integer such that
p = 7 u for some unit u of R, and some 7 € R, with v,(7) = 1. We have e,|dy;
in fact, #(R/p) = p/°v.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Divisors. An Mpg-divisor is a function ¢: Mr — R such that
(1) ¢(v) >0 for all v € Mp;
(2) ¢(v) =1 for all but finitely many v € Mp;
(3) for each v € MY there exists an element a € F with ¢(v) = |al,.
= [c|4v. We define

We shall sometimes write |c|, instead of ¢(v), and we put ||c||
the size of an M g-divisor ¢ to be

llellr == TTllello-
v

The product ¢ - 0 of two Mp-divisors ¢ and 9 is an Mp-divisor, and |¢ - 0||p =
llc||F - |10]|p- Given an Mp-divisor ¢, we let

L(c):={a € F:lal, <c(v) for all v € Mp},

a finite set. Each non-zero fractional ideal I of F' (i.e., a finitely generated R-
submodule of F') determines a unique Mp-divisor ¢; such that

L(c;) ={a€I:lal, <1forallve My}
We have ¢(v) =1 for all v € M and

cr(vp) = p~r(D/ew

for all primes p # 0 of R. Here I = Hp pv» () is the unique representation of I as a
product of non-zero prime ideals of R, with

vp(I) = min{vy(a) :a €I} €Z
and v, (I) = 0 for almost all p. We have ||c;||r = 1/N(I), where

= [T #&/p)>®
p

denotes the norm of I. If I C R, then N(I) = #(R/I).
Local heights. Given a place v € M and a non-empty finite set S C F, we put
|S]y := max{|al, : a € S}, 1S}y := |S]%.
We define the (logarithmic) local height h,(S) of S at v by
ho(S) = log™ [ 5]]-

Here log™ r := max{O,log r} for » € R>% and log™ 0 := 0. We declare h,(2) := 0.
For a polynomial f € F[X] we put ||f||v := ||S]|s, where S is the set of coefficients
of f. The local height of f at v € Mp is defined by

ho(f) = log™ 1 f]]o-
More generally, for fi,..., f, € F[X] we put
hv(flv v 7fn) = 1Og+ ||S||v7

where S is the set of coefficients of f1,..., fn. Note hy(f1,..., fn) > 0. Here are
some other basic properties of h,, immediate from the definition:

Lemma 1.1. LetveMF and a,ay,...,a, € F. Then

(1) hy(a) = hy(—a);

(2) hv(a’“)—k hy(a) for k € N;

(3) hy(ar+ -+ +an) < hylar,...,a,) +logn if v e MX;
(4) hy(ar + -+ +an) < holar,...,a,) if v € MY;
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(5) hy(ar - an) < hy(ar) + -+ hy(ay).
From (1) and (3)—(5) in the lemma we obtain:

Corollary 1.2. If AV, ... AU are n x n-matrices with entries in F, then
(1) hy (det AM o det A(m)) <n- (hv (A(l), e ,A(m)) + 1ogn) ifve Mg;
(2) hy(det A, .. det A™) < hy(AD, ..., AM™) if v € MY.

(Using Hadamard’s inequality, it is possible to improve the term logn in (1)
slightly, to %log n.)

Global height. The (global) height of a finite set S C F is defined in terms of the
local heights:

h(S) := é > hy(S).
vEMF

The (global) height of f1,..., fn € F[X] is the global height of its set of coefficients.
The quantity h(S) does not change if the field F' is replaced by another algebraic
number field containing the set S. Hence h gives rise to a height function, also
denoted by h, on (finite subsets of) the algebraic closure of Q. The product formula
(1) implies that h(a) = h(1/a) for all a € F*.

We have h(S’) < h(S) for all subsets S C S; hence h(a) < h(S) for a € S.
Suppose that S # {0}, and let I denote the fractional ideal generated by S. Then

ns) =5 [loaN@ + 32 h(s) ]

vEM®

where I = b/0 is a factorization of I with b, 0 relatively prime ideals of R. In
particular, for 0 # a € R we get

(1.2) h(a) = h(1/a) = = | logN(a) + > hy(1/a)

veEMEg®

Ul

Moreover, if S C R, then
1
hs) =+ D ().
veEME®
It follows that in this case h(S) < d-max{h(a) : a € S}.

Example. For non-zero and relatively prime integers r,s € Z we have h(r/s) =
max{log |r|,log |s|}. In particular h(r) = log |r| for 0 # r € Z.

From Lemmal[l.I] we get the following rules for estimating the behavior of h with
respect to the elementary operations of F':

(1.3) h(a) = h(—a),

(1.4) h(a®) = |k|h(a) for all k € Z,

(1.5) h(ar + -+ an) < h(a,...,a,) + logn,

(1.6) hiar---an) < h(ar) + -+ h(an).

From Corollary L2 we obtain the following bound on the height of determinants of
n x n-matrices A1) ... A ¢ prxn.

(1.7) h(det A, ... det A™) < n- (h(AD, ..., A"™)) +logn).
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The following facts will also be used later on:

Lemma 1.3. For all a € F'*,
Z logp-vy(a) <d-h(a).
vEMY vy (a)>0
Here the sum runs over all v € MY such that vp(a) > 0, with p = p, denoting the

prime ideal of R corresponding to v and p the unique prime number such that v|p.

Proof. We have (using (T4))
d-h(a)=d-h(1/a) > Z dy /ey - logp-max{0,vp(a)} > Z logp-vy(a)
veEMY veEME vy (a)>0
as claimed. 0O
It follows that given a non-zero element a of R there are at most d - h(a)/log?2

many absolute values v € MY such that vp(a) > 0, where p = p,. Moreover
lvp(a)] < d-h(a)/logp for all v € MY, where vlp.

Lemma 1.4. There exists a constant Cy, depending only on F, with the following
property: Given ideals I and J of R with I properly contained in J, there exists
a € J\ I of height at most Co + (1 + %) log N(I).

Proof. By [25, Chapter V, §2, Theorem 1], we have, for every Mp-divisor c:
1-1/d
#L(0) = Brllellr + O(|lell /") as [[ellr — oo,

271 (27)42
[D(F)[1/2
of F, respectively, and D(F') denotes the discriminant of F'. That is, there exists
a positive real number C' (only depending on F') such that for every Mp-divisor ¢
with |[¢||p > C

(1.8) [#L(c) — Brllc|lr| < O |le]| /.

where Br = Here d; and do denote the number of real and complex places

d
We may assume that C' > (££)'; hence (C')¢ > C for ¢ := %. Let ¢t :=
C' - N(I)**i and let 9 be the Mp-divisor given by o(v) = 1 if v € M% and
o(v) =t if v € M. We consider the Mp-divisors ¢ = ¢; -0 and ¢ = ¢z - 0 of size
llc||r = t¥/N(I) and ||| = t?/N(J), respectively. We have ||c||r > C; hence
(L) implies
|[#L(c) = Brllellp| < C- 4 N(1)V/,
and similarly with ¢ replaced by ¢’. Since I is properly contained in .J, we have
N(I)> N(J) and L(c) C L(¢'). If L(c) = L(¢'), then
1 1

Bpt? [ — ——

" (N(J) N(I)

and hence

) = |Brllcllr — Br||d||p| < 2C -t N(I)V 41

N(DN(J) o
N(I)—N(J)) <O N

a contradiction. Therefore L(¢') \ L(c) # &, that is, there exists a € J \ I with
lal, <t for all v € M. It follows that

t< C/N(I)l/d—l (

1 1
h(a) = ~ > dylogtlal, <log*t < Co+ (1 + 3) log N(I)

veEMg®
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416 MATTHIAS ASCHENBRENNER

where Cy = log C’ is a constant only depending on the number field F. O

Given any fractional ideal I # {0} of F' and a non-zero prime ideal p of R, there
exists an element b of

I'"={a€F:al CR}

such that v, (b) = —vp(I). In Section M we will need the existence of such b having
small height, for integral I:

Corollary 1.5. There exists a constant Cy, depending only on F; with the following
property: Given an ideal I = (a1,...,a,) of R and a non-zero prime ideal p of R
with vy (I) > 0, there exists an element b of I™1 such that vy (b) = —v,(I) and

h(b) S Cl(h(al,...,an) + ].)

Proof. Let Cy > 0 be the constant from Lemma [[4] and put Cy := Cp+d+2. Let
i € {1,...,n} be such that vy(a;) = vy(I), and put J := (a;) - I"', an ideal of R.
By Lemma [ there exists a € J \ J - p with h(a) < Co + (<) log N(J - p), and
by (L2)

1o N(J - p) < 7 log N(a:) < h(as).

Hence the element b = a/a; € 7! satisfies
1
h(b) < h(a) + h(a;) < Co + (1 + E) log N(J - p) + h(a;) < Co + (d+ 2)h(a;)
and has the required properties. (I

Remarks.

(1) For F = Q the constant C; = 1 has the property claimed in the corollary:
Given integers ai,...,a, € Z and a prime number p, let b = p~*, where
i = min; vy(a;). Then bay,...,ba, € Z and h(b) = logp" < h(ai,...,an).

(2) If the number field F' is explicitly given, say in terms of its multiplication
table for a Z-basis wq,...,wq of R, and the generators aq,...,a, are also
explicitly given (in terms of their coefficients in the basis wy,...,wq), then
b€ I7! with v,(b) = —vy(I) can be found effectively: By [9, pp. 202-205]
we can compute a basis by, ..., by, for the R-module I~'; then b = b;, where
vp (b;) is minimal, has the required property. (Perhaps, using [33], one could
also obtain a more explicit constant C in this way.)

2. RINGS OF RESTRICTED POWER SERIES

Let O be a discrete valuation ring (DVR) with maximal ideal m = tO. We write
vm: O\ {0} — N for the m-adic valuation associated to O (normalized so that
vm (t) = 1). We always consider vy, extended to a map vy : O — N by v, (0) := o0,
where Noo = NU {co} with the usual conventions N < oo and 7+ 00 = 0o+ 7 = 00
for all » € Ng. The residue field of O is denoted by O = O/m, with residue
homomorphism a — a@: O — O.

From now until further notice we assume that O is complete in the m-adic
topology on O. The completion of the polynomial ring O[X] = O[X,..., Xy]
with respect to the mO[X]-adic topology on O[X] will be denoted by O(X) =
O(X1,...,Xn). It may be regarded as a subring of the ring O[[X]] of formal power
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series over O, and it is called the ring of restricted power series with coefficients
in O. Its elements are the power series

f= ZGVXV € O[[X]] (a, € O for all v)

such that a,, — 0 (in the m-adic topology on O) as |v| — oo. Here v = (v1,...,vN)
ranges over all multi-indices in NV, and |[v| = vy + -+ + vn.
The m-adic valuation vy : O — N extends to O(X) by setting

vm(f):myinvm(a,,) forf:Zal,X” € O(X).

The map vm: O(X) — Ny is a valuation on the domain O(X), that is, for all

fr9 € O(X) we have v (fg) = vm(f) +vm(9) and vm(f +g) > min{va(f), vm(g)}.
(See [8] p. 44, Corollary 2].) We denote the image of f € O(X) under the canonical
surjection O(X) — O(X)/tO(X) = O[X] by f.

Suppose from now on that N > 1, and let X’ := (X1,...,Xny—_1). Canonically
O(X') C O(X), and every element f € O(X) can be written uniquely as

(o)
(2.1) =Y fiXy with fi(X) € O(X') for all i € N,
i=0
where the infinite sum converges with respect to the mO(X)-adic topology on O(X).

An element f of O(X), expressed as in (), is called regular in Xy of degree
s € N if its reduction f € O[X] is unit-monic of degree s in Xy, that is,

(1) fs #0, and
(2) vm(fi) > 0 forall i > s.

If f € O(X')[Xn] is monic of X y-degree s (so that in particular f is regular in Xy
of degree s, as an element of O(X)), then f is called a Weierstraf3 polynomial
in Xy of degree s. For a proof of the following standard facts see, e.g., [§].

Lemma 2.1. (Noether normalization) Let R be a domain, e > 1, and let f €
R[X4,...,XN] = R[X], f # 0, be of total degree < e. Then the R-automorphism
T.: R[X] — R[X] given by

X;— X+ X8 (for1<i<N),
XN P—>XN

has the property that for some s < e and non-zero u € R
T.(f) = uX} + terms of lower degree.
Applying this to R = O, one concludes:

Lemma 2.2. Let e > 1 and suppose that the image of f € O(X) in O[X] is
non-zero of degree < e. Let T,: O(X) — O(X) be the O-automorphism defined by

X;— Xi+ X4 (for1<i<N),
Xy — Xn.

Then To(f) is reqular in X of degree < el¥.

The ring of restricted power series has the following fundamental property:
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Theorem 2.3. (Weierstrafl Division Theorem for O(X)) Let g € O(X) be regular
in Xn of degree s. Then for each f € O(X) there are uniquely determined elements
q € O(X) and r € O(X')[Xn] with degy v < s such that f = qg+r.

In particular, we get
O(X)/(9) 20Xy O(X"\ Xy & & O(X)XN

as O(X')-algebras. (Here Xy = Xy mod g.) Applying Weierstral Division with
f = X3, we obtain the important corollary:

Corollary 2.4. (Weierstrafl Preparation Theorem for O(X)) Let g € O(X) be reg-
ular in X of degree s. There are a unique Weierstraf polynomial w € O(X')[ X n]
of degree s and a unique unit u € O(X) such that g = u - w.

From Weierstrafl Preparation it follows that the ring O(X) is Noetherian. Here
is another useful consequence:

Corollary 2.5. Let w € O(X')[Xn] be a Weierstrafs polynomial. Then the inclu-
ston map O(X")[Xn] C O(X) induces an isomorphism

O(X")[Xn]/wO(X")[Xn] = O(X)/wO(X).

Proof. The surjectivity of the map follows from the existence part of Weierstrafl
Division. For injectivity, we have to show: if fw = g € O(X’)[Xy] for some
f € O(X), then f € O(X')[Xn]. This follows by Euclidean Division of g by
the monic polynomial w in O(X")[Xy| and by the uniqueness statement in the
Weierstra3 Division Theorem. (]

Now let O be an arbitrary DVR, not necessarily complete, with maximal ideal
generated by t, and let O be the completion of O in the m-adic topology. We let
F = Frac(O) be the fraction field of O. The following lemma and its corollary
below will become important in later sections.

Lemma 2.6. If a (finite) system of linear equations over O[X] has a solution in
F[X] and in O(X), then it has a solution in O[X].

Proof. For simplicity, we just treat the case of a single linear equation

(2:2) fo=fiyi+-+ fayn  (fo, f1,..., fn € O[X]).

The general case is similar. From a solution in F[X] we obtain, after clearing
denominators, an integer e > 1 and polynomials g1, ..., g, € O[X] such that

(2.3) t“fo=figi+ -+ fugn-

Now O(X) is faithfully flat over its subring (S.)~*O[X], where S, is the multiplica-
tive set 1+ t°O[X]. (See [I'7, Theorems 4.9, 5.1].) So if (Z2) is solvable in O(X),
then there exist h, hq, ..., h, € O[X] with

(2.4) (L+t°h)fo= fibr + -+ fuhn.

Multiplying (23) on both sides by & and subtracting from (Z4]), we obtain
fo=fi(h1 = hg1) + -+ fu(hn — hgy)

with hy — hgi1,..., hy, — hg, € O[X] as desired. O
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Corollary 2.7. Let A be an m x n-matriz over O[X]. If
y Ly e (01X)"

generate the F[X]-module Solpx)(A) of solutions of the homogeneous system of
linear equations Ay =0 in F[X] and

ARG DIy~ (ox))”
generate the @(X)—module SOI@<X>(A) of solutions of Ay =0 in O(X), then
y(1)7 ey
generate the O[X]-module Solpx)(A) of solutions of Ay =0 in O[X]. O

@), LW 00

3. HERMANN’S METHOD

In this section, we first give a presentation of Hermann’s method for construct-
ing generators for the solutions of systems of homogeneous linear equations over
polynomial rings. We begin by adapting this approach so that it applies to systems
of linear equations over any integral domain D. In the next section we will use a
variant of Hermann’s method in the case where D = O(X) for a complete DVR O.
Here we present the case (treated by Hermann) where D is a polynomial ring over
a field and deduce bounds on the degrees of generators for syzygy modules. Finally
we show how this method can be modified to solve inhomogeneous systems.

Hermann’s method in a general setting. Let D be an integral domain with
fraction field K. (Typically, D is a ring of polynomials over an integral domain.)
We consider a homogeneous system of linear equations

aixr o G | (Y1 0
m ST N

am1 "+ Gmn Yn 0
with coefficient matrix A = (a;;)1<i<m having entries a;; € D. We are interested in

155<n
effectively finding a set of generators for the module of syzygies Sol(A4) = Solp (A)
of A. Of course, for this we may assume A # (0. We shall indicate here a reduction
of this problem to a similar problem over a coefficient ring (a quotient of D) that
is in many cases simpler than the domain D.
Let r = rankg (A) > 1 be the rank of A (considered as a matrix over K) and let

A be an r X r-submatrix of A with § = det A # 0. After rearranging the order of

the equations and permuting the unknowns y1,...,y, in (I), we may assume that
A is the upper left corner of A, i.e., A = (ai;)1<i j<r- Each row a; = (ai1,- .., Qin)
with r < i < m is a K-linear combination of the first r rows a1, ...,a,, so () has

the same solutions in D™ as the system
aix o ain| |Y1 0
(1) e
ari  Grn] |YUn 0
Changing the notation, we let r = m and A = (a;;)1<i<r. So () can now be

1<j<n
written as Ay = 0. Multiplying both sides of Ay = 0 on the left by the adjoint of
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A, () turns into the system

4] Cly+1 "° Cin| |U1 0
] C2r41 "0 Com| | Y2 0

(5) . : - : ST
6 Cr,rJrl et Crn Yn 0

with ¢;5,d; € D for 1 <i <r < j < n, which has the same solutions in D" as (I
and as (). We note the following n — r linearly independent solutions of (S):

__Cl,rJrl_ __Cl,r+2_ __Cl,n_

—Crr41 —Crr42 —Cr,n
(3.1) o) = 1) 0 = 0 o) = 0
0 d :
: : 0

. 0 | | 0 | | 0 |

If (S_is a unit, these vectors form in fact a basis for Sol(A). Suppose ¢ is not a unit,
so D = D/§D # 0. Then, reducing the coefficients in (8) modulo §, the system ()
turns into the system

3

Clyrtrl “*° Cin| |Yr+1 0
) =)
Cr,rJrl cee m Yn 0

over D. (Here @ denotes the image of a € D in D.)

Lemma 3.1. Let 20 2D e D obe such that 2D,z € D" gener-
ate the D-module of solutions to (@) The vectors 2V, ..., 2™ may be extended

uniquely to vectors y™ ... yM) in D™ which, together with the solutions of () in
B), generate Sol(A).

This fact is rather obvious, but what makes it useful is that under favorable
circumstances D is “simpler” than D. (Note however that it may happen that D is
not a domain anymore.) Let us consider an example where this can be exploited.

Hermann’s method for F[X]. Assume that D is a polynomial ring over a field
F,thatis, D = F[X] = F[X1,...,Xn]. Let N > 0. Suppose first that F' is infinite.
In this case, after a linear change of variables, we may assume that

(3.2) § = uX§; + terms of lower X y-degree, with e =degd >0, u € F*.

Then by Euclidean Division each element @ € D can be uniquely written as

_— —2 1
T=ap+a Xy +aXn 4+ a1 Xy

with ag, ..., a1 € F[X'] = F[X1,..., Xny_1]. In particular, each coefficient ¢;; in
@ can be written in this way. Note that degy, a; < degy a for all 0 < i < e. Let
us also write each unknown y; in (@), for r < j <mn, as

— —e1
Yji = Yjo + Y XN+ F Yjem1 XN
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with new unknowns y;r (r < j < n, 0 < k < e) ranging over D’ = F[X']. Each
product ¢;;y; in (@) can then be written as

T ——e—1
Bo(Yj0s - Yje=1) + B1(WYj0s - - s Yje—1) XN + -+ Be—1(Yjo, - - -y Yje—1) XN 5

where each () is a linear form in yjo,...,yje—1 with coefficients in D’. From
this, it is routine to construct a homogeneous system of r(e — 1) linear equations
in the e(n — r) unknowns y,; over D’ whose solutions in D’ are in one-to-one
correspondence with the solutions of (@) in D.

Computing degree bounds. For the sake of obtaining “good” bounds on the
degrees of solutions, we modify the general construction sketched above, exploiting
some more special features of F[X]. Put d = degy, A. Write each a;; as

(3.3) aij = aijo + an Xn + - + aijaX

with a;jr € F[X'] and also each unknown y; as

(3.4) Yi = Yo + Y Xn + o+ a1 XN

with new unknowns y;; ranging over F[X']. Then the ith equation in (II) yields
(r 4+ 1)d equations

k n
Z Zaijlyj,kfl =0, 0<Ek<(r+1)d,
1=0 j=1

where we put a;5; := 0 for [ > d and y;; := 0 for [ > rd . In this way, we obtain a
new system
1) Ay’ =0,

where A’ is an (rd(r + 1)) x (nrd)-matrix with entries in D’ and

(35) y, = [yl,ov e Yl rd—1s- 00y Yn0y - - - 7yn,rd71} trv
whose solutions in D’ are in one-to-one correspondence with the solutions of ([) in
D of X -degree < rd. Note that the entries of A’ are still of degree (in X') at most
degy A. If N > 1, then we can repeat the same procedure with ([]) instead of (I,
etc., until we obtain a (huge) homogeneous system of linear equations over F. We
can (effectively) find a finite set of generators for the F-vector space of solutions to
this system, and reversing the process above, we obtain a finite set of generators for
the original system ([): Suppose we have already found a finite set of generators for
the D’-submodule Solp:(A’) of (D')""?, where A’ is the matrix constructed from A
as above. That is, we have finitely many solutions 3y, ... ,y(M/) of () such that
each solution to () of Xpy-degree < rd is a linear combination of g ,y(M/).
The solutions in (B.1) together with y™*), ... ,y(Ml) form a set of generators for
Sol(A) = Solp(A): Given any solution y = [y1,...,yn|" € Sol(A), we can divide
eachy;, j=n—r+1,...,n, by d:

yj:ijr(S'i‘ijr (j:n_r+1a'~'7n)
with Q1,...,Qn—r € F[X] and Ry,...,R,_, € F[X] of Xy-degree < e. Then

2=Y— le(l) - anrv(nir) = [hlv B '7hT;R17 B '7Rn77’]tr
is also a solution to (M), with hq, ..., h, € F[X]. Now
6h; = _(Ci,r—i-lRl + -+ Cian—r) fori=1,...,r,
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where the right-hand sides have X x-degree < rd + e. Hence degy h < rd and

therefore deg . z < rd. It follows that z is a D-linear combination of yM, ... yM),
50 ¥ is a D-linear combination of y1), . .. ,y(MI), v v as claimed.

Let o = a(N, d, m) be the smallest natural number such that for all infinite fields
F, a system of m homogeneous linear equations (I)) over D = F[X] = F[Xy,..., XN]

with all deg a;; bounded from above by d is generated by the solutions of degree < .
(By the considerations above, (N, d, m) exists.) The derived system (T]) consists
of at most dm(m + 1) equations in at most dn? unknowns, and degy,(A’) < d.
From a set of generators of the solutions to () of degree < d’ we can produce a
set of generators of the solutions to [[) of degree < d’' 4+ md. We get the relation

a(N,d,m) < a(N —1,d,dmn(m+ 1)) + md
for N > 0. Noting that «(0,d, m) = 0 for all d, m, we find that

a(N,d,m) < (m+1)d+ ((m+ 1)d)2 +-+ (m+ 1)d)2N < (2md)?"
If F is any field, possibly finite, we work over F’ = F(T), an infinite field. Here,
T is an indeterminate distinct from Xi,..., Xn. Given y € (F[T X)), write
y=y(0) +y(1)T 4+ y(2)T? + --- (a finite sum) with y(k) € (F[X ) for all k. If
G is a generating set for Solp/[x7(A) consisting of elements of (F[T, ) then the

collection of y(k), where y € g and k € N, generates Solpx(4). To sum up, we
have shown the classical result:

Theorem 3.2. (Hermann [20], Seidenberg [35]) For every polynomial ring D =
F[X4,...,XnN] over a field F' and A € D™*™ of degree at most d, the solution
module Solp(A) of the homogeneous system Ay = 0 is generated by the solutions of

degree at most B(N,d, m) = (2md)2N. O

Hermann’s method for inhomogeneous systems. Again let D be a domain
with fraction field K. Given an m x n-matrix A = (a;;) with entries a;; € D, we
are now interested in determining for each column vector b = [by, ..., by,|" € D™
whether the system

air - Qi Y1 by
(To) Lo =

Gm1 e Qmn Yn bm
(or Ay = b) is solvable for some y = [y1, ..., y,|"" € D™, and if it is, effectively find-
ing such a solution. Similarly to the case of homogeneous equations, this problem
can be reduced to an analogous problem over a quotient of D: As above let A be
an r X r-submatrix of A with ¢ = det A # 0, where r = rankg (A) > 1. Again we
may assume that A = (a;;)1<i,j<r. Bach row a; = (ai1,...,ain) with 7 <4 < m is
a K-linear combination

ai =Y Ny (Nig € K)

of the first r rows ay,...,a,. So a necessary condition for ([;) to have a solution in
D™ is that

T
(NC) bi= Xighy  forr <i<m,
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(That is, rankg (A) = rankx (A, b).) Assume (NC) holds. Then has the same
solutions in D™ as the system

ain o an| (Y1 by
(1) =

Ar1 e (7 Yn bT

Changing the notation, we let r = m, so ([I) can now be written as Ay = b.
Multiplying both sides of Ay = b on the left by the adjoint A*! of A, () turns
into the system

4] Cly+1 "+ Cinl| |W1 dy
] C2r41 c Com| |Y2 do

(Sv) . : . . =
o Crry1 " Cpp Yn d,

(with ¢;5,d; € D for 1 < i < r < j < n) which has the same solutions in D"
as (II) and as (). Clearly, a sufficient condition for (S3) to have a solution
Y= [y1,...,yn)" € D" is that dy,...,d, are each divisible by §. This will be the
case if § is a unit. A solution to (and hence to () is then given by

d;/6 forl<j<r,
0 ford < j <n.

Yy; =

Suppose § is not a unit, so D = D/§D # 0. Then, reducing the coefficients in
modulo §, the system (Sg)) turns into

3

Cly+1 **° Cin| |Yr+1
(Se) N

Crr+1  **°  Crp Yn dy,

=

over D. The key fact here is the following (similar to Lemma [3.1)):
Lemma 3.3. Any [yr41,...,yn]"™ € D" with the property that [Yri1,... ,y_n]tr
is a solution of the reduced system can be augmented uniquely to a solution

Y= [yla"'ayrayT'i‘l""7y"}tr eD"

of (St) and hence of (L). (In particular, (I) is solvable in D if and only if is
solvable in D.)

In the case where D = F[X] is a polynomial ring over a field F', we can again
modify this reduction somewhat to facilitate the computation of bounds. Suppose
that N > 0 and F is infinite. Then, after applying a linear change of variables, we
may assume that ¢ has the form (B:2). By Euclidean Division we write each b; as

b; = (5fz + 9; with fi;gi €D, degXN g; <e.

The solutions of ([I) in D™ are in one-to-one correspondence with the solutions in
D™ of the system

a1 -+ Qin Y1 g1
(IIT,) N

£2% I Grn Yn gr
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with the same coefficient matrix A as (II,). To see this, let

h
f—[;], 9=
fr 0

Note that b = §f + g and Ah = §f; so y € D™ is a solution to ([I) if and only
if y —h € D™ is a solution to ([II;). Moreover, if all a;; and b; have degree < d,
and if (II;) is solvable in D™, then ([IL}) even has a solution in D™ of X y-degree
< rd. In order to prove this, suppose y = [y1,...,yn]" € D™ is a solution to
([I). The polynomial §, each ¢;; and each d; have degree at most rd. Subtracting
from y appropriate multiples of the solutions v, ... v~ (see (FI)) to the
homogeneous system Ay = 0 associated with , if necessary, we may assume
that degy, y; < e <rdfor j =r+1,...,n. Multiplying the equation A(y —h) =g
on both sides from the left by the adjoint A*d of A, we get, for j =1,...,r:

0 Azdf
: ] , and h= . e D™

gr

0(y; — hj) = Z YrCjk + (terms of Xy-degree < e+ rd).
k=r+1
It follows that degy, (6(y; — h;)) < e+rd and thus degy, (y; —h;) <rd. Soy—h
is a solution to of X n-degree < rd as required.
Write each g; as

9i = gio +gn Xy +---+ gi,eleifl
with gio, ..., gie—1 € F[X'], each a;; in the form ([B3), and also each unknown y;

as in (B:4). Comparing the coefficients of equal powers of X on both sides, the
ith equation in ([II]) yields (r + 1)d equations

k n
ZZ Qij1Yj,k—1 = Gik, 0<k<(r+1y,

1=0 j=1

with a5 :=0for I > d, y;; := 0 for I > rd, gy := 0 for [ > e. We get a new system
(1) Yy =V,

where A’ is an (rd(r + 1)) x (nrd)-matrix with entries in D', b’ is an (rd(r + 1))-
column vector with components from D', and y’ is as in (ZH]), whose solutions in
D’ are in one-to-one correspondence with the solutions of ([II3) in D of X y-degree
< rd. So starting with a system () over D = F[X},..., Xy], we have constructed
a system over D' = F[X1,...,Xn—1] which is, assuming (NCJ), in some sense
equivalent to it. Note that degy, (A4’,b") <d.

Associated to (E[) we have the necessary condition
(NC') rank g/ (A") = rankg/ (A’ V) (where K’ = Frac(D"))
for its solvability in D’. So if N > 1 and holds, then we can repeat the
procedure with , until we obtain a system of linear equations over K. We can
(effectively) decide whether this system has a solution over K, and if it does, find
one, e.g., by Gaussian Elimination. Eventually we obtain a solution y € D™ of the
original system () with degy < B(N,d,m) = (2md)2" , where d = deg(A, b).

If F is a finite field, we again work over the infinite field F/ = F(T). The
algorithm described above allows us to test whether the system (I has a solution
v =1[y, . y,]" € (F’[X])n, and if it does, to effectively obtain such a solution
with degy v’ < B(IV,d, m). Since the coefficients of the y§ solve a certain system of
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linear equations involving the coefficients of the a;; and the b;, we can also find a
solution y in F[X] with the degy majorized by the same bound. This shows:

Theorem 3.4. (Hermann [20], Seidenberg [35]) For every polynomial ring D =
F[X1,...,XnN] over a field F and A € D™*™, b € D™ of degree at most d, if the
system of linear equations Ay = b has a solution in D™, then it has such a solution
of degree at most (2md)?" . O

Remark. Theorems and B4 above remain true for a polynomial ring D =
F[X4,...,Xn] over a von Neumann regular ring F. This follows easily from the
fact that any von Neumann regular ring admits a faithfully flat embedding into a
direct product of fields.

Given a Noetherian domain R with fraction field F' and an ideal I of R[X], there
exists § € R such that IF[X]N R[X] = ({ : 0). More generally, we have:

Corollary 3.5. Let R be a domain with fraction field F' = Frac(R), let R[X] =
R[X4,...,XN], and let M be a finitely generated submodule of the free R[X]-module
R[X]|™. Then there exists 6 € R with the property that for every domain R’ ez-
tending R with fraction field F':

(3.6) MF'[X]NR[X]™ = (MR'[X] : 6).

If R is computable, then 0 can be computed elementary recursively (in the ring
operations of R) from a given finite collection of generators for M.

Note that M has the form
M = {b € D™ : Ay = b has a solution in D”}
for some matrix A of size m x n (for some n) with coefficients in D, and
MS[X] = {be S[X]™: Ay = b has a solution in S[X]"}

for every ring S extending R. The corollary follows by a slight modification of
Hermann’s method as described in the proof of Theorem [3.4] above. The difference
is that we now apply Lemma 2.1] instead of a linear change of variables to bring
the chosen minor of A in the form (B:2). (This works regardless of F being infinite
or not.) Note that then (using the notation introduced earlier) the only arithmetic
operations performed in constructing (A’, b’) from (A, b) are additions, subtractions,
multiplications, and divisions by the leading coefficient u of 4. (The latter occur in
the Euclidean Division by 6.) But u itself arises as a polynomial in the coefficients
of the entries of A only. We leave the details to the reader. From Corollary B3
and the proof Theorem 3.2l we obtain:

Corollary 3.6. Let R be a domain, F' = Frac(R), and let A be an m X n-matriz
with entries in D = R[X] = R[X1,..., Xn]. There exist generators u™ ... u¥) ¢
Solp(A) of Solpx)(A) and 6 € R such that

Solp(A) = (M :9), where M = Du® + ... + Du5),

If R is computable, then the u'*) and § can be computed elementary recursively (in
the ring operations of R) from A. (]
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4. EFFECTIVE FLATNESS

The purpose of this section is to prove Theorem B from the introduction, in a
more general setting. A ring R is called hereditary if every ideal of R is projective
(as an R-module). A domain R is hereditary if and only if R is a Dedekind domain
(L6, p. 27]). A domain R is called almost Dedekind if every localization Ry,
of R at a maximal ideal m of R is a DVR. (See [L5, p. 434].) Somewhat more
generally, we shall call a ring R almost hereditary if the ring of fractions Frac(R)
of R is von Neumann regular and Ry, is a DVR for every maximal ideal m of R.
Every hereditary ring is almost hereditary ([L6l pp. 27-28]). There exist examples
of domains which are almost Dedekind but not Dedekind; see [L5] pp. 516-518].
With this terminology, we have:

Theorem 4.1. Let R be an almost hereditary ring and let A = (a;;) € D™*",
A # 0, where D = R[Xy,...,Xn]. The module of solutions to Ay = 0 in D is
generated by elements of degree at most (2m deg A)Q((N“)N_l).

Since an almost hereditary ring is semihereditary and hence coherent (see [16]
p. 128]), finitely many such generators will suffice. Theorem FT] specializes to
Theorem B when applied to R = Z and m = 1.

As a first step in the proof of this theorem, we show an easy local-global result:

Lemma 4.2. Let R be a ring and let M be an R[X]-submodule of R[X|™. For

each mazimal ideal m of R let v‘(nl), e ,vr(“K“‘) € M generate the Ry[X]-submodule
MR X] of Rn|X]™. Then vT(nl), e ,v,(nK“‘), where m ranges over all mazimal ideals

of R, generate the R[X]-module M.

Proof. Let y € M. Then for each maximal ideal m of R there exist d,, € R\ m and
bims -0k, m € R[X] such that

(4.1) Y = bmavs) + -+ + b K V™.

The various dy,, where m ranges over all maximal ideals of R, generate the unit
ideal of R. Hence there exist maximal ideals my,...,my of R (for some k € N) and
c1,...,c € R such that
1=c10m, + - +ck6mk.
Therefore
y=c1(6my) + - + ck(m,y)-

Together with (@) this shows that y is an R[X]-linear combination of the v$’. [

Remark. Let M’ be a submodule of M generated by u(, ..., «5) and let § be an
element of the ideal (M’ : M) of R. Similarly to the proof of the lemma one shows
that « ..., u%) together with v‘(nl), ceey vr(“K“‘), where m ranges over all maximal
ideals of R containing ¢, suffice to generate M. Below we will apply this in the
situation where u"), ... u®) € M are generators of the F[X]-module M F[X] and
d satisfies MF[X] N R[X]|" = (M’ : §). (Here F = Frac(R) denotes the ring of
fractions of R.)

Now let R be an almost hereditary ring and 0 # A = (a;;) € D™*", where
D = R[X], X = (X3,...,Xn). Then F = Frac(R) is von Neumann regular, and
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Ry, is a DVR, for every maximal ideal m of R. By virtue of the lemma applied to
M = Solp(A), it suffices to find

v‘(\p, e ,vr(nK“‘) € Solp(A)

generating M Rn[X] = Solg, x](A), for each maximal ideal m of R, with Ur(,f ) of
“small” degree. For the construction of the v,(é) we may use Corollary B, since
Ry, is a DVR. Hence, given a maximal ideal m of R, we need to find

(1) y%), . ,y‘(nj/[‘“) € Solg,, [x](A) generating Solprac(r,,)(x](A) and
(2) zt(n), A Zr(n m) o Solg,, [x](A) generating SO]EE(X>(A)’

with yr(,f) and zf,f) of degree at most (2m deg A)Q«NH)N’U. By Hermann’s Theorem

from the last section we obtain y,(\? satisfying (1), of degree bounded by

(ZmdegA)QN < (ZmdegA)Q((NH)N_l) (for N > 0).

The existence of the zT(,f )is a consequence of the following effective flatness result

applied to the DVR O = Ry::

Proposition 4.3. Let O be a DVR with mazimal ideal m and m-adic completion
O, and let A = (a;5) € (O[X])mxn, A # 0. There exist solutions 2P, ..., z(M) ¢
Solox](A) of degree at most (2m deg A)Q((N‘H)N_l) which generate SOI@<X>(A).

In proving this proposition, we proceed by induction on N, following Hermann’s
method as in the proof of Theorem B2 with F[X] replaced by O(X) and Weierstraf
Division for O(X) in place of Euclidean Division for F[X]. However, this procedure
breaks down if 6 mod ¢ = 0 for all r x r-minors ¢ of A, since then Weierstrafl Division
by ¢ is inapplicable. To overcome this obstacle, we shall first transform our system

a1 0 ain | | 0
O ] =

am1 "+ Gmn Yn 0

into an equivalent system for which § mod ¢ # 0 for a suitable r x r-minor § of the
new coefficient matrix. For this, by removing superfluous rows from A, we may of
course assume that the rows of A are linearly independent over the fraction field
F(X) of O[X], i.e., m = r = rankp(x)(A) > 1. Let A be an r x r-submatrix of A
such that vy, (det A) is minimal among all r x r-submatrices of A. Without loss of
generality, A = (a;;)1<i j<r. As in Section[d, consider now the system

4] Cly+1 "*° Cin| |U1 0
] C2r41 "t Com| | Y2 0

(S) . : - : T
6 Cr,rJrl et Crn Yn 0

which is obtained by multiplying both sides of ([) from the left with the adjoint of
A. Tt has the same solutions as () in any domain extending O[X]. Here, § = det A,
and the ¢;; are certain signed r x r-minors of A. In particular, vm(c;;) > vm(9) for
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all 4, j, by choice of A. We have the n — r linearly independent solutions

__Cl,r-i-l_ _—61,r+2_ __Cl,n_

—Crr41 —Crr42 —Cr,n
(4.2) v = ) 0 = 0 Lo =10
0 b} :
: : 0

. 0 | . 0 | L ) ]

to the homogeneous system (J). Put = vy (8) and u® = t—#p*) ¢ (O[X])n for
k=1,...,n—r. If N =0, then t—#§ is a unit in O, so the solutions u(1, ... w7
form a basis of Solp(A) and hence of Sol5(A) (since O is flat over ©). Suppose
now that N > 0. We let e = rdeg A+ 1 and put b;; = Te(ai;), where T¢ is the
@—automorphism of @(X ) defined in Lemma 222 Then the system By = 0, where
B = (b;;) € (O[X])mxn, has the same rank r as (I), and y € O(X)™ is a solution
to (D) if and only if T,(y) is a solution to By = 0. Dividing all coefficients ¢ and ¢;;
in (§) by t* and applying T, to the resulting system, we obtain a system

€ dips1 - dignl| (W1 0
€ dori1 -+ dan| |Y2 0

(Se) . . . -
€ dr,r—i—l e drn Yn 0

which has the same solutions, in any domain extending O[X], as By = 0, where
dij € O[X] for all 4,5 and e € O[X] is regular in Xy of some degree s < elV.
This system has the n — r linearly independent solutions w™, ..., w(™= ") where
wh) = Te(u(’“)) for k =1,...,n—r. Let d = degx,_ B, sod < eV. (Note that

degx/ (bij) < degx/(ai;) for all 4,7.) Write
bij = bijo + bt Xn + -+ + bija Xy
with bijo,...,bija € O[X'] and each unknown y; as
yi =0 T yn Xy + -+ Yiraa X"

with new unknowns y;; (1 < j < n, 0 < k < rd) ranging over @(X’). The ith
equation in By = 0 may then be written as

k n
Z Zbijlyj,kfl =0, 0<Ek<(r+1)d,
1=0 j=1
where we put b5 := 0 for [ > d and y;; := 0 for [ > rd. This gives rise to a system
over O[X']:
(4.3) A,y, = 07

consisting of rd(r + 1) homogeneous equations in the nrd unknowns y' = (y;x),
whose solutions in @(X ') are in one-to-one correspondence with the solutions y €
(@(X’>[XN])n to By = 0 with degy, y < rd. From a finite set of generators of
Solpx/)(A") we thus obtain finitely many column vectors

y(l), . ,y(M,) € ((’)[X])n
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with the following property: each y(® is a solution to By = 0 of Xy-degree <
rd, and each solution y € (O(X’)[XN])n to this system of linear equations with

degy, y < rdis an @(X’)-linear combination of y™, ...,y Consider now the
solutions

(4.4) uW T T (W)L T (™M) € (01x)"

to (). We show:

Lemma 4.4. The vectors in @A) generate the O(X)-module Solg vy (A).

Proof. Suppose that z € (@(X))n is any solution to Ay = 0, and let y = T(x),
a solution to By = 0. Since ¢ is regular in Xy of degree s, we can write, by
Weierstrafl Division in O(X):

Y =Qj—re+ Rj_r (j=n—-r+1,...,n)

with Q1,...,Qn_r € O(X) and Ry,...,Ry_, € O(X)[Xn] of Xy-degree < s.
Then

=Y = Qlw(l) T Qn—rw(n_r) = [hh vyl Ry -aRn—r}tr

is also a solution to (S2), with hi,...,h, € O(X). Let U € O(X) be a unit
and W € O(X')[Xy] be a Weierstra polynomial such that ¢ = UW. Since ¢ is
polynomial in X, by Corollary 25l we also have U € @(X’)[XN]. The degree of €
in Xy is < rd, and the degree of W in Xy is s; hence U is of degree < rd — s in
Xn. Moreover,

(4.5) W (Uh;) = ehi = —(dip1R1 + -+ + din Ru—y) € O(X")[Xn]

for i = 1,...,r. Since W is monic in Xy, it follows that Uh; € @(X’)[XN]. Put
z=Uz € (@(X’>[XN])n, a solution to (Bd). We claim that all entries of z have
Xn-degree < rd: To see this, note that degy, R; < s for i = 1,...,n —r and
degyx, U < d — s; hence the last n —r entries URy,...,UR,_, of z are of Xy-
degree < rd. For the first r entries Uhg,...,Uh, use that the right-hand side of
(D) has Xn-degree < rd + s; since degy, W = s, we get degx, Uh; < rd for
all i = 1,...,r. It follows that z’, and hence z, is an @(X )-linear combination of
yO . y®E) . Since U is a unit in @(X), the solution y can be expressed as an
O(x )-linear combination of the column vectors

w o wmT) D ,y(M/) € (O[X])n

Hence the solution = T, !(y) to our original equation (I) is an O(X)-linear

combination of the vectors in (£4)) as claimed. O

Remark. We can bound the degrees of the solutions in (@Z): We have degu®) <
rdegA for k = 1,...,n —r and degy, T, }(yV) < degy, y® for i = 1,...,M".
Moreover deg x, y < rd < reMN and thus

dey T (1) < eV degyf® < eV a0+ )
forte=1,...,M'".
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Starting with (@) we successively obtain equivalent homogeneous matrix equa-

tions

(Hn) AN — g
(H,) AWy —
(Ho) A(o)y(o) =0,

where 0 < v < N, A" is an m(v) x n(v)-matrix with entries in the polynomial
ring O[X1,...,X,] and

tr
y(y) = [:’A )a cee 7y£L(Z,)}

is a vector of unknowns ranging over @(X 1,.-.,X,). So the initial equation (Hy])
is just Ay =0, and if v > 0, then the system (H,_1) is obtained from by the
procedure described above (passage from A to A’). We have
m(v) <m(v+1)(m(v +1) + )e(v + 1)"
forall v = 0,..., N — 1, where e(v) = m(v) deg A®) + 1. Tt follows that
e(v) <m+1)(my+1)+1)e(v+ 1) deg AW + 1.
Using that deg A®) < deg A, we get the estimate

)N—u

(4.6) e(v) < (mdeg A4 1)V+1

forally =0,...,N. Let B(0) C O™ be a finite system of generators of Solp (A©)),
and for every v =1,..., N let B(v) C O[X1,..., X,]"™) be a system of generators

~

for the module of solutions to (H,) in O(Xj,...,X,), with B(v) constructed from
B(v — 1) according to the process described above. For v = 0,..., N let v(v) be
the maximal degree of an element of B(v). Clearly v(0) = 0, and by the remark
following Lemma [£.4] we have

() <e) " (y(v = 1) + m(v)e(v)”) + (v - 1).
The right-hand side can be further estimated from above by
e()" N (2v(v — 1) + m)e(w)”) < e()* ' (v(v — 1) + m(v)).
Hence we get
Y0) + 1< e (v —1) +1)
forallv=1,..., N. It follows that
A(N) +1 < e(N)2Ne(N = 1)*M=D..e(1)2,
and hence, using (H.0)):
Y(N) < (mdeg A +1)*
where p = 2Z£61(N + 1)'(N —i). It is easy to see that o < 2((N + 1)V —1).

Hence every element of B(N) has degree < (2mdeg A)X(V+D" =1 finishing the
proof of Proposition and thus of Theorem [Z.1l O
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Remark 4.5. As a consequence of Theorem [£.1] if R is an almost Dedekind domain
that is syzygy-solvable, then there exists an (impractical) algorithm which, given an
mXxn-matrix A with entries in D = R[X], constructs a finite collection of generators
for Solp(A). If R = Z, or more generally, a computable principal ideal domain,
we can also turn the proof of the theorem into such an algorithm: We first find
generators uM, ... uK) € M := Solp(A) for Solpix)(A) = MF[X], where F' =
Frac(R), and 6 € R such that Solp(A) = (M’ : §) where M’ = Du™ +- -4+ Du(%).
(See Corollary[3:6l) We may assume A # 0; hence § # 0. For every prime factor 7
of § we now follow the inductive procedure outlined in the proof of Proposition

to construct generators vi", ..., v € Solp (A) for Solﬁ(\) (x) (A). By the remark
following Lemma E2, the solutions vV, ..., u(%) together with the vfrl), e ,UT(rK")

(with 7 ranging over the prime factors of §) generate Solp(A) = M F[X]|N D™.
Sometimes Theorem Bl still holds for rings which are not almost hereditary:

Corollary 4.6. Let R be an integrally closed almost Dedekind domain, and let S
be the integral closure of R inside an algebraic closure of the fraction field F of R.
Let A be an m x n-matriz with entries in S[X]| = S[X1,..., Xn]. Then Solg[x](A)

is generated by elements of degree at most (2m deg A)Q((N‘H)N_l).

Proof. Let F’ be a finite field extension of F' containing all the coefficients of the
entries of A, and let R’ be the integral closure of R in F’. Then R’ is almost
Dedekind. (See [I5 (36.1)].) Since R’ is a Priifer domain and S a torsion-free
R'-module, S is flat over R'. The claim now follows from Theorem (1] O

The corollary applies to R = Z (so S = the ring of all algebraic integers).

Application 1: Bounds for module-theoretic operations. Let R be an al-
most Dedekind domain with fraction field F' = Frac(R). We can exploit Theo-
rem [41] to establish bounds for some basic operations on finitely generated sub-
modules of free modules over D = R[X]| = R[X},..., Xn]. We say that a finitely
generated D-submodule of D™ is of type d (where d € N) if it is generated by
vectors of degree at most d.

Proposition 4.7. Let M and M’ be finitely generated submodules of the free D-
module D™ of type d. Then the D-modules (M : §) (where 6 € R), MF[X]N D™

and MNM' as well as the ideal (M’ : M) are of type 7(N,d,m) = (de)(N“)O(N),
Proof. Let M = DvMW +... 4+ Dv(™ and M’ = Dw™ +- - .4+ Dw® with v w() e
D™ of degree at most d. To find generators for the D-module (M : §), we first find
a finite set of generators z(1), ..., 2(5) € D" for the D-module of solutions to
the system of homogeneous equations

vWyy + -+ oMy, + (=0 )ynpr + -+ (=0 )y = 0.

Here eM, ... e(™) denote the unit vectors in D™. Then clearly the K vectors
consisting of the last m entries of z(M), ..., 2(5) generate (M : §). By Theorem E1]
(M :§) is of type 7(N,d, m). Using Corollary B8, this implies that M F[X] N D™
is also of type 7(N,d, m).

In order to find generators for M N M’, it suffices to find generators for the
D-module of solutions to the system of homogeneous equations

U(l)yl 4+t ,U(")yn _ w(l)yn+1 Lt w(p)yn-i-p-
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Moreover we have
(M': M) =(M": DvMyn-..n (M : Dv™),

and if uM, ... u(® € D™ generate M’ N Dv, where v = [v1,...,v,|" € D™, then
1
(M': Dv) = ﬂ (u§ )/vj, e ,u§q)/vj).
j=1
Here a/0 := 1 for all ¢ € R. From this, one easily obtains the bounds on the type
of MN M’ and (M’ : M) as claimed. O
Remarks.

(1) If R is syzygy-solvable, then generators for the D-modules M F[X] N D™
and M N M’ and for the ideal (M’ : M) can be computed elementary
recursively (in the basic operations of R) from given generators for M and
M'. This follows from the proof of the proposition and Remark EEH above.

(2) By Corollary [£6] the proposition remains true if R is replaced by the ring
of algebraic integers.

Application 2: A criterion for primeness. The following lemma is well known;
we leave the proof to the reader.

Lemma 4.8. Let R be a ring and let I be an ideal of R[X]. Then I is prime if
and only if the image of I in (R/I N R)[X] is prime. If R is an integral domain
with fraction field F' and IN R = (0), then I is prime if and only if IF[X] is prime
and IF[X]NR[X] = I.

As a consequence, we obtain a test for primeness of an ideal in Z[X]. Let
I=(f1,...,fn) with f1,..., fn € Z[X] and ¢ € Z such that IQ[X|NZ[X] = (I : 7).

Corollary 4.9. The ideal I = (f1,..., fn) is prime if and only if one of the fol-
lowing holds:
(1) IQ[X] is prime and (I : 6) =1, or
(2) there exists a prime factor p of § such that p € I and the image of I in
F,[X] is a prime ideal.

Combining Corollary [4£.9] with Proposition [£.7] and a result from [34], we get a
criterion for the primeness of an ideal of Z[X] which is polynomial in the degrees
of the generators:

Proposition 4.10. There exists o = o(N) € N such that for each ideal I of Z[X] of
type d, the following is true: I is prime if and only if 1 ¢ I, and for all f,g € Z|X]
of degree < d®, if fge€ I, then f €1 orgel.

Proof. By Proposition[4], for all ideals I of Z[X] of type d, the ideal IQ[X]NZ[X]
of Z[X] is of type 7(N,d) = (2d)(N+1)O(N). Moreover by [34] there exists o =
¢'(N) € N such that for each field F' and each ideal J of F[X] of type d, we have:
J is prime if and only if 1 ¢ .J, and for all f,g € F[X] of degree < d¢', if fg € J,
then f € J or g € J. We claim that ¢ with d¢ > max{r, dgl} has the required
properties. For this, let I = (f1,..., fn) be an ideal of Z[X] of type d, and let
d € Z with IQX|NZ[X] = (I :7). Suppose 1 ¢ [ and fge I = felorgel,
for all f,g € Z[X] of degree < d®. Then either 1 € IQ[X] or IQ[X] is prime, since
de > d¢. Similarly, if we have p € I for some prime divisor p of §, then the image
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of I in F,[X] is a prime ideal. In this case, it follows by Corollary (2) that I is
prime. Otherwise, f € I for all f € Z[X] of degree at most 7 with §f € I. Hence
1 ¢ IQ[X] (so IQ[X] is prime) and (I : ) = I. By Corollary 91 (1) it follows that
also in this case [ is prime as desired. O

It is clear that Corollary and Proposition [4.10 hold, mutatis mutandis, for
any PID R with fraction field F' in place of Z and Q, respectively.

5. HEIGHT BOUNDS

Throughout this section we let F' be a number field and R = Op the ring of
integers of F. Let A = (a;;) be a non-zero m X n-matrix with entries a;; in
D = R[X] = R[Xy,...,Xn]. Let d = degA and h = h(A). As was shown in
the previous section, we can explicitly bound the degrees of generators for the D-
module Solp(A) in terms of d, m and N. We now want to bound the heights of
those generators in a similar fashion (in terms of N, d, h, and m).

The local case. Let p # 0 be a prime ideal of R, and let O := R, (a DVR). We
first investigate the height of generators for Solp(xj(A4) and begin with the case
N =0:

Lemma 5.1. Suppose that a;; € R for all i,j, and let r = rankp(A). The O-
module Solp(A) of solutions in O™ to the system of homogeneous linear equations
Ay = 0 is generated by n — r many vectors whose height is bounded by

Cy-r(h+logr+1).
Here Cs is a constant only depending on F.

Proof. Let v € Mg denote the place of F' associated with p, so p = p,. We may
assume that det A # 0, where A = (a;5)1<i j<r (after permuting the unknowns
in our system Ay = 0 if necessary). In fact, we may assume that the p-adic
valuation p := v, (det A) of det A is minimal among all » x r-submatrices of A; cf.
the proof of Proposition 3] Now Ay = 0 has the same solutions in any domain
extending O as the system (8) obtained from Ay = 0 by multiplying both sides
from the left with the adjoint of A (see Section Bl). The entries § = det A and ¢;;
(1 <i<r < j<n)of the coefficient matrix of (J)) are certain signed r X r-minors of
A. Let v, ... v("=") be the n — r linearly independent solutions to Ay = 0 listed
in (30). By (1) we have h(v®)) < r(h+logr) for k=1,...,n—r. Corollary [
implies that there exists an element b of F' such that v, (b) = —p, bv'¥) € R" for all
kE=1,...,n—r, and h(b) < Cir(h +logr + 1). Here C; > 0 is a constant which
only depends on F. The vectors b)), ... bv("~") € R™ generate Solp (A) and are
bounded in height by Cor(h + logr + 1), with Cy = 2C. O

Remark. Note that the vectors v, ... v("=") € Solgr(A) as in the proof of the
lemma generate Solp(A) and satisfy h(v®) < r(h +logr) for k = 1,...,n —r.
Moreover, the element 0 # 6 € R of height h(5) < r(h + logr) has the property
that 6y € Ro™) + .. + Rv(»=") for every y € Solg(A).

We now consider the general case N > 0. By Proposition.3] the solution module
Solpx](A) is generated by solutions y = [y1,. .. )™ with g1, ...y, € O[X] of
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degree at most v = y(N,d, m) := (2md)2((N+1)N*1). Write
yi= Y yuX"
lv|<vy
with variables y; , ranging over O and

P Lo
Qij = E : QijuX

|ul<d

with a;j, € O, where 1 < i <m, 1 <j<nandv,ue€ NV |y <+, |y <d
A polynomial in X7,...,Xx of degree at most d has at most M(N,d) = (N]j,'d)
monomials. Hence the solutions (in O[X]) of every equation

ai1y1 + -+ ainyn =0 (1<i<m)

are in one-to-one correspondence with the solutions (in O) of the system consisting
of the M (N,~ + d) homogeneous equations

YD aiuyie=0 (AN <y+d)
Joptr=A

in the n- M (N, ) many variables y; ,,, with coefficients in O. So the entire system
Ay = 0, with coefficients in O[X], may be replaced by a certain homogeneous
system of m - M (N, ~ + d) equations in the variables y; ,, having coefficients in O.
Applying the lemma above to the new system and using the estimate

O(N)
m'M(N,’Y+d)§m-('y+d+1)N:(gm(d+1))(N+1) ,

we get the following result, with Cs as above.
Proposition 5.2. For any N > 0, the O[X]|-module Solp|x)(A) is generated by
solutions of degree at most (2md)(N+1)O(N> and height at most

N+1)OU‘”(

(5.1) Cy - (2m(d+1))" h+1).

Here Cs is a constant only depending on F. O

With 8 = (N, m,d) = (2md)2N we have

9O(N+1)

m-M(N,B+d) <m-(B+d+1)N = (2m(d+1))

Using this estimate as well as Theorem B.2 (in place of Proposition 23) and the
remark following Lemma [5.1], one obtains a result similar to Proposition [5.2}

Lemma 5.3. The F[X]-module Solp(x)(A) is generated by vectors u, ... u(F) €

Solox](A) of degree at most (2md)2N and height at most

9O(N+1)
(5.2) (2m(d +1)) (h+1).
Moreover, there exists a non-zero § € R of height bounded by (B.2) such that dy €
Du® + ...+ Du™) for every y € Solp(A). O
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The global case. Proposition and Lemma 53] now imply the existence of
generators of Solp(A) of small height:

Corollary 5.4. The D-module Solp(A) can be generated by solutions of degree at
most (Zmd)(N+1)O(N) and of height at most

O(N)
Cy - (2m(d+ 1)) VT

Here C5 is a constant only depending on F'.

Proof. By Lemma 53] we find u(M,... u%) € M := Solp(A) with the follow-
ing properties: u(, ... u®) generate the F[X]-module Solpix)(A) = MF[X],
degu® < (2md)2N for all k, and h(u®) is bounded by (52), for each k. Moreover
we find an element 0 # § € R of height bounded by (5:2)) such that Solp(A) =
(M’ : 6) with M" = Du® + ... 4+ Du™). For every maximal ideal m of R we find

generators v\, ... o™ € Solp(A) of MRn[X] = Solg,x](A) having degree
at most (2md)M*+D™ and height bounded by (5I). By the remark following

h+1).

Lemma @2 the vectors v, ... ) and UT(nl), N ,v,(nK“‘), where m ranges over all
maximal ideals of R containing d, generate Solp(A) = M F[X]| N R[X]™. O

Remark. The number of generators of Solp(A) can be bounded in a similar way: If
§ is a unit in R, then (M, ... u%) generate Solp(A), and K <n-M(N,+d) =

O(N+1)
n(2m(d+ 1))2 . In general, by the remark after Lemma [[3], there are at most
[F': Q] - Rh(4)/log 2 many maximal ideals of R containing §. So we have at most

(h+1)

n-M(N,y+d)- (1+[F : Q-h(3)/log2) = n-[F: Q] - (2m(d+1)) 7"

generators in total.

6. IDEAL MEMBERSHIP

In this section we use the results obtained so far to give a proof of Theorem A
from the introduction. We begin by studying ideal membership problems of a
special form.

Bézout identities. Let R be a ring, f1,..., fn, € R[X], and d = max; deg f;. We
call a representation of 1 as a linear combination

(6.1) L= figr + -+ fugn

of fi1,..., fn with coefficients g1,...,9, € R[X] a Bézout identity for fi,..., f,
in R[X]. If R = F is a field, then from Hermann’s Theorem B4 it follows that
1€ (f1,..., fn)F[X] if and only if there exist g1, ..., gn € F[X] of degree < (2d)2"
satisfying the Bézout identity (EJl). By the effective version of Hilbert’s Null-
stellensatz due to Kollar [22], this bound may be improved substantially: if 1 €
(f1,..., fn)F[X], then there are g1,...,9, € F[X] of degrees < (3d)V satisfying
(6T). For F = Q this means: if 1 € (f1,..., fn)Q[X], then there are 6 € Z \ {0}
and g1, ...,9n € Z[X] of degree < (3d)™ with

0= figi+ -+ [ugn.

We have the following bound for the size of §, obtained along the lines of Lemma
(i.e., Cramer’s rule). From now on, F' denotes a number field.
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Lemma 6.1. Suppose that R = Op is the ring of integers of F. If we have
1€ (f1,..., fa)F[X], then

d=fig1+ -+ fugn

for some g1, ...,gn € R[X] of degree < (3d)N and some § € R, § # 0, of height at
most

@2+ 1) N (m(f, L) + 1),

We now want to show that Kollar’s degree bound over fields entails a similar
bound for Bézout identities over rings of integers.

Proposition 6.2. Suppose that R = Op. If 1 € (f1,...,fn), then there exist
g1, -, 9n € R[X] with
1= fihi + -+ fahn
and
deghi < [F: Q]+ 3d)°N) (i (fus--- fu) +1)
foralli=1,... n.

Before we begin with the proof, we state an elementary lemma whose proof is
left to the reader:

Lemma 6.3. Let U = (Uy,...,U,), V.= (V1,...,V,) be tuples of pairwise distinct
indeterminates over Z, and let e > 1 be an integer. There exist polynomials

dNUV), . g, V)
with non-negative integer coefficients such that
62) (+UVi+-+UVo) =1+ ¢ U VU + -+ g (U, VU,
) (e)

and degy g](»e =e—1,degyyg; =e.

We first show a local analogue of Proposition [6.2;

Lemma 6.4. Suppose that R = (Op),, where p # 0 is a prime ideal of Op. If
1€ (f1y.--yfn), then
L= fihn 4+ fahn
for some hy,..., h, € R[X] of degree at most
(6.3) [F: Q- BN (h(fr,.., fn) + 1)/ logp.
Here p is the unique prime number such that Z Np = pZ.

Proof. Suppose 1 € (f1,...,fn). Then 1 € (f1,..., fu)F[X]; hence by Lemma
there exist gi,...,9, € R[X] of degree at most (3d)N and a non-zero § € R of

height at most (2(d + 1))O(N2)(h + 1) such that

(6.4) 0= figi+ -+ fugn

Here and below h = h(f1,..., fn). If 0 is a unit in R, then
1= f1(91/6) + -+ + fulgn/0)

is a Bézout identity for fi,..., f, in R[X], and h; := g;/d, i = 1,...,n, have the
required properties. Suppose that ¢ is not a unit, so e = v,(d) > 1. We have
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1 € (fi,---, fn), where f is the canonical image of f € R[X] in (R/pR)[X]. By
Kolldr’s theorem [22] applied to the field R/pR, there exist r1,...,r, € R[X] with
1- (rlfl + e+ Tnfn) € pR[X]
and degr; < (3d)N for all j = 1,...,n. Specializing the U;’s to (f1,..., f) and the

Vi’'s to (—=r1,...,—ry) in (62) gives s1,...,8, € R[X] and s € p¢R[X] such that
(6.5) L= (fis1+ -+ fasn) = s.

We have degs; < e(d+ (3d)") — d for all j; hence degs < e(d + (3d)"). From
(64) and (BH) we get

1:f181++fn5n+s:f1h1++fnhn
with h; = s; + (s/0)g; € R[X]. We have
deg(sg;) < e(d+ (Bd)N) + )N < e3B!,

2
and since (2(d + 1))O(N T _ (3d)°N) | we get

e-logp < [F: Q] h(d) = [F: Q- 3d)°N ) (h + 1)
by the remarks following Lemma [[3] for N > 0, d > 0. It follows that degh; is
bounded from above by ([63), for j =1,...,n. O
Now suppose that R = Op, and assume that 1 € (fi,...,f,). Hence by
Lemma there are gi,...,g, € R[X] of degree at most (3d)"¥ and a non-zero
2
§ € R of height at most (2(d + 1))O(N +1)(h + 1) such that

0= figr+-+ fngn.

For every prime ideal p of R containing d, and p the prime number generating the
ideal Z N p, we find h§P>, AP e R[X] of degree bounded by (6.3) as well as
§®) € R\ p such that

0% = fiBP et fu b,

Let p1,...,px be the pairwise distinct prime ideals of R containing §. Then there
exist a,aq,...,ax € R such that

1=ad +a16®) 4. 4 ags®r),
Hence, letting h; = ag; + alhgpl) + ot ath-pK) € R[X]forj=1,...,n, we get

K
fihi 4+ fohn = a(f1g1 4+ fngn) + Zak (flh(lpk) R fnthPk))
k=1

K
=ad + Zaké(p’“) =1.
k=1

From this Proposition follows. O

Remark. By [23, Theorem 3.6], the height of the denominator ¢ in Lemma[6.1] can
be bounded in terms of N, d, n and the height of f1,..., f, by a bound which is
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single-exponential in d and linear in h(f1, ..., f,), while at the same time retaining
a single-exponential bound on the degrees of the g;:

deg g; < ANV,
h(8, 1, gn) SAN(N + 1)d™ (h(f1,. .., fa) +logn + (N + 7)log(N + 1)d).
This leads to the following improved degree bound in Proposition [6.2
degh; < [F:Q]- (N +1)°Wa*N (h(f1,..., fa) +logn+d)  for all i.

In most cases this is much more precise. We decided to use the cruder bound on
h(6) in Lemma [6.I] and the ensuing degree bounds in Proposition 6.2, since they
are independent of n. In the case Op = Z one could have also used Philippon’s
estimate [30] (without dependence on n)

deggs < (N +2)d™,  h(6) <e(N)-d¥ (h(fr,- .., fa) +1),
where ¢(N) depends exponentially on N.

Ideal membership. In the following we let R = Op for a number field F. Let A
be an m x n-matrix with entries in R[X] and let b € (R[X])™ be a column vector.

Theorem 6.5. If the system Ay = b has a solution in D = R[X], then it has such
a solution of degree at most

(6.6) [F:Q]-Cs- (2mdeg(A,b))
Here the constant Co depends only on F.
Proof. Put d = deg(A,b) and h = h(A,b). By Corollary 04 there exist generators

(N4+1)20) (h(A,b) + 1),

2 25 for the D-module of solutions to the system of homogeneous linear
equations (A4, —b)z = 0, where z is a vector of n + 1 unknowns z1, ..., 2,41, with
(6.7) deg() = (2ma)y(N+V7Y

O(N)
(6.8) h(z®) = Cy - (2m(d+ 1)) (1)

for all k = 1,..., K. The constant C5 only depends on the number field F'. For
each k let 27(521 € R[X] be the last component of z(¥), Clearly, Ay = b is solvable
in R[X] if and only if 1 € (zy(bl_il, e ,zﬁfi)l) Moreover, if hy,..., hg are elements
of R[X] such that

1= hlz,(llle + -4 th,(fi)l,
then y € (R[X])™ with

m = hyzW 4o R

is a solution to Ay = b. By Proposition [6.2] we find such hq, ..., hg with
2
deg(hy) < [F:Q]- (3 mlaxdeg(z(l)))o(N )(mlaxh(z(l)) +1)
for all k. From (67) and (6] it follows that then the vector y has degree at most
(6.8) as required. U

The doubly exponential degree bound on the solutions y in Theorem G5l implies
a doubly exponential bound on h(y). See [29] for good bounds on the height of
solutions to linear equations over R.

For m = 1 the previous theorem yields:
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Corollary 6.6. Let fo, f1,...,fn € R[X], and put d = deg(f1,...,fn), h =
h(fiy--osfn)- If fo € (f1,-.-, fn), then there exist g1, ..., gn € R[X]| with

Jo=qgfi+-+gnfn

and
O(N)

deg(g1, -, 9n) < [F: Q] - Cy - (24) N+
The constant Co depends only on F'. O
Using the criterion for primeness of ideals in Z[X] given in Corollary L9, we get:

Corollary 6.7. One can test elementary recursively whether finitely many given
polynomials from Z[X] generate a prime ideal I.

Proof. Tt is well known that the conditions “JQ[X] prime” and “I mod p C F,[X]
prime” (for a prime number p) can be tested elementary recursively [20], [35].
The condition “IQ[X] N Z[X] = I” may be tested elementary recursively using
Proposition [4.7 and Corollary O

See also [14] for an algorithm to test primeness of ideals in Z[X], which is however
not even obviously primitive recursive.

Similarly to Theorem [6.5] using Proposition 5.2 and Lemma [6.4] in place of
Corollary 5.4 and Proposition [6.2] respectively, one shows:

Theorem 6.8. Let p be a non-zero prime ideal of R and p the unique prime number
with ZNp = pZ. If the system Ay = b has a solution in R,[X], then it has such a
solution of degree at most

[F Q] Cy- (2mdeg(4, b)) N0

Here Cs is a constant which only depends on F'. O

h(A,b) +1)/logp.

Final remarks. From Theorem we obtain an effective reduction of the ideal
membership problem for R[X], where R = O for a number field F, to the solv-
ability of a (huge) system of linear equations over R. As in the case of fields, this
leads to a simple algorithm for deciding membership in ideals of R[X]. Certainly
algorithms using Grobner bases in R[X] are much more effective in practice; it
remains to establish doubly exponential degree and height bounds for the elements
of Grébner bases in R[X]. We plan to address this issue at a later point.

In [26], Mayr shows that ideal membership problems fo € (f1,...,fn) with
fos f1,- -y fn € Q[X] can be decided by an algorithm which uses space that grows
exponentially in the size of the input fo,..., f,. Together with [27] this establishes
that ideal membership in Q[X] is exponential-space complete. The proof rests on an
efficient parallel algorithm for computing the rank of m x m-matrices over Q in time
O(log® m) and the parallel computation thesis (“parallel time = sequential space”).
By [27], ideal membership in Z[X] is exponential-space hard. Theorem[G3l (and the
reduction given in [26]) unfortunately only shows that ideal membership in Z[X] is
exponential-space complete provided that solvability of systems of linear equations
over Z can be decided using logarithmic space. However, this is even unknown for
systems consisting of a single equation of the form 1 = ax + by (a,b € Z); see [18].
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