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1. INTRODUCTION

Let m; and 7y be irreducible unitary cuspidal automorphic representations of
GL,,(A) and GL,(A), respectively, where A is the ring of adeles attached to a
number field k. The basic analytic properties (meromorphic continuation and the
functional equation) of the Rankin-Selberg L-functions L(s,m; X m2) have been
established through the work [JPSS83], [CPS04] and also [Shd88] and [MWS&9]. It
is known from [Shd84] that the L-functions L(s,m; X m2) defined by the Rankin-
Selberg method and by the Langlands-Shahidi method are the same.

The problems related to the value of the (complete) Rankin-Selberg L-function
L(s,m X ma) at the center of symmetry (i.e., s = %) are often very interesting.
For instance, when both 7y and ms are self-dual, the central value L(%, T X T2)
is expected to be nonnegative. See [Lp03] and [LRO3| for a recent account of this
problem and see [ISOQ] for relations of this problem to analytic number theory.
We are interested in characterizing the nonvanishing of the central value of the
Rankin-Selberg L-functions L(s,m X m3) in terms of the nonvanishing of certain
period integrals.

Using the global integral representation of L(s,m x m2) ([CPS04]), the nonvan-
ishing of L(%, m X ma) is expected to be equivalent to the nonvanishing of certain
period integrals of automorphic forms in 71 and w5 over a general linear group. How-
ever, as remarked in [H94] §5], one likes to relate the central value of L-functions to
periods of an arithmetic nature. From the Langlands principle of functoriality and
the philosophy of the relative trace formula method, we search for periods which
are potentially arithmetic and related to the central value of L(%, 1 X 7). It will
be a very interesting problem to look for integral representations of automorphic L-
functions based on period integrals of an arithmetic nature ([H94) §5]). This should
lead to expressions of the central values of automorphic L-functions in terms of the
relevant periods which have much deeper arithmetic implications. From this per-
spective, our study in this paper can be viewed as a preliminary step towards such
intrinsic relations between arithmetic geometry and automorphic forms.
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In order to explain our work in a precise way, we recall the Langlands functorial
lifts from the classical groups to the general linear group. Let 7 be an irreducible
unitary cuspidal automorphic representation of GL,,(A). Then the Rankin-Selberg
L-function L(s,m X 7) has a pole at s = 1 if and only if 7 & 7V the contragredient
of 7. In this case the pole is simple. Now assume that 7 is self-dual; i.e., 7 = 7V.
We have

L(s,m x ) = L(s,m,A?) - L(s, m, Sym?)
where L(s,m,A?) is the exterior square L-function and L(s, 7, Sym?) is the sym-
metric square L-function, attached to m respectively. It follows that for any given
irreducible unitary self-dual cuspidal automorphic representation of GL,(A), one
and only one of the two L-functions L(s,m,A?) and L(s,7,Sym?) has a simple
pole at s = 1. If the exterior square L-function L(s, 7, A?) has a simple pole at
s = 1 (which implies that n is even [KOQ]), we say that = is symplectic, and if
the symmetric square L-function L(s,, Sym2) has a simple pole at s = 1, we say
that m is orthogonal. This terminology is clearly compatible with the Langlands
functorial principle and with the recent work on the Langlands functorial lifts from
irreducible generic cuspidal automorphic representations of classical groups to the
general linear group ([CKPSS01], [CKPSS|, [GRS99d], [GRS01], [S02], and [JS04]).
We say that an irreducible cuspidal automorphic representation is generic if it has a
nonzero (global) Whittaker-Fourier coefficient with respect to a generic character.

The following is the main consequence of the automorphic descent constructions

in [GRS99], [GRS0T], and [S02].

Theorem (Ginzburg-Rallis-Soudry). Let w be an irreducible unitary self-dual cus-
pidal automorphic representation of GL,(A). If the exterior square L-function
L(s,m,A?) has a pole at s = 1, then there exists an irreducible generic cuspidal au-
tomorphic representation o of SOg,41(A) (n = 2r) such that 7 is a weak Langlands
functorial lift from o. If the symmetric square L-function L(s,, Sym?) has a pole
at s = 1, then if n = 2l is even, there exists an irreducible generic cuspidal au-
tomorphic representation o of SOq(A) such that 7 is a weak Langlands functorial
lift from o; and if n = 21 4+ 1 is odd, there exists an irreducible generic cuspidal
automorphic representation o of Spy;(A) such that m is a weak Langlands functorial

lift from o.

We recall that 7 is a weak lift from ¢ means by definition that at almost all
local places, the local component of 7 is a local Langlands functorial lift from the
corresponding local component of ¢. Now it is known that the weak lifts in the
theorem are strong; i.e., it is compatible with the local Langlands functorial lift
at every local place (see [IS04], [K0OZ] for SO2,4+1 and [CKPSS] for split classical
groups). From now on we simply do not distinguish the Langlands functorial lift
from the weak functorial lift. We remark that by the local converse theorem (which
has been established by D. Jiang and D. Soudry for SOg,41 ([IS03] and [JS04])
and which is their work in progress for other classical groups), one can prove that
the representation o given in the theorem is uniquely determined by n. From the
above theorem one deduces

Corollary. Let w be an irreducible unitary self-dual cuspidal automorphic represen-
tation of GL,,(A). If 7 is symplectic, then n = 2r is even and 7 is the functorial lift
from an irreducible generic cuspidal automorphic representation o of SOg.41(A).
If 7 is orthogonal, then if n = 21 is even, 7 is a functorial lift from an irreducible
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generic cuspidal automorphic representation o of SOq(A); and if n = 21+ 1 is odd,
m 1s a functorial lift from an irreducible generic cuspidal automorphic representation

o of Spy(A).

Let m; and mo be irreducible unitary self-dual cuspidal automorphic representa-
tions of GL,,(A) and of GL, (A), respectively. When m; and 75 are both orthogonal
or both symplectic, the Rankin-Selberg product L-function L(s,m X m2) may have
a pole at s = 1. The existence of the pole of L(s,7m1 X m2) is equivalent to the
property that mo 2 7). It seems very mysterious to characterize the nonvanishing
of the central value of L(s, 7 X m2) at s = % in this case in terms of period integrals.

Our objective is to provide a characterization for the nonvanishing of the central
value of the Rankin-Selberg product L-function L(s,m X m2) when one of the two
representations 71 and 7o is symplectic and the other one is orthogonal. In terms of
the global Langlands reciprocity conjecture, this should be the case where m ® 7o
is symplectic, and the previous should be the case where 7 ® ms is orthogonal. One
may find more detailed discussion on the terminology and the tensor product lift
in [R94, §3]. The symplectic case leads to one of the following two cases.

Case 1. m = 2[+1 is odd and 7 is orthogonal; n = 27 is even and 7 is symplectic.
Case 2. m = 2[ is even and m; is orthogonal; n = 2r is even and w2 is symplectic.

In Case 1, we know from the above theorem of Ginzburg-Rallis-Soudry that 7 is
a Langlands functorial lift from an irreducible unitary generic cuspidal automorphic
representation o of Spy;(A) and 72 is a Langlands functorial lift from an irreducible
unitary generic cuspidal automorphic representation 7 of SOg,.41(A). By the global
theta correspondence, we know that if the standard L-function L(%,T) # 0, then
the representation 7 is a global theta lift (with respect to a given character ) from
an irreducible unitary generic cuspidal automorphic representation 7 of §1;2,,(A),
where éf)% is the metaplectic double cover of Sp,,. In this case, we call mo a -
transfer of 7 from §1;2T to GLg,. The main result of this paper is to characterize
the nonvanishing of L(3, 71 X72) in terms of the nonvanishing of the period attached

to either (0,7, Spy;) if r > 1 or (0,7, §f>2r) if I > r. From [F95], one knows that if

L(%, 7)=0,it isgcpected that the global theta lift of 7 to Sp,, should be zero and

the theta lift to Sp,,.,, is cuspidal. We will not discuss this case here.

In Case 2, m; is a functorial lift from an irreducible unitary generic cuspidal
automorphic representation o of SOg;(A) and 73 is a functorial lift from an irre-
ducible unitary generic cuspidal automorphic representation 7 of SOg,41(A). The
nonvanishing of L(%, m1 X 72) will be characterized in terms of the nonvanishing
of the period attached to either (o,7,S0q) if r > { or (o,7,5S09,41) if I > r. By
the Langlands functoriality from generic cuspidal automorphic representations of
special orthogonal groups to the general linear groups ([CKPSY]), one might define

L(s,0 x T) := L(s,m X m3).
Then the assertion on the characterization of the nonvanishing of the central value
L(3,0x7) in terms of periods attached to either (o, 7,SOg) if r > L or (o, 7,S02,41)
if I > r is a conjecture of Gross and Prasad (see [GP92] and [GP94] for the global
conjecture when r = [ or [ — 1 and for the local conjecture in general). When

r =1 and | = 1, the assertion was proved by Waldspurger in [W85]. When [ = 2
and r = 1, it is a conjecture of Jacquet on the relation between the nonvanishing

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



682 DAVID GINZBURG, DIHUA JIANG, AND STEPHEN RALLIS

of the central value of the triple product L-function and the nonvanishing of the
trilinear periods. For the split period case, it was proved in [Jng98b| and [Jng01].
For general period cases, it was proved completely in [HK91| and [HK04]. When
r = 2 and | = 2, some special cases were studied in [HK92| and [BESP04]. In
general this will be the subject matter of our work [GJR], the detail of which will
be omitted here.

The main results of this paper (dealing with Case 1) can be formulated as
follows.

Main Theorem. Let 1 be an irreducible unitary cuspidal orthogonal automorphic
representation of GLgiy1(A), and let wy be an irreducible unitary cuspidal automor-
phic symplectic representation of GLa,.(A). Assume that the standard L-function
L(%,T(z) # 0. Let o be an irreducible unitary generic cuspidal automorphic repre-
sentation of Spy;(A) which lifts functorially to w1 and let T be an irreducible unitary
generic cuspidal automorphic representation of %QT(A) which has the Y-transfer
Y.
(1) (Theorem 5.1) If the period integral

P?",T—l((bh 57") Sol) (’I" Z l) or ﬁl,l—T($T7 ¢l7 QOT) (’I" S l)

attached to (o,7,1) (see §2 for an explicit definition) is nonzero for some
choice of data, then the central value of the Rankin-Selberg product L-
function L(%,m X T2) 18 nonzero.

(2) (Theorem 6.3) Assume that Assumption (FC) (see the remark below)
hold for the pair (T,0). If the central value of the Rankin-Selberg product
L-function L(%, 1 X ) is nonzero, then there exist an irreducible unitary
generic cuspidal automorphic representation o1 of Spey(A) which is nearly
equivalent to X and an irreducible unitary cuspidal automorphic represen-
tation Ty of Spa,.(A) which is nearly equivalent to T, such that the period
integral

'Pr,rfl(qslv %r; Sol) (T > l) or ’ﬁl,lfr(ﬁgrv ¢l7 907”) (T < l)

attached to (o1, 71,%) (see §2 for an explicit definition) is nonzero for some
choices of data.

Remark. First, the periods considered in the above theorem are generalized Gel-
fand-Graev model integrals and are called periods of Fourier-Jacobi type, which will
be explicitly defined in §2. The nonvanishing of the periods implies the implicit
relation between the generic character for o and the character ¢ for the t)-transfer
of 7. Secondly, part (2) of the above theorem has been proved based on Assumption
(FC) which is about the nonvanishing of certain Fourier coefficients of a residual
representation attached to the pair (o, m2) and will be discussed in detail in §6. In
§7, we verify Assumption (FC) for the case of | = 1, while for the case | = 0, it
is proved in [GRS99al. In other words, part (2) of the above theorem has been
completed for the case r > [ = 1,0. Finally, it is expected that 71 in part (2) is
generic, but we can prove it only when Conjecture 6.1 holds.

The paper is organized as follows. In §2, we introduce the notation which will
be used in the rest of the paper. In §3, we recall the basic facts of Eisenstein
series and determine the location of poles of Eisenstein series. §4 starts with the
study of periods of residues of Eisenstein series, which needs Arthur’s truncation
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method to justify the convergence. We provide the details for the case r > [. The
other case is treated similarly. The main result here is Theorem 4.4, which is an
identity relating the ‘outer’ period of the residues of an Eisenstein series to the
‘inner’ period of the cuspidal datum of the Eisenstein series. The idea was used to
study the nonvanishing of the central value of the third symmetric power L-function
of GLy in [GJRO1], which is a similar, but lower rank, case. In general such an idea
has been used to treat many cases in [JRI2|, [FJ93|, [Jng98al, [JLRO4], [GIRO3]
and [GJR]. In §5, we prove part (1) of the Main Theorem, which is Theorem 5.1,
by using the same argument as in [GJROI]. §6 treats part (2) of the Main Theorem,
which is Theorem 6.3. Here we use some ideas from the nonvanishing of Fourier
coefficients of automorphic forms attached to unipotent orbits [GRS03] and the
construction of automorphic descent maps [GRS]. In §7, we verify the important
Assumption (FC) for the case of [ = 1.

2. PERIODS

In this section, we give a formal definition of the periods for automorphic forms
used in this paper. The remaining sections are devoted to the study of these periods
for automorphic forms occurring in the discrete spectrum.

Let k be a number field and A the ring of adeles of k. Let Spy, be the k-split
symplectic group of rank p, which preserves the symplectic form given inductively

by
0 1
Jop = Jop—2
-1 0
Let {1, v, - - - , ap } be the set of simple roots, which determines the Borel subgroup

B = TU with U upper-triangular. We have to consider two kinds of parabolic
subgroups in two different symplectic groups. To unify the notation we are going
to use, we introduce one standard parabolic subgroup

Qp,p—i = Lpp-iVpp—i

of Spy, with the Levi part L, ,; isomorphic to GL} x Spo(p—s)- We write the
unipotent radical V,, ,_; as

n oz Y z
Ip—i 0 y*

0 I o | %P
n

*

(2.1) Vop—i = v(n,x,y,2) =

where n € N; is the standard (or upper-triangular) maximal unipotent subgroup of
GL;. When there is no confusion with the indication of Sp,,, we may simply use

Qp—i = Lp—iVp—i.
Another standard parabolic subgroup of Sp,,, we will consider is denoted by
Pip—i = Mip-iUipi

where the Levi part M; ;,—; is isomorphic to GL; XSpy(,,_;). Here the indices {i,p—i}
form a partition of the rank p of Sp,,. Since there will be two different symplectic
groups occurring in the rest of the paper, we use such notation to avoid unnecessary
confusion.
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It is clear from the definition that V},_;;; is a normal subgroup in V,_;. Let
lp_i = Ly p—; be the projection from V,_; onto the quotient V,,_;/V,_;+1, which
is the Heisenberg group Hp,_; of dimension 2(p — i) + 1. We may also identify
lp_;(Vp—;) with the subgroup (section) in V,_;, which has the form

Iy
1 7 7 z
. _ Ip—i 0 ?
(2.2) lp—i(v) = I T € Spyy
1

Iy

Here 7, § are the i-th (the last) row of z, y in (2.1), respectively, and Z is the
(i,1)-th entry of z in (2.1).

For a given nontrivial character v of k, define v; to be the generic character of
N; of the form

(2.3) pi(n) :==(nig+ - +ni—1;).
We also view 1); as a character of V},_; by composing with the projection
Vo—i = Vp—i/Uip—i = N;.

Clearly, U; ,—; is a normal subgroup of V,_;.

To motivate the choices of unipotent subgroups above and the characters below,
one has to consider the unipotent conjugacy classes in Spy,(C), where C is the field
of complex numbers. It is known that the conjugacy classes of unipotent elements
(often being called unipotent classes or unipotent orbits) of Sp,,(C) are param-
eterized by the partitions with the property that the odd parts of the partitions
occur with even multiplicity (Theorem 5.1.3 in [CM93]). We will simply call such
partitions symplectic partitions. The set of all unipotent (adjoint) orbits of Sp,,,(C)
is denoted by U(Sp,,) or simply by U. Let O, ; be the unipotent orbit attached to
the symplectic partition ((2i)12(P=%)). We define Vo, , to be the normal subgroup
of V,,—; of the form

(2.4) Vo,.=1{vin,z,y,2) € Vpi | 255 =i =0, 1 < j < p—i}.
For any a € k*, we define a character 1/1(“9%1_ of Vo, , to be

(2.5) 6, (v) = i(n)(azi) = Yia(v)

where v = v(n, z,y,2) € Vp_; and z;1 is the (¢,1)-th entry of z. It is easy to check
that the character w%p)i is the one corresponding to a k-rational orbit in O ;. (See
[MWST], where the unipotent subgroup Vo, , is denoted by U".)

Let é\f)Qq(A) be the metaplectic double cover of Spy,(A). We follow [GRS02| and

[194] for the discussion of basic structures and representations of QBQq(A) and the
related Jacobi groups. We consider the (adelic) Jacobi group

(2.6) Ty(A) = Spag(A) x Hy(A),
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where H, is the Heisenberg group of dimension 2¢ 4+ 1. We shall denote elements

of H, by
1 a b ¢
I, 0 ©b*
(ala"' 7aq;b1a"' abq;c) = 61 I, a ESp2q+2
1
where a = (a1, -+ ,aq) and b = (b1, -+ ,by). The symplectic group Sp,, is embed-
ded in Spy,, 5 by
1
g g
1

For a given character ¥ of A/k, there is a unique, up to equivalence, irreducible
representation wy, of Hg(A), which is realized in in the space of Bruhat-Schwartz
functions S(A?), by the Stone-Von Neumann Theorem in Chapter II of [MVWST7].
We identify here elements (a1,---,aq) of k7 with (a1,---,aq;0,---,0;0) of Hy.
One can extend wy to the Weil representation wy, of jq(A) (I94]) and define the
theta function ggq(h'gv) by

(2.7) 62, (hg) = > wi(hg)eq(€)
€k
where ¢, € S(A?).
Let ¢, be an automorphic form on Sp,,(A). We define the (generalized) Fourier-
Jacobi coefficient of ¢, (|194], |GRS99d]) by

(28)  Fp ()@ = / 0%, (Lp—i(0)9)bp ()i (v) dv.
Vp—i(F)\Vp—i(A)

Note that because of the nature of the Weil representations, the automorphic form
¢p on Spy,(A), after integrating over V;,_;(k)\V,—i(A), becomes an automorphic
form on é\f)Q(p_i) (A). This can be observed clearly from the discussion below on
the relation between (2.8) and the Fourier-Jacobi coefficients defined in [I94].

Recall from (2.2) that V,_;41 is a normal subgroup of V,_; and the projection
lp—i(Vp—i) can be identified with the subgroup H,_; given in (2.2). Note that N;
is a subgroup of Vj,_;41, so that the generic character 1; defined in (2.3) can be
viewed as a character of V,,_; 1. Consider the v; Fourier coefficient of ¢,

(2.9) ﬁ%w=/ 6 (uhg) () du
Vo—it1(E)\Vp—it1(A)

where h € H,_;(A) and g € Spy(,_;(A). It is easy to check that ¢Yi(hg) is
automorphic on the group Hj,—;(A) X Spy,_;(A). Now we have

eI FL @=L e g

By [194] and [GRS99¢], fﬁpii(qbp)@) is a Fourier-Jacobi coefficient of ¢}* and is an
)

automorphic form on §1;2(pﬂ) (A). For simplicity, we call f;f’pfi(gﬁp)('gv) a Fourier-
Jacobi coeflicient of ¢,,.
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Let <Zq be an automorphic form on é\[/)Qq(A). We define similarly the Fourier-
Jacobi coefficient of <Zq by

Qi) G- [ 7, (0D, (),
Va—i(k)\Vg—i(4)
which is an automorphic form on Spy(,_) (A). Note here that g is a preimage of
g. Since the product is no longer genuine, it is independent of the choice of the
preimage g for any g.
Let 5;)71‘ be an automorphic form on §f>2(p7i) (A) and let ¢4_; be an automorphic
form on Spy(,_;)(A). We formally define two period integrals:

(212)  Pos(Bpis by pi) = / G i @FL_ (6p)@)dg
SPa(p—i) (K)\SPa(p—i) (A)

and

(213)  Pyslyoss dos i) = / boi()FL._ (B0)(9)ds.
Spa(q—i) (K)\SP2(q—i) (A)

Note in (2.12) that g is any preimage of g in §1;2(p_i) (A). This makes sense be-
cause the product of two genuine automorphic forms over the metaplectic cover
SPa(p—)(A) is no longer genuine, and hence the integration in (2.12) is taken over
the linear group.

It is clear that if ip,i (or ¢pq—i, respectively) is a cuspidal automorphic form, then
the period Py i(¢p—i, Pp, Pp—i) (0r Py i(dg—i, Pqs Pq—i), respectively) is well defined;
i.e., the integral converges absolutely. However, in general, we have to justify the
convergence problem of these integrals.

Let (0, V,) be an irreducible unitary generic cuspidal automorphic representation
of Spy(A) and let (7, V5) be an irreducible unitary generic cuspidal automorphic
representation of S\[/)QT(A). Whenp=landi=1l—r(I>r)org=randi=r—1
(r > 1), then the period Py i—r(¢r, 1, 0r) (I > 1) or Prr_i(¢r, ¢r, 1) (r > 1) is said
to be attached to (o,7,%), respectively, if ¢ € V, and 7 € Vz, and ¢ is a given
nontrivial additive character of k\A.

To simplify the notation, we use

(2.14) [H] := H(k)\H(A)

for any algebraic group H defined over k. We also use H for the k-rational points
of H if it does not cause any confusion.

3. SOME FAMILIES OF RESIDUAL REPRESENTATIONS

3.1. Symplectic groups. We consider here the symplectic group Spy,., o (p = 2r+
[ if using the notation in §2) and the family of cuspidal Eisenstein series associated
to the standard maximal parabolic subgroup Ps,; of Spy,.,o;. By the definition in
§2, the Levi decomposition P, is Por; = Mar; X Uspy with Mo, = GLa, X Spy;.
The elements of My, ; will often be written as m = m(a, b) with (a,b) € GLa, X Spy;.
For simplicity, we may also write

(3.1) m = m(a,b) € GLa, X Spy;.

Let (7 ® 0, Vageo) be an irreducible generic unitary cuspidal automorphic represen-
tation of GLg, x Spy;. For the given cuspidal datum (P,.;, 7 ® o), one may attach
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an Eisenstein series E(g, 5, prgo) 0n Spy, 4 o(A) With ¢rge € Vigs. More precisely,
the cuspidal automorphic representation 7 ® o can be realized in the space of square
integrable automorphic functions L?(Zay,, , (A) May,i(k)\Mar(A)), where Zyy,, , is
the center of Ma,.;. Let K be the maximal compact subgroup of Spy,.,; such that

Sp47"+21(A) = P2T,I(A)K

is the Iwasawa decomposition. Let ¢rg, be a KN Ma,;(A)-finite automorphic form
in Vygs, which is extended as a function of Spy,., 5 (A) ([Shd88, §2]), so that for
g = umk € Spy, 4o (A)

Preo(9) = Proo(mk)
and for any fixed k € K, the function
m = Greo (mk)

is a K N My, ;(A)-finite automorphic form in Vyg,. We define

(32) (I)(gv S, ¢7F®U) = ¢7r®0 (g) exp(s + pP27‘,l, ’ HP2T,1, (g)>

for g € Spy,(A). As in [Shd88, §1], the parameter s is identified with sda,,
where @s, is the co-root dual to the simple root as,. Note that as, determines the
standard parabolic subgroup P, ;.

In our case we have

(33) exp(s + PPay > HPQT,Z (g)> = | deta

where we write g = um(a,b)k € Spy,, 5(A) and m(a,b) € GL2, x Spy;. Then the
Eisenstein series is given by

(34) E(gvsv¢w®a) = Z @(79787¢w®0)'

YEP2r,1(k)\SP4sy 2 (k)

|S+ 27‘+§l,+1

The constant term of the Eisenstein series E(g, 8, ¢reo) along a standard parabolic
subgroup P is always zero unless P = P,,; ([MWO95, I1.1.7]). Because of the
cuspidal datum 7 ® ¢ in this case, one has

(3'5) EPZ'r,l (ga 8, br@o) = /[U | E(ug, S, ¢W®0)du

= ®(g,s, (bTr@g) + M('LUQr,h 5)((1)('5 S, ¢W®0))(9)

where [Usyi] = Uszpi(k)\Us2r1(A) (as in (2.14)). We denote here by ws,; the
longest Weyl element in the representatives of the double coset decomposition
Wit \Wsp,, . 5,/ Whts,, of the Weyl groups. The intertwining operator M(wa,1, s)
is defined by the following integral

M(U)Qr,lvs)(q)('asa¢7r®a))(g) = /[U ](I)(w;r%lugasagbﬂ'@a)du

which is an Spy,.,o;(A)-mapping from the unitarily induced representation

(3.6) I(s,T®0) = Indi,z:';&l)(‘&) (m® 0o @ exp(s, Hp,, ("))

to I(—s,way (7 ® 0)).

It follows from the Langlands theory of Eisenstein series that the Eisenstein series
E(g, s, p=00) has a pole at s = sq if and only if the term M(wa,;, $)(®(, S, Preo)) i
(3.5) has a pole at s = sg for some holomorphic (or standard) section ®(g, s, Preo)
in I(s,7® o). Since factorizable sections generate a dense subspace in I(s, 7 ® o), it
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suffices to consider the factorizable sections for the existence of poles of the Eisen-
stein series E(g, s, =), or for the existence of poles of M(way 1, $)(2(, S, Preo))-
When the section ®(-, s, ¢r,g,) is factorizable; i.e.,

(3'7) (I)('asa(lsw@a) = ®vq)v('vsa¢7rv®av)a

where ®,(+, s, ¢r,g0,) is a section in I(s, 7, ® 0,) and is unramified at almost all
finite local places v, the term M (way 1, s)(P(+, s, pres)) can be expressed as an
infinite product

(3.8) M(war 1, $)(R(, 5, Prgo)) = HMv(wzr,h $)(Po (s 8, r,@0.))-
By the Langlands-Shahidi theory ([L71], [Shd88]) we have

2
L(S,W X U)L(2877T7A ) ) . ];[Nv(w2r,lvs)v

(.9 Ml s) = e o T(2s + 1,7, A2

where N, (way, $) is the normalized intertwining operator

1
N w S) = —F—F""7 ¢ M w S
'u( 27,0 ) 7“(8,71'@701;711127«,0 'u( 2r,0y )

which defines a mapping from I(s, 7, ®0cy) to I(—s, way ;[m, ®0,]). Here the function
T(S) Ty Ovy w2'r'7l) iS equal to

L(s,my X 0y)L(28, 7y, A?)
L(s+1,my X 0y)L(25 + 1,7y, A?)e(s, Ty X 04, 9)€(28, Ty, A2, 1)) .

Proposition 3.1 ([K00, Proposition 3.4]). The normalized local intertwining op-
erator Ny (war. 1, s) is holomorphic and nonzero for the real part of s greater than or
equal to %; i.e., for any holomorphic section ®,(-, s, dr,g0,) in I(s,m @ 0,,), as a
function in s, Ny(war 1, $)(Poy(+, S, Pr,20,)) s holomorphic and nonzero for the real
part of s greater than or equal to %

Note that % can be replaced by 0 in Proposition 3.1 according to Theorem 11.1
in [CKPSS]. But % is enough for the work in this paper. As a consequence, one has

Proposition 3.2. The Eisenstein series E(g, s, ¢roo) can possibly have a simple
pole at s = % or s = 1. The existence of the pole at s = % ors=1of E(g,$, drgo)
is equivalent to the existence of the pole at s = % or s = 1 of the product of
L-functions

L(s,m x 0)L(2s, 7, A?),

respectively.

Proof. By the Langlands theory of constant terms of Eisenstein series, the Eisen-
stein series has a pole at s = sg if and only if the constant terms of the Eisenstein
series has a pole at s = sg. By (3.5), it is equivalent to the property that the global
intertwining operator M (wg,;, s) has a pole at s = so > % From identity (3.9), if
the global intertwining operator M (ws, 1, s) has a pole at s = s, then the quotient
L(s,m x 0)L(2s,m,A?)
L(s+1,m x 0)L(2s+ 1,7, A?)

must have a pole at s = sg since, by Proposition 3.1, the product

HN'U(U)ZT,lv 8)
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does not vanish for s = sy > 1. Now both L-functions L(s, 7 x o) and L(s,r,A?)

are nonzero for the real part of s greater than one. It follows that the product
L(s,m x 0)L(2s, 7, A?)

must have a pole at s = sg > % if M(way.1,s) has a pole at s = s > % Conversely,
if the product of L-functions

L(s,m x 0)L(2s,7, A?)

has a pole at s = sg, then the global intertwining operator M (w1, s) has a pole
at s = sg, because in (3.9), we can always choose a particular factorizable section
D(-, s, 0rg0) as in (3.7), so that the product

HNU (w2r,l; 5)((131)('7 S, (bm,@m;))

is holomorphic and nonzero at s = sg. Note that for this part we do not need
Proposition 3.1.

Finally, by Theorem 7.2 in [CKPSS|, the irreducible generic cuspidal automor-
phic representation o of Spoy;(A) has a Langlands functorial lift w(o), which is an
irreducible unitary automorphic representation of GLg;y1(A), is uniquely deter-
mined by o, and is of isobaric type. Hence one has

L(s,m x o) = L(s,m x w(0)).

It follows that the L-function L(s,n X o) is holomorphic and nonvanishing at a real
point so > 1, and L(s,7m x o) has a pole at s = 1 if and only if 7 is isomorphic
to one of the isobaric summands of 7(c). By Theorem 3.1 in [K00|, the complete
exterior square L-function L(s, 7, A?) is holomorphic and nonvanishing at any real
point sop > 1. If L(s, 7, A?) has a pole at s = 1, then i is even by Theorem 3.1 in
[K00]. By Theorem A in [GRS01], one knows that L(s,m, A%) has a pole at s = 1
if and only if 7 is the image of an irreducible unitary generic cuspidal automorphic
representation 7 of SO,;41(A). The uniqueness of 7 in terms of 7 is proved in
[IS03] and [IS04]. Hence one knows that for the real value s > 3, both L-functions
L(s,m x o) and L(s,m, A?) can have possible poles only at s = 1. The proposition
follows. O

We denote the residue at s = & of E(g, s, pxgo) by
(3.10) E1 (9, pno) == Res,_1 E(g, 8, ¢rzo)-

3.2. Metaplectic groups. We consider here the metaplectic group é\[/)GT(A) and a
family of Eisenstein series associated to the standard maximal parabolic subgroup
Py, »(A) with Levi decomposition

(3.11)  Pop(A) = Moy (A) X Uspyr(A) = (GLogp(A) X Spo,.(A)) X Uy (A).

Note that the metaplectic cover splits over the GLg,(A)-part and the unipotent
subgroup ﬁgr,T(A), so that we may identity Us,,(A) with its preimage in ﬁgm,(A)
and GLo,(A) with its preimage in GLg,(A).

Let m be an irreducible unitary self-dual cuspidal automorphic representation of
GL2,(A). Assume that 7 is symplectic, i.e., that the exterior square L-function
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L(s,m,A?) has a pole at s = 1. Let 7 be an irreducible genuine generic cuspidal
automorphic representation of Sp,,.(A), so that

(3.12) (GLgy(A) X Spy,. (A), 7 ® 7)

is a generic cuspidal datum of SpGT(A). As in the case of Sp4r+21, we form an
Eisenstein series (7, s, drg7) associated to a section ®(7, s, drez) in

re Spg,.(A)
(3.13) (s, @7) :=Indp > 0, (m @ Texpls, Hp, ()

where the parameter s is normalized as in §3.1, so that
(3.14) exp(s + pp, Hp, () =|deta* >3,

As in (3.4), one can define an Eisenstein series ([MW95])

(3'15) E(gasa¢w®?) = Z (I>(7§a57¢7r®‘7)'
Y€ Par. - (k)\ Spg, (k)

In this paper we only consider this Eisenstein series for the special case when
the irreducible unitary cuspidal automorphic representation 7 of GLg,(A) is the
-transfer of 7; i.e., m = 7y (7). It is proved in [GRS02| that this )-transfer enjoys
the property that

LS (s, mu(7) % p) = L5 (5,7 % p)

for all irreducible cuspidal automorphic representations p of GL,,(A) with all pos-
itive integers m. Here the set S consists of all infinite local places and the finite
local places such that the local components of 7, p and v are unramified at v &€ S.
Note that the partial L-functions for 7 x p depends on the choice of ¥ ([GRS02]).
If one takes p = my(T), then one knows that the partial L-function

Li(s,? X Ty (T))

has a simple pole at s = 1. Since the partial exterior square L-function
L¥(s,my(7), A%)

has a simple pole at s = 1, one knows that the partial symmetric square L-function

Ls(s7 7o (T)s Symz)

is holomorphic and nonzero for the real part of s greater than one.

Following [MW095], the Langlands theory of Eisenstein series works as well for
metaplectic groups. This time we can have a formula similar to (3.9), with com-
plete L-functions replaced by the partial L-functions. The intertwining operator
./\/l(wgma, s), which maps from the induced representation I (s Ty (T) ® T) to the
induced representation I(—s, way +(my(T) ® T)), can be expressed as

M(w2r,r75) = [TS(577T;0'; w2r,r> : HNU(WQT,T)S)] X H MVU(UJQT,T‘)S))

vgS veS
LE (s, (7) x T) L5 (28, 7y (7), Sym?)
Li(s—l— 1,7y () x T)LS (25 + 1, my(7), Sym?)

TS(Sa ™, 0o, w27‘,7")
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Note that we only consider the normalized local intertwining operators
./\~fv(w2w,s) for unramified local places. For unramified local places, the normal-
ization of local intertwining operators is well known and the normalized local in-
tertwining operators are nonzero at the unramified sections. This is the essential
difference between this case and the case we considered in §3.1.

Since one can always choose the local sections ®, in I(s, my(7,)®7,) such that the
images M, (wg,, v, 8)(®,) of @, are nonzero at s = 1, it follows that if the partial L-
function Lw (s,my(T) X T) has a pole at s = 1, then the global intertwining operator
/K/lv(wgm,, s) has a pole at s = 1. Hence the Eisenstein series E(g,s,d)T@;) must
have a pole at s = 1, whose residue is denoted by

(3.16) E1(3, prer) = Ressm1 E(7, 5, brez)

for some holomorphic section ®(§, s, drez) in 1(s, 7 ® 7).

4. PERIODS OF RESIDUAL REPRESENTATIONS

We recall that o is an irreducible unitary generic cuspidal automorphic rep-
resentation of Spy;(A) and 7 is an irreducible unitary genuine generic cuspidal

automorphic representation of §1;2T (A). Let my(7) be the image of 7 under the 1)-
transfer with respect to a given character 1, which by definition is the composition
of the v-theta correspondence with SOq9,41 and the Langlands functorial lifting
from SOg,41 to GLg,. The existence and basic properties of this 1)-transfer have
been proved through [CKPSS01], [JS03|, [JS04], and [GRSOI]. We assume that
7y (T) is cuspidal. More results about 7, (7) can be found in [S02]. It follows from

§3.2, formula (3.16) in particular, that the residue El( ,gf),,,w(;)@;) is nonzero. We
are going to study the period integrals of the residues E% (9, Pr,(7)00) in (3.10) and

E; (ﬁ, <ij(;)®;) in (3.16). Following from the formal definitions of period integrals
n (2.12) and (2.13), we have

(T > l) ,P3T,T—I(E% ('a ¢7w,(7~')®0); El('v (gww(-?)®7~')7 @27"+l)7
(r<l)  Porstger(E1( bry3)07): EL(, 0ny(m)00), P3r)-

We shall only study in detail the case (r > 1), i.e., the period

(4'1) ,P37"7“ l( ( (bﬂ'w T)®O’) El( ¢ww(?)®?)a¢2r+l)

in the following, and the other case (r < I) can be treated in a similar way. By
definition, the period in (4.1) is given by the integral

(1.2) [ By0.nmen T, (Bil dnmer) @)
[SP4ry2i]

where [Sp4r+21] = Sp4r+21(k)\Sp4T+QI(A) as in (2 14) The Fourier-Jacobi coeffi-

cient F¥ (B (-, qbw(T)@T))( ) of the residue El( ¢7w(7)®?) is given by the inte-

Darit1
gral (as in (2.11))
(4.3)
f;f’z,,+l(ﬁ1(', Oy (27))(9) = /[V ] §$21,+l(£2r+l(v)§)ﬁl (VG Oy (707 )1 (V) dv
2r 41
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It is clear that the period integral in (4.2) may not converge and needs certain
regularization to make it well defined. We follow the argument in [GJROI] to study
this period.

4.1. Truncation of Eisenstein series. We recall a special case of the Arthur’s
truncation method and apply it to our study of the period integral as defined in
(4.2). The notation we use is standard and can be found in [Jng98a] or [GJROT].

In this section we set G = Spy, o and P = MU = Ps.; = M Usyr;. We
identify ap with R via adsg, — a. Then a regular element in ap will correspond to
a real number ¢ € Rs 1, where we denote by Rs . the set of all real numbers greater
than c¢. We denote

(4.4) H(g) := exp(1, Hp(g)) = |det m(g)|

for g = um(g)k € G(A) (the Iwasawa decomposition given in §3.1). Let 7, (¢ € R51)
be the characteristic function of the subset R-..

Following [ATR] and [AR(], the truncation of the Eisenstein series E(g, s, ¢)
(where ¢ = ¢ (7)00) is defined as follows:

(4.5) AcE(g,5,6) = E(g:5,6) = > Ep(v9,5,6)7(H(79))-
YEP(k)\G(k)

The constant term Ep(g, s, ¢) of the Eisenstein series E(g, s, ¢) along P can be

expressed as (see (3.5) for the definition)

EP(Q, S, ¢) = (I>(ga 87¢) + M(wvs)(q)(a 87¢))(g)

where w = wa,; and M(w, s) is the intertwining operator as described in §3.1. We
remark that the summation in (4.5) has only finitely many terms and converges
absolutely (Corollary 5.2 in [A78]). The truncated Eisenstein series can then be
rewritten as

ACE(Q,S,d)) = Z q)(’yga‘s?QS)(l_TC(H(’yg)))
YEP(K)\G(K)
- Y M(w,s)(2(5,9)(v9)7e(H (19))
YEP(K)\G(k)
(4.6) —  &1(g) — Ea(g).

Let sg be a positive real number. Consider the Laurent expansion of the Eisen-
stein series E(g, s, ¢) at s = sp:

E(gv S, d)) = Eso (ga ¢) (8 - 30)6 + hlgher terms

When e = —1, i.e., s¢ is a simple pole of E(g, s, ¢), then E (g, @) is the residue

at s = sg of E(g,s,¢). In general we call Fy (g, ) the leading term at s = sg of

E(g,s,¢). In the following, we assume that so > 0 is a simple pole of E(g, s, ®).
The truncation of the residue Ey, (g, ¢) is

AcEs(9:0) = Eu(9,9)— D M(w,s)(@(.s,0))s (19)7e(H(79))
(NG

YEP (k)
(47) = Eso(ga¢) _83(9)

We consider the period integral Ps, —i(Es, (-, d)),El(',%), wory1) as defined in
(4.2), but the residue E (-, ¢) is replaced by the residue Ej, (-, ¢). Using (4.7), we
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obtain
Pirr—1(Bsy (-, ), E1 (-, 0), pars1)
= Parri(E, EL(,0), 92r11) + Parr—i(MeEoy (- 8), E1 (- 0), 92rs1).
Since A.E(g, s, ¢) is rapidly decaying, the period integral
Para—1(AE(g, 5,0), E1 (-, 0), 92041)

defines a meromorphic function in s with possible poles contained in the set of
possible poles of the Eisenstein series E(g, s, ¢), and hence in that of the global
intertwining operator M(w, s). It follows that

Ress:sop?)r,rfl(AcE(ga S, d))a El('v (,5); 502r+l) - ’PST,rfl(AcEso ('a d))a El('v (,5); 502r+l)~

The following proposition will be proved in the next section.
Proposition 4.1. For i = 1,2, the periods
’P?)r,rfl(giv El ('a g)a 502r+l)

converge absolutely for Re(s) large and have meromorphic continuation to the whole
complex plane.

By meromorphic continuation, we have

Para—i1(AE(g, 5,0), E1 (-, 8), 92041)
= Parri(E1, i, 0), 02r41) — Parr—i(E2, E1 (-, 8), p2r11).
Hence we have
Ress—sy Parr—t(AcE(g, 5,9), E1 (- 0), p2r41)
= ReSomsyParr—1(E1, B1(,0), 02r41) — ReSomsy Parp—1(E2, B1 (1, 8), 02r41).
From (4.6) and (4.7), one knows that

Ress—so Parr—1(E2, B1 (5 0)s 92011) = Parr—1(E3, E1(:, 0), 2rt1)-

Therefore, we obtain

(48) P3T,7"—Z(Eso ('7 ¢)7 El ('a 5)7 @27"+l) = ReSS=SO7D3T,7"—l(51; El('a 5)7 @27"+l)-
In other words, the study of the period Ps, ,—i(Es, (-, ¢), El(~, &5), par+1) reduces to
Proposition 4.1 and an explicit calculation of the integral
,P3r,rfl(€1; El('v %)a 502r+l)-
We will do this in the next section.

4.2. The proof of Proposition 4.1. First, the convergence for the real part of s
large of both integrals

Parr 1(E1, E1(, 8), p2r11) and Pspr_1(Ea, Br (-, 8), P2r11)

follows as in the proof of Proposition 3.1 in [GJR01]. The meromorphic continuation
of both periods and the possible location of poles will follow from the explicit
calculation of the period integrals. N

We shall calculate the period integral Ps,. ,—; (€1, El(-, @), pary1) for the real part
of s large, while the integral Ps,. ,_; (€2, E, ( 5), par+1) can be calculated in a similar
way to that in [GJRO1].
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Recall that G = Spy, o) and P = MU = Py = Moy Uz Write ¢ = ¢r ()00

and qg = ¢r,(7)o7 Assume the real part of s is large. The integral can be written
first as

(4.9) P3r,r—l(517El('aa)ﬂpmﬂ) Z/G(k)\g(A) Sl(g)f;f’zrﬂ(ﬁl(-,qg))(g)dg.

From the discussion above, it is absolutely convergent when the real part of s is
large. By (4.6) we have

Elg)= D (19,5 0)(1 - 1e(H(vg))).
EP(NG ()

Then (4.9) equals
@) [ g o)1 =l H ) FL, (B (6 0)ds.
P(R)\G(A)
Recall from (4.3) that
Fli(B1(9))(g) = / 00, (Lors1(0)9) E1 (vF, @)ty (v)dv,

[Vart]

where Vari; = V3p 2044 as defined in (2.1) with p = 3r and ¢ = r — . From (2.7),
we have

02, . (L)) = D wyllar1(0)d)p2ra(€)

Eek2r+l
where o, 1; € S(A%2" ). We write k27! = k?" @ k! and € = (&2, &;). Recall from

(2.1) that elements of the unipotent subgroup Va,4; can be expressed as

n pr P2 DP3 z
I, 0 0 p3

(411) v(n,pl,pg,pg,z) = Iy 0 p; S Spﬁr
I2r p»{
n*

where n € N,_;, the standard maximal unipotent subgroup of GL,_;. The pro-
jection fo,1(v) of v(n,p1,p2,ps,2) € Varyr to the Heisenberg group Hy,y2141 (as
defined in (2.2) with p = 3r and ¢ = r — ) can be expressed as (and identified with
elements of Va,4;)

Irflfl
1 P P2 D3

Loryi(v(n, p1,p2,p3,2)) = Iy € Varq

— % % %

Iy

where P, is the last row of p;, and Z is the (r — [, 1)-th entry of z. For simplicity,
we use the following notation for fa,1;(v):

(412) £2T+l(v(n7plap25p3a Z)) = e(ﬁlaﬁQaﬁ:&az)'
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To carry out our calculation, we write elements of Va,4; as

n 0 p2 p3 =z Iy p

I, 0 0 p3 I,
Iy 0 p; Iy = v(n,O,pg,pg,Z)’U(pl)
127- 0 IQT pT
n* Irfl

where v(p1) = v(Ir—1,p1,0,0,0), and we write the elements (P, Dy, D, %) as
g(plap%ﬁ?ﬂ?) = e(ovﬁQapBﬂE)g(ﬁlv Oa 07 O)

Then the Fourier-Jacobi coefficient ¥ (Ey(-,$))(g) can be expressed as

P2r41
/ S wull0. B DB+ Py 62).0.0,0D 02 11((0,61)
[V27'+l] 52'7~€k27‘;£lekl
(413) XEl (U(na O7p27p37 Z)U(pl + P1 (EQT))§7 g)wr—l(v)d’lh

where D, (€2,) is a matrix in Mat,_; o,(k) with the first r — I — 1 rows zero and the
last row equal to .. Let V5, be the subgroup of V.4, consisting of elements
v(n, p1, P2, p3, z) with the last row of p; zero. Collapsing the summation over &a,
with integration in (4.13), we obtain

/ Z ww(e(ovz_)%ﬁ&z)g(ﬁlv0’070)9/)5027“-{-1((0;&))
V2’r+1,(k)\v2r+l(A) §l€kl
(4.14) X Ex(v(n, 0, p2, p3, 2)v(p1)F, 6)tb,—1(v)dv.

By the definition of the Weil representation wy, we have
Wy (g(oaﬁ%ﬁ?,a E)m@%ﬂ-l((ov gl)) = ww(e(ovz_)% 0, 5)5)302,«4_1((0, fl))

Hence the Fourier-Jacobi coefficient f;f’zyw (Eq(-, qg))(g) equals

> wy (0,55, 0,2)£(By,0,0,0)9)p2r4+1((0,&))
& ekl

(415) XEI (U(n7 Oap25p3a Z)’U(pl)g7 (g)wr—l(v)dv'

It follows that integral (4.10) equals

/VQIT.H (K)\Vary1(A)

/P(k)\G(A) ®(g,5,9) / Z wy (U(Pa, 2)0(D1)9)p2r11((0,&))

/

27v+l(k)\v2r+l(A) EzEkl
(416) XEI (v(n, 07?2;173; Z)U(pl)gv %)wrfl(v)dvdgv

where ®¢(g,s,¢) = ®(g, 5,9)(1 = 7c(H(g))), and £(p2,Z) = £(0,P5,0,%) and £(p;) =
g(plv Oa 07 O)

It is easy to check from the definition of the Weil representation wy, (Chapter 2
in [MVWRT7]) that as a function of g the function

> Wy (0B, 2)0(B1)3) 2r11((0,6))

& ek

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



696 DAVID GINZBURG, DIHUA JIANG, AND STEPHEN RALLIS

is left Us,;(A)-invariant. Recall that the unipotent radical U = Uy, of P, has

the form
127" Yy Zl
(4.17) u(y,2') == Iy y* | €Spyrio
I2r

In the calculation, Spy,. ,5; has been embedded into the ‘middle’ of Sp,.. By factor-
ing the integration over Us,;(k)\Us,1(A) from P(k)\G(A), we obtain that integral
(4.16) equals

/ (g, 5, 9) / / S i (U, 2B or1((0, )
[UZ'V'J] V2,r+l(k)\v27'+l(A) §l€k"

(418) XEI (’U(TL, Oap25p3a Z)’U(pl)U'g) a)wT—l(v)dvdpldU'dg;

where the integration in variable g is over M (k)U(A)\G(A).
The integrations over [Uz;] and V5, ;(k)\Va,41(A) can be rewritten as follows.
We can rewrite v(n, 0, p2, p3, 2)v(p1)u as

n p1 P2 P33 Z n 0 p2 p3 =z

Ly y 2 p3 Ly y 2 p3
Iy y° p3|= Iy y* p5 | v(p1)

I2r PT I2r 0

n* n*

Denote by V' the group consisting of elements

n 0 p2 p3 =2
I2r Yy Z/ P3

0 = Iy y* p
Ly, 0
n*

Note that the element of U, sits in the middle of v9. Hence in (4.18) the inner
integrations over [Us, ] and Vy, ;(k)\Var41(A) can be rewrite as

//[Vo > wy (B, 2)0B1)T) p2r11((0, &) Er (00 (p1)g, )01 () dlpy,

]§l€kl

where the integration [dp; along the variable p; is in Mat,_;2, with the first
r — 1 —1rows in Mat,_;_1 2-(k)\Mat,_;_1 2,(A) and the last row in A2".
To calculate the last integral, we define the Weyl element w of Spg,, as

I2n
Infk
w = ng
In—k
IQn

We conjugate in F; (v°v(p1)37, 5) by w from left to right and obtain that the last
integral equals
(4.19)

> wu b, 2)0P1)T)p2r41((0,60)) Er (v 0™ (p1)wd, ¢)o,—i (v )dw @ dpr.

(VO] & ekl
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Note that the integration f dpy along the variable p; is the same as the above.
The unipotent subgroup V() consists of elements of the type

I2r Yy p§ Z/
n o p2 z p3
0@ = Iy p5 y*
n*
I2r
and
I2r
D1 Iv"—l
v (p1) = I
Irfl
pT I2r

To continue the calculation of (4.19), we formulate a general lemma below. Let
¢ be a smooth automorphic form on GL;;(A) (4,5 > 2). We consider integrals of
the type

(4.20) /p/nd)<<1i n) (; Ij))qu(n)dndp

where the integration in variable n is over N;(k)\N;(A), ¥;(n) is the generic char-
acter of N; as defined in (2.3), and the integration in variable p is over the quotient
Mat;_1,;(k)\Mat,; ;(A); i.e., the last row of p is integrated over the A-points.

Lemma 4.2. Let ¢ be a smooth automorphic form on GLi4;(A) (i,j > 2). Then
integral (4.20) is equal to

/p / /¢< (Ii fi) (; Ij) )dq%(n)dm@

where the integration in variable q is over Mat; ;(k)\Mat; ;(A) with the first column
of q being zero, the integration in variable p is over Mat; ;(A), and the integration
in variable n is the same as in (4.20).

Proof. We define the following unipotent subgroups of GL;y;. For 1 < m < j
define (C' means ‘column’)

Cm={<1i Iq> : g € Mat; j, qu. =0, V#m}.
J

In other words, C,, is the group of all matrices as above such that all columns
in ¢ are zero except the m-th column. Note that C,,(k) is isomorphic to k*. For
1 <m < j—1 we also define (R means ‘row’)

I;
Rm:{< I-) : p € Mat;;, pu», =0, /Hém}-
D

Thus R,, consists of all matrices as above such that all rows in p, except the m-th
TOW, are zero.
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We consider first the Fourier expansion of the automorphic form ¢ along the
unipotent subgroup Cj:

I
OE | ¢>< (" 5 g)w(£~cJ)dq
ceki Y Ci(k\C; (&) J
Plugging this into (4.20), we have

(4.21) // /C ()\Cj(A) < (Ii Z) (11; Ij) >¢(f “a)dagy(m)dndp.

Eekt

. . . / .
Note that (Iz Iq) (Iz n) = (Iz i) Since R;_1(k) is isomorphic to k*, we
j

identify ¢ € k¥ with the element

(Ig Ij> € R;_1(k).

Since ¢ is automorphic, we have

(e )0t

It is easy to show that

f Ij 0 n p Ij —\0 n+£~q p+n*1£ Ij

where £-¢q is a j x j-matrix with all entries zero except the (j — 1, j)-th entry, which
is

(€ 9)j-15= Y &au;-
=1

Since n~!

is upper trianglar and £ is in R;_;, we may write
nl=py+¢

where ps is in Mat; ; with the last two rows zero.
Applying the above calculation to (4.21) and changing variables, we obtain

(4.22) /p/n/cj(k)\cy (A) ¢< (Ii Z) (2 Ij) )dqwj (n)dndp

where the integration of p is on Mat,;_o ;(k)\Mat; ;(A); i.e., the last two rows of p
are integrated over the A-points.
We apply the same argument above with a sequence of pairs

(Cj—h Rj—2)7 (Cj—Qa Rj—3)a R (027 Rl)

to integral (4.22) and complete the proof of this lemma. O
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In order to apply Lemma 4.2 to the calculation of integral (4.19), we define the
following unipotent subgroups of Spg,.. For 1 < m < r — [ define

127“ q
Cm = I : g€ Mato g, ¢ =0, j#Fm

127“

It is clear that C,, is an embedding of Cy, into Spg, (with i = 2r and j = r — )
and that it is the group of all matrices as above such that all columns in g are zero
except the m-th column. For 1 <m <r —1[ — 1 we also define

I2r
p Irfl
Rm = Iy i p€Mat,_j2r, pij=0, i#m
Iv"—l

*

p 127'
Thus R,, consists of all matrices as above such that all rows in p, except the m-th

row, are zero, and it is an embedding of R,, in Spg,. We want to apply Lemma 4.2
to integral (4.19). In this case we have to apply the argument to the series of pairs

(Cv"—h RT‘—l—l)7 (CT—l—17 RT—l—2)7 ) (627 Rl)
Because in (4.19) the variable £(p;) is related to R,_; and commutes with the

subgroups R,_;—1,Rr—;—2,- - ,R1, we can apply the argument of the proof of

Lemma 4.2 essentially to the automorphic form F; (vMv~ (p1)wg, qg) By Lemma
4.2, integral (4.19) equals
(4.23)
> wu by, 2)0(P1)G)20+1((0,60)) Er (0P 0™ (1) wd, §) oy —i(v™)dvVelpy,
[V(l)] El,ekl'
where the integration in variable p; is over Mat,_; 2,(A). The unipotent subgroup
V() consists of elements of the type

I2r q Yy p; z
n o p2 Z P3

1)(1) - IQl p; y* )
n* q*
127"

where ¢ is in Maty, ,_; with the first column zero.

Finally we consider the Fourier expansion of the residue El (9, 5) along the unipo-
tent group C1(k)\C1(A). The group of characters of C1(k)\C1(A) is isomorphic to
k?" and the group G Lo, (k) acts on k" with two orbits. Hence the Fourier expansion
of E (g, ¢) along the unipotent group C; (k)\Ci(A) is

B39 = / By (v(0)7 B)dv(a)
C1(k)\C1(A)
(4.24) ¥ /C ey PO )T, 80,

YEP(k)\GL2r (k)

where m(v, Io,) € GLay (k)X Spsy,. (k) and ¢o,.1 is the (2, 1)-th entry of ¢ in v(q) € C;.
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Applying (4.24) to (4.23), integral (4.23) equals a sum of integral I and integral

1, defined as follows.
Integral Iy is obtained from the constant term in (4.24), that is,

/ B ((0)7, B)dv(q).
Ci(k)\C1(A)

The product of the unipotent subgroups V() and C; can be written as a product

U2r,7" : W,l; ie.,
L q y p3 2 ILr q¢ 'y p;3 2 Iy
n o p2 z p3 I D3 n p2 z
Ly p3 y' | = Iy y* Iy p5
n* q* I,ril q* n*
127‘ [27‘ [27‘

Here V,.; C Sp,, is as defined in (2.1) with p = r and ¢ = r — and is embedded in
Spg, as above. Hence integral Iy equals
(4.25)

/ /[V 3 e )R 1((0,6) B (00 (1), )1 0,

r,l Elekl

where the integration in variable p; is over Mat,_; 2,(A), and ELPQM(@ @) is the
constant term along the maximal parabolic subgroup P, .

Integral I; is obtained from the sum of the nontrivial Fourier coefficients in
(4.24), that is,

/ Ey(o(@)m(y, 11r)5, 3 (dar1)do(a).

YEP (k)\GLa, (k) ¥ C1\CL(A)

We now show that integral I is zero. Since I; can be written as a sum of integrals
parameterized by v € P1(k)\GLa,(k), we will show that each of these summands
is zero. As in (4.25) (or in the case of Iy) the integration over [V()] combined with
that over [C1] is the same as the integration over the product of [Us, ] and [V;].
The elements of Uy, , are of the form

I2r q Yy p§ Z/
I p3
u(q, Y,P3, Z/) = IQl y* € SpGr
Ir—l q*
I2r
and the elements of V;.; are of the form
127"
n ps z
v(n,p2, 2) = Iy ps € Spg,-
n*
127“

The difference between Iy and I; is that in Iy it produces the constant term of
E, (9, qg) with respect to Us, -, but in I; it produces the nontrivial Fourier coefficient
of E; (g, 5) with respect to U, and the nontrivial character (ga,1).

The point is that this nontrivial Fourier coefficient of the residue E, (9, qg) with
respect to U, and the nontrivial character 1(gor1) combined with nontrivial
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Fourier coefficient of El (9, qg) with respect to V,; and the nontrivial character
Yr_1(v(n,pa, 2)) produces a Fourier-Jacobi coefficient of the residue E;(J,¢) as-
sociated to the unipotent orbit with symplectic partition ((6r —21)12!). Hence the
nonvanishing of each summand of I; implies that the residue El (9, 5) has a nonzero
Fourier-Jacobi coefficient attached to the unipotent orbit with symplectic partition
((6r — 20)1%1). On the other hand, by Proposition 1 of [GRS] and since r > I,
the residue El (9, %) cannot have any nonzero Fourier-Jacobi coefficient attached to
such an orbit. This proves that each summand in I; is identically zero, and so is
I7.
To carry out the above argument, we consider first the Fourier coefficient

(426) /[U : El(u(q,yvp3vzl)§a ¢)w(QZr,1)du'

In (4.26), we further consider Fourier expansion (as a function of g) along the
maximal unipotent subgroup Na, of GLs,.. Recall that the parabolic subgroup is

P2r,7" = (GLQ'I" X SpQT‘)UQT‘,T'
Since the residue E; (9, %) has the cuspidal support
(GLQT X §£)2ra 71—111(7,:) & 7,:);

the constant terms along the subgroups of Na, of integral (4.26) (as a function
in g) are zero. We end up with the Fourier expansion similar to the well-known
Whittaker-Fourier expansion for a cuspidal automorphic form of GLq,.(A) ([PS71]
and [Shl74]); i.e., (4.26) equals

(4.27) Z /[UQM] o Er(nu(q,y, ps, 2')3, $)v3, (n)dnip(qar1 )du,

(SENQr(k)\GLQT(k)

where 13,.(n) is the generic character corresponding to 6. For instance, when § =
Iy, the identity element, the character ¢3,(n) = tq.(n) is the generic character
as defined in (2.3) (with ¢ replaced by 2r). Combining (4.27) with the unipotent
integration along V,.; in integral I; (as in Iy in (4.25)), we obtain as an inner
integration in each summand of I; the integral

/[UM /M /MJ] S w655, 2T 22r11((0, )

& ekt
(4.28) x E1 (vnu(q, y, p3, 2') 3, )1br—1(v)dvibs,. (n)dna(qar,1 ) du.

This integral is parameterized by 6 € P'(k)\GL2,(k). Note that elements & also
stabilizes the k-rational orbit of the character ¢ (gor 1) in (4.24). For automorphic
forms, the nonvanishing of Fourier coefficients depends only on a k-rational orbit
of the characters. It follows that in order to prove the vanishing of each summand
in Iy, it is enough to show the vanishing of (4.28) with § being the identity.

Note that the product of unipotent subgroups Na,, Usyr, and V,.; is V3, (see
(2.1) for the definition with p = 3r and ¢ = 3r — [) of Spg, and the product
of characters ¥,_;(v), 12-(n), and 1¥(ger1) is the generic character of N3._; (see
(2.3)). Hence integral (4.28) is the Fourier-Jacobi coefficient of the residue Ey (g, ¢)
attached to the unipotent orbit with partition ((6r — 21)1%!). They are all zero by
Proposition 1 in [GRS]|. This proves that I; is identically zero.
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Therefore, from the sum of Iy and I, there remains one integral in (4.25), which
may be nonzero. In other words, from (4.18), (4.19), and (4.25), we obtain the
following proposition.

Proposition 4.3. The period Ps,.—i(&1, El(-, 5), Yart+1) defined in (4.9) equals in-
tegral (4.25), that is,

[oeso [ o /[ S (P 2T Pr1((0, )

Vel ¢ ert
X E1 p,, , (00~ (p1)wg, §)tbr—i(v)dvdp, dg,

where the integration in variable g is over M (k)U(A)\G(A), and ELPzr,r (7, 0) is the
constant term of the residue E; (g, ) along the mazimal parabolic subgroup P, .

In the following we shall simplify the integral in Proposition 4.3. First we write

(4.29) Oyt (LB, 2)0B)T) = D wip(U(B, 2V(F1)T) 2r+1((0,6)).
& ekl

The constant term EL Por, (9 @) of the residue 1 (g, ¢) along the standard maximal
parabolic subgroup ]Bgm equals le(&))@), which is the residue at s = 1 of the
intertwining operator /K/lv(wgw, s) (CT)) (g) defined in §3.2. By the definition in §3.2,
./,\/lv(wgm, s) maps sections

(T) = 5(5, S, 5%(?)@?) S IN(S, o (77) (24 77)

to those in I(—s, wa,»(my(T) ® T)). Hence the integral in (4.25) (or the integral in
Proposition 4.3) equals

/ (50 [ [ sttt 209)
M(k)UA)\G(A) Mat,,,l,z,,.(A) [V,,.,l]
(4.30) X M1 (®)(vv™ (p1)w§)hr—i (v)dvdpr dg.

By the Iwasawa decomposition G(A) = P(A)K (P = P,;), we have
M(k)U(A\G(A) = [M(k)\M (A)]K.
Recall that M = GLa, x Spy, and write
m = m(a,b) = m(a)m(b).
If we write g = umk, we have, in (4.30),
(g, 5,0) = P(g,5,0)(1 — 7e(H(g))) = ®(mk, s,¢)(1 — 7(H (m)))
and
O 1 (0B, 2)(B, ) (a, b)k) = | det a| 2y (det a)fg,, ,, 1 (¢(Bs, )BT )M(b)K),

where 7y, is the Weil factor. Thus the inner integrations over Mat,_; 2,(A) and
[Vi1] of integral (4.30)

[ [ Benesaa €@ 21665, (0 000 K (@) (00 (1) 1)y a(0)
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equals
_ 1 -~ S _ ~
| det af~"+} 5, (det ) / / om0 1 (0D, 20Dy )T()K)
Mat,_; 2, (A) J [V} 1]

(4.31) x My (@) (m(a)vv™ (pr)wim (b)k)hy_ (v)dvdpy,

where 7(a) = fiu(a, Ia,), () = (Izr, b) € GLay(A) X Spy,.(A).
From the definition of ®(h, s, ¢, (:)9s) and ®(g, s, ¢, (7)97) as given in §3, we

have
O(m(a,b)k, s, o, (Heo) = |detal*T 2o 00 (m(a, bk)
o(m(a,b)k, s, o, (7)07) = |det al*t2rtE v, (det @) - 6, 7y (m(a, b)K).

Hence, taking into account the Jacobian which results from the Iwasawa decompo-
sition, the integral in (4.30) can be expressed as

/ / / |detal® % (1 — 7.(H(a)))
K Matr_lgr(A) [GLz,,.]

(4.32)  x /S Gru ol DYK)F (e, (2y7) (mla, bYv™ (py ywk)dbdadp, di
P2y

where the function F¥ (%Trw(;)(@;)(m(a, b)v~ (p1)wk) is given by

(4.33) /W D a2 DO 8)0 (pr) k)1 ()

for v = v(n,p2, z) and qg = qgm(;)@);. We consider the Langlands decomposition for
GLa,-(A)

GLa,(A) = GLa,(A)' - AT,

and we set PMa,; = (ZgL,, (A)GLa, (k)\GLar(A)) X (Spg;(k)\Spy;(A)). Let d be
the number of the real archimedean places of the number field k. Then integral
(4.32) equals

@sn A6 [ b 510 (M) F () (o™ (pr k) dmadpn i

KXMatT_[)QT(A)XPMQT,l

where the function A(s) is defined as

As) = vol(Al/kX)/ 23 (1 = 7 (£))dt™
R+
It is easy to see that

) 2rd(s—3)
{2 (1 = (1)) dt* = ———
L, b e =

which has a simple pole at s = 3. In (4.34) we are left with

(4.35) %w(?)@a(mk)}_w(@ (mv™ (p1)wk)dmdp, dk

\/I(XMatT_lgr(A) XPMQTJ,

which is holomorphic in s. Hence we obtain the main identity.
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Theorem 4.4. When so # %, the period

,P3r,rfl(Eso ('7 QSTrw(?)@a)a E,q ('7 ¢7rw (?)@?)7 902r+l)

is identically zero. When sg = %, the period

Psrr—1(EL( Ory (@0 ) Er(, 6my(7)@7) P2r41)

is equal to

¢ X / ¢7"w (F)®c (mk)}'w (ggm (;)®7~.) (mv_ (pl)wk)dmdpl dk
KxMat,_; 2, (A)XxPMa,;

where PMa,.; = (Za1,, (A)GLay(k)\GL2,(A)) X (Spy; (k)\Spg;(A)) and the constant
1
2

of \(s), which is YA LK)

¢ is equal to the residue at s = o

Remark 4.5. From formulas (4.34) and (4.35), the period
Parr—i(Ex, E1 (-, gm,(?)o@?)a ©ort1)

has meromorphic continuation to the whole complex plane.

This completes, for the period 7337«,7"_[(81,El(',(gﬂw(-?)®-7—)7§02r+l), the proof of

Proposition 4.1. The proof for the period Ps,r—i(Es2, E; (s Pry (F)@7)s P2rt1) follows
from the same argument (as in [GJROI]). Hence the proof for Proposition 4.1 is
now completed.

Remark 4.6. There is an analog of Theorem 4.4 for the case of [ > r. In this case
one has that 4r + 21 > 6r. One has to consider the Fourier-Jacobi coefficient of the
residue E1 (g, ¢, (7)g0) O SPyyy9i(A). Note that this Fourier-Jacobi coefficient is

an automorphic form on é\f)ﬁr (A). The period will be the integral over Spg,. of this
Fourier-Jacobi coefficient against the residue E; (-, g,w(;)@;) on §1;GT(A). Again the
product of two genuine automorphic forms is no longer genuine, so the integration
can be taken over the linear group Spg,.. In order to avoid extra notation, we omit
the details here for [ > r.

5. A SUFFICIENT CONDITION FOR L(%,m X 1m9) # 0

In this section we prove Theorem 5.1, which gives a sufficient condition for
L(%,m X T2) to be nonzero.

Let 7 be an irreducible unitary cuspidal automorphic representation of
GLo1 (A) such that the symmetric square L-function L(s,7;,Sym?) has a pole
at s = 1, and let ¢ be an irreducible unitary generic cuspidal automorphic repre-
sentation of Spy;(A) which lifts functorially to 71. Let 73 be an irreducible unitary
cuspidal automorphic representation of GLg,.(A) with the properties that the exte-
rior square L-function L(s, 2, A?) has a pole at s = 1 and the standard L-function

L(s,m2) does not vanish at s = % Take 7 to be an irreducible unitary generic

cuspidal automorphic representation of §1;2r(A) which has the v-transfer 7. Note
that the existence of ¢ and 7 is established by the automorphic descent method
(IGRS99d], [GRS01], and [S02]).

Theorem 5.1. Let ¢, € V,, and %; € Vz. If the period integral
Proi(bosbror) (121 or Pr_r(dz, do.or) (r <1)
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attached to (o,7,%), as defined in (2.12) and (2.13), is nonzero, then the central
value of the Rankin-Selberg product L-function L(%, 1 X o) 18 nonzero.

Remark 5.2. If the irreducible unitary cuspidal automorphic representation mo of
GL2,(A) has the properties that the exterior square L-function L(s, 72, A?) has

a pole at s = 1 and the standard L-function L(s,m2) vanishes at s = %, the
lifting theory is more complicated and we hope to deal with this case in a future
publication.
By (2.12) and (2.13) the periods are defined as follows. If | > r, we have
R 0+ @)L, (60) @),
Spa,. (k)\Spy,.(A)

where ¢, € V, 5; € Vz, and ¢, is a Bruhat-Schwartz function on A" (i.e. ¢, €
S(A")). Note that the product of two genuine functions is no longer genuine, and
hence the integration is taken over Sp,,.(k)\Sps, (A). If I <7, we have

(52) ,Pr,rfl(asav %7':7 @l) = /S (F)\Spy () ¢U (g)"f;f)l (g?)(g)dg
P2y P2

where ¢, € Vy, 7 € V;, and ¢ € S(AY).

We prove this theorem in detail for the case where [ < r using Theorem 4.4. The
other case where [ > r can be proved by the same idea and the same argument.
We omit the details here. B

When [ < r, the period is Pr,—i(¢s, ¢7,¢1) as in (5.2). Denote by my(7) the

image of the t-transfer of 7 from Sp,,.(A) to GLa,(A). By our assumption at the
beginning of this section, we have my = (7). To use Theorem 4.4, we consider

the generic cuspidal data (Par,my(T) ® o) of Spy,., (A) and (Pyy.r, Ty (T) @ T) of
Spﬁr( ), respectively. We may assume that

(5.3) ryH@e = Pry) D Do,

(5.4) égm(‘%)(@% = am(%) ® bz,

where aw(;) is the complex conjugate of ¢ (7). Recall from (3.2), (3.3) that the
function ®(g, s, ¢x,(7)00) is given by

(5.5) (9,8, Ony(F)20) = Oru(Paoc(9) exp(s + pry,.1s Hp,,  (9))

where the parameter s is normalized as in (3.3) (i.e., s is identified with sés;), and
the function ®(g, s qu(T @7) s given by
(56) (ga S, ¢ﬂ',¢, (7':)®7') ¢7T¢,(T)®T( ) exp(s + ppz Hﬁ%,’ (§)>

following (3.13) and (3.14).
We need the following proposition to finish the proof of Theorem 5.1.

Proposition 5.3. If the period
,Pr,rfl((ﬁav %7':7 Qpl)

does not vanish for some given ¢, € V, %; € Vi, and ¢, (7) € Vr, (7, then integral
(4.35), which equals

/ O (700 (MK)FY (D, (7)007) (V™ (p1 )wk)dmdpy dk,
KxMat,_; 2r(A)XPMa,;
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does not vanish for the corresponding data defined in (5.5) and (5.6), where the
function Fw(qbw(;)@;) is defined as in (4.33).

Proof. Recall from (5.2), (2.11), and (2.13) that the period Py r—i(¢o, 5;, ©1) equals

/ 60(0) / B (0(0)5) B+ (03 byt (v)dudy.
[Spm] [Vr,l]

It defines a continuous functional on the space of
Vo ® (0] & Vz)Vitr—t,

where @;ﬁ is the space generated by the theta functions 9%1 with ¢, € S(A!) and

(@;ﬁ ® Vz)Vi-¥r—t is the space generated by the Fourier-Jacobi coefficients of auto-
morphic forms in 7. N
Recall from (4.33) that the function F¥ (¢, (7)7)(m(a, b)v™ (p1)wk) equals

(5.7) /[V ]%2,,.“,1(6(1‘927?)f(ﬁl)ﬁl(b)k)@m)@;(vﬁ%(mb)v‘(pl)wk)wr_z(v)dv

It is clear that S(A?"+!) = S(AZ")RS(A!). If we take o, 41 = pa, ® @ (separation
of variables), then we have

Opsr 1 (L2 2)E(P1)T) = P20 (¢(P1)) - 00, (¢(P2, Z))

for g € gf)Ql(A). For any fixed ¢o, € S(A%"), we consider all Bruhat-Schwartz
functions

Part1 = Par ® @ € S(AZTT)

with ¢; € S(A!). Tt follows that the space generated by 9%21+z 1(6(@,3)@ (with a
fixed o, € S(A%") and all ¢; € S(A')) is the same as the space @ ( enerated by all

9“” (£(Py,Z)g)) as automorphic representations of the Jacobi group SpQI( ) x Hi(A),
where H; is the Heisenberg group generated by all ¢(p,,Z). In the following we may
assume that @9, is supported in a small neighborhood of zero. This is needed for the
nonvanishing of Z(¥) in (5.10) below, in particular for the integration in variable

p1. It follows that the nonvanishing of the period P, ,—;(¢o, 5;, ¢1) is equivalent to
the nonvanishing of the integral

/ (ba b / <P27+l7 p27 ) )(bT(’Ub)wT l( )dvdb
[Spa]

It is clear that the integral

/ ¢7\'w(7~') (a/)¢7l'w (‘7) (a)da
ZaL,, (A)GLa, (K)\GLa2, (A)

is not zero for some choice of ¢, (z) and ¢ (7). Using (5.3) and (5.4), the nonvan-
ishing of the combination of the above two integrals is equivalent to the nonvanishing
of the integral

(5.8) /P  bn@aalm)F By ) (m)dm,
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where PMQ(T-J :) (ZaL,, (A)GLa, (k)\GLa2,(A)) X (Spy; (k)\Spy; (A)) as in (4.34), and
for m = m(a,b),

7w(<zwﬂ,(%)®?)(m) = /

Vil

Opsrs 1 (£(D2, 2)R(D)) O, 7y 7 (@) (b) 0oy -1 (v)dv.

Hence (5.8) gives rise to a nonzero continuous linear functional J on the space
(5.9) wa(?)@)a ® [Vm(?) ® (@;/1 ® 7’:)V,.,z71/1r,~,l].

It remains to show that there are some choices of data, so that the integration
over the maximal compact subgroup K of Spy,., 5 (A) and over the variable p; of
the functional in (5.8) will be nonzero. To do so, we have to realize the relevant
representations in different models of functions. For example, for the integration
over K, one has to realize the induced representation in the compact model, while
for the integration over variable p;, one has to realize the parabolic induced rep-
resentation from P = M N in the model of functions over the opposite unipotent
radical N~. The argument has been used in [JR92], [Jng98a], [GJROI], [GJRO3]
and [GJR]. We sketch the main ideas following [GJROT].

As in the proof of Theorem 3.2 in [GJROI], we consider the function

U : K x Mat,_2:(A) = Vi, 500 @ [Vey ) @ (8) @ 7)Vrvbr—]

» (T
with left quasi-invariance

V(pk) = p(p)¥ (k)
for p € Py, (A)NK. Here p(p) denotes the representation in the space (5.9). Define

7(0) = / T (¥ (p1, k))dprdk.
KxMat,_; 2,-(A)

Then for a given ¢ ® fw(gg) = Gy (F)oo @ fw($w(?)®?) in the space (5.9) of the
representation p, there is a smooth function ¥ such that

(5.10) Z(¥) = / J(¥(p1, k))dp1dk
KxMat,_ 2. (A)

/ d(mk)F¥ () (mv~ (p1)wk)dmdp, dk.
KxMat,_; 2r(A)xPMa,;
To finish the proof of this proposition, it suffices to show that one can choose the
function ¥ with restricted support so that the integral Z(¥) is nonzero.

Recall that Us,, is the unipotent radical of the maximal parabolic subgroup
Py of Spg,.. Since the integration in the variable v~ (p1) is in a subgroup of Uy,

(the opposite of Us,,), we can choose a section ® with the property that it is
compactly supported modulo Pz, .(A) as a function of v~ (p;) and compatible with
the support of ¢, as remarked before. Hence the integration in p; of (5.10) is
nonzero. Since the variable k is independent of the variable p;, the nonvanishing
of the integration in variable k is proved the same way as in the proof of Theorem
3.2 in [GJROI]. O

We now return to the proof of Theorem 5.1. By Proposition 5.3 and Theorem
4.4, if the period Py ,—i(¢o, ¢7, p1) does not vanish for some given ¢, € V,, ¢z € Vz,
and ¢ (7) € Vr, (), then the period

Psrar—t(E1 (-, by ()00 ) Er(, bmy(7)@7) P2r41)
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does not vanish for the corresponding data. In particular, this implies that the
residue E% (9, Px w(?)®0) does not vanish for the given data. Hence from Proposition
3.2 the product of L-functions
L(s,my(T) x 0)L(2s, 1y (7), A?)
has a simple pole at s = % Since the exterior square L-function
L(s, my(7),A%)
has a simple pole at s = 1, the L-function L(s, 7y (T) X o) cannot vanish at s = %
Since my = my(7T) is the y-transfer of 7 from Sp,, and 7 is the image of the
Langlands functorial lift of o from Sp,;, we obtain that the tensor product L-
1

function L(s, 71 x m2) does not vanish at s = 5. This completes the proof of
Theorem 5.1.

6. A NECESSARY CONDITION FOR L(%, 1 X 7o) # 0

In this section we prove the second part of the Main Theorem. In this proof, we
will make an assumption on the nonvanishing of certain Fourier coefficients of the
residue E% (9; Pr, (7)20)- See Assumption (FC) below.

In order to state Assumption (FC), we recall briefly from |[GRS03| the notion
of Fourier coeflicients of automorphic forms associated to unipotent orbits. The
p-adic version, which associates twisted Jacquet modules with unipotent orbits was
well studied in [MWS&T]. Recall that the set U of all unipotent orbits in Sp,,, (C)
(or in any complex reductive group) is finite and partially ordered. The partial
ordering in U is given by the ‘included-in-closure’ relation. Let O; and O3 be two
members in . One defines O < O if Oy is included in the closure Oy of Oy. It
is also known that unipotent orbits in Sp,,, (C) are parameterized by partitions of
symplectic type (see [CM93| for example).

Let ¢ be an automorphic form on Sp,,, (A). Following [GRS03|, we let O(¢) be
the subset of U consisting of unipotent orbits with the property that O € O(¢)
if ¢ has a nonzero Fourier coefficient associated to O and for any unipotent orbit
O’ € U bigger than O, i.e. O’ > O, ¢ does not have any nonzero Fourier coefficient
associated to @’. Let o be an irreducible automorphic representation of Sp,,, (A)
occurring in the discrete spectrum. We let O(o) be O(¢) for some nonzero ¢ € o.
Since o is irreducible, one can check easily that O(¢) is independent of the choices
of nonzero ¢ in o.

Let o be an irreducible unitary generic cuspidal automorphic representation of
Spo;(A), and let 7 be an irreducible unitary generic cuspidal automorphic represen-
tation of éBQT(A). Assume that the image my (7) of the ¢-transfer of 7 to GLa,(A)
is cuspidal. We make the following assumption.

Assumption (FC). If the residue By (95 ¢r, (#)00) is nONZETO, then it has a nonzero
Fourier coefficient associated to the unipotent orbit O((2,421)12) parameterized by
the symplectic partition ((2r + 21)12").

Recall from (2.1) and (2.4) that the unipotent subgroup attached to the unipo-
tent orbit O((2r421y12r) Of Spy,. 1o can be expressed as (with p replaced by 2r 41
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and ¢ by r +1)

n x z
— — _— *

O((27~+2l)12"') - v = U(n’ €, Z) - I27" € € Sp47"+21
n*

where n € N,y and z is an (r + 1) x (2r)-matrix with zero bottom row. The
character 1/)?9((21*2[)121,) attached to O((a,421y12r) is given (see (2.5)) by
VO arsaipzr, (V) = ria(n)(azriin) = (2 + -+ Nrpiot it + a2ryi1).

For an automorphic form ¢ of Spy,.,5;(A), the ¥¢ -Fourier coefficient of ¢

is defined by

((2r+21)127)

o905, ()

[V )

o((2r+2z)12r)]
We remark that the k-rational orbits of O((2;421)12r) are parameterized by the

square classes of a in k*. Assumption (FC) requires that the wg“o((zuﬂl)lm)—Fourier

coefficient of the residue F 1 (9, P w(;)@)g) is nonzero for at least one square class of
a. In fact, we make a stronger conjecture.

Conjecture 6.1. If the residue E% (g, ¢7w1(?)®0) is monzero, then it has the property
that

O(EL (-, bny(m20)) = O(r+an)(2r))-

It is easy to check that Conjecture 6.1 implies Assumption (FC). In fact,
first a 1/}%((2%2”12%)—Fourier coefficient of the residue E% (9; Pry(F)0o) i an

automorphic form on Sp,,.(A), and a 1/)?9((2#2”(21'))—Fourier coefficient of the residue
Ey (95 Pr, (7)20) Produces a Whittaker-Fourier coefficient (i.e., associated to the reg-
ular unipotent orbit) of the 1/)?9((2T+2m 2T)—F0urier coefficient of the residue
E% (9, ¢r, (7)00). Hence the nonvanishing of a 1/)?9((2#2”(21'))—Fourier coefficient of
the residue £y (9, =, (#)0o) implies the nonvanishing of a ¢(%((2T+2l)12r)-Fourier co-
efficient of E% (9 br,(F)00)-

By using the same argument as in Proposition 1 in [GRS], we can prove the
following proposition, which supports the conjecture.

Proposition 6.2. Let O be a unipotent orbit of Spy, ;. If the unipotent orbit O

is greater than or not related to the unipotent orbit O((2,121y(2r)), then the residue

E.(, ¢7w(?)®0) has no nonzero Fourier coefficient associated to the unipotent orbit
2

Proof. Let O = Oy, ..n,) be any unipotent orbit which is bigger than the orbit
O((2r+21)(2r)) and such that the residue E% (9, gi)ﬁ,w(;)@,,) has a nonzero Fourier co-
efficient associated to @. Then n; > 2r + 2I. Arguing as in Lemmas 2.4 and 2.6
in [GRS03], we deduce that there is a number p which is larger than 2r + 2] such
that the residue F 1 (9, Or. w(?)®‘7) has a nonzero Fourier coefficient associated to the
unipotent orbit O((gp)1ar+21-20). However, using Lemma 3 in [GRS| and Lemma 6.8
which we will prove in §6.1, it follows that E% (g, qbﬂw(;)@[,) has no nonzero Fourier
coefficients associated to the unipotent orbit O((gp)14r+20-20). Thus we derive a
contradiction. O
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The main result of this section is the theorem below. Let 7; be an irreducible
unitary cuspidal automorphic representation of GLg;11(A) with the property that
the symmetric square L-function L(s,m,Sme) has a pole at s = 1, and let o
be an irreducible unitary generic cuspidal automorphic representation of Spy;(A)
which lifts functorially to ;. Let w2 be an irreducible unitary cuspidal automorphic
representation of GLg,.(A) with the properties that the exterior square L-function
L(s,m2,A%) has a pole at s = 1 and the standard L-function L(s, 72) does not vanish
at s = %, and let 7 be an irreducible unitary genuine generic cuspidal automorphic

representation of §1;2,,(A) which has the -transfer to ms.

Theorem 6.3. Assume that Assumption (FC) holds for the pair (T,0). If the
central value of the Rankin-Selberg product L-function L(%,m X T9) is nonzero,
then there exists an irreducible cuspidal automorphic representation o’ of Spy;(A),
which is nearly equivalent to o, and there exists an irreducible cuspidal automorphic

representation 7' of Spy,.(A), which is nearly equivalent to T, such that the period
integral

'Pr,rfl(d)cﬂag?’a Sal) (T > l) or ﬁl,lfr(ﬁg?’v G’ s 507") (7“ < l)
attached to (o/,7',1) is nonzero for some choices of the data.

We remark that we shall verify Assumption (FC) for the case r > 1 =1 in §7.
Hence Theorem 6.3 holds unconditionally for the case r > 1 = 1.

To prove Theorem 6.3, we assume that L(%,7m x m2) # 0. Since mo = my(7)
and 7 = m(0), we have L(%, 7y (7) x o) # 0 since m = (o) is the image of the
Langlands functorial lifting of o. Hence the product of L-functions

L(Sv T (;) X U)L(287 T (F)v A2)
Proposition 3.2 implies that the residue

E% (97 (bww(?)@o')

has a simple pole at s = %
does not vanish.
By Assumption (FC), we know that the residue E% (9, ¢=, (7)0o) has a nonzero

Fourier coefficient corresponding to the unipotent orbit O((a,421)12r). That is, the
integral

(6.1) / E% (vg, (bﬂ'w(;)@U)w%((zwrzl)ﬂT (U)dv

)
Vo (2 sanzr

is nonzero for some a € k*. In order to match the square classes a € k™ associated
to the Fourier coefficients which will be discussed below, we have to twist the residue

E1(9,¢x,(7)@0) by a similitude element in GSpy,.; 5 (k).

Let
_falyq 0
d(e) = < 0 I2r+l)

be a diagonal similitude element in GSp,,., 5;(k). Since the element d(a) normalizes
SP4yyo1(A), one may define the twist by d(a) of a representation IT of Spy,.,o;(A)
by

4@ (g) = I(d(a)gd(a) ).
See Section II of Chapter 4 in [MVWS&T] for more discussions on twists of repre-
sentations. Then one can check that the twist by d(a) of the residual representa-
tion generated by E% (9, ¢=, (#)@0) s the residual representation generated by the
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residue E; (9; Pr, (7)00, ) Here o, is the twist of o by the similar element d(a) in
GSpy; (k). It is easy to check that o, is generic (with respect to the twisted generic
character) and nearly equivalent to o. This implies in particular that the residue
By (95 Pr, (#)00,) s nONzZero and is nearly equivalent to By (9; Pr,(7)00)- Now the
residue F 1 (9, d)m(;)@)%) has the nonzero Fourier coefficient

(6.2) E

(vgv (i)ﬂ'qp (T)®0oa )wo((2r+2l)12"') ('U)d’l)
Vo ]

1
2
(@r+20127)
S|
where wo((2r+2l>12") B wo((27‘+2l)127‘).
It follows from Lemma 1.1 in |[GRS03| that the nonvanishing of the Fourier
coefficient in (6.2) is equivalent to the nonvanishing of the integral

(6.3)  Forr(Ey)©g) = /[ . 02, (62r(0)9) E1 (v, bm(H)@e ) ¥r+1(v)dv.
2r 41,7
It is clear that f;f’;f '(E1)(g) is an automorphic form on Sp,,(A). Similar automor-
phic forms were studied in [GRS99¢| in the context of the automorphic descent map
from GL to classical groups. However, the residue representation used in [GRS99¢|
was different. .
Let 7, be the automorphic representation of Sp,,.(A) generated by all automor-
phic forms g;fl (E1)(g) defined in (6.3). We claim that
(1) the representation 7, is cuspidal;
(2) any irreducible summand of 7, is nearly equivalent to 7.
To prove the cuspidality of 7,, it is enough to show that for any standard maximal
parabolic subgroup Pj,_; = M;,—;U;—; (1 < j <r), the constant terms of the

automorphic forms f;ﬁ;‘jl(E L )(9) along the unipotent radical U;,_; are all zero;
ie.,
(6.4) / Foot(By)(ug)du = 0.

[Uj,r—s]

This is done as in [GRS99d, pages 844-847]. The idea is to take Fourier expansions
of the constant term in (6.4) along some unipotent subgroups. In such Fourier
expansions, there are two types of Fourier coefficients occurring in the summands.
One type is the Fourier coefficient of the residue E% (9, Pr, (7)00,) associated to
the unipotent orbit O((gp)14r+21-2py for p > 7 + 1. It follows from Proposition 6.2
that the residue has no nonzero Fourier coefficients associated to such unipotent
orbits. Another type is the Fourier coefficients which contain an integration of
the constant terms of the residue E% (9, Pr,(#)20.) along the standard maximal
parabolic subgroups other than Ps,;. These are zero due to the cuspidal support
of the residue FE 1 (9; =, (#)@0,)- This proves the cuspidality of 7,.

Remark 6.4. The second assertion above is proved by studying the structure of the
local unramified components of 7, and 7. This can be done in the same way as
that of Proposition 5 in [GRS]. We will give some details at the end of §6.1, after
certain preparation of local results.

By assertion (1) as proved above, the representation 7, is cuspidal. It follows
that 7, can be written as a direct sum of irreducible cuspidal automorphic repre-
sentations. Let 7 be one of the irreducible summands of 7,. By assertion (2), 7 is
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nearly equivalent to 7. From (6.3), we have

(6.5) /[Sp%] 5+ (3) /W B (0B 06 0, G

does not vanish for some choices of data. We note here that the irreducible cuspidal
automorphic representation 7 of Sp,,.(A) is nearly equivalent to 7, and the irre-
ducible generic cuspidal automorphic representation o, of Spy;(A) is nearly equiv-
alent to o.

Remark 6.5. Let us mention that if Conjecture 6.1 holds, then 7 will be generic.

In integral (6.5), we replace the residue E% (-, qb,rw(;)@%) by the Eisenstein series
E(g, 5, ¢r,(#)00,) and obtain

(6.6) / 7 (3) 02, (L2 (V)9) E(0F, 8, b, ()@oa ) Urs1(0)dvdy.
[Spa,.] Varti,r

Since the inner integration in integral (6.6) produces an automorphic form on
éf)% (A) and ¢z is cuspidal, we know that integral (6.6) converges absolutely for
the real part of s large and has meromorphic continuation to the whole C-plane.
Since integral (6.5) is the residue of integral (6.6) at s = %, one concludes that
integral (6.6) does not vanish for some choice of data when the real part of s is
large, because integral (6.5) is not identically zero.

Hence the proof of Theorem 6.3 will be completed by means of Proposition 6.6

below.
Proposition 6.6. If the period integral
IPT,T’*I(QsGa ;57':; Sﬁl) (T > l) or ’ﬁl:l*T((Z?a ¢07 907“) (7’ < l)

vanishes identically, then the integral in (6.6) vanishes identically for all choices of
data.

Proof. The idea is to unfold integral (6.6), for the real part of s large, and to obtain
the above period as inner integration.
For the real part of s large, we unfold the Eisenstein series in (6.6) and we obtain

(6.7) 3 / G2 (@Y, (Cor (V)T (wr 5, 6)ibr 11 (0)dodg

where the summation on w is taken from the set of representatives of double
cosets in  Papi(k)\SpPyy40(k)/SPo,.(k)Varyir(k), and the integration is over
(w™L Py (k)w N Spy,. (k) Vari1.+(k))\SPa,. (A)Varir-(A). Since the double coset de-
composition is of generalized Bruhat type, the representatives w can be chosen from
the Weyl elements in Spy,., o;.

We shall first show that all the terms in (6.7), except one, vanish by means of the
admissibility argument of double cosets. We write w = (w; ;) where w; ; is the (4, j)-
th entry of w. We may assume that w; ; take values in {0,+1}. If v € Vi,4y, such
that wow~=! € U,y and ,14(v) # 1, then the summand in (6.7) corresponding to
this w is zero, because of the left and right quasi-invariance property of the integral.
In this case, we say that w is not admissible.

For 1 < i < 2r +1, let a; denote the i-th simple root of Spy,.,o;. Let zq,(c)
denote the one parameter unipotent subgroup of Spg,4o correspondlng to the
simple root «;. In matrices we have x,,(c) = Igryo + cel ir1- Here eMJr1 =
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€ii+1 — C4r42l—idr4+21—i+1 if 4 < 2r + [ —1 and 6;,7;4_1 = €,i+1 if i = 2r + l. Also
denote z,4(¢) = Isrt21 + c€rii13r+141, which is the one-parameter subgroup of
Spy,4 21 attached to the positive root 2,4y + -+ + 2a2,47-1 + agr4q.  Clearly,
Ta; (€), Tryi(c) € Vapqyp for 1 < i < r+1—1. It follows from the definition of
Yri1,q (as in (2.5) for the case n = 2r +1 and ¢ = r+ 1) and the left quasi-invariant
property of 5%27, that if one of wz,, (c)w™! (for 1 <i <r+1—1) or w4 (c)w™!
belongs to Uz, then the summand in (6.7) corresponding to w is zero; i.e., w is
not admissible.

Let w = (w;,;) be one of the representatives. We first assume w; 1 = 1 with
1 <4 < 2r. In this case, by multiplying by a Weyl element of P,; on the left, we
may obtain a new representative w = (w; ;) with wy; = 1. Next we consider w; o
for i > 1. If i > 2r, we will have wx,, (c)w*1 € Ua,,; and hence this representative
w is not admissible. We obtain that w; 2 = 1 for some ¢ < 2r. In this case,
by multiplying on the left by a suitable element of Ps,.;, we may obtain a new
representative w = (w; ;) with

wi,1 = W22 = 1.

Continuing with this argument, we deduce that the representative w is either not
admissible or can be chosen to be in the form

I

Ip

where p depends on r and [ as follows. If r > [, then 2r > r + [ and we would
have p = 7 + [. But in this case we have wz,(c)w™t € U y; ie., w is not
admissible. If r < [, then 2r < r+1 and we would have p = 2r. In this case we have
Wy, (c)w™t € Us,y. Thus in both cases any representative w such that w;; = 1
with 1 <4 < 27 is not admissible. Note that we may start with w;; = —1 with
1 < i < 2r, but the positive or negative sign of the representatives is not essential
to the admissibility of the representatives.

Next assume w;; = 1 where 2r +1 < ¢ < 4r. In this case, by multiplying a
suitable element in Ps,; on the left, we may obtain a new representative w = (w; ;)
with wa, 41,1 = 1. Suppose w; 2 = 1. If i > 2r + 2I, then wz,, (c)w™! € Us,;. This
implies that the representative is not admissible. If i < 2r, we can obtain a new
representative w = (w; ;) with wi 2 = 1 by multiplying a suitable element in Ps;;
on the left. Arguing as above, we deduce that the representative w is either not
admissible or has the form

NN oo
coroOoO

EE SR I G

0
0
1
0
0
0

TiTo oo oo

If r > 1, then p =7r+1 and wal(c)w’l € Usr,, and hence w is not admissible.
If r < I, then p = 2r — 1 and wz,,, (c)w™! € Uy, and hence w is not admissible.
Therefore, we deduce that if w; o = 1, then 2r +2 < ¢ < 2r + 2] — 1 (since
War41,1 = 1). Multiplying a suitable element in Ps,; on the left, we may assume
that ¢ = 27 + 2. Arguing as above, this time with w;3 = 1 and so on, we can
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continue this process and deduce that

0
0
I

0
I
0
0 0

* O O %
* O O *

But now, if w; ;41 = 1, then either ¢ > 2r 4+ 2l or ¢ < 2r. Hence, as above, we
deduce that this w is not admissible.

Thus we may assume that wa,492;41,1 = 1. Repeating this process with the first
2r columns, we are finally left with a unique element which is

127"
wp = I
I2r

This Weyl element represents an admissible summand in (6.7). The vanishing of
this summand follows from the vanishing of the periods.
First assume that r < [. For wg we have

w61P2r7le N (SpngZrJrl,r) = N, X (SPZrWJ’)

where the notation refers to §2. Thus, integral (6.6) equals in this case

/ 35, (@02, (€0 (0)5) (w5, 8)r42(v)dvdg

where we integrate over No,.(k) X (Spy,Vi.r)(k)\SpPo, (A)Varii r(A). Factoring the
measure with respect to Sp,,.V;,, we obtain the period ﬁl,l—r(aﬁ ®o, pr) as an inner
integral in the above integral.

Next assume that r > [. Multiplying by elements in P»,; on the left and by
elements in Sp,, on the right, we may assume that

IrJrl
wp = I,
IrJrl

In this case we obtain
walp2r,lw0 N (SPQT‘/QT‘-‘,-LT‘) = NQr,r—l X Pr—l,l

where P,._;; is the standard parabolic subgroup of Sp,,. whose Levi part is GL,_; x

Spy; and
vy v
Noyr_j = {< ! I 2 ) x Iy € V2r+l,r}~
r—I

Here v € Nyyy and vo € Mat(y,44)x(n—k). Continuing as in the proof of Theorem
5.1 in [GRS98|, we once again obtain the period Pnr,l((;ﬁg,g;,gal) as an inner
integration in the above integral.

Hence, by assumption, the above integral is zero for all choices of data. This
completes the proof of Proposition 6.6. ]
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6.1. Local structures. In this subsection we study the structure of the local un-
ramified components of the residue £ 1 (g, O w(;)@)%) and prove the second assertion
stated above Remark 6.4.

Let F' be a nonarchimedean local field associated to the number field k. Let o be
an irreducible admissible generic unramified representation of Spo;(F') and let 7 be
an irreducible admissible generic unramified representation of S\[/)QT(F ). Following
[GRS99b], we can express o and 7 as (normalized) induced representations:

(6.8) 0 =TIndP (), 7 =IndP> (x 0 ),

respectively, where p is a character consisting of [ unramified characters p1, g, - - -,
py of F*, x consists of r unramified characters xi, x2,- -, xr of F*, and 7, is the
Weil factor attached to the Weil representation wy. By assumption the local -
transfer can be defined as ([GRS99b])

(6.9) m(7) = Indd,  (X)

where y/ is an unramified character of GL2" defined by

. t1 to t
X,(dlag(t17t27"' atratr-'rl)”' 7t27"—17t27")) = Xl(_)XQ( )XT( - .
tar tar—1 tri1

Let @i, denote the standard parabolic subgroup of Spy,.,,; whose Levi part is

GLll x GL5. By definition p depends on ! unramified characters pu; of F'* and x
depends on r unramified characters x; of F*. We define an unramified character
(11,x) on GL! x GL} as

l T
(610) (:U’?X)(a/la s, ap, hl; T 7h7') = H/J’z(az) H Xj(det h_])
i=1 j=1

for all a; € GL1(F) and h; € GL2(F'). We extend (p, x) canonically to a character

of Ql,r-
First we have

Lemma 6.7. The local unramified component of the residue E% (g,qbﬂw(;)@[,a) 18
the unique unramified quotient of the (normalized) induced representation

Spy,
Indy "+ (1, x).

Proof. The proof is the same as the proof of Proposition 1 in [GRS99b]. We omit
the details. O

Next we proceed as in Sections 2 and 3 in [GRS|. We recall from (2.1) that for
1 <p<2r+1, Varqy—p is the unipotent radical of the standard parabolic subgroup
of Spy,. ;o Whose Levi part is GLY x Spy,., o;_o,- Asin (2.4), Va,1;—, has a normal
subgroup V@((zmﬂﬁm_%). For simplicity we denote Vo by U, in the
rest of this section. More precisely, we have

Up={v=(vij) € Vorpi—p: vp; =0forall p4+1<j<dr+2[—p}.

For a € F*, characters i, and ¢p;, = P(2py1ar+ai-2p) BTE defined in (2.3) and (2.5).
Given a representation (€, X¢) of Spy,., o(F), we let £, o be a linear functional on
the space X satisfying

((2p)14r+2l —2p )

Lp,a(uz) =g, (u)Lp,a(z)
for all w € U, and = € X..
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As in Lemma 2 in [GRS| we state

Lemma 6.8. Let X (7)go,,0 be the local unramified component of the residue
representation E; (9; Pr, (F)00.) at a finite local place v (F = k,). Then for all a €
F* the representation Xr , (7)go,,0 has no nonzero functional Ly o forp=r+1+1.

Proof. This is done exactly as in the proof of Lemma 2 in [GRS]. We sketch the idea
of the proof. By Lemma 6.7 it is enough to prove Lemma 6.8 for Indzpl)“:“l (s X)-
This is done by the Mackey theory. In other words we need to consider the space
Q1,7 \SPy4y 421/ Ur1141 and show that for every representative v of the double cosets,
there exists u € U441 such that yuy™' € @, and wg,ﬂrl“(u) # 1. This is done

as in the proof of Lemma 2 of [GRS]. We omit the details here. O

Finally, we sketch the proof of the second assertion above Remark 6.4. If 77 is an
irreducible summand of 7,, then arguing as in [GRS], we show that the unramified
local component of 7' is given by an induced representation

Spa (kv)
Indé(k“) (Xv o P)/’l/)u)

and that vy, = 7y and x, is equal to x up to a twist by a Weyl element. Recall
that v, and x are defined in (6.8) and (6.9). This means that the local unramified
component of 7 is equivalent to the corresponding local unramified component of
7. This proves the second assertion. The detail of the argument can be found in
the proof of Proposition 5 in [GRS].

7. ON AssumpPTION (FC)

In this section we shall prove Assumption (FC) for the case [ = 1, while for the
case | = 0, it is proved in [GRS99a]. In other words, we shall prove

Proposition 7.1. Let E% (9; Pr,(7)00) be the residue at s = % of the FEisen-
stein series E(g, s, r, (#)00) 0N SPsr42(A) as defined in (3.10). If the residue
E% (g, ¢7w1(?)®0) is monzero, then it has a nonzero Fourier coefficient associated to

the unipotent class parameterized by the symplectic partition ((2r + 2)127).

Proof. Let U denote the unipotent radical subgroup of the standard parabolic sub-
group of Spy,» whose Levi part is GL, ™' x GL3. We identify U/[U, U] with the
affine space

r—2
(7.1) Ay = <@ Mat2><2> @ Matoyz ® Matgxg

i=1
where Mat;y; denotes the space of all ¢ x j-matrices, and

Mat’, ; = {X € Matx; : w; X' = Xw;}
where w; is the longest Weyl element of GL;. To define characters on U, we denote
elements of Ay by

u=u(z1, - ,2r—2,2,y) € Au,
where z; € Matoyo, = (2;,;) € Mataxs, and y = (y;,;) € Mat}, ;. For a € k%, we
define a character ¢, on U by

(7.2) Ui (u) = (tr(zr) + -+ tr(zr—2) + @11 + 223 +y1,1 + ayz,2).
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Define the function

(7.3) fo) = | By (49, 6, (3100 05 (W)t
UF\U(A)
As explained in [GRS03|, this is a Fourier coefficient corresponding to the unipotent
orbit O((Q,,)22).
Let 8 denote the Weyl element of GLo,;1 defined by

00 1
(7.4) 8= (? (1))((1) (1)) 01 0]]earLstxaL,
10 0

and let Bp = m(B) = <6 ﬁ*> € SPy,4o- It is easy to check that f(Gog) = f(9).
Let t(b), for b € AX, denote the torus element in GL5 ™' x GL3 defined by

b

(7.5)  t(b) = <b bl),...,(b bl), | € GLy ™ x GLs.
b71

Then m(t(b)) is a diagonal element in Spy, ,o(A). It is clear that

Bot(b)By " =t(b™").

The idea of the proof is to show that if the residue E% (9, Pr,(7)@0) has no
nonzero Fourier coefficients associated to the unipotent orbit O((a,4.2)12r), then the
following two statements hold.

(1) The function f(g) defined in (7.3) is not identically zero.
(2) For all b€ A%, f(m(t(b))g) = [blaf(g)-

On the other hand, statements (1) and (2) lead to a contradiction. Indeed, using
(2) and the left invariance of f(g) by Jo, it is easy to show the identity

[blaf(g) = f(m(t(b))g) = f(Bom(t(b))g) = f(m(t(b~"))Bog) = Ibl;" f(9)

for all b € A* and all g € Spy,,,(A). Since b and g are arbitrary, the function f(g)
must be identically zero, which contradicts statement (1). This proves Proposition
7.1.

It remains to show that the vanishing of the Fourier coefficients of the residue
E% (9, d)m(;)@w) associated to the unipotent orbit O((a,42)12-) implies statements
(1) and (2) above.

We define a Weyl element w = (w; ;) of Spy, . In term of matrices we can
choose Weyl elements of Spy,.,, to have entries belonging to the set {0,1,—1}.
With this convention, to determine a Weyl element in Spy,,, completely, it is
enough to specify its entries in the first 2r + 1 rows. The Weyl element we need to
define is as follows. For 1 < i <1 we set w; 2;—1 = 1. Also w1 2742 = 1 and for
2 <4 < r we set Wyyi2r42i+1 = 1. Finally we set wa,41,2» = 1. All other entries in
the first 27+ 1 rows of w are zeroes. One can check that this Weyl element w is the
one that conjugates the character ¥f, in (7.2) to the character ¢, stated in (7.7).

In (7.3), since the residue E% (9, ¢=, (7)00) is automorphic, we conjugate the Weyl
element w from the left to the right across the integration and obtain that f(g)
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equals
v1 Ty I,
(7.6) /E;( vy T p I wg,%w(%)@a)%((vbvz))d(..')~
T q p* I

T
v

Here v1 € Na.(k)\N2,(A) (N, is the standard maximal unipotent subgroup of

GLQT), Vo € NQ(k‘)\NQ(A) Let

2y = {z € Mata, w2, © 2;,; =0 foralli>j}.

We integrate variables y and g over matrices in Z;. The variable x is integrated
over all 27 x 2 matrices such that z; ; = 0 if ¢ > r and also ,_1,; = 0. This matrix
subgroup is denoted by Z3. The variable p is integrated over all matrices of size
2 x 2r such that p; ; = 0if § <r and py 1 = 0. We shall denote this subgroup by
Z,. Each of these variables is integrated over the quotient Z;(k)\Z;(A), i =1,2,3,
respectively. Finally, we have

(7.7) Ya((v1,v2)) = Y((v1)1,2 + -+ (v1)2r—1,20 + a(v2)1,2).

Following the proof of Theorem 1 in [GRS99al, we consider certain Fourier ex-
pansions for the integral in (7.6). Let

Ior 4y Lo
L= Iy 07 | €5pyppo
127"

where ¢ € Mata,x2 such that (¢1); ; = 0 except at the (r — 1,1)-th entry and

0y = L2 (l t(le)ij=0forali<jp.
0 1 :

Note that L is abelian. In (7.6) we expand the integral along L(k)\L(A). Let

I2r
T - tQ IQ S Sp4,r.+2
1 t5 I

where t; € Matay o, such that (¢1); ; = 0 except at the (1,r) position and
ta={ge 2 : ¢;;=0foralll1 <i<r—1;r+1<j<2r}

We denote
I2r
'Tl X 'TQ = (tl,tg) to IQ eT
ty t5 1o

Then we know that 77 x 75 is a subgroup of Z; x Z5. Conjugating from left to
right by the matrices in T'(k) and collapsing the summation with integration, we
deduce that f(g) equals

(7.8)
U1 z Y I2r I2r
/E%< (%] x* P .[2 tl IQ wg,¢> wa((vl,vg))d(...)
) q p° I ta 7 I

where ¢ = ¢r (7)g0- The integrations over v1 and vy are the same as in (7.6). The
variables ¢; and to are integrated over 7;(A) x 73(A) and p and ¢ are integrated
over (21 X Z3)(k)(T1 x T2)(A)\(Z21 x Z2)(A). The variable z is integrated over all
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matrices of size 2r x 2 such that z; ; = 0 for ¢ > r + 1 and y is integrated over all
matrices of the form

{wo,y' = ywa, - yi; =0if¢>r+1and j <r—1}.

More precisely, the integrations in z and y are over the quotient of the A-rational
points over the k-rational points of the corresponding algebraic groups consisting
of all matrices as described above, respectively.

In the following we consider the Fourier expansion of the above integral along the
one-parameter additive subgroup x.(-) attached to a positive long root a, which
consists of all matrices of the form {I4r42 + cert1,3r+2} where ¢ € k and ¢, ; is
the (47 + 2) x (4r + 2) matrix with one at the (i, j)-th entry and zero elsewhere.
The nontrivial Fourier coefficient of the function defined in (7.8) along the quotient
Xa(k)\Xa(A) is zero. Indeed, the integrations along variables v1, x, y and x, in
the integral in (7.8) (against the nontrivial character 1, (v1)y(bc) for some b € k*)
yield the Fourier coefficient of the residue F 1 (9, Px w(;)@)g) attached to the unipotent
orbit O((2y42)12). By our assumption this Fourier coefficient is zero. This means
that in the Fourier expansion of (7.8) along x«(k)\ X« (A) only the trivial character
(or the constant term) contributes.

Continuing this process as in the proof of Theorem 1 in [GRS99a], we finally
obtain that the function f(g) is equal to

127“
(7.9) / / e mo, ) [ L wg, ¢ | Ya(vi,v2))d(--+).
(Zixz)a) ) ? “ I,

q P
Here Uy, is the unipotent radical of the parabolic subgroup P of Spy, |, whose
Levi part is GLg, X Spy and EgQT’l (9, Pr,(7)00) is the constant term of the residue
2

E% (9, d)m(;)@w) along Po, 1. In the same way as in the proofs of Lemmas 1 and 2

on pages 895-896 in |[GRS99al, we deduce that if f(g) is zero for all choices of the
data, then the following integral

(7.10) / EV (m(vy,v2)g, P, (F) @0 )Pa(V1, V2)dv1dVo

2

is zero for all choices of the data. In (7.10), the integration along the variable v is
the same as taking the Whittaker-Fourier coefficient of ¢, ) and the integration
along the variable vy is the same as taking the Whittaker-Fourier coefficient of ¢, .
If we choose a € k* such that o has a nonzero *-Whittaker-Fourier coefficient,
then the above integral represents a nonzero Whittaker-Fourier coefficient of the
cusp forms in the generic cuspidal datum (Pay, 1, 7y (T) ®@0). Thus the function f(g)
defined in (7.3) is not identically zero and statement (1) is proved.
To prove statement (2), we first notice that
wm(t(b))w_l = dlag(ba e abv ]-a ]-7 b_lv T ﬂb_l) € Sp4r+2

is in the center of the Levi subgroup GLg, x GL;. Then we replace g by m(t(b))g
in integral (7.9) and conjugate it to the left. By changing variables in Z;(A) and
Z5(A), we obtain the factor |b|g(2r2+27a_1). Using the fact that 7y (7) has a trivial
central character, we obtain a factor of |b|ir(r+1) from the left quasi-invariance
properties of E%UZT’1 (9, $r, (7)@0)- Thus we obtain

Fm(Eb))g) = [bl; O 24200 £ gy — bl £ (g).
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This proves statement (2) and hence the proposition follows. O

Remark 7.2. (1) The way we proved the nonvanishing of the function f(g) relies on
the vanishing assumption of the Fourier coefficient of the residue E% (9s Pry(F)00)
attached to the unipotent orbit O(2,42)12). However, we point out that the non-
vanishing of f(g) may be proved without this assumption.

(2) This proof of Proposition 7.1 can be generalized. Indeed, if r > [, we can
show that the residue E'y (9, ¢=, (#)20) has a nonzero Fourier coefficient attached to
the unipotent orbit O((g,;9)12¢-+1-1)). Clearly, if [ > 1, this is not enough to verify
Assumption (FC).
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