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1. INTRODUCTION

Let X be a smooth curve over a finite field of characteristic p. Let E be a number
field, and consider an E-compatible system L = {L£,} of lisse sheaves on X. This
means that for every place A of E not lying over p, we are given a lisse E)-sheaf
Ly on X, and these lisse sheaves are E-compatible with one another in the sense
that, for every closed point x of X, the polynomial

det(1 — T Frob,, L))

has coefficients in E and is independent of the place .

Let 7 — X be a geometric point of X. For every place A of E not lying over p,
the lisse E-sheaf £y, which forms the A-component of the system L, has its corre-
sponding monodromy Fy-representation

[La] s m(X,7) — GL(Lxg),

and its corresponding arithmetic monodromy group Gauith(Lx,7), defined as the
Zariski closure of the image of m1(X,7) under [£]. The group Gaith(Lx,7) is
an algebraic group over the local f-adic field Fy, and it is given with a faithful
tautological E\-rational representation

ox ¢ Garith (Lx, 1) — GL(Lx5).

The philosophy of motives in algebraic geometry leads one to suspect that if our
E-compatible system L = {£,} is “motivic”, then the collection {Gayith (Lx,7), 0x}
of /-adic monodromy groups and their tautological representations should be “in-
dependent of £” in a suitable sense. This philosophy can be made more precise in

the form of the following conjecture, which we are going to address in this paper.

Conjecture 1.1. Let X be a smooth curve over a finite field of characteristic p.
Let E be a number field, and let L = {£,} be an F-compatible system of lisse
sheaves on the curve X. Assume that the F-compatible system L is semisimple
and pure of weight w for some integer w.

(i) There exist a finite extension F of F and an algebraic group G over the
number field F such that for every place A € |F|x, of F not lying over p,
writing A also for its restriction to E, the F)-groups

G Qfr F\ and Garith (L, 7) @, Fx are isomorphic.
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(ii) Assume that (i) holds. After replacing F by a further finite extension,
there exists an F-rational representation o of G such that for every place
A € |F|xp of F not lying over p, writing A also for its restriction to E,
and identifying the F-groups G @p F\ and Garith (L, 7) @p, Fx via an
isomorphism given in (i), the F)-rational representations

o QRp Fy and o\ ®g, F) are isomorphic.

In the situation of (i), one could be more optimistic and ask for an algebraic group
G over the number field F itself, i.e., without first passing to a finite extension F. 1
do not know if that would constitute “asking for too much”, because the philosophy
of motives does not predict that the group G can be defined over the given field E.
However, in the situation of (ii), even if the group G is defined over F, one would
in general need to pass to a finite extension in order to find the representation o.

A conjecture similar to (1)) for compatible systems of cohomology sheaves has
been studied previously by M. Larsen and R. Pink; see [LP95], Conj. 5.1. They
have also addressed the related situation in the “abstract” setting; see [LP92],
especially §9.

In the situation of (ILI)), for each place A € |E|x, of E not lying over p, the
group Gayith (£, 77) sits in a short exact sequence

1 — Garith (L2, 1) = Garith (L2, 1) — Garitnh (L5 7) / Garien (L2, 7)° — 1.

The restriction of o) to Gayith (Lx, 77)0 will be denoted by the same symbol. By a
result of J.-P. Serre, one knows that the finite groups Gasitnh(£x,7) / Garitn (£, 7)°
are independent of A. More precisely:

Theorem 1.2 (J.-P. Serre). (See [Ser00], Th. on p. 15.) With the notation and
hypotheses of (L), the kernel of the surjective homomorphism

c
m(X,n) 10, arith (£, 7) = Garith (L2, 7) / Garitn (£, 7)°

is the same open subgroup of m(X,7) for every place A\ € |E|x, of E not lying
over p.

There are two proofs of this in [Ser00], pp. 15-20; a third proof can be found in
ILP92], Prop. 6.14. As a consequence:

Corollary 1.3. With the notation and hypotheses of (I.1)), there exists a finite
group ' such that for every place A € |E|x, of E not lying over p, the finite groups

T and Garith (L2, 1) / Garith (£, 7)° are isomorphic.

A simplified version of our main result asserts the “independence of \” of the
identity component G.ritn(Lx,7)° of the monodromy groups Garitn(La,7), and of
their tautological representations oy:

Theorem 1.4. Assume the notation and hypotheses of ([LL1)).

(i) There exist a finite extension F of E and a connected split reductive alge-
braic group Go over the number field F' such that for every place A € |F|xp
of F' not lying over p, writing A also for its restriction to E, the connected
F-algebraic groups

Go Qp Fy and Garith (L, 77)0 ®g, )\ are isomorphic.
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(ii) There exists an F-rational representation oo of Go such that for every place
A € |F|zp of F not lying over p, writing A also for its restriction to E,
and identifying the Fy-groups Go @ F\ and Gaitn(Lx,1)° @, F\ via an
isomorphism given in (i), the Fx-rational representations

oo QF I and o) ®g, Fi are isomorphic.

Note that the isomorphism in (i) between the two groups is not unique, nor is
there a canonical one, but the hypotheses of the theorem do allow us to rigidify the
situation to some extent; we refer to (6.3) for the precise statement.

Suppose the curve X is geometrically connected over the base field k. Let k be
the algebraic closure of k in (7)), and regard 7 also as a geometric point of X ®y k.
Then for every place A of E not lying over p, we may also consider the geometric
monodromy group Ggeom(Lx,7) of the lisse Ex-sheaf Ly, i.e., the Zariski closure of
the image of 71 (X ®x k, ) under [£,]; we write o, for its faithful tautological F\-
rational representation. Thanks to Larsen and Pink, one has the analogue of (L2)):

Theorem 1.5 (M. Larsen and R. Pink). (See [LP95], Prop. 2.2.) With the notation
and hypotheses of (1)), the kernel of the surjective homomorphism

— c
M (X R k, 7‘7) Q geom(ﬁ)\vﬁ) - Ggeom(»c)\aﬁ) / Ggeom(»c)\; 7_7)0
is the same open subgroup of w1 (X ®x k,7) for every place X € |E|, of E not lying
over p.

From a result of P. Deligne (cf. [Del80], Cor. 1.3.9), one infers that the iden-
tity component Ggeom(La,7)° of the geometric monodromy group is equal to the
derived subgroup Der(Gaitn(£Lx,7)?) of the identity component of the arithmetic
monodromy group. Consequently, our main theorem ((L.4) implies the following:

Theorem 1.6. Assume the notation and hypotheses of (ILTl).
(i) There ezist a finite extension F of E and a connected split semisimple
algebraic group G{, over the number field F such that for every place
A € |F|zp of F not lying over p, writing A also for its restriction to E,
the connected F-algebraic groups
Gy @r F\ and Ggeom (L2, 1)’ @5, Fa are isomorphic.
More precisely, one can take G, to be the derived subgroup of the group Go
in ([LA)(1).
(ii) There exists an F-rational representation of, of G{y such that for every place
X € |F|zp of F not lying over p, writing A also for its restriction to E,
and identifying the Fx-groups G, @ p Fx and Ggeom(Lx, 71)° ®@p, F\ via an
isomorphism given in (i), the Fx-rational representations
op @r Fy and o\ @, F are isomorphic.
More precisely, one can take oy to be the restriction to Gy of the represen-
tation oo in (4 (ii).
A weaker form of (ICH), obtained earlier by Larsen and Pink (see [LP95], Th. 2.4),
asserts that after scalar extensions from the various f-adic local fields to a common
algebraically closed field (such as C), the various Ggeom (L, 7)° become isomorphic

to one another, and that the same goes for the representations oy under the addi-
tional hypothesis that the compatible system is geometrically absolutely irreducible.
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Their results were established using their theorem (cf. [LP90], Th. 1 and Th. 2) to
the effect that a connected semisimple algebraic group over an algebraically closed
field of characteristic 0 is determined up to (non-canonical) isomorphism by the
dimension data of the group. As we shall explain in a moment, we adopt a com-
pletely different approach in this paper by making full use of the motivic origin of
compatible systems on a curve.

The results of (I.4) and (L6) (and for that matter, those of (L2) and (L5)
as well) also hold when X is any irreducible normal variety of finite type over a
finite field of characteristic p. This is seen by reducing to the case of curves — for
instance, by using space-filling curves (cf. [Katz99], Th. 8 and Lemma 6).

The proof of ([[4) is given in §6} we outline the strategy here as a guide to the
organization of this paper. For each A € |E|x,, write Gg, for Garitn (L, 7). To fix
ideas, let us assume (only for simplicity) that Gg, is connected for one A\ € |E|xp;
by (I2)), the same is then true for every A € |E|x,. We want to show that, allowing
E to be replaced by a finite extension, the Gg, for various A are all obtained by
scalar extensions from a common group Gg over E.

The key result which lies at the core of our whole argument is an extension (E.f])
of the fundamental theorem (&) of L. Lafforgue; it allows us to exploit the hy-
pothesis of compatibility (cf. (@I2) and ([@8])) to establish that the Grothendieck
rings of the various G, are all isomorphic in a way which identifies the irreducible
representations and which respects the character of each irreducible representation.
Roughly speaking, this means that the connected reductive groups Gg, all “have
the same representation theory”. Making use of the tight connection (cf. (67))
between the representation theory and the structure theory of connected reductive
groups, we can then conclude that the various Gg, do come from a common source
Gy, provided that they contain maximal tori coming from a common split torus
Ty over E. Granting this, the fact that the representations o) of Gg, are all ob-
tained by scalar extensions from a common representation oy of Gy is then an easy
consequence (cf. (GI3) of our constructions.

To get the torus Ty, we appeal to Serre’s theory of Frobenius tori (cf. (5.7), (58));
accordingly, we can find a Frobenius element which generates an E-torus whose /-
adic scalar extensions yield maximal tori in the various G, ; hence, if we make an
extension of E to split this torus, we obtain the Ty we want. However, in order
to apply Serre’s results, we have to verify that the lisse sheaves £ satisfy certain
hypotheses. All but one of these hypotheses are provided by another theorem (&)
of Lafforgue; the “missing” hypothesis (concerning boundedness in denominator) is
a result (B2) which we establish in §3l

In the course of this work, I have benefited tremendously from discussions with
Pierre Deligne, Johan de Jong, Nicholas Katz and Laurent Lafforgue. It is a pleasure
to acknowledge my intellectual debts to all of them. I am also grateful to the
anonymous referees, whose valuable suggestions have helped improve and clarify
the exposition here.

2. DEFINITIONS AND NOTATION

2.1. Let E be a number field. If p is a prime number, let |E|, denote the finite
set of valuations of F lying over p, and let

Bl= U Il

¢ prime # p
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denote the set of valuations of E not lying over p. Let |E|s denote the finite set of
archimedean absolute values of E. We regard each v € |E|, as a homomorphism

v:E* —Q, normalized so that v(p) = 1,
and we regard each |- | € |E|« as a homomorphism

|- [ EX = R,

normalized so that |n| = n for every n € Zs.
With these normalizations, the valuations and absolute values are compatible with
passing to finite extensions of F.
Let a € @X be a nonzero algebraic number. Let p be a prime number, and let ¢
be a positive power of p.
(1) Let w € Z be an integer; we say that « is pure of weight w with respect to q
if for every archimedean absolute value | - | € |Q(¢)|s of Q(cx), one has

|Oé| — qw/2.
(2) We say that « is plain of characteristic p if « is an £-adic unit for every prime

¢ # p; in other words, for every non-archimedean valuation A € |Q(a)|xp
of Q(«) not lying over p, one has

AMa) = 0.
(3) Let C > 0 be a real number; we say that « is C-bounded in valuation with

respect to q if for every non-archimedean valuation v € |Q(a)|, of Q(«)
lying over p, one has
v()

v(q)

(4) Let D > 0 be an integer; we say that a is D-bounded in denominator with
respect to g if for every non-archimedean valuation v € |Q(a)|, of Q(«)
lying over p, one has

<C.

1
etz

2.2. Let ¢ be a prime number, and let A be an f-adic field (i.e., A is an alge-
braic extension of Q). Let X be a connected normal scheme of finite type over
Spec(Z[1/£)), and let 7 — X be a geometric point of X. If £ is a lisse A-sheaf on
X, we let
[£] : m (X, 1) — GL(L5)

denote the corresponding continuous monodromy A-representation of the arithmetic
fundamental group m (X, 7) of X. The arithmetic monodromy group Garitn(L,7) of
L is the Zariski closure of the image of (X, 7) in GL(L5) under the monodromy
representation [£]; it is a linear algebraic group over A.

2.3. Let | X| denote the set of closed points of X. For each x € |X|, choose an
algebraic geometric point Z — x € X of X localized at . The absolute Galois group
Gal(k(Z)/k(x)) is a free profinite group generated by the geometric Frobenius at x,
Frob, := Frob,,) € Gal(k(z)/k(x)). If L is a lisse A-sheaf on X, we denote its
restriction to x by £(z), and we write

[£(2)] - Gal(k(Z)/k(z)) — GL(Lz)

for the monodromy A-representation of £(x). Thus, [£(x)](Frob,) is an element of
GL(L2).
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Let A be an algebraically closed extension of A. A lisse A-sheaf £ on X is
— algebraic,
— resp. pure of weight w (for an integer w),
— resp. plain of characteristic p (for a prime number p),
— resp. C-bounded in valuation (for a real number C' > 0),
— resp. D-bounded in denominator (for an integer D > 0)

if for every closed point x € |X|, and for every eigenvalue v € A~ of [£(z)](Frob,),

— « is an algebraic number,

— resp. « is pure of weight w with respect to #k(z),

— resp. « is plain of characteristic p,

— resp. « is C-bounded in valuation with respect to ##(x),

— resp. « is D-bounded in denominator with respect to #x(x).

These properties of lisse A-sheaves are stable under passage to subquotients and
formation of extensions. Let a : X’ — X be a morphism of finite type; if £ on X
has one of these properties, then so does a*£ on X’, and the converse holds when
a is surjective.

2.4. Let X be a scheme of finite type over a finite field of characteristic p. Let E
be a number field. An E-compatible system L on X is a collection L = {£,} of lisse
sheaves on X indexed by the set |E|x, of places of E not lying over p, where, for
every such place A € |E|x, of E, L) is a lisse Ex-sheaf on X, and this collection of
lisse sheaves satisfies the condition that they are E-compatible with one another:
i.e., for every closed point « € |X| of X, and for every place A € |E|x, of E not
lying over p, the polynomial

det(1 — T Frob,, L))

has coefficients in E and is independent of the place .

We say that the E-compatible system L is pure of weight w (for an integer w) if
for any/every A € |E|xp, the lisse Ex-sheaf £y is pure of weight w. We say that L
is absolutely irreducible, resp. semisimple, if for each X € |E|xp, the lisse Ex-sheaf
L has the corresponding property (i.e., is irreducible over an algebraic closure of
E, resp. is semisimple over E}).

Note that if L = {£,} is an E-compatible system, then for every A € |E|x,, the
lisse E-sheaf £ is necessarily plain of characteristic p. We will see later (cf. ({.6))
that this necessary condition is also sufficient for a lisse ¢-adic sheaf to extend to
an F-compatible system for some number field F.

3. BOUNDEDNESS OF DENOMINATOR

Let us first recall the following fundamental result, first conjectured by P. Deligne,
and now established by L. Lafforgue.

Theorem 3.1 (L. Lafforgue). (See [Laf02], Théoreme VIL6 (i-iv).) Let X be a
smooth curve over a finite field of characteristic p. Let £ # p be a prime number, and
let £ be a lisse Q,-sheaf on X which is irreducible, of rank r, and whose determinant
is of finite order. Then there exists a number field E C Q, such that the lisse sheaf
L on X is

(1) E-rational (hence algebraic);
(2a) pure of weight 0;

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



INDEPENDENCE OF ¢ OF MONODROMY GROUPS 729

(2b) plain of characteristic p; and
(2¢c) C-bounded in valuation, where C may be taken to be (r — 1) /r.

In this section, we prove the following assertion (2d), which complements
above.

Theorem 3.2. With the notation and hypotheses of B, there exists an inte-
ger D > 0 such that the lisse sheaf L on X is

(2d) D-bounded in denominator.

Proof of 82), prelude. We begin our argument as Lafforgue does for his proof
of assertion (2¢) in (Bl); see [Laf02], Th. VIL6, Démo., pp. 198-200, especially
parts (v) and (iv). Accordingly, we consider the lisse sheaf

@ L®q LY (1—7) on the surface X x X,

where ¢; and ¢ denote the two projections from X x X onto X. The fundamental
fact we need to know about this lisse sheaf is that it “appears” in the /-adic coho-
mology of a certain stack over the surface. More precisely, there exists a stack X

over X x X — namely, Cht3P<? /a” in the notation of [Laf02] — such that if
FiXx o XxX

denotes the structural morphism, the semisimpleﬂ lisse sheaf ¢1*L @ g2*LV(1 — 1)
on X X X occurs as a direct summand in the semisimplified lissell cohomology
sheaf (R?"72£,(Q,))* of X over the surface X x X; for the justification of this key
assertion, see [Laf02], Chap. VI, §3, especially the statements of Lemme VI.26 and
Th. VI.27. For our present purpose of proving (3:2)), we need not be concerned
with the precise definition and moduli interpretation of the stack X; what will
be important for us is the following assertion obtained from [Laf02], Th. V.2 and
Lemme A.3: there is a finite extension F, of F,, and a scheme Z — namely,
(Chty\’,ﬁgp /a”)e" @, Fy in the notation of [Laf12] — which is proper over the surface
V = (X x X)®r, Fy, such that if p : Z — V denotes the structural morphism, the
cohomology sheaf R* ~?p,(Q,) is equal to the pull-back of R*"~2,(Q,) to V. The
point to note is that if G denotes the pull-back of the lisse sheaf ¢1*£L® g2* LY (1 —1)
to V, then every irreducible constituent of G is also an irreducible constituent of
the lisse cohomology sheaf R*"~?p(Q,) of a proper scheme Z over V. We use this
observation to deduce the following key lemma.

Lemma 3.3. Let F be an irreducible constituent of the lisse sheaf G on V.
(1) There exist
(a) a finite universal homeomorphism V- v,
(b) an open dense subscheme U of ‘7, and
(¢) a scheme Zx over U whose structural morphism pr 1 Zr — U is
projective and smooth,
such that on the scheme U, the lisse sheaf Flg is an irreducible constituent

of the cohomology sheaf R*2(p)1(Q,) (the latter is a lisse sheaf on U
since pr is proper and smooth).

L ¢f. [Caf0?], remark after Déf. VI.14.
2 Cf. [Laf02], Chap. VI, §2a, especially p. 165, third paragraph.
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(2) Let U denote the image ofﬁ in V. There exists an integer D > 0 such that
the algebraic lisse sheaf F|y on U is D-bounded in denominator.

Proof of (33l (). Let n be the generic point of V. The irreducible lisse sheaf F
on V restricts to an irreducible lisse sheaf F;, on . We have the proper morphism
py : Zy — 1, whose cohomology sheaf R*"~%(p,)i(Q,) admits F,, as an irreducible
subquotient.

We now construct a proper hypercovering a : Z, — Z, of Z, (cf. [Del74b),
(6.2.5)), but using the alteration theorem of de Jong (cf. [dJ96], Th. 4.1) instead
of resolution. Accordingly, each Z/ is a projective scheme over 7, whose structural
morphism p; : Z! — n factors through some »; in such a way that p} : Z] — n; is
smooth, and k(n;) 2 k(n) is a finite and purely inseparable extension (this factoriza-
tion property of the structural morphisms can be derived from [dJ96], Remark 4.3).
Since a proper hypercovering is of cohomological descent, the adjunction morphism
Q; — RayQ, is an isomorphism in the “derived” category DZ(ZW,@@) of Q,-sheaves
on Z,. We can then see from the resulting spectral sequence for R(p,): that F,
is an irreducible subquotient of the cohomology sheaf R?(p;)i(Q,) of some zZ!, for
some cohomological degree j.

Let V be the normalization of V in n; over 1. Since V is itself normal and
7; — n is finite and purely inseparable, the morphism V' — V is a finite universal
homeomorphism. The projective and smooth morphism p} : Z; — n; “spreads
out” to a projective and smooth morphism pF L — U for some open dense
subscheme U of V' (i.e., the latter morphism exists, having the former morphism as
its generic fiber). From the previous paragraph, it follows that F |(~] is an irreducible
subquotient of R?(p£)1(Q,). Using Deligne’s theory of weights (cf. [Del80]) to
compare the weights of the lisse sheaves involved, we see that the cohomological
degree j above is in fact equal to 2r — 2. O

Proof of B3 [@)). From part (@), we have the morphism pr : Zr — U, which is
projective and smooth. Let d be the rank of the lisse sheaf H := R*"~2(p#)(Q,)
on C~7, and let D := d!. By part (Il), H admits .7~'|5 as an irreducible subquotient.
We will show that the lisse Q,-sheaf H on U is Q-rational and is D-bounded in
denominator; this will imply that F| is also D-bounded in denominator, and thus
the conclusion of part (2)) will follow.

Let u € |U| be a closed point, k = x(u) be its residue field, and % be an algebraic
closure of k. We have to show that the Q,-representation [H(u)] of Gal(k/k) is
Q-rational and is d!-bounded in denominator with respect to #k. Let Y be the
fiber of Zx over u; thus Y is a projective smooth scheme over the finite field k.
By the proper base change theorem, [H(u)] is isomorphic to the representation
of Gal(k/k) on the f-adic cohomology H*~%(Y ® k,Q,) of Y ®; k. The fact
that [H(u)] is Q-rational then follows from the Weil Conjectures as proved by
Deligne (cf. [Del74a] or [Del80]); in fact, one knows that the “inverse” characteristic
polynomial det(1 —T [H(u)](Frob,,)) has coefficients in Z. Note that d is the degree
of this polynomial.

To see that [H(u)] is d!-bounded in denominator with respect to #k, we appeal
to the crystalline cohomology H := H2:%(Y/W (k)) of Y with respect to the ring

cris

W (k) of Witt vectors over k; for a concise summary of the assertions we need, see
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[Ber75], §§1-2. The Frobenius endomorphism of Y relative to k,
Fry.: Y =Y, defined by y — y**,

induces an endomorphism (Fry,;)* : H — H which gives H the structure of an
(Fry/i)*-crystal. Let K be the fraction field of W (k), and let vx be the discrete
valuation of K, which we regard as a homomorphism

vkt K* — Q, normalized so that vi (#k) = 1.
One has the “inverse” characteristic polynomial
det(1 =T (Fry,)", H @wxy K) € K[T]

of the endomorphism of H ®yy ;) K induced by (Fry;)*. By the compatibility theo-
rem of Katz-Messing (cf. [KM74], Th. 1 and Cor. 1), one knows that the coefficients
of this polynomial lie in Z, and that one has

det(1 = T (Fry )", H Qw ) K) = det(1 — T [H(u)](Frob,)) (equality in Z[T1),

and hence the (Fry,)*-isocrystal H ®y ) K has K-dimension d. The desired
assertion that [H(u)] is d!-bounded in denominator with respect to #k is therefore
equivalent to the assertion that the Newton polygon of the polynomial
det(1 — T (Fry )", H @w ) K) with respect to the valuation v has all its slopes
lying in J; Z. By a theorem of Yu. I. Manin (cf. [Ber75], Th. 1.3(ii)), the slopes of
this Newton polygon are the slopes of the (Fry/;)*-isocrystal H ®w ) K, and so
by the classification theorem of J. Dieudonné (cf. [Ber75|, Th. 1.3(i)), these slopes
are of the form r/s where r € Z, s € {1,...,d}, and (r, s) = 1; in particular, we see
that these slopes all lie in % Z, which is what we want. O

Proof of B2), coda. Applying ([B3) to every irreducible constituent of the lisse
sheaf G on V and consolidating the conclusions thus obtained, we infer that there
exist an open dense subscheme U’ of V and an integer Dy > 0 such that the
algebraic lisse sheaf G|y» on U’ is Dy-bounded in denominator. Let U denote the
image of U’ under the finite étale map V — X x X. Then we see that the lisse sheaf
(1*LRg*LY(1—7))|r on U is also Dy-bounded in denominator. The complement
of U in X x X is a finite union of divisors and closed points; hence

S={zelX|: g ' (x)NU=0 inXxX} is a finite set.

Let D = rDy. We claim that the algebraic lisse sheaf L|x_g on X — S is
D-bounded in denominator. To see this, let z € |X| — S be a closed point, let
a € Q,° be an eigenvalue of Frob, acting on £|x_g, and let v € |Q(c)|p be
a non-archimedean valuation of Q(«) lying over p. By the definition of S, we
can find a closed point w of U with ¢1(u) = z. Set y := ¢a2(u) € |X]|, and let
e = [r(u): k@), f = [k(u) : k(y)]. If B €Q,” is an eigenvalue of Frob,, acting on
L, then it follows that a® 3=F (#r(u))> =2 € @ZX is an eigenvalue of Frob, acting
on (1*L® q2*LY(1 —7))|u; so we have

v(a® BT (r)* ) _ 4

V) D
and hence (@) — F(d)
—y(#ﬁ(u ) € o; Z.
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By hypothesis, the determinant of £ is of finite order, which implies that the product
of the r many eigenvalues 3 of Frob,, acting on L is a root of unity; it follows that
rev(a) rv(a) 1
== S Do Z,
v(#r(u)  vi##s() 7

which proves our claim.

Since S is a finite set, we may now replace D by a multiple to ensure that the
algebraic lisse sheaf £ on the whole of X is D-bounded in denominator. This
completes the proof of (B2)). O

Remark 3.4. Lafforgue has also shown (see [Laf02], Prop. VIL.7) that, as predicted
by Deligne’s conjecture, assertions (2a), (2b) and (2c) of ([B.]) generalize to the case
when X is an arbitrary normal variety of finite type over a finite field of charac-
teristic p. The proof is by reduction to the case of curves, using the fact that
the assertions in (3] are uniform for any lisse sheaf of a given rank r on any
curve. Unfortunately, our proof of (B.2)) does not produce an expression for the
integer D > 0 in terms of just the rank r of the lisse sheaf, and so we do not get
the desired generalization of assertion (2d).

4. COMPATIBLE SYSTEMS OF LISSE SHEAVES

According to Deligne’s conjecture (cf. [Del80], Conj. (1.2.10)(v)), on any nor-
mal connected scheme X over a finite field, an irreducible lisse Q,-sheaf £ whose
determinant det £ is of finite order should “extend” to an absolutely irreducible
E-compatible system {£,} of lisse sheaves for some number field E. Thanks to
Lafforgue’s proof of the Langlands Correspondence for GL, over function fields,
this conjecture is now known to hold when X is a curve:

Theorem 4.1. (cf. [Laf02|, Théoreme VIIL.6 (v) and [Chin03b]) Let X be a smooth
curve over a finite field of characteristic p. Let £ # p be a prime number, and let L be
an irreducible lisse Q,-sheaf on X whose determinant is of finite order. Then there
exists a number field E C Q, and an absolutely irreducible E-compatible system
L = {£,} on X which is E-compatible with the given lisse Q,-sheaf L; i.e., for
every place A € |E|xp, of E not lying over p, there exists an absolutely irreducible
lisse Ex-sheaf Ly on X which is E-compatible with the given lisse Q,-sheaf L.

The purpose of this section is to give a mild generalization (G) of the above
theorem, in which one replaces the assumption “determinant is of finite order” by a
weaker hypothesis of plainness. We first recall (cf. (£22)) the construction of rank 1
twisting lisse sheaves, and use these to give equivalent characterizations (cf. (3)
of algebraicity, purity and plainness for an irreducible lisse Q,-sheaf.

4.2. Let I be a finite field of characteristic p, let £ # p be a prime number, and let
A be an f-adic field. For any ¢-adic unit o € A*, one has a well-defined continuous
homomorphism

Gal(F/F) — GL(A) = A™, mapping Frobr to a,

which corresponds to a lisse A-sheaf of rank 1 on the scheme Spec(FF); we let the
symbol a°8r denote the pullback of this lisse A-sheaf to any scheme X of finite
type over F. If 2 € | X| is a closed point of X, then one has

det(1 — T Frob,, &) = 1 — T gd°8(~(@) (equality in A[T]).
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If & = 1/(#F), the resulting lisse sheaf is the Tate twist. An important special
case: if E is a number field and o € E* is plain of characteristic p, then the rank 1
lisse Ey-sheaf ad¢er is defined for every place A € |E|, of E not lying over p, and
these lisse sheaves together form an E-compatible system.

Proposition 4.3. Let X be a smooth curve over a finite field F of characteristic p.
Let £ # p be a prime number, and let £ be a lisse Q,-sheaf on X which is irreducible,
of rank r. Let w € Z be an integer. The following are equivalent:

(1) L is algebraic (resp. pure of weight w, resp. plain of characteristic p);

(2) for some closed point x € |X| of X, the Q,-representation [L(x)] of
Gal(k(Z)/k(x)) is algebraic (resp. pure of weight w with respect to #r(x),
resp. plain of characteristic p);

(3) det L is algebraic (resp. pure of weight rw, resp. plain of characteristic p);

(4) for some closed point x € |X| of X, the Qq-representation [det L(x)] of
Gal(k(z)/k(x)) is algebraic (resp. pure of weight rw, resp. plain of char-
acteristic p);

(5) there exist an integer n > 0 and an element 3 € @ZX which is algebraic
(resp. pure of weight nrw with respect to q, resp. plain of characteristic p),
such that (det £)®" is isomorphic to 39 ;

(6) there exists an element « € @ZX which is algebraic (resp. pure of weight w
with respect to q, resp. plain of characteristic p), such that £ ® a%°% is an
irreducible lisse Q,-sheaf whose determinant is of finite order.

Proof. 1t is clear that (1) = (@) = @) and that (Il) = (@) = ). By a result of
Deligne (cf. [Del80], Prop. (1.3.4)(i)), one knows that for some n € Zs, the n-th
tensor power of det £ is geometrically constant, which means that its monodromy
representation [(det £)®"] factors as

m1(X, 1) — Gal(F/F) H@zx;

hence (det £)® is isomorphic to 44°8 where 3 € @ZX is the image of the geometric
Frobenius Froby € Gal(F/F); thus @) = (). Now let a := 1/ /3 € Q" be an
nr-th root of 1/8 in Q; the determinant of the lisse sheaf £ ® a9°8* is then of
finite order dividing n, whence (B) = (B). Finally, (@) = (@) follows directly from
parts (1), (2a) and (2b) of Lafforgue’s theorem (BI)). O

Remark 4.4. The equivalent characterizations in (3) above hold more generally
when X is an arbitrary normal variety of finite type over a finite field of character-
istic p. The proof is the same, using [Lal02], Prop. VIL7 (see (3.4])) instead of (B)
in the final step.

Proposition 4.5. Let X be a smooth curve over a finite field F of characteristic p.
Let £ # p be a prime number, and let L be a lisse Qg-sheaf on X. Suppose L is
algebraic. Then L is:

— E-rational, for some number field E C Q,,
— C-bounded in valuation, for some real number C' > 0, and
— D-bounded in demominator, for some integer D > 0.

Proof. Tt suffices to treat the case when L is irreducible, and in that case, the
proposition follows from the equivalence (I) < (@) in (E3), together with Laf-
forgue’s theorem (31)) (assertions (1) and (2¢)) and (B2) (assertion (2d)). O
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Theorem 4.6. Let X be a smooth curve over a finite field F of characteristic p.
Let £ # p be a prime number, and let L be an irreducible (resp. semisimple) lisse
Qy-sheaf on X. Suppose L is plain of characteristic p. Then there exists a number
field E C Q, and an absolutely irreducible (resp. semisimple) E-compatible system
L = {£,} on X which is E-compatible with the given lisse Q,-sheaf L. If L is pure
of weight w for some w € Z, then so is the system L.

Proof. 1t is clear that we only have to treat the case when L is irreducible. By
the equivalence ({l) < (B) in (@), £ is isomorphic to a lisse Q,-sheaf of the form
F®(1/a)%8 where F is an irreducible lisse Q,-sheaf whose determinant is of finite
order, and «a € @ZX is plain of characteristic p. Applying (1) to F, we obtain a
number field E with o € E, and an E-compatible system F = {F\} which is E-
compatible with F. The E-compatible system L = {£,}, with £y 1= F\®(1/«a)deer
for each A € |E|x,, satisfies the first assertion of the theorem. The second assertion
is clear. d

Note that by the equivalence [@l) < @) in (£3)), in order to verify the hypotheses
that £ is plain of characteristic p (resp. is pure of weight w) in (E8), it suffices to
pick one closed point x € |X| of X and check that the Q,-representation [£(z)]
of Gal(k(z)/k(x)) has the corresponding property. Likewise, in (), it suffices to
check that [£(z)] is algebraic for one closed point z in order to conclude that £ is
algebraic.

5. FROBENIUS TORI

In this section, we review the theory of Frobenius tori due to J.-P. Serre, with
the aim of establishing the two key results we need — namely, (B2) and (ES).
The main ideas are all in [Ser(0)], §§4-5; we only have to make them applicable to
general lisse f-adic sheaves satisfying appropriate hypotheses.

5.1.  Let A be a field of characteristic 0, and let £ C A be a subfield of A. Consider
an r-dimensional E-rational A-representation o of Gal(F/F), where F denotes an
arbitrary finite field. The image o(Frob) € GL,(A) of the geometric Frobenius has
a semisimple part

o(Frob)* € GL,(A).
Since o is E-rational, the E-algebra generated by the semisimple element o (Frob)ss,
E[o(Frob)*®] := FE[T] / (minimal E-polynomial of o(Frob)® in the variable T"),

is a finite étale algebra over E. Therefore, the multiplicative group of this F-algebra
defines an E-torus Mult(E[o(Frob)®]). The group of E-points of Mult(E[o (Frob)™])
is isomorphic to E[o(Frob)®]*, and so it contains the element o(Frob)®*. We
define the Frobenius group H(o) of o as the Zariski closure of the subgroup of
Mult(E[o(Frob)®]) generated by o(Frob)®*. It is a diagonalizable E-group, whose
group of characters X(H (o)) as a Gal(E/E)-module is canonically isomorphic —
via the “evaluation at Frob” map — to the subgroup of E” generated by the
eigenvalues of o(Frob).

One can also consider the Zariski closure of the subgroup of GL,(A) generated
by the element o(Frob)ss:

(o(Frob)s)Z  C GL,.(A);
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it is canonically isomorphic to the A-scalar extension H (o), of the E-group H (o).
The Frobenius torus A(c) of o is by definition the identity component H(c)° of
H(0); it is an E-torus, whose group of characters X(A(c)) as a Gal(E/E)-module
is canonically isomorphic to the torsion-free quotient of X(H (0)).
Note that our definition differs from that in [Ser00] in that we first pass to the
semisimplification of the element o(Frob); this allows our discussion to proceed
without having to assume that ¢ is a semisimple representation.

5.2. The Frobenius group H (o) and the Frobenius torus A(o) of the E-rational
representation ¢ are determined by the minimal E-polynomial of the semisimple
element o(Frob)®, and hence also by the “inverse” characteristic polynomial

det(1 — T o(Frob)) € E[T]

of o(Frob). Consequently, if A’ is another field containing F and o’ is a A’-
representation of Gal(F /F) which is E-compatible with o, then the Frobenius groups
H(o) and H(o’) of o and ¢’ respectively are in fact the same E-group; likewise the
Frobenius tori A(o) and A(c’) are the same E-tori.

5.3.  The order of the finite group H(c)/A(o) is an integer which divides the order
of some root of unity belonging to the field E’ obtained from FE by adjoining all
eigenvalues of o(Frob), and F’ is of degree < r! over E. Suppose E is a number
field; then there are only finitely many roots of unity of degree < r! over E. Letting
N be the least common multiple of the orders of these roots of unity, we see that
the order of H(o)/A(o) divides N. Note that N depends only on the number field
FE and the integer r > 0, but is independent of o.

5.4. In order to state the finiteness result of Serre, let us introduce the following
notation. Let r > 1 be an integer, and let A be a field of characteristic 0. Let
E C A be a number field contained in A. Let C' > 0 be a real number, and let
D > 0 be an integer. Define the set

r-dimensional A-representations o of Gal(F/F) such that
for some positive power g of p, and some integer w, o is:

(1) E-rational,

Bcal(C, D)y = (2a) pure of weight w with respect to g,
(2b) plain of characteristic p,
(2¢) C-bounded in valuation with respect to ¢, and
(2d) D-bounded in denominator with respect to ¢
and let

Y5ca(C, D) = U Y5ca(C,D)y.

p prime
Theorem 5.5 (J.-P. Serre). With the above notation, as o runs over the set
Y%ca(C, D), there are only finitely many possibilities for the GLT/F—conjugacy

class of the Frobenius torus A(c) of o, where E denotes an algebraic closure of
E.

We leave to the reader the pleasant exercise of generalizing the argument found
in [Ser00], Th. on p. 8 to the situation of (&H); the case of weight w = 0 requires
a little more argument. We note in passing that the assumption that C' and D are
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uniform bounds for the valuation and denominator of the ¢ in question plays a key
role in showing the finiteness assertion here.

5.6. Now let X be an irreducible normal scheme of finite type over a finite field
of characteristic p, and let 77 — X be a geometric point of X. Assume that A
is an f-adic field for some prime number ¢ # p. Let £ be a semisimple lisse A-
sheaf on X; its arithmetic monodromy group Gayith(£,7) of L is then a (possibly
non-connected) reductive group over A. For every closed point x € |X|, the A-
representation [L£(z)] of Gal(k(Z)/k(x)) factors through Gayitn (£, 77); the semisimple
element [£(z)](Frob,)®® therefore lies in Gayign (£, 7). Hence, for each x € | X|, we
have the diagonalizable A-group

H(z) := ([L(2)](Frobg)*)%  C Garitn(L£,7)

and the A-torus
A(i[,’) = H(l’)o g Garith('ca 7_’)0

These are canonically isomorphic, over A, to the Frobenius group H([L(z)])/a
and the Frobenius torus A([£(z)]);s associated to the representation [L(x)] of

Gal(k(z)/k(x)).

Theorem 5.7. (Cf. [Ser00], Th. on p. 12.) Assume the notation and hypotheses
of (&8), and let r > 1 be the rank of the semisimple lisse A-sheaf L on X . Suppose
there exist a number field E C A contained in the (-adic field A, an integer w, a
real number C' > 0, and an integer D > 0, such that the lisse A-sheaf L on X is

(1) E-rational,

(2a) pure of weight w,

(2b) plain of characteristic p,
(2¢) C-bounded in valuation, and
(2d) D-bounded in denominator.

Then there exists an open dense subset U C Gayith (L, 77)0 of the identity component
of Garith (£, 1), such that U is stable under conjugation by Gawitn(L,7), and such
that for any closed point x € | X| of X with [L(x)](Frob,) € U, the Zariski closure

W g Garith(‘cv 77)0
of the subgroup it generates is a mazimal A-torus of Garien (£, 7)°.

Proof. We may assume that A is algebraically closed. By the list of hypotheses
on the lisse A-sheaf £, we may apply (BE) to the collection of representations
[L£(z)] (z € |X]), and it follows that as  runs over |X|, there are only finitely many
possibilities for the GL,-conjugacy class of the Frobenius torus A([L(z)]) associated
to [L(z)].

Let Ty C Garitn(£,1)° be a maximal torus of Gayien(£,7)°. We claim that each
GL,-conjugacy class of Frobenius tori contains only finitely many subtori A C Tj of
Ty. To see this, we just have to show that if two subtori Ay, A of Ty are conjugate
to each other in GL,, then they are already conjugate to each other under the action
of the (finite) Weyl group of Ty in GL,. But if ¢ € GL, conjugates A; C Tj to
As C Ty, then both Ty and the g-conjugate of T;) are maximal tori contained in the
centralizer of As in GL,; this centralizer is a connected reductive subgroup of GL,.,
so one can adjust g by an element of this subgroup to assume that g normalizes
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Ty, and this shows what we want. As a consequence of our claim, we see that if we
define the set

proper subtori A C Ty of Ty such that, for some z € | X|,
o = A belongs to the GL,-conjugacy class of the Frobenius ,
torus A([L(x)]) associated to [L(x)]

then @’ is a finite set.

We are given the number field E and the integer » > 0. Let N be the least
common multiple of the orders of the finitely many roots of unity of degree < r!
over E. Define the set

subgroups H C Ty of Ty such that
® = the identity component H® of H lies in &'
and the order of H/H® divides N

From the finiteness of the set ®', we see that @ is also a finite set.

If H C Ty belongs to the finite set ®, then its identity component HY is a proper
subgroup of T, and so the same is true for H. Therefore, if Fy denotes the Zariski
closure of the union of all Guien (£, 77)-conjugates of H, then Fp is of dimension
strictly less than that of Gayen(£,7)°. It follows that

U’ := Garitn (L, 7)° — U Fu
Hed

is an open dense subset of Guyitn(£,7)°. We define U to be the intersection of U’
with the open dense (“characteristic”) subset of regular semisimple elements in the
connected reductive group Garith(ﬁ,ﬁ)o. From its construction we see that U is
stable under conjugation by Garith (L, 7).

Let € | X]| be a closed point with [£(z)](Frob,) € U. Since [L(z)](Frob,) is
semisimple, the Zariski closure

([£(2)](Frobg))” € Garitn (L, 7)°

of the subgroup generated by [£(z)](Froby) is just the diagonalizable A-group H (x)
introduced in (5.6)), and it is contained in some maximal torus of Grien(£,7%)°. The
identity component of H(z) is the torus A(z) = H(x)", and by construction, it
belongs to the GL,-conjugacy class of the Frobenius torus A([L(z)]) associated to
[£(z)]. From the assumption that the polynomial

det(1 — T [L(z)](Frob,))

has coeflicients in the number field E and has degree r, we see (cf. (53)) that the
order of H(x)/A(zx) divides the integer N above. If A(x) is not a maximal torus of
Garitn(£,1)°, then H(z) is Garien (£, 7)%-conjugate to some subgroup H belonging
to the set ®, but this contradicts the fact that [L(x)](Frob,) does not lie in Fpy.
Thus A(x) must be a maximal torus of Garien(£,7)°, and hence the same is true
for H(x). O

Corollary 5.8. Assume the notation and hypotheses of (5.0) and (5.17). Let zop €
| X| be a closed point of X. The subgroup A(zo) C Garitn(L£,7) is a mazimal torus
of Garith (£,1)° if and only if the Frobenius torus A([L(z0)]) associated to [L(zo)]
has the mazimum dimension (over E) among all Frobenius tori A([L(x)]) as x runs
over the set of closed points | X| of X.
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Proof. By (B.7) and Cebotarev’s density theorem (cf. [Ser65], Th. 7), there exists
some closed point y € |X| such that A(y) is a maximal torus of Gauen(£,7)%; so
the dimension of each A(z) (over A) is at most that of A(y). Therefore, A(xzg)
is a maximal torus of Guin(L,7)° if and only if it has the maximum dimension

(over A) among the tori A(x) as x runs over |X|. Since one has the isomorphism
A(z) =2 A([L(x)])/a for each x € | X, the corollary follows. O

Remark 5.9. The results of (67) and (B.8) also hold when X is any irreducible
normal scheme of finite type over Z[1//], except that one would have to replace
the assumption (2b) on the lisse sheaf £ by an appropriately generalized notion of
plainness (one in which the characteristic p is allowed to vary). The proof is the
same, thanks to the very general nature of (5.5).

6. INDEPENDENCE OF /¢
In this section, we prove our main “independence of £” theorem (L4).

6.1. Hypotheses. Let X be a smooth curve over a finite field of characteristic p,
let E be a number field, and let L = {£,} be an E-compatible system of lisse
sheaves on the curve X. We assume that the E-compatible system L is semisimple
and pure of weight w for some integer w. For each A € |E|x,, write

GEA = Garith(‘c)\a 77)

for the arithmetic monodromy group of £y, and write o) for its tautological faithful
representation. The group G, is a (possibly non-connected) reductive group over
E,, and the representation oy is an Ey-rational representation of G, .

Our goal is to show that the identity component G%A of Gg, and its tautological
representation oy are “independent of A” in the sense of (IT4)). In (65), we shall
construct a finite extension F' of E, a connected split reductive group Gq over F,
and an F-rational representation o of Go. We will show in (6.9) that for every
place A € |F|x, of F not lying over p, writing A also for its restriction to E, one
has an isomorphism of connected F)-groups:

fr: G, @p, Fx = Go @r Fy,

and we will show in (EI3)) that with this isomorphism of groups, one also has an
isomorphism of representations:

ox ®p, FX =00 ®F Fix.
First, some preliminary reductions.

Lemma 6.2. To prove (L4), we may assume that for each \ € |E|y,, the E-
monodromy group Gg, is connected.

Proof. Indeed, under the hypotheses of (G.I), we may apply Serre’s theorem
to see that as A runs over |E|x,, the kernel of the surjective homomorphism

1 (Xa 7_7) ﬂ} GE/\ - GEx/G%,\
is the same open subgroup of m;(X,7), independent of A\ € |E|.,. This open
subgroup of m1 (X, 7)) corresponds to a finite étale cover a : X’ — X of X by a con-
nected smooth curve X’ pointed by the same geometric point 77. The inverse image
a*L := {a*L)\} on X’ of the E-compatible system L = {L£,} is still a semisimple
E-compatible system which is pure of integer weight. Moreover, for each A € |E|xp,
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the arithmetic monodromy group of a*L) is the connected reductive group G%w
given with the same tautological representation o. Hence, to prove (L4), we may
replace X by X’ and L by its inverse image. This proves the lemma. O

6.3. Notation. Henceforth, we adopt both the hypotheses (6.1]) and the assump-
tion that for each A € |E|4,, we have G, = GY,, .

Let x € |X]| be a closed point of X. By the E-compatibility hypothesis on
L, as A runs over |E|.,, the Frobenius group H([£x(z)]) (cf. (@I) associated to
the Ey-representation [Ly(z)] of Gal(k(Z)/k(x)) is a diagonalizable group over E
which is independent of the place A € |E|x, (cf. (&2)); we denote it by H(L(z)).
Similarly, the Frobenius torus A([£x(x)]) is an E-torus which is independent of the
place A € |E|x, and we denote it by A(L(x)); it is also the identity component of
H(L(x)).

For each X € |E|p, we write

H(x)p, = ([Lx(2)](Frobs)*)?  C G,

for the Zariski closure of the subgroup of Gg, generated by [L(x)](Frob,)®. It is a
diagonalizable subgroup of Gg, over E), and we write

A(x)EA = H(l‘)%)\ - GEA
for its identity component, which is an E)-torus.

Lemma 6.4. Assume (G1) and ([6.3) above. There exist infinitely many closed
points x € | X| of X with the following property: for every place X € |E|xp, of E not
lying over p, one has A(x)g, = H(x)g,, and it is a maximal Ex-torus of Gg, .

Proof. By our assumptions on the E-compatible system L = {L£,}, for each place
A € |E|p, the lisse Ex-sheaf £y is E-rational (hence algebraic), pure of some integer
weight, and plain of characteristic p; by (&3], it is also C-bounded in valuation and
D-bounded in denominator. Hence the hypotheses of (5.7) and (5.8) are all verified
for these lisse sheaves.

Pick any place p € |E|xp, of E not lying over p. From (5), we obtain an open
dense subset U C G'g,, stable under conjugation by G, , such that for any x € | X|
with [£,(z)](Frob,) € U, the subgroup H(x)g, C GE, is a maximal E,-torus of
GE, (recall from (6.2) that we have put ourselves in the situation where the mon-
odromy group Gg, is connected for every A € |E|.,). By Cebotarev’s density theo-
rem, there exist infinitely many closed points z € | X| of X with [£,,(z)](Frob,) € U.
We claim that these closed points satisfy the conclusion of the lemma.

To see that, let zo be such a closed point. By (B.8)) and the assumption on o,
we infer that A([L(zo)]) = H([L(zo)]) and that the Frobenius torus A([L(x¢)]) has
the maximum dimension (over E) among all Frobenius tori A([L(x)]) as  runs over
|X|. Thus, for any place A € |E|., of E not lying over p, it follows from (£.8) again
that the FE-subgroup A(xzo)g, = H(z0)g, C Gg, is a maximal torus of Gg,. O

6.5. Constructions. Assume the hypotheses in (1)) and the notation in (G3).
We shall now make a series of constructions to be used for the rest of this section.

6.5.1. Choose once and for all a closed point z € | X| of X satisfying the conclusion

of ([G4); thus for every place A € |E|x, of E not lying over p, A(z)g, = H(z)g, is
a maximal torus of Gg, .
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6.5.2. Let F be the splitting field of the E-torus A([L(z)]) = H([L(x)]); it is
the same as the splitting field of the polynomial det(1 — T Frob,, £,) € E[T], for
any/every X € |E|4p.

6.5.3. Let Ty be the split F-torus defined by the Frobenius E-torus A([L(z)]) via

scalar extension:

Ty = A([L(z)]) ®5 F = H([L(z))) ®& F.

6.5.4. For each A € |F|x,, writing X also for its restriction to E, we obtain the
lisse F)-sheaf F) := L) ®pg, F)\ by scalar extension. This gives us the collection of
lisse sheaves F := {F,} indexed by the places |F|., of F' not lying over p, and it
is clear that F is an F-compatible system.

6.5.5. For each A € |F|4p, the arithmetic monodromy group Garien(Fx,7) of the
lisse F)\-sheaf F) is identified with Gg, ®g, F); we denote it by G, . Thus:

Gr, = Gg, ®g, F\ = Gaitn(Fa, 7).
The tautological representation of G, is identified with o) ®g, Fi; we denote this
by px. Thus:
px =0\ QE, Fi.

6.5.6. For each A € |F'|.p, writing A also for its restriction to E, we have the
F\-torus

Tr, = A()E, ®p, Fx = H(z)E, ®p, F\ CGFR,.

By @51) and (652), TF, is in fact a split maximal torus of G, , whence G, is
a connected split reductive group over F}.

6.5.7. For each A € |F|4p, one has the canonical isomorphism (cf. (1))
friTr, =z, TO/FA of split F)\-tori,

where the right-hand side Ty JFy 18 the I\-scalar extension of the F-torus Tj.
6.5.8. Choose once and for all a place u € |F|x, of F not lying over p.

6.5.9. Define the F-group Gy as follows. First consider the F),-group GF,; it is a
connected split reductive group over F),, and so it is defined over any subfield of
F,. Welet Gy be “the” connected split reductive group over F', whose isomorphism
type over F), is that of G, , and which contains the split F-torus Tp as its maximal

torus. Thus, Gy and T fit into the commutative diagram

TFu — To
N

| ]

GF, — Go

l !
Spec(F,) — Spec(F)

in which the squares are cartesian.
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6.5.10. Likewise, define the F-rational representation oy of the F-group Gy as
follows. The F),-group GF, is given with a tautological representation p,, and
this is defined over any subfield of F;, because G, is split. We let og be “the”
F-rational representation of the F-group Go whose scalar-extension to F), is the
representation p,,. Thus:

Pu =0y ®E“ FIJ« 2oy QF FM'

Our goal now is to show that for each A € |F|xp, the canonical isomorphism f
in (GED) of split F-tori extends to an isomorphism

Hr:GR, = Go/r, of connected split reductive groups over F)

(where the right-hand side Go,p, is the Fy-scalar extension of the F-group Gj),
and that if we identify the two groups using this isomorphism, then we have an
isomorphism of representations

Pr =0\ QR F\ =209 ®F F).

These will be achieved in (G.9) and in (G.I3)) respectively.

6.6. Notation. If G is a split reductive algebraic group over a field k, and T C G
is a maximal torus of GG, then the group of characters of T over k is denoted by
Xk (T), and we set

Irry,(G) := {isomorphism classes of irreducible k-rational representations of G} .

Note that since G is split, every object of Irrg(G) is in fact absolutely irreducible.
We write K(T') and K(G) for the Grothendieck ring of the category of k-rational
representations of 7" and G respectively; these rings are given with the canonical
basis of Xy (T") and Irr,(G) respectively. Restriction of representations from G to T'
gives rise to the “character homomorphism” chg : K(G) — K(T') of Grothendieck
rings; this homomorphism is injective if G is connected.

The main representation-theoretic input we need is the fact that over a field of
characteristic 0, the isomorphism type of a connected split reductive group can be
determined from the character data of its irreducible representations; more pre-
cisely:

Theorem 6.7. Let k be a field of characteristic 0. Let G and G’ be connected split
reductive algebraic groups over k, and let T C G and T' C G’ be mazimal tori,
satisfying the hypotheses (i)—(iii) below.
(i) Suppose ¢ : Irr(G) = Iy, (G) is a bijection of sets; it induces an isomor-
phism. of abelian groups ¢ : K(G) = K(G) which makes the diagram

[Re-

K@)  —— K@) .
J J commute.

It (G') —— T (G)

Re

(ii) Suppose fr:T =T s an isomorphism of tori; it induces an isomorphism
of the group of characters X(fr) : Xi(T") =, Xi(T) and an isomorphism
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of rings K(fr) : K(T") =N K(T) which make the diagram

K(LT)
K(T') —— K(T)
J J commute.
X(fr)

Xp(T") —— Xi(T)
(i) Finally, suppose that the diagram
K(IJT)
K(T') —— K(T)
che J J che commautes.
K(G) —— K(G)

Then the following conclusions hold:

IRe

(1) There exists an isomorphism of algebraic groups [ : G =, @' such that:
(a) f extends the isomorphism fr of maximal tori given in (i), i.e., the

diagram
i
T — T
ml ml commutes; and
£
G — G

(b) the bijection of sets
Trrg(f)  Trg(GY) 25 Trrg(G)  given by f v pl o f
is equal to the bijection of sets
¢ Irrg (GY) =N Irr (G) given in (i).

2) If f': G =, @' is another isomorphism of algebraic groups having the same
properties as [ in ([{a) and (D) above, then there exists a k-rational point
t € T(k) of T such that

I = f o (conjugation by t).

This result is intuitively clear, despite its lengthy statement. It seems to be also
well known to the experts in algebraic groups, although I have not been able to
locate a satisfactory reference in the published literature. The prudent reader can
refer to [Chin03a|, Th. 1.4 for a detailed proof.

To proceed, let us assume for the moment the validity of the following:

Theorem 6.8. Given the constructions ([B3) above, for each A € |F|xp, there
exists a unique bijection

E31) ¢ Irrp, (Goypy) = Irrp, (Gry) of sets,
such that the diagram

K(L)J
K(TO/Fx) — K(TFA)
632) choo, J . J chap, commutes.
K(GO/FA) — K(GF/\)

Now if we combine (627) with (63]), we obtain the following strengthened version
of our main result () (i):
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Corollary 6.9. Given the constructions (6.0) above, for each N\ € |F|xp, there
erists an isomorphism

fr:Gr, =N Go/r, of connected split reductive groups over Fj,
extending the canonical isomorphism (cf. (6.5.7))
friTr, =N To/r, of split F-tori,
and inducing the bijection (B3I given by ([G.8). Moreover, if
L Gp 5 Go/r, is another isomorphism
with the same properties as fx above, then there exists t € T, (F)\) such that
13 = fx o (conjugation by t).
We postpone the discussion of (C4)(ii) to [@I3); for now, let us focus on the

proof of ([E).

6.10. Let A € |F|p be a given place of F' not lying over p. A bijection (G:8)) which
makes commute is necessarily unique, as one sees from the fact that the two
sides of (BE8I) are the canonical basis sets for the bottom two terms of ([ER2).
Hence it suffices for us to show the existence of (ERI]) making (ER?) commute.

From the constructions in (GH) (especially (E22.9))), we obtain the following com-
mutative diagram:

I
Tk, - To —  Top, TF,
n n b n
1 1 1 1
GF, — Go —  Go/r, Gr,
1 1 ! !
Spec(F,) — Spec(F) <« Spec(Fy) = Spec(Fi)

in which the left four squares are cartesian. Thanks to the fact that the tori and
the connected reductive groups appearing above are all split, the functors of scalar
extensions (from F' to Fy and from F to F), respectively) yield isomorphisms of
character groups:

Xp, (Tr,) < Xp(To) = Xp, (To/r,)

and bijections of sets of irreducible representations:
Irrp, (GFH) = Irrp (Go) zZ, IrrFA(GO/FA),

and these induce the following commutative diagram of Grothendieck rings:

N K(fy)

K(Tr,) «— K(Tp) K(To/p,) —— K(Tr,)

ChGFH J ChGO J ChGO/FA J J ChGF}\

K(Gr,) < K(Go) K(Go/r,) K(Gr,)

We use the top row of isomorphisms to identify K(TF,) with K(Tr,). It follows
that to prove (G.8)), it suffices for us to construct a map

(6101) O: IrrFH(GFM) — Irrp, (GRy)

| ®

| e
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which is bijective, and which makes the diagram
K(TF/A,) = K(TFA)

EI10.2) chap, J J cha commute.
K(Gr) = K(Gr)

Reformulating (G.8) in this way, we see that the two places A, u of the number field
F play symmetric roles. In particular, we see that it suffices to construct some map
© in (EI0T) which makes the diagram (EI02) commute; it will automatically be
bijective, for if we reverse the roles of A and p, we would obtain a map ©’ in the
direction opposite to © in (IO, and the commutativity of the diagram (GI0[2)
(and the analogous one for ©’) would show that © and ©’ are inverses of each other.

6.11. Constructions. Recall from (G54) and (E535) that G, is the arithmetic
monodromy group of the lisse Fi-sheaf F\ = L) ®g, F.

6.11.1. The monodromy representation [Fy] of F factorizes as a composite homo-
morphism

[‘7:)\] : Wl(Xa 7_7) = GFx L2 GL(‘T:)\F])v
where we let wy denote the continuous homomorphism from 7 (X, 7) into G, with
a Zariski dense image, and p) is the faithful tautological F)-rational representation

of G, (cf. (65H)).

6.11.2. From (6.5.6), we see that the maximal torus Tr, of G, is the Zariski
closure of the subgroup of G, generated by wy(Frob,)%, where z € |X]| is the
point chosen in (G5.]). The group of characters X(Tr,) of Tk, is canonically
isomorphic to the subgroup ¥ C F'* generated by the eigenvalues of Frob, acting
on Fy; (cf. (6.1)). The Grothendieck ring K(T'r,) of T, is therefore canonically
isomorphic to the group ring of ¥ over Z.

6.11.3. Let 7 : Gp, — GLy be an F)-rational representation of Gr,. We may
pull it back via wy to obtain a continuous F)-representation of 71 (X, 77), and hence
a lisse F-sheaf on X, which we will denote by Fx (7).

The restriction of 7 to the maximal torus Tr, decomposes as a direct sum of
characters of T, and this decomposition is encoded by the element chg,. () of
K(TF,). Identifying X(Tr,) with the group ¥ as in (GIL2), we see that the char-
acters of T, appearing in this decomposition are given by the eigenvalues of Frob,
acting on the lisse sheaf F(7); in other words, the element chg, (7) € K(TF,) is
determined by the “inverse” characteristic polynomial det(1 — T Frob,, Fx(7)) of
Frob, acting on Fyx(7).

6.11.4. If 7 is absolutely irreducible, then so is the lisse F-sheaf F, (7); this follows
from the fact that the monodromy representation of F(7) is the composite of the
continuous homomorphism wy (which has a Zariski dense image), followed by the
representation 7 of G, .

6.11.5. The above discussion holds just as well when A is replaced by u, and we
shall employ the analogous notation for the objects constructed. Note that by our
hypotheses, Fy and F,, are F-compatible with each other; likewise their duals F. 5\
and F,," are also F-compatible with each other.

The existence of the map © in ([EI0I]) which makes the diagram (GIU2) com-
mute is a consequence of the following:
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Theorem 6.12. Given the constructions (63) and (6II) above, for every irre-
ducible F),-rational representation 0, € Irrp,(Gr,) of Gr,, there exists an irre-
ducible Fy-rational representation 0y € Irrp, (Gr,) of GF, such that the F,-sheaf
Fu(0,) and the Fx-sheaf Fx(6x) are F-compatible. Moreover, one has

ChGp,‘, 0,) = chGFA (0x) equality in K(Tr,) = K(TF, ).

Proof. We first work in the “u-world”. Recall that the group Gr, is given
with the faithful tautological F),-rational representation p,. Let 6, € Irrg, (GF,)
be an irreducible F),-rational representation of Gr,. By a general result in rep-
resentation theory (cf. [DG70], Chap. II, §2, Prop. 2.9), there exist non-negative
integers a,b € Zx>o such that 6, occurs with positive multiplicity in the tensor

power representation p,®* ® puv®b. Consider the isotypic decomposition

Ra v &b ~ dn(T,
Pu R pu =~ @ Ty ( u)7
Tu€lrrr, (Gr,)

where n(7,) is the multiplicity (almost all of which are zero) of 7, in p,%*® puv®b.

The isotypic decomposition of the lisse F),-sheaf .7-'”®a ® ]_-Hv®b is then given by
6IA1) FEoFRY 2 P Fuln)®w.

T‘LEIrrF“ (GFu)

Since both F,, and ]_-Hv are plain of characteristic p, so is ‘7_—-“®a ®]_-Hv®b. Hence, for
each of the finitely many 7, € Irrp, (GF,) with n(7,) > 0, the lisse F,-sheaf F,(7,,)
is also plain of characteristic p. Moreover, because 7, is absolutely irreducible, so
is F,(1u). Therefore each of these F,(7,) satisfies the hypotheses of (ZG).

We now “pass from p to A”. Applying ([6]), we see that there is a finite extension
F' of F and a place X of F’ lying over the given place A of F' such that for each
Ty € Irrp, (GF,) with n(7,) > 0, there is an absolutely irreducible lisse Fy-sheaf
H'(7,) on X which is F-compatible with the lisse F),-sheaf F,(7,). We can thus
form the lisse F-sheaf

©I122) H:i= & HE)o

Tu EIrrFu (GF“ )
(note that the indexing set is still Irr, (G5, )). Comparing this with (EI200), we see

that H’ is F-compatible with the lisse F),-sheaf F,,** ® fu\/@b. As F, (vesp. F,")
is F-compatible with Fy (resp. Fy"), the lisse Fj-sheaf H’ is also F-compatible
with the lisse F)-sheaf F,%% @ .7-",\v®b. By Cebotarev’s density theorem and the
trace comparison theorem of Bourbaki (cf. [Bou58], §12, no. 1, Prop. 3), it follows
that H’ is isomorphic to the F§-scalar extension of the lisse F-sheaf F)\®e ®.7-',\V®b.

From this observation, we infer that the monodromy representation of the lisse
F-sheaf H' factors through the group (GF,),r; obtained from the group G,
by scalar extension to Fj. Consequently, each of the absolutely irreducible di-
rect summands H'(7,) of H' appearing in ([GI2[2) is a lisse F}-sheaf whose mon-
odromy representation also factors through the group (G, ), Fy- In other words,
for each 7, € Irrp, (GF,) with n(7,) > 0, there is an F}-rational representation 73
of (GF,),ry such that the monodromy representation of H'(7,) factorizes as

(W/\)/F/

[ (7,0)] - 71 (X, 7) —25 (G g, 2 GL(H (7)),
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The representation 73 of (GF,), F{ s necessarily irreducible, since this is so for
(7).

Now it remains for us to descend from F} to Fy. Since the group G, is a split
group over Fj, the representation 73 is defined over F: there exists an irreducible
F-rational representation 7 of G, whose scalar extension to F} is 75. Precompos-
ing 7» with wy yields the continuous Fy-representation 7y ow)y of 71 (X, ), which is
none other than the monodromy representation of the lisse F-sheaf F (7)), as con-
structed in (@IT3). Since the F}-scalar extension of Fy(7y) is H'(7,), we conclude
that Fy(7x) is F-compatible with F, (7).

In summary, to each 7, € Irrp, (GF,) with n(r,) > 0, we have constructed
a corresponding 7 € Irrp, (GF, ) such that Fy(7x) is F-compatible with F, (7).
Since a and b are chosen so that n(f,) > 0, we may specialize to the case of
7, = 6, and that proves the first assertion of the theorem. The second assertion
follows from the first and the remarks in (GIT3) and (GIT4). This completes the
proof of (6:12), and the proof of theorem (6.8]) as well. O

6.13. Proof of (1.4)(ii). Fix A € |F|, and use the isomorphism fy given in (6.9)
to identify the groups G'r, and Go/p,. We want to show that under this identifica-
tion, the tautological representation py of G, is isomorphic to o9 ® p F, where o
is the F-rational representation of Gy constructed in (6.5.10). It suffices to show
that the characters chg,, (px) and chg, /ey (00 ®F F») are mapped to each other
under the isomorphism

K(fr) : K(Tr,) = K(To,ry)-

From the construction of oy in (G5I0) and the argument in (6I0), we see that
this is the same as showing the equality of che,, (pa) and cha,, (pu) as elements of
K(Tr,) = K(TF,). In view of (EI1.3)), this amounts to showing the equality

det(1 — T'Frob,, Fx) = det(1 — T Frobg, F,),
but that follows from the fact that Fy and F,, are F'-compatible. (]

REFERENCES

[Ber75] P. Berthelot, Slopes of Frobenius in crystalline cohomology, Algebraic geometry (Proc.
Sympos. Pure Math., Vol. 29, Humboldt State Univ., Arcata, Calif., 1974), Amer.
Math. Soc., Providence, RI, 1975, pp. 315-328. MR 52:3167

[Bou58]  N. Bourbaki, Eléments de mathématique. 23. Premiére partie: Les structures fonda-
mentales de l'analyse. Livre I1I: Algébre. Chapitre 8: Modules et anneauzx semi-simples,
Actualités Sci. Ind. no. 1261, Hermann, Paris, 1958. MR 20:4576

[Chin03a] C. Chin, Determining a connected split reductive group from its irreducible represen-
tations, math.RT/0211182, 2003.

, Independence of £ in Lafforgue’s theorem, Adv. Math. 180 (2003), no. 1,
64-86, math.AG/0206001.

[Del74a] P. Deligne, La conjecture de Weil. I, Inst. Hautes Etudes Sci. Publ. Math. (1974),
no. 43, 273-307. MR 49:5013

[Chin03b)

[Del74b] , Théorie de Hodge. III, Inst. Hautes Etudes Sci. Publ. Math. (1974), no. 44,
5-77. MR 58:16653b
[Del80] , La conjecture de Weil. II, Inst. Hautes Etudes Sci. Publ. Math. (1980), no. 52,

137-252. MR 83c:14017

[DG70] M. Demazure and P. Gabriel, Groupes algébriques. Tome I: Géométrie algébrique,
généralités, groupes commutatifs, Masson & Cie, Editeur, Paris, 1970, avec un appen-
dice Corps de classes local par M. Hazewinkel. MR [46:1800

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=52:3167
http://www.ams.org/mathscinet-getitem?mr=20:4576
http://www.ams.org/mathscinet-getitem?mr=49:5013
http://www.ams.org/mathscinet-getitem?mr=58:16653b
http://www.ams.org/mathscinet-getitem?mr=83c:14017
http://www.ams.org/mathscinet-getitem?mr=46:1800

[dJ96]
[Katz99)]
[KM74]
[Laf02]
[LP90]
[LP92]
[LP95]
[Ser65]

[Ser00]

INDEPENDENCE OF ¢ OF MONODROMY GROUPS 747

A. J. de Jong, Smoothness, semi-stability and alterations, Inst. Hautes Etudes Sci.
Publ. Math. (1996), no. 83, 51-93. MR [98e:14011

N. M. Katz, Space filling curves over finite fields, Math. Res. Lett. 6 (1999), no. 5-6,
613-624, corrections in: 8 (2001), no. 5-6, 689-691. MR [2001e:11067

and W. Messing, Some consequences of the Riemann hypothesis for varieties
over finite fields, Invent. Math. 23 (1974), 73-77. MR [48:11117

L. Lafforgue, Chtoucas de Drinfeld et correspondance de Langlands, Invent. Math. 147
(2002), no. 1, 1-241. MR [2002m:11039

M. Larsen and R. Pink, Determining representations from invariant dimensions, In-
vent. Math. 102 (1990), no. 2, 377-398. MR [92c:22026

, On £-independence of algebraic monodromy groups in compatible systems of
representations, Invent. Math. 107 (1992), no. 3, 603-636. MR [93h:22031

, Abelian varieties, £-adic representations, and £-independence, Math. Ann. 302
(1995), no. 3, 561-579. MR [97e:14057

J.-P. Serre, Zeta and L functions, Arithmetical Algebraic Geometry (Proc. Conf. Pur-
due Univ., 1963), Harper & Row, New York, 1965, pp. 82-92. MR [33:2606

, Lettres a Ken Ribet du 1/1/1981 et du 29/1/1981, (Buvres. Collected papers.
IV, Springer-Verlag, Berlin, 2000, 1985-1998, pp. viii+657. MR [2001e:01037

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY, CALIFORNIA 94720
E-mail address: cheewhye@math.berkeley.edu
Current address: The Broad Institute — MIT, 320 Charles Street, Cambridge, Massachusetts

02141

E-mail address: cheewhye@mit.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=98e:14011
http://www.ams.org/mathscinet-getitem?mr=2001e:11067
http://www.ams.org/mathscinet-getitem?mr=48:11117
http://www.ams.org/mathscinet-getitem?mr=2002m:11039
http://www.ams.org/mathscinet-getitem?mr=92c:22026
http://www.ams.org/mathscinet-getitem?mr=93h:22031
http://www.ams.org/mathscinet-getitem?mr=97e:14057
http://www.ams.org/mathscinet-getitem?mr=33:2606
http://www.ams.org/mathscinet-getitem?mr=2001e:01037

	1. Introduction
	2. Definitions and notation
	2.1. 
	2.2. 
	2.3. 
	2.4. 

	3. Boundedness of denominator
	4. Compatible systems of Lisse sheaves
	4.2. 

	5. Frobenius tori
	5.1. 
	5.2. 
	5.3. 
	5.4. 
	5.6. 

	6. Independence of 
	6.1. Hypotheses
	6.3. Notation
	6.5. Constructions
	6.6. Notation
	6.10. 
	6.11. Constructions
	6.13. Proof of (??)(ii)

	References

