JOURNAL OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 18, Number 1, Pages 1-60

S 0894-0347(04)00472-2

Article electronically published on November 3, 2004

POLYLOGARITHMS, REGULATORS,
AND ARAKELOV MOTIVIC COMPLEXES

A. B. GONCHAROV

CONTENTS

Introduction

Arakelov motivic complexes

The Chow polylogarithms

The Grassmannian polylogarithms

Grassmannian polylogarithms, symmetric spaces

and Borel regulators

6. The Chow dilogarithm and a reciprocity law

7. Appendix: On volumes of simplices in symmetric spaces
Acknowledgement

References

U W=

BEEEEE ERam=

1. INTRODUCTION

Summary. We construct an explicit regulator map from the weight n Bloch
higher Chow group complex to the weight n Deligne complex of a regular projective
complex algebraic variety X. We define the weight n Arakelov motivic complex as
the cone of this map shifted by one. Its last cohomology group is (a version of) the
Arakelov Chow group defined by H. Gillet and C. Soulé.

We relate the Grassmannian n-logarithms to the geometry of the symmetric
space SL,(C)/SU(n). For n = 2 we recover Lobachevsky’s formula expressing the
volume of an ideal geodesic simplex in the hyperbolic space via the dilogarithm.
Using the relationship with symmetric spaces we construct the Borel regulator on
Ks,,—1(C) via the Grassmannian n-logarithms.

We study the Chow dilogarithm and prove a reciprocity law which strengthens
Suslin’s reciprocity law for Milnor’s group K31 on curves.

Our note, “Chow polylogarithms and regulators” |[G5], can serve as an introduc-
tion to this paper.

1. Beilinson’s conjectures on special values of L-functions. Let X be a
regular scheme. A. A. Beilinson [BI] defined the rational motivic cohomology of X
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2 A. B. GONCHAROV

via Quillen’s algebraic K-theory of X by the following formula:

1) Hjy(X,Q(n) = K5, (X)o
where the term on the right is the weight n eigenspace for the Adams operations

acting on Ko, _;(X) ® Q. For a regular complex algebraic variety X, Beilinson
defined the regulator map to the weight n Deligne cohomology of X (C):

rp : Hy(X,Q(n)) — Hp(X(C),R(n)).
Let X be a regular projective scheme over Q. Then there is a Q-vector subspace

called the integral part in the motivic cohomology; see [Sch|. Let L(h*(X),s) be the
L-function related to its i-dimensional cohomology. Beilinson conjectured that for
any integer n > 1+ ¢/2 its special value at s = n is described, up to a nonzero
rational factor, by the regulator map to the weight n real Deligne cohomology of
X:

rp : Hy (X, Q(n)) — Hp'' (X ©o Ry, R(n));

see [B1], [RSS] or [N] for details.

This conjecture is fully established only when X = Spec(F') where F' is a number
field. In this case the regulator map rp coincides, up to a nonzero rational factor,
with the Borel regulator ([B1])), and the relation with special values of the Dedekind
zeta-function of F' was given by the Borel theorem [Bo2].

Although Beilinson’s conjectures are far from being proved, it is interesting to see
what kind of information concerning the special values of L-functions they suggest.
So we come to the problem of explicit calculation of Beilinson’s regulator. This
problem is already very interesting for the Borel regulator.

2. Regulator maps on motivic complexes and Arakelov motivic co-
homology. Beilinson [B2] and S. Lichtenbaum [Li] conjectured that the weight
n integral motivic cohomology of X should appear as the cohomology of certain
natural complexes of abelian groups I'(X; n), called the weight n motivic complexes:

Hi (X, Z(n) == H'(T(X;n)).

These complexes should calculate the hypercohomology of certain complexes of
Zariski sheaves. The complexes I'(X;n) are well-defined as objects of the derived
category.

The first motivic complexes satisfying Beilinson’s formula ([II) were Bloch’s higher
Chow group complexes Z°(X;n) [Bll]. Later on A.A. Suslin and V.A. Voevodsky
defined several important versions of these complexes. For another candidate for
motivic complexes, called the polylogarithmic motivic complexes, see [G1], [G2].
They are very explicit and the smallest among possible candidates; however, Beilin-
son’s formula () is far from being established for them.

The real Deligne cohomology arises also as the cohomology of certain complexes.
It was suggested in [G5] and [G7] that the regulator map should be explicitly defined
on the level of complexes.

Let X be a regular projective variety over C. In Section 2 we construct a homo-
morphism of complexes:

(3) Bloch’s weight n higher Chow group complex Z*(X;n) of X —
the weight n real Deligne complex C} (X (C);n) of X.
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POLYLOGARITHMS, REGULATORS, ARAKELOV MOTIVIC COMPLEXES 3

This construction is a version of the one given in [G5]. The complex C%(X(C);n)
is the truncation 7<g, of the complex proposed by Deligne [Del|l. The weight n
Arakelov motivic complex I'% (X;n) is defined as the cone of the map (3], shifted
by —1:

(4) I%(Xs5n) i= Cone( 2*(X;n) B e (x(c): m)[-1].

For a regular projective variety X over R, the image of map (@) lies in the subcom-
plex

Ch(X i) = CH(X (C);n)T™=

where F, is the de Rham involution provided by the action of complex conjugation.
The weight n real Arakelov motivic complex is defined as

(5) IY(X/p;n) = Cone(Z'(X;n) @ Ch (X /r; n)) [—1].

Let X be a regular projective variety X over a number field F'. We view X over
Q: X — Spec(F) — Spec(Q) and set

(6) Iy (X, pin) = Cone(Z'(X;n) — CH(X ®q R/R;n))[—l].

The weight n Arakelov motivic cohomology is the cohomology of this complex. Our
construction works equally well for the Suslin-Voevodsky versions of the motivic
complexes.

Taking the cohomology we get a construction of the regulator map on motivic
cohomology. For a different construction, see [BI3].

The regulator map on the polylogarithmic motivic complexes was defined in
[G7] explicitly via the classical polylogarithms. The Arakelov motivic complexes
constructed using regulator maps on different motivic complexes are supposed to
lead to the same object of the derived category. However, a precise relationship
between the construction given in [G7] and the one in Section 2 is not clear.

Higher Arakelov Chow groups. The last group of the complex C3,(X(C);n) con-
sists of closed distributions of a certain type on X (C). Replacing it by the quo-
tient modulo smooth closed forms of the same type we get the quotient complex
C3(X(C);n). Changing C to C in (@) we define the weight n higher Arakelov Chow
group complex. Its last cohomology group is isomorphic to the Arakelov Chow
group C/'ﬁn(X((C)) as defined by Gillet and Soulé [GS], [S].

Problems. (a) Show that taking cohomology of the map (@) and using the
isomorphism between the rational Bloch’s higher Chow groups of X and the corre-
sponding part of the rational K-theory of X ([Bl2], [Lev|) we get a nonzero rational
multiple of Beilinson’s regulator map.

(b) Generalize the arithmetic Riemann-Roch theorem proved by Gillet and Soulé
to the case of higher Arakelov Chow groups.

Remark. The weight n Arakelov motivic complex should be considered as an in-
gredient of a definition of the weight n arithmetic motivic complex. The latter is
related to the regulator maps on H3, , (X, Q(n)), while the former is related to the
ones on H3,(X,Q(n)). Ideally one should have for every place p of Q a map from
the left-hand side of (@) to a certain complex, which for the Archimedean place
should be given by our map. Then one should take the shifted by —1 cone of the
sum of these maps.
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4 A. B. GONCHAROV

3. The Chow n-logarithm function. Let us describe the regulator map (3]
in the simplest case when X = Spec(C) is a point.

Let us choose in P™ homogeneous coordinates (2o : ... : z,). The union of the
coordinate hyperplanes is a simplex L. Let A™ be the complement to the hyperplane
21+ ... + 2m = 20 in P™. The abelian group Z,,(Spec(C);n) is freely generated by
the codimension n irreducible algebraic cycles in A" intersecting properly the faces
of the simplex L. The intersection with codimension one faces L; of L provides
homomorphisms

m
0; : Zm(Spec(C);n) — Z,,_1(Spec(C);n); 0 := Z(—l)jﬁj.
j=0
The weight n higher Chow group complex over Spec(C), where n > 0, written as a
homological complex, looks as follows:

2 Z5(Spec(C);n) 9,z (Spec(C);n) N Zo(Spec(C);n).

The Deligne complex of a point is the complex (27i)"R — C, where C is in the
degree +1. So it is quasi-isomorphic to the group R(n — 1) := (2mi)" 'R placed in
degree +1. The regulator map (3]) boils down to a construction of a homomorphism

Zan—1(Spec(C);n) P, R(n —1), such that P, 00 =0.

It is provided by a function P, on the space of codimension n cycles in CP?"~!
intersecting properly the faces of a simplex L. This function, called the Chow n-
logarithm function, was constructed in [G5]. To recall its construction, observe that
a codimension n cycle given by an irreducible subvariety X in P2~ — L provides
the (n—1)-dimensional variety X with 2n—1 rational functions f1, ..., fon—1. These
functions are obtained by restriction of the coordinate functions z;/zy to the cycle
X. We define a natural (2n — 2)-form ro,—2(f1, ..., fon—1) on X(C) and set

(7) Pu(X: frs oo fonr) = (2m) " /X T2 )

4. An example: the Chow dilogarithm. Let fi, fo, f3 be three arbitrary
rational functions on a complex curve X. Set

1 1
ra(fu, for fo) = Alta (5 log | fildlog | fo] A dlog | fo] — 5 log |fildarg f2 A davg fs)

where Alts is the alternation of fi, fa2, f3. Consider the space of quadruples (X fi,
f2, f3). Tt is a union of finite-dimensional algebraic varieties. The Chow dilogarithm
is a real function on its complex points defined by the formula

1
Po(X5 1, f2, f3) = 5 r2(f1, f2, f3)-
YY) X(C)
The integral converges. The Chow dilogarithm provides a homomorphism
(8) NCX) =R, fiAfa A fs— Pa(X: f1, fo, fa)-

Why does the dilogarithm appear in the name of the function P>? Recall the
classical dilogarithm

Lis(z) := —/ log(1 — z)dlog z.
0
It has a single-valued cousin, the Bloch-Wigner function:

Lo(z) :=ImLis(2) + arg(1l — z) log|z|.
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POLYLOGARITHMS, REGULATORS, ARAKELOV MOTIVIC COMPLEXES 5

The Chow dilogarithm is defined by a two-dimensional integral over X (C), while
Lo(z) is given by an integral over a path in CP!. In Section 6 we show that
nevertheless the Chow dilogarithm can be expressed by the function £5(z). Here
is how it works when X = CP!. For f € C(X) let v,(f) be the order of zero of f
at x € X(C). Choose a point co on P'. Then

(9) ’PQ((CEDl;flaf%f?)) = Z Vzy (fl)vzz(fZ)vﬂm(f?))'CQ(r(xlvanx?wOO))

x; €PL ((C)

where 7(...) denotes the cross-ratio of four points on P'. A formula for the Chow
dilogarithm on elliptic curves is given in Section 6.
The function Lo satisfies Abel’s five term functional equation:

5

(10) Z(_l)zEQ(T(xla7£w7x5)) =0.

i=1

The Chow dilogarithm also satisfies functional equations. They appear as a refor-
mulation of the fact that the composition

Z4(Spec(C); 2) %> Z3(Spec(C); 2) T2 R(1)

is zero. Namely, let Y be an algebraic surface with four rational functions g, ..., g4
on it corresponding to an element of Z4(Spec(C);2). To evaluate the composition
on this element we do the following. Take the divisor div(g;) and restrict the other
functions g; to it. Then applying the Chow dilogarithm to the obtained data and
taking the alternating sum over 1 < i < 4 we get zero. In the special case when
Y = CP? and divg; = (I;) — (I5), where [y, ...,I5 are five lines in the plane, this
functional equation plus () is equivalent to Abel’s equation (I0]).

5. The Grassmannian n-logarithm and symmetric space SL,(C)/SU(n).
Restricting the Chow n-logarithm function to the subvariety of (n — 1)-planes in
CP?"~! in general position with respect to the simplex L we get the Grassmannian
n-logarithm function £§.

Let G be a group and X a G-set. Configurations of n points in X are by definition
the points of the quotient X™/G. There is a natural bijection

{(n — 1)-planes in P*"~! in generic position

with respect to a simplex L}/(G},)*" !

< —=> {Conﬁgurations of 2n generic hyperplanes in P”_l}

given by intersecting an (n — 1)-plane h with the codimension one faces of L. (See

Figure ).
v, e

F1GURE 1. Toric quotients of Grassmannians and configurations of hyperplanes
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6 A. B. GONCHAROV

Using this bijection we can view £& as a function on the configurations of 2n
hyperplanes in CP"~'. Applying the projective duality we can consider it as a
function on configurations of 2n points in CP"~*.

In fact, one can define the Grassmannian n-logarithm £& (21, ..., 72,) as a func-
tion on configurations of arbitrary 2n points in CP"~!; see Section 4. It is a mea-
surable function which is real analytic on generic configurations. It satisfies the two
functional equations

2n 2n
(11) Z(_l)zﬁg(xm“'?@\ia"'755271) :0’ Z(_l)j’cg(yjh/m"'7§ja"'7y2n) =0.
i=0 §=0
In the second formula (yo, ..., y2,) is a configuration of 2n + 1 points in CP™ and
(Y;|Y0s -+ Ujy -+ Y20 is a configuration of 2n points in CP"~! obtained by projection
from y;. (See Figure[2)

Y1

Yy
FIGURE 2. The configuration (y1|y2,¥3, ¥4, y5) on P!

It follows from (@) that the Grassmannian dilogarithm is given by the Bloch-
Wigner function:

(12) L5 (21, 00y 24) = La(r(21, ..., 24)).

Abel’s five term equation coincides with (d]). (The two functional equations (I1])
are equivalent when n = 2.)

Lobachevsky discovered that the dilogarithm appears in the computation of
volumes of geodesic simplices in the three-dimensional hyperbolic space Hs. Let
I(z1,..., 24) be the ideal geodesic simplex with vertices at the points z1,...,24 on
the absolute of Hsz. (See Figure Bl) The absolute is naturally identified with CP!.
Lobachevsky’s formula relates its volume to the Bloch-Wigner function:

vol(](zl, ...,34)) = Lo(r(21, 0y 22)).

The volume function voll(z1, ..., z4) is invariant under the group SLy(C) of isome-
tries of Hs. So it depends only on the cross-ratio of the points 21, ..., z4. It satisfies
the five term equation (I0). Indeed, > (—1)*I(z1,...,%i,...,z5) = (. By Bloch’s
theorem [BI2] any measurable function f(z) on C satisfying the five term equation
is proportional to L2(z). So we get the formula up to a constant.

We generalize this picture as follows. CP"~! is realized as the smallest bound-
ary stratum of the symmetric space H,, := SL,(C)/SU(n). We define a function
Un (21, ..., T2y ) on configurations of 2n points of the symmetric space. The function
¥, is defined by an integral over CP"~! similar to (. We show that it can be
naturally extended to a function 1, on configurations of 2n points in a compactifi-
cation Hl, of the symmetric space. The Grassmannian n-logarithm function turns
out to be the value of the function En on configurations of 2n points at the smallest
boundary strata, which is identified with CP"~!.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



POLYLOGARITHMS, REGULATORS, ARAKELOV MOTIVIC COMPLEXES 7

23
% ‘\/' z,
2
FIGURE 3. An ideal simplex in the hyperbolic 3-space

Now let n = 2. Then SLy(C)/SU(2) is identified with the hyperbolic 3-space.
We prove in Section 7 that ¥a(z1, 2, 3,24) is the volume of the geodesic simplex
with vertices at the points x1, ..., z4. Restricting to the ideal geodesic simplices and
using the relation to the Grassmannian dilogarithm plus (IZ) we get a new proof
of Lobachevsky’s formula.

6. The Grassmannian n-logarithms and the Borel regulator. For any
point € CP*~! the function

(13) anfl(gla“ngn) = ‘Cg(glx?“-aanx)

is a measurable (2n — 1)-cocycle of the Lie group GL,(C). Indeed, it is invari-
ant under the diagonal action of GL,(C), and the cocycle condition is just the
first functional equation for the function £&. Different points = give canonically
cohomologous cocycles. However, a priori it is not clear that the corresponding
cohomology class is non-zero.

Let H2""Y(GL,(C),R) be the space of measurable cohomology of the Lie group
GL,(C). It is known that

H; (GLn(C),R) = Ag (b1, b3, ..., ban—1)

where bax_1 € H2*~1(GL,(C),R) are certain canonical generators called the Borel
classes ([Boll).

Theorem 1.1. The cohomology class of the Grassmannian cocycle (13)) is a nonzero
rational multiple of the Borel class bap_1.

For normalization of the Borel classes and the precise relationship between the
Grassmannian polylogarithms and the Borel regulator, see Section 5, especially
Subsections 4 and 5.

The essential role in the proof is played by the fact that the Grassmannian
n-logarithm function £& is a boundary value of the function t,,. The function
), (21, ..., T2,) is not continuous at certain boundary points, but always satisfies
the cocycle condition. So taking any point = € H,, we get a cocycle

Cz(gla "'7927171) = 1/%(91% ceey anx)
of the group GL,(C). Its cohomology class does not depend on z. If € H,, the
corresponding cocycle is smooth. We can differentiate it, getting a cohomology class
of the Lie algebra gl,,, and relate it to the Borel class. On the other hand, taking x
to be a point on the boundary stratum CP"~! we recover the Grassmannian cocycle
([I3). So we get the theorem.
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8 A. B. GONCHAROV

Combining it with the technique developed in [G1], [G2], we get a simple explicit
construction of the Borel regulator

Kgnfl((C) — R

in terms of the Grassmannian n-logarithms. The second functional equation for
L% plays an important role in the proof. Therefore, thanks to the Borel theorem
[Bo2], this allows us to express the special values of Dedekind (-functions at s = n
via the Grassmannian n-logarithms.

The definition of the higher Chow groups of a variety X is much simpler than
the definition of algebraic K-groups of X. The situation with the regulator maps is
similar. However, relating the special values of the Dedekind {-functions to motivic
cohomology of the corresponding number fields, we need to work with the algebraic
K-theory (or homology of GL,(F)) of number fields.

Section 2 is the main core of the paper. In Sections 3, 4 and 6 the main con-
struction of Section 2 is investigated from different points of view. Sections 4 and
5 are rather independent from the other sections.

2. ARAKELOV MOTIVIC COMPLEXES

1. The higher Chow group complex. A (nondegenerate) simplex in P™ is
an ordered collection of hyperplanes L, ..., Ly, in generic position, i.e., with empty
intersection. Let us choose in P™ a simplex L and a generic hyperplane H. We
might think about this data as of a simplex in the m-dimensional affine space
A™ =P — H. For any two nondegenerate simplices in A" there is a unique affine
transformation sending one simplex to the other.

Let I = (i1,...,%%) and Ly := L;; N...NL;, . Let X be a regular projective variety
over a field F. Let Z,,(X;n) be the free abelian group generated by irreducible
codimension n algebraic subvarieties in X x A™ which intersect properly (i.e., with
the right codimension) all faces X x Lj.

Warning. We use the notation Z,,(X;n) for the group denoted Z"(X;m) by
Bloch. This allows us to use upper and lower indices to distinguish between the
homological and cohomological notation; see below.

For a given codimension 1 face L; of a simplex L in A™ the other faces L; cut a
simplex Ez :={L;,NL;}in L;. So the intersection with codimension 1 faces X x L;
provides group homomorphisms

m
0t Zm(Xsn) — Zma(Xin);  0:=) (=1)'0;.

=0

Then 02 = 0, so (Z,(X;n); ) is a homological complex. Its homology groups are
Bloch’s higher Chow groups. By the fundamental theorem of Bloch ([Bl1], [BI2],
[Lev])

Hi(Z4(X;n) © Q) = K™ (X)q.
Let us cook up a cohomological complex by setting
Z%(X;n) = Zop_e(X;n).
Its cohomology provides a definition of the integral motivic cohomology of X:

Hi(X,Z(n)) := H(Z*(X;n)).
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POLYLOGARITHMS, REGULATORS, ARAKELOV MOTIVIC COMPLEXES 9

Bloch’s theorem guarantees Beilinson’s formula () for the rational motivic coho-
mology.

2. The Beilinson—Deligne complex. Recall that an n-distribution, some-
times also called an n-form with generalized function coefficients or an n-current,
on a smooth oriented manifold X is a continuous linear functional on the space
of (dimg X — n)-forms with compact support. Denote by D% the space of all real
n-distributions on X. Let D% be the corresponding complex of sheaves on X (C).
The space A% of all smooth n-forms on X is a subspace of D%. The de Rham
complex of distributions (D%, d) is a resolution of the constant sheaf R.

Let X be a regular projective variety over C. The standard weight n Beilinson-
Deligne complex R®*(X;n)p is the total complex associated with the following bi-
complex of sheaves in the classical topology on X (C):

(14)
(Q& 4 o 4 . 4L pr 4 putt jﬁ_“)®Rm_n
T mn T 7
o oot %

Here R(n) := (274)"R and
T : D5 @ C — DY @ R(n — 1)

is the projection induced by the one C = R(n — 1) & R(n) — R(n — 1). Further,
D% placed in degree 1 and (Q%,0) is the de Rham complex of holomorphic forms.

The Beilinson-Deligne complex R*(X; n)p is quasi-isomorphic to the complex of
sheaves

R(n) — Ox — Q% — Q% — ... — Q%1

3. The truncated Deligne complex. Let D7 = DP-? be the abelian group
of complex-valued distributions of type (p,q) on X(C). Consider the following
cohomological “bicomplex”, where D" is the subspace of the space D™" of closed
currents, and D%0 is in degree 1:

D"
200 /

DO,nfl i) Dl,nfl i) i) anl,nfl

01 07 07

01 07 07

o1 RN pLl N RN pr—1,1

01 a1 a1

peo 2, pro 2, 2, pn-lo
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10 A. B. GONCHAROV

Properly speaking, it is not a bicomplex due to the presence of the operator 200,
but we can handle it the same way we handle the bicomplexes. Namely, we de-
fine its total complex Tot®. It is concentrated in degrees [1,2n]. The complex
CH(X(C);n) = CH(n) is a subcomplex of the complex Tot® defined as follows.
Take the intersection of the part of the complex T'ot® coming from the n X n square
in the diagram (and concentrated in degrees [1,2n — 1]) with the complex of dis-
tributions with values in R(n — 1). Consider the subgroup Dy’ (n) C Dyy" of the
R(n)-valued distributions of type (n,n). They form a subcomplex in Tot® because
00 sends R(n — 1)-valued distributions to R(n)-valued distributions. This is the
complex Cp(n). It is a truncation of the complex considered by Deligne ([Del]). Its
cohomology is isomorphic to the absolute Hodge cohomology defined by Beilinson
B3].

Let us replace the complex Q%® in (@) by its Dolbeault resolution. We get a
bicomplex of sheaves. Denote by R*(X;n)p the complex of global sections of the
total complex of this bicomplex.

Proposition 2.1. Let X be a reqular complex projective variety. Then the complex
C3(X;n) is quasi-isomorphic to the truncated complex T<2, R*(X;n)p.

Proof. We need the following general construction. Let f® : X®* — Y* be a
morphism of complexes such that the map f* is injective for i < p and surjective
for i > p (and hence is an isomorphism for i = p). Consider a complex

Z* .= Cokerf<P[—1] L, Ker f~?

where the differential D : CokerfP~! — KerfPT![1] is defined via the following
diagram (the vertical sequences are exact):

0 0
l l
0 0 KerfrPt! — Kerfr+?
! | ! !
Xp—2 SN xp-1 SN XP SN Xp+1 N XPp+2
! ! frl= ! !
yr—2 SN ypr—1 N YyP SN ypr+1 N yr+2
l l l l
CokerfP=2 — CokerfP—1! 0 0
l l
0 0

O

Lemma 2.2. The complex Z* is canonically quasi-isomorphic to Cone(X*® AR

ve).
Proof. Let
FopX® = L xpm2 O xee OX 1
FopY* = YP/Imdy 25 yrtl A yei2 A,
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POLYLOGARITHMS, REGULATORS, ARAKELOV MOTIVIC COMPLEXES 11

Then there is an exact sequence of complexes 0 — T, X®* — X®* — 75,X°* —
0. The conditions on the maps f® imply that

Tapf® 1 TepX® — T, Y'* s injective,
Tospf®: T>pY* — 75,Y* s surjective.
We get maps of complexes
Cone(T<pX*® — f*(T<pX?*)) < Cone(X* — Y*) 2, Cone(T>pY* — 75,Y°)
where « is injective and (3 is surjective. The complex Ker(3)/Im(«a) looks as follows:

0 — 0 —(f7) "Im(dy)/Im(dx)—Ker P —Ker fr+2

l ! ! l l

Coker fP~2—CokerfP~1— TIm(dy)/fPIm(dx) — 0 — 0

Since the map f? : Im(dy)/Im(dx) — Im(dy)/fPIm(dx) is an isomorphism it
is quasi-isomorphic to Z°®. The lemma is proved. O

R(n)—part of the
: Dolbeault complex:

n,n
2 mi c%

DIQ_—_l_(_J _______________ Dn—l,n—l

| R(n1)-part of the

Dolbeault complex;

FIGURE 4. The weight n real Deligne complex

Let us apply Lemma [2:2] to the morphism of complexes
Tot(D="™*) =% D* @r R(n — 1).

We claim that it implies that the complex R(n)p is canonically quasi-isomorphic to
the complex shown in Figure[dl To prove this it remains to compute the differential

Dy " Hn—1) — D"(n).
We proceed as follows. Take a € Dy~ "' (n — 1), s0 a = (=1)""'a@. Then
da = Oda+da = Jda+(-1)""10a = 2m,(0a).

Applying d = 0 + 0 again and taking the (n,n)-component we get 209(c). Trun-
cating this ci)mplex we obtain tlle proof of the proposition. (Note that d¢ :=
(4mi)~1(0 — ), so dd® = (2mi)~100.)
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12 A. B. GONCHAROV

Now if X is a variety over R, then we set
Ch(Xymin) = CH(Xim)™~5  Hp(X/miR(n) == H'(CH(Xim))

where F, is the de Rham involution, i.e., the composition of the involution F., on
X (C) induced by complex conjugation with the complex conjugation of coefficients.

Theorem—Construction 2.3. Let X be a regular complex projective variety. Then
there exists a canonical homomorphism of complexes

Pe(n): Z°(X;n) — Cp(X;n).
If X is defined over R, then the image of the map P*(n) lies in the subcomplex
CH(X/r;n).

To construct this homomorphism we need to define a certain homomorphism
rn—1 (JG5]). In the next subsection we recall its definition and establish its basic
properties. Using it we define an (m — 1)-form r,,,_1(L; H) canonically attached to
the pair (A™; L) = (P™ — H, L) and then define the homomorphism P*(n).

4. The homomorphism r,,_1. Let X be a variety over C. Let fi,..., fi, be
m rational functions on X. We attach to them the (m — 1)-form

(15) Tmfl(flv"'vfm) =

Alt,, Z ¢jmlog|fildlog|fa| A ... Adlog|faj+1] Adiarg fojro A ... Adiarg fp,.
§>0,2j+1<2m+1

Here ¢jp, 1= W and Alt,, is the operation of alternation:
Al F(x1, oo 2m) = > (=) (2001, s To(m))-
oESm

So rm—1(f1, ..., fm) is an R(m — 1)-valued (m — 1)-form, and it is easy to check
that

(16) A1 (f1, s fm) = T (dlog FiA . Adlog fm).

The form (IH) is a part of a cocycle representing the product in real Deligne
cohomology of 1-cocycles (log|fi|, dlog f;).

Here is yet another, a bit more general way to look at the homomorphism 7,,_1.
Let A*(M) be the space of smooth i-forms on a real smooth manifold M. Consider
the following map:

(17) w1 AT AY(M) — AT (M)
wm_l(gal VARAN (pm) =

1 Ui B _
mAltm (Z(—l)k Lo1002 A .0k N OPri1 A .. A 8gom).
k=1

For example,

1 _ _
wo(p1) = ¢1; wi(p1 A p2) = 3 (@1&02 — 2091 — 1092 + wz&m)-
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POLYLOGARITHMS, REGULATORS, ARAKELOV MOTIVIC COMPLEXES 13

Then one easily checks that
(18) dwm—1(P1 A e Apm) = 0p1 A o A Oy + (=1) 01 A .. A Doy,

+ Z(—l)@&pi ANwm—2(P1 A e A A e A Orm).
i=1

Now let f; be rational functions on a complex algebraic variety X. Set M :=
XO(C), where X° is the open part of X where the functions f; are regular. Then
@i = log |f;| are smooth functions on M, and we have an identity

Wim—1(log | f1] A ... Alog | fin]) = rm—1(f1 Ao A fin).

Observe that 9d1log |f| = 0 on X°(C). Therefore the second term in the formula
(I8) is zero, and so this formula is consistent with the one in (I6]). Notice however
that if we understood 00log |f| as a distribution on X (C), then by the Poincaré-
Lelong formula one has
(19) 200 log | f| = 2mid(f).

Our next goal is to interpret the form r,—1(f1 A ... A fi,) as a distribution on
X (C) and calculate the differential of this distribution, taking into account formula

(T

5. The distribution r,,_1(fi1 A ... A fm,). Recall (see for instance [3]) that for
a subvariety Y of a smooth complex variety X we define the é-distribution éy by

setting
(Oy,w) == / w
Yo(C)

where Y is the nonsingular part of Y.

Theorem 2.4. Let Y be an arbitrary irreducible subvariety of a smooth complex
variety X and f1,..., fm € C*(Y). Then for any smooth differential form w with
compact support on X (C) the following integral is convergent:

/ rm,l(fl,...,fm)/\ig/w.
Yo(C)

Here YV is the nonsingular part of Y and i%-w is the restriction of the form w to
YO(C). Thus the form ry—_1(f1, ..., fm) defines a distribution ry,—1(f1, ..., fm)dy on
X (C) given by

(Fon—1(f1y ey ) Oy, w) ::/ P 1 (f1s ooy fn) N iSw.

Yo(C)

It provides a group homomorphism
(20) Tm-1: ATC(Y)* — D"XQ(_Cl) (m—1).
Proof. We need the following lemma. O

Lemma 2.5. Let Y be a smooth complex projective variety. Then for any nonzero
rational functions f1,..., fm on'Y and for any smooth form w with compact support
on Y (C) the integral

/ rm_l(fl,...,fm)/\w
Y (C)

is convergent. So the form ruy—1(f1,..., fm) defines a distribution on Y (C).
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14 A. B. GONCHAROV

Basic example. The integral [i.log|z|dlog(z —a) A dlog(z — b) is divergent at
infinity, where all the functions z, z—a, z—b have a simple pole, since ftc log |z| dZ/\dZ

is divergent (both near zero and infinity). However,

4-/10g|z|dlog|z —a| Adlog |z — D
o

:/log|z|(dlog(z—a)/\dlog(z—b) + dlog(z—a)/\dlog(z—b)).
C

is convergent: the divergent parts cancel each other. In r.,—1(f1,..., fm) such di-
vergences cancel because of the multiplicativity and skew-symmetry of r,,_1.

Proof of Lemmal23 Resolving singularities we reduce the statement of the lemma
to the case when the divisors divf; have normal crossing. Using the fact that
Tm—1 is a homomorphism to differential forms we may suppose that these divisors
are different. Our statement is local, so we can assume that in local coordinates
21, ..., Zm one has fi = z1,..., fr = 2z and divf; for j > k does not intersect the
origin. After this the statement of the lemma is obvious: each term in (&) defines
a distribution near the origin. For instance, the worst possible singularities have
the term log|z1|dlog|z2| A ... A dlog|zx| A w where w is smooth near the origin. It
is clearly integrable with a smooth test form. The lemma is proved. (I

Remark. In particular, if dim¢X = n, the integral

(21) /X(C) T2 (f1, s font1)

is convergent.

Below we use the following form of the resolution of singularities theorem. Recall

that the proper preimage Y is the closure in X of the preimage of the generic part
of Y.

Theorem 2.6. Let Y be an arbitrary subvariety of a reqular variety X over a
characteristic zero field, and Z a divisor of Y. Then there exists a sequence of
blowups X —X —..—X providing a projection T : X - X such that the
proper preimage Y of Y is monsingular, 7 = = p*Z, where p = 7|y : Y = Y is
a normal crossing divisor in Y and the restriction of ™ to the nonsingular part of
Y — Z is an isomorphism.

Proof of Theorem [2.7} By Theorem[ZGlthere exists a sequence of blowups providing
a projection m : X — X such that the proper preimage Y of Y C X is smooth.
By the above lemma the integral

(22) / Tone1 (T f1, ey T frn) AT W
Y (C)

is convergent. Therefore the similar integral over any Zariski dense subset of ?((C)
is also convergent and coincides with [@2). Since 7 is an isomorphism on the
nonsingular part of Y — Z we are done. Theorem [2.4] is proved. (I

Below we employ the notation ry,—1(f1 A ... A fi,) for the distribution given by

D).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



POLYLOGARITHMS, REGULATORS, ARAKELOV MOTIVIC COMPLEXES 15

6. Differential of the distribution r,_1(f1 A ... A f,). Let X be a normal
variety. Then there is the residue homomorphism

Res: A"C(X)* — @5 A" 'C(Y)r,
Ycx@®
where the sum is over all irreducible divisors of X.

Here is its definition. Let K be a field with a discrete valuation v and the residue

field k,. The group of units U has a natural homomorphism U — & , u — u. An

element m € K* is prime if ord,m = 1. There is a homomorphism res, : A"K* —
A"~ 1k uniquely defined by the properties (u; € U):

resy(M AU A A1) =U1 A+ ATp—1  and  res,(ug A+ Auy) = 0.
It does not depend on the choice of 7.

Observe that if X is normal, then the local ring of any irreducible divisor of
X is a discrete valuation ring, so we can apply the above construction. We set
Res := ) res, where the sum is over all valuations of the field C(X) corresponding
to the codimension one points of X.

Remark. If for any 7 the restrictions of the functions f; for j # i to the generic
points of all irreducible components of the divisor div f; are nonzero, then

(23) Res(fihAfa)= D D (=D oy (fi) fiy Ao Afijy Ao A fuy

Yex@) i=1

where vy (f) is the order of zero of f at the generic point of Y.
Let fi A... A fr, € APC(Y)* where Y is a subvariety of a regular complex variety
X. We define a distribution

(24) (rn—2oRes)(f1 Ao A fn)

on X (C) as follows.
(i) If Y is a normal subvariety, then we have defined the residue map Res on
A"C(Y)*. So we define [24) as

Z Tn—aresz(fi A ... A fn)dy,

Zey @

i.e., for any smooth form w on X (C),
((rn—2 oRes)(f1 A ... A fn),w) := Z/ Tn—oresz(fi Ao A fn) Aw.
7 7 Z%(C)

(ii) For an arbitrary Y we take the normalization 7 : Y — Y and define (24) as
(rn—2 o Res)(fi A ... A fr) = m((rp—2 o Res)(m* fi A ... AT™ fr)).

Lemma 2.7. Let Y be a subvariety of a reqular complex variety X, fi A... A\ fr €
AC(Y)*, and Z := |, divf;. Letm: X — X be a blowup of X as in Theorem [Z.4.
Then

(25) m((rn,Q o Res) (7 f1 A .. A w*fn)) = (rn_z o Res)(fi A oo A f).

Proof. Thanks to the definition (ii) of distribution (24 for nonnormal varieties we
may assume without loss of generality that Y is normal.

Let Z = J,;c; Zi be the decomposition of the divisor Z into irreducible compo-
nents parametrised by a set I. By the very definition the right-hand side of (Z5)
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16 A. B. GONCHAROV

is a sum over i € I of distributions v¢; = r,_2(F;) on Z; corresponding to certain
elements F; € A"2C(Z;)*.

Let Z = U ies Zj be the decomposition of Z into irreducible components param-
etrized by a set J. The left-hand side of (Z0) is a sum over j € J of distributions
Jj = rn,g(ﬁj) corresponding to certain elements fj € A"’Q(C(Zj)*. Onehas I C J
since the proper preimage Z- of Z; is an irreducible component of Z.

The lemma follows from the following two claims:

()=, i€l;  m(d;)=0, jeJ—L

The first one is obvious since both distributions 1;1- and v; are defined by their
restriction to any nonsingular Zariski dense open part of the corresponding divisor,
and 7, being restricted to such a sufficiently small part of Z;, is an isomorphism.

Let us prove the second claim. Observe that for j € J — I the subvariety 7(Z;) is

of codimension 2 in Y, and the restriction of 7 to a Zariski open part of Z; is a
fibration with fibers of positive dimension. We need to show that for any smooth

form w on X (C),
/ qzj/\w*w::/ Jj/\w*wzo
Z;(©) Z;(c)

where Z ]’ is a (sufficiently small) nonsingular Zariski dense open part of Z;. Observe
that 1;]- A m*w is a smooth form on Zj’ (C). For any vector field v on ZJ’ tangent to
the fibers of m we have i,7*w = 0. So it suffices to show that i,1; = 0. Since the
statement is local, we can choose a local equation of an open part of Z j’ in the form

m*z = 0. Using it as a local parameter at the definition of res;«,—g, we see that
resyez—o(m* f1 A ... AT* fy) is lifted from Y, and hence so is

Jj = rp—areSpo=o(T" fi A AT fr).
Thus iv{/;j = 0. The lemma is proved. (I

Proposition 2.8. Let Y be an arbitrary subvariety of a reqular complex variety X
and fi A ... A fn € APC(Y)*. Then

drn,l(fl VANAN fn)
(26) =T (d1og fiA ... Ndlog fn) +2mi - (rn—2 o Res)(f1 A .. A fn).

Proof. Let us resolve singularities as in Lemma [Z7] Since 7 is a birational isomor-
phism, and the distribution r,_1(f1 A ... A fp,) is determined by its restriction to
the generic point, one has

Tl (T fL AN AT ) =1 (FL A A fn).

So this and Lemma 7 imply that we may assume that |, div f; is a normal crossing
divisor. The proposition follows immediately from the Poincaré-Lelong formula (I9)

d(diarg f) = 2mid(f) := 27idqiv(f)-
The Proposition is proved. O

Remark. To prove the Poincaré-Lelong formula one may resolve the singularities
and argue just as in the proof of Lemma [Z7] that it is sufficient to prove this formula
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on a blowup. When the divisor of f is a normal crossing divisor the formula follows
from

d(diarg z) = 2mid(z) := 2mi(00 — oo)-

7. The distribution r,,_1(L; H). Let Q, be the canonical m-form in P™ — L
with logarithmic singularities at L. It represents a generator of HfJ; (P™—L) defined
over Z. Let us give its coordinate description. Choose homogeneous coordinates
(20 t ...t Zm) in P™ such that L, is given by the equation {z; = 0}. Then

Qp =dlogzi/z0 A ... A dlog zpm,/ z0.

The form Q7 has periods in Z(m). So mp,(Qr) is exact. However there is no
canonical choice of a primitive (m — 1)-form for it: the group (C*)™ acting on
CP™ — L leaves the form invariant and acts nontrivially on the primitives. But
if we consider a simplex L in the affine complex space A™ (or, what is the same,
choose an additional hyperplane H in CP™, which should be thought of as the
infinite hyperplane), then there is a canonical primitive.

Choose a coordinate system (zg : ... : zp,) in P™ as above such that H is given
by {>°i", zi = z0}. Set
(27) Tm—1(L; H) :=Tm—1(21/20 A .c. A Zm/20).

Here is a more invariant definition (see Figure H). Choose one of the faces of the

simplex L, say Lg. Consider the simplex (H, L,..., L,,). Let f; be the rational

function on CP™ such that (f;) = L; — Lo is normalized by f;({;) = 1, where [; is

the vertex of the simplex (H, L1, ..., L,,) opposite to the face L;. Then f; = j—o and
Tm—1(L; H) = rm1(f1 Ao A ).

This form is skewsymmetric with respect to the permutation of the hyperplane
faces of the simplex L. One has

d’l‘m_l(L; H) = ﬂm(QL) in CP™ — L.
So a choice of an “infinite” hyperplane H C CP™ provides the form r,,_1(L; H).

FI1GURE 5. A simplex L and an infinite hyperplane H

Example. If m =1, then
A'=P' - {1}, L={0}u{cc}, Qp=dlogz, m(dlogz)=dlogl|z|,
ro({0} U{oc}; {1}) = log|z].
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18 A. B. GONCHAROV

The (n — 1)-form r,_1(L; H) provides an (n — 1)-distribution on CP". Recall
the simplex L; which is cut out by L in the hyperplane L;, and put H; := L; N H.
Consider the (n — 2)-form 7,_o(L;; H;) on the hyperplane L; as an n-distribution

~

in CP". We denote it as r,,—2(L;; H;) - Op,.
Corollary 2.9. One has

n
(28) drn_1(L; H) = 7 (Qp) + 216 - Y (=1)"rn—o(Li; Hi)L,.
i=0
Proof. This follows immediately from Proposition 2.8 O

8. A coordinate-free description of the form r,,_1(L; H). Let V,,, be an
m-dimensional vector space over a field F. Choose a volume form vol,, € detV,;.
Set A(v1, ooy U ) i= (VOLy, 01 A oo Avy,) € F™.

Lemma 2.10. For a configuration (lo, ...,Ln) of m+1 vectors in generic position,

m

(29) Fnllos oo lm) =3 (1) ANl oo Ly ooy iy o L) € AT F*
1=0

does not depend on the choice of the volume form vol,,.

Proof. See the proof of Lemma 3.1 in [G3]. O

For a point z € A™ — L, let I;(z) be the vector from z to the vertex l;; see Figure
o

FIGURE 6. The vectors [;(z)

We get a canonical element
Fm(lo(2), .oy lin(2)) € ATMQ(A™ — L)*.

If F = C, applying the homomorphism 7, to this element we get a canonical
(m — 1)-form in CP™ — L. It coincides with r,,_1(L; H).

Example. If m = 1 and (Lo, L1, H) = (0,00, 1), then ¢t = -%5 is an affine coordi-
nate on P! — {1} and

z 1 ZQ (t)

o(t) = = h(t)=——, so filo(t).h(t)) = 7= ==
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Remark. The map z € A™ — L — f,(lo(2), ..., lm(2)) provides an isomorphism
F,, : CH™(Spec(F),0) — KM (F); see [NS| where the isomorphism F}, was
presented in a bit different way.

9. The main construction. We have to construct a morphism of complexes

—  ZYX5n) — .. —  ZYX;n) — Z?(X;n)
L PY(n) L P2t (n) L P2 (n)
0 — DPmn-1) — .. — DI o1 22 prrm)

Let Y € Z2"(X;n) be a codimension n cycle in X. By definition,
P2 (n)(Y) := (27i)"dy where (dy,w) ::/ w.
Y (C)
Let us construct homomorphisms

Pgn_i(n) . ZQTL—?,(X7n) N D?(n(&ifl(n — ]_)’ Z > 0

Denote by m4i (resp. mx) the projection of X x A% to A® (resp. X), and by 7y
(resp. Tx) the projection of X x CP! to CP? (resp. X).
Recall the element

(30) ELUa LA E e Aio(alyr
Z0 z0

defining the form r;_1(L; H); see ([21). Let
(31) gL A Agi € NCY)*

be the restriction to Y of the inverse image of element (30) by the projection 7% ,.
The element (BI) provides, by Theorem 2.4, a distribution on X (C) x CP?. Pushing
this distribution down by (27i)"~% - 75 we get the distribution P**~*(n)(Y).

Definition 2.11.
'PQn_i(n)(Y) — (27”')”—1' T, Tim1(g1 A oo A gi)

= (2m) " T i (z?nrg(z—l Al A ﬁ))
Z0 z0

Here iy : Y — X x Pt

Remark. This definition works if and only if the cycle Y has proper intersection with
all codimension one faces of X x L. Indeed, if Y does not have proper intersection
with one of the faces, then the equation of this face restricts to zero to Y, and so
(BI) does not make sense. As soon as all equations of the codimension one faces
restrict to nonzero functions on Y, (3I]) makes sense, and we can apply Theorem

24

Remark. We just proved that the product of distributions dy Am;r;—1 (L; H) makes
sense and

Pzn—i(n)(y) — (gm')”*iwx*(éy ANmyrio1(L; H)).
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It is handy to rewrite Definition 211 more explicitly as an integral over Y (C).
Namely, let w be a smooth form on X (C) and Y € Z2"~{(X;n). Then

(32) (P21 (n) (V) w) = (2mi)"~ / 1 (L H) A
Y (C)
(33) = (ZWi)"_i/ ri—1(g1 A A gi) Ny oy Txw
Yo(C)

where Y is the nonsingular part of Y’

Since the form r;_1(L; H) is R(i — 1)-valued, for ¢ > 0 the distribution
P27=i(n)(Y) takes values in R(n — 1). Furthermore, P?*(n)(Y) is obviously an
R(n)-valued distribution.

Let us show that for i > 0 the distribution P>"~%(n)(Y’) lies precisely in the left
bottom (n — 1) x (n — 1) square of the Dolbeault bicomplex. The integral (32)) is
nonzero only if 7w A miri—1(L; H) is of type

(dimY, dimY) = (dimX + i — n,dimX + i — n).

Since r;—1(L; H) is an (i — 1)-form we see that the integral vanishes if w is a form
of type (p,q) where p or ¢ is smaller than dimX + 1 — n. This just means that
the distribution lies in the left bottom (n — 1) x (n — 1) square of the Dolbeault
bicomplex. The proposition is proved.

Therefore we have constructed the maps P(n).

Theorem 2.12. P*(n) is a homomorphism of complexes.

Proof. One has

(34) (AP (n)(Y), w) = /

Y (C)

dri—1(g1 A .. N gi) NisTxw

where g1 A...Ag; is as in ([BI). We use Proposition[Z8lto calculate dr;—1 (g1 A...Ag;).

To handle the first term in (26]) observe that by the very definition of the complex
Cp(X;n) we need to investigate integral (34) only for smooth forms w of type (p, q)
where |p — | < — 1. Since m; (1) = Qz, + Qy, is a sum of forms of type (i,0) and
(0,4) the form 7im; () ATk w cannot be of type (k, k). Therefore only the second
term in (26]) contributes.

Since 7o(f) = log|f|, the commutativity of the last square follows from the
Poincaré-Lelong formula 200 log | f| = 27i - daiv()- d

Commutativity of the i-th square of the diagram, i > 1, counting from the right.
If Y is normal, this follows from Proposition 228 Indeed, since Y meets the codi-
mension two faces properly, all equations of the codimension one faces of X x L
but z; have nonzero restriction to the generic point of divz;. Therefore we may use
formula ([23)) to calculate Res, and then the claim is obvious.

In the case when Y is not normal we face the following subtle problem.

Calculating dr;—1(g1 A ... A g;) and hence d o P?"~%(n)(Y) when Y is not normal
we need to take Resz(g1 A ... Ag;) for all irreducible divisors Z in the normalization

Y — Y, where g := 7*¢g, and then take

(35) Zmri_g oResz(g1 A ... A gi).
Z
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Computation of P?"~1(n)(Z) o d does not involve the normalization of Y: we
intersect Y with all codimension one faces of X x L. So we need to compute (35)
using the intersection data of Y and X x L.

To handle this we use the condition that ¥ meets the codimension two faces of
the simplex X x L properly. This implies that

(36) Resz(ﬁl AN A Tq}) =71"Gi_1; Gi_1 € Ai_l(C(Tr(Z))*.

Indeed, since all equations of the codimension one faces of X x L but z; have nonzero
restriction to the generic point of divz;, the wedge product of these restrictions can
be taken as G;_1.

Given (36)) the statement is obvious since

TuTiom Gi1 = [C(Z) : C(x(Z))] - 1i—2(Gi_1).

Indeed, recall (sce [F], page 9) that if ¥ — Y is the normalization of ¥ and
g € C(Y)* =C(Y)*, then

ordz(g) = Y ordz(9)[C(Z) : C(2)]
A

where the sum is over all irreducible divisors projecting onto Z.

Theorem [2.12] is proved. Therefore we have finished the proof of Theorem-
Construction [2:3]

10. The higher Arakelov Chow groups. Let X be a regular complex
variety. Denote by Cf(n) the quotient of the complex Cg(n) along the subgroup
A" (n) € D" (n) of a closed smooth form of type (n,n) with values in R(n).

Consider the cone of the homomorphism P*(n) shifted by —1:
Z2*(Xin) := Cone( Z*(X;n) — CH(X(C)in) ) [~1].
Definition 2.13. The higher Arakelov Chow groups are
(37) CH"(X;i) = H™ " (Z2*(X;n)).

Recall the arithmetic Chow groups defined by Gillet-Soulé [GS| as follows:

{(Z,9); %9+ 07 € A™}
{(0, 0u + 9w); (div f, —log|f]), f € C(Y),codim(Y) =n — 1}
Here Z is a divisor in X and f is a rational function on a divisor Y in X,

g€ Dﬁfl,nfl(n _ 1)7 (u’ ’U) c (Dn72,n71 D anl,n72)R(n o 1)

(38) CH (X):=

Proposition 2.14. ﬁ{n(X; 0) = C/'En(X)
Proof. Let us look at the very right part of the complex Ze (X;n):
— Z7UXin) — Z™(X;n)

L P2r=t(n) L P2 (n)

(D271 @ Dt (n — 1) VD (0 — 1) 2R DE" () AR (n)
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Consider the very end of the Gersten complex on X:

[T rcov)y % [[ cv) — Zo(x;n)

YeX,_2 YeXn_1

where 0 is the tame symbol. It maps to the complex ZA°(X;n), i.e., to the top
row of the bicomplex above, as follows. Recall that Zy(X;n) = 22"(X;n), so the
very right component of our map is provided by this identification. Furthermore,
a pair (Y; f) where Y is an irreducible codimension n — 1 subvariety of X maps
to the cycle {(y, f(y))ly € Y} € X x Al. Similarly any element in A2C(Y)* can
be represented as a linear combination of elements ) (Y f; A g;) where Y is an
irreducible codimension n — 2 subvariety of X and f;, g; are rational functions on
Y such that divf; and divg; share no irreducible divisors. Then we send (Y f; A gi)
to the cycle (y, fi(y), gi(y)) C X x A% It is well known that in this way we get an
isomorphism on the last two cohomology groups. Computing the composition of
this map with the homomorphism P*(n) we end up precisely with the denominator
in (B8). The proposition is proved. (I

3. THE CHOW POLYLOGARITHMS

Suppose X = Spec(C). Then P, (Y) := P(n)(Y) is a function on the space of
all codimension n cycles in P?"~! intersecting properly faces of the simplex L. It
is called the Chow polylogarithm function. For i > 1 all the distributions P(n)(Y)
are zero. However, modifying the construction of the previous section we get a very
interesting object, the Chow polylogarithm, even when X is a point. The Chow
polylogarithm function is the first component of the Chow polylogarithm. One can
define the Chow polylogarithm for an arbitrary variety X, but we spell out the
details in the most interesting case when X is a point.

1. Chow polylogarithms [G5]. Let L = (Lo, ..., L,14) be a simplex in PP,
H a hyperplane in generic position to L, and H; := H N L;.

Let Z1(L) be the variety of all codimension ¢ effective algebraic cycles in CPprta
which intersect properly, i.e., each irreducible component in the right codimen-
sion and all faces of the simplex L. It is a union of an infinite number of finite-
dimensional complex algebraic varieties.

Example. CP"—L = (C*)™ is an irreducible component of Z§ (L) parametrizing
the irreducible subvarieties, i.e., points.

Let Ez be the simplex in the projective space L; cut by the hyperplanes L;, j # 1.
The intersection of a cycle with a codimension 1 face L; of the simplex L provides
a map

a;: Z9(L) — 22 (L), 0<i<p+q
Let I; be the vertex opposite to the face L;. Consider an open part Z] (L)° of
Zg(L) parametrizing the cycles C' such that projection with the center [; sends C

to a codimension ¢ — 1 cycle. Then projection with the center at the vertex l; of L
defines a map

b ZH(L)° — 237 N(L;),  0<i<p+q.
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Theorem—Construction 3.1. For given g > 0 there is an explicitly constructed
chain of (q — p — 1)-distributions wl = wl(L; H) on ZI(L) such that

(39) (i)  dwg(L,H) =mg(Qu),
p+q
(40) (it) dwd(L; H) = (=1)'ajwl_,(L; Hy),
=0
pt+q+1 _
(41) (i) > (-1)bjwi(L; H) = 0.
j=0

The restriction of wl to the subvariety ZAI‘,I(L) of smooth cycles in generic position
with respect to the simplex L is a real-analytic differential (¢ — p — 1)-form.

For a given positive integer ¢ the collection {w{} is called the g-th Chow polylog-
arithm.

The varieties ZZ(L) for p > 0 form a truncated simplicial variety ZJ(L). The
conditions (i) and (ii) just mean that the sequence of forms w{ is a 2g-cocycle in
the complex computing the Deligne cohomology H?4(ZJ(L),Rp(q)).

Proof. We define w{ as the Radon transform of the distribution 7,1, 1(L; H) in
CPP*4 over the family of cycles Y parametrized by ZJ(L). This means the follow-
ing. Consider the incidence variety:

Ly :={(z,§) € CP"" x ZI(L)(C) such that z € Y¢}
where Y is the cycle in CPP*? corresponding to & € Z1(L). We get a double bundle
I, C CPP*9 x Z4(L)(C)

w1/ N\ T2

CPr+a Z4(L)(C)

Then

wl := mo, Resr, 77 (271) " Trpyq(L; H).
Observe that rp44(L; H) is a distribution on CPP*4, and hence 757,14(L; H) is a
distribution on CPP*4 x Z4(L)(C). The fact that this distribution can be restricted
to Iy, is a version of Theorem XA and is proved in the same way. The push-forward
ma, of this distribution is well-defined since 75 is a proper map. O

The property (i) is true by the very definition.

Lemma 3.2. Y77 (—1)/bwy = 0.

Proof. Let s(zg, ..., 2n) := 21/20 A ... A zp,/20. The lemma follows from the identity

n+1

Z(—l)]S(ZQ, ceey Z/’;‘, ceey Zn+1) = 0

Jj=0

So we have (iii). To check (ii) observe that the push-forward w2, of distributions
commutes with the de Rham differential. The theorem is proved. O
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2. Properties of the Chow polylogarithm function. The function P, :=

wg yon 27 (L) is called the Chow g-logarithm function. Tt satisfies two functional

equations:
2q 2q
S (=1)'a;Pe=0, > (-1)b5P, =0.
i=0 j=0

Theorem 3.3. The Chow polylogarithm function is invariant under the natural
action of the torus (C*)P*9 on ZI(C). In particular, it does not depend on the
choice of the hyperplane H.

Remark. The statements of Theorem [3.3] are no longer true for the forms wg for
p<q-—1.

Here is a reformulation of Theorem 3.3l

Theorem 3.4. Suppose that dim X = n and f1, ..., font1 are rational functions on
X. Then the integral

(2mi) 1 /X JRECR

does not change if we multiply one of the functions f; by a nonzero constant.

Proof. Multiplying, say, f1 by A we see that the difference between the two integrals
is

(42) log |/\| Z ak/ Alto,dlog |f2|/\.../\d10g |f2k_1|/\darg forA...Ad arg f2n+1
k X(C)

where the a; are some rational constants (easily computable from (IH)). We will
prove that for each k the corresponding integral in this sum is already zero. Using
the identity

(dlog |f2| +idarg fa) A ... A (dlog |f2n+1| +idarg fon+1) =0

we can rewrite the integral
/ darg fo A ... Ndarg foni1
X(C)

as a sum of similar integrals containing dlog| f;|. Our statement follows from Propo-
sition 3.5. 0

Proposition 3.5. Suppose that dim X =n. Then
dAlts, (1og \faldlog | f] A ... A dlog| for_1| A datg for A ... A dargfgnH)

(43) — Alto, (dlog fal A oo Adlog | fop—1| A darg for A ... A darg f2n+1>

in the sense of distributions.

Proof. Since ddiarg f = 2mid(f), the left-hand side is equal to the right-hand side
plus the following terms concentrated on the divisors far4; = 0:

47 2(n — ki + 1)Alton (8(f2011) 1og | f2ld 10g | fa] A .. A dlog | fax-1]

Adarg for, A ... Ndarg fgn).

However, all these additional terms vanish thanks to the following proposition. [
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Proposition 3.6. Suppose that dim X = n. Then for each 0 < j < n —1 one has
(44) Alto,, (dlog |f1| VAN dlog |f2j+1| A darg f2j+2 VAN darg f2n> =0,

(45) Alto, (dlog [fil A ... Adlog|fa;] A darg faj41 A ... Adarg fgn)

1)
= d10g|f1| A ... /\d10g|f2n|~

(5)

Proof. The idea is this. One has n equations:
dlog f1 A ... Ndlog fa, =0,
dlog|fi| A dlog fa A ... Adlog fa, = 0,
(4)
dlog|fi| A ... Ndlog|frn—1]| Adlog fr A ... A dlog fo, = 0.

Taking the imaginary part of each of them and alternating f1, ..., fo,, we get n linear
equations. Solving them we get the proposition. See the details in the Appendix
in [GZ]. O

4. THE GRASSMANNIAN POLYLOGARITHMS

1. Configurations of vectors and Grassmannians: a dictionary. Let
G be a group. Let X be a G-set. We define configurations of m points of X as
G-orbits in X™.

Example 1. If X :=V is a vector space and G := GL(V') we get configurations
of vectors in V. A configuration of vectors (l1, ..., 1) is in generic position if each
k < dimV of the vectors are linearly independent.

Example 2. If X := P(V) is a projective space and G := PGL(V) we get
configurations (z1,..., %y, ) of m points in P(V). A configuration of points is in
generic position if each k£ < dimV of them generate a plane of dimension k — 1.

Let T, be the quotient of the torus G2, 9*! by the diagonal subgroup G,, =
(t,...,t). In what follows V,, denotes a vector space of dimension n.

Lemma—Construction 4.1. (i) There are canonical isomorphisms between the
following sets of geometric objects:

(a) configurations of p+ q + 1 vectors in generic position in Vy;

(b) isomorphism classes of triples {a projective space PPT4 together with a sim-
plex L, an “infinite” hyperplane H in generic position to L, and a p-dimensional
plane in generic position to L (but not necessarily to H)};

(c) isomorphism classes of triples {a vector space Vpiqi1, a basis (e, ..., €ptq)
of Vpg+1, and a (p + 1)-dimensional subspace of Vpiq41 in generic position with
respect to the coordinate hyperplanes}.

(ii) The torus Tptq acts naturally, and without fized points, on each of the objects
(a), (b), (c), and the isomorphisms above are compatible with this action.

Proof. (i) (a) — (c). For the (p + 1)-dimensional subspace, take the kernel of the
linear map from Vp4 441 to V; sending e; to I;.

(¢) — (a). Take the quotient of V4 441/h along the given subspace h and consider
the images of the vectors (e, ..., pt+4) there.

(c) — (b). Let PPt := P(Vp4441). Let APT7 be the affine hyperplane in V, 4441
passing through the ends of the basis vectors ;. Then APT¢ C PP*4. The coordinate
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hyperplanes in Vp4 441 provide a simplex Ly, C PPT%. The projectivization of a
generic (p+1)-dimensional subspace h in Vj,1 411 gives a p-plane h in generic position
with respect to this simplex. (Notice that we do not impose any condition on the
mutual location of H and h. For instance h may be inside of H.)

(b) — (c). The triple (PP™9, H, L) provides a unique up to an isomorphism
data (Vpigt1, (€0, -, €ptq)). Namely, the partial data (PPT%, H) provides us with
(Votq+1, fI) where H is the subspace of Vp+q+1 projecting to H. Now the vertices I;
of the simplex L provide coordinate lines l: in Vp4q+1. Intersecting these coordinate
lines with a parallel shift of the subspace H we get a point on each of the coordinate
lines. By definition the endpoints of the basis vectors e; are these points. Taking
the subspace hin Vp+q+1 Projecting to a given p-plane h in PP*? we get the desired
correspondence.

(i) The torus Tp44 acts on the configurations of vectors in (a) as

(t1s s tprgrr) @ (I os bpgrgr1) = (Gln, ooy tprgalprg)-

The torus T4, is identified with PP*? — L in (b), and so acts naturally on the data
in (b). The action on the data in (c) is similar. The lemma is proved.

If we use the description (c) for the Grassmannians, then b; is obtained by
factorization along the coordinate axis (e;). O

2. The Grassmannian and bi-Grassmannian polylogarithms. Let us
fix a positive integer ¢. The operations a; and b; from Subsection 1 in Section 3
transform planes to planes. So we get the following diagram of varieties called the
bi-Grassmannian G (q):

Glg) == =oeitt s GEt

=G 5 G5 G
Here the horizontal arrows are the maps a; and the vertical ones are b;.

Remark. The bi-Grassmannian @(n) is not a (semi)bisimplicial scheme. (It is a
truncated semihypersimplicial scheme. See Section 2.6 in [G4].)

Configurations of hyperplanes and torus quotients of Grassmannians. Let @g be
the Grassmannian of p-planes in PP*9 in generic position with respect to a given
simplex L.

Taking the T}44-orbits of the objects (a) and (b) in the lemma we arrive at

Corollary 4.2. There is a bijective correspondence
@g/Tp_HI < —— > {Configurations of p+ q+ 1 generic hyperplanes in PP}
sending a p-plane h to the configuration (h N Lo, ...,h N Lytq) in h.

Let 91(g) be the restriction of the differential form wg to @g. The properties

(i), (ii) from Theorem [3] are exactly the defining conditions for the single-valued
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Grassmannian polylogarithm whose existence was conjectured in [HM]|, [BMS]; see
also [GGL].

Let us extend these forms by zero to the other rows of the bi-Grassmannian
@(q), ie., set wg“(q) = 0 if ¢ > 0. Then the property (iii) from Theorem Bl
guarantees that the forms wg“(q) form a 2¢-cocycle in the bicomplex computing

the Deligne cohomology H 2q(@(q).,R(q)D). This is called the bi-Grassmannian
q-logarithm ([GH]).

A sequence of multivalued analytic forms on Grassmannians satisfying condi-
tions similar to (i), (ii) was defined in [HMI], [HM2]. Another construction of the
multivalued analytic Grassmannian polylogarithms was suggested in [G5] in the
more general setting of the multivalued Chow polylogarithm.

3. The Grassmannian n-logarithm function. By Theorem [3:4] the Chow
polylogarithm function is invariant under the action of the torus (C*)?"~!. So
restricting it to the open Grassmannian @271 C ZA;LI and using the bijection

{(n — 1)-planes in P?"~1 in generic position

with respect to a simplex L}/(G,)?"*

< ——> {Conﬁgurations of 2n generic hyperplanes in ]P’”*l}

we get a function on the configurations of 2n hyperplanes in CP"~!, called the
Grassmannian polylogarithm function £&.

The Grassmannian polylogarithm function has the following simple description
on the language of configurations of hyperplanes. It is interesting that in this
description we can work with any configuration of 2n hyperplanes, assuming nothing
about their mutual location.

Let hi,...,ho, be 2n arbitrary hyperplanes in CP"~!. Choose an additional
hyperplane hg. Let f; be a rational function on CP"~! with divisor (h;) — (ho). It
is defined up to a scalar factor. Set

2n N
ﬁg(hl, . hgn) = (27'(@')17" /CP ) Tgn,Q(Z(—l)jfl AN fj A A fgn)
n— =
It is skewsymmetric by definition. Notice that

2n
jz:;(—l)jfl/\.../\fj/\.../\fgn:%/\%/\.../\%.

So we can define £G (h1, ..., hay,) as follows: choose rational functions g1, ..., gan—1
such that divg; = (h;) — (ho,) and put

ﬁg(hl, ey hgn) = (Zﬂi)l_n/ 7“2"_2(91, ---792n—1)-
Cpr-1

Remark. The function £& is defined on the set of all configurations of 2n hyper-
planes in CP"~!. However, it is not even continuous on this set. It is real analytic
on the submanifold of generic configurations. Since we put no restrictions on the
hyperplanes h; the following theorem is stronger than Theorem Blin the case of
linear subvarieties.

Theorem 4.3. The function LS has the following properties:
(a) It does not depend on the choice of hyperplane hyg.
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b) For any 2n + 1 hyperplanes (hy, ..., hani1) in CP™ one has
( Y Y, +

2n+1
(47) > (=1L (hy O by oo by Nhgy o N o) = 0.
j=1

(c) For any 2n + 1 hyperplanes (hi, ..., hant1) in CP"~! one has
2n+1

(48) S (1YL (b, By oo hangr) = 0.

j=1
Proof. (a) Choose another hyperplane h{. Take a rational function fy with divisor
(ho) = (ho). Set f] = 4-. Then

2n+1 2n+1 R
STEW AN AN A fanr = D (D AN AFIA oy Ay = 0.
j=1 j=1

Indeed, substituting f; = % in this formula we find that the only possible

nontrivial term fo A f1 A ... A ﬁ AL A f; A ...\ fap, vanishes because it is symmetric

in7,j.
(b) Let g1, ..., gan+1 be rational functions on CP” with divg; = (h;) — (hg). Then
2n+1 .
(49) drzn,l(z(-1)ngA...A@»A...Ag%ﬂ)
j=1
= (1) 12mid(f;) Aran—2 <91 ANe NGi N e NG A o A ggnﬂ).

J#i
(Notice that dlog g A ... A d@j A ... Adlog gan+1 = 0 on CP™.) Integrating (49)
over CPP™ we see that the left-hand side equals zero, while the right-hand side equals

the sum of the expressions staying on the left of (7). So we get (b).
(c) is obvious: we apply 72,2 to the zero element. The theorem is proved. O

4. P1\{0, 00} as a special stratum in the configuration space of 2n points
in P"~1. A special configuration is a configuration of 2n points

(50) (l(),...,ln_l,mo,...,mn_l)
in P*~! such that lo, ..., l,_1 are vertices of a simplex in P*~! and m, is a point on
the edge I;1;+1 of the simplex different from I; and I;41, as in Figure [l

FIGURE 7. A special configuration of 8 points in P3
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Proposition 4.4. The set of special configurations of 2n points in P! is canon-
ically identified with P*\{0,00}. (See Figure[8.)

1
P\{0,00]) = { }
/

PGL,

FIGURE 8. P'\{0,00} is a stratum in the configuration space of
2n points in P71

Proof. We define the generalized cross-ratio
7“([0, vy ln—1, Mg, ..y mnfl) € F*,

where F' is the common field of definition of the points l;,m;, as follows (see
Figure 9). Consider the one-dimensional subspaces L;, M; in the n-dimensional
vector space V projecting to the points l;,m; in P"~! respectively. The sub-
spaces L;, M;, L;11 generate a two-dimensional subspace. Its quotient along M;
can be identified with L; as well as with L;1. So we get a canonical linear map
M, : Ly — L;;1. The composition of these maps (the “linear monodromy” )

MOO---OMn—l : LQ I LQ

is multiplication by an element of F'* called the generalized cross-ratio of the special
configuration (B0).

L1

o m, 1

Lo

FIGURE 9. The generalized cross-ratio of a special configuration

It is clearly invariant under the cyclic permutation
lo—lg— ... > lp_1—1lg; mog—my — ... > My_1 — My.

Notice that r(lg, ..., ln—1,M0, ..., Mp—1) = 1 if and only if the points my, ..., Mp—_1
belong to a hyperplane. O
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Let m; be the point of intersection of the line I;/;41 with the hyperplane passing
through all the points m; except m;. Let r(z1, ..., z4) be the cross-ratio of the four
points x; on P!. Then

7“([0, ...,lnfl, mo, ...,mnfl) = T(li, li+1, mi,mi+1).

The proof of the proposition follows from these constructions.
The special configurations and classical polylogarithms. Consider the configura-
tion of 2n hyperplanes in P"~! given by the following equations in homogeneous

coordinates zg : ... : Zp—1:
20=0, ..., 2p,-1=0, 20=21, 21+ 22= 20,
(51) 20—23=0, .., Zn-2—2,-1=0, 2z,_1=az.

It admits the following interpretation. Recall that the classical polylogarithm func-
tion Li,_1(z) can be defined by an iterated integral:

a
Lin—1(a):/ dt oﬂo...oﬂ:/ %/\_“/\dzn—ll
o 1—t ¢ t A, 21 Zn1

If a € (0,1], then the simplex A, is defined by the equations
Ayi= {21,002 1) ER 0<1 -2 <2y <23< ... <2, 1 <a}

The faces of the simplex A, can be defined for arbitrary a. Then the codimension
one faces {z; = 0} of the coordinate simplex and the codimension one faces of the
simplex A, form the configuration (&1I).

We can reorder hyperplanes of this configuration as follows:

20 :O; 21 :O; 21 = 20, 21 + 22 = 2o, 22 :Oa
22=23, 23=0, .. , 2, 2=0, 2p2=2n-1, 2Zn-1= a20.
Applying the projective duality to this configuration of hyperplanes we get the
special configuration of 2n points in P! with the generalized cross-ratio a.

The correspondence between the configuration (5Il) and the special configuration
of points is illustrated in the case n = 3 in Figure IO

N

—————— +
N |
N
|
N
t
|
|

F1cUrE 10. Classical polylogarithm configurations and special configurations

Remark. Tt is amusing that the special configuration of 2n points in P*~!, which
is related to the classical n-logarithm by Theorem below, is constructed using
the geometry of the mixed motive corresponding to Li,_1(a).
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5. Restriction of the Grassmannian n-logarithm to the special stratum.
The function Li,(z) has a remarkable single-valued version ([Z1], [BDI):

Lue) = e o) (Zﬁklogﬂz«unk(z)), n>2
k=0

Im (n: even

It is continuous on CP!. Here % =30 Brz®, so B = Qkkﬁ where the By are
the Bernoulli numbers. For example, £2(z) is the Bloch-Wigner function.
Let us consider the following modification of the function £,,(z) proposed by A.

M. Levin in [Le]:
Ln(z) =

(2n —3) Z 2k(n —2)!(2n — k — 3)!

(2n - 2) @ 3010 + DI~k = yrn k(@) log” [l

keven 0 < k<n-—2

For example, £, (z) = L, () for n < 3, but already Ly (x) is different from L4(z).
A direct integration carried out in Proposition 4.4.1 of [Le] shows that

_(27_”-)7171(_1)(n71)(n72)/22n(x)

n—1 n—2
= / log |1 — z| H dlog |z;| A H dlog|z; — zit1| Adlog|zn—1 — al.
(C]P)?L*l

i=1 i=1
This combined with Proposition [5.3] below implies

Theorem 4.5. The value of the function LS on the special configuration (G0) is
equal to

-1
_(_1)n(n—1)/24n—1 (2’11— 2) En(a)

n—1
where a = r(ly, ..., ln—1, M0y ooy Mp—1).
Another proof in the case n = 2 is given in Proposition 6.8.

Conjecture 4.6. The Chow n-logarithm function can be expressed by the Grass-
mannian n-logarithm function.

Remark. Suppose that an element Zk{fl(k), ,fQ(fL)_H} € K2, (C(X)) has zero
residues at all the divisors on an n-dimensional variety X over C. Then it defines
an element

@ € 913,41 Kanr1(X) = Bt} (Q(0)x, Q(2n + 1)x).
Its direct image to the point is an element
m(a) € gr) Kopny1(SpecC) = Extl,(Q(0), Q(n)).

Applying the regulators we see that the integral )", fX(C) rgn(fl(k), ,fQ(fL)_H) co-
incides, up to a factor, with the value of the Borel regulator map on m.(a) and

so by results of the next section is expressible by the Grassmannian n-logarithms.
Conjecture [4.6] tells us that this should be true for any element in K27, (C(X)).
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5. GRASSMANNIAN POLYLOGARITHMS, SYMMETRIC SPACES
AND BOREL REGULATORS

1. The function ,. Let V;, be a complex vector space of dimension n. Let

H,, := { positive definite Hermitian forms in V,, } /R% = SL,(C)/SU(n)

= { positive definite Hermitian forms in V,, with determinant = 1}.

It is a symmetric space of rank n — 1. For example, Hy = H3 is the hyperbolic
3-space. Replacing positive definite by nonnegative definite Hermitian forms we get
a compactification H,, of the symmetric space H,,.

Let G, be the subgroup of SLy(C) stabilizing the point € H,,. A point x
defines a one-dimensional vector space M,:

reH,— M, := {measures on CP"~! invariant under GI} .

Namely, a point  corresponds to a Hermitian metric in V,,. This metric provides
the Fubini-Studi metric on CP"~! = P(V,). Moreover there is the Fubini-Studi
Kihler form on CP"~! = P(V,,); its imaginary part is a symplectic form. Raising
it to the (n — 1)-th power we get the Fubini-Studi volume form. The elements of
M, are the multiples of the Fubini-Studi volume form.

So H,, embeds into the projectivization of the space of all measures in CP"~!.
Taking its closure we get a compactification of H,.

Let us choose for any point x € H,, an invariant measure u, € M,. Then, for
any y € H,, the ratio y,/u, is a real function on CP"~1.

Let xo, ..., T2n—1 be points of the symmetric space SL,(C)/SU(n). Consider the
following function:

(52)  Pn(0, s Ton_1) i= / log |22 |dlog | 222 A .. A dlog | E2222 .
Cpr—1 Hao Haq Hao
2. General properties of the function 1,. Let us study the properties of
integral (E2) in a more general situation. Let X be an m-dimensional manifold.
For any m + 2 measures o, ..., thm+1 o X such that ﬁ—J are smooth functions we
can construct a differential m-form on X:

A ... /\dlog|M|.

T (M0t vt fmg1) i= 1og|&|dlog H2
Ho Ho

Proposition 5.1. The integral

(53) /Xfm(,uo D fmt1)

satisfies the following properties:
(1) Skew symmetry with respect to the permutations of p;.
(2) Homogeneity:

/ Fm(AolLo T >\m+1Mm+1) :/ 7m(/L0 R ‘LLerl).
X X
(8)Additivity: for any m + 3 measures p; on X one has

m—+2

Z(_l)i/XFm(uo Sttt fmye) = 0.

=0
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(4) Let g be a diffeomorphism of X. Then

/ Tm(g ot o 1 G 1) = / T ([0 ¢ oot 1)
X X

Proof. (1). Follows from log f - dlog g +log g - dlog f = d(log f - log g).
(2). Using (1) we may assume A; = 1 for ¢ > 0. Then

[ homo ) = o 1 e i)

— log Al / dllog |22 d1og | 22| A dlog |24 )) — o
(3) Taking into account the skewsymmetry of the integral we have to prove that
(B Atz {log 2 diog 22 A .. ndlog | 222 |~
Let us write l‘j—J = %/”—’ and substitute it into (54]). Then the terms in (B4]) where
10g|—|d1 g| | A ... Adlog|Fm2
will appear to look as follows

1og| |d10g|u3|/\ /\dlog|’um+2| 10g|ﬂ|d10g|@|/\.../\dlog|‘um+2|
1 ‘LLQ MQ lj,2

—1og|@|d10g|ﬁ| A .. Adlog 22421 1 log |22 dlog |22 | A ... A dlog |22,
Ho Ho Ho H2 H2 H2

(The first two terms come from Alt(; . 497m(p1 ... @ fmy2) and the second two
from Alt(g2,.. m+2)Tm(to : 2t ...t fimy2). The expression Alt,, yoTm (po : ... [
: m+2) provides no such terms if ¢ > 1.)
(4) Clear. The proposition is proved. O

Recall the following general construction. Let G be a group. Let X be a G-set
and f a function on X" satisfying

n+1

ST @, Ty Tagr) = 0.

i=1
Choose a point € X. Then there is an (n — 1)-cocycle of the group G:
fa(g1, - gn) = (12, .., gn).
Lemma 5.2. The cohomology class of the cocycle f, does not depend on x.

Proof. The difference f, — f, is the coboundary of the (n — 2)-chain

n—1

(55) hw,y(gla ceey gnfl) = Z(_l)kilf(glx; g2, ..., 9T, gk Y, 9k+1Y, -+, gn—ly)~
i=1

Here is the geometric picture leading to this formula. Consider the prism Agh 1,)9" X

Ag given by the product of the (n — 1)-simplex with vertices ¢1, ..., gn by the 1-

simplex with vertices (z,y). Decomposing its side face Aé?“?,)gwl Ag .y into
simplices we come to the right-hand side of (B3). Then the terms of the formula
fy — fz — 0hy 4 correspond to the boundary faces of the prism. Cutting the prism
into simplices we see that the sum of the terms corresponding to the prism boundary
is zero thanks to the cocycle relation. The lemma is proved. O
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So, for any x € H,,,

(wn)x(gm X} g2n71) = Z/Jn(gox, (XX3) g2n71x)
is a smooth (2n — 1)-cocycle of GL,,(C).

Remark. This cocycle is the restriction to GL,,(C) of the Bott cocycle for the group
of diffeomorphisms of CP"~ 1.

Let hg, ..., hon—1 be any hyperplanes in CP"!. Recall that the Grassmannian
n-logarithm is defined by

LG (hor... hon_1) = (2mi) " / ronc1(f1y s fano1)
cpr-t

where f; is a rational function on CP"~! with the divisor (h;) — (ko).
Proposition 5.3. One has

G R O D1 / ‘
Eulor- o) = ~ GGt G g g P8I\ AToB IS

Proof. See Proposition 6.2 in [G7Z]. O

3. The Grassmannian polylogarithm £& as the boundary value of the
function v,,. We start from an explicit formula for the Fubini-Studi form. Let
P"~! be the variety of all hyperplanes in P*"~!. Consider the incidence divisor

DCP"'xP"',  D:={(ha)lz€h}

where h is a hyperplane and z is a point in P"~ 1.

Let (xo : ... : xp—1) be the homogeneous coordinates of a point z in P71, Let
n—1
on(z,dx) := Z(—l)lxidxo A Ndx; N...\Ndx,_1 = igvol,
i=0

be the Leray form. Here vol, = dxo A ... Adzy,—1 and E = > 2;0,,.
There is a canonical differential (n — 1,7 — 1)-form wp on P"~1 x P"~1 — D with
a polar singularity at the divisor D. Namely, let z € V}, and £ € V;*. Then
1 on(&,dE) A oy (x, dx)
(2mi)n—t (& z)" '
It is PGL,-invariant. A Hermitian metric H in V,, provides an isomorphism H :

— —n—1
VoW — V:L, and hence an isomorphism CP"~! — CP . The graph I'y of this
map does not intersect the incidence divisor D. Thus restricting the form wp to

'y we get a volume form on CP" ™'
1 on(z,dz) N op(Z,dZ)

(2mi)n—1 H(z,z)" '
It is clearly invariant under the group preserving the Hermitian form H. Moreover,
it is the Fubini-Studi volume form: a proof can be obtained by using the explicit
formula for the Fubini-Studi Ké&hler form given in [Al], complement 3.

One can realize CP" ! as the smallest stratum of the boundary of H,,. Namely,
for a hyperplane A in an n-dimensional complex vector space V,, let

wp =

(56) wrs(H) =

F}, := {nonnegative definite Hermitian forms in V;, with kernel h} /R’ .
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The set of Hermitian forms in V,, with the kernel A is isomorphic to R, so F},
defines a point on the boundary of H,.

For any nonzero nonnegative definite Hermitian form H one can define the corre-
sponding Fubini-Studi form by formula (B6). It is a differential form with singulari-
ties along the projectivization of the kernel of H. In particular, if & is a hyperplane,
then the degenerate Hermitian form F}, provides the Lebesgue measure on the affine
space CP"~1 — h. Indeed, if hg = {z0 = 0}, then (B0) specializes to

1 z z z Zn—
e d T A AT AT A A d T
2mi)n—1 2z 20 Zo Z0

Denote by M}, the one-dimensional real vector space generated by this form. For
any hyperplane h in CP"~! let us choose a measure puj € Mj,.

Proposition 5.4. For any 2n hyperplanes hq, ..., hop—1 in CP" 1 the integral

57)  Gnlhos o hon_1) ::/ o |’““ dlo g|”h2|A A dlog Mot
Cpn-1 Hhg Hho 12

ho

is convergent and equal to

(—4)™™. (2m)”—1(2n)2”—1<

2n —
n—1

) LG (ho, ..., han_1).

Proof. Let hy, hy be hyperplanes in CP"~! and f be a rational function such that
(f) = (h1) — (hg). From the explicit description of M}, given above we immediately
see that

(58) /'[/hl/lu’hQ =A- |f|2n

Using this and Theorem 2.4 we see that integral (B7)) is convergent. The second
statement follows from Proposition BE3land (B8]). The proposition is proved. O

More generally, take any 2n Hermitian forms Hy, ..., Ha,,—1, possibly degenerate.
For each of the forms H; consider the corresponding measure py, (a multiple of
the Fubini-Studi form related to H;). Using the convergence of the integral (57)) we
can deduce that the integral

(59) %(Ho,...,Hzn,l);:/ 1og|“H1|d10 \HHz | A dlog [P
cpr—1 HHo HHo

o]

_ Hi(z,7%) Hy(z,7Z) Hop_1(2,%)
=—n2”1-/ log | 2222 | g log | 222 2 | A A dlog |2 lE2)
o 8 G sl ) A

is also convergent. This enables us to extend 1, to the function v, (zo, ..., T2, 1)
on the configuration space of 2n points in H,,_;. The function 1),, is discontinuous.
For instance it is discontinuous at the point z; = ... = x9,_1 = F}, for a given
hyperplane h in CP*~!. It is however a smooth function on an open part of any
given strata. We will keep the notation

wn(hOa ) h2n—1) = En(Fhoa "'7Fh2n—1)'

Applying Lemma to the case when X is H,, and using only the fact that the
function 1, (2o, ..., ¥2,_1) is well-defined for any 2n points in H, and satisfies the
cocycle condition for any 2n + 1 of them we get
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Corollary 5.5. Let x € H,, and let h be a hyperplane in CP"~'. Then the coho-
mology classes of the following cocycles coincide:

Y (gox, ...y gon—12) and  Pn(goh, ..., g2n—1h).

4. A normalization of the Borel class b,. Choose a Hermitian metric in
V.. Let e be the corresponding point of the symmetric space H,,; its stabilizer is
the subgroup SU(n). One has

(A.T;Hn>SU(n) _ _A.(SLn((C)/SU(TL))SL"(C)

There are well-known canonical ring isomorphisms (see [B2| and the references
there):

SU(n)
(A‘T;Hn) ®r C = A*(sl,,(C))*"©)

(60) = H*(s,(C),C) £ Hy,,(SU(n),C) £ H},(SL,(C),C)

where H*® is the Lie algebra cohomology, Hf,, is the topological cohomology, and
H,,(G) denotes the measurable cohomology of a Lie group G. The first isomorphism

is obvious: T.H,, ®g C = sl,,(C). The map
apr : AY(sln)*'" = HBR (SL,(C), Q)

sends an sl,-invariant exterior form on sl,, to the right-invariant one, and hence to
the bi-invariant differential form on SL,(C). Let us describe the map

Opr : Hpr(SLn(C), Q) — Hp,(SLa(C),C).

Let C be a bi-invariant, and hence closed, differential (2n — 1)-form on SL,,(C).
Let us restrict it first to the Lie algebra, and then to the orthogonal complement
su(n)* to the Lie subalgebra su(n) C sl,(C). We identify the R-vector spaces
T.H,, and su(n)l- The obtained exterior form on T.H,, is the restriction of an
invariant differential form, denoted w¢, on the symmetric space H,,. It is a closed
differential form.

For any ordered 2n points x1, ..., Za, in H, there is a geodesic simplex I(z1, ...,
Z2n) in H,,. Tt is constructed inductively as follows. Let I(z1,22) be the geodesic
from z7 to z3. The geodesics from x3 to the points of I(x1,x3) form a geodesic
triangle I(x1, 2, x3). All the geodesics from x4 to the points of the geodesic triangle
I(x1,x9,x3) form a geodesic simplex I(z1, z2,23,24), and so on. When the rank of
the symmetric space is greater than 1 (i.e., n > 2) the geodesic simplex I(x1, ..., T)
depends on the ordering of the vertices 1, ..., k.

The differential (2n — 1)-form we on SL,(C)/SU(n) provides a volume of the
geodesic simplex:

voloI(xy, ..., xan) ::/ we.
I(z1,...,x2n)

For every 2n + 1 points 1, ..., Zo,4+1 the boundary of the simplex I(z1, ..., Zan+1)
is the alternating sum of the simplices I(x1, ..., T, ..., Zan+1). Since the form we is
closed, the Stokes theorem yields

2n+1

(61) > (—1)1/ wo = / dwe = 0.
I(xy1,. Ty oy 1) I(z1,...,T2n41)

i=1
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This just means that for a given point x the function volcI(giz,...,g2,2) is a
smooth (2n — 1)-cocycle of the Lie group SL,(C). It was considered by J. Dupont
ID]. By Lemma cocycles corresponding to different points x are canonically
cohomologous. The obtained cohomology class is the class Spr ([C]).

Remark. volgI(x1, ..., x2,) is independent up to a sign of the ordering of its vertices.
Indeed, consider 2n + 1 points (x1,x2, 1, x3, ..., T2, ) and apply relation (61I).

The Betti cohomology of SLy,(C). Recall that SU(n) is a retract of SL,(C). It
is well-known that

Hp(SU(n), Z) = Hey o (S x 8% x ... x §?" 71 Z) = A*(Bs, Bs, ..., Ban—1).

The restriction from SU(n) to SU(m) kills the classes Bgy_1 for k > m. If k < m,
it identifies the class Bai_1 for SU(n) with the one for SU(m). The class Bay,_1 for
SU(n) is provided by the fundamental class of the sphere $?"~! C C". Namely, it
is the pull-back of the fundamental class under the map SU(n) — S?"~1 provided
by a choice of a point on S$2"~!. This sphere has the orientation induced by that
of C™. Thus

(62) Z-B, = Ker(HQ"_l(SU(n), Z) — HZ=Y(SU(n — 1), Z)).

top top
The transgression in the Leray spectral sequence for the universal SU(n)-bundle
EU(n) — BU(n) provides an isomorphism
H?"(BSU(n),Z)
@o<icanH' - H? 1
and identifies B,, with the Chern class ¢, € H?"(BSU(n),Z) of the associated

vector bundle.
The de Rham cohomology of SL,,(C). Counsider the differential form

Z- B, —

(63) wp, = tr(g tdg)*" ' € Q*" 1 (SLy).
Its restriction to the subgroup SL,, is zero for m < n. It follows that the cohomol-
ogy class

wp,] € Hii ' (SLy, C)
is a multiple of B,,. The Hodge considerations show that [wp, ]| € (27)"Q - B,.

Lemma 5.6. The differential form wp, is an R(n—1)-valued form. In particular,
it provides a cohomology class

by == PBor(wp,) € H2Z 1 (SL,(C),R(n — 1)).
Proof. An easy calculation shows that the value of the exterior form wp,, /7,1, On

(el,n + en,l) A Z.(el,n - en,l) VANAN (en—l,n + en,n—l) A i(en—l,n - en,n—l) N €en.n

is nonzero and obviously lies in Q(n — 1).

On the other hand, the values of the form wp_ lie in a one-dimensional R-vector
space. Indeed, the space of su(n)-invariant real exterior (2n — 1)-forms on the
space of all Hermitian n X n matrices, which have zero restriction to the subspace
of Hermitian (n — 1) x (n — 1) matrices, is one-dimensional. The exterior form
WD, |1.m, belongs to the complexification of this space. The lemma follows from

this.
We call the cohomology class provided by this lemma the Borel class and use it
below to construct the Borel regulator. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



38 A. B. GONCHAROV

5. Comparison of the Grassmannian and Borel cohomology classes of
GL,(C). Let [CS] be the cohomology class of the (2n — 1)-cocycle of GL,,(C) pro-
vided by the Grassmannian n-logarithm (see Corollary 5.5). We want to compare
it with the Borel class.

Let us consider the following integral:

Cn(Hla "'7H2n71)

R _n2n71' Hl(Z,f) HZ(Zyz) H2n71(2:,§)
(64) = [C 122D L palnn D)

where the H; are arbitrary complex matrices and H;(z,Z) are the bilinear forms
in z,Z given by the matrix H;. We claim that it is a (2n — 1)-cocycle of the Lie
algebra gl,,(C) and it is obtained by differentiating the group cocycle provided by
the function (B9). We put these facts in the following framework.

If we restrict to the case when the H; are Hermitian matrices, integral (G4
admits the following interpretation. Let us construct a map

M, : CP" ! — T H,,

which is a version of the moment map. For a point z € CP*~! the value of the
(M. (2),v) of the functional M. (z) on a vector v € T, H,, is defined as follows. Let
e(t) be a path in H,, such that e(0) = e and e (0) = v. Recall the measure pi
defined in Subsection 1 in Section 5. Then
d He(t) (z)

Mc(2),v) == —1 —0-

0.(2),0) = G log B0
Choose coordinates z1, ..., 2, in V,, such that (z,%) := [21]2 + ... + |2,|? corresponds

to the point e. Then T.H,, is identified with the space of Hermitian (n x n) matrices
H. Tt follows from (B6) that

(65) (Me(2),H) :==n G
The map M, is clearly SU(n)-invariant. Its image is an SU(n)-orbit in T, H,
isomorphic to CP*~ 1.

We need the following general construction. Let V' be a real vector space and M
a compact subset of V* which is the closure of a k-dimensional submanifold. Any
element w € A*V can be viewed as a k-form w on V*. Integrating it over M we
get an exterior form Cp; € A¥V*. If M is a cone over M’ with the vertex at the
origin, then [,, w = [, ipw where E is the Euler vector field on V.

Applying this construction to the cone over the orbit M. based at the origin we
get an SU(n)-invariant element C,, € A*" 1T H,,. It follows from (65)) that it is
given by formula (64]) multiplied by 2n.

Another invariant (2n — 1)-cocycle C,, of the Lie algebra gl,,, considered by
Dynkin [Dyn], is given by

1
(66) Cn(XI; ---7X2n—1) = ﬁAthn_lTI'(XlAXQ...Xgn_l).
Let [C,] be the cohomology class of GL,(C) corresponding to the cocycle C,,.

Theorem 5.7. One has
~ (nnn (27mi)"~In2n=1(n —1)!

Cn === (2n—1)!

'Cna
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and the class [CS] is a nonzero rational multiple of [C,,]:

n(n2+1) (n — 1)'3
(2n —2)!(2n — 1)!

[C7]=~(-1) [Cn].

Proof. The second claim follows from the first using Proposition B4l O

Let us prove the first claim. The restriction of the cocycle C), to the Lie subal-
gebra gl,,_1(C) equals zero. This follows, for instance, from the Amitsur-Levitsky
theorem: for any n X n matrices Ay, ..., Ao, one has Alta, (A1, ..., Ag,) = 0.

On the other hand, the restriction of the cocycle C,, to the Lie subalgebra of
matrices (a;;) where a1; = a;1 = 0 is zero. Indeed, in this case the form we integrate
in (64) is a differential (2n — 2)-form in dzs, ..., dz,—1,dZ2, ...,dZ,—1 and thus it is
zero. So thanks to (B0) and ([62) we conclude that the cocycle C,, is proportional

to én To determine the proportionality coefficient we compute the values of both
cocycles on a special element E,, € A"~ 1gl,,. To write it down denote by e;,; the
elementary n X n matrix whose only nonzero entry is 1 in the (¢, 7) place. Then

(67) /\ejn/\en] A €nn.

A direct computation shows that
(Cn,Ep) =1

Indeed, to get a nonzero trace we have to multiply (n — 1) blocks e, je;n, as
well as ey, which can be inserted anywhere between these blocks. So there are
(n — 1)!n = n! possibilities.

Let us compute the value of the cocycle én on E,.

Lemma 5.8. Integral (64]) equals

—n2n=t Hy(2,Z)dH2(2,Z) A ... N\dHap—1(z, z)
68 — - Alt
(68) (2n —1)! 2 1/@” 1 (2, 2)2” 1
Proof. By Proposition [5.1] integral (64]) equals

R Hq(2,Z) /Ha(z,%) Hsp,—1(2,%)
69 ——Alto,_1 - ~—~d "N N
69) Guoylten /@M ) e (=2)

One has, for i = 2,...,2n — 1, that

dHi(z,E) _ (2,2)dH;(2,%Z) — Hi(2,%2)d(2,Z)
(2,%) (2,2)2 '

Substituting

Cop e B

we get zero since H1 and H; appear in a symmetric way and thus disappear after
the alternation. The lemma follows. O

Let us calculate integral (69) in the special case

H2n—1(zaz) = |ZTL|27 HQk—l(Z)E) = Zkznv HQk‘(Z)E) = ank
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so that Hy A ... A Hop—1 = E,. We will restrict the integrand to the affine part
{zn, = 1} and then perform the integration. Since dHa,—1(2,Z) = 0 on {z, = 1}
and dzp A dZp = —2idxi A dy we get

( p) e (—2¢)n—tp2n-t / d"lzdn 1y

2n —1 Cn—1 (1 + |21|2 + ...+ |Zn,1|2)2n71

(= (20)" " Ip2n-1 o3 /00 r2n=3dp

= (1) =z XL 01§ e
(=1) o1 ST | Ty

() (27Ti)”71n2"71 <2n — 2) -1

——(-1)

m=D!I2n—-1)\n-1
since the volume of the sphere S273 is (Qn%;)l, and
(70) /°° 23y _ l/oo = 2dr B 1 om—2\ "
o (1+r2)2m=1  — 2 J (1+4+r)2-1 — 2p-2\n-1 '

To get the last equality we integrate by parts:

/°° 2 1 /°° Ly 1 !
= - r" ——— | dr
o (1472t 2n—2 Jo (14 r)2n—2
n—2 [ 4 dr
P— r e —
m—2 J (14 r)2n—2

B _(n—2)!n!/°° dr 1 [(2n-2 !
S @2n=-2) Jy A+r)ntt T n—1\n-1 '
Theorem B.7 is proved.
6. Construction of the Borel regulator via Grassmannian polyloga-

rithms. Let G be a group. The diagonal map A : G — G x G provides a
homomorphism A, : H,(G) — H,(G x G). Recall that

PrimH,(G) :={z € H,(Q)|A(z) =201+ 1® z}.
Set Ag := A® Q. One has
K, (F)g = PrimH, (GL(F))g = PrimH,GL,(F)q

where the second isomorphism is provided by Suslin’s stabilization theorem.
The Borel regulator is a map

7’50 : Kgnfl(((:)@ — R(n - 1)

provided by pairing the class b, € H?""1(GLa,_1(C),R(n — 1)) with the subspace
Kon—1(C)g C H2n—1(GL2,—1(C), Q).

Recall the Grassmannian complex Cy(n)

D Cony(n) -5 Cona(n) -5 .. -5 Cy(n)
where Cj(n) is the free abelian group generated by configurations of k + 1 vectors
(lp, ..., l;) in generic position in an n-dimensional vector space over a field F, and
d is given by the standard formula (see Section 3.1 in [G2]). The group Ck(n) is in
degree k. Since it is a homological resolution of the trivial GL,,(F)-module Z (see
Lemma 3.1 in [G2]), there is a canonical homomorphism

Pon—1 : Hon1(GLn(F)) — Han-1(Ci(n)).
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Thanks to Lemma the Grassmannian n-logarithm function provides a homo-
morphism

(71) L :Cona(n) — Rn—1);  (lo, s lon—1) — LG (lo, -y l2n—1).
Thanks to the first (2n + 1)-term functional equation for £G, see (ET), it is zero on
the subgroup dCs,,(n). So it induces a homomorphism
LS8 : Hy, 1(Ci(n)) — R(n —1).
Lemma 5.9. The composition LS o @ | coincides with the class [CS].

Proof. Standard; see [G4]. O

To construct the Borel regulator we extend, as in Section 3.10 of [G2], the class
[CE] to a class of GLa,_1(C). Let us recall the key steps.

Let Z[S] be the free abelian group generated by a set S. Let F be a field.
Applying the covariant functor Z —— Z[X (F)] to the bi-Grassmannian G(n) (see
Subsection 2 in Section 4), and taking the alternating sum of the obtained homo-
morphisms, we get a bicomplex. Using Lemma [Z1] we see that it looks as follows
([G2], Section 3.7):

d

— Cop—1(2n —1)
!
! !
i> an_l(n—l—l) i> L C’n+1(n)
! ! !
N o ST () S o SNIPY () BN Ch(n)

In particular, the bottom row is the stupid truncation of the Grassmannian complex
at the group C),(n). The total complex of this bicomplex is a homological complex,
called the weight n bi-Grassmannian complex BC,(n). In particular, there is a
homomorphism

(72) Han-1(Cs(n)) — Hap—1(BCi(n)).
In [G1], [G2] we proved that there are homomorphisms
@%—1 : Hgn_l(GLm(F)) E— Hgn_l(BC*(n)), m Z n

whose restriction to the subgroup GL,,(F) coincides with the composition

Hon 1(GLa(F)) 25" Ha 2 (Ca(0) T2 iy (BOL ().
Let us extend homomorphism (7)) to a homomorphism
ﬁg . BCQn_l(n) — R(n — 1)

by setting it to zero on the groups Ca,—1(n + i) for ¢ > 0. The second (2n — 1)-
term functional equation for the Grassmannian n-logarithm function, see (4g), just
means that the composition

G
an(n + 1) — an_l(n) — R(n — 1),

where the first map is a vertical arrow in BC,(n), is zero. Therefore we get a
homomorphism
LS : Hy, 1(BCy(n)) — R(n —1).
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Corollary 5.10. One has

(€G] = —(—qyntje__ (2 =DF b

2n—-2)I2n—-1)! n

Proof. Indeed,
Ah’,gn_lT‘I‘(Xl t et X2n—1) = <tr(g71dg)2”_1, X1 A A Xgn_1>.

[sln

So the claim follows from Theorem B since, as is clear from comparison of formulas

(6) and (G3), b, = n![Cy]. The corollary is proved. O

Theorem 5.11. The composition

(73) Ko, 1(C) == PrimHa,_1(GLa,_1(C),Q) “’giiﬁ
Han_1(BC.(n)g) <5 R(n — 1)

equals

(74) C(eaypinnyz (0 =DF g

n@n—2)2n—1)1' "

Proof. Recall that the restriction to GL, of the map ¢3"~1 coincides with the

map ¢y, ;. Therefore Lemma guarantees that the restriction to GL,(C) of
the composition of the last two arrows coincides with the map given by the class
[CS _1]. So Corollary EI0 implies the theorem. O

7. Comparing [D,] and B,. The following result is not used below.

Theorem 5.12.
[D,] = (2m1)"(2n — 1) By,.

Proof. The transgression identifies the class B,, with the Chern class of the universal
bundle over BG, where G = GL,,(C). We will compute explicitly the transgression
of the n-th component of the Chern character of the universal vector bundle p :
E — BG. Let A be a connection on E. Then the n-th Chern class is represented
by the 2n-form .
_ bt Fa
enlA) = G
where Fy := dA+ AN A is the curvature form.

Let ¢ : EG — BG be the principal fibration associated with E. Then the
form g*c,(A) is exact. If dw = ¢*c,(A) and F is a fiber of ¢, then w|r is closed,
its cohomology class is transgressive, and goes to [¢,(A)]. To do the computation
we choose a connection Ay on BG which is flat in a neighbourhood U of a point
x € BG. It provides a trivialization of the bundle F over U as well as a trivialization
v:EGly — GxU.

The bundle ¢*E has a canonical trivialization. It provides a connection Ay
on ¢*FE. So there are two connections, ¢* Ay and A; on ¢*E. One has A; =
q* Ao + g~ tdg, where (g,u) = (). Let

A(t) == tA + (1 —t)g* Ag = tg'dg + ¢* Ao.

It can be thought of as a connection on the lifting of the bundle ¢*E to EG x [0, 1];
here ¢ € [0, 1]. The curvature F'(t) of this connection is

F(t) = g Ydgdt + t*¢g~*dg A g~ tdg.
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The push-forward of the form tr ()" down to EG is a primitive for the form
tr Fﬁ(l) — tr FE(O). It is given (in ¢~ 1U) by

1
1
tr F(t)" = tr(g~tdg)?" .
/0 rR()" = 5 tr(g™ dg)
Theorem is proved. O

8. On the motivic nature of the Grassmannian n-logarithm functions.
According to the results of the previous section, understanding of the Borel regula-
tor, and hence special values of the Dedekind (-functions, is reduced to the study
of properties of the Grassmannian n-logarithm function £&.

Recall that a framed mixed Hodge-Tate structure has a natural R-valued invari-
ant ([BD]), called the Lie period. Thus a variation of the Hodge-Tate structures L
over a base X provides a period function LM on X (C).

Conjecture 5.13. (a) There exists a variation LQA of framed mized Tate motives
over G_, such that

2n 2n
D (=DaLyt =05 Y (—1YhLyt =0;
=0 7=0

and the Lie period LM of its Hodge realization satisfies
2n—1
(75) Ly =L = (-1)'ajF,

=0

where F, is a function on G"_,(C).

(b) The functional equations satisfied by Eﬁ" essentially determine it: the space
of all smooth/measurable functions satisfying these functional equations is finite
dimensional.

Remark. The function F, is obviously not determined by ([[3)—add a function
coming from 62_3(((:). Nevertheless we expect that there exists a canonical explicit
choice for F,. Then formula (75) can be considered as an explicit formula for £
in terms of £%s.

Moreover we expect that there exists a canonical homotopy between the Grass-
mannian n-logarithm (understood as a cocycle in the Deligne cohomology of the
bi-Grassmannian) and its “motivic” bi-Grassmannian counterpart. Observe that
the motivic bi-Grassmannian n-logarithm should have nontrivial components out-
side of the bottom line of the bi-Grassmannian, while the defined above (or in [G5])
Grassmannian n-logarithm is concentrated entirely at the bottom line.

A variation of mixed Tate motives over @2_1 was constructed in [HM]. However,
it is not clear how to relate it to the function £&.

Conjecture [5.13] is known for n = 2 and n = 3.

The n = 2 case follows from (I2)), the well-known motivic realization of the dilog-
arithm, and Bloch’s theorem characterizing the Bloch-Wigner function by Abel’s
5-term equation that it satisfies.

The n = 3 case of conjecture 513 follows from the results of [G1], [G2], [GZ]
and the motivic realization of the trilogarithm. In particular, the part (b) is given
by Theorem 1.10 in [GT].
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Examples. (1) n = 2. Then £3' = L§.
(2) n = 3. The motivic Grassmannian trilogarithm function has been constructed
in [GI], [G2] in terms of the classical trilogarithm function. Namely, one has

AUOv llv lJ)A(lla 127 l4)A(12; 107 15))
A(lo, 1, 1) Al 12, 15) A(l2, Do, 13) /)

According to Theorem 1.3 of [GZ] £ is different from LS, and

1
Fg(lo, ...,l4) = §Ah}5 (10g |A(l(), 11, l2)| 10g |A(l1, 12, l3)| log |A(l2, l3, Z4)|)

1
M _
LMo, .o ls) = QOAltﬁcg(

(3) If n > 3, then £ is different from LS since it is already so for the restriction
to the special configuration; see Theorem EH.

The space of the functional equations for the function £ is smaller than the
one for £4; see Chapter 1.5 of [G3]. A similar situation is expected for all n > 3.

The space of the functional equations for the motivic n-logarithm function £M
should provide an explicit construction of the weight n part of the motivic Lie
coalgebra of an arbitrary field F, as explained in Section 4.1 in [G6], taking into
account the following correction.

Correction. In Section 4.2 of [G6] the subgroup of the functional equations RS is

supposed to be defined as the subgroup of all functional equations for the function
LM, not LS.

6. THE CHOW DILOGARITHM AND A RECIPROCITY LAW

*

The Chow dilogarithm provides a homomorphism A3C(X)
1
(76) fiNfa A f3— Pa(Xs fu, fo, f3) == o= (f1: f2, f3)-

- T2
211 X(C)

— R given by

In this section we show that the Chow dilogarithm can be expressed by the
function £5(z). The precise versions of this claim are discussed below.
1. The set up ([GI], [G2]). For any field F' we defined in [GI] the groups

and homomorphisms
On : Bo(F) — B_1(F) @ F*; {z},— {z}p1®2, n>3,
d2 : Bo(F) — A’F~, {z}a— (1—2) Az
There is a complex I'(F;n),

Bo(F) 2% B 1(F) @ F* 2 ... 28 By(F) @ An~2F* 28 AnF
where 6,({z}x @Y) :=={z}pr_1 @AY for k> 2, and (1 —x) Az Ay for k = 2,
called the weight n polylogarithmic complex.
If K is a field with a discrete valuation v and the residue field k,, then there is
a homomorphism of complexes res, : I'(K,n) — I'(ky,n — 1)[—1] (see Subsection
14 of Section 1 in [GI]). For example, for n = 3 we have

Bs(K) 2 ByK)® K* 2% A3K*
(77) | resy | resy
Bolky) 2 A2k
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Here res, ({x}2 ® y) is zero unless v(x) = 0. In the latter case it is res,({z}2 @ y) =
v(y){T}2, where T denotes projection of x to the residue field of K.

Let X be a regular curve over an algebraically closed field k and F := k(X)*.
Set Res := Zx res, where res; is the residue homomorphism for the valuation on
F corresponding to a point & of X. For instance for n = 3 we get a morphism of

complexes
Bs(F) 2 By(F)oF* -2 A3
| Res | Res
Bo(k) 22 A%

We will also need a more explicit version Bz(F') of the group By (F'). Denote by
R (F) the subgroup of Z[P!(F)] generated by the elements

{0}7{00} and Z(_l)i{r(xlv"'7§i7"'7x5)}
i=1

when (x1,...,25) runs through all 5-tuples of distinct points in P!(F), and the
cross-ratio r(...) is normalized by r(c0,0,1,z) = x. Define the Bloch group Bz(F')

as
Z[P'(F)]
By(F) i= ————.
2( ) RQ(F)
One can show that Ry(F) C Ro(F'). So there is a map

induced by the identity map on the generators.

Proposition 6.1. Let k be a number field. Then ([[8) is an isomorphism modulo
torsion.

Proof. The map i is clearly surjective. The diagram

Ba(k) — Ba(k)
| 02 1 02
A2k* = AZk*

is commutative. So we need only to show that if 0 # x € Ba(k)g and d2(z) = 0,
then i(z) # 0. This follows from the injectivity of the regulator map on Ki"¢(k)g.
Indeed, by Suslin’s theorem for a field F' one has Ki"¥(F)g = Kerdo ® Q. Let us
identify Ki"¢(C)q with this subgroup of Ba(C)g. The restriction of the dilogarithm
map

Ba(k) — Ba(k) — (Z|Hom(k,C)] ® 2miR) T, {z}2 — {27miLa(04(2))}

to the subgroup Kerd, ® Q gives the Borel regulator Ki"¢(k)g — R"™ ([GI]) and
thus is injective by Borel’s theorem. (I

Remark. For any field k the rigidity conjecture for Ki"@ implies that the map i
should be an isomorphism; see [GI].
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2. The strong reciprocity law.

Conjecture 6.2. Let X be a reqular projective curve over an algebraically closed
field k and F := k(X)*. Then there exists a canonical homomorphism of groups
h: A2F* — By(k) satisfying the following two conditions:

(a) h(k* ANA2F*) =0 and the diagram

B3(F) 2 By(F)oF* 25 A3

(79) Res | h,/ | Res
By (k) RN

18 commutative.
(b) If X is a curve over C, then

(50) o [ (A A o) = (B A a1 ).

™ X(C)
Remarks. (1) (b) follows easily if we have a functorial map h such that Res = dy0h;
see Theorem [6.10] below.

(2) According to Suslin’s reciprocity law for the Milnor group K2/ (F) the pro-
jection of Res(A3F*) C A%k* to Ka(k) is zero. Since by Matsumoto’s theorem
Ky (k) = Coker(d3), one has Res(A3F*) C Im(d;). However Ker(d2) is nontrivial,
S0 it is a priori unclear that we can lift naturally the map Res to a map h. One of
the reasons why we can do this is provided by (80).

We prove this conjecture in the following cases:

(a) X = P; we construct ezplicitly a reciprocity homomorphism h : A3F* —
Bsy(k) in Theorem [6.5]

(b) X is an elliptic curve over an algebraically closed field; we construct explicitly
a reciprocity homomorphism h : AF* — By(k) in Theorem B.14]

(c) k= Q, X is any curve; see Theorem [G.12.

In the cases (a) and (b) the homomorphism h satisfies the following additional
property. Let F' = k(X) and k is not necessarily algebraically closed. Let k' be the
field of definition of the divisors (f1), (f2), (f3). Then h(f1 A fa A f3) € Ba(k').

Conjecture 6.3. Let X be a projective reqular curve over an algebraically closed
field k and F := k(X). Then the homomorphism

Res: T'(F';n) — T'(k;n — 1)[—1]
is homotopic to zero.

Lemma 6.4. Assume that we have a map h such that h(k* A A2F*) = 0 and
Res =6y 0h. Then hod3 = Res.

Proof. The image of the group By(F') ® F* under the map h o d3 belongs to the
subgroup Kerdz. Since h(k* A A2F*) = 0 one has h o 63 = Res on By(F) ® k*.
Any element of k(X)* can be connected via a curve to a constant. This together
with the rigidity of Kerds (built into the definition of the group By (k)) implies the
result. d

3. The X = P! case. Recall that v,(f) is the order of zero of f € k(X) at x.
Choose a point co on P*.
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Theorem 6.5. Assume that k = k. Then the map h : A°k(P')* — Bo(k) given by
the formula

h(fl A f2 A fS) = Z Vg (fl)vzz (f2)vl’3 (f3){7’($1,x2,x3, OO)}Q

:CiE]P’l(k)
satisfies all the conditions of Conjecture 6.2 modulo 6-torsion.

Proof. Let us show that h is independent of the choice of oo, i.e.,

> ay (1)Vey (f2)vsy (f){r (21, 22,23, 0) }2 € Ba(k)

z;€P1 (k)

does not depend on a. Indeed, the 5-term relation for the 5-tuple of points (x1, 2,
x3,a,b) gives

Z Vzy (fl)vzz (fZ)Uam (f?)) ({7’(1‘1, x2,I3, a)}2 - {r(xla x2,T3, b)}Q)
z, €P1(k)

== > (e (2w (f) ({r(@1,22,0,0)}2

T cpl (k})

—{r(z1,x3,a,b)}2 + {r(ze, z3,a, b)}g) )

Each of these 3 terms vanishes because }_, cp1 ;) v2(f) = 0 for any f € k(PH*. O

Proposition 6.6. Let k = k. Then modulo 6-torsion,

MA=HAFAG = D valg{f(@)}e

zePL (k)

Proof. Using linearity with respect to g and projective invariance of the cross-ratio
we see that it is sufficient to prove the identity for g = t. Then it boils down to
showing

(81) > e (1= oe, (Hir(@,22,0,00) 2 = {£(0)}2 = {f(00) }2.

:CiE]P’l(k)

Lemma 6.7. Applying 62 to both parts of BI) we get the same result modulo
6-torsion.

Proof. Choose a coordinate ¢ on P! such that f(co) = 1. Then
e — )% BT, - )%
[T(ex — 1) [T (e =)

Observe that {f(o0)}2 = 0 modulo 6-torsion. The left-hand side equals

(83) Yo vn(l= Nos(Hfz/z2}s

T cpl (k:)

= Biaifbj/aits = > weifer/aita =Y Bive{bi/cr}e.

(82) f®) — /()
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Applying 05 to it we get

a; — i — Ck Ck Ck—bj bj
Zﬁjai' @ Z'Ykaz ) /\;—Z%ﬁj'TAa

(47} (3

= Zﬂjai'bj /\ai‘f'zai')/k'ai/\ck +Z’Ykﬂj “cr N b
-Wﬂ' o —b) e Ile = a)
— P4 A b Ak
> o ho+ X e a3 et
Using (B2) we see that the second line equals modulo 2-torsion

=0 fa) A "’+Zf ) Ab anz:z:ﬁj/\czk—i—B/\Ha?"’.

The first two terms are zero since f(a;) =0 and f(b;) = 1. The third term equals
—(B A1 ¢f%) since, as follows from (82), f(ck) = co and thus

[I(a; —ex)™
[1(b; —cx)P B

On the other hand, we have

,3» )
BII, b5 A ;a5
I1;. < I1,. "

which matches the expression we obtained for the left-hand side. The lemma is
proved. O

02({f(0)}2) = (1 = £(0)) A f(0) =

To prove the proposition it remains to use a rigidity argument. Namely, we
need to show that the identity is valid for some particular f, which is easy, or use
Proposition plus injectivity of the regulator on Kg(@)@. The proposition is
proved. O

Now let us prove the key fact that Res = §3 o h. We need to show that for any
3 rational functions fi, f2, f3 on P,

Z res; (f1 A fa A f3)

zeP1(k)
(84) =02 D vn ()ves (Fo)vas (Fa){r(ar, 22,33, 00)}a )
x; €PL(k)

Both sides are obviously homomorphisms from AF* to A2k* which are zero
on k* A A2F*. (The last property for the map > res, is provided by the Weil
reciprocity law.) We normalize the cross-ratio of four points on the projective line
by r(00,0,1,2) = z. So it suffices to check the formula on elements

z—ay z—by z—co

z—a1 z—b1 z—c1

In this case it follows from

da{r(az, bz, c2,00)} 2 = 62 {

—C2 by—az as—c
by —c2 2 by —c2 52—62'

It remains to prove the following proposition.
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Proposition 6.8.
PQ(Pl;flaf%fB) = Z vz1(f1)vx2(f2)vl’3(f3)£2(r(x17x27x3aOO))'

;P ((C)

Proof. We immediately reduce the statement to the situation when f; =1—2z, fo =
z, f3 = z — a, which is a particular case of the following lemma. O

Lemma 6.9. Let X be an arbitrary curve over C. Then
[ na-pafrg=- % wlo) L@
X(©) 2€X(C)
Proof. For functions f(z) and g(z) on X (C) set

a(f,g) = log|f|dlog|g| —log|g|dlog f].
Consider the following 1-form on X (C):

(55) La(f)dargg  5a(1 ~ 1, 1) loglol.

It defines a current on X (C). We claim that its derivative is equal to
(86) 2m - La(£)0(g) + r2((1 = f) A f A g).

Using d(dargg) = 27 - 6(g) and

(87) dLy(z) = —log|l — z|darg z + log |z|d arg(1 — 2),

we see that the differential of the current (85]) equals

2nLa(£)0(g) + (~log L = fldarg f + log| fldarg(1 - f)) A dargg
+3 (1o 1 fldiog|f] ~log| fldlog|1 ~ 1) A diogly|

~=logg| - dlog |1~ f| A dlog]f].
Since dlog(1 — f) Adlog f = 0 we have
dlog|l — fl| Adlog|f| = darg(l — f) Adarg f.
Using this and writing r2(f1 A fa A f3) as
%(log | f1ldlog | f2] A dlog|fs| + cyclic permutations)
—(log| f1|darg(f2) A darg f3 + cyclic permutations)
we come to (BE). Integrating we get the lemma. The proposition is proved. O

4. Expressing the Chow dilogarithm via the classical one. Let 7 : Y — §
be a family of curves over a base S over C and fi, fa, f3 € C(Y)*. We get a
function at the generic point of S. Its value at s € S is given by the Chow
dilogarithm Po(Y'®; 3, f5, f5), where Y* is the fiber of m at s. Denote it by

PQ(Y - S;f17f25f3)'

Theorem 6.10. (a) Let w7 : Y — S be a family of curves over a base S over C.
Then there are rational functions @; on S such that

PaoY — S fi, fo, f3) = Zﬁz(wi(s)).
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(b) Let k = C(S), X is the generic fiber of m, and F = k(X). Suppose that there
exists a map h : A3F* — Ba(k) such that Res = 03 0 h. Then

(88) dP2(Y — S; f1, f2, f3) = dL2(h(f1, f2, f3))-

Proof. (a) We use the existence of the transfer map on K37 to reduce the statement
to the case X = P!

Choose a projection p : X — P'. We may suppose without loss of generality that
p is a (ramified) Galois covering with the Galois group G. Indeed, let p; : Y — X
be such a covering that its composition with p is a Galois covering. Indeed,

1
Po(Y — Sipifu,pife,pifs) = g ——Po(X — S fi, f2, f3).
egp1
Then ) cq 9" {f1, f2, f3} € p* KM (k(P1)). Tt coincides with p* of the transfer of

the element { f1, f2, f3} € K (F). This means that there exist s(li), s(;), sgi) € k(Ph)
and g;, hj € k(X) such that

(89) Z g (fiNfaNf3)—p" ZSY) A s A sl = Z(l —gj) Ag; Ahj.

geG J

Therefore,

1 iy (1) (i
,PQ(YHS;fthaf'S): |Z,P2(IP1XS_)S7S§)75§)7S((3))

1G]
+3 " Po(P xS — S5 (1 - g;), 95, hy).-
J

It remains to use Lemma [6.9] and Proposition [£.8. Part (a) of the theorem is
proved. (I

(b) We need the following lemma.

Lemma 6.11.
(90)  dPo(Y — i fu, fo, fo) = (2m) 7" Alta (v (1) log | ()| ds arg fo(x) ).

Proof. Using ddlog f = 2mid(f) we get an equality of 3-currents on Y

d d d
(91) dra(fi, fo, fa) = w?,(i n 2, ﬁ) + 2Alts (8(f1) log | fo(w)ldarg f3(x) )
fi  fa oS3
The second term in (@I) is a 1-form on the divisor D := U?Zl div(f;) considered as
a 3-current on Y. This 1-form is the composition of the residue map
res : A3C(Y)* — H A2C(X)*
Xey;

with the map
r1 s APC(X)" — AN(Spec(C(X))),  fAg— —2n(log|fldarg g—log|gldarg f).

The push-forward of the first term in (91]) vanishes (since the fibers are complex
curves the push-down of any (3,0)-form to S is zero). Integrating the second 3-
current in (@I along the fibers of Y we get (@0). The lemma is proved. O

According to Lemma 61T and formula (87) for dLy, and using Res = ds o h we
get the proof of part (b) of the theorem. O
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Remark. The function £3(2) is continuous on CP!. Therefore, part (a) of the theo-
rem implies that the function P2(Y — S; f1, fo, f3) can be extended to a continuous
function on S.

5. Conjecture for k& = Q.

Theorem 6.12. Let X be a reqular projective curve over Q and F := Q(X). Then
there exists a homomor_phz'sm h: A*F* — B2(Q) ®Q as in conjecture such that
for any embedding o : Q — C one has

[ ot A A fi)) = Lo (oA f2 1 £))).

(92) —
211 X(C)

Proof. Tt is similar to the proof of Theorem [6.10l Choose a projection p : X — P!,
We may suppose that p is a Galois covering with the Galois group G. Indeed, let

1 :Y — X be such a covering that its composition with p is a Galois covering.
Setting

h(fiNfaNf3):=h
we may suppose that p is Galois.

Then Y- 9*{f1, f2, fs} € p* K37 (k(P")). So there exist s 65 s e k(P
and g;, h; € k(X) such that ([89) holds. Set

G| h(fr A f2 A fs) : Zh sUASS A D DT {gi(@)}a - valhy).

J xGX(Q)

1 *
(@ pI(f1 A fa A f3))

Lemma 6.13. Suppose _,(1— fi) A fi A gi = 0 in A*Q(X)*. Then
Z Z ve(g:) - {fi(x)}2 =0 in the group B2(Q).
i 2eX(@

This lemma implies that h is well-defined. Indeed, suppose that we have a
different presentation:

S g h kst =p Z“"“’A“"f’ 57 +3 (=3 Ag ARy

geG J
We need to show that

(Z k)/\SQ A Zs /\521)/\53)>
(93) + Z vz (hy){g;(x)}2 — Z Um i){gj(z)}2 = 0.

There exist a;,b; € k(P') such that modulo k* A A%k(P!)* one has
Z%k)/\ k)/\%k) Zsz)/\s;)/\s 2 Z(l—aj)/\aj/\bjzo.
k J

According to Theorem the homomorphism h for P! annihilates the left-hand
side. On the other hand,

(Z (k) «{k) /\E{Bk) Zs(z) /\S(z) /\S(z))

—Z — GV NG Nh+ Y (1—gj) Ag; Ay =0.
J
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Using Lemma [6.13] we get (@). To get (02) we use Theorem [6.10 and notice that
(94)
Po(Y — S5 f1, f2, fs) = 1/m - P2(Z — S;pif1,p1f2: 01 f3)- 0

Proof of Lemmal6.13 For a regular curve X over an algebraically closed field &
there is a commutative diagram

By(F)o F* % A3F

Res | | Res

Ba(k) @ Z[X (k)] 22 A2k @ Z[X (k)]

Thus for any point = of the curve X the element ). v, (g;) - { fi(x)}2 lies in Kerds.
Therefore it defines an element 7, € K3(Q)g.

For any embedding o : Q — C the value of the Borel regulator on o(;) is equal
to > . cx V2(9:) - La(o(fi(x))). So by Lemma the value of the Borel regulator
on Y. 0(v,) is equal to 27+ [op 72(32;(1 — fi) A fi A gs) and hence it is zero by our
assumption. So Borel’s theorem implies that the element is also zero. ([

A similar argument using Lemma shows that the homomorphism h does
not depend on the choice of the (finite) Galois extension of Q(P!) containing the
field Q(X).

6. Explicit formulas for the reciprocity homomorphism s and the
Chow dilogarithm in the case of an elliptic curve. Let E be an elliptic
curve. We want to calculate the integral fE(C) ro(f1 A f2 A f3). Let us suppose that
E is realized as a plane curve. Then any rational function f on E can be written
as a ratio of products of linear homogeneous functions:

Ll
lk+1 Ct lgk.

So it is enough to calculate the integral fE(C) ra(l1/lo Nla/lo A ls/ly) where the [;
are linear functions in homogeneous coordinates. We will do this in a more general
setting.

Notation. Let X be a plane algebraic curve and [; linear functions in homoge-
neous coordinates. Denote by L; the line ; = 0 in P2. Let D; be the divisor L; N X.
Set l;; := L; N L;. For three points a, b, ¢ and a divisor D = ) n,(x;) on a line we
will use the following notation (see Figure [ITI):

{r(a,b,c,D)}s := Z ni{r(a,b,c,x;)}a.

Theorem 6.14. Let E be an elliptic curve over an algebraically closed field k.
Then there exists a homomorphism of groups h : ASF* — Bay(k) such that for any
linear homogeneous functions lg, ...,l3 one has

3

(95) h(li/lo Nlg/lo Ng/ly) = — Z(—l)i{r(lio, s bigy s liz, D) Yo
i=0
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FIGURE 11. Defining {r(a,b,c, D)}s for a plane algebraic curve X

and which satisfies all the properties of Conjecture [6.4. In particular, if k = C,
then

(96) Pa(B: fi A fa A fo) = La((FL A fo A o))

Proof. Suppose we have four generic lines Lo, L1, L2, Lz in P2. Any two of them,
say Lo and Ly, provide a canonical rational function (ly/l1) on P? with the divisor
Lo — Ly normalized by the condition that its value at the point lo3 is equal to 1. [
Lemma 6.15. (a) On the line Ls one has (I1/lo) + (I2/lo) = 1.
11/1

(v) Eli?lgg =—(h/k).
Proof. Let m be a point on the line Ls. Then
(97) (Il1/lo)(m) = r(los, 113, l23, m); (l2/lo)(m) = r(lo3, l23, 13, m).

This gives (a). It follows from this that if the point m approaches the point lys,

then % tends to —1. This implies (b). d

Lemma 6.16. For any plane curve X one has

3
3 resg,:((ll/lo) A (Ia/lo) A (13/10)) = 0y (Z(—1)i{r(zm, o Dy oo i, Di)}g).

zeX =0

Proof. Let us compute first the residues at the divisors Dy, D2, D3 using part (a)
of Lemma [6T8. For example, the residue at € Dy is equal to

vz ((11/1o)) - (12/lo) () A (Is/10)(®) = vz ((l1/l0)) - (1 = (I3/lo)(x)) A (I3/1o)(x)
@ U;c((ll/lo)) : {7“(1137 l10, l12736)}2 = 'U;c((ll/lo)) : {T(llo, l12, l13, 56)}2
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It remains to compute the residues on the line L. According to part (b) of Lemma
one has

(l1/lo) A (I2/10) A (I3/10) = —(lo/11) A (I2/11) A (I3/11).

Using this we reduce the calculation to the previous case. O

Proposition 6.17. Let E be an elliptic curve over an algebraically closed field k.
Then formula (@5) provides a well-defined homomorphism of groups h : ASF* —
Ba(k).

Proof. Let D := )", n;(z;) be the divisor of a rational function f on E. To decom-
pose it into a fraction of products of linear homogeneous functions I; we proceed
as follows. Let I, , (resp. l;) be a linear homogeneous equation of the line in P?
through the points  and y on E (resp. x and —z). The divisor of the function
loy/leis (z)+ (y) — (z+y) —(0). If D = (x)+ (y) + D1, we write f =1z y/loty - [/,
so (f') = (0)+ (z+y) + D1. After a finite number of such steps we get the desired
decomposition. (See Figure[I2.)

_y_z
y+z
FIGURE 12.
There are the following relations-
AL Loy .z . Loyt = constant.

x+y z+y+z lerz z+y+z
One can prove that they generate all the relations between the functions l; o/l -
So h is well-defined if it annihilates the following expression:

F(z,y, 210, l2,13) = ( oty / Loys ) A (I2/1o) A (13/1o).
z+y x+y+z lerz x+y+z

It follows from Lemma [6T6] that do(F(z,y, 2;lo,l2,13)) = 0. Thus according to the
definition of the group Bz (k) it is enough to check that A(F(z',y’, 2"; 1o, l2,13)) =0
for a certain triple of points (z/,y’, z). It is easy to see that h(F(a,a,a;lo,l2,13)) =
0 since then the first factor in F' is a constant. The proposition is proved. O
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Proposition 6.18. Let X be an algebraic curve in P? over C and lg, ..., 13 linear
homogeneous functions on C3. Then one has (using the notation defined above)
3
(98) / 7“2(11/[0/\12/10/\13/10) = 27T~Z(—l)iﬁg(r(lio,...,lii,...,li;g,Di).
X(©) i=0
Proof. Tt follows from Lemma and Theorem [6.10 that the differentials of both
sides coincide. So their difference is a constant. To show that this constant is zero

we deform X to a union of lines in P2. Using Proposition .8 one sees that formula
([@R) is valid when X is a line in P2. O

7. APPENDIX: ON VOLUMES OF SIMPLICES IN SYMMETRIC SPACES

1. Volumes of hyperbolic geodesic simplices as boundary integrals.
A point y of the n-dimensional hyperbolic space H,, defines a one-dimensional
space M, of volume forms on the absolute 0H,. It consists of the volume forms
invariant under the action of the isotropy group of y. We write them as follows.
Let 9, ..., x,, be the coordinates in a vector space V,, ;1 of dimension n + 1, and
Q(z) := 2% + ...+ x2_, — 22. Then H, can be realized as the projectivization of
the cone Q(x) < 0, and its boundary is the projectivization of the cone Q(z) = 0.
Choose a point y € H,. Lifting y to a vector 3y’ € V41 we have the following
volume form on the boundary 9H,,:

5(Q(x))0n+1 (:L‘, d{E)
(z,y) 1 :
If y belongs to the boundary OH,, this formula provides a space M, of singular
volume forms on the absolute; they are invariant under the isotropy group of y.

Let us choose for any point y such a volume form u,. For two points z,y the
ratio 5/, is a nonzero function on the absolute.

Let I(yo,...,yn) be the geodesic simplex with vertices at yo, ..., yn where the
points y; could be on the absolute. Denote by voll(yo, ..., yn) the volume of this
simplex with respect to the invariant volume form in H,, normalized by the following
condition: if we realize the hyperbolic space as the interior of the unit ball y? + ...+
y2 < 1, then the volume form restricted to the tangent space at the origin (0, ...,0)
is dyi A ... A dyp.

Theorem 7.1. For any hyperbolic geodesic simplex I(yo, ...,yn) one has
(99)
(n —1)"vol(S™1)
n

-volI (Yo, .oy Yn) = / 10g|@|dlog|@| AA dlog|@ .
OHn Hyo Yo Yo

Let ©(yo, --., yn) be the function defined by the right-hand side of (39). Thanks
to property (2) of Proposition [51] it does not depend on the choice of invariant
volume forms fi,,.

Proposition 7.2. The function p(yo, ..., yn) has the following properties: It is
(1) a smooth function on the vertices y;;
(2) equal to zero if three of the vertices belong to the same geodesic;
(8) additive with respect to cutting of a simplex, i.e., if yo, ..., yn are points such
that yo,y1,y2 are on the same geodesic, y1 between yo and y2, then

@(y07 Y2y --es yn+1) = Sﬁ(yoa Y1,Y3, -5 yn+1) + @(ylv Y2y -y ynJrl);
(4) invariant under the action of the symmetry group SO(n,1).
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Proof. (1) This is clear.

(2) Let us realize the hyperbolic space as the interior part of the unit ball in
R™. Consider the geodesic [ passing through the center of the ball in the vertical
direction. The subgroup SO(n—1) C SO(n, 1) preserves pointwise this geodesic. So
for any point ¥ on the geodesic the invariant volume form p, is invariant under the
action of the group SO(n — 1). The quotient of 9H,, under the action of SO(n—1)
is given by the projection p : 9H,, — R onto the vertical axis. Take three points
Y1, Y2, y3 on the geodesic. Then Z—ﬁ and % are lifted from the line R. Therefore,

dlog %| A dlog|Zﬁ| = 0. So for a degenerate simplex (yo, ..., y») one has
Y1 v1

=0.

log |@|dlog |@| A dlog|%| A A dlog|w
Hoyy Hoyy oy, oy,
It remains to mention the skewsymmetry of the integral (@9). Property (2) is
proved.
(3) Follows from (2) and the additivity property from Proposition Bl
(4) This is clear from (4) of Proposition Bl The proposition is proved. O

The leading term of the Taylor expansion of the function ¢(yo,y1, ..., yn) when
yo is fixed and yi,...,yn are near yo provides an exterior n-form in 7T, H, de-
noted ¢y, (Y1,....Y,), Yi € Ty, H,. Let us compare it with the volume form
Voly, (Y1, ..., Y,) in T, 'H, normalized as before Theorem 7.1.

Lemma 7.3. ¢, (Y1, ..., V) = 8= v0l(S7 1) - Vol (Y1, ..., V).

n

Proof. Below we abuse notation by writing y for 3. One has p,, /1y, = %
So
(y1,2) (y2, @) (Yn: @)
(Yo, -y Yn) = n—l”/ log dlog A ...Ndlog .
(wo n) = ) OHn |(y079€)| |(yo,$)| |(yo,$)|
Thus

Oyo (Y1,..,Y) = (n—1)" /aH (Y1,2)d(Ya,2) A ... Ad(Yn, x).

To do the computation of this integral we may suppose that yo = (0,...,0,1),
Y, = %, so (Y;,z) = x;. Then the last integral equals

— 1"
(n— 1)"/ x1drg A ... N dx, = %vol(sn_l)
Sn—l

where S™71 is the sphere % + ... + 22 = 1. The lemma follows. O

Proof of Theorem [Tl Let us suppose first that the points z; are inside of the
hyperbolic space. The function ¢(x, ..., Z,,) defines an n-density ¢ on H,,. Namely,
to define the integral ¢ over a simplex M one has to subdivide it into small simplices
and take the sum of the functions ¢ corresponding to their vertices. When the
simplices are getting smaller the limit exists and is by definition | v P Here we
used properties (1) - (3). More precisely, (1) and (2) imply that ¢ defines an additive
volume form on H,,, and (3) (together with (1)) guarantees that this volume form
is o-additive.

The skewsymmetry property implies that ¢ is actually a differential n-form. It
is invariant under the action of the group SO(n,1). Therefore it is proportional to
the standard volume form.
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Now suppose that the vertices x; can be on the absolute. Then it is easy to see
that the corresponding integral (B3)) is still convergent. Moreover, if the vertices of
the geodesic simplex are in general position, then it is a continuous function of the
vertices. This implies that the volume of an ideal geodesic simplex is finite (which
is, of course, an elementary fact) and coincides with the corresponding integral (99)).

Completely similar results are valid for the complex n-dimensional hyperbolic
space H,,© = {|z1] + ... + |2n|? < 1}, 2; € C, and the quaternionic hyperbolic space
H,® = {|q1| + .. + |gn|? < 1} (g; are quaternions). Indeed, a point z in each of
these spaces defines an invariant volume form g, on the boundary. ([

2. Calculation of the volume of a three-dimensional ideal geodesic
simplex. If n = 3 the absolute can be identified with CP!, and for the ideal
simplex with vertices at the points 0o, 0,1, a on the absolute we get

vol(I(00,0,1,a)) = 3cs - / (log|z|dlog|l — z| —log |1 — z|dlog |z|) A dlog |z — al
cpt

=3c3 - / (log|z|darg(l — z) — log |1 — z|darg(z)) A darg(z — a)
cpt

because dlog(z — 1) A dlog(z — a) = 0. Here log f = log |f| + ¢ arg(f). Using
dLy(z) =log |z|darg(l — z) —log |1 — z|d arg(z)

we rewrite the last integral as
(100) 3cs - / dLy(z) N darg(z — a).
2

Computing the differential in the sense of distributions we get
d(Le(z)darg(z — a)) = 2w - L2(2)d(z — a)dxdy + dLo2(2) A darg(z — a).

So the integral of the right-hand side over CP! is zero, i.e., the integral (I00) is
equal to —6mcs - Lo(a) (cg = —1/(6m)).

3. Volumes of geodesic simplices in SL,,(C)/SU(n). Recall the invariant
differential (2n — 1)-form wp,, in H,.

Question. Is it true that

(101) voly, (I(g, ..., Tan—1)) = constant X 1, (2o, ..., T2n—1)7

One can show, following the lines of Subsection 1 in Section 7, that the positive
answer to this question is equivalent to the following statement: if zq, z1,x2 are on
the same geodesic, then ¥, (xo, ..., x2,—1) = 0.

4. Another approach to Grassmannian polylogarithms. The following
construction was suggested to the author during the Fall of 1989, independently,
by M. Kontsevich and by J. Nekovaf. A hyperplane h in an n-dimensional complex
vector space V determines an arrow in the space of degenerate nonnegative definite
Hermitian forms in V' consisting of the forms with the kernel h. Let hq, ..., hoy, be
hyperplanes in V. Let C(hq, ..., ha,) be projectivization of the convex hull of the
arrays corresponding to these hyperplanes. It is a simplex in H,. The idea is to
integrate the form wp, over this simplex. If n = 2 this construction provides an
ideal geodesic simplex in the Cayley realization of the hyperbolic space, given by
the interior part of a ball in RP3. However, the convergence of this integral for
n > 2 has not yet been established, although it does not seem to be a very difficult
problem. If the integral is convergent, we get a function on configurations of 2n
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hyperplanes in CP™~!. It would be very interesting to investigate this construction
further and compare it with our construction of the Grassmannian polylogarithms.

5. A (2n — 1)-cocycle of GL(C). Consider an infinite-dimensional C-vector
space with a given basis ey, ..., €, .... The group GL(C) is the group of automor-
phisms of this space moving only a finite number of basis vectors.

Let us describe the restriction of the cocycle to the subgroup GLy, 4., (C) acting
on the subspace generated by the first n + m vectors. Take 2n elements g1, ..., gon,
of this group. Consider the corresponding 2n (m + 1)-tuples of vectors:

91(€ny s €nim)y ooy G2n(€ny ooy €ngm)-
The set of all (m+ 1)-tuples of vectors forms a vector space. Let Ay, _1 be the stan-
dard simplex Z?Zl Aj = 1. Consider the set CJ/* C Ag,_1 consisting of (A1, ..., Aay)
such that

2n
Z Xi - gi(eny ooy €ntm)
i=1

is an (m+ 1)-tuple of vectors not in generic position. It is a cycle of codimension n.
The Chow polylogarithm function evaluated on it provides the desired (measurable)
cocycle.

The cocycle property follows from the functional equation for the Chow poly-
logarithm and the following general fact. The set of those (Aq, ..., A2p4+1) such that
Yo Ni-Gi(en, ...y engm) is an (m + 1)-tuple of vectors not in generic position is also
of codimension n.

The construction is consistent with the restriction to GL,, just by definition.

Problem. Show that the cohomology class of this cocycle is nontrivial and
proportional to the Borel class.
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