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GREEN CURRENTS FOR HOLOMORPHIC AUTOMORPHISMS
OF COMPACT KAHLER MANIFOLDS

TIEN-CUONG DINH AND NESSIM SIBONY

1. INTRODUCTION

Let (X, w) be a compact Kéahler manifold of dimension k. Let f be a holomorphic
automorphism of X. Our purpose is to introduce invariant positive closed currents
for f and to use them in order to construct dynamically interesting invariant mea-
sures.

More precisely we want to construct positive closed (s, s)-currents T' satisfying
a functional equation

ffT=XT, A>1,

and some additional regularity properties. Very likely, the currents T will describe
the distribution of invariant manifolds of codimension s corresponding to the small-
est Lyapounov exponents.

Let d,, denote the dynamical degree of order p of f. It describes the growth under
iteration of the volume of p-dimensional manifolds. When d; > 1, it is natural to
introduce first a positive closed (1, 1)-current as

n\*
T, := lim M
n—oo d{b
Unfortunately, this limit does not always exist, as holomorphic automorphisms of
tori show.

However, for Hénon maps in C? or for algebraically stable meromorphic self-maps
of P* the limit exists and was studied extensively. See the introduction of [1, B5]
for historical comments. The limit T; is called the Green current. For holomorphic
endomorphisms of P* the self-intersection TF is well defined and gives an invariant
measure.

In the context of polynomial automorphisms f of C? having positive entropy, the
second author has defined, using the intersection of the Green currents of f and f~1,
an invariant probability measure which turned out to be dynamically interesting.
It, as well as the Green current, was extensively studied by Bedford-Lyubich-Smillie
[2, 1] and by Fornaess and the second author [22] 23].

Cantat [6] has adapted some of the constructions from the study of Hénon maps
to the context of automorphisms of K3 surfaces. The striking fact in this case is
the existence of automorphisms of positive entropy for some K3 surfaces [33] 6], 34].
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Given a holomorphic automorphism or, more generally, a bimeromorphic self-
map of a compact Kéhler manifold of dimension k& > 3, constructing interesting
invariant measures is a delicate process. The case of some classes of polynomial
automorphisms of C* is considered in [35, 30]. The same difficulty arises for mero-
morphic self-maps whose topological degree is not the largest of the dynamical
degrees; see [21) 28, [14]. In this case, the cohomology class [T1]¥ is zero in the
cohomology group H’“’“(X ,R). Hence we cannot construct an invariant measure as
the self-intersection of the Green current T7.

In this paper, we focus on the question of constructing invariant currents and
invariant measures for automorphisms of compact Kéhler manifolds. We consider
first automorphisms to avoid some technicalities. Some of the results can be ex-
tended to holomorphic maps, to non-singular correspondences and to birational
maps [19].

When d; > 1, we consider the convex cone I'; of positive closed (1, 1)-currents
T1 with bounded potentials such that f*T7 = d1T;. We will show that this cone is
closed, finite dimensional and not reduced to zero. Moreover, every current in I'y
has a Hélder continuous potential. An element of I'y is called a Green current of
bidegree (1,1) (see [6l, 28] for the case of surfaces).

To construct invariant currents of higher bidegree, we start with a positive closed
current T' of bidegree (s, s) satisfying

f*T = AT, A\p > 0.

We introduce the cone I'(T") of positive closed (s+1, s+ 1)-currents T'A S such that
TAf*S=M(T)T NS where S is a closed (not necessarily positive) (1, 1)-current
with a continuous potential and

A (T) := lim </T/\(f")*w/\wk51>1/n.

The number A\; (T) appears as a dynamical degree with respect to . When A\ (T") >
1, we show that I'(T") is a closed, finite dimensional, convex cone, not reduced to
zero. This requires the introduction of cohomology groups with respect to T'. We
also prove that T'(T") is unchanged if we consider only currents S with Holder
continuous potentials. In this approach, we use an inductive procedure, and at the
step s we replace the complex manifold X by the (s, s)-current 7.

When d; is strictly larger than the other dynamical degrees of f, using f and
71, we can construct invariant positive currents as an intersection of closed (1, 1)-
currents. We first construct the current 77 such that f*T} = di71 as above. We
have f,T) = dl_lTl. We then construct (1,1)-currents S;, 1 < ¢ < k — 1, with
Hoélder continuous potentials such that the currents T3 A S1 A ... A S; are positive,
closed and satisfy

f*(Tl/\Sl/\.../\Si):CiTl/\Sl/\.../\SifOI‘SOIIleCi>0.

In this case, we can show, at each step, that for the automorphism f~!, the dy-
namical degree A1 (T1 A ST A...AS;), with respect to the current 73 A ST A ... AS;,
is strictly larger than 1. The measure p := T} is invariant, mixing and gives no
mass to pluripolar sets and to sets of small Hausdorff dimension.

In the general case, the method breaks down because the hypothesis on A (7))
is not easy to check. Therefore, we introduce a second method for constructing
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directly an invariant current of bidegree (s,s), under the assumption ds > ds_1.
The current we construct is PB and satisfies

(1) f*T = d,T.

Note that if a current T is PB, it is weakly PB, i.e. q.p.s.h. functions are integrable
with respect to the trace measure TAw" ™% (see Section 2.1 for details). The method
uses a dd®-resolution as already used by the authors in various contexts [13}[16], [L1].
We have to use complex analysis, i.e. estimates for the solutions of the dd®-equation
(Proposition 2.1). This permits us to control the growth of (f").®, where ® is a
test form. The delicate point in the construction is to obtain a PB current. See
also [20] for another method.

The method permits us to prove that T' is almost extremal, i.e. T belongs to a
finite dimensional extremal face of the cone of positive closed currents.

To construct an invariant measure p, we assume that the dynamical degrees of
the automorphism f are distinct. Then the Khovanskii-Tessier-Gromov concavity
theorem implies the existence of an m such that

1<dy < - <dp>dpy1 > >dp=1.

The measure p is then obtained using the first method for f~! but starting with
Tn. Therefore, p is a wedge product of T,,, with closed (1, 1)-currents with Holder
continuous potentials. We can choose T,, so that p is mixing and has positive
Hausdorff dimension. Observe that according to Yomdin-Gromov [38] 26, 17, 18]
the topological entropy h(f) of f is equal to maxlogd;. Hence, the PB current T,,
satisfies f*T,, = exp(h(f))Tm.-

The classes of PC and PB currents, which we introduce, are of interest since
they allow us to define the product of currents of higher bidegree. We will come
back to this subject in a furture work.

Many questions concerning Green currents and the measure p are not studied
here, for instance: distribution of periodic points with respect to u, entropy of p,
approximation of the Green currents by stable leaves, ... . If X is projective, the
first author has proved that T;,, is weakly laminar [12].

The classification of manifolds of dimension > 3 with automorphisms of positive
entropy is also an interesting problem. In dimension 2, many examples are given
in [33] [6l, [34]. Mazur’s examples can be extended to dimension > 3.

Mazur’s examples. Let X be a smooth hypersurface of degree 2 of PLF+1 .=
P! x .- x P (k+1 factors). Let m;, 1 <i < k+1, denote the k+ 1 projections of X
on the product of k factors of PL.**1. Assume that all 7; are finite. Then, each fiber
of 7; contains exactly two points z, z’. We can define an involution 7; by z — 2’.
The group generated by 7; contains dynamically interesting automorphisms.

We can construct other examples by taking products of manifolds or the pro-
jectivization of their tangent bundle. The dynamics of these examples is however
non-trivial. It is used in [12] to get information on laminarity of currents. Exam-
ples on tori explain some of the difficulties that we have to overcome in the general
case. Our results extend to non-singular correspondences (see [32, p. 337] and
[1, B7, 1] [16] for definitions and examples).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



294 TIEN-CUONG DINH AND NESSIM SIBONY

2. CURRENTS AND GROUPS OF COHOMOLOGY

A holomorphic automorphism f of X induces an invertible linear self-map on
groups of cohomology. We will use this action of f in order to construct invariant
currents. We introduce classes of currents with some regularity properties.

We will write u, ~ v, for limu,/v, = 1. The notation u, < v, means
lim sup |u, /v,| < 400, and the notation w, ~ v, means u, < v, and v, < Uy,
with the convention that 0 ~ 0, 0 < 0 and 0 ~ 0. For (x,y) and (2/,y’) in R?, we
write (z,y) < (2/,y) if either < 2’ or if = 2’ and y < y’. The sign || || denotes
either the mass of currents, the norm of a vector, or the norm of a linear operator.
The sign [ ] denotes a cohomology class of a closed current.

2.1. PC, PB and weakly PB currents. We refer to the survey by Demailly [8]
for the basics on currents in complex analysis. Demailly’s survey on Hodge theory
[9] is also useful. We however recall a few facts.

When (X, w) is a compact K&hler manifold of dimension k, a current T of bidegree
(s,s) is a continuous linear form on D¥~**=%(X) — the space of smooth forms of
bidegree (k — s,k — s). In a coordinate chart, T can be expressed as a differential
(s, s)-form with distribution coefficients. A (k — s,k — s)-form ® is weakly positive
if at every point z € X

P ANiag ANag A... Niag ANag >0

for every (1,0)-form c; of X. The current T is called (strongly) positive if (T', ®) > 0
for every weakly positive test form ®. The space of currents is given the weak
topology of currents. In particular, positive currents are currents of order zero. The
trace measure o associated to a positive current T is defined as o := ﬁT A

wF=3. The measure or is positive and the coefficients of T in a chart are measures
which are dominated by cor, ¢ > 0. We will denote by ||T|| the mass [y T A wh=*
of T.

The calculus on differential forms extends to currents, except for the pullback
by a holomorphic map, which is not a submersion. It is always delicate to define
the wedge product of two currents. However when u € L!(o7), for example if u is
bounded, one can define dd°u A T' := dd®(uT"). The continuity properties of this
operator depend on the properties of u [§]. Recall that d = 9+ 0, d° = ﬁ(@ —-9)
and that dd® = %5‘5 is a real operator.

Let T be a positive closed (s, s)-current, and let S be a closed (1, 1)-current not
necessarily positive. Since X is Kéahler, by Hodge theory, we can write S = a+dd‘u,
where « is a smooth form cohomologous to S and u is a (0, 0)-current. We say that
u is a potential of S. Observe that two potentials of S differ by a smooth function.
When u is a v-Holder continuous (resp. continuous or bounded) function, we say
that S has a v-Hélder continuous (resp. a continuous or bounded) potential. It is
clear that this is independent of the choice of a. For a current S with a continuous
potential, we can define T A S by TAS :=T A a+ dd°(uT). When S is positive,
we can choose u upper semi-continuous. In this case, if u is bounded, we can define
T A S in the same way.

A real (p,p)-current ® on X is called DSH if ® = ®; — &5 and dd°®; = Q —Q
where ®; are negative currents, and Qf are positive closed currents. We define the
DSH-norm by

1@ Ipsy = inf {||@1] + P2l + [ + 193], @i, Q5 as above}.
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Observe that [|Q;F|| = |||, and we can choose ®; and QF such that |®||psy =
| @1 ]|+ || @2+ |27 || +1/€25 ||. Denote by DSH?(X) the space of DSH (p, p)-currents.
This is our space of test currents. A current ® is in DSH?(X) if and only if it is a
difference of q.p.s.h. functions.

Recall that an L! function ¢ : X — RU{—o0} is quasi-plurisubharmonic (q.p.s.h.
for short) if it is upper semi-continuous and dd®p > —cw, ¢ > 0, in the sense of
currents. A set E C X is pluripolar if it is contained in the pole set {¢ = —oo} of
a q.p.s.h. function ¢.

A topology on DSH?(X) is defined in the following way: ®(") — & in DSH?(X)
if (™ — & weakly and if ||®™||psy is bounded.

Let T be a current of bidegree (s, s) and of zero order. We say that T is PC if it
can be extended to a continuous linear form on DSH*™*(X), and we write (T, ®)
for the value of this linear form on ® € DSH**(X). In [I8], we proved that every
current in DSH*~*(X) can be approximated by smooth forms. Then, the extension
of T is unique. Moreover, when ® is continuous, (T, ®) coincides with the usual
integral [18] Prop. 4.6].

We say that T is PB if there exists a constant ¢z > 0 such that

(T, ®)| < cr||®|lpsu for every DSH continuous (k — s,k — s)-form ®.
The current T is called weakly PB if
(T, pw®™%)| < 400 for every q.p.s.h. function ¢ on X.

Observe that T is weakly PB if and only if the measure T'A w*~* is weakly PB.
If a positive current T is (weakly) PB, then every positive current 7" such that
T’ < T is also (weakly) PB. We can show that if T is a positive weakly PB current,
then |(T, pw*=*)| < er (14 ||¢||11) for some constant cr > 0 and for ¢ q.p.s.h. such
that dd®p > —w (see [16] or Proposition 2.2).

In [13], we showed that a positive measure p on a Riemann surface admits locally
a bounded potential if and only if locally p.s.h. functions are p-integrable. This
justifies the term PB (see also Proposition 2.2).

The following result is useful in constructing PC and PB currents. It supplies
the fact that when €~ is a smooth form cohomologous to a positive closed current
QF, we cannot find, in general, a negative form ® solving dd® = QT — Q. A
counterexample can be found in [].

Proposition 2.1. There exists a constant A > 0 so that for every pair of positive
closed (k — s + 1,k — s + 1)-currents QF on X with [QF] = [Q7], there are L
negative (k — s,k — s)-forms ®* such that

dd°® —dd°®@~ = Q" — Q™ and ||®F|psu < A|QT.

Moreover, the DSH currents ®* depend continuously on QF. If QF are continuous,
then ®* are continuous.

Proof. Analogous problems are considered in [I8] and other aspects of the following
computation are detailed there. By Hodge theory [25], we have

HPH(X < X,C)~ Y HPIX,C)@c M7 (X,C).

p+p'=k
q+q’ =k
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Hence, if A is the diagonal of X x X, there exists a smooth real (k, k)-form a(z,y)
on X x X, cohomologous to [A] with dya = dya = 0. Following Bost-Gillet-
Soulé [24, 4], we can construct a (k — 1,k — 1)-form K(z,y) on X x X such that
dd°K = [A] — a. We recall the construction.

Let 7: X x X — X x X be the blow-up of X x X along A. It follows from
a theorem of Blanchard [3] that X x X is a Kahler manifold. Let A := 7~ 1(A)
be the exceptional hypersurface Choose a negative q.p.s.h. functlon p on Xx X
such that v := —dd°@g + [A] is a smooth form cohomologous to [A] We can choose
[24, 1.3.6] a smooth closed real (k — 1,k — 1)-form 7 on X x X such that 7%« is

cohomologous to [ﬁ] A n, hence to v A n. It follows that there is a smooth real
(k—1,k —1)-form § such that dd°5 = —y A n + 7*a. Define

K(z,y) = m(pn = B).
We have
dd°K (z,y) = m([A] A — 7*a) = T ([A] A ) — a.
The (k, k)-current ﬂ*([ﬁ] An) is closed, of order zero and supported on A. Hence, it
is a multiple of [A]. Moreover, 7, ([A] A7) is cohomologous to [o] = [A]. It follows
that ,([A] A7) = [A] and dd°K = [A] — a.

Since the forms 1 and 3 are smooth, we can write  := 7 —n~ and 3 := g+ -~
with positive closed smooth forms n* and negative smooth forms %. Define K* :=
7.(@nT + BF). These forms are negative and we have K = K+ — K~. Moreover,
there exist constants ¢ with ¢t —c¢~ = 1 and closed real (k, k)-forms ©F on X x X
such that dd°K* = ©% +¢*[A]. Let |z —y| denote the distance between two points
x and y of X with respect to the Kihler metric on X. One can check that K+, ©F
are smooth on X x X \ A and

E*(z,y) = O(|Jz =y *log |z —y[), ©F =0(la —y*"*")
when (z,y) — A. This allows us to define

()= [ K (ry) Q)+ / K~ (2,y) A9 (3),
yeX yeX

D (z) == N K*(x,y) AN (y) + N K~ (x,y) AT ().

Since dd°K = [A] — a, dya = 0, and QF — Q" is exact, we have

4D (z) — dd°D () = / (Ad°), K (,) A (O () — 2~ (1))
yeX

- / A4 K (2, ) A (7 () — (1))
yeX
_ + . + _
— ) /yEX W) A (2 () — 2 ()

= Q' (z) - Q7 ().

The description of the singularities of K+ implies that ||®%||p1 < [|QF]], that &
depend continuously on Q% and that ®* are continuous when Q*F are continuous.
We can also write ©F as differences of positive closed forms, smooth on X x X \ A,
with singularities of order O(|x — y|>~2¥). It follows that ||®%||psy < |7 O
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Proposition 2.2. Let T be a positive (s, s)-current on X. If T is PC, then T is
PB. If T is PB, then it is weakly PB. A positive measure p on X is PB if and only
if it is weakly PB.

Proof. Let ®,, be continuous forms with ||®,|psy = 1. If ¢, := (T, ®,)| tend
to 400, then ¢;'®, converge to 0 in DSH**(X), and (T ¢;'®, )| converge to 1.
Hence, T is not PC.

Assume now that T is PB. Let ¢ be a strictly negative q.p.s.h. function on X such
that dd°¢ > —w. We have to show that (T, gw*~*) > —oc. Following a theorem of
Demailly [10], there exists a decreasing sequence of smooth negative functions (¢y,)
with limit ¢, which satisfy dd®p,, > —cxw where cx > 0 is a constant. We then
have

(T, pwt™*)| = im [T, @nw"™*)| < limsup | onw"~*|Ipsu < llelles +1.

Hence T is weakly PB.

Now, assume that p is a weakly PB probability measure. We show that it is
PB. If not, there would exist continuous functions ¢,, such that ||¢n|lpsy = 1 and
(1, 0n) > n®. We can write dd®p, = QFf — Q. where Qf are positive closed
(1,1)-currents such that [|QF|| < 1. Since the set of such currents is compact,
there exist smooth forms ,,, cohomologous to F, such that Q, < cw, where
¢ > 0 is a constant independent of n. There exist q.p.s.h. functions o satisfying
dd¢pf = QF — Q,, and maxy ¢ = 0. The family of q.p.s.h. functions 1 such
that maxx 1 = 0 and dd®y) > —cw is compact in L' (X). Hence there is a constant
A > 0 such that ||¢%|\DSH < A. Define ¢, := ¢, — ¢} + ¢,,. We have dd°c,, = 0.
Hence ¢, is a constant and |c,| < lenll + ot + len o <1+ 2A. We then
deduce, since ;" < 0, that

{(,00) = = {1, on) + o + (o) < —n +1 4 24,

It follows that (u,¢) = —oo if ¢ := > n~2¢, . This is a contradiction because the
series Y. n "2, converges to a q.p.s.h. function. (I

2.2. Some properties of linear maps. Recall that a Jordan block J ,, is a
square matrix (@i j)i<ij<m such that a;; = Aif ¢ = j, a;; = 1if j =i +1
and a;; = 0 otherwise. If A # 0, the entry of index (1,m) of I 18 equal to

(,,")A™~™F 1. This is the only entry of order n™~!|A|"; the other ones have order

at most n™~2|A|". We have

n _ _
9~ (" JAP

The eigenspace of Jj ,,, associated to the unique eigenvalue A is a complex line.
If E, E' are real (resp. complex) vector spaces, denote by End(E, E’) the space

of R-linear (resp. C-linear) maps from E onto E'. When E and E’ are real vector
spaces, we have

End(FE, E,) ®gr C = End(E ®g C, E' ®r C).

Hence, we identify End(F, E') with a real vector subspace of End(E®g C, E' ®g C).

Consider a complex space F and an invertible linear map A € End(E, E). The
space E is the direct sum of the invariant complex subspaces £ = F1 ® --- ® E,
with dim E; = m;. The restriction of A to E; is defined by a Jordan block J, m,-
We can assume that (|A1|,m1) > -+ > (|A],m;). Let F; denote the eigenspace of
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Ag,. It is a complex line. Let E} be the hyperplane generated by the first (m; —1)
vectors of the basis of E; associated to the Jordan form.

We say that Jy, m, is dominant if (|A\;],m;) = (JA1],m1). In this case, we say
that A; is a dominant eigenvalue of A. Assume that Jx, m,, ..., Jr, m, are the
dominant Jordan blocks. It is clear that |[A"| ~ n™~1|A{|" and that for any
vector v € Ef & -+ ® E, ® E,41 @ --- ® E,, we have ||[A"v| ~ n™ 1 |\;|". The
positive number A := |\1] is the spectral radius of A. The integer m := m; is called
the multiplicity of the spectral radius.

We say that F := F1 @ -- @ F, is the dominant eigenspace and that F' := P F;
with 1 <i <wv, \; = A, is the strictly dominant eigenspace of A. These spaces are
invariant under A. For any 1 < j < v, there is a unique §; € S := R/27Z such that
Aj = Aexp(if;). We say that 6 := (61,...,6,) € S” is the dominant direction of A,
the dominant direction of A™ is equal to nf. Denote by © the closed subgroup of
S¥ generated by 6. It is a finite union of real tori. The orbit of each point ' € ©
under the translation 6’ — 6’ 4+ 0 is dense in ©. If \; = X for every 1 < i < v, we
have F = F', § =0 and © = {0}.

For every linear map L = (L1,...,L,) in

End(E, E) = End(E, Ey) @ - - ® End(E, E,)
let
exp(—ind)L := (exp(—inby)L1,...,exp(—inb,)Ly, Ly11, ..., Ly).
We also define
A’ﬂ

nm—l/\n

N
A, = mdmz%ZM
n=1

Let m# : F — F’ denote the canonical projection. The proof of the following
proposition is left to the reader. We can deduce it from the proof of Proposition
2.4 if we take K = F and u = g = id.

Proposition 2.3. There exists a unique linear map A : E — F such that
|l exp(—inf)A,, — Aso|| = O(1/n) and ||Ay — 7o Ax|| = O(log N/N).

Moreover, ToA is of rank dim F'. If A preserves a convex cone K which generates
E and satisfies —K N K = {0}, then X is a dominant eigenvalue of A with an
eigenvector in K.

The last property of Proposition 2.3 is the Perron-Frobenius Theorem.

Proposition 2.4. Let K be a compact metric space, and let u : K — E be a
v-Hélder continuous vector-valued function. Let g : K — K be a Lipschitz map
such that |g(x) — g(y)] < M|z —y| where M > 1 is a constant. Assume that the
spectral radius A of A is strictly larger than 1. Define

n

N
1 ‘ - 1
’UnZ:WZA]OUOgnij and wNI:NZ’Un.

j=1 n=1

Then there exist vector-valued functions v and w on K such that
[lexp(—=inB)v, — v]jeoc = O(1/n) and ||wy — w|eo = O(log N/N).

Moreover, v and w are v'-Hélder continuous for every v/ > 0 with v/ < v and
Vv <logA/log M.
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Proof. We can assume that the matrix A of A is the Jordan matrix J, ,, with
n = exp(if)\ and 6 € R/27Z. Every entry of A" is of order at most n™ 2\"
except the one of index (1, m) which is of order ™~ \". Since the functions u o g"
are uniformly bounded, every entry of A™, whose order is smaller than or equal to
n™ 2\, does not contribute to limwv,, or limwy. This follows from the estimate
Z?:o Jm72N < p™m72)\" for A > 1. Hence we can suppose that all the coordinate
functions of u are zero except the last one.

Let ut be the last coordinate function of u. Define u;r =utoglforj >0
and s; = (mj;l)nj_m“ for 7 > m — 1 with the convention that (8) = 0. The first
coordinate functions of v, and w,, are

1 . 1 <
- - T + ._ = +
Un =TT E Sjly,_; and wy = N E lvn.
n—

j=m-—1

It is sufficient to study the sequences of functions (v;) and (w).
We show first that [|v,},; —exp(i0)v;§ [0 S n ™2 Observe that [[uf [oe < [[ut s
and

Sj+1 nS;

(’I’L + 1)m—1)\n+1 nm—l/\n—i-l

< n—j—l—l.
~op2And

Sjn 1=

Hence
|U:zr+1 - exp(w)vil

1 = 1 =
_ . + __ - .
- (n+ 1)m—1/\n+1 Z Sj+1Up_j nm—1)\n+1 Z N8jln_j

j=m-—2 j=m-—1

|sm*1|||u'r4;fm+2”00 . + < 2
- (TL + ]_)mfl)\nJrl + Z SijU’nfjHOO ~noc.
j=m—1

Thus, the sequence exp(—in#)v,” converges uniformly to a function v* and
| exp(—ind)v,t — v ||s = O(1/n). It follows that [|w), — w¥|e = O(log N/N)
with wt =0if § # 0 and wt = vT if § = 0.

We only have to prove that v™ is Holder continuous. We will use the additive
notation for the distance on K. Let z,y € K and ¢ := |z — y|. First, consider the
case where v = log\/log M, so A = M". Since u* is v-Holder continuous, there
exists ¢ > 0, independent of x, y such that

[ut o g’ () —u' o g/(y)| < g’ (x) — ¢ ()|
Hence

lu™ ogj(a:) —ut ogj(y)| < cMIV§Y.
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We also have |ut o g?(z) — u™ 0 ¢7(y)| < 2|[u™|lw- Let ¢ be the integer part of
—logd/log M. We have the following estimates:

n

1 , .
ot (z) — vt (y)] < T Z sjlut o g" I (x) —ut o g" I (y)]
j=m-—1
1 n
S ow > iVt o g () —ut o g™ (y))|
j=m-—1
(o)
S

> At o gl (z) —ut o gl (y))
=0

q [eS)
SOY NIME 4 Y AT
Jj=0 J=q+1
S @+ A1 < —(logd)d”.

Consequently, |v (z)—v; (y)] < 6*". In the limit, we get [T (z)—vt (y)] < |z —y|”.
This is the required inequality.

The case where v > log \/log M is derived from the case v = log\/log M. If
v < logA/log M, we have M¥ < A. In the same way, we obtain

of (@) = vl ()] D AT MV < 67 O
j=0

2.3. Action on cohomology groups. By Hodge theory [25, 9], we have the de-
composition
H'(X,C)= > HM(X,C)
pF+q=n
where HP9(X, C) is the subspace of H" (X, C) spanned by classes of closed (p, q)-
forms. The group HP?(X, C) is isomorphic to the Dolbeault cohomology group of
bidegree (p,q). We also have HP9(X,C) = H2P(X,C). Define

HPP(X,R) := HPP(X,C) N H??(X,R).

Then

HPP(X,C) =HPP(X,R) ®r C.
The Kdhler cone Kx of HY1(X,R) is the cone of classes of Kihler forms on X. In
what follows, K% will denote the cone of classes of positive closed (1, 1)-currents.
These cones are convex; Kx is open; K% is closed. We also have Kx C K% and
(—K3) MK = {0}.

We will construct some invariant currents by induction starting from an invariant
current. It is necessary to introduce cohomology groups relative to a positive closed
current: the manifold X is replaced by a current T'. Let T' # 0 be a positive closed
current of bidegree (s,s) with 0 < s <k —1. Forany 1 < p < k — s, let NP?(T,R)
denote the space of classes [o] € HP'P(X,R) which satisfy

[T]Ala] =0 in HPTSPTS(X R).

Let NLY(T,R) denote the space of classes [S] where S is a closed (1, 1)-current
(not necessarily positive) with a v-Holder continuous potential such that TAS = 0.
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Define »
_ HPP(X,R) 1.1 _ HY(X,R)
= N7#(T.R) and H, (T,R) := NI R)

The map 7 : HPP(T,R) — HPTSPT5(X R), given by [a] — [T] A [a], is injective.
Hence ||[T] A .|| is a norm on HP?(T,R) if ||| is a norm on HPT5P+s (X R).

Let f be a holomorphic automorphism of X such that f*T" = A\pT where A\ > 0
is a constant. We define the map f* on HPP(X,R) and HPP(T,R) by f*[a] =
[f* ()] for every closed (p,p)-current o on X. Let

HPP(T,R) :

Apn(T) = Ap" |[(F™) (T AP = [T A ()]l
and
1/n
n—00 n—o0 X
Observe that A\, (7") depends neither on the Kéhler form w nor on the norm ||| on

HPT&PTS(X R). The following proposition follows from the discussion on Jordan
forms for linear maps and from Proposition 2.3 (see also [17, [18]).

Proposition 2.5. Let X, f and T be as above. Then, A\,(T) is the spectral radius
of f* on HPP(T,R). If 1,(T) is its multiplicity, then

Apn(T) ~ ntr D=1y (T)",

1/n

In particular, Ay n(T)"/™ converge to Ap(T).

Proposition 2.6. Let X, T, f be as above. Then for every p1 > 1 and ps > 1
such that p1 + p2 < k — s, we have Ap,+p,(T) < Apy (T)Ap, (T).  In particular,
M(T)P > M\p(T) for 1 <p <k —s and \(T)*=% > \;1.

Proof. Propositions 2.3 and 2.5 imply the existence of [a1] € HPVP (T, R), [ag] €
HP2P2 (T, R) such that

[(f") ]
nlpl (T)ilApl (T)n

[(f") wP?]

nlr2 (=1, (T)"

— [ay] and — [ae).

Hence
(/) wPr

nlp1 (T)+lP2 (T)72>\p1 (T)nAZD (T)’ﬂ
in HP1tP2P1tP2(T R). On the other hand, there exists a non-zero class [a] €
HP1HP2 PP (T R) such that

— ] A ]

[(f")*wpl-‘rpQ]
oM (T
The property [a] # 0 implies that Ay, 1p, (T) < Ap, (T) Ap, (T).
The inequality A1 (T)? > A\, (T) is clear. Since f is an automorphism, the mass of
the measure (f™)* (T Aw*~*) is equal to the mass of T Aw*~*. Thus, ArA,_s(T) = 1
and A\ (T)F=% > N\—s(T) = A5 O

— [a].

The space HL1 (T, R) is invariant under f*. Let p, (T) denote the spectral radius
of f* on HLY(T,R) and let m,(T) denote its multiplicity. Since N}1(T,R) C
NVY(T,R), we have

(M(T), (1)) < (pu(T), mu(T)).
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We will prove later (see Lemma 3.3) that if A\;(T") > 1, and if v is small enough,
then the last inequality is in fact an equality.
When T is the integration current on X, we define
Ay = (/)] and dy = lim 3/

n—oo

We also have

(2) d, = lim </X(f")*wmwkp>l/n.

n—oo

The numbers d,, are called the dynamical degrees of f. The last one d; := dj, is the
topological degree of f which is equal to 1 because f is an automorphism. It is noted
in [29] that an inequality of Khovanskii-Teissier-Gromov shows that p — logd, is
concave; hence the sequence (dp—1/dp)1<p<i is increasing [311[36,[27]. In particular,
there exist m, m/, 1 <m < m’ <k — 1, such that

1<di< - <dp=-=dpy>->d, =1.

From Proposition 2.5, we know that d, is the spectral radius of f* acting on
HPP(X,R). Let [, denote its multiplicity. Since f* preserves the cone of classes of
positive closed (p, p)-currents, by Proposition 2.3, d, is a dominant eigenvalue of
f* on HPP(X,R). The relation

Jumrarnatr = [ o n(metr

b'e X

implies that the spectral radius of f,. on H¥~P*~P(X R) is also equal to d, and its
multiplicity is equal to .

According to the Gromov-Yomdin theorem, the topological entropy h(f) of f
is equal to maxi<p<y logd, [20| B8] [I7, [18]. In particular, if h(f) > 0, we have
maxd, > 1. It follows from Proposition 2.6 that d; > 1. It is shown in [15]
that the map which associates to a holomorphic endomorphism of X its topological
entropy has discrete image in [0,+oco[. It is well known that if f belongs to the
component of the identity in the automorphism group of X, then h(f) = 0.

3. RELATIVE GREEN CURRENTS

Let f be a holomorphic automorphism of a compact Kéhler manifold (X,w) of
dimension k. Let T" be a positive closed (s, s)-current, 0 < s < k — 1, on X, which
satisfies a relation f*T = AT, A\pr > 0. When s = 0, T is a multiple of the
integration current on the manifold X and Ay = 1. Define

M, = ||Df"|lsc and M := lim M}/™
n—oo

where D f" is the differential of f™. The constant M is independent of the metric
on X.

Assume that A\ (T') > 1. Let I'(T') denote the cone of (s+1, s+ 1)-currents T'A S
where S is a closed (1, 1)-current (not necessarily positive) satisfying the following
properties:

(1) S has a v-Hélder continuous potential for every v such that 0 < v <
log A1 (T')/ log M;

(2) T A S is a positive current;

B) TAf*S=MT)TAS.
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We will denote by RT'(T') the real space generated by I'(T'). We can now describe
(7).

Theorem 3.1. Let X, T and f be as above. Assume that \y(T) > 1. Then, T'(T)
is a closed finite dimensional cone with non-zero elements. Let R be a closed real
(1,1)-current with a continuous potential. Then, the sequence of currents

nll(T) 1/\1 )

converges to a current in RF(T), which depends only on the class [R] in HV1 (X, R).
If [R] belongs to Kx, the limit current belongs to I'(T) \ {0}.

Fix v such that 0 < v <logA1(T")/log M. Replacing f by f™ with n >> 0, we
can assume that 0 < v < log A1 (T")/log M. Let m be the largest integer such that
[w], [f*w], ..., [(f™ 1)*w] are linearly independent in H.-!(T,R). Then there exist
real numbers ag, - .., ay,—1 such that we have in H.* (T, R)

[(f™) ] = am-a [(F" ) W]+ - + aolw].

Let E be the subspace of HL!(T,R) generated by [w], ..., (f™ 1)*[w]. These m
classes form a basis B of E and E is invariant under f*. Denote by A the restriction
of f* to E. The notation 6, 6, ©, p,(T), m,(T) was introduced in Section 2.

The matrix of A with respect to B is

0 0 -+ 0 a
10 .-+ 0 a
A—l01 - 0 a
o0 --- 1 Am—1

Since E contains a Kéahler class, the spectral radii of A and of A are equal to
pu(T) > M (T) > 1. Moreover, their multiplicities are equal to m, (T'). We have

IA™]| = [|A™ ]| ~ n™ D=, (1)

Lemma 3.2. There exist a closed (1,1)-current S and a continuous family of closed
(1,1)-currents Sor with v-Hélder continuous potentials, for ' € ©, such that TAS #
0, TASyg #0, TN f*S=p,(T)TAS and T A f*Sg: = p,(T)T A Ser49. Moreover,
the sequences of positive closed currents

N o\ * Mg\ *
~ :_i TA(f")w wnd 7, = TA(f™)w

N —~ nm,,(T)—lpy(T)n i n;mu(T)flpy(T)ni

converge to T NS and to TN\ Sgr when N — oo and n; — oo with, respectively,
n;0 — 0'. In particular, if © is reduced to one point, Z, converge to T A S.

Proof. From the definition of HL'(T,R), there exists a (1,1)-current R with a
v-Holder continuous potential such that T'A R = 0 and

(f™)w =Y am—j(f" ) w| = [R] in H"'(X,R).

j=1
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Hence, there exists a v-Holder continuous function u such that

(™)@ =3 ame (f" ) w = R + dd°u.

j=1
Then
TA| ™0 = am(f")w | =T Addu.
j=1
Define
(f")w 0
Wy = : and U := :
(fnerfQ)*w 0
(fnerfl)*w w

Then Wy = f*Wy, and TAW, =T A BWy+ T Add°U where B is the transpose
of A. By induction, we obtain

n
TAW,=TA | B"Wy+dd®Y B'Uo fr

j=1
Define W
— .
W= nme (M =1p, (T)"
and
1 oo )
Vo= ———— | B"Wy+dd® Y B/ 'Uo "

nm,,(T)flpV (T)n =

Denote by W: and V,} the first components of W,, and of V,,. We have [W:] =
[V.F] in HLY(T,R). Proposition 2.3 implies that the sequence of classes [W:] is
bounded. Moreover, since w is a Kéhler form, any cluster point of this sequence is
a non-zero class. Indeed, every class is bounded by C[w].

Propositions 2.3 and 2.4 imply that when (n;0) converges to €', the sequence
V,;" converges to a current Sy with a v-Hoélder continuous potential. Moreover, Sy
depends on € but not on (n;). The current T' A Sy is positive and closed. Since
[Ser] # 0 in HLY(T,R), from the definition of H1*(T,R), we have T' A Sg: # 0. It is
clear that Sy, depends continuously on 6’ € ©. Since lim(n; + 1) = 6’ + 0, we have

. 1,
T/\f*S9/ _pV(T)T/\S9/+9 = lim (Ef an _pV(T)ZnIJrl)

m, (T)—1
+1
pl/(T) lim <|:nz + :| ZniJrl - Zm+1>

n;
= 0.
Hence, T' A f*Sg = p,(T)T A Sor49.
Propositions 2.3 and 2.4 imply that the sequence of currents % ZnN:1 V' con-
verges to a current S which has a v-Holder continuous potential. We also have

T A S # 0 because every limit value of (T'A V,}) is a non-zero positive current. In
the same way, we get T A f*S = p,(T)T A S. O
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Lemma 3.3. Under the hypothesis of Theorem 3.1, we have

(o (T),mu(T)) = (Mi(T), 11(T))
for every v such that 0 < v < log A1 (T)/log M.

Proof. Recall that the map 7 : HYY(T,R) — H*T1sT1(X, R) defined by 7([a]) :=
[T] A [a] is injective. Consequently, the spectral radius of f* on w(H(T,R)) is
equal to ApA1(T) and its multiplicity is equal to {1(7T'). We have seen that the
sequence of classes
[(f™)*(T Aw)]
n;””(T)_l)\?"' pu (T

converges to [T A Sg:] in H*+TLsTH( X, R) \ {0}. It follows from Proposition 2.5 that

(pl/(T)vml/(T)) = (/\1 (T)all(T)) U

Lemma 3.4. With the assumptions of Theorem 3.1, let R be a closed (1,1)-current
with a continuous potential such that [R] = Nw] in HY'(X,R) with A\ € R. Then
the sequence of currents

N

TA(f™)*
N Z P (M=1x (T)" )
converges to XT N'S. In partzcular, the limit is 0 if [R] = 0 in HY (X, R).

Proof. Let u be a continuous function such that R = Aw + ddu. We have
AU R TAU")w ¢ uo f"
nll(T)—l/\l(T)n - /\nll(T)—l)\l(T)n +T Add nll(T)—l)\l(T)n :

Since the u o f™ are uniformly bounded, the last relation implies that the sequence
of currents

TAU™YR | TAU")w
nll(T)_l)\l (T)n nll(T)_lx\l (T)n
converges to 0. It suffices to apply Lemmas 3.2 and 3.3. The proof is valid for R

positive closed with a bounded potential. O
End of the proof of Theorem 3.1. Let wyq, ..., w; be Kahler forms such that the
classes [wi], ..., [w;] generate H'1(X,R). We can apply Lemma 3.4 to the forms

w;. This implies the convergence in Theorem 3.1.

We now show that dimT'(T') < dim H>!(X,R). Otherwise, there exists a non-
zero current T'A S in RT'(T) with [S] = 0. Let u be a continuous function such that
S = dd°u. We have

o TAT)RS cfuof"\
T/\Sihmi)\l(T)" =limT Add (Al(T)" =0.

This is impossible.

Let 7MW, ..., T be a maximal linearly independent set in ['(T). The cone
I'(T) is equal to the intersection of the space generated by the T and the cone of
positive closed (s + 1, s 4+ 1)-currents. Hence, it is closed. ([

When T is the integration current on X, Propositions 2.3, 2.5, 2.6 and Theorem
3.1 imply the following result (see [6] 28] for the case of surfaces and [, 23], [35] for
polynomial automorphisms).
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Corollary 3.5. Let (X,w) be a compact Kdhler manifold of dimension k. Let f be
a holomorphic automorphism of X, of positive topological entropy. Then dy > 1 and
there exists a positive closed (1,1)-current Th satisfying f*T1 = diTy. Moreover,
the potential of Ty is Hoélder continuous and the class [T] belongs to Kx.

Remarks 3.6. The construction of invariant currents in Theorem 3.1 is still valid
if we restrict ourselves to an invariant subspace E of H>!'(X,R). We have to
assume that the spectral radius of f* on the projection E’ of E in HY!(T,R)
is strictly larger than 1. The construction gives invariant currents with Hoélder
continuous potentials which are not necessarily positive; there is a non-zero current
if fl*E, has a dominant real eigenvalue. In particular, every invariant (1, 1)-current
T with continuous potential such that f*T = AT, |\| > 1, has a Holder continuous
potential. Let K5 be the cone of non-zero classes of positive closed (1, 1)-currents
with bounded potentials. If E N K% # {0}, we obtain a positive current with a
Hoélder continuous potential.

4. GREEN CURRENTS

Let f be as in Section 3. Recall that ds is the spectral radius of f* on H**(X,R).
Let I denote its multiplicity. We consider I's the cone of PB positive closed (s, s)-
currents T' such that f*T = d;T. Let RI'y denote the real space generated by I's.
For every positive closed (s, s)-current 7', define

C(T) := {S positive closed (s, s)-current, S < ¢T for some ¢ > 0}

and RC(T') the real space generated by C(T'). Let [] denote the map which associates
to a closed (s, s)-current its cohomology class in H**(X, C).

Theorem 4.1. Assume that ds > ds_1. Let S be a PB closed real (s, s)-current.
Then, the sequence of currents

converges to a current in Ry which depends only on the class [S] in H®*(X,R).
Moreover, T's # {0} and the restriction of [ ] to RT' is injective. Every current
in RTs is PC. If T belongs to T's, then the restriction of [ ] to RC(T') is injective.
In particular, the cones T's and C(T') are finite dimensional and closed. If [T] is
extremal in the cone of classes of positive closed (s, s)-currents, then T is extremal
in the cone of positive closed (s, s)-currents.

Proof. Let ® be a DSH (k — s,k — s)-current such that dd°® = QT — Q= where
QOF are positive closed (k — s + 1,k — s + 1)-currents. Then [QF] = [Q27] and
1T = |||l Assume that [|QF] = [|27]] < 1. Proposition 2.1 implies the
existence of a (k — s,k — s)-form ®; = &5 — ®; such that T < 0, dd°®y = dd°®
and ||®F||psi < A. The current ¥ := ®—; is dd°~closed. Define QF := (f"),Q*.
Recall that the spectral radius of f. on HF~s+tLE=s+1(X C) is equal to ds_1 and
that its multiplicity is equal to ls_1 (see Section 2). Fix e, 0 < e < ds — ds_1. We
have Q%] < (d, — )"

Proposition 2.1 implies the existence of (k — s, k — s)-forms ®,, = &} — &, such
that dd°®,, = QF — Q. ®F <0 and ||®F||psy < (ds — €)™, If S is PB and @ is
smooth or if S is smooth and ® is DSH as above, we have |(S, ®X)| < (ds — €)™ for

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HOLOMORPHIC AUTOMORPHISMS OF COMPACT KAHLER MANIFOLDS 307

every n > 0. We define by induction the dd®-closed form ¥,, as ¥,, := f.®,,_1 — .
They satisfy | U, ||Lr S (ds — €)™ for n > 1. On the other hand, we have

~

(f")e® = (f")eWo + (f")®o = (f") o + (1)W1 + (f771)u @1
So by induction, we get
(fn)*q) = (fn)*\IIO + -+ f*\I/nfl + \I/n + q)n

Since X is Kahler, every closed form which is d-exact is dd®- exact [ p. 41].
Hence the dd°-closed form W, defines a linear form on H**(X,R) by [a] — [T, Aa
for every real closed (s, s)-form a. The Poincaré duality allows us to associate to
W, a unique class ¢, in H¥~k¥=%(X,R). For n > 1 we have

lenll S 1¥nlluy S (ds — €)™

~

Define

N
1 b
— -1 o n
by = (f")sco+ (f"")uc1+ -+ ¢ and By = N; 7nls*1dg'

As in the proof of the Proposition 2.4, we can check that the sequence (By) con-
verges to a class B € H¥~%%=3(X C) such that | B| < ¢||®||psu where ¢ > 0 is a

constant.

Now, assume that S is smooth and ® is DSH. Since S is closed,
3) () 5,2) = (5, (7").2) = [ 18] b, +(5.0)
and

N
B 1 (S, ®,)
(Sn, @) = /[5] A By + N nz::l nl—1dn’

The second term in the right-hand side of the last equality tends to zero because
|Pn]lDsu S (ds — €)™. Hence

lim<SN,(I>> = /[S] NB < C”(I)HDSH-

It follows that (Sn) converges to a PB current S, which depends only on the class
[S]. It is clear that f*So, = dsSe. Hence Sy belongs to RI's (we can write S and
Soo as differences of positive closed currents). Observe that if S is strictly positive,
by definition of dy and I, we have [Sy] # 0. Hence S is a non-zero positive
current and I'y # {0}.

Now assume that S is PB (not necessarily smooth) and @ is smooth. Then, &,
is continuous. If S’ is a smooth real (s, s)-form cohomologous to S, we have

S-S0
(Sy — Sy, ®) = /[s S'1 A By +N2<n17w?>

n=1
(S—5,®,)
- N Z nl—ldn

The last term tends to zero because S — 5 is PB and ||®,|lpsu < (ds — €)™ Tt
follows that (Sn) converges to a PB current in RT;.
Let R € RT'; be a current such that [R] = 0. Then, using identity (3), we get

(R, ®)| = d"[((f") R, @) = d"[(R, ®n)| S d5" (ds — €)™
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Therefore, (R, ®) = 0 and hence R = 0. It follows that the restriction of [ ] to R,
is injective.
Let R € RI'; and let @ be smooth. Using the identity (f™)*[R] = d?[R], we get
(R, @) ds" (R, (f")«®)

= /[R] Alco+diter + - +d;"c,) +d; (R, ®,).

Since R is PB, when n — oo, we get (R, ®) = [[R] A cg with cp := >, 5 od " cn.
Following Proposition 2.1, ¢y depends continuously on ®. Hence, we can extend R
to a continuous linear form on ® € DSH**(X) by

(R, ®) :=cgp.

Hence R is PC.

We show that the restriction of [ ] to RC(T) is injective. Let R € RC(T) be a
current such that [R] = 0. We have to prove that R = 0. We can write R = RT—R~
with RE positive closed currents such that R* < ¢T for a constant ¢ > 0. Define
RE = d?(f")«R* and R, := R} — R,;. We have R < cd?(f").T = cT. For a
smooth test form ®, we have |(T, ®5)| < (ds — €)”. The domination of B> and the
negativity of ® imply that |(R,, ®F)| < (ds —¢€)™. Since [R,] = 0, we obtain from
(3) that

(R, @) = d"[{(f")" B, ®)| = d"[(Rn, Pn)| S d"(ds — €)™
Hence (R, ®) =0 and R = 0. This completes the proof of Theorem 4.1. O

Corollary 4.2. Let f be a holomorphic automorphism of a compact Kdhler man-
ifold X of dimension k. Assume that the dynamical degrees of f are all distinct.
Then for every s, 1 < s < k, there exists a non-zero PC positive closed (s, s)-current
Ts such that f*Ts = csTs with cs > 0.

Proof. The hypothesis implies, thanks to the Khovanskii-Tessier-Gromov convexity
theorem [31, 136, [27] (see Section 2.3), the existence of m such that

1<di<dy<---<dpy>dmpy1 > - >dp =1

Using Theorem 4.1, we construct the current T such that f*Ts = dTs for 1 < s <
m. The current T} can be constructed as in Corollary 3.5. We now construct the
other currents by induction using Theorem 3.1 for f~!. We construct (1, 1)-currents
Si, 1 < i < k — m, with Holder continuous potentials and invariant currents T,
m-+1< s <k, of the form Ty = T;, AS1 A ... AN Ss_,. These currents satisfy
f*Ts = ¢sTs, cs > 0. Since f is an automorphism, we necessarily have ¢ = 1.

In order to apply inductively Theorem 3.1 for f~!, we need only to verify that
the first dynamical degree \;(T) of f~1, relative to Ty, is strictly larger than 1 for
m < s < k — 1. Following the last inequality of Proposition 2.6, it is sufficient to
prove that ¢ > 1 for m < s < k — 1. We have for every € > 0

ono< /(f”)*TsAwk*S:d;;l/TmA(f”)*(slA...Ass_m)Awk*S

= 4 / [SUA A [Secm] A F)V [ Ton A wb =] < dr(di—siom + €)™

It follows that ¢y > 1 for m < s < k — 1. This completes the induction step.
One can check that the wedge product of a PC positive closed current with a
current of bidegree (1,1) with a continuous potential is always PC. (]
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5. MIXING OF THE EQUILIBRIUM MEASURE

In this section, using the methods developed above, we can construct, for auto-
morphisms with distinct dynamical degrees, an equilibrium measure which is PC
and mixing. We get the following result.

Theorem 5.1. Let f be a holomorphic automorphism of a compact Kdhler manifold
X of dimension k. Assume that the dynamical degrees of f are all distinct. Then f
admits a mizing PC invariant measure . Moreover, u gives no mass to sets with
small Hausdorff dimension.

We need the following variation of Ahlfors’s estimate (see [2] 135]).

Lemma 5.2. Let f be a holomorphic automorphism of X. LetT be a positive closed
(s, 8)-current. Assume that A\ (T) = lim([(f")*w AT AwF=*=1)V/" < 1. Then for
every smooth function ¢ > 0, the limit values of the sequence Sy, := (Y o f™)T are
positive closed currents. Moreover, ||dS,| — 0 and ||dd°S,| — 0. If Sp, — S and
if o is a closed (1,1)-current with a continuous potential, then S,, No = S Ao.

Proof. Let 0 be a continuous (0, 1)-form. The Cauchy-Schwarz inequality implies
that

Ay ‘/(f”)*((%))/\T/\f)/\wk_s_l

1/2 1/2

< \ [y 0 nTo) AT Auk—

/6/\5/\T/\wk_s_1

1/2 1/2

< ¢

/(fn)*(U/\T/\wkisil

if 10y A9y and O NG are bounded by cw, ¢ > 0. Tt follows that A,, < (A (T)+€)™/2.
Since A1(T) < 1, we have lim A, = 0. As a consequence, lim [|0S,| = 0; hence
lim ||dS,|| = 0.

To estimate ||dd®S,, ||, we have just to observe that for ¢ > 0 large enough

—c(f")V'wAT <dd°(f")Y"Y AT <c(f")'wAT.

Let u be a local continuous potential of ¢ and let 6 be a test form. Define

Y = (f™)*1. For the last assertion of this lemma, we have
(YpT ANddu,8) = (dd°(uT),n0)
— (dd (T, ub) + (d($T), ud"0)
—(d°(¥nT), udd) 4+ (dd°(uep, T), 0).

The first three terms tend to zero. Hence, S, AN\od — S Ao. O

/w/\T/\wk*S*1

Proof of Theorem 5.1. We construct invariant currents Ty as in Corollary 4.2. We
choose an extremal current 75, in I',,,. We can write Ts =T, AS1 A... AN Ss_., for
s > m+ 1, where S; are closed (1, 1)-currents with Holder continuous potentials.
Define p := T}),. Hence p is PC. The estimate of the Hausdorff dimension of u uses
classical arguments [14] B5]. If the potentials of S;, 1 < j < k —m, are a;-Holder
continuous, then u gives no mass to sets whose Hausdorff dimension is smaller than
o1+ -+ Q.

We show first that p is ergodic. Let v > 0 be a smooth test function. Let 7 be
the limit of a sequence of currents n;l E;;l(i/) o f)Ty,. Tt is clear that f*7 = d,,, 7
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and 7 < ||¢]|coTim- Lemma 5.2 implies that 7 is closed. Hence 7 € T',,,. Since T, is
extremal in I';,, we have 7 = ¢T,, for a constant c. We can now apply inductively
Lemma 5.2. Since the currents S, have continuous potentials and A1 (7s) < 1 for
m<s<k-1, ni_1 Z?zl(w o f)u converge to cu. The invariance property of
p implies that ¢ = ||p||~" [4dp. This constant does not depend on the sequence
(n;). Consequently, n=! Z;L:l(w o f7)u converge to cu. Hence p is ergodic.

We now prove that g is mixing, which means (f™)*¢u — cu, ¢ = ||p||~* [¢du,
for every smooth function . Let M denote the set of measures which are limit
values of the sequence (f™*¢)u for some smooth function 1. Since C(T),) is finite
dimensional, Lemma 5.2 implies that M is a finite dimensional space which contains
1 and which is invariant under f* and f.. Let E denote the space of functions
¢ € L%(p) such that [ @du’ = 0 for every ¢/ € M and let EL denote its orthogonal.
Observe that these spaces are invariant under f*, f, and that we have dim E+ =
dim M. Moreover, in E, every function can be approximated by smooth ones.

We show that dim B+ = 1. Since f* and f, preserve the scalar product in
L2(u), every eigenvalue of f* or f, has modulus equal to 1. Let ¢ be an eigenvector
of f, associated to an eigenvalue A\. We have fi|p| = |¢|. The ergodicity of u
implies that |¢| is constant. In particular, " € L2?(u) for every n > 1 and we have
f+p™ = A"p™. We claim that E does not contain any eigenvector. Otherwise, there
is a function ¢ € E'\ {0} such that f.¢ = Ap with a A such that |A| = 1. We have
for every smooth function

[(or, ) = (™ )wiopss ) = [{(F D) s )| — 0.

The last relation follows from the definition of E. We need of course to approach
@ by smooth functions in E. We get that pu = 0; hence ¢ = 0. A contradiction.
Let ¢ be an eigenvector of f, in E+ associated to an eigenvalue A. Then, ¢
belongs to E+ and is an eigenvector associated to A" for every n > 1. Since dim E+
is finite, A is a root of unity. We have f™*¢ = ¢ for some n > 1. Since p is ergodic,
 is constant. Hence, A = 1. Since fIE . preserves the scalar product, dim E+ = 1
and M is generated only by p. If (f™*¢)u — cu, we have ¢ = ||p|~! [1dp. This
constant does not depend on (n;). Hence (f™*9)u — cp and p is mixing.

n
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