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THE AFFINE PLATEAU PROBLEM

NEIL S. TRUDINGER AND XU-JIA WANG

1. INTRODUCTION

In this paper we study the Plateau problem for affine maximal hypersurfaces,
which is the affine invariant analogue of the classical Plateau problem for minimal
surfaces. In particular we formulate the affine Plateau problem as a geometric
variational problem for the affine area functional, and we prove the existence and
regularity of maximizers. As a special case, we obtain corresponding existence
and regularity results for the variational Dirichlet problem for the fourth order
affine maximal surface equation, together with a uniqueness result for generalized
solutions.

The affine Plateau problem may be formulated as follows. Let Mg be a bounded,
connected hypersurface in Euclidean (n + 1)-space, R™"!, with smooth boundary
I' = OMy. Assume that My U T is smooth and locally uniformly convex up to
boundary. Let S[Mj] denote the set of locally uniformly convex hypersurfaces M
with boundary I'; which can be smoothly deformed from M, in the family of locally
uniformly convex hypersurfaces whose Gauss mapping images lie in that of My. A
hypersurface M C R+ is called locally uniformly conve if it is a C? immersion
of an n-manifold A/, whose principal curvatures are everywhere positive, and the
Gauss mapping of M is the mapping G : M — S™ which assigns to every point
in M its unit normal vector. The affine metric (also called the Berwald-Blaschke
metric) on a locally uniformly convex hypersurface M is defined by

(1.1) g=KYm+2r,

where K is the Gauss curvature and II is the second fundamental form of M. From
the affine metric we have the affine area functional

(1.2) AM) = /M KV/t2),

The affine Plateau problem is to determine a hypersurface M € S[My], maximizing
the functional A over S[My], that is,

(1.3) A(M) = sup{AM') | M’ € SIMy]}.
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254 NEIL S. TRUDINGER AND XU-JIA WANG

Recall that the classical Plateau problem is formulated as a variational minimization
problem for the Euclidean area. The two dimensional affine Plateau problem was
raised by Chern in his pioneering article [9]; see also Calabi [7]. For this we have
the following solution (Theorems 3.1, 6.2, and 8.3).

Theorem A. There exists a smooth, locally uniformly convex hypersurface M €
S[My] solving the variational Plateau problem (1.3) in the two dimensional case,
n = 2, if and only if the image of the Gauss mapping of My does not cover any
hemi-sphere.

In higher dimensions we shall prove that the affine Plateau problem is solvable
in a generalized sense (Theorem 3.1), with solutions locally uniformly convex and
smooth if they are locally strictly convex (Theorem 6.2).

A special case of the affine Plateau problem occurs when M, is the graph of a
smooth, locally uniformly convex function ¢ defined on a bounded smooth domain
Q c R™ If M = M, is the graph of a locally convex function u € C?(f2), the
affine area of M is given by

(1.4) Alu) == A(M,,) = /Q [det D?u)'/("+2),

The functional A in (1.4) is concave and upper semi-continuous with respect to local
uniform convergence. If a smooth, locally uniformly convex function u is stationary
for A, then u satisfies the affine maximal surface equation,

(1.5) Llu) := U"w;; =0,
where
(1.6) w = [det D?q]~ (" HD/(n42)

and [U%] is the cofactor matrix of the Hessian matrix D?u, which is divergence free
for any fixed 7 or j. The subscripts i, j denote partial derivatives with respect to
the variables x;, z;. Here L is a nonlinear fourth order partial differential operator,
which is elliptic with respect to locally uniformly convex solutions. The concavity
of A implies that the affine maximal surface equation (1.5) is both a necessary and
sufficient condition for a smooth, locally uniformly convex function u to locally
maximize the affine area functional (1.4).

In the graph case the set S[My] = S[¢] (= S[¢,?]) consists of locally uniformly
convex functions u € C?(Q) N C°(Q) satisfying u = ¢ on 92 and Du(Q) C Dp(Q).
Accordingly we have the variational problem of finding a function u € S[¢], maxi-
mizing the affine area functional A on S[¢], that is,

(1.7) A(u) = sup{A(v) | v € 5[]},

and as a special case of Theorem A, this problem is solvable for n = 2. More
generally, we will extend the definition of affine area to nonsmooth locally convex
functions (and locally convex hypersurfaces) in Section 2 and study the variational
problem of maximizing the extended affine area A on S[¢], the closure of S[¢] under
uniform convergence, that is, to find u € S[¢] such that

(L8) A(u) = sup{A(@) | v € S[g]}.

We prove the existence of a unique maximizer u for the extended functional (1.8),
which is smooth if it is locally strictly convex (Theorems 2.1 and 6.2).
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Theorem B. There exists a unique locally conver function u solving the varia-
tional boundary value problem (1.8), in all dimensions, which is smooth and locally
uniformly convex in the interior of any set where it is locally strictly convex.

The variational problems (1.7) and (1.8) extend the first boundary value problem
for the affine maximal surface equation (1.5),

u=¢ on 0f,

(1.9) Du= D¢ on 09,

for if we have a classical, locally uniformly convex solution u € C*(Q) N C1(Q2) of
(1.5), (1.9), u will also solve (1.7) uniquely. Note that if the domain {2 is convex,
a locally convex function is convex, namely, its graph lies above its tangent planes
everywhere.

The existence of at least nonsmooth maximizers in Theorems A and B follows
from the upper semi-continuity of the affine area functional (1.4). For Theorem A
we also need the fundamental lemma from [22] that a locally convex hypersurface
with boundary on a hyperplane is convex, which facilitates the use of uniform local
graph representations. The existence and uniqueness of the maximizers for the vari-
ational problem (1.8) will be proved in Section 2 (Theorem 2.1). For the uniqueness
we need a preliminary result, Lemma 2.3, which guarantees that the Monge-Ampere
measure of a maximizer is regular. The general Plateau problem is treated in Sec-
tion 3, where we prove the existence of maximizers for the corresponding extended
variational problem (1.3) in the class of locally convex hypersurfaces, under the
necessary condition that the Gauss map of My does not cover any hemi-sphere
(Theorem 3.1).

The rest of this paper, Sections 4 through 8, deals with the issue of regularity.
In Section 4 we reprove and extend to inhomogeneous equations

(1.10) Lul=f

a priori estimates for smooth, lcally uniformly convex solutions, already established
in [21] (Theorems 4.1 and 4.2). These estimates are then employed to obtain
corresponding regularity results through approximation by solutions to the second
boundary value problem,

u=¢ on 0f,

(1.11) w=1 on Of,

which is the Dirichlet problem when (1.10) is considered as a second order system
of two equations in v and w. In Section 5 we prove the existence of loally smooth
solutions to the boundary value problem (1.10), (1.11) (Theorem 5.1). Using a
penalty method, we then prove in Section 6 that maximizers of the extended func-
tional (1.8) can be approximated locally in 2 by smooth, uniformly convex solutions
of the affine maximal surface equation (1.5) (Theorem 6.1). As consequences, we
conclude a fundamental regularity result in all dimensions, that strictly convex
affine maximal functions are smooth (Theorem 6.2), thereby completing the proof
of Theorem B and extend our two dimensional Bernstein Theorem in [21]] to general
convex affine maximal functions (Theorem 6.3).

As with the Monge-Ampere equation, the strict convexity of solutions is a critical
issue for the affine maximal surface equation. In [2I] we proved the Bernstein
theorem holds in any dimension under an asymptotic, strict convexity assumption,
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256 NEIL S. TRUDINGER AND XU-JIA WANG

which is automatically satisfied if any affine maximal hypersurface with boundary
on a hyperplane is strictly convex, which we proved for affine maximal surfaces
in R3. In this paper we prove the maximizers in Theorems A and B are strictly
convex for n = 2 under general boundary conditions. The argument in this case
becomes much more complicated than that in [21], since we have to eliminate
the possibility of straight line segments in graphs having both endpoints at the
boundary. In Section 7 we treat the extension of the Legendre transform to locally
convex functions in arbitrary domains in preparation for our treatment of the strict
convexity in Section 8. There we prove that in two dimensions the maximizers of the
affine area functionals (1.3) and (1.8) are locally strictly convex, thus completing
the proof of Theorem A (Theorems 8.2 and 8.3).

The inhomogeneous equation (1.10), which is crucial for our approximation ar-
guments, is a prescribed affine mean curvature equation, since the quantity

1
1.12 H =— L
(112 alu) = —— L[
is the affine mean curvature of the graph of w [1, [16], [20], and an affine maximal
graph is one with vanishing affine mean curvature. The corresponding variational

problem to maximize the functional

(1.13) Af(u) = Au) — /fu

is actually treated in Section 2 for bounded f, with the inhomogeneous version of
Theorem B proved in Theorems 2.1 and 6.2.

We conclude the paper with some remarks on the boundary behavior of maxi-
mizers and the regularity problem in higher dimensions.

2. THE AFFINE AREA FUNCTIONAL

In this section, we prove the existence and uniqueness of maximizers for the
variational problem (1.8). First we need to extend the affine area functional (1.4)
to arbitrary locally convex functions and prove its upper semi-continuity. Note
that since we will be including domains which are not convex, it is necessary to
distinguish locally convex functions from convex functions. However, when there is
no ambiguity, we will typically abbreviate locally convex to convex.

We begin with the definition of the Monge-Ampere measure. Let ) be a bounded
domain in R™ and w a convex function in 2. The normal mapping of u, N, is a
multi-valued mapping, defined as follows [17]. For any point € Q, N,(z) is the
set of slopes of support hyperplanes of u at x, that is,

Nu(@)={peR" [u(y) Zu(z)+p-(y—=z) VyeQ}

and for any Borel set E, N, (E) = U,cp Nu(z). When u is C', the normal mapping
coincides with the gradient mapping Du.

From the normal mapping one introduces the Monge-Ampere measure pful,
which is a Radon measure given by

plul(E) = [Nu(E),

that is, the Lebesgue measure of N,,(E). When u is C?, we have u[u] = (det D?u)dx.
It is a basic result of Aleksandrov that pfu] is weakly continuous with respect
to the convergence of convex functions. That is, if {u;} is a sequence of convex
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THE AFFINE PLATEAU PROBLEM 257
functions converging to ug in L}, then p[u;] converges weakly to u[ug] as measures.
It follows that for any closed set E C (2,

(2.1) pluol(E) = lim pulu;](E).

The Monge-Ampere measure ufu], as a Radon measure, can be decomposed as
the sum of a regular part and a singular part. That is,

plu] = prlu] + psful,

where the regular part u,[u] is a measure given by a locally integrable function,
prlu] = (pr[u])dx (we use the same notation p.,.[u] to denote the measure and its
density) and, the singular part ps[u] is a measure supported on a set with Lebesgue
measure zero.

The regular part u,[u] is determined by the function u explicitly. Indeed, since
u is convex, it is twice differentiable almost everywhere. In this paper we will use
the notation

82u = (87,]11,)

to denote the Hessian matrix of a function if it is twice differentiable almost ev-
erywhere. Then det 9%u is a measurable function, and 9%u = D?u when u is C?
smooth.

Lemma 2.1. Let u be a convez function. Then
(2.2) pir[u] = det 0%u.
Proof. Let up, be the mollification of u. That is,

(2.3 wnte) =17 [ utn(S5E)ay

for some nonnegative smooth function 7 supported on the unit ball B;(0) and
satisfying [, 7 =1, where z € Q), = {z € Q| dist(z, 0Q) > h}. Then at any point
x € Q where u is twice differentiable, we have D?uy(z) — 0%u(x) [25]. Hence for
any measurable set £ CC (2,

(2.4) /]EdetZ?ng}lLig%)/EdetDQuh.
By the weak convergence (2.1), we have for any closed set E C Q such that
pis[u](E) =0
/ det 0*u < p,[u](E).
That is, :
(2.5) det 9*u < p,[u] a.e.

We claim that the equality holds in (2.5). Indeed, for a.e. zo € Q we have

o[l () = lim (B (@0))

e=0  |Be(z0)|
. plu](Be(20))
< I B o)

If w is twice differentiable at xq, then for any x € B.(xg),
|Du(x) — Du(xg) — 82u(m0)(m —xo)] < dlx — x|
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258 NEIL S. TRUDINGER AND XU-JIA WANG

for some constant § > 0, with 6 — 0 as € — 0. Suppose for simplicity that
Du(zo) = 0. Let w = 3 - (9%u(zo) + 6I) - z, where I is the unit matrix. Then for
|z — zo| sufficiently small, N,,(Be(z0)) C Ny(Be(z0)). It follows that

. |Nu(Bs(xO))|
T =0 [Be(xo)]

[N (Be(20))|
=& B (o)
= det(0%u(xo) + 01)
< det(0%u(xo)) + C9,

where C' depends on 9%u(xg) but is independent of e. Sending e to zero, we obtain
pr[u] < det &?u at x¢. Hence we have ju,.[u] = det 0u. O

Similarly for a given (nonsmooth) convex hypersurface M one can introduce the
(Gauss) curvature measure on M. Let G : M — S™ denote the generalized Gauss
mapping. That is, for any point p € M, G(p) is the set of normals of the support
hyperplanes of M at p. The curvature measure u[M] is defined, for any Borel set
E c M, by

(2.6) HMJ(E) = |G(E)|.

The curvature measure can also be decomposed as the sum of a regular part and a
singular part, namely,

M| = pe [M] + ps [M].
A similar proof as that of Lemma 2.1 shows that the regular part p,.[M] is given by
the Gauss curvature of M, which is well defined almost everywhere. In particular
if M is the graph of a convex function u, then
det 9%u
(1 + |Du|?)(n+2)/2"

(2.7) pir[M] =

By Lemma 2.1, we can extend the definition of the affine area functional (1.4)
from smooth convex functions to general convex functions by

(2.8) Alu) = A(u, Q) = /Q [det 9%u]/ (" +2),

By (2.7) we have

(2.9) AM) = /M (MT[M])l/(n-‘rQ).

Formulae (2.8), (2.9) imply that the affine area is invariant under unimodular affine
transformations in R"*! and is independent of the choice of the coordinates. We
remark that different but equivalent definitions for the affine surface area have been
introduced [I4]. Our definition (2.8) is more straightforward.

Defintion. A (locally) convex function » in a domain €2 is called affine maximal
if it is a maximizer of (2.8) under local convex perturbation. That is, for any
(locally) convex function v such that u — v has compact support in ' CC Q,
A(v, Q) < A(u, Q). A locally convex hypersurface M is called affine maximal if
locally it is the graph of an affine maximal function.
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Since the function r — (det 7)'/("+2) is strictly concave on the cone of positive
symmetric n X n matrices, so also is the functional A, that is,

(2.10) Atu+ (1 — t)o) > tA(u) + (1 — ) A(v)

for all convex u,v and 0 < t < 1, with equality holding if and only if 9%u = 0%v.
Moreover if u is a convex function and 7 is a continuous function twice differentiable
a.e. such that u + tn is convex for sufficiently small ¢ > 0, we have

d 1 g
al - ij g,
(2.11) th(u—ktn)‘t:O n+2/QwU 0ijn,

where w = (det 9?u)~("+1/("+2) "and [U¥] is the cofactor matrix of 9%u. Therefore
a convex function is affine maximal if and only if for any such n with compact
support in

(2.12) / wUY9,;m < 0.
Q
We will need the upper semi-continuity of the affine area functional, which was
first proved in [15]; see also [21]. Here we give a simple proof.

Lemma 2.2. Let {un} be a sequence of convex functions in §, converging locally
uniformly to u. Then

(2.13) lim sup A(up,) < A(u).

m—0o0

Proof. By the Holder inequality we have

det 921\ /("2 (n+1)/(n+2)
(2.14) Au, Q) < </W) </P>

for any positive function p. It follows that

2 1/(n+2)
(2.15) A(u,Q):inf{(/%) , peco,p>o,/p:1}

- A\ VO
—1nf{(/ pn+1) , pan,p>0,/p:1 .

Since the singular part is defined on a set of measure zero, we have

1/(n+2)
(2.16) A@ﬂ):mf{(/i’j[ﬁ]) , pEC’O,p>O,/p:1}.

The upper semi-continuity then follows from the weak continuity of the Monge-
Ampere measure. O

In the following we prove the existence and uniqueness of maximizers for (1.8).
Let Q be a bounded, Lipschitz domain in R"™, and let ¢ be a convex function (not
necessarily smooth) defined in a neighborhood of Q. Denote by S[¢, (2] the set of
convex functions v satisfying v = ¢ on 9Q and N, () C Ny(Q). The latter relation
means that if we extend v to the neighborhood of € such that v = ¢ outside €,
then v is convex in the neighborhood of Q. Hence for any ¢; € S[¢, (], we have
Slé1,9Q] = S[e, Q) if we extend ¢; to a neighborhood of Q by letting ¢y = ¢. If ¢
is uniformly convex, then S[¢, ()] is the closure of S[¢] under uniform convergence,
where S[¢] is as introduced in Section 1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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We will consider a more general maximization problem, that is,

(2.17) sup{Ay(v,Q) | v € S[o, QJ},
where
(2.18) Af(v,Q) = A(v,Q) — /Q fv

and f € L*°(Q) is a bounded, measurable function.

The existence of maximizers for (2.17) follows immediately from the upper semi-
continuity of the affine area functional. To prove the uniqueness, we first show that
a maximizer has nonsingular Monge-Ampeére measure.

Lemma 2.3. Let u be a mazimizer of (2.17). Then the Monge-Ampére measure
wulu] has no singular part.

Proof. Suppose p[u] has nonvanishing singular part us[u]. Since ps[u] is supported
on a set of measure zero and p,[u] is an integral function, it follows that for any
positive constant K > 1, there is a ball B, C  such that

ps[u](Br) > Kpy[u](B) + 2K2|Br|v

for otherwise by the covering lemma, ps must be an integrable function. Let v be
the solution to the Dirichlet problem

plv] = Kp,[u] +2K? in B,,
v=wu on O0B,.

The existence and uniqueness of generalized solutions of the above problem are well
known; see [I7]. Since pulu](B,) > Kpu,[u](B,) 4+ 2K?|B,|, the set E = {v > u} is
not empty. Let w =wu in @ — F and @ = v in E. Then @ € S[¢,?]. We have

As (v, B) — A;(u, E) = / (det 20)/ (n+2) _ / (det %)/ +2) _ / Fo—u)
E E E
> / (K det 0%u + 2K2)1/(n+2) _ / (det 0%u)Y/ (" +2) _ C|E|.
E E

It is easy to see that the right-hand side is positive, by considering, respectively, the
sets {det 0*u > K} and {det 9*u < K} and choosing K sufficiently large. Hence
we obtain

Af(ﬂ, Q) = Af(u, Q- E) + Af(v, E) > Af(u, Q)

It follows that u is not affine maximal, a contradiction. ([

Theorem 2.1. Let ) be a bounded, Lipschitz domain in R". Suppose ¢ is a convex
Lipschitz function defined in a neighborhood of Q and f is a bounded measurable
function. Then there is a unique mazimizer u for (2.17).

Proof. As remarked above, the existence follows from the upper semi-continuity of
the affine area functional. To see the uniqueness, we observe that by the concavity of
the affine area functional, if both « and v are maximizers, we have det 9?u = det 8%v
almost everywhere, and so p[u] = u[v] since both of them have no singular part by
Lemma 2.3. It follows that w = v by the uniqueness of generalized solutions to the
Monge-Ampere equation [I7] (note that the strict convexity of £ is not needed for
this). O
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Remark 2.1. Theorem 2.1 can be extended to the functional
(2.19) Ap(0,Q) = A(, Q) — / F,v),
Q

where f(x,t) is locally bounded in Q2 x R}, measurable in = and convex in ¢. By the
uniqueness in Theorem 2.1, one also sees that if ug, &k = 1,2,---, are maximizers
of sup{Ay, (v,Q) | v € Sl¢r, 2} and if ¢, — ¢ in CH(Q), fr — f in L=(1), then
up — w and u is the maximizer of (2.17).

3. THE GENERAL PLATEAU PROBLEM

To study the maximization problem (1.3), we need to deal with nonsmooth,
locally convex hypersurfaces. By definition, a locally convex hypersurface is the
image of a locally convex immersion in R™*! of a connected manifold N, that
is, M = T(N), on which there is a continuous vector field pointing everywhere
to the convex side. This latter condition rules out hypersurfaces such as z,4+1 =
21 max(|z1]—1,0). Recall that an immersion T : N” — R""! is called locally convex
if for any point p € A, there is a neighborhood Ns(p) C N such that T'(Ns(p)) is
a convex graph in R"™1. We say a locally convex hypersurface M is convex if M
lies in the boundary of its convex closure.

For any given point x on a locally convex hypersurface M, T~1(z) may contain
more than one point in N. To avoid confusion in the following, when referring to
a point z € M, we need to understand a pair (x,p), where p = p, € N such that
T(p) = =. Also we say w, C M is a neighborhood of z if it is the image of a
neighborhood of p in /. We say « is a curve on M if it is the image of a curve
in /' and so on. The r-neighborhood of =, w,(z), is the connected component of
M N B, (z) containing the point z.

As a prelude we proved in [22] a fundamental result for locally convex hypersur-
faces, which plays a crucial role in our investigation of the affine Plateau problem.

Lemma 3.1. Let M be a compact, locally convex hypersurface in R" ™1, n > 1.
Suppose the boundary OM lies in the hyperplane {x,+1 = 0}. Then any connected
component of M N {zn41 < 0} is conver.

Lemma 3.1 has two important applications to the affine Plateau problem, namely,
to the existence of maximizers for (1.3) and to their strict convexity. Indeed, by
Lemma 3.1 we conclude that the set S[My] is precompact, and so by the upper
semi-continuity of the affine area functional, (1.3) admits a maximizer in S[Mo],
the closure of S[My] under local uniform convergence. For the strict convexity of
the maximizer, Lemma 3.1 enables us to reduce consideration to the graph case
(see the proof of Theorem 8.3).

To see that the set S[My] is precompact, we need a uniform cone property of
locally convex hypersurfaces. Let Cy ¢, denote the cone with vertex z, axis &,
radius r, and aperture «, that is,

Cogra={y e R | ly—a| <r (y—2,6 >cosaly—zf}.

We say that Cy¢ o is an inner contact cone of M at z if this cone lies on the
concave side of w,(x). We say M satisfies the uniform cone condition with radius
r and aperture « if M has an inner contact cone at all points with the same r and
a. From Lemma 3.1, which we proved in [22],
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Lemma 3.2. Let M C Bg(0) be a locally convex hypersurface with boundary OM.
Suppose M can be extended to M such that OM is embedded in M and M — M is
locally strictly convex. Then there exist r,a > 0 depending only on n, R, and the
extended part M — M such that the r-neighborhood w,(x) is convex for any x € M,
and M satisfies the uniform cone condition with radius r and aperture o.

The main point of Lemma 3.2 is that » and « depend only on n, R and the
extended part M — M. Therefore it holds with the same r and « for a family of
locally convex hypersurfaces, which includes all locally uniformly convex hypersur-
faces, contained in Br(0), with boundary OM and Gauss mapping image coinciding
with that of M. For any sequence of locally convex hypersurfaces in this family,
the uniform cone property implies that the sequence sub-converges and the limit
hypersurface is locally a graph. This property was crucial for the Plateau problem
for prescribed constant Gauss curvature [22] and also in the following existence
proof of maximizers to the affine Plateau problem.

Let My € R"*! be a bounded hypersurface with smooth boundary which is
smooth and locally uniformly convex up to its boundary I'. As in [22] we extend
M to a smooth, locally uniforrfnly convex hypersurface Mvo such that I lies in the
interior of M. Denote M§ = My — My. As in Section 1 we denote by S[M] the
set of locally uniformly convex hypersurfaces M with boundary I', which can be
smoothly deformed from My in the family of locally uniformly convex hypersurfaces
whose Gauss mapping images lie in that of M. The latter assumption is equivalent
to saying that M U M§ is a locally convex hypersurface. Let S[M,] be the closure
of S[Mo] under local uniform convergence. By Lemma 3.2, S[M,] is well defined.
Moreover, any locally convex hypersurface in S[M,] satisfies the uniform cone
condition with r and a depending only on n, R and M§. From Lemma 3.1, we have
the following diameter estimate.

Lemma 3.3. If the image of the Gauss mapping of Mgy does not cover any hemi-
sphere in S™, then there is R > 0 such that M C Bg(0) for any M € S[M,)].

For the extended affine Plateau problem, we are concerned with the existence
and regularity of maximizers to the problem

(3.1) sup  AM).
MES[Mo)]

Theorem 3.1. Let My C R™""! be a bounded hypersurface with smooth boundary
which is smooth and locally uniformly convexr up to its boundary I'. Suppose the
image of the Gauss mapping of Mgy does not cover any hemi-sphere in S™. Then
there is a locally convex mazimizer to (3.1).

Proof. The Gauss mapping image of My, N, is a locally uniformly convex hyper-
surface immersed in S™ and can be decomposed into m pieces, N' = U:L F;, such
that every piece is strictly contained in some hemi-sphere, namely, every F; is a
graph with uniformly bounded gradient. For any M € S[Mo], let M) = G=1(F;),
where G is the Gauss mapping of M. Then M = |JM® and M® is a graph for
any ¢.

It follows by Lemma 3.3 that any sequence in S[Mj] contains a convergent
subsequence. Indeed, let { M} be a sequence in S[My]. For any given j, as above

. . 1 . .
we decompose M into the union of Mj ,i=1,---,m. For each fixed i, we can
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choose a coordinate system such that ./\/ly) are graphs for all j. Hence by Lemma
3.3 and convexity, Mgi) contains a convergent subsequence. Moreover, by Lemma

3.3, A(/\/lg-i)) is uniformly bounded for each i. Hence A(M,) is uniformly bounded.

By the mollification of convex functions (see (2.3)) and the above decomposition,
it is easy to see that

(3.2) sup AM)= sup AWM) < .

MES[Mo] MeS[Mo]
Hence the existence of maximizers to (3.1) follows from the upper semi-continuity
of the affine area functional. O

The necessity of the condition in Theorem A, that is, if a hypersurface M is
affine maximal, then the image of its Gauss mapping cannot contain any hemi-
sphere, is readily shown. Indeed, if the Gauss mapping image contains the south
hemi-sphere, we denote by M’ the preimage of the south hemi-sphere, given as a
graph of a convex function u over a domain ). Then necessarily det D?u — oo
on 90 and so w — 0 on 0N. Applying the maximum principle to equation (1.5),
regarding it as a linear, second order elliptic equation in w, we find that w = 0 in
Q. This is impossible. Also if the Gauss map image of M contains a hemi-sphere,
then the functional in (3.1) is unbounded.

4. A PRIORI ESTIMATES FOR CLASSICAL SOLUTIONS

If the maximizer in Theorem 2.1 is smooth and locally uniformly convex, it
satisfies the nonlinear fourth order partial differential equation

(4.1) Llu] = f,

where L is the operator given in (1.5). In this section we establish a priori estimates
for solutions of (4.1), as in [21].

Lemma 4.1. Let u € C*(Q) N C%Y(Q) be a locally uniformly convex solution of
(4.1) with u =0 on Q. Then, for any point y € Q, we have the estimate

(4.2) det D*u(y) < C,
where C' depends on n, dist(y, 0), supq |Du|, supq f, and supg |u/.

Proof. Lemma 4.1 is proved in [21] (for the case f = 0). We include the proof here
for completeness.
Let w
2
z= logm — A|Dul?,
where 3 and A are positive constants to be determined. Then z attains its minimum
at an interior point xg € Q. At x¢ we have

w; U;
w u
wij wiwj uij uiuj
0< 25 = — 5 = 80—+ 5 2Aukuk; — 2AUR U
w w u u

as a matrix. From z; = 0 we have

wu;  20A
-3 ;21 +

W; Wy

2
2 (witkugj + ujupug) + 4A%uRw UL ;.
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Using the identities

)

1-60 w’ n+2
uwi; = U%w;j/d = f/d, d=det D*u,

where u* = U% /d is the inverse matrix of D?u, we obtain

0< uijzij
f bn uijwiw] But uzuj . 2A upwy
= e T g~ 24w g g
f pn ut uzuj 4A%0 — 20 |Dul?
= —1)—— —24Au 2 A
d u (6-1) u? + 1_gititi T g -0 wu
D 2
<L apu- ﬂ” 4+ ogallu
d? uf
with the choice
B 1-0
"~ 4fsupg, | Dul?’

Therefore we have
|u|Au < C(1 + |Dul?).
Hence z(xo) > —C if we choose 8 > n(n+1)/(n+2). It follows that z(z) > z(zg) >
—C and so (4.2) holds. O
Remark 4.1. If n = 2, the assumption v = 0 on €2 in Lemma 4.1 can be removed.
Indeed, let
w 2
z=log— — A|Dul|*,
n

where n(z) = (r* — |z]?) is a cut-off function and r > 0 is such that B,(0) C Q.
Then similarly as above we have, at a maximum point of z,

0<uiizy <L anu+ 0 4 oga™h,
d n n
Note that
w422 = Uil + U2z &

unugy  d
Hence we also obtain (4.2).

Remark 4.2. Lemma 4.1 holds if f = f(z,u, Du, D*u) and f satisfies
(43) f,2p,) < C(1+tr7)
for any symmetric matrix r.

Lemma 4.2. Let u € C*(Q) N C%Y(Q) be a locally uniformly convex solution of
(4.1). Suppose there exists an open set w C § such that x - Du < u in w and
x-Du=wu on Ow. Then for any y € w,

(4.4) det D*u(y) > C,
where C > 0 depends on n, dist(y, 0w), supq |Dul, infq f and sup,, |u — x - Dul.
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Proof. Let
z = logw + Blog(u — x - Du) + Alz|?
for some positive constants 8 and A to be determined. Suppose z attains its
maximum at zg € w. Then at xg,
Wi TpUki

0=z =——0—— +2Ax;,
¢
wii WP TRUg U xiud
> i - % _ _t _ 2 17 2-147
0>z iy 16} 5 po +
where ¢ = u — z;u;. By a rotation we may suppose D?u is diagonal at zy. Then
0 Zu”zii
f 2(E (E 273 2 92 ﬂ Tk i 671 ﬂfE K273
== il —4pA—— +4A - — i — — — 2Au"
@~ T ABATEE A = SR e = T = T
f vu; | ABAx? o i Bn Bx;  w;
= — 1) L+ 2A(1 - 24z u” — — + ———
[ Bn | 4BAx} i T Br; TiUj
== - —+ L+ At - BB+ 1 + B8 — 2Az;
@ ¢ ¢ ( ) ¢? ¢(1—9)( ¢ 0
f C ﬂ rFug
>_ _ A (2 _= _ 1
2wt +8(5 B—1)—"5~ po
f C i
ZE — E + Au
if 8 is large and A is sufficiently small. Tt follows that |¢|u?® < C and hence
(4.4). O

We note that Lemma 4.2 also follows from Lemma 4.1, using the Legendre trans-
form, as in [2I]; see equation (7.4). We can determine neighborhoods w = w, of
points y € Q verifying the hypothesis of Lemma 4.2 in terms of a modulus of con-
vexity of the strictly convex function u. For any y € 2, h > 0, we define the section

Sh . (y) by
Sha(y) = {z € Q| u(z) < uly) + Duly)(z —y) + h}.
The modulus of convexity of u is a nonnegative function defined by

(4.5) pu(r) = inf p, (), r >0,
yeN

where

puy(r) =sup{h > 0| S; ,(y) C Br(y)}

if there exists h > 0 such that Sgﬁu(y) C B,(y); otherwise we define p, ,(r) =0. A
general convex function w is strictly convex if and only if p,(r) > 0 for all r > 0.

If u is a strictly convex solution of (4.1), we can characterize the open set w,
(y € Q) in the following way. Let € > 0 be any given constant. Let P. denote
the set of linear functions g such that ¢ < u in Q and g(y) = u(y) —e. Let
g(z) = sup{g(z) | g € P.}. Then g < u and the graph of g is a convex cone.
Let w denote the component of {g < u} containing y. Then if £ < pu(%r), where
r = dist(y, ), we have @ C Q.

By Lemmas 4.1 and 4.2 we have the following Holder and Sobolev space esti-
mates.
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Theorem 4.1 (W*? estimate). Let u € C*(Q) be a locally uniformly convex solu-
tion of (4.1). Then for any ' CC Q, p > 1, we have the estimate

(46) ||U||W4,p(Q/) S C,
where C' depends on n,p,supq | f|, dist(€¥,09), and the modulus of convexity of .

Theorem 4.2 (Schauder estimate). Let u € C*(Q) be a locally uniformly convex
solution of (4.1) with f € C*(Q), 0 < a < 1. Then u € C**(Q) and for any

Q' ccqQ,

(4.7) [ull sy < C,

where C' depends on n,a, || f|lce(q)y, dist(SY,08), and the modulus of convexity of
u.

To prove Theorems 4.1 and 4.2, we have, by Lemmas 4.1 and 4.2 and our control
of the strict convexity of u,

(48) Cl § det D2u § C2

in any ' CC Q. Now we write (4.1) as a second order partial differential system
(4.9) Udw;; = f in Q,

(4.10) det D*y = = ("+2/(0+D) iy Q.

In [4] the authors proved, for the case f = 0, a Holder estimate, with respect to
sections of u, for solutions w of (4.9), assuming that the Monge-Ampere measure
wlu] satisfies a continuity condition with respect to the Lebesgue measure, which
is guaranteed by (4.8). By examining their argument, one sees that under (4.8),
their Holder estimate extends to f € L°°. Taking account of the modulus of con-
vexity of u, we thus conclude the Holder estimate for the function w. By the
interior Schauder estimate of the Monge-Ampeére equation [3], we then obtain inte-
rior Holder estimates for the second derivatives of u. Hence (4.9) becomes a linear
uniformly elliptic equation with Holder continuous coefficients. It follows that we
can estimate w in Wfocp(Q) for any p < co. The Wli’cp(Q) and C*%(Q) estimates
for u now follow from standard elliptic regularity theory.

Remark 4.3. Theorems 4.1 and 4.2 hold for any strictly convex solution of (4.1),
by our regularity result, Theorem 6.2.

To prove the regularity of maximizers in Theorems 2.1 and 3.1, it suffices to
prove, in view of Theorems 4.1 and 4.2, that (a) the maximizers are strictly convex
and (b) they can be approximated by smooth maximizers. We will prove (a) for
dimension n = 2 in Section 8 and (b) for all dimensions in Section 6.

5. THE SECOND BOUNDARY VALUE PROBLEM

In this section we prove the existence of solutions to the boundary value problem

(5.1) Llu] = f(z,u) in Q,
(5.2) u=¢ on 0Q,
(5.3) w=1 on 0,

where L and w are as in (1.5) (1.6), £ is a smooth, uniformly convex domain in
R"™, ¢, are smooth functions on 992 with

(5.4) Cyl <9 <Gy
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for some positive constant Cy. We suppose f € L>(Q x R), f is nondecreasing in
u, and there is ty < 0 such that

(5.5) flx,t) <0 when ¢ <tp.

Theorem 5.1.  The boundary value problem (5.1)—(5.3) admits a solution u €
WAP(Q) NCON@Q) (v p > 1) with det D*u € COQ). If f € C*(Q x R), where

a € (0,1), then the solution u € C**(2) N C%1(Q).

We will use Theorem 5.1 in the next section to construct smooth approximations
to the maximizers in Theorem 2.1.

To prove Theorem 5.1, we write (5.1) as a system (4.9), (4.10) and consider the
approximating problem
(5.6) Ubdw;; =f  in Q,
(5.7) det D?u = = +2/(+D 4 (1 —p) on Q,
where u and w satisfy the boundary condition (5.2) and (5.3), and nn = n, € C§°(£2)
is a nonnegative cut-off function satisfying n = 1 in Qi = {z € Q | dist(z,09Q) <
1/k}.
Lemma 5.1. Let (u,w) be a C? smooth solution of (5.6)~(5.7). Then there exists
a constant C > 0 such that

(5.8) Cl<w<C in Q

(5.9) |lw(z) — w(xo)| < Clz —xo| V x€ Qa0 € 09,

where C' depends only on n, diam(QY), supq | f|, and supg, |u|, and is independent of
k.

Proof. Let z = logw — h(u), where h is a convex, monotone increasing function
satisfying h(t) = t when t > —tp and h(t) > —to — 1 when t < —t;. If 2 attains
its minimum at a boundary point, by (5.4) we have w > C in Q. If z attains its
minimum at an interior point z¢ € ), we have

Wj

0=z =——h'(u)u,,
w
Wi _ W; Wy

OSZUZ—

" Rl B (w)uij — B (w)uiu;j

as a matrix. Hence f
yi nh'(u)

where d = det D?u, § = 1/(n+2). If u(xg) < to, f = 0 and we reach a contradiction.
Hence u(zg) > to and h'(u) > 0. We obtain d(z¢) < C. Since z(z) > z(z), we
obtain

0 S uijzij S

w(z) = w(wo)exp(h(u(z)) — h(u(zo))).
The first inequality in (5.8) follows.
Next let z = logw + A|z|?. If 2 attains its maximum at a boundary point, by
(5.4) we have w < C and so (5.8) holds. If z attains its maximum at an interior
point xg, we have, at x,

w

2
0> 2z = —2 — 2L 04,
w w
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Suppose (D?u) is diagonal at x¢. Then
0 Z uijzij
= di — 4A% 20" 2 A0
w
¥ y
> <4 A 23
= Iw + Au
if A is small. Hence
dw Z u? < C.
By (5.7) we obtain
(5.10) [pw=(+2/ (D) (1 — )| (=D < deu” <C.

We obtain w < C, and hence (5.8) is proved.
Let v be a smooth, uniformly convex function in € such that v = ¢ on 92 and
D?y > K. Then

Uvi; > Ky U > CK|det D*v]" /" > CK.

Hence if K is large enough, v is a lower barrier of w by applying the comparison
principle to (5.6). We thus obtain

(5.11) w(x) —w(xg) > —Cle —xo| ¥V x€ Q9 € O
Similarly one can construct an upper barrier for w. Hence (5.9) holds. O

By approximation, Lemma 5.1 holds for w € W?2P(Q) with p > n. Indeed, let
{fr} be a sequence of bounded functions which converges to f in L?, and let wy
be the solution of (5.6) with f = fi, where U% is the cofactor matrix of D?u,
which is independent of k. Then wy, — w in W?P. As above we have the estimate
dwy, Y u < C. Sending k — oo, we obtain (5.10) and so the second inequality in
(5.8) follows. The first inequality in (5.8) can be proved in the same way as above.

Lemma 5.2. There is a solution (u,w), where u € C**(Q) and w € W2P(Q)
(p > n), to the approzimating problem (5.6), (6.7).

Proof. By (5.8), u is uniformly bounded and is strictly convex in Q [2]. Applying
the interior Holder continuity result [4] to (5.6), we have det D*u € C*(Q) for
some a € (0,1), which in turn implies w € W2P(Q) V p > 1 and u € C%2(Q).
Near the boundary we also have u € C%“ by applying the regularity theory of the
Monge-Ampere equation to (5.7) [5, 10l [13]. Therefore we have global estimates
from which we can use degree theory to prove the existence of solutions.

For any positive w € C%1(Q), let u = u,, be the solution of (5.7) with u = ¢ on
09, and let wy, t € [0, 1], be the solution of

(5.12) Uw;; =tf(z,u) in Q,

wg=1tp+(1—t) on 9.
Then the mapping T} : w € C%Y(Q) — wy, € C*1(Q) is compact. By the above
a priori estimates, the degree deg(T}, Br,0) is well defined, where Bpg is the set of
all positive function satisfying [|wl|co @) < R. When ¢ = 0, from (5.12) we have

obviously w = 1. Namely, Ty has a unique fixed point w = 1. Hence the degree
deg(Ti, Br,0) =1 for all ¢ € [0,1]. This completes the proof. O
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Denote by uy (corresponding to n) the solution obtained in Lemma 5.2, where
the estimates for the upper and lower bounds of det D?uy, are independent of k.
Letting ur — u, we obtain (5.8) for w = [det D?u]~("+1/("+2) " Therefore we
conclude u € W27 (Q) N C%(Q) by Theorem 4.1. Note that by (5.8) we also have
(5.9), which implies that w € C°(Q2) and u satisfies the boundary conditions (5.2)
and (5.3). If f € C*(Q x R), then u € C**(Q) N C%!(Q) by Theorem 4.2. Hence
we obtain Theorem 5.1.

In a separate paper [23] we prove the uniqueness and global regularity of solutions
to the boundary value problem (5.1)—(5.3).

6. APPROXIMATION BY SMOOTH SOLUTIONS

In this section we show that an affine maximal function can be approximated
by smooth solutions of the affine maximal surface equation. Our approach also
embraces the inhomogeneous case and utilizes the solvability of the second boundary
value problem (Theorem 5.1).

We begin by considering a particular version of the second boundary value prob-
lem. Let ¢ € C?(B) be a uniformly convex function in a ball B = Bg(0), vanishing
on OB. Let H € C*°(—00, 1) be a nonnegative convex function such that

M1 -t)7 i 1/2<t <1,
6.1 H(t) =
(6.1) () {t4 if t<-1.
Let f € L*(Q) be the function in (2.18) and suppose 2 CC B. Extend f to B
such that
(6.2) f(e ) = h(u—g(z)) i B-9,

where h(t) = H'(t). Then f is nondecreasing in u.

Lemma 6.1. There is a locally uniformly convex solution u to the boundary value
problem

(6.3) Llu] = f(xz,u) in B,
u=¢ on 0B,
w=1 on OB

with u € W5 (B) N C%Y(B), for all p < oo, w € C°(Q), where L is the operator in
(1.5).

Proof. We will prove that if u is a locally uniformly convex solution of (6.3), then
(6.4) iréfu > —Ky

for some Ky > 0 depending only on ¢ and R, the radius of the ball B; and

(6.5) |f(z,u)| < C.

Once (6.4) and (6.5) are established, Lemma 6.1 follows from Theorem 5.1.
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First we prove (6.4). Let 6 > 0 be a small constant. Since ¢ vanishes on 9B,
Qs = {u < —4} is strictly contained in B. We compute

(66) / Uij’wij (u + 5) = —/ (u + (5)7,’11)][]”
Qs Qs

= —/ (u+ &)y wl™ +/ wU"Y (u + 6) ;5
0N QS

< n/ wdetDzu:n/ [det D?u)?,
B B

where § = 1/(n+2), v is the unit outward normal, and we have used the divergence
free property of [U%] for any fixed i or j. Sending § to 0, we obtain

flz,u)u<n | [det D*u)’ =n | K,
Jyemsn , /.

where M is the graph of u and K is the Gauss curvature of M. It follows that
/ flzu)u < n|M|1_‘9[/ K]e < Clinful*7?.
B M

Recalling that f is bounded in €2, we obtain
/ f(z,u)u < C|inf ul.
B-Q

Since u is convex and v = 0 on JB, there exists C > 0 such that

| inf u|* > C’/ |u|*.
B-Q B

It follows by our construction of H (see (6.1)) that
/ f(z,u)u > Cy|inful* — Cy
B-Q

for some positive constants Cq,Cy > 0. Hence (6.4) holds.

Next we prove (6.5). Since f(z,t) is increasing in ¢, f(x,u) is bounded from
below by (6.4). If suffices to prove that f(x,u) is bounded from above.

We first prove det D?u is bounded near OB. Indeed, by convexity and our choice
of H, f(x,u) is bounded from above near 9B. For any boundary point zg € 9B,
we suppose by a rotation of axes that zo = (R,0,---,0). Let {(z) = ax1 + b be a
linear function such that £(zg) < u(xg) = 0 and £ > w on 1 = R— dp, where 69 > 0
is a constant such that f is upper bounded in BN {x; > R —do}. Let z = log .
If z attains a minimum at a boundary point B, by the boundary condition w = 1
in (6.3) we see that 2 is bounded from below and so det D?u is bounded from above
near 0€). If z attains a minimum at some interior point yo € {u > £}, we compute,

a'ty07
w u—/f
Lo Wi (w0
*J w u—/

with the matrix [2;;] > 0. It follows that
g f n
0<u¥z,; = _ .
= U A [det D2u]®  w—£
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Hence det D?u < C at yo and so z > C, which in turn implies that det D?u is
bounded near 0B.

By (6.4) we then conclude that w is Lipschitz at B, and hence Du is uniformly
bounded in B by convexity. Returning to (6.6), we have

/ Uijwij(u+ (5) Z —/ ’U,i’}/j’inj
Qs 9Ns

= —/ uy w7
;5

= _/ (uqy) " wKs
Qs

_ D n . f
nwn(s%p| ul) Inff

Y

where K denotes the Gauss curvature of 9€)5. Letting 6 — 0, we obtain from (6.3),

(6.7) /B (—f(@w)u < C

since w =1 on 0B.

If u(z) — p(x) is sufficiently close to one at some point x € B—1Q, then u(x)—¢(x)
is sufficiently close to one at nearby points in B—{2, by the convexity of u and ¢, and
the integral on the left-hand side of (6.7) can be arbitrarily large, in contradiction
with the estimate (6.7). Hence (6.5) holds. Lemma 6.1 now follows from Theorem
5.1. ]

We remark that the function f(x,u) is not defined when u > ¢+ 1. This is not
a problem for the use of the degree argument in the proof of Lemma 5.2. One can
also choose a sequence f;(z,u) which is defined for all w € R and converges to f.

Next we use Lemma 6.1 and the penalty method to prove the maximizer in
Theorem 2.1 can be approximated locally by smooth local maximizers.

Theorem 6.1. Let Q2 and ¢ be as in Theorem 2.1. Then for any convexr ' CC Q,
there exists a sequence of smooth solutions of equation (4.1) (€ Wli’cp(Q) Vp<oo)
converging uniformly in ' to the mazimizer u.

Proof. Without loss of generality let us assume that €2 is convex, u is a maximizer
in Q° = {zx € R" | dist(x,Q) < 6} for some § > 0 small, ¢ = u in Q° — Q. We will
prove that u can be approximated by smooth solutions of (4.1) in .

Let Br = Bgr(0) be a ball in R™ containing Q9. Let

5(3:) =supv(z), « € Bp,
vEP

where P is the set of linear functions v such that v < ¢ in Q% and v < Kj in Bg
for some given constant K. Since ¢ is Lipschitz and €) is convex, we can choose
K, sufficiently large such that ;5 = ¢ in Q°. By definition, $ cannot be strictly
convex at any point in Bg — Q9. By Aleksandrov’s theorem, the set N d~>(B R — ﬁ)
has measure zero, that is, ,u[q;] = 0 in Br — Q9. Therefore we may suppose directly
that ¢ is defined in Bg such that pu[¢] = 0 in Bgr — Q% and ¢ equals the constant
Ky on OBg.

Let {¢r} be a sequence of convex functions such that ¢r, = ¢ in 9, o = ¢
on OBgr, ¢}, is uniformly convex in Bp — Q9. and ¢r — ¢ uniformly in Bgr. Let
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H;(t) = H(27t) be a sequence of smooth, convex functions, defined in (—o0,277).
Let fi j(z,u) = f(z) when z € Q and fi ;j(z,u) = h;j(u — ¢,) when = € Br — Q,
where h; = H} and f is the function in (2.17).

By Lemma 6.1, there is a convex solution ug ; of (6.3) with f = f ;, which is
an extremal of the concave functional

Jij (1) = Ju;(u, Br) = A(u, Br) - / fu- /B H(u — ).

rR—

where A(u, Bg) is the affine area functional on the domain Bp.
Similarly to (6.4) we have uy ; > —Kj for some K/ independent of k, j. We have
indeed a stronger estimate, for any given k,

(6.8) BiRn_fQ(ukJ —¢r) — 0 asj— oo.

To prove (6.8), we suppose infp,_q(ug; — ¢i) is attained at z;. Let ¢ be the
tangent plane of ¢y, at z;. Let w = {ur ; < £}. We compute

/Uijwij(u—ﬁ):—/(u—ﬁ)iijij (u = uk,j)
= —/ (u — £);yjwU" +/(u —0);;wU".
Ow w
The first integral on the right-hand side is negative. Hence we obtain
/ frj(zu)(u—4) = / Udwgj(u—€)
w w

< / wdet D*u
w

:/(detDzu)e
= Ke < 07
M

where M is the graph of v and K is the Gauss curvature. If (6.8) is not true, the
integral on the left-hand side converges to infinity (as j — oo) by our definition of
fr,j, which is a contradiction. Hence (6.8) holds.

Observe that by our definition of Hj,

(6.9) Uy < o +277,
which, together with (6.8), implies that
(610) uk’j — ¢k

in B —Q as j — oo.

Since ¢ — ¢, we have uy; — ¢ (k,j — o0) locally uniformly in Br — 2 as
long as j is large enough. By convexity, uj, ; sub-converges to a convex function @
in Bp. By our definition of S[¢, )] in Section 2, the function %, when restricted to
€, belongs to the set S[#,2]. We want to prove that 7 is the maximizer of (2.17),
whence © = u by the uniqueness assertion in Theorem 2.1.

Choose R’ < R and r > 0 such that Q C Bg/_3,(0). Denote

D,={z€Br(0) | R —r—o<|z| <R +r+o}
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where 0 < o < r. Let
Ug,; =sup{v | v € Py 5},

where @y, ; is the set of convex functions in Bg(0) which satisfy v < u ; in Bp—D,,
v < max(dx, uk,j) in Do, and v < ¢, in Do = Dy, |;—¢. Then for any fixed r > o > 0,
by the uniform convexity of ¢ and (6.10), we have

(611) Uk,j = Uk,j in Brp — D,,
Ug,j = ¢r in {{E € Dy | dist(x,c?Do) > 0’/2},
(6.12) |ﬂk,j — ¢k| < |uk,j — ¢k| in D,

provided j is sufficiently large. By (6.11), U ; € S[uk.j, Br]. Since uy,; is the
maximizer of Ji ; in S[uy j, Br|, we have

(6.13) T (Uh,5) < Jij(urj)-

Observe that

1/(n+2)
/ [det D)/ ("2 < | D, |(n+1)/(n+2) det D?u
D, N Br
< C|Dg|(n+1)/(n+2),
where u = uy ;. By (6.12) we have
(6.14) Jrj (W) = Jij(ukj) — €
with e - 0 asr,o0 — 0.
Let
U in Q°,
Uk’j = (bk in BR’ — Qé,

Hk,j in BR—BR/

be an extension of u in Bg. Then vy ; = u = ¢ in Q% — Q, and vy ; € S[uy j, Brl.
Hence we have, by (6.13), (6.14),

Tk (Ukg) < T (n,g) < Jij(Uk ) + €.
Since vk ; = U ; in Br — Br/, we obtain
(6.15) Ji,j(Vk,j, Br') < Ji,j(Uk,;, Br) + €.
Since Hy, ; > 0, we have
Jr,j(Ur.j, Brr) < AU, Brr) —/Qfﬂk,j
(6.16) = Ay (r,;,) + A(Uk,;, Brr — Q),

where

Af(u, Q) = A(u, Q) — /Q fu.
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We compute
ATy, ;, Br — Q) = AT, ;,Q° — Q) + Aty j, Brr — Q)

< |Q§ o Q|(n+1)/(n+2) [/ det D2ﬂk,j
Q—-Q

1/(n+2)
/ det D7y,
BR/ 795

We choose § > 0 sufficiently small such that the first term on the right-hand side is
small. Observe that @ ; — ¢ and the Monge-Ampere measure p[¢] = 0 in B — Q7.
We therefore obtain

(617) A(ﬂk’j,BR/ — Q) < 2¢

] 1/(n+2)

+C

if k is large enough. Therefore by (6.15), (6.16), and the upper semi-continuity of
the affine area functional, we obtain

Ag(u, ) < Jij(vk,j, Brr)
< Jy,j(Ur,;, Br) + €
< Ap(Up;,Q) + 2
< Ap@ Q) + 3¢

if k, j are sufficiently large. Hence @ is the maximizer, and thus @ = u. O

The penalty method is used above to create a sequence of smooth solutions of
(4.1) satisfying (6.10). The function H, chosen in (6.1), facilitates the estimate
(6.9). This function can be replaced by convex functions defined in (—o0, c0) which
grow much faster for ¢ > 0 than for ¢ < 0.

From Theorem 6.1 we obtain the following interior regularity in all dimensions,
which includes the case of affine maximal functions and thus completes the proof
of Theorem B.

Theorem 6.2. Let u be a strictly convex mazimizer of (2.17), with f € C*(Q).
Then u € C*(Q) and satisfies equation (4.1) in ).

In the case of an affine maximal graph M = M,, (that is f = 0), we obtain from
Theorem 6.1 and the uniqueness part of Theorem 2.1 that there exists a sequence
of smooth functions {u,,} C C*°(£2) with affine maximal graphs, converging locally
uniformly to u. As a byproduct, we may extend our affine Bernstein result in [21]
to nonsmooth affine maximal surfaces.

Theorem 6.3. Let u be an affine mazximal convex function defined in the whole
space R2. Suppose u has at least one strictly convex point. Then u is a quadratic
function.

The assumption that u has at least one strictly convex point implies that the
level set Sg’u(p) is a bounded convex domain for some point p € R2. Note that if
u has no strictly convex point, then w(z1,z2) = ¢(x1) for some convex function ¢
in an appropriate coordinate system.

In the following two sections we will show that the hypothesis of strict convexity
can be dispensed with in two dimensions.
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7. THE GENERALIZED LEGENDRE TRANSFORM

In this section we introduce the Legendre transform for (nonsmooth, locally)
convex functions in general domains, which will be used in the next section to
prove the strict convexity of maximizers in Theorems 2.1 and 3.1.

Let 2 be a convex domain and let u € C2(Q) be a uniformly convex function.
The Legendre transform of w is the function u* defined in Q* = Du(Q)), given by

u (y) =sup{z-y —u(z) | T € Q}
(7.1) oy~ ule),

where z €  is uniquely determined by y = Du(x). The Legendre transform u* is a
uniformly convex, C? smooth function in Q*. Furthermore the Legendre transform
of u* is u itself.

From the relation y = Du(z) we have x = Du*(y) and

(7.2) {D?u()} = {D*u(y)} "

Therefore if u € C?() is affine maximal, namely, if it is a maximizer of the affine
area functional A in the set S[u, ], u* is a maximizer of the associated functional

(7.3) A*(v) = / [det 2] (+1/(n+2)

in the set S[u*, Q*]. If u is a smooth, uniformly convex solution of the nonhomo-
geneous equation (4.1), then by direct computation, u* satisfies the equation

(7.4) Ui}, = —HLH F(Du) det D,

where U% is the cofactor matrix of D?u* and w* = [det D?u*]~/(+2),

Next we extend the Legendre transform to nonsmooth (locally) convex functions.

Let Q be a bounded C? smooth domain in R"™ and let ¢ be a (locally) uniformly
convex function in . As before we denote by S[#, Q] the set of locally uniformly
convex functions u € C2%(Q) N C%H(Q) satisfying u = ¢ and Du(Q) C D¢(Q),
and we denote by S[#, 2] the closure of S[#, Q] under local uniform convergence.
In the following we extend the Legendre transform to all functions in S[¢, ] and
show that if u is a maximizer for sup,cg(4 .o A(v), the Legendre transform of u is
a maximizer for sup, g4« o] A*(v), where Q" = Dg(€2).

First we consider the case when the domain 2 is convex such that D¢ is a
diffeomorphism from Q to D¢(Q2). Extend ¢ to a neighborhood of €, say the
domain 7 = {z € R" | dist(x,) < o} for some ¢ > 0, such that ¢ is uniformly
convex in Q7 (see [22]). For any u € S[#, ], we extend u to Q7 such that u = ¢ in
Q7 — Q. Let

(7.5) u*(y) = Sél(go(x -y —u(r)) Yye Dp(Q7),

where the supremum is attained at a point x such that y € N, (z). It is easy to
see that u* = ¢* in Dg(27 — Q). We define the Legendre transform of u as the
restriction of u* on the domain Q* = D¢(2).

Let S[¢*] = S[¢*, Q"] denote the set of convex functions v such that v = ¢*
on 90" and N,(Q*) C Q. For any convex function v € S[¢*, Q*], we extend v
to D¢(Q27) such that v = ¢* in DP(Q2° — Q). Then similarly we can define the
Legendre transform of v, which is a convex function on ).
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Remark 7.1. When () is convex and ¢ is a convex function defined in Q7 the
Legendre transform (7.5) is well defined for any u € S[¢,€)]. The smoothness of 99
and ¢ is not required. This implies that if u is a convex function in a nonconvex
domain © and Du(x) = Du(y) for two points z,y € Q such that the line segment
Ty is contained in €2, then the tangent planes of u at x and y coincide.

We remark that for any function u € S[¢, ], the usual Legendre transform of u
is defined by

a*(y) = Sup (x-y—u(z)) Vye Du().
e
The function 4* is a convex function defined in Du(2) C Q*. Obviously we have
u* = 4* in Du(f2). The graph of u* in Q* — Du(Q2) consists of line segments. In
fact we have
u (&) = sup (a),

where the supremum is taken over all linear function satisfying ¢ < @ in Du(2)
and £ < ¢* on 9Q*. Our definition of the Legendre transform is an extension of
the usual one such that for any function u € S[¢, )], u* is properly defined in the
whole Q*.

Next we consider the case when () is a general bounded smooth domain. In this
case the gradient mapping D¢ may not be one to one. We need to regard D¢ as
an immersion and the domain Q* = D¢(Q2) as an immersed manifold in R™. Let
S9[¢, ] denote the set of uniformly convex functions u € S[#, Q)N C? () satisfying
u= ¢ on 9Q and Du(Q)) = D¢(2). For any u € S°[¢, Q], extend u to Q7 such that
u = ¢ outside Q. Then u has continuous gradient across d€). It is easy to see that
S[#, Q] is also the closure of S9[¢, Q] under uniform convergence.

We claim that for any ug,u; € S9[¢, Q], there exists a diffeomorphism p from Q
into itself, such that Dug(x) = Duy(p(z)). Indeed, for any t € [0, 1], the function
ug = tuy + (1 — t)ug € S, Q). Since ug and u; are uniformly convex, namely,
they are C? up to boundary and D?uy and D?u; are positive definite, there exists
a diffeomorphism p; from Q into itself, such that Du,(z) = Duy (pi(z)) if t < t/
and t,t’ are sufficiently close. Hence the claim follows.

It follows that Q*, as a manifold immersed in R™, is also the image of the
immersion Du : Q — R™ for any u € S°[¢,Q]. For u € S[¢, (], the Legendre
transform of u, u* is a single valued function defined on the manifold Q*, such that
for any y € QF,

(7.6) u(y) =z -y —u(z),
where x € Q is the unique point such that y = Du(x). Obviously (7.6) is an
extension of (7.1).

Remark 7.2. We need to explain how u* is understood as a single valued function
on *. Let us introduce a manifold N' = {(z,y) | z € Q,y = Du(x)} with metric
ds? = dy?. Then the gradient mapping Du is an embedding of Q to N and Du(f2)
is isometric to A/. The function u* can be regarded as a single valued function on

N.

Next we define the Legendre transform for (nonsmooth) functions u € S[¢, Q).
Let {ux} C S°[¢, Q] be a sequence of smooth, uniformly convex functions converging
to u. We define u*, the Legendre transform of u, by

(7.7) u'(y) = lim u(y),
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where uj is the Legendre transform of wuy, given in (7.6). To show that u* is
well defined, we need to show that u* is independent of the choice of the sequences.
Suppose {ul} C S, Q] is another sequence of smooth, uniformly convex functions
which converges to u. For any point y on the manifold Q*, there is a unique point
T € Q (21 € Q, resp.) such that Dug(zy) =y (Duj(z}) =y, resp.). By choosing
subsequences, we suppose z — xo and x} — .

We claim that there exists a curve £ C Q connecting z¢ and x} such that y €
N,(z) for any x € ¢. Suppose for a moment the claim is true. Since u can be
extended to a convex function in a neighborhood of 2 (namely, u = ¢ on Q7 — Q),
we can divide ¢ into the union of small arcs, £ = Uz £;, such that for each ¢;, the
line segment 0 connecting the two endpoints of ¢; lies in Q7. Let xq,--- ,xy, be
the endpoints of these line segments such that l@ = T;ZTiq1. Since y € N, (x;), the
hyperplane P; = {(x,2,41) € R"" | 2,41 = y- (v — 2;) +u(z;)} is a tangent plane
of u at x;. By convexity u is linear on these line segments /; and the tangent planes
of u at ; and x; 41 coincide; see Remark 7.1. Therefore we obtain z¢ - y — u(xo) =
z} -y — u(x}), namely, the limit in (7.7) does not depend on the choice of the
sequence {uy}. By Remark 7.1, one also sees that the Legendre transform depends
locally on u.

To prove the claim, we let uf = tur + (1 — t)uj. Then for any t € [0,1],
{ut} c S%p, Q) and u} — u as k — oo. Let z! be the unique point in € such that
Dul (z}) = y. By the uniform convexity of uj and uj}, x! depends continuously
on t. Hence for fixed k, Ey = {zf, | ¢t € [0,1]} is a curve in Q. Let £ denote
the set of such points & for which there is a sequence {Zj}, where & € Ej, which
sub-converges to &. For any given & € &, since the hyperplane P, = {x,41 =
y-(x—ah)+ul(2})} is a tangent plane of u}, at 2} and u!, converges to u uniformly,
P ={zpy1 = y-(x—2)+u(@)} is a tangent plane of u at Z. It follows that
y € Nu(&) for any & € £. Since Ej is connected, for any r > 0 small such that
B.(2) C Q° and Ejy N 9B, (%) # 0, there is a point &, € dB,(Z) N E. Namely,
Pr =A{xpnt+1 =y (x — 2y) + u(&)} is a tangent plane of u at &,.. When r is
sufficiently small, by convexity we see that P and P, must coincide. Again by the
convexity of u, we see that u is linear on the line segment 2, and so y € N,(x)
for any x on the line segment. The claim is proved. Hence (7.7) is well defined.

Regarding Q* as a manifold (see Remark 7.2), we can define the Legendre trans-
form for functions v € S[¢*, Q*] similarly. Indeed, note that S°[¢*, Q*] is the set of
Legendre transforms of functions in S°[¢, Q2]; see (7.6). Hence if v € S°[¢*, Q*], we
can define the Legendre transform for a function v € S°[¢*, Q*] by

(7.8) v (z) =z -y —v(y),

where y € * is the unique point such that z = Dv(y). Obviously v* € S°[¢, Q] and
v is the Legendre transform of v*. For general functions v € S[¢*, Q*], the Legendre
transform of v is also defined as the limit of the Legendre transforms of sequences
of smooth, locally uniformly convex functions in S°[¢*, Q*] which converge to v.
From (7.7), this is well defined.

Remark 7.3. Tt is easy to see that if {ux} is a sequence in S[¢p, Q] and up — u
uniformly, then the Legendre transform wuj converges to u*. Observe that u €
S9[¢, Q] if and only if u* € S°[¢*, Q*]. Hence for any u € S[¢, Q], we have (u*)* = u,
namely, the Legendre transform of u* is u itself.
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Lemma 7.1. Let u € S[$,Q] and let u* be its Legendre transform. Then
(7.9) A(u, Q) = A*(u*, QY),
where Q* is regarded as a manifold, as noted in Remark 7.2.

Proof. 1f u is twice differentiable at z and det 9*u(x) > 0, then it is easy to prove
that u* is twice differentiable at y = Du(z), and by (7.2) one has the relation

(7.10) (0*u*(y)) (0*u(z)) =1,

where [ is the unit matrix.

By our definition of the Legendre transform, (7.9) is obviously true for uniformly
convex functions in S9[¢, 2]. We need to prove (7.9) for general convex functions
in S[¢, Q). For any Borel set E C Q with dist(E,09Q) > §, and any a € (0,1), we

have
/ (det@QU)(y < |E|1_°‘</ det@Qu)
E E

= B (e [u)(B))*
< B[ (plu)(E))*

oscu e
<igr (%)

where i, [u] is the regular part of the Monge-Ampere measure pfu]. It follows that
(det O?u)? is locally equi-integrable whenever u is bounded.

Extend u to €27 such that u = ¢ outside 2. Let u; be the mollification of u, as
defined in (2.3). Then D?uy(z) — 0?u(x) whenever u is twice differentiable at
[25]. Let 4 = up, + h|x|?. Then we have

(7.11) /(det82u)a = lim/(detDzﬁh)a.
Q h—0 Jq

Let @} be the Legendre transformation of @y, By (7.10) we have D?a} (y) — 9%u*(y)
whenever u* is twice differentiable at y and det %u*(y) > 0. It follows that

(7.12) / (det 9%u*)* < lim [ (det D%a})™.
* h—0 O*
Since (7.9) holds for uniformly convex functions in S°[¢, Q], we obtain
A*(u*, Q) < A(u, Q).

For any v € S[¢*, ], let v* be the Legendre transform of v. Then similarly we
have

A(v*, Q) < A% (v, Q%).
Observe that the Legendre transform of u* is u itself. Choosing v = u* such that
v* = u, we obtain (7.9). O

Similarly to Theorem 2.1, the functional A* is upper semi-continuous, so there
exists a maximizer v to the supremum

(7.13) sup  A*(v).
vES[p*, Q%]

If v is smooth and uniformly convex, it satisfies the Euler equation (7.4) with f = 0.
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Let u be the Legendre transform of v. From (7.9) we see that u is the maximizer
for sup,egp,0) A(u), and

(7.14) sup A(u)= sup A*(v).

u€eS[¢,Q] vES[p*,02%]
Furthermore, v is the Legendre transform of u, and hence by Theorem 2.1, v is
unique.

For locally convex hypersurfaces, the notion of support function plays a similar
role to the Legendre transform for convex graphs. Since a locally convex hypersur-
face can be decomposed as a union of graphs (see the proof of Theorem 3.1), we
will just discuss support functions for convex hypersurfaces, that is, hypersurfaces
lying in the boundaries of convex bodies.

Let M be a smooth, convex hypersurface with Gauss mapping image N. The
support function H is a function defined on A, given by

(7.15) H(z) =sup{p-z | pe M}.

If M is locally uniformly convex, the supremum is attained at the unique point
p € M with unit outward normal z. Moreover, the Gauss curvature of M at p is
given by

(7.16) K =1/det(V?H + HI)(x),

where V is the covariant derivative on S™ (under a local orthonormal frame), and
I is the unit matrix. Extend H to R™*! such that it is homogeneous of degree one,

namely, H(tx) = tH(x) for any t > 0 and € N. Then M can be recovered from
H by

(7.17) M={DH(z) e R"™: |z e N},

where D is the ordinary derivative in R"*1. If locally M is represented as a graph
of a convex function u, then

is exactly the Legendre transform of u. By (7.16) we have
(7.19) det D?u*(y) = (1+ |y|?)~"+2/2 det(V2H + HI).

Note that in the graph case, (7.17) is equivalent to the Legendre transform for u*.

For an arbitrary convex hypersurface M, one can define the support function
using the generalized Gauss mapping. For any interior point p € M, the generalized
Gauss mapping is a multi-valued mapping given by

(7.20) Glp)={zeS"|xz-p<zxz-p VYpe M}

Let N = |JG(p), where the union is taken over all interior points of M. Then
we can define the support function of M also by (7.15), and if M is a graph, the
support function is related to the Legendre transform by (7.18).

8. STRICT CONVEXITY

Throughout this section we assume the dimension n = 2. In two dimensions, the
local strict convexity of affine maximal functions which vanish on the boundary of
a convex domain ) follows from our treatment of the affine Bernstein problem in
[21] and the approximation in Section 6.
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Theorem 8.1. Suppose that u € C°(Q) is an affine mazimal conver function in
a domain Q C R2, vanishing on the boundary 0Q. Then u is strictly convex in
and the modulus of convexity of u can be estimated in term of Q and infq u.

We remark that Theorem 8.1 holds for affine maximal graphs with boundary
lying on a plane. Using the affine invariance of the affine maximal surface equation,
the proof of Theorem 8.1 reduces to the fact that a convex function with bounded
Monge-Ampere measure is differentiable at any point on its graph, not lying on a
line segment joining two boundary points. This is embodied in the following lemma.

Lemma 8.1. Suppose u is a nonnegative convex function in a domain Q > {0},
C R?, satisfying u > 0 on 99, u(0) = 0 and u(x1,0) > |z1|. Then the Monge-
Ampére measure p[u] cannot be a bounded function.

Proof. We outline the proof here, since it is essentially contained in [21], Section
5. First by Lemma 2.3, the Radon-Nikodym derivative of pfu] is an integrable
function. If the set {u = 0} is the single point {0}, let G. = {u < }. Then the
Lebesgue measure |G| < €d., where d. = sup{|z2| | (x1,22) € G¢}. On the other
hand, the image of the normal mapping N,(G.) satisfies |N,(G:)| > Ce/d. for
some C > 0 independent of €. By definition we have p[u](Ge) = |N,(Ge)|. Hence
p[u] is unbounded near the origin.

If the set {u = 0} is a line segment, by the assumption that v > 0 on 99, we
may suppose {u = 0} is the line segment {(0,—¢) | 0 <t < to} such that the origin
is an endpoint. Let G, = {u < £.}, where {.(x) = € + d.z2 is a linear function,
and 0 > 0 is chosen such that u(0,e/d.) = £-(0,e/0:) = 2¢ and u(0, —¢/d:) =
0:(0,—/6.) = 0. By the convexity and the assumption that u(x1,0) > |z1|, we see
that G. C {—d. < x5 < Cd.} for some C > 0 depending on sup |Du|. Similarly as
above we have |G| < Ced., and |N,(G:)| > Ce/é. for a different C > 0. Hence
w[u] is unbounded near the origin. O

We say a point x¢ € OF is an extreme point of a convex set F' C R™ if there is a
hyperplane P such that intersection PNF is the single point {x}. The main result
of this section is the following strict convexity in dimension 2 for affine maximal
graphs with general boundary values.

Theorem 8.2. Let Q be a bounded C? smooth domain in R? and let ¢ be a uni-
formly convex function in Q. Then the maximizer u in Theorem 2.1 is strictly
convez in ), in the case of vanishing f.

Proof. If u is not strictly convex, then the graph of u, M,,, contains a line segment
£. Let P be the tangent plane of M, containing ¢. Let F' be the component of
PN M, which contains £ (note that PN.M, may contain more than one component
if  is not convex). Then F is a convex set. We have two cases.

Case (a). F has an extreme point o which is an interior point of M,,. Then
there is a plane Py = {v(x) = a -z + b}, such that v(zg) > u(zrg) and v < w on 9.
Let ' ={z € Q| v(z) > u(x)}. Then u is strictly convex in ' by Theorem 8.1.
This is a contradiction since x( is an extreme point of F'.

Case (b). All extreme points of F' are boundary points of . In this case we
suppose for simplicity that P = {3 = 0} and w > 0 near F. Since all extreme
points of F' are boundary points of €0, there exists a line segment contained in F,
which we suppose is

(8.1) C={tey | —1<t <1},
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where e; = (1,0), such that both endpoints of ¢ are boundary points of M,,. By
the uniform convexity of ¢ we see that ¢ is transversal to 9f) at the endpoints +e,
namely, |{e1,7)] > C > 0, for otherwise we have %d) = 0 at the endpoints of ¢,
where 7 is the unit outward normal to 9. Since ¢ = u > 0 on 9 and u = 0
at the endpoints +e, by the smoothness of ¢ and 02, we have |u(z)| < 1Ca3 for
x € 09, close to the endpoints +e;. By convexity it follows that

(8.2) u(z) < =3

for z € Q, close to the segment £.

Let u* be the Legendre transform of u, as introduced in Section 7. Then u*
is the maximizer of the functional A* over the set S[¢*, Q*] (see (7.14)), and the
origin is an interior point of Q*, where Q* = D¢(Q2). By (8.2) and since u > 0, we
have v*(0) = 0 and

(8.3) u(x1,x2) > %mg
near the origin. Since the line segment ¢ in (8.1) is contained in F', we have
(8.4) u*(x1,22) > |21

locally near the origin. In the following we prove that the function w*, which
satisfies (8.3) and (8.4), cannot be a maximizer of A* over the set S[¢*, (¥*]. Before
continuing our proof, we make the following remarks.

Remark 8.1. By Lemma 8.1 the Radon-Nikodym derivative of the Monge-Ampere
measure p[u*] is an unbounded function. On the other hand if one can prove that
u* can be approximated by smooth solutions of (7.4) (with f = 0), then plu*] is
bounded by Lemma 4.1 or Remark 4.1. However at the moment we do not know if
u* can be approximated by smooth solutions since our proof of the approximation
result in Section 6 depended on the concavity of the affine area functional A; see
(5.10) and (6.13).

Remark 8.2. Case (b) can occur if ¢ is not uniformly convex. Indeed, if the graph
of ¢ contains a line segment of which both endpoints are boundary points, then the
line segment lies on the graph of any function in S[¢].

Remark 8.3. In Section 7 the Legendre transform of u is defined on D¢(§), which
is regarded as an immersed manifold in R™. Here in the proof of Theorem 8.2, we
need only to consider the piece of M, s = {(z,u(z)) € M, | u(x) < §} for small
d > 0, where (as in Section 7) u is extended to a neighborhood of €2 such that u = ¢
outside ). The Legendre transform of u introduced in Section 7, when restricted
to the piece M, s, coincides with
u'(y) =sup(z -y —u(z)) Vyew" =Ny(w)
TEW
since w is convex, where w = w; is the projection of M, s on {x,,+1 = 0}. Moreover,
u can be recovered from u* by the same formula, that is,
u(z) = sup (z-y —u*(y)) Vzew.
Yyew*
In the following we suppose directly that the Legendre transform of u is given by
the above formula.
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Remark 8.4. We shall use the following basic property of the Legendre transform.
If zo € Q and yo € Ny(z0), then zg € N,~(yo) and locally u*(y) > xo - y — u(zo),
namely, xo-y—u(zo) is a support plane of u* at yo, where N, is the normal mapping
introduced in Section 2. Since the endpoints t+e; of £ are boundary points of 952,
we have lim,, o ﬁu*(xl, 0)=1.

Returning to the proof of Theorem 8.2, we denote g(t) = u*(0,t). Then g(0) =0
and by (8.3)

(8.5) g(t) > t%

Note that we may suppose C' < 1/2 in (8.3) by replacing u by ©/2C in (8.2). Denote
by Qi = {z € R? | u*(z) < h} the sub-level set of u*, where h > 0. We also denote
by t: > 0 and ¢, < 0 the unique constants satisfying g(tf) = h. First we show
that Q5 has “good” shape.

Lemma 8.2. There is a positive constant C' > 0, independent of h, such that
(8.6) QnC{zeR?*| —h<z1 <hCt, <z <Ctl}.

Proof. By (8.4) we have Qp C {—h < 21 < h}. We need only to prove Q) C
{Ct, <xy < Ctf}. By (8.4), this is true with C = 2 if u*(21,0) = |z1]. In general
we will prove Q), C {x2 < C’t;} by restricting ourselves to the region Q, N{z2 > 0}.
For h > 0 small, let
up(z1,22) = hilu*(hxl,qmg).

Then the graph of uj (the part in {3 < 1}) sub-converges, as h — 0, to a convex
surface M such that the point (0,1,1) € dM§f. Since the endpoints of ¢ are
boundary points of €2, we have lim,, ¢ ‘x—ll‘u* (1,0) = 1. Hence the line segments
{zs = |z1|,21 € (=1,1),22 = 0} lie on M. On the other hand, since u*(x1,z3) >
|z1|, we see that M lies above the planes x3 = £x1. By convexity it follows that
M C {y2 < 2}. Hence Q, C {z2 < Ot} } with C — 2 as h — 0. Similarly one can
prove , C {2 > Ct; '} with C' — 2 as h — 0. O

In the above proof, a sequence of convex surfaces {T';} is said to converge to a
surface I'o, if for any given R > 0 and any § > 0, there exists £ > 1 such that for
any j > k, I'; N Br(0) C N5(I'ac N Br) and I'no N Br(0) C Ns(I'; N Br), where Ns
denotes the d-neighborhood.

By the proof of Lemma 2.3, the singular part of the Monge-Ampeére measure
p[u] vanishes. Hence

tim g(1)/|1] = 0.
Lemma 8.3. There is a constant 8 > 0 such that
(8.7) g(t) < [¢['*F
for small t.

Proof. Denote g(t) = g(t) + g(—t), where t > 0. It suffices to prove that g satisfies
(8.7). We need only to prove that there is a positive constant § > 0, independent
of h such that

1 1
8.8 3(5t) < (5 - 0)a®)-
(8.8) I\5t) = (5 -9)9®)
If (8.8) is not true, there exists a sequence ¢; — 0 such that g(5t;) > (1 —279)

Let g,(t) = a;lﬁ(tjt) and let u}(z1,22) = a;lu*(ajxl,tjarg), where a; =
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Then ] sub-converges to a convex function ug, and g; converges to a linear function
Jo and gy (t) = ug(0,t) + uf(0, —t). By convexity it follows that ug(0,t) is linear in
both ¢ > 0 and ¢ < 0. On the other hand, since lim, o ﬁu*(xl, 0) = 1, we have
ug(21,0) = |o1|. Hence |Ny:({0})] > 0, that is, the singular part of the Monge-
Ampere measure pfug] does not vanish at the origin. On the other hand, since u™* is
a maximizer (see (7.14)), uy is also a maximizer, and so the singular part of pfug]
must vanish by the proof of Lemma 2.3. We reach a contradiction. O

Let ot = af be the constants such that
e =h [ =,
and let oy, = min(a™,a™). By (8.5) and (8.7) we have
B<ap <1,
Denote ap = limy,_,gavp. Choose a sufficiently small A > 0 such that
(8.9) ap < ap + ¢,

where € > 0 is a sufficiently small constant. Denote o = min(a;,a;). Suppose
without loss of generality that a = o} . Denote Q) = Q;, N {z5 > —h!/(1F9)} and
gn = |Nu=(9)]. Then by Lemma 8.2,

(8.10) Q| < CplH/0e),
We need a lower bound for gy,.

Lemma 8.4. For h > 0 small, we have

(8.11) qn > Che/(1+e)
for some C > 0 independent of h.

Proof. w}(x1,22) = h™ u*(hw1,t; 22), where ¢} = hY/(1+®) Then (8.11) is equiv-
alent to [Ny: (Gr)| > C, where G, = {x € R? | uj(z) < 1,22 > —1}.

Let wp, = {z € R? | u}(z) < a(z2 + 1)}. By (8.6) we see that wy, C G if a >0
is small (one can choose a = % for h > 0 small). Let z, be a convex function such
that 2(0) = 0, z(z) = uj(x) on dwy, and z(tx) = tz(x) for any t > 0. Then the
graph of z is a convex cone. It is easy to see that

|Nuz (Gn)| = |N=, ({0})] = C.
Hence (8.11) holds. O
By a rescaling we suppose B1(0) C Q*. Let v be the solution of
(8.12) o] = (1 = xg ulu] + 8x,,

such that v = u* on 0By, where
~ 1 «
Bt < L),

h* is given in (8.20) below, and x _ is the characteristic function of E. We choose
the constant § > 0 such that

~ 1
(8.13) O|E| = an.
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We claim that there is a point zg € Q; such that
(8.14) (o) > u* () + coh®/ 1+
for some constant ¢g > 0 independent of h. Indeed, if (8.14) is not true, let
T = v+ coh®/ 1+ (|22 - 1).

Then ¥ < u* on O(By — Q) and o] > pv] > plu*] in By — Q). Hence by the
comparison principle we conclude that v < u* in By — QZ It follows that

(5.15) [Na(B1)| 2 [Noe (Bl
The following lemma provides an upper bound for |N4(Bi)|.
Lemma 8.5. We have
(8.16) |No(B1)| < |No(Bi)| + erh®/ (4,
where ¢1 can be arbitrarily small as long as cq is sufficiently small.
To use Lemma 8.5, from (8.12) we have
INU(B)| = [Noe (B = )]+ San = IN- (B1)| = 50n
Hence when ¢ > 0 is chosen small, by (8.11) and (8.16) we have
INo(B2)| < [Nur (B)| = 5+ exh/ 04 < [N (By)),
which contradicts (8.15). Hence (8.14) holds.

Proof of Lemma 8.5. By approximation we may suppose v is smooth. Then G =
Dv(By) is a bounded topological disc. Let 0By be parametrized by 6 € [0, 27],
namely, x = (cosf,sinf). Then Dwv is a diffeomorphism from 9B; to 9G. By
convexity we have

d d
(8.17) <@Dv(x), @x> >0, x€0dB,
where (-, -) denotes the inner product in R?. For any x € dB;, we have
(8.18) Do(z) = Dv(z) + b,

where b = 2coh®/(1+%)_ If G is a ball, (8.16) follows immediately from (8.17) and
(8.18), with ¢; = 4mep.

In general we choose R > 0 such that G is contained in the ball Bg. Observe that
Nz(B1)—N,(Bq) is the region covered by the family of line segments {¢, } .cop, with
endpoints Duv(z) and Dv(z) + bx. We move these line segments to new positions,
by — Ec, such that one endpoint is z, € dBR and the other one is z, + bx, and for
any x, both £, and ¢, are on the same straight line. Then by (8.17), the area of
the region covered by {Zx} is larger than that of the region covered by {¢, }. Hence
(8.16) holds with ¢; = 4wy R. O

By Lemma 8.2, Q;, C {—h < 21 < h}. Hence we may suppose (8.14) holds at
some point g € {x; = 0}, namely, o = (0,a0). Noting that by (8.6) and our
definition of o, Q;f C {w2 < ChY/(F)} we have

ao < Chl/(1+a).
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Denote n(t) = v(0,t). Suppose n'(ag) > 0 (the case 1'(ag) < 0 can be dealt with
similarly). Then

(8.19) n(t) > g(t) + C—;ha/“*a)

if t > ag and g(t) < coh®/(1F). Let

1
(8.20) h* = 5c0ha/ (1+a)

Then (8.19) holds with
ag < t< (]_L*)l/(l-i-o(*)7

where o* = a(h*).
It follows that

(8.21) v>u" in Ghepgi= Qe N {z2 > ao}.
Denote
E={zeR?|2(z—1x0)+ 20 € G2},
namely, E is the %—dﬂation of Gp,+ /2 with respect to xg. Then by (8.6),
(8.22) |E| > C(h*) /(40" > ¢y |E|.
We also have
(8.23) [Ny (E)| < C(R*)e /04,

To verify (8.23), one observes that N,«(E) is contained in the set {z € R? | |z1] <
L, |z2] < O(R*)> /(o))

Let ¢ = max(v, u*). We claim
(8.24) A*(0) > A*(u"),
which implies that ©* is not a maximizer, and so we reach a contradiction. Observ-
ing that by (8.21), ¥ = v in F, and by (8.12), u[0] > p[u*] in B1(0) — (FUQy), we
need only to prove

(8.25) /E (U] > [E (U] + / (")),

o
where pfv] = det 0%v and plu*] = det 9%u*; see (7.3). By Lemmas 2.1 and 2.3, p[u*]
is an integrable function.
Let E = E1 U FEy UQ), where By = {z € E - Q} | plu*](z) < 30} and
Ey =E— (B, UQ). If |[Ey| > 1|E|, then for any = € Ey, we have
(R[] = (ulu™])?* + 6%/
On the other hand,

3/4
s20) [ Gl <t ue)) = g e
of o

Hence we need only
64 B > Cop |t 1,
namely, |E| > C|Q;| by (8.13) and (8.22), which is obviously true.
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Otherwise observing that || = o(|E|) as h — 0, we may suppose simply that
FE; is an empty set by replacing E by F5. Then at any point x € F,

plof/4 = (ufu] + 6)°/1
> (ufu ]+ Ol 6,

By the Holder inequality we have

[tz e [ ]

Hence

[l = [ )+ colpe| [ ]
E E E
= [t Canler | [ ]
E E
Therefore by (8.26) we need only
L1/4
B > e [ ]
By (8.10), (8.11), (8.22) and (8.23), we need only
hTts (h*) Frver > Chl e (h*)iar

By (8.20), the above inequality holds if o < 1+ «*, which is true by our choice of
h in (8.9). This completes the proof of Theorem 8.2. O

Next we extend Theorem 8.2 to locally convex surfaces.

Theorem 8.3. Suppose n = 2. Then the maximizer in Theorem 3.1 is strictly
convet.

Proof. Let M denote the maximizer. If M contains a line segment ¢, let P be a
tangent plane of M in R? which contains ¢, and let F be the component of PN M
which contains ¢. Then F is a convex set [22]. If F' has an extreme point which is
an interior point of M, then Case (a) in the proof of Theorem 8.2 applies and we
reach a contradiction.

If all extreme points of F' are boundary points of M, we are in Case (b) of
the proof of Theorem 8.2. In this case, by a rotation of axes we may suppose
F C {x3 = 0}. Then the south pole of the sphere S? is an interior point of
the Gauss mapping image of M. Let Fj5 denote the connected component of
M N {z3 < ¢} containing F. Then Fjs is convex if § > 0 is sufficiently small [22].

Let Fy denote the set of points p € Fj such that the Gauss mapping G(p) of M
falls in the south hemi-sphere. Then Fj is the graph of an affine maximal convex
function u. Since all extreme points of F' are boundary points of M, there is a line
segment £ C F, as given in (8.1), of which both endpoints +e; are boundary points
of M. We claim that éf\l/s transversal to OM at the endpoints +e; .,vIndeed, extend
Mg to Mg such that My is locally uniformly convex and Mg N Mg = 0. Denote
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M= MU (Mo — Myp). Then M is a locally convex hypersurface. For § > 0 we
denote by Fys the component of MnN {zs < ¢} containing ¢. Then Fs contains no
boundary points of M when § > 0 is small. Hence by Lemma 3.1, ﬁ; is convex and
so £ is transversal to OM.

It follows that u satisfies (8.2). Let u* be the Legendre transform of w. Then u*
satisfies (8.3) and (8.4). Hence the proof of Theorem 8.2 applies and we also reach
a contradiction. 0

Theorem 8.3 completes the proof of Theorem A. Combining Theorem 8.2 with
Theorem 6.2 and Theorems 4.1 and 4.2, we obtain for the graph case

Theorem 8.4. Let Q be a bounded smooth domain in R2, and let ¢ € C*(Q) be
a uniformly convez function. Then there exists a unique, locally uniformly convex
mazimizer u € C*(2) N C%Y(Q) for the variational problem (1.7), (1.8).

We remark that Theorems 8.2 and 8.4 also extend to the inhomogeneous problem
(1.17) for f € L>(Q) with solution u € W;5?(Q) for all p < oo (u € C*4*(Q) N
CO1(Q) if f € CH*(Q) N C*(Q2)). The details will be presented in a future paper.

9. FINAL REMARKS

Remark 9.1. Let u be a smooth maximizer in Theorem B. Obviously w satisfies
the first boundary condition (1.9) and Du(Q2) C D$(Q2). An interesting problem is
whether u satisfies the second boundary condition Du(2) = D@(€2). Recall that
the Dirichlet problem of the minimal surface equation is solvable for any smooth
boundary values if and only if the boundary is mean convex. Analogously for the
boundary condition (1.9), additional conditions may be necessary in order that
Du () = D¢(£2) holds.

In [T9] we studied the regularity of hypersurfaces Mrp contained in a given closed,
uniformly convex hypersurface I' with maximal affine area, and we proved that the
contact set MpNI" must be affine mean convex. Therefore a reasonable assumption
such that Du(Q) = D¢(€2) holds is that ¢ is affine mean convex, namely, the affine

1

mean curvature of the graph of ¢, Ha[¢] = —527L[¢], is positive.

Remark 9.2. In [2I] we proved that the function u in R!°, given by

u(x) =/ 12'|” + o,

where 2/ = (z1,- -+ ,x9), is affine maximal. Therefore in high dimensions (n > 10)
there exist affine maximal functions vanishing on the boundary of a convex domain
which are not strictly convex. We have not found similar examples in dimensions
3<n<9.

Remark 9.3. Let u be a convex solution to the Monge-Ampere equation
det D?u = 1.

Then u satisfies the affine maximal surface equation (1.5). When n > 3, there exist
nonsmooth convex solutions to the above Monge-Ampére equation [I7]. Hence
there exist nonsmooth affine maximal hypersurfaces when n > 3.
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However a convex solution to the general Monge-Ampeére equation
detD*>u=f inQ,

where f is a bounded, positive function, is strictly convex in any dimension if u
vanishes on 9 or both 90 and the trace of u on 9 are smooth. For the affine
maximal surface equation, an interesting question is whether the maximizer u in
Theorem B is strictly convex if ¢ is uniformly convex.
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