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INTRODUCTION
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In the present paper, we construct a 1-parameter deformation of classical Hodge
theory. For nonzero values of the parameter b, the corresponding Laplacian is a
second order hypoelliptic operator on the cotangent bundle, which is in general non-
self-adjoint. As b — 0, we recover classical Hodge theory. Asb — +00, the deformed
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THE HYPOELLIPTIC LAPLACIAN ON THE COTANGENT BUNDLE 381

Laplacian converges to the generator of the geodesic flow. The constructions are as
canonical as Hodge theory itself.

We will now explain the motivation which underlies these constructions. We will
use freely the language of path integrals, since they will provide us with the proper
geometric understanding of what is being done, if not always with adequate tools
to make these ideas effective.

Let X be a compact connected Riemannian manifold of dimension n. In [W82],
Witten explained how to give an analytic proof of the Morse inequalities using a
deformation of the de Rham complex of X. Indeed if f is a Morse function and if
T € R, Witten replaced the de Rham operator dX by its twist dif = e TlaXelt
and showed that as T'— +o0, the harmonic forms of the corresponding Laplacian
localize near the critical points of f. He argued that as T'— 400, the subcomplex
associated to asymptotically small eigenvalues could be identified with a finite di-
mensional complex associated to the instanton gradient lines connecting the critical
points, which was later identified to be the Thom-Smale complex of the gradient
field V f for a generic metric g?X. The identification of the small eigenvalues com-
plex to the Thom-Smale complex was established rigorously in [HSj85]. Moreover,
in [BZ92] [BZ94], these ideas were used to give a new proof of the Cheeger-Miiller
theorem [C79, [VAi78] which gives the equality of the Reidemeister torsion [Re3b)
with the Ray-Singer analytic torsion [RS71].

A first motivation for this paper is to try to extend this line of arguments to
LX, the space of smooth loops in X parametrized by S; ~ R/Z. Indeed let g7¥
be the given Riemannian metric on X, and let V : X — R be a smooth function.
For a > 0, consider the Lagrangian

(0.1) La(z,3) = 5 lél* =V (@)

and the corresponding functional on LX

0.2) I (2) = /0 Lo (2, ) ds.

When a = 1, we will use the notation L = L,,I =1,. When a =0,V = —f and f
is Morse, the critical points of I are exactly the trivial loops which are the critical
points of f. When V = 0, I is the energy, and the set FLX of closed geodesics in
X is the critical set of I. Morse theory on LX for the energy functional was the
key tool in the proof by Bott [Bo59] of Bott periodicity. The obvious obstacle to
the naive extension of Witten’s deformation principle to LX is that LX is infinite
dimensional and that the construction of the corresponding Hodge Laplacian is
notoriously difficult, not to mention the proof of a Hodge theorem itself. On LX,
it seems that there is no possibility to even start a Witten deformation.

Critical input in the positive direction came from the results we obtained jointly
with Goette in [BG04]. In that paper, we showed that the difference between two
natural versions of the equivariant Ray-Singer torsion can be expressed in terms
of a new invariant, the V-invariant of a compact manifold equipped with a group
action. Indeed assume that X is equipped with an isometric action of a compact Lie
group G. Let g be the Lie algebra of G. Then if K € g, Vi (X) € R is an invariant
of (X, K) which is computable locally. It vanishes when X is even dimensional. If
f is a G-invariant Morse-Bott function on X with critical manifold B C X, then a
simple formula relates Vi (X) and Vi (B). The main result of [BG04] shows that
the difference of the analytic torsions evaluated at K € g can be expressed in terms
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382 JEAN-MICHEL BISMUT

of Vi (X). Let us observe at this stage that the compatibility of the main formula
of [BG04] to the Cheeger-Miiller theorem forces Vi (X) to behave the way it does
with respect to invariant Morse-Bott functions.

However, when working with Goette on [BG04], the author discovered more, at
least at a formal level. Namely let K = & be the canonical vector field on LX which
generates the obvious action of S;. The natural Ly metric on TLX is S;-invariant.
The author observed that at least formally, the Ray-Singer torsion T (X) of the
trivial vector bundle on X is given by

(0.3) T(X) = Vk (LX).

Let us derive a simple formal consequence of ([I3). In fact if X is even dimen-
sional and oriented, there are formal reasons to say that in this case LX is even
dimensional, for instance by inspection of the spectrum of the covariant derivative
% along a loop LX acting on smooth periodic vector fields. Since this operator
is antisymmetric, its nonzero spectrum comes by distinct pairs, and its kernel is
even dimensional because T'X is oriented. Previously described properties of the
V-invariant should imply that T vanishes identically, which is indeed correct by
Poincaré duality. Note that the above considerations also extend to general flat
vector bundles. This statement has to be qualified in the sense that anything re-
lated to cohomology, or equivalently to high temperature and large loops, tends to
be difficult to see in this formal analogy.

More generally, the author also found out that the analytic torsion forms he
constructed with Lott [BL0o95] are also versions of the V-invariant (which in general
produces even cohomology classes on the base of a proper fibration).

But more is true. In his hidden agenda, the author also found that the proofs
he gave with Zhang [BZ92| [BZ94] of the Cheeger-Miiller theorem are exactly the
infinite dimensional analogues of his proof with Goette [BG04] on the behaviour of
the V-invariant with respect to invariant Morse-Bott functions, when considering
instead the invariant Morse function Iy in ([@.2)), with V = —f, so that

(0.4) Iy (z) = /0 f (zs) ds.

This statement has to be qualified again. Instanton effects between critical points
of f are invisible in any formal statement about V-invariants. The above analogy
also extends to the case of fibrations. In this case the corresponding results for
analytic torsion forms were established in [BGOT].

It is then natural to try extending the above approach to the more general
functionals I,, and more specifically to the functional I with V' = 0, which is the
energy, whose critical set F'LX consists of closed geodesics. Indeed assume that I
is a Morse-Bott function, which happens typically on spheres, on tori, on manifolds
with strictly negative curvature (in which case the closed geodesics are isolated)
and on symmetric spaces. If, admittedly, the Ray-Singer torsion is the V-invariant
of LX, it should localize on the critical manifold FFLX of I. More precisely, one
should express the Ray-Singer torsion as the V-invariant of the manifold FLX.
The predictions one can infer from such a formal approach are stunning, at least at
a formal level. Indeed easy computations reveal that such a statement is precisely
contained in assertions made by Fried [Er86l [Fr8§], which Fried himself proved
in a number of cases, relating the Reidemeister torsion to the value at 0 of the
dynamical zeta function associated to the geodesic flow. Fried’s assertions were
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proved for general symmetric spaces by Moscovici and Stanton [MoSt91] using the
Selberg trace formula. Again the fact that the predictions one gets from a formal
approach to the V-invariant on LX has to be qualified. Indeed it is a nontrivial
fact that the dynamical zeta function extends holomorphically at s = 0. The above
formal approach sidesteps this difficult question, at least to first approximation.

It follows in particular from the above considerations that one can think of the
Cheeger-Miiller theorem on one hand and of the Fried-Moscovici-Stanton results on
the other hand as two versions of the same ‘result’ of localization of the V-invariant.
The question which we will address in the present paper is to try building the proper
objects which will eventually lead to a proof of both results with a similar proof.

Now we will explain how one can approach this question, first from the point
of view of the path integral, which leads to geometrically easily understandable
considerations, and from the analytic point of view.

Indeed assume temporarily that Y is a smooth manifold and that (E ,gP VE ) is
a real Euclidean vector bundle equipped with a Euclidean connection. In [MaQ86],
Mathai and Quillen have produced Gaussian representatives ®F of the Thom
class using the Berezin integral formalism. If s is any smooth section of E, then
s*P (E, gF,VF ) is a closed differential form on Y which represents the Euler class
of E. This form is difficult to write explicitly. We just give its leading term in the
form

1
(0.5) s P (E,gE,VE) = exp <—§|s|2+...) .

Scaling s by a parameter T' € R, we thus get a family of closed differential forms ar

on E. When s is generic, ar interpolates between the Chern-Gauss-Bonnet form of

E for T'= 0 and the current of integration on the zero set Z C Y of s for T' = +o0.
Now if V' = —f, the gradient V1 is given by

1
. Vip= [ Vf(zs)ds,
(0.6) ) / f () ds
so that
1
(0.7) |VIO|2:/ IV f ()| ds.
0

Let ¢g7%X be the obvious lift of g?X to an Si-invariant metric on TLX, and let
VTLX be the corresponding Levi-Civita connection on TLX. Inspection of the
proof in [BZ92] shows that introducing the Witten twist is equivalent to producing
the Mathai-Quillen form (TVIy)* ® (TLX, g7t% , VTEX) on LX. Scaling f by T
then forces localization on the critical points of f. Indeed the leading (bosonic)
term in the path integral is given by

1 T2
(0.8) exp (-5 |K|* - 5 IVIo|* +.. ) .

The energy |K |2 in ([@8) reflects the presence of the classical Laplacian AX in
Witten’s Laplacian.

At this stage, the obvious thing to do is to replace Iy by I in the path integral
over LX and to construct the form ar = (TVI)" ® (TLX, gTEX, VTLX) on LX.
Now observe that if V = —f,

(0.9) VI =—i,+Vf(z).
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If we replace VI by VI in (8), we find that if f = 0, the leading term is

(0.10) eXp(——/ |l|* — - /0 |j§|2ds...>.

By (@I0), we can infer that for 7' > 0, the path integral will be supported
by paths of finite energy, which never happens for T' = 0. Moreover the Markov
property of the corresponding process will be preserved only if one considers the
process (zs,ps) = (xs,&s), which should be thought of as living in T*X. The
corresponding process looks like a physical Brownian motion, whose speed z is an
Ornstein-Uhlenbeck process and whose generator is no longer self-adjoint. More
precisely, if w is a n-dimensional Brownian motion, the dynamics of x is described
by the stochastic differential equation

.1 L
(0.11) J;—T( T+ w).
Observe that when T' — 0, equation ([@LIT)) becomes & = w, i.e. z is a classical
Brownian motion, and when 7' — 400, it degenerates into & = 0, which is the
equation of geodesics in X. The dynamics associated to ((II1]) interpolates between
classical Brownian motion and the geodesic flow.

The question then arises of how to produce effectively the analogue of the Wit-
ten twist of the de Rham operator d¥ on X associated to the functional I, so
that ultimately we produce the right path integral on LX. This is a much more
modest objective than to produce the genuine Witten deformation of d“X on LX.
Producing this twist is precisely what we will do in the present paper. It should
be clear from the above that one can hope to produce such a deformation only by
working directly on the cotangent bundle 7*X and by considering instead the de
Rham operator d” X. Introducing a classical Witten twist by ePI’/2 is natural in
this context, but it will certainly not produce a path integral like (0I0). So we
have to work with other objects than functions on 7% X. However the other natural
structure which is at our disposal is its symplectic form w.

Indeed if E' is a Euclidean vector space, for b € R, consider the bilinear form ¢
on E & E* given by

(0.12) by = (2 _Ob) .

Note that for b # 0, it is nondegenerate. The parameter b gives a deformation
of the symplectic form of E @ E*. The idea is then to take the ‘adjoint’ of d7 X
with respect to ¢ acting on TX @ T*X. The obvious Laplacian associated to ¢
is the vertical Laplacian along the fibre AV, the contribution of b being invisible,
cross derivatives in x, p disappearing by antisymmetry. However interaction with
the twist by e“l?I”/2 (with ¢ = £1/b%) produces ultimately a Laplacian £, on T*X
which is such that a% — £ is hypoelliptic. Inspection of the corresponding path
integral shows that it produces exactly the path integral suggested in ((ILI0), with
T = b2. The construction of the Laplacian £, is as canonical as the construction
of the standard Laplacian of X and can even look deceptively simpler. As the
path integral suggests, it interpolates in the appropriate sense between the scaled
standard Laplacian (0% /2 of X for b = 0 and the geodesic flow of T* X for b = +o0.
The Laplacian £ is no longer classically self-adjoint, but it is still self-adjoint with
respect to a nonpositive Hermitian form. In the case of Si, up to scaling, when
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acting on functions,

1 0? 0 1 9
(013) £b = 2_1)2 <_8—])2 + 2pa—p> — gp%

In the case X = S, the operator % — £ is essentially the operator considered by
Kolmogorov in [Ko34] in his study of certain random processes. This operator is
the typical example to which the Hérmander theorem on second order differential
operators [H667] can be applied.

The purpose of this paper is to present in detail the construction of the hypoellip-
tic Laplacian, to exhibit its relation to standard Hodge theory, and to demonstrate
its potential as a deformation object which connects standard Hodge theory to the
geodesic flow. Its effective applications in the geometric context are deferred to
joint work with Lebeau [BLO5].

The construction is obtained using the superconnection formalism of Quillen
[Q85a]. We also treat families of manifolds, since experience has repeatedly shown
that family considerations are useful, even when ultimately considering the case of
one single manifold. In that context, earlier work by Lott and the author [BL095|
is used as a model to construct our deformed theory.

We have tried to make connections with path integrals as transparent as possible,
even while not providing the supporting analytic details. Finally let us point out
that S; indeed plays a special role in the story. Indeed, since our ultimate purpose
is to deform a manifold into closed geodesics, one should expect the circle to be a
fixed point of this deformation. That this is indeed the case is shown in the proper
sense in subsection 10

This paper is organized as follows. In Section [Il, we develop the finite dimen-
sional Hodge theory for finite dimensional complexes equipped with Hermitian
forms which are not necessarily positive. Few results of classical Hodge theory
survive, but these are enough to develop the corresponding machinery to construct
the associated generalized Ray-Singer torsion and Quillen metrics. The reason for
inclusion of this section is that our generalized Laplacians will precisely be associ-
ated to nonpositive Hermitian forms on the de Rham complex.

In Section 2] we construct a natural deformation of the first order elliptic operator
% (dX +dX *), as a first order nonelliptic operator over T*X. In Section B] we give
a Weitzenbock formula for our deformed Laplacian, and we show that Hérmander’s
theorem can be applied to this operator. We relate this new Laplacian to Mathai
and Quillen’s formulas for Thom forms, and we show that it interpolates between
the standard Laplacian and the geodesic flow. Also the case of S; receives special
attention.

Finally in Section dl we apply the above constructions in the context of families,
the model construction being our earlier work with Lott [BLo95]. Special attention
is given to the proof of Weitzenbdck’s formulas in various forms. Indeed the con-
struction is still a mixture of Riemannian and symplectic geometry. The motivation
underlying the manipulation of these formulas is connected to future applications
to local index theory.

The application of this machine to Hodge theory and generalized Ray-Singer
metrics is now the object of work in progress with Lebeau [BLOS].

In the entire paper, if A is a Zo-graded algebra, if A, A" € A, then [A, A’] denotes
the supercommutator of A and A’.
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The results which are contained in this paper have been announced in [B04b)
B04c, B04d], and a survey of the motivation and results has been given in [B04d].

1. GENERALIZED METRICS AND DETERMINANTS

In this section, we develop elementary aspects of Hodge theory associated to finite
dimensional complexes equipped with Hermitian forms of arbitrary signature. One
of the main results of this theory is that, in general, the harmonic forms produce
a subcomplex out of which one can extract the cohomology. It may even happen
that the corresponding Laplacian is identically 0, which makes the general theory
differ dramatically from standard Hodge theory, even in finite dimensions.

The consequences of this theory are quite important when applied to de Rham
complexes, as will be established in later work with Lebeau [BLO5]. We have
included this section in the present paper so as to give some idea of what difficulties
are involved when dealing with arbitrary Hermitian forms. In Sections 2l and B we
will prove that our deformed Hodge theory fits in the algebraic framework developed
in this section.

This section is organized as follows. In subsection [[L1l, we recall briefly some
properties of determinants. In subsection [[2] we consider a finite dimensional
complex (E, ), equipped with a Hermitian form g¥, which we will also call a
generalized metric. In subsection [L3], we develop the Hodge theory associated to
¢F. Among these, we distinguish the generalized metrics of Hodge type, which
are the ones for which the Hodge theorem holds. In subsection [[.4], we construct a
corresponding generalized metric on det E. In subsection [[H, we compute explicitly
this generalized metric in terms of the corresponding analytic torsion in the sense
of Ray and Singer [RS7T]. In subsections and [l we develop a simple theory
of the determinant bundle by imitating Quillen [Q85b], i.e. by truncating the
spectrum of the Laplacian. In subsections [L8HLTO, we apply this construction
to flat complexes. In subsection [LTT] we prove that if a family of generalized
metrics depends analytically on s € R, if the set where the Hodge condition holds
is nonempty, its complement is discrete. Finally in subsection [LT2] we consider
equivariant determinants in the sense of [B95].

1.1. Determinants. If ) is a complex line bundle, let A~ be the corresponding
dual line. If V' is a complex vector space, put

(1.1) det V = A™ (V).
Let V* be the dual of V. Then
(1.2) det V* = (det V)",
Let
(1.3) (E,8):0—E"2 . 2 En 0

be a complex of finite dimensional complex vector spaces. Here £ = @0991 Et.

Let H (E') = @y<;<, H' (E') be the cohomology of (E",d). Put

(14) detE = & (det ) detH (B)= Q) (detH ()T
0<i<n 0<i<n

Then by [KMT6], there is a canonical isomorphism

(1.5) det B ~det H (E").
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It should be pointed out that in [KMT6], the considered objects are pairs (A, €),
with e = £1, and that the canonical isomorphisms involve the e explicitly. Here we
will mostly disregard these questions of signs.

1.2. A generalized metric on E'. Let h? = Do<i<n hZ' be a Hermitian form
on ' = @0991 E’, which is assumed to be nondegenerate. Then the map

(1.6) (a,b) c b xFE — <a7b>hE’

is sesquilinear, that is, it is linear in a, antilinear in b, the E? are mutually orthogonal
in E', and the pairing in (CG) is nondegenerate. Moreover

(17) <baa>hE‘ = <aab>hE"
Then h¥ defines a Z-graded isomorphism E — E.*, which we also denote by hF.
In the sequel, we will omit the subscript A in ( Ve -

The above hP will be called generalized metrics. Indeed classical Hermitian
metrics are special cases of the A .

If A€ End(E"), A* denotes its adjoint with respect to h . Namely if a,b € E",

(1.8) (Aa,b) = (a, A™D).

Then

(1.9) (A*)" = A.

1.3. The Hodge theory of h” . Clearly (E~",0%) is a complex.
Put

(1.10) D=90+0"

Then D is an h” self-adjoint odd endomorphism of E. Moreover

(1.11) D? = [0,07)

is the corresponding generalized Laplacian, which is also k¥ self-adjoint. Of course,
D? commutes with @ and with 9*.
In the sequel, Sp is our notation for the spectrum of an operator.

Proposition 1.1. The spectra SpD and SpD? are conjugation invariant.

Proof. Let D € End (E*) be the transpose of D. Then since D is h¥ self-adjoint,

(1.12) D= (hE)ABhE'.
Our proposition now follows from (TI2). O
Let
(1.13) E= @ E
AeSpD?

be the decomposition of E into the Jordan blocks associated to D?. Note that
since 9 commutes with D?, the E, are indeed subcomplexes of E". Moreover the
Jordan filtration on the F; is a filtration of complexes.

We will consider in particular the subcomplex (Ej, 9). Note that for k € N large
enough,

(1.14) Ey = ker (D?)".
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If h¥ is a Hermitian metric, the complex (Ejp,d) is trivial, i.e. d = 0.

Set
(1.15) E,=PE;.
A#£0
Then the complex E" splits as
(1.16) E =E,®E..
Observe that for k£ € N large enough,
(1.17) B, =Im (D?)".

Therefore, for k € N large enough, the splitting (II6) of the complex E" is just
the splitting

(1.18) E =ker (D?)" @ Im (D?)".

Theorem 1.2. The complex (E,, ) is acyclic. In particular

(1.19) H (F)=H (Ep).

The vector spaces E; and E. are orthogonal with respect to h® | and the restrictions
of h¥" to E; and E, are nondegenerate. Moreover,

(1.20) E, =Im0|g. ® Im0*|g.,

and the decomposition (L20) is h¥ orthogonal.

Proof. Clearly D? acts as an invertible operator on E., so that on E,
(1.21) 1=[o.0"(0%)7"].

From (21]), we deduce that (F;,d) is acyclic. Using ([.I0)), we get (TI19).
Take a € Ej,b € E'. Using (LI4) and the fact that D? is h® self-adjoint, we
get

(1.22) (a,(D%)"b) =0.

Since (DQ)k acts as an invertible map on F; , we deduce that E and E; are mutually
orthogonal in E* with respect to A . Since h¥ is nondegenerate, its restrictions
to E; and E, are also nondegenerate.

By (L21), Im0|g. and Imd*|g. span E,. Moreover these vector spaces are hE

orthogonal. Since the restriction of h* to E. is nondegenerate, we get (L20). The
proof of our theorem is completed. O

Remark 1.3. To prove that in (L20), Imd|g, N Imd*|p. = 0, note that this inter-
section lies in ker D?| g and that this last vector space is reduced to 0.

Definition 1.4. We will say that the generalized metric h¥ is of Hodge type if

(1.23) E; = ker d Nker 0*.

Theorem 1.5. A generalized metric h® is of Hodge type if and only if
(1.24) E, =kerD

or if

(1.25) dim By =dim H (E").
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In this case,

(1.26) E; = ker D = ker D?,

and moreover, we have the canonical isomorphism,

(1.27) Ey,~H (E).

A generalized metric h¥ is of Hodge type if and only if

(1.28) E = (ker0Nkerd*) ®Imo & Imo™.

The splitting in [L28) is k¥ orthogonal, and moreover,

(1.29) Ejy = ker 0 Nker 9%, E,=Im0&Imo".

Proof. Clearly ker D C E;. If f € E} and if Df = 0, then df = 0,0*f = 0. So we

have shown that h¥ is of Hodge type if and only if (I.24)) holds. If (TZ3) holds,
the chain map of the complex Ej is 0, so that using (LI9),

(1.30) E,=H (E),

and so ([:25) holds. Conversely if (I:25) holds, by (I:19), the restriction of d to Ej
vanishes, and so the restriction of 0* to E;, also vanishes. Moreover, for any k € N
large enough,

(131)  EyC{feE,0f =0,0"f =0} Cker D C ker D C ker (D2)" = Ej.

Equation ([26) follows from (L31]).
If " is of Hodge type, by ([LI6) and (20), we get (I28). Conversely, if (L28)
holds, the splitting in (IC28) is h® orthogonal. In particular,

(1.32)  ker 9 = (ker 0Nker 0*) @Ima, ker 0 = (ker d Nker 0*) & Im I™.

By (:32), we find that D? acts as an invertible operator on Im d @ Im 8* and that
ker D? = ker  Nker 9*. The proof of our theorem is completed. O

1.4. A generalized metric on det E'. Note first that if A is a complex line,
1o v-1. . . L )
ATt ® A is areal line. Also note that there is a canonical isomorphism

(1.33) (A—1®X‘1)*/R* ~ {—1,41}.

——1
Equivalently, nonzero sections of A\™! ® A~ have a sign. In particular metrics on
A have a sign equal to +1.

For 0 < i < n, deth®" is a nonzero real section of the real line (det Ei)f1 ®

—i\ 1L i i i
(det Ez) . Let signh®" be the signature of A¥ . Then the sign of deth® in
i\~ —i\ ! ign ‘

(det E*) '® (detE ) is just (—1)%® " Set

: - INGROX
(1.34) deth?” = @) (deth™) .

i=0

Then det h” is a nonzero real section of (det E')f1 ® (det F)_l, whose sign is

noo Et i
(—1)Z"=1 S8 f the B are ordinary Hermitian products, the sign is +1.
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By writing 2”" in diagonal form, there is a Hermitian metric g = ®0§i§n gEi
on B = @yc;c,, B and a g self-adjoint involution u of E preserving the Z-
grading, such that
(1.35) hE = gP u.

In general, the involution u does not commute with 0. Also observe that for any
1,0 < i <n, detu|g: = £1. More precisely,

(1.36) detulg: = (—1)SignhE1 :
Set
(1.37) detulp = ] (detulg) ™"

0<i<n

By (36), detu = +1 depends only on h¥".
By (), we get

(1.38) det h¥ = detu|p det g¥ .

By (C36) or by (L38), we find that detu|g = 41 is just the sign of det h.
If A€ End(E), let A" be the g¥ adjoint of A. Clearly

(1.39) A* = uAlu.
By (CII) and (T39), we get
(1.40) D? = [9,ud'u] .
Proposition 1.6. The operator uD? is ¥ self-adjoint.
Proof. By (40),
(1.41) (DQ)]L = [GT,uau] = uD?u,
which establishes our proposition. (I

Finally, we should observe that the sign ambiguity which was mentioned at the
end of subsection[L.Tlhas nothing to do with the question of signs which is mentioned
here.

In the sequel if a € det E", we will use the notation

(1.42) lallZ., . = <a®a, det hE>

so that we use the same notation as in the case where det ¥ is a standard Hermit-
ian metric. Note that if a is nonzero, HaHiet - € R.. The object | Hiet g will be
called a generalized metric on det . This notation should be used with care—the
square does not imply any idea of positivity.

In the sequel we also use the notation

2
(1.43) ¢ (|| ||detEA) — detulp,

which is equal to 1 and is just the sign of det h¥ .
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1.5. Determinant of the generalized Laplacian and generalized metrics.
Let h¥o be the Hermitian form on Ej induced by h¥ . As we saw in Theorem [[2]
this form is nondegenerate, i.e. ho is a generalized metric on ;. Therefore we
obtain a generalized metric det ho on det Ej.

By (CI6) and by Theorem[I2] we have an exact sequence of complexes

(1.44) 0—-FE,—FE —E/E,— 0,
and moreover E'/E; ~ E. is acyclic. By [KM76], (det E.) ™" has a nonzero canoni-

cal section det 9| g . Via this nonzero section, we obtain the canonical identification
which is a special case of (L)),

(1.45) det E, ~ C.

By [KMT6], there is a canonical isomorphism

(1.46) det E" ~ det E,.

This canonical isomorphism is just given by

(1.47) sEdetE(')—>s®(detc’?h;;)f1 € det E".

On the other hand by (LH) and (LI9), we know that

(1.48) det E" ~det H (E"), det By ~det H (E").

The canonical isomorphism in ([[L4g]) is in fact the isomorphism one obtains from
From ([CZ4), we see that the generalized metrics det A and det hf are in fact
generalized metrics on the same line det E°. One can then try to compare them.

Definition 1.7. Let S (E, hE‘) € R, be given by
(1.49) S (E hE’) =T (det D?) """
i=1

The number S (E, hE‘) will be called the generalized analytic torsion of the
complex (E, 9).

Proposition 1.8. The following identity holds:
2 .
E;)AH :S<E,hE).

det E;,

(1.50) H(deta

Proof. By Theorem [[.2, for 0 < i < n,
(1.51) E! =0E '@ o Ei,

and the splitting in (CEI) is hE- orthogonal. Since (E;,0) is acyclic, d|g. is one-
to-one from 9*Eit! into OF!.
Take ag nonzero in det E?. .., a; nonzero in det 9* E+1. ... By definition [KMT76],

(1.52) det ). = ag' @ ag Aay © (Dar Aag) ™' ..
Since the splitting in ([CH) is hE% orthogonal, for any i, we get

2 2 2
(1.53) H(‘)ai_l A ainet Ei = ||8ai_1 Hdet oEi~1 Hai”deta*Effl .
By construction,

(1.54) 10ai-1| 5 pii-1 = det (9°0

2
o1 [1ai=1[[3es o+ i -
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By (53), (L54), we get

n qyit1
(1.55) Hdet8|E-*||?detE;),1 =[] det (a*ab*Ei)( DA

i=1

Finally observe that D? preserves the splitting (L20) of E,. More precisely, D?
restricts to 00" on Imd|g. and to 9*0 on Im0*|g.. One then verifies easily that
(CE0) is equivalent to (LEE). The proof of our proposition is completed. O

Theorem 1.9. The following identity holds:

2 : 2
(1.56) e =S (B0 ) | e s, -
Proof. By Theorem [Z, E; and E, are orthogonal in E* with respect to h” . Our
theorem now follows from (I47) and from Proposition [ O

Remark 1.10. From Theorem [[L9, we deduce in particular that

(157) (I r ) =signs (B ) e (s ) -

Note that Theorem extends to generalized metrics on determinant lines a
well-known statement on standard metrics on determinants [BGiSo88]. Also note
that as we shall see, the generalized Laplacian D? may well be equal to 0. In this
case Theorem is a tautology.

1.6. Truncating the spectrum of the generalized Laplacian. Now, we will
extend Theorem [[L9] when considering more general splittings of E* than (LI6),

CI8).
Theorem 1.11. If A, € SpD?, if n # X, then E; and E, are hE" orthogonal.
Also if X € Sp D?, the restriction of h¥ to E; + E is nondegenerate.

Proof. Take A, as indicated above. Let k € N be large enough so that
(1.58) Ej = ker (D? — \)".
Then if a € E},b € E,, since D? is h¥" self-adjoint, using ([58), we get
(1.59) (a,(D* =%)"b) 0.

Now since p1 # A, the restriction of (D* — X)k to E,, is invertible. From (L3Y), we

deduce that £ and E,, are hE" orthogonal. Since h¥ is nondegenerate, the final

statement in our theorem follows easily. O

Take now r € R such that if A € Sp D?, then |A| # 7.
Definition 1.12. Put
(1.60) E,= D B, E.,= D B
AeSpD? AeSpD?
[Al<r [A|>7

Then E_, and EJ,. are subcomplexes of E°, and moreover

(1.61) E =E_, ®FE.,.
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Proposition 1.13. Ifr > 0, then

(1.62) H (E.,)=H (E), H (E,) =0

Moreover E_,. and E . are hE orthogonal, and the restriction of h® to each of
these complexes is nondegenerate.

Proof. Since E, is acyclic, we get (L62). The second part of our proposition follows
from Theorem 111 U

By Proposition [LT3] for » > 0,
(1.63) det E_, ~det E".
The identification in ([[C63) is given by
(1.64) sedet B, — s® (det 8|E->T)_1 :

Let h¥>r be the generalized metric induced by h* on E. .. Let S (E%,,h">)
be defined as in Definition [[.7] Now we have the following extension of Theorem

1)
Theorem 1.14. The following identity holds:
2 . : 2
(1.65) Hierm =S (Bors B0 et -,
Proof. We can either use Theorem [I.9] or prove our theorem by using the same
arguments as in Theorem [T.9] O

Remark 1.15. Take 0 < r < 7' as before. Put
(166) E]ITJ./[ - @ E)\

AeSpD?
r<|Al<r’

Then the canonical identification det E, ~ det E.,. is just given by

1
(1.67) sedetE_, —s® (det 8|E]-m,[) edetE_,..

1.7. Generalized metrics on determinant bundles. Let (E,d) be a smooth
complex of finite dimensional complex vector bundles on a manifold S. We will use,
in this more general context, the notation of the previous subsections.

Note that the dimension of the fibres of H' (E') may well jump, so that in
general H (E") is not a vector bundle on S. Still det E' is a complex line bundle
on S, whose fibres det E are canonically isomorphic to the fibres det H* (E"),. We
will sometimes call det E” the determinant of the cohomology.

Let h® = @y, h¥" be a smooth generalized metric on E = @, E'. We

can then construct the generalized metric || Hiet g ondet E°, which is smooth. Note
that its sign is locally constant on S.

We will now use the constructions of subsection[I.5]in the present context. Take
r > 0, and set

(1.68) V. = {s € S such that if \ € SpD?, then |\| # r}.

S

Then V,. is an open set in S. Moreover det E,. is a smooth line bundle on V,., which

by (L63), (L.64), is canonically isomorphic to det E'|y,. By ([L67), if 0 < r < 77/,
the identification

(1.69) det E<,|v,nv,, ~ det E<,|v,nv,,
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is given by (L67). Finally by (LG5),
2 . : 2
(1.70) et 51, =S (Bors %) e, -

Remark 1.16. Assume that (E",0) is acyclic or, equivalently, that H (E") = 0.

Then (det )" is a canonical smooth nonzero section of det E. We define the open
set Vp as in (I.68), by replacing r by 0. By Theorem [[.9] on Vp,

2
(1.71) H(det a)*HdetE‘ = S (E,g").

Still the left-hand side of (IZ1) extends to a smooth nonzero function on S, so that
this is also the case for the right-hand side.

Let us give an example of why this is the case. Consider the obvious acyclic
complex (E", ) given by
(1.72) 0—-F L g r 2 F oo
In (L72), F° F! are finite dimensional complex vector spaces. Note that ker & N
ker * C E;. Then on E°, D? acts like 0*0, which is invertible if and only if
ker ONker 0* = 0. Similarly, D? acts like 99* on E? = F!, which is invertible under

exactly the same condition. Therefore det D?|go and det D?|g> vanish exactly
together. Now one verifies easily that on 1,

o detD2|E2
N detD2|E0 '

We have thus found that (I.71]) and (73) are indeed compatible. When A% is a
Hermitian metric, V) = S. When h¥ is not a Hermitian metric, on S\ V;, (CZ1)
does not hold anymore. Contrary to the standard theory of metrics on determinant
lines, the Hermitian form A® is a new source of difficulties, even when the complex
(E",0) is acyclic. In particular, if dim F® = dim F'!, one can easily construct a
generalized metric h¥ such that D? = 0. The conclusions of traditional Hodge
theory are certainly not verified in this more general setting.

(1.73) S (E,g")

1.8. Determinants and flat superconnections. We make the same assump-
tions as in subsection [[.7] We will use the superconnection formalism of Quillen
[Q854]. Let A’ be a superconnection on E of total degree 1 in the sense of [BLo95|
Definition 2.1], which is of the form

! !
(1.74) A=A,

j=0

where Azl) = V¥ is a connection on E° which preserves the Z grading, and for
Jj # 1, A;) is a smooth section of AN (T*S) ®Hom (E", E+177). Here & is our
notation for the Zs-graded tensor product. We assume that

(1.75) Ay =0

and also that A’ is flat, i.e.

(1.76) A% =0.

In particular, from (L.74)-(L.76), we can deduce as in [BLo95| Proposition 2.2] that
B B2 _

(1.77) V7.0 =0, VE2 4 [0, 4] =0
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Let VI¢ & be the connection on det £ induced by VE . Then using (LT7), we
find that
(1.78) o1 (det E',vdetE‘) —0,
ie. VIt E s flat.

By [BL0o95, Proposition 2.5], one can deduce from (7€) that the fibres H (E")
have locally constant rank and patch into a smooth vector bundle on S, equipped
with a canonical flat connection V7 (F)_ Let Vet #'(E) he the connection induced
by V' (E) on det H' (E").

By (L3), the line bundles det E and det H" (E") are canonically isomorphic.

Proposition 1.17. The flat connections VI F  and VI H (E) coincide.
Proof. Consider the exact sequence of vector bundles
(1.79) 0— H°(F)— E° — 0E° — 0.

By (L79), the connection V¥ induces connections VH(E) and VOE° on HO (E")
and OE°, and the chain maps in ([L79) are parallel. From (I.79), we have the
canonical isomorphism

(1.80) det E° ~ det H° (F) ® det OE°.

Finally the above arguments show that the identification ([80) is parallel with
respect to the obvious connections.
Also we have the exact sequence

(1.81) 0 — OF° = kerd|pn — H' (E) — 0.
By (LZTl), we have the parallel canonical isomorphism
(1.82) detker 9| g1 ~ det OE® @ det H' (E").

We can iterate the above arguments, and we finally get our proposition. (Il

1.9. The Hodge theorem as an open condition. We make the same assump-
tions as in subsections [[.7] and [.8.

Definition 1.18. Let Sy be the subset of the s € S such that the generalized
metric h¥ is of Hodge type.

Proposition 1.19. The set Sy C S is open.
Proof. Recall that the dimension of H' (E") is locally constant. Moreover, by (T19)),
(1.83) dim E, > dim H' (E').

From the upper semicontinuity of the function dim Ey s on S and from the first
statement in Theorem [, our proposition follows. O

1.10. Generalized metrics and flat superconnections. We make the same
assumptions as in subsections [[L7 and LY. Put

(1.84) w (EhE) - (hE‘)_l VERE

Then w (E,h¥ ) is a 1-form with values in h¥ self-adjoint sections of End (E")
which preserve the Z grading.
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Definition 1.20. Let VZ+* be the connection on E",
. 1 .

(1.85) VI =T 4w (E',VE).

Clearly the connection V% preserves h” . A simple computation shows that
its curvature V%2 is given by

A 1 1 N2

(186) vE ,u,2 — 5 (vE,Q _ vE,Q,*) _ Zw (E, VE )

Let V4¢t#% be the connection induced by V% on det E". By (LS5),

A 1 ,

(1.87) A [w (E vE )} .
As the notation indicates, V9°*¥ % is just the connection associated to the flat
connection V' E" and the generalized metric || ||3et g as in (LXH). Clearly
(1.88) 1 (det E, vdetEWU) —0,

i.e. the connection V¢t & is still flat.
Using Proposition [[T7 and (IC8T), we get

A . 1 ,
(1.89) et B u _ yydet H () | 5vde«;E log (|| HietE') .

Now we will give another expression for VI¢t % gver V,.. In fact, let VE<r be
the connection on E_, obtained by projection of VZ " with respect to the splitting
(C81) of E|y,. We construct the connection VF<r% as in ([84), ([.85) with
respect to the generalized metric hf<r. Since the splitting (ILE1) is h” orthogonal,
one verifies easily that VF<~" is just the projection of V¥ * with respect to the
splitting (LGI). We denote by Vet F<r and V9et F<rt the connections induced on
det E_, by VF<r and V<.

Proposition 1.21. The following identity of connections holds on V,.:

(1.90) ydet B, _ yydet H (E')
Moreover,
A R G
(191) vt Pt = YD 4 9T D log |3 g,

Proof. Clearly 0| is parallel with respect to V¥<. By construction, the connec-
tion VF<r induces on H' (E.,) = H' (E") the connection V# (¥)_ By proceeding
as in the proof of Proposition [[T1, we get (LI90). Also as we saw before,

. . 1 .
(1.92) Vet Fert = vietFer vt B log| e s,
From (C90), (T92), we get (LA1). The proof of our proposition is completed. O

Remark 1.22. Let V> be the projection of V¥ with respect to the splitting (LE1).

Then 0|, is parallel with respect to VF>r. Let V9t F>r be the connection on
det B, induced by VF>r. Then det Olg., is a flat section of det £, so that
V4t B is flat. This can also be proved by noting that VF>r2 commutes with

O|p., and that E< . is acyclic. Also by (L&I),
(1.93) det " ~ det E_, ® det EX,.
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Moreover, by construction,
(1.94) VitE — ydetEor @1 4 1@ Vit For,

Equation (94) is compatible with the flatness of the three connections which
appear there.
The same argument as in (IT.94]) shows that

(1.95) vdet B _ gdet B u o1 4 1 g Vet Espou
Moreover since det 9 E-, is a flat section of det E< ., using Proposition [[.8, we
get
: . 1 .
(1.96) Vet Es o — gdet By Sdlog (E> hE>) .

From ([99), (ICI6), we get
. 1 .
(1.97) LB = g Pt 4 ~dlog § (B, b ).

Note that (L97) also follows from (CZ0), from Propositions[CT7and [C2T] and from
(T34 (TI6).

1.11. Analyticity and the Hodge condition. Let (E",9) be a finite dimensional
complex as in ([[J). Let O be a nonempty open interval in R. Let s € O — hE
be an analytic family of generalized metrics on E'. Then we can view (E°,0) as a
flat complex on O, equipped with the analytic metric A . This metric induces a
corresponding analytic metric || ||(2iet g ondet £

Proposition 1.23. Assume that Oy = {5 € 0,hF is Hodge} is nonempty. Then
O\ Og is a discrete subset of O.

Proof. As we saw in Proposition [[LT9 we already know that Og is open in O. For
0<i<n,s€0,ze€C, put

(1.98) fis () = det (D%hs —2).

Then f; s (%) is a polynomial in z with analytic coefficients in s. By Theorem
2, given s € O, fis (%) has a zero in z whose order is exactly dim E&S. Set
h; = dim H* (E"). By Theorem[LH, Oy is the set of s € O such that for 1 <i < n,

i(Z"'H) (0) # 0. Since Op is nonempty, for 1 < i < n, fi(!ziﬂ) (0) is an analytic
function of s which is nonidentically 0. Therefore the zero set in O of each of these
functions is a discrete subset of O. The proof of our proposition is completed. [J

1.12. The equivariant determinant. Clearly the function log is a well-defined
function from C* into R @ iR /2.

Let G be a compact Lie group. Let G be the set of equivalence classes of
irreducible representations of G. If W € @, let xw be the corresponding character
of G.

Now we make the same assumptions as in subsections [[-IHI.6l Also we assume
that G acts on E" by isomorphisms of complexes. Namely G preserves the Z-grading
and commutes with 0. Finally we suppose that h¥ is G-invariant.

Ifwe CA?, set,

(1.99) Ejy = Homg (W, E) @ W.
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Let

(1.100) E =P Ew
weG

be the isotypical decomposition of E'. Then the various Ej;, are subcomplexes of
E". Note that (T.I00) can be obtained by taking an element g € G such that the
closure of the group generated by g is just G and by splitting F" according to the
distinct eigenvalues of g.

Note that the splitting (I10) is G-invariant, so that each term in (T.I00) inherits
a corresponding splitting.

Proposition 1.24. The splitting ([LI00) of E* is h® orthogonal, and the restric-
tion of h¥ to each Ew is nondegenerate.

Proof. Let g be a G-invariant Hermitian metric on E°. Then the splitting (([CT00)
is g¥ orthogonal. Let v € End E be such that

(1.101) hE = gF .
Then v commutes with G. Therefore v preserves the decomposition (LI00). Our
proposition follows. O
Set
(1.102) det B" = @P det Eyy.
weG

Let || Hiet £y De the generalized metric on det Ey induced by the restriction of

hE to Ey.
Definition 1.25. Set

2 2 XwW
(1.103) 108 (e ) = D= 108 (IHFer £ ) © o

wedG

The formal sum (I03) will be called the logarithm of a generalized equivariant
metric on det E'.
Note that (LI03), the interpretation of the logarithm is the one given at the

beginning of the section. In particular each term log (|| [ EW) contains the in-
formation on the sign of || Hiet B
Let det B, = @y, cqdet By, be the direct sum of lines associated to E as

in (CI0Z). Since E,y, is acyclic, each det E.y, has a canonical nonzero section
(det J| g, ). Set

(1.104) (detd]p.) " = € (detdls,,,) .
wed
Definition 1.26. For g € G, set

(1.105) T, (E'*,hE'*) - %Trﬁ [gN log (D?|5.)] .

The expression in the right-hand side of (II05) has to be properly understood.
Indeed we can split £, according to the distinct eigenvalues of g. On each eigenspace
of g, the spectrum of D? is still conjugation invariant. The eigenvalues of D? which
are not real do not cause any difficulty, since their imaginary parts cancel out in
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(CIT5). So in fact only the negative eigenvalues of D? can cause trouble in (TI05).
However these are taken care of in our definition of the log, so that the following
statement does make sense.

Proposition 1.27. The following identity holds:

2
(1.106) logH(det a)‘l‘

= 9T (E;,hE¥> .
det E;,
Proof. First consider a generic g € G, and split F, according to the eigenvalues
of g. On each acyclic eigencomplex, we can use Proposition [[8, and we obtain
our proposition when we evaluate both sides of (LT06) on this g. The general case
follows easily. O

As in ([T46)), we have the canonical isomorphism
(1.107) det E" ~ det Ej,.
Now we have an extension of Theorem [T.9

Theorem 1.28. The following identity holds:
(1.108) 10g (113 ) =108 (Il 3ot ;) + 2T (B2 0.
Proof. This follows from Propositions[1.24] and [[.27] O

The results of subsections [L0, [[71 and [LT0 can be extended to the equivariant
case. The statements and proofs are obvious and are left to the reader.

2. THE ADJOINT OF THE DE RHAM OPERATOR ON THE COTANGENT BUNDLE

Let X be a Riemannian manifold, and let F' be a flat Hermitian vector bundle
on X. In this section, we construct the adjoint of the de Rham operator d”” X with
respect to a natural sesquilinear form on the de Rham complex of T*X. Also we
prove that this operator is also the adjoint of d¥ X with respect to a Hermitian
form on the de Rham complex, which makes in principle the theory of Section [l
applicable in the present context.

This section is organized as follows. In subsections[ZTland[Z2] we recall elemen-
tary results on exterior algebras, Clifford algebras and bilinear forms. In subsection
B3, if M is a manifold, we construct the adjoint of the de Rham operator d™ with
respect to a bilinear form on the tangent space. In subsection 4] if M is sym-

. . .., =M
plectic, we construct the symplectic adjoint d  of the de Rham operator, and we
show it anticommutes with d™. In subsection 25, we apply this construction to
T*X. In subsection 2X6] we perturb the symplectic form of T*X, so as to pro-

.. =TTX . . .
duce a better adjoint d, . In subsection 2.7 we show that this operator is also

the adjoint of d7” X with respect to a nontrivial Hermitian form. In subsection
2.8, we introduce a Witten twist associated to a Hamiltonian H : T*X — R, and

*

—T*X
we produce in this way the generalized adjoint d oy, The first order operator

—T*X .
Ay = % (d¢72H +dT X) and the Laplacian Afb’H are our fundamental objects of

study.
In subsection 229, we show that if H is invariant under the map p — —p, the op-

*

=T°X . . . * . i .
erator dy 5y is the adjoint of d”X with respect to a Hermitian form. In subsection
210, we study the behaviour of the considered operators under Poincaré duality.
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In subsection E.11], we construct an operator 24 3¢ which is naturally conjugate to
Ag 7, which is sometimes simpler to handle. In subsection[Z12] we study the effect
of the scaling of the variable p € T*X.

In subsections [2.13] and 2.14] we consider the case where H = H¢, with H¢ =
c |p|2 /2. Also we show that when making ¢ — Foo, the operator Ag e has the
preferred matrix structure considered in particular in [BL9T], Section 8].

2.1. Clifford algebras. Let V be a real Euclidean vector space of dimension n.
We identify V and V* by the scalar product of V. If U € V', let U* € V* correspond
to U by the metric.

IfU €V, set,
(2.1) c(U)=U" N —iy, c(U)=U" Niy.
Then ¢ (U),¢(U) lie in End®? (A (V*)). Moreover if U,U’ € V,
(22)  [e(U),c(U)]=-2(UT"), ), e =2UU),
[c(U),e(U")] = 0.

By 2.2),
(23)  UA=5@U)+e), iv =2 EU) - c(U)).

Let ¢ (V') be the Clifford algebra of V. Then ¢ (V) is spanned by 1,U € V, with
the commutation relations
(2.4) vu'+U'U=-2(U,U").
Let N be the number operator of A" (V*). Then we have the identification of vector
spaces ¢ (V) ~ A" (V*). Under this identification, the action of ¢ (U) on A" (V*) is

left multiplication by U, and the action of (—1)™ ¢ (U) is right multiplication by U.

N =

Let eq,...,e, be a basis of V, and let e', ..., e" be the corresponding dual basis
of V*. If A € End (V), then A acts naturally on A" (V*) by the formula
(25) AlA(V*) = —<A6i,€j>6i/\’iej.

Also, if g = e € Aut (V), the corresponding action gla-(v+y of g on A" (V*) is just
exXp (A|A(V*))

In the sequel, we will assume that eq, ..., e, is an orthonormal basis of V. Then
it Ae A (V*) is antisymmetric,
1 ~ ~
(2.6) Alp vy = 7 (deiye5) (e (es) () — € (ei) €(eg)) -

2.2. Vector spaces and bilinear forms. Let V' be a real vector space of even
dimension n = 2¢. Let n € V* ® V* be a bilinear form on V, which we assume to
be nondegenerate. Namely to 7, we can associate the isomorphism ¢ : V' — V* | so
that if X, Y e V|

(2.7) n(X,Y) =(X,¢Y).

Let n* € V ® V be obtained from n via the identification ¢ : V' — V*  so that if
A, BeV*

(2.8 7 (A.B) = (67", B).

Let %: V — V* be the transpose of ¢. Then 7 is symmetric (resp. antisymmetric)
if and only if ¢ = ¢ (resp. ¢ = —¢).
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Clearly ¢ : V. — V* extends to an isomorphism ¢ : A" (V) — A (V*). The
bilinear forms 7, n* extend to bilinear forms on A" (V),A (V*). In particular if

s,8 € A (V*),
(2.9) n* (s,8") = (¢7's, 8.
Observe that if X € V| f € V* we have the equality of operators acting on
A (V7),
(2.10) PX Nt = (¢X) A, Gipd =iz i
From (210), we deduce that if s,s" € A" (V*),
@211) o (sixs) =0 (6X As.s), (s fAs) =0 (ig ).

Equation (2TT) just asserts that ¢ XA, i$—1f are the adjoints of ix, fA with respect
to n*. Since n* is in general not symmetric, taking twice the adjoint does not give
the original operator.

Let w be a nondegenerate antisymmetric 2-form on V. Let ¢ : V. — V* be the
corresponding isomorphism as in (227). Then % = —¢. Let w* be the dual 2-form
on V* to w, which is obtained as in (29).

Let L: A (V*) — A2 (V*) be given by

(2.12) La=wAa.
Let A : A" (V) — A =2(V) be the transpose of L. Let e1,...,e, be a basis of V,
and let e!, ..., e" be the corresponding dual basis of V*. Then
1 o 1

(2.13) L= S (es,e5) '€, A= 5w (€i,€5) deites.

Also observe that w™2/ (n/2)! € A (V*) is nonzero, so that we have a canonical
isomorphism
(2.14) A (V)= A (V7).

Under the canonical isomorphism in (ZI4)), A is just equal to L. Also by identifying
V with V* by ¢, we derive from (ZTI4)) that there is a canonical isomorphism

(2.15) A (VF) = A" (V7).

From now on, we will identify V' with V* by the map ¢, so that w and w* are
identified. In particular L and A both act on A (V*), L increases the degree by 2,
and A decreases the degree by 2. Using the identification (2:15), the action of A on
the left-hand side of (2:15]) just corresponds to the action of L on the right-hand
side.

With this identification, equation ([Z.I3]) now becomes

(2.16) L:§w(ei,ej)ezej, A:—Ew (', €’) ic,ie, -

Let N be the number operator of A (V*), so that N acts by multiplication by &
on A¥ (V*). Put

(2.17) H:%(N—n/Z).

Then one verifies easily the following identities:

(2.18) [H,L] =L, [H,A] = —A,  [L,A] =2H.
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We recover the well-known sle commutation relations in complex Hodge theory.
The main point above the exposition is that we have made no choice of a scalar
product on V.

Set

(2.19) M=L-—A.
Now we reproduce an easy computation given in [B04al Proposition 1.2].

Proposition 2.1. If X € V, f € V*, then

(2.20) [M,ix] = XA, [M, fA] = Qg1
In particular, if ¥ € R,

(2.21) e"™Mixe "M = cos (9)ix + sin (9) pX A,

"M A e ™M = cos (0) f A 4+ sin (9) ig-1-

Proof. The identities in (Z20) follow from (ZI6). From ([Z20), we get (Z21). O

2.3. The adjoint of the de Rham operator with respect to a nondegener-
ate bilinear form. Let M be a smooth manifold. Let dvys be a volume form on
M.

Let (€ (M),d™) be the de Rham complex of smooth sections of A (T*M),
equipped with the de Rham operator d™. Let Q* (M) be the vector space of
compactly supported smooth sections of A (T'M). If s € Q (M) ,t* € Q* (M), put

(2.22) (s,8%) = /M (s,¢*) dvyy.

Then (M) and Q* (M) are naturally dual to each other by 2. Let dM :
QO (M) — Q' (M) be the transpose of d. Then (Q* (M), c’ivM) is a complex.

Let 1 be a smooth section of T*M ® T*M, i.e. a smooth bilinear form on T'M.
Equivalently, 7 defines a smooth morphism ¢ : TM — T*M, so that as in [271), if
UV eTM,

(2.23) n(U,V)=({U,¢V).

We assume that the form is nondegenerate, i.e. ¢ : TM — T*M is invertible.
We still denote by ¢ the corresponding isomorphism A" (TM) — A (T*M). In
particular ¢ provides us with the identification

(2.24) O (M) ~ Q" (M).

—M ~ —M
Let d correspond to dM via the isomorphism (224). More precisely, d is
given by the formula

(2.25) a" = pdM et
Then (Q (M) ,EM) is a complex, and the operator EM decreases the degree by 1.

Note that EM depends on dvy; and on 7.

We can reformulate the above construction as follows. As we saw in subsection
22, n defines a bilinear form n* on T*M, which extends into a nondegenerate
bilinear form on A" (T*M). We equip € (M) with the nondegenerate bilinear form

(2.26) (s,8) 4 = /M n* (s,8") dvys.
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Then by construction, if s,s" € Q (M),
M —M
(2.27) (s,d s'>¢ = <d s, s'>¢

A case where the above construction is well known is the case where 7 is symmet-
ric and positive definite, i.e. 1 is a metric g7 on TM, and dvys is the associated

. 7 ..
volume form. In this case, d is just the formal adjoint d™* of d™. In the next
subsection, we will consider the case where 7 is associated to a symplectic form.

2.4. The symplectic adjoint of the de Rham operator. Let M be a compact
manifold of even dimension n = 2¢, and let w be a symplectic form on M. We will
use the formalism of subsections 2.2] and 2:3] applied to the fibres of T'M, which
are equipped with the symplectic form w. In particular, L maps A" (T*M) into
AF2(T*M), and A maps A" (T*M) into A" =2 (T*M). Let dvys be the symplectic
volume form on M.

As in subsections B3 and 2221, we identify TM and T*M by the map ¢. Therefore
Q (M) and Q* (M) are identified as in (224).

Let 4" be the operator € (M) — 1 (M) which corresponds to d™ by this

—M
identification as in . The operator d will be called the symplectic adjoint
of dM. More generally, one can define the symplectic adjoint A of a differential
operator acting on Q' (M) in the same way.

Then Q (M) is now equipped with the chain maps d™ and a which, respec-
tively, increase and decrease the degree by 1.

Theorem 2.2. The following identities hold:

(2.28) d" = —[d" 4], aM = — [EM,L] , [dM,EM} —0.

Proof. By Darboux’s theorem, if € M, there is a coordinate system
(plv cee 7p€7q17 .. '7q£)

such that x is represented by 0 € R", and moreover, in these coordinates,

¢
(2.29) w= Z dp; A dq".
1

By [2I86)), we find that in these coordinates,

J4 J4
(2.30) L= Z dp; N\ dq*, A=-— Z ia/apiia/aqi.
1 1

Using (210), [(229), we find easily that

=M . . i
(2.31) d = Za/aqia/api — Za/apia/aq .

By ([2.30) and (2.31]), we get the first two identities in (2.28). Note that the second
identity is just the w-transpose of the first one. The third identity follows from
or from the sequence of identities

(2.32) [d™, [a™, A]] =2 [d"2, A] — [@™, [d™, A]]

and from the fact that d™2 = 0. The proof of our theorem is completed. O
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Let H : M — R be a smooth function. Let Y be the associated Hamiltonian
vector field, so that

(2.33) dMH + iynw = 0.

The symplectic adjoint of (2.33)) is just

(2.34) @ 1] =iy

Proposition 2.3. The following identities hold:

(2.35) e MdMeM = g™ 4 aMH, Maem =q" Ty .

Proof. The first identity in (Z30) is trivial. By taking the symplectic adjoint of
this identity, we get the second identity. O

2.5. The de Rham operator on 7*X and its symplectic adjoint. Let X be
a smooth compact manifold of dimension n, and let 7 : T*X — X be its cotangent
bundle. If x € X, p will denote the generic element in 7y X. Then T*X is equipped
with the canonical 1-form = 7*p, and w = d” X6 is the canonical symplectic form
of T*X.

Let g7X be a Riemannian metric on TX, and let g7 X be the corresponding
metric on T*X. Let VX be the Levi-Civita connection on (TX LgTX ), and let
RTX be its curvature. Let V7'X be the corresponding connection on 7% X, and let
RT"X be its curvature. We will often identify 7X and T*X by the metric g”~. In
particular the notation RTX will sometimes be used instead of RT .

Recall that if A, B,C,D € TX,

(2.36) RTX (A,B)C + RT™ (B,C) A+ R™™ (C,A) B =0,
(R™ (A,B)C,D) = (R"™™ (C,D) A, B).

The first identity in (Z36]) will be referred to as the circular identity, the second
one as the (2,2) symmetry property of RTX. Finally if A, B,C € TX, the Bianchi
identity can be written in the form
(2.37) VIXRTX (B,C) + VEXRTX (C, A) + VEXRTX (4,B) = 0.

Then the connection V7 X induces a horizontal subbundle THT*X ~ 7*TX of
TT*X, so that we have the splittings
(2.38) Tr*X =" (TXaoT*X), T"T*X =" (T"XaTX).

If U € TX,let U € THT*X ~ TX be the lift of U. By (Z38), we obtain the
isomorphism of Z-graded bundles of algebras
(2.39) AN (T*T*X) = 7" (A (T*X) B\ (TX)) .

As we said before, it will often be convenient to identify the fibres TX and
T*X by the metric g7X. This may lead to notational confusion. For this reason, in
(239), the Grassmann variables in A" (TX) will be hatted. In particular if U € TX,
U will denote the corresponding element in A (TX).

Let F be a complex vector bundle on X, and let V¥ be a flat connection on
F. Let (Q (X,F), dX) be the de Rham complex of smooth sections of F' on X,
equipped with the de Rham operator d*. Let (Q (T*X,7*F) ,dT*X) be the corre-
sponding de Rham complex on T*X of smooth sections of A" (T*T*X) @m* F which
have compact support.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE HYPOELLIPTIC LAPLACIAN ON THE COTANGENT BUNDLE 405

If x € X, let I, be the vector space of smooth sections with compact support
of (A" (TX) ®F)x along the fibre T X. Then the I, are the fibres of an infinite
dimensional Z-graded vector bundle I on X. Using obvious notation, by (2:39),

(2.40) QI X, mF)=Q (X,I).

Let d7"X be the fibrewise de Rham operator acting on I. Then dT"X acts on
Q (T*X,7*F). Let VA (TX)®F be the connection on A" (TX)® F induced by VI¥
and V" on A" (TX)® F. Let V! be the connection on I, such that if s is a smooth
section of I, and U € T X,

(2.41) Vis = Va9,

The connection V! also acts naturally as a differential operator on Q (T*X, 7*F).
Finally the operator i/\p acts on Q (T*X,n*F), it increases the total degree by

RTX
1, it increases the degree in A" (T*X) by 2 and it decreases the degree in A' (T'X)
by 1.
Proposition 2.4. The following identity of operators acting on Q (T*X,n*F)
holds:
(2.42) A" = dTN 4V e

Proof. Let VTT"X be the tautological connection on TT*X , which is associated to

the splitting (2:38). One verifies easily that its torsion is just the tensor 7* RTXp,
which implies the proposition. (I

As in the proof of Proposition[2.4] we denote by V7 X = 7* (VIX @ V1" X) the
tautological connection on TT*X = n* (T X & T*X) associated to the Levi-Civita
connection V7. Let VA (T"T"X)®F he the induced connection on A* (T*T*X) ®F.

Let e1,...,e, be a basis of TX, and let e!,...,e" be the corresponding dual
basis of T*X. We denote by €1,...,¢, and €',...,&" other copies of these two

bases. By (Z3%), e1,...,€n,€,...,e" is a basis of TT*X, and e!,...,e",€1,...,¢n
is the corresponding dual basis of T*T*X.
From now on, we will use Einstein’s summation conventions.

Proposition 2.5. The following identity holds:

(2.43) dTX = ¢ AVATTTTXBF Lo A v + i

Proof. Clearly,

(2.44) dTX = Va4, vi=e AVE.

By (Z42), (244), we get (243). O
Proposition 2.6. The following identities hold:

(2.45) 0 = (p,e;) e’ w=2e Ne'.

Proof. The first identity is obvious. Using (2.43]), we get the second identity. O

Remark 2.7. By combining the fact that dw = 0 with ([2:42), ([245), we recover the
circular symmetry of the Levi-Civita curvature R7X. Also note that by [245), we
get the identities

(2.46) L= é\i A ei, A= —Z'gil'ei.
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Let 77X = ¢TX @ ¢T"X be the obvious metric on TT*X = TX & T*X. Let J
be the almost complex structure on 77*X given in matrix form by

(2.47) J= <(1) _01> :

By Z49), if A,Be TT*X,

(2.48) w(X,Y) = (4, JB>gTT*x )

and moreover J is antisymmetric with respect to 77 X, so that J polarizes w.
Let F' be the vector bundle antidual to F, and let VF be the corresponding

flat connection. Let g¥" be a Hermitian metric on F. We do not assume here that

g is flat. By proceeding as in subsections and 24] using (w, gF), we find that

there is a natural duality between Q (T*X,7*F) and (T*X7 W*F*>. Letd
be the symplectic adjoint of the operator d¥” X with respect to g¥. If F = C is the

—T
trivial Hermitian flat vector bundle, the operator d is defined as in subsection
24. More generally, if (F VE gF ) is an arbitrary flat vector bundle equipped with

¢

. =T*X . . . s
the metric g7, we define d as in subsection Z4. In particular, the definition of

b'e
d does not involve the choice of any metric on T'X.
Set

(2.49) w (VF,gF) = (gF)i1 vEgr.
Then w (VF, gF) is a 1-form on X with values in self-adjoint elements of End (F).

Let VI* be the adjoint connection to V¥ with respect to ¢, which is still a flat
connection. Then

(2.50) VI =V 4w (VF,g").

Let V" be the unitary connection on F,

(2.51) Vi =vr 4 %w (VF,9").
The curvature R™" of V" is given by
(2.52) RFM = —ioﬁ (VF,9").
Moreover, one has the trivial
(2.53) VEw (VF, g") = —w (VF,gF)Q, VEuw (VF, gF) = 0.
By @XE13), we find that if A,B € TX,
(2.54) Vitw (VF, ") (B) = V" (VF,47) (4).
Let ¢7¥ be a Riemannian metric on T7X. We now use the same notation as in
subsection 0] In particular, we take ey, ..., e, as in that subsection. Set
(2.55) RTXpA = %z‘giz‘ijTX (eiyej)PA.

¢

First we will give a formula for the operator ax
Proposition 2.8. The following identity holds:

T X

(256) d T = —ia (vg (T"T"X08F 4,y (VF, gF) (ei)) +ie,Vei + RTXpA.
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Proof. This follows from (2.I0), (Z43) and from (Z43)). O

2.6. A bilinear form on 7*X and the adjoint of d” X. We fix once and for
all a metric g7 on TX, and we identify TX and T*X by the metric ¢7X. Also,
we use the identifications in (23]

Set

(2.57) = G _01) :

Observe that if

(2.58) %= (3 }) 7

then
0 -1
and moreover,
0 1
(2.60) 1 = exp (O O) .
Clearly,

(2.61) ot = (_01 1)

Using the identifications in (238), ¢ will be considered as an isomorphism
TT*X — T*T*X. In more intrinsic terms, ¢ and ¢! are given in matrix form by

TX
g —Lip-x -1 0 Lirx )
2.62 - , - :
Let 1 be the bilinear form on TT*X which is associated to ¢ as in (2.23). If
U,V € TT*X, we find that

(263) U(U,V): <7T*U,7T*V>gTX +W(U,V)

The right-hand side of ([ZG3) gives the splitting of 1 into its symmetric and anti-
symmetric parts.

Let dvps«x be the symplectic volume form on T*X. We equip Q (T*X,n*F)
with the nondegenerate sesquilinear form which one obtains as in ([2.28)), i.e. if
5,8 € QU (T*X,n*F),

(2.64) (5,8 g = /*X n" (s,8") yr dvr-x.

Let e1,...,e, be a basis of TX, and let e',...,e" be the corresponding dual
basis.
Definition 2.9. Let EZ*X be the adjoint of d” X with respect to ( )o-

Put
(2.65) Ao = <gTXei, ej> et Nigi, FTTXYV = <gTXei7 ej> 16: V.
In the sequel, we will assume that the basis ey, ..., e, is orthonormal, so that
(2.66) Xo = € g, gV = —ia Ve
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Proposition 2.10. The following identity holds:

(2.67) Ez L
Equivalently,

(2.68) dy Y=d - [ET*X,AO} .
Also,

[ET*X7 )\0} _sTxv,
(2.69) dy = =i (VA TTTORE 4 (VF, ) (e
+ ¢, Ve + RTXp N —1giVgi.

Proof. By (220), (2359) and (2&0), we get (267). Using (250), we get the first
equation in (Z83), and so

—T* X
(2.70) Hd ,AO} ,AO} —0.
From (2:50), (2:67) and (2.70), we get (2.68) and the second equation in (m

The proof of our proposition is completed.

Remark 2.11. By @X51), (2.61]), we find that for 1 <i < mn,

(2.71) o el =¢, 67 = —e; +¢', et =—

Using (2.11]), (2.71)), we get another proof of the second identity in (2.69).
2.7. A fundamental symmetry. Set

(2.72) f= G ;) , F= <é _21>

Then f defines a scalar product on R?, and F is an involution of R?, which is an
isometry with respect to f. Its +1 eigenspace is spanned by (1,0), and the —1
eigenspace is spanned by the (1,—1). Finally, the volume form on R? which is
attached to f is just the original volume form of R2.

Set

(2.73) h= (é _01>

Then one verifies easily that
(2.74) fFh=¢.

Using the identifications in (2.38), we observe that f defines a metric g7 X on
TT*X given by

TX
Tr*x _ (9 lrx

(275) $TX = (0 ).
Let p : TT*X — T*X be the obvious projection with respect to the splitting ([2-3])
of TT*X. Thenif U €e TT*X,
(276) <U, U>gTT*X = <7T*U7 7T*U>gTX +2 <7T*U; PU> +2 <pUa pU>gT*X .

Then the volume form on 7% X which is attached to g77 ¥ is the symplectic volume
form.
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Similarly, we will identify F with the g77 X isometric involution of TT*X,

(2.77) F= (ng 2 Eng:*);) :

Then F acts as F~!' = F on A (T*T*X).

Let r: T*X — T*X be the involution (z,p) — (x, —p).
Definition 2.12. Let ()0 ¢z x~=r be the Hermitian product on Q" (X, 7*F)
which is naturally associated to the metrics g77 X and ¢¥. Let u be the iso-

metric involution of Q" (X, 7*F) with respect to () e (r=x..=r such that if s €
O (T*X, 7 F),

(2.78) us (x,p) = Fs(z, —p).

Let ( )yo (r*x.-+r) be the Hermitian form on Q" ("X, 7 F),

(2.79) (5,8 ) por e xmemy = (U8, 8") o (0o x,me ) -

It should be pointed out that in ([2.78), the change of variable p — —p is not
made on the form part of s. So this action does not incorporate the full action of

*

r*.
Theorem 2.13. The operator EZ; X s the HL ("X E) g djoint of dT X

Proof. The proof of our theorem can easily be done by a direct computation, using
in particular (2:43) and (Z69). Here, we will give a more conceptual proof. Since
Fis a g"7 X isometry, by (2.74), we get

(2.80) F~'fh=¢.

Moreover,

(2.81) prd? Xt = gt

By (20), ZX&T), we get our theorem easily. O

Remark 2.14. The main point about Theorem [2.13 is that the form in (2.64) is
neither Hermitian nor skew-adjoint, while the form (2.79) is Hermitian, and nonde-
generate. We will then be able to apply the formalism of Section [[] to the present
situation.

2.8. A Hamiltonian function. Let H : 7*X — R be a smooth function. Let Y
be the corresponding Hamiltonian vector field. Observe that by the second identity

in [2.45),

(2.82) Y™ = (VaH)ei — (Ve,H)E".
In the sequel, we will also use the notation
(2.83) VVH = (VaH) el

Then VVH is just the fibrewise gradient field of H.
Definition 2.15. Set

(2.84) dgx = e Mg XM, Egi N
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Observe that d H is the adjoint of dT X with respect to the Hermitian form
()p in (25I). Also if s,8" € O (T*X, 7T*F) put

(2.85) (5,8 g = / 0" (s,8") e e dvre x
<X

H

=T*X R
Then dZJH is the adjoint of d7 X with respect to ( > . The map s — e~ "*s induces

an isomorphism of complexes (Q (T*X *F), dT ) — (0 (T*X, W*F),dgx),
which maps (), 5, into (), and d¢ QH into dy 7.)((

Proposition 2.16. The following identities hold:
dT*X _ dT*X dT*XH
(2.86) &5 = —iyn = [ — iy ko

_gTx - STTXY
More precisely,
di/ X =e' A (Vg (T"T"X)®F VeiH) +& A (Vo + VaH) +i g
(287)  dyp =—ie (VA ITOBE 4 (VF,6F) (1) - Ve, H)
+ie, (Vo = VarH) + R™ p A —igi (Ve — VarH).
Proof. This follows from Propositions[23)] and 2ZT0. O

Definition 2.17. Set

. 1 * *
@89 Aww=s (Tt d"X), Bus= (T d"Y),
1 X . 1 /=X
Uor =5 (Tom +5%), B =5 (Ao — k)
Clearly,
(2.89) Ap 1 = e_HAd),HeH, By n = e_HB¢7HeH

In the sequel, we will use the two couples Ag 3¢, By 3 or Ay 3, By indiscrimi-
nately. We will also establish algebraic properties of one of the couples, while freely
using these properties for the other couple.

We have the identities

. —T*X,2
(2.90) X2 =0, dyq = =0.

From (2290), we deduce that

[Ag+, Byn] =0,

. T X
[dT X,Ai,H} =0, [d¢,2HaA§>,H} =0.

1l ey =
(2.91) A3 g = =By = 7 [d" ¥ 0]

Let VA (T"T"X)8F.u 1o the connection on A’ (T*T*X) ®F which is associated to
VIT'X and v,
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Proposition 2.18. The following identities hold:
1, . THT X & 1, .
Apn = 3 (¢f —ig) VA ITTT @ _ 1 (e +iz)w (VF, ") (e)

1
+5 2 (el + ZeLfd ) ve’ +35 (RTXP A +ZRTX )
+ 15 Ve, H + ’Lgi_engzH,
1, TR S 1,
B¢’H = —5 (el + Z'gq‘,) Va (T T X)®Fu + Z (el - igi) w (VF,gF) (ei)

1
— - (€ +igi_e,) Vo + = (RTXp A —zRTXp)

2
(292) + 45 Ve,H + lgi_e, VezH,
Q[¢77-¢ = % (ei — igi) VQL,‘(T*T*X)@F’H - i (6i + igi) w (VF,gF) (ei)

1 . .
+ B} (ei + Ze,;—é\i) Ve + (RTXp A +ZRTXp>

+ % (¢' +iei) Ve, H + % (€ +izi_e,) VaiH,
By 0 — _% (¢ 4 ips) VA T TX0BFu 4 i (¢ —ie)w (V") (e)
- % (€i+igi_e,) Ve + = (RTXp A —zRTXp>
_% (e —zel)Ve,'H 1 (ez—i—ze _&i) VaiH.
Proof. This follows from Proposition 216l O

Remark 2.19. Let &€ = €7 4+ ¢V be the generic element of T*T*X = T*X @ TX.
Let o (A) denote the principal symbol of a differential operator A. By Proposition
218, we get

i

(293) o (A¢7H) 5 (gH + fv + ng_gﬁ_g\\/) )
and so

2 Liv2
(2.94) o (A5 = 7 1€V
Therefore the operator Ay is certainly not elliptic. Incidentally, note that if
F=C,

1 T* X =T*X - ) H V
(2.95) o (5 (d +d )) o (5 +E +Z§V7£H),
so that
1 . ey 2

(2.96) o (Z (dT Xid X) > —0,
which fits with Theorem [2:2] which asserts that the operator in (Z96]) vanishes
identically.
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2.9. The symmetry in the case where H is r-invariant. Put
(2.97) H- (z,p) =H(z,—p).

Recall that the Hermitian product g (™" X7 ) on Q' (T*X,7*F) was defined in
Definition Let <>hQ‘(T*X,7r*F) be the sesquilinear form on Q" (T*X, 7*F),
H

(298) <S, S/>h$t- (T* X, 7*F) = <’U,€_27157 Sl>g§z‘(T*X,7r* P+

Note that (), e (r*x=+r) is a Hermitian form if and only if H is r-invariant.
H

—T*X (T*X 7" .
Proposition 2.20. The operator dy o3, is the h% (T"X,m"F) adjoint of d¥ X, and
—T*X ey ok .
the operator d 5, s the h (T X7 F) gdjoint of d7T_( X,
Proof. This is a trivial consequence of Theorem 2.T3 O

Theorem 2.21. If H is r-invariant, then Ay (resp. Bew) is f)g(T*X’W*F) self-

adjoint (resp. skew-adjoint), and Uy (resp. Bypn) is HE (T XmF) self-adjoint
(resp. skew-adjoint).

Proof. This is a trivial consequence of Proposition 220 O

2.10. Poincaré duality. In classical Hodge theory, the operator dX* is conjugate
to dX by a conjugation involving the Hodge * operator. This gives a Hodge theo-
retic version of Poincaré duality. Here we give a corresponding version of Poincaré
duality.

Let «7"X be the Hodge operator which is associated to the metric g7 X and
to the orientation of 7*X by the symplectic form w. Let " : Q (T* X, 7*F) —

Q= (T*X, W*F*) be the linear map such that if s € Q¢ (T* X, 7*F), then

(2.99) kFg = (_1)i(i+1)/2 sl X gFs.
Then

(2.100) WEF =1

Set

(2.101) W = e

By m, we get

(2.102) o

We use temporarily the notation d” *F instead of d7 X and corresponding
notation for the other operators. As a consequence of Proposition 2.20] we easily
get

—-T*X,F _ * 3 TH —T*X,F B - T
(2.103) dy oy =y d"T O R gy = w0 R
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From (2.103), we find that if  is r-invariant,
F F—1,4F F F F-1pF" F
(2.104) Apr =Ky Ay 1B By = —ry By _pkys

F _  F—1gF" F F o _ F,—1gqpF" F
QL¢,H = K Ql(ﬁ,*HK’ 5 %(byH = —K %(b HK’ .

Note here that because of (ZI0Z), (ZI04) is indeed symmetric in F and F .

2.11. A conjugation of the de Rham operator. Recall that ¢77 X = ¢7X @
g7 X, Let <>gsz-<T*x,ﬂ*p> be the Hermitian product on Q (T*X,n*F), which is
associated to ¢77 X, ¢g¥. In this subsection, we identify TX and T*X by the
metric g7X. In particular ¢ will be viewed here as the element of End (TX & T*X)
whose matrix is (2:57). This will also be the case for ¢!

Let d7"X* be the ordinary adjoint of d” X with respect to ¢ (T" X7 F),

Proposition 2.22. The following identity holds:
(2.105) d"XF = —i,, (VQ‘TWX)@F +w (VF,¢") (ei)) — g Vai

1.
— Sle;le; Ok <RTX (e, €5) ps ek> )

2
Proof. This follows from (2.43)). O
Definition 2.23. Put
(2.106) dE X = Mgt Xe e,

Definition 2.24. Set

(2.107) o= (é 1) = G ?)

Note that

(2.108) pt = (_11 (1)> , o= (é _11> :

Recall that ¢ was defined in (Z57)). Then using (261]), we also get the formula
(2.109) o=pd L.

Again we will consider p,o as automorphisms of TT*X ~ TX & T*X, so that
(109) is an identity of automorphisms of TT*X.

The corresponding actions of p, 0 on T*T*X ~ T*X ®TX are given by p— 1,5~ L.
They induce obvious actions on Q (T*X, 7*F).

Recall that Ao was defined in (Z60), (Z66]). Set

(2110) Ho = e N Te, -

Then pg is the standard adjoint of Ag.
By (2107), (ZI0]), we have the identities of operators acting on Q (T* X, 7*F),

(2.111) p=eHo, oc=e,
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By &I10), conjugatlng operators acting on Q' (T*X,7*F) by p is equivalent to
replacing e’ by €' —€;, iz by igi1.,, while leaving the other creation or annihilation
operators unchanged, and conjugating by ¢ is equivalent to replacing €; by €; — €,
le; DY %e,+e1, while leaving the other operators unchanged.

Definition 2.25. Put

(2.112) A5 = pdly X p, 4" = odl; g1,
Using (2109), we get
=T X 1% —T*X
(2.113) dyy =pdgqyp"
Theorem 2.26. The following identities hold:
2.114 53X = et dly X ero a0 = e ol X o
H ) o, H H
Proof. Equation ([ZI14) is a trivial consequence of (2112) and (ZIII). The proof
of our theorem is completed. ([

Definition 2.27. Put

bt = ). e )
By (ZI12), (ZI13), we get
(2.116) Ay 5o = PApp ", B/, 0 = pByrp”!
Proposition 2.28.
(2.117)
o = 5 ee0) — 8(E")) VA 7T 0B
- i (@(ei) — c(@)) w (VF. g") (es) + (@) Ve

1, - OGNS . ) ~
+ 1 ((e" =€) (€ =€) ighre, — ’Le,+gilej+gj (ew — ek)) <RTX (eir ;) p,ex)

Lo i N(j =~ ‘ . N
~1 ((el - ei) (e] —€j) lek ey, T le;reile; o (ek — ek)) <RTX (ei,ej)p,ek>
A 1 /—
_z N _o(et _Z %
(c(ei) —¢(e")) Ve, H 5€ (V H) .
Proof. Using Proposition .18, (2.111) and (2.116)), we get (2.117). O

We will now interpret the symmetries of subsection [27] for these new conjugate
operators. Set

(2.118) G = (é _01) .
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Observe that
(2.119) plfpt=1, pFp~' =G.

We can rewrite (2.119) in terms of metrics and endomorphisms of TT*X = TX @
T*X. Namely, from [2119), we get

(2.120) pegl T X =TT X pF = G.

The main point of @120) is that g”7 X is the standard metric on TT*X and that
G is just the standard involution on TT*X. Let h®(T" X7 F) he the Hermitian
form on Q (T*X,n*F),

(2121) <57 5/>hSZI(T*X77T* Fry = <7”*57 5/>gsz-(T* X, m*F) -

.l —T* X% . P —— . .
Proposition 2.29. The operator d¢,H:* is the K (T X7 F) qdjoint of dg,ff'.
Proof. This is an obvious consequence of Proposition 2220 and of (Z120). O

Theorem 2.30. If H is r-invariant, then Ql:b’H (resp. By 4,) is RE (T X7 F) gelf.
adjoint (resp. skew-adjoint).
Proof. This is an obvious consequence of Proposition 2.29. O

Remark 2.31. Needless to say, Theorem can also be very simply proved by
using the explicit formulas of PropositionZ28 Also note that Theorem Z30 has a
much simpler form than Theorem 221l Indeed the metric g77" ¥ and the involution
r are natural, while the metric g”7 ¥ and the involution F are more exotic.

2.12. The scaling of the variable p. For b € R, set
(2.122) ro (z,p) = (2,bp).
Then r = r_;. Let n (U, V) be the bilinear form on T7*X given by (Z63). Put

1 _b * *
(2.123) oy = <b 0 ) , N = Tp1N, Hy =1y H.
Then
(2.124) m (U, V) = (m U, W*V>9Tx +bw (U,V).

Moreover ¢y, is associated to 7, as in ([Z23). As in (Z62), we identify ¢, with an
endomorphism of T7T*X. Note that

(2.125) rin (U, V) =b (<7T*U, w V) +w (U, V)) .

Incidentally, observe that if b < 0, g7 /b is not a metric. However this fact does
not play any role in the sequel. Also note that

(2.126) ot = (_?/b 11//bb2> :

We can now consider the objects of the previous sections, which are now associ-
ated to ¢p. We will denote them by the subscript ¢p.
To ¢y, instead of f, F', we should now associate f, F} given by

(2.127) =y o) a=(y %)
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Instead of (2107, we should now have

(2.128) P ((1) Z) , oy = G 1%) .

The obvious analogues of (2.74), (2.109) and (2119) still hold, with h and G re-
maining unchanged. Moreover the conclusions of Theorem remain unchanged,

by simply replacing ¢ by ¢,. Observe that this last fact also follows from ([2.125).
As in (Z72), (Z75), to fy, we can associate a metric g7~ X on TT*X. Note that

(2.129) gl X =yt X,

For a € R*, let K, be the transformation of Q (T*X,7*F) which is given by
f(x,p) — f(z,ap). Note that K, does not scale the forms on T*X.

Proposition 2.32. The following identities hold:

EZ; X eAO/bET*X/be—AO/b7 dT X, il = dT*X’
r;ﬁET*XTZ_l = ET*X/b7 r;;E¢ r; = EQTSLX,
(2.130) rpdi Xyt = X, ridy s it =y,
Aoty = Aguts 15 Boptu Ty = Ba,
r;i’ld),yl/br;_l =g, H, 7B, Ty = By, Hs
Koy 5, 0 = Ay, 50, KBy, ,, 15 1 = By, 50

Proof. This is an easy consequence of (2.67)), (Z124)) and (2Z125)). Note in particular
that the last two identities follow from (ZITG]), from the previous identities and from

the matrix identity,

s GGG D6 u

Set
(2.132) 8 =1/b.
Proposition 2.33. The following identity holds:
(2.133) 4w =0 (ET*X - iyﬁ) e [ET*X - iyﬁ,/\o} .
Equivalently,
(2.134) dj, 3 = 5(—1‘@: (vg (T T XOBF 4oy (VF g7 (e) — VeiH)

+ie, (Vo — VaH) + RTXp/\) — ﬁzigi (Ve —Va'H).
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Finally,
1,. . ke YD 1,. .
A¢b7H = 5 (61 _ Z@gz‘) vé\i (T"T*X)®Fu _ Z (ez + Zﬁé\i) w (VF,QF) (ez)
... 1 .
+5 (8 +ipe,prer) Vo + 5 (BRTXP A “@)
+iggi Ve, H + ig2zi _ge, Vai'H,
1,. . e YD 1, . .
By, =5 (€' +iges) Ve, (1O 4 (e = Big ) w (V7 67) (1)
1. . 1 .
-3 (ei + 262@_56i) Vs + 3 (ﬁRTXp/\ _ZR/TX\p)

1, . T S, 1, .
91%,7-( = 5 ((3z - iﬁgi) Vg (T T X)@Fu _ Z (61 + iﬁgi) w (VF,gF) (ei)

1 . . 1 .
+ B (ei + Zﬁei,ﬁzgi) Ve + 5 (ﬂRTXp AN +ZR/TX\p)

|~

; 1
+ (6z + iﬁgﬁ) Ve, H+ B (a + i,32g1‘,,ﬁei) Va'H,

1 . . AT*T* XV&Fu 1 i .
%%,H = —5 (6z + Zﬁgi) Vg (T"T"X)®F, + 1 (e — Zggf,) w (VF,QF) (61)

1,0 . 1 .
~3 (ei + 1,32@1‘,,5%) Ve + 5 (ﬂRTXp A —Z@)

1, . Lo, .
2 ( - 2[3@7) Ve, H — 9 (e +dei—52&) Vel

Proof. This follows from Propositions and B2332, or from an easy direct com-
putation. 0

In the same way, using Propositions[Z28 and [Z32] we obtain the following result.

Proposition 2.34. The following identities hold:
(2.136)

3 (@le) — @) @ (V7.07) (60) + Dele) Ve

45 (€ =) (¢ =) iy — sy o0 (B — ) (R (evves) pres)
+ % (@e:) — ¢(%)) Vo H + 55(6771) :

b= = (e e () VA T80
7 (ele) ~2(@) @ (VF.0F) (e) — D2 (¢") Ve

15 (€ 8 (=)0 + i s (B = ¢4)) (BT (o))

- % (cle) — (%) Ve, H — gc (V7H).
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Let NT"X be the number operator of Q' (T*X,7n*F). Let p be the canonical
radial vector field on T*X. Also we identify p with the corresponding horizontal
1-form 7*p on T*X. Let Ls be the corresponding Lie derivative operator. Clearly

(2.137) Ly =V5+ €ilgi.

Proposition 2.35. The following identities hold:

(2.138) a7 % i5] = L5,
|dszop| = Ly =2V  H4n = NT'X 4 xg,

Proof. The first identity in (2:13]) is trivial. Using (2.137) and taking the sym-
plectic adjoint of this identity with H = 0, we get

(2.139) {‘T*X

d ,p} = Ly+n—NT'X,

Note that (ZI39) can also be proved directly using (Z56). By (Z61), (ZI37) and

(2139), we get the second identity in (ZI38) with H = 0. The general case is now
obvious. g

2.13. The classical Hamiltonians. For c € R, let H¢: T*X — R be given by

C
(2.140) He =3 .

When ¢ = 1, we will use the notation H instead of H'.

By (2:382) and (2.140), we get

c

(2.141) Y =c(p,e) e

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE HYPOELLIPTIC LAPLACIAN ON THE COTANGENT BUNDLE 419

Proposition 2.36. The following identities hold:
(2.142)
(ei _ ’L.gi) vA_‘(T*T*X)@F,u -

1.
Z(eH—iéﬁ)w Vv, 9" (e;

1
5 @itie, o) Vo (RTXp Atigrs, ) + cia e, (pr€i)

N =

A¢,Hc -

B¢,H“ == —% (ei + th) Vé (T*T*X)®F’u - ( - Z L) w (VF;QF) )

..
- 5 (ei — le;—et ) Ve + = (RTXP A _ZRTXp) + Cle‘fel p7 ei> )
Qld),?‘l“ = % (ei . igi) vg-(T*T*X)@F,u _ (e + ZA ) w VF,gF)
1
+ 5 (é\l + i@i*é )Ve1 + 5 (RTXp A +ZRTXp) + 5 61 + Ze1fe ) <p7 ei> )
1, . . 1
By He = -3 (e +ig) VA 7T X)®Fu 4 1 (e —ig)w (VF, g") (e))
1 c, . .
- 5 (ei — le,—el )Ve1 + = (RTXP A _ZRTXp) + 5 (_ei + Zé"’fei) <p7 ei> )
1 i : 1.

Wy e = 5 (eles) —2(@") VA TS 7 (@es) —c@ D) w (V" g") (er)
1 1, - N . ) o
Ec(e’)V@z + 1 ((ez - ei) (ej — ej) ik ey, T e, 4eile; 1o (ek — ek))

(R™ (es,e5)pren) +52(0),
1 1 i
By pe = ~3 (@(e;) —c () VE (T X)@Fu 1 (c(er) =2 (@) w (VF,g") (&)

1. 1 N N . . ~
—L8(@) Vo = 2 (¢ =8) (¢ = ) tsrer — ierrieypes (¢~ )

<RTX (eir€5) pse) — gc(ﬁ) .

Proof. Our proposition follows from Propositions and O

Remark 2.37. Let f : X — R be a smooth function. We could have considered
more general Hamiltonian functions of the type

(2.143) K= g p|* + f.

However this is equivalent to replacing g% by e=2f¢g”", while still working with H¢.
This is why we chose not to introduce the function f.
In Remark 2.T9] we noted that the operator Ay 3 is not elliptic. However as

we shall see in Section B] for ¢ # 0, the generalized Laplacian A?),Hc is such that

% - A?b,Hc is hypoelliptic.

2.14. A rescaling on the variable p for classical Hamiltonians. Recall that
dT"X commutes with any 7, c € R*.

Proposition 2.38. For ¢ > 0, the following identity holds:

(2.144) 7% ey orer’s = Ay, o = (5T*X’V + 2@',3) + /e (ET - 2z‘yﬁ) .
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Moreover the operator 6T*X’V+2i,; commutes with r*, and ET X—2ip anticommutes
with r*.

Forc < 0, an identity similar to (2.144) holds, with c replaced by —c, 2H replaced
by —2H, and iy, 15 replaced by —iy»,—1i5.
Proof. The first part of our proposition follows from PropositionZT6lor from Propo-
sition and The remainder of our proposition is trivial. O

Proposition 2.39. For ¢ > 0, the following identity holds:

Ve S
(2.145) Ky o0y 4 K o= B3 (c(€")Va +2(p))
1 s (VS 1. i
+ 3 (elen) —2(e) VA TR L (e @) w (V0 (e:)

+ = ((¢" = &) (¢/ =€) takyey, + leiteite, +es (e =) (RT (e, ej) p,ex) -
If ¢ < 0, a similar identity holds, in which \/c is replaced by /—c and ¢(p) is
replaced by —¢(p).

Proof. This is a trivial consequence of equation (Z.142) in Proposition [Z.36] O

Let 1 be a unit volume form along the fibres of T*X.

Proposition 2.40. The kernel of the operator ¢ (€') Ve +¢(p) (resp. of ¢ (€%) Vi
—¢(p)) is 1-dimensional and spanned by exp (— p? /2) (resp. exp (— p? /2) 7).
Proof. Each of the considered 1-dimensional vector spaces lies in the corresponding

kernel. Let AV be the Laplacian along the fibres of T*X. One has the obvious
formulas

(2.146) (c (@) Va +2())
(c(8") Ve —2(p))”

One recognizes in the right-hand side the harmonic oscillator which appears in
Witten [W82]. Our result now follows from (2.146) and from the fact that the
kernel of the scalar harmonic oscillator —AY + |p|2 — n is spanned by the function

exp (= [p” /2). 0

Since the operators which appear in Proposition 240 are self-adjoint, they are
semisimple. Let Py (resp. P_) be the corresponding fibrewise orthogonal projection
operators on the corresponding kernels.

Now let Q' (T*X, 7*F) denote the space of smooth sections of A" (T*T*X) ®F on
T*X which lie in the corresponding Schwartz space. Let o (T'X) be the orientation
bundle of TX. We identify Q (X, F') (resp. Q (X, F ® o(TX))) with its image in
Q (T*X,n*F) by the embedding

a — T aexp (— Ip? /2) Ja™/4

—AV + |p|2 + 2@‘@'@1 —n,
—AY + |p|* = 2iie +n.

(resp.
* 2 n/4
a — T aexp (— Ip| /2) n/m"*).
Let d* be the de Rham operator acting on Q' (X, F) or on Q (X, F ® o (T X)),
and let dX* be its adjoint with respect to the obvious Ly Hermitian product.
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Proposition 2.41. The following identity of operators acting on Q (X, F) and on
O (X, F®o(TX)) holds:

(2.147) Pi((c( \) — @) vA T X)®Fu

— 2 (Ee) — ) 0 (V77 (en)) Po = & + @

Proof. Recall that the kernel of the considered operator is concentrated fibrewise
in a single degree. Since the ¢ (é\z) ,’c\(é\z) are fibrewise odd operators, we get

(2.148)
P, ((C(ei) _ E(é\z)) Vé (T*"T*X)®F,u _ % (E(ez) _ C(é\z)) (VF gF) (ei))P+

1.
Se(e)w (V7.97) (eo),

=c (ez) VA. (T*" X)®F,u
which is just (2147). The same argument also works when replacing Py by P_. O

Remark 2.42. Similar considerations apply to the operators Ay 1e, By e, which are
conjugate to the operator A’ Hc With obvious changes it applies to all the other
operators in Proposition 2 Propositions [l show that the asymptotics
as ¢ — £oo of the operator QI(M{C is very snmlar to the asymptotics of the Dirac
operator considered by Bismut and Lebeau in [BLI1, Theorems 8.18 and 8.21] and
in [BerB94| Theorem 5.17]. The main difference with the above references is that
the operators which are considered here are not elliptic and are not self-adjoint.

3. THE HYPOELLIPTIC LAPLACIAN

In this section, we give a Weitzenbéck formula for Ai,H' We prove that if
He |p| /2, with ¢ # 0, then —u Ai #e is hypoelliptic, this fact being a
consequence of a theorem of Hormander [H567]. Also we study the behaviour of
this operator as ¢ — oo and ¢ — 0, giving evidence to the fact that 2A<21>,HC
interpolates between the scaled Laplacian (1% /2 of X and the generator of the
geodesic flow Ly+ on T*X. We elaborate on the functional integral interpretation
of these operators and of the corresponding stochastic processes, and we relate
these processes to stochastic mechanics in the sense of [B81]. Finally we consider
the special case where X = 5.

This section is organized as follows. In subsectionBl, we establish a Weitzenbock
formula for Ai 4 In subsection B2, we specialize this formula to the case H¢ =

¢|pl® /2. In subsection [3:3] we show that for ¢ # 0, the operator 2 — AZ 4 1s hy-
poelliptic. In subsection B.4] we establish the corresponding Weitzenbock formulas
when ¢ is replaced by ¢,. In subsection we consider the effect of a rescaling of
.

In subsection B.6] we show that the Thom form of Mathai and Quillen [MaQ86]
lies in the kernel of the vertical part of our Weitzenbock formula. In subsection B.7]
we give a formula relating Ai’Hc to the standard Laplacian AX of X. This formula

shows that as ¢ — +oo, the operator Ai’HU has a matrix structure similar to the
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one already encountered in earlier work with Lebeau in [BLO5]. It will lead to the
proof in [BLO5| that as ¢ — £o0, our Laplacian converges in the appropriate sense
to the scaled Laplacian %DX .

In subsection B.8] we show that as ¢ — 0, in the appropriate sense, the operator
Aiﬁ“ converges to the generator of the geodesic flow on T*X.

In subsection we allow ourselves more heuristic considerations, inspired by
path integrals. First we relate the construction of A?b,H to the stochastic mechan-
ics constructions of [B8I]. Also we give a nonrigorous path integral formula for

Tr {exp (_Aiﬁ)] which fits in part with the idea explained in the introduction

that it can be expressed as an integral on the loop space LX, involving the pull-
back by the section VI of the equivariant Mathai-Quillen Thom form of TLX. We
relate the non-self-adjointness of Ai,H to the behaviour of a C'-path in X under
time reversal. Finally we show how to give instead a construction of an operator
Aiﬁ,?—t which is elliptic (and still non-self-adjoint) for € > 0, which coincides with
A?&,H? for € = 0, this last construction being most natural from the point of view of
the Legendre transform.

Finally, in subsection 310, we consider the case where X = S;. In this case, all
the operators can be computed explicitly. The idea that our family of operators
interpolates between the Laplacian and the geodesic flow leads to a geometric proof
of the Poisson formula.

In the entire section, we use the notation of Section [Z.

3.1. The Weitzenbock formulas. Let Ly~ be the Lie derivative which is at-
tached to the vector field Y on T*X. Then Ly acts naturally on Q (T*X, 7*F).

Proposition 3.1. The following identities hold:

(3.1) [dT*XﬁT*X] = —€'ieVEiw (VT g") (ej) —w (VF, ") (&) Vi,
(07 X iy | = Lyr, [ dT M) = Ly — w0 (T, 67) (V7).

Proof. Using Theorem [ZZ and Proposition 8] we get

(3.2) [dT*X,ET*X] - [dT*X,—iW (VF, ") (ei)} :

The first identity in (Bl) follows from (Z43)) and (B:2)). The second identity in (B1I)
is trivial, and the third identity is just its symplectic adjoint. (I

We extend the notation of (ZJ3) to

(3.3) VVY'H = VaHe;, VHEH = V., He;,
VVH = VaHe!, VAN = V. He'.
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Let AV be the fibrewise Laplacian along the fibres of T*X, i.e.
(3.4) AV =V3.

Proposition 3.2. The following identities hold:

PR 5 ] 3]

(3.5) [dT xa X} 2Lyr Gvg t {dT*X’éT*X’V} ’
[dT X d ] [dT*X v AU X —iyn}
—[a X s d I @ iy )|
= [T 2y (9,67 (77
+ [dT*X +dTYH TV 4 Zﬁn}
Moreover,
(3.6)
[ 6T XV] <AV = S (RTY (erve) enver) i,

|:dT*X FdTXH TV 4 — _AV _

N | =

V/‘\/H} <RTX (eiv ej) €k, €l> eiejigk gl

+|VYH + Loy, — Vv, — i Va (dT*XH) .

VVH
Finally,
(3.7) Lgvy, — Vavy —iaVad' XH =—AVH +2Va Ve Hejie

+2Va Ve, Hejigi.
Proof. The identities in ([B.8) and (3.6]) follow from Propositions 2.5, 210l B76 and
Bl By the argument given in the proof of Proposition 2.4, the torsion of the

tautological connection V77X on TT*X is a horizontal 2-form. It follows that if
U is a smooth section of TT* X, then

(3.8) [WH,U] VLU Xy - VETXTVH.

By (B.8)), we deduce that

~ . X iz
(3.9) LVAVH = VVAVH + (VaVaH) eiigi + (VZ; ngH) e lgi-
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Moreover

(3.10) 1ei Vi dUXH = (VeiVeaiH) ié\i/e\j + (V@aﬂ Vej H) g el

From (BY), (BI0), we get (31). The proof of our proposition is completed. O

Theorem 3.3. The following identities hold:

Ai’H = i (—AV — % <RTX (es,¢€5) ek,el> eteligniz + 2LVAVH>
(3.11) - % (LYH + %6"2@' VEW(VF, ") (e;) + %w (V7. g%) (1) Va-) ;
2 1 1% 1 TX i g s % 2
Apn = 1 A" — 3 <R (ei,ej)ek,el>e eligrig + |V H‘
~AVH +2 (VaiVa™)e€iig +2 (Vgivej')'() 6jigi>
— %(Lyﬁ + %w (VF,gF) (YH) + %eiingZw (VF,gF) (e;)

+ %w (VF,gF) (e;) ng).

Proof. This follows from Propositions[3] and O

3.2. The Weitzenbock formulas for the classical Hamiltonians. Now we use
the notation of subsection

Theorem 3.4. The following identity holds:

(3.12) Lywe = V/;;S?*T*X)QQF + céiie, + ¢ <RTX (p,€:) p, ej> eliz.
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Moreover,

(3.13)

(—AV +2cLp — <RTX (€i,€5) ex, el> eiejigki€z>

1
2

] =

2
Agre =

- % <Ly7—t‘~' + %eiingZw (V. g") (ej) + %w (VF,g") (e3) Vgi> ,

.y 1 il
Qliﬁc = (—AV + A |pl* + ¢(2iiz —n) — 3 (R™ (ei,e;) enser) eze]zacza)

] =

1 1 N
~3 (LY’HC + iw (VF,gF) (YH ) + 56 ZngZw (VF,gF) (e5)

+ %w (vFng) (61) V@)v

2
mQS’Hu -

1
i (‘AV eI+ e(28iie — )

N =

(R (e e (¢~ 0) (- 3, )

1 T T XV F
-5 (Vé\”g Xk (c <RTX (p,ei) p,ej>

1 . 1
+ Evgw (VE,g") (ej)> (e" =€) ic,1er + v (VF, ") (e) ng‘).

Proof. As we saw in Proposition[2Z4] the torsion of the fibrewise connection V77 X
is just 7* RTXp. Therefore, if U is a smooth section of TT*X,

(3.14) Y7 U| = VIXU - VETXY R~ cRTX (p,mU) p.

From (B14), we get (312).
The first two equations in (313)) follow from Theorem B3l By (ZII1)), (Z116),

(BI2) and the second equation in (3I3]), we get the last equation in (BI3). The
proof of our theorem is completed. ([
Proposition 3.5. The operators

1 1 o
(3.15) ae = 3 (—AV +2cL; — 5 <RTX (€i,€5) ek, el> ezejl'gkl.gl) ,

1. 1
be = — <LYH“ + §€’lajvgw (V. g") (e) + ov (V7. 9") (&) Va)
commute and anticommute, respectively, with r*. Moreover,
1 . " 1 vy —T*
(816)  a.=3 [dT X gT"XV 201’,3} . b=3 [dT x gt 2cz'yﬁ} .

In particular the operators a., b, commute with d* X .
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Proof. The first part of our proposition is obvious. The second part of our proposi-
tion follows in particular from PropositionsBIland As a consequence of (3.16),
ac, b commute with arx. O

3.3. Hypoellipticity of the operator % — Aich. Let u € R be an extra vari-
able.

Theorem 3.6. For ¢ € R*, the differential operator % — Ai’HU 1s hypoelliptic.

Proof. By Theorem 4] up to an operator of order 0, the operator Aiﬁ“ coincides
with the operator £ given by

1 c 1
(3.17) L= —ZAV N (VE,g") (&) Vai.

Using (ZI41) and (BIT), one finds easily that the operators % — L and a% - AécH
verify Hormander’s hypoellipticity conditions in [H667]. In fact these operators
are elliptic along the fibres T* X, and by ([ZI41), the Hormander Lie brackets of
vertical vector fields with Y span the whole T7*X. The proof of our theorem is
completed. Il

3.4. The Weitzenbock formulas associated to ¢,. Now we use the notation
of subsection 2121 Take b € R*. Recall that 3 =1/b.

Theorem 3.7. The following identities hold:

2 1 .
Ai&,?‘t _ % (—AV _ 5 <RTX (ei,ej) ek,el> eleJngZgz, + 2L§‘\”H)
B L. oF F F 1 F F
(3.18) ) Ly + 3¢ ieVEw (VP g") (e;) + 3% (V" 9") (ei) Vai |,

2 1 ST 2
Qlibﬁ = <—AV ~3 <RTX (e:,€5) ek,el> e'eigrig + |VVH|

—AVH + 2€;15iVai Ve H + 2€jigi Vi Vej H)

g([/yn + %w (VF,gF) (YH) + %eiigjvgz_w (VF,gF) (ej)

+ %w (VF,gF) (&) Vé\i>.

Proof. We can use Proposition [2.32 and Theorem [3:3] or we can also use Proposi-
tions 233 and 2341 and proceed directly. O

3.5. The rescaling of the p coordinate. In this subsection, we take H = |p|2 /2.
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Theorem 3.8. For ¢ > 0, the following identities hold:
2 * 2 *
(3.19) A¢1/ﬁ,71 = 7"1/¢5A¢,Hu7’¢5
1 o
— 2 (—AV +2L; — 3 <RTX (e;,€5) ek, el> e’ejigkigz)
c 1, 1
— % <Ly7-t + ie’igjvgw (VF,gF) (ej) + 2w (VF,gF) (e:) ng,) ,
2 ok 2 *
W1 vett = 111 /eko, 1T e

c

. 1 i
1 <—AV + |p|* + 26iie —n — 3 <RTX (eir€5) e, er) e’e%gug>

— % <Ly7~t + %w (VF,gF) (YH) + %eii@'vgw (VF,gF) (e;)

1
+ 5 (V79" (&) Va’),
C A~ .
Qliii/ﬁ,ﬁ = Kl/ﬁﬂgHuK\/E =1 (—AV + |p|® + 265ie — n)

e
B % (V&ST T*X)@Fu 5 (Vg% (e:) Va‘)

(RT™ (ei, e5) ener) (€' — &) (€7 =€) iepreric,te

1 Py .
- ((RTX (p,ei) p.ej) + Evgw (VF,gF) (ej)) (e — &) e, 4ei -

— ool

2

For ¢ < 0, similar identities hold, in which c is replaced by —c, H by —H, Lp by
_Lﬁ7 RTX (p7 et)p by _RTX (pa ei)p7 and é\iié\i by n— é\iié\i'

Proof. This is a trivial consequence of Proposition [2:32 and of Theorems B.4 and
3. 1. O

Remark 3.9. Observe that the first identity in (3:19) is also a consequence of Propo-
sitions and Also the fact that for ¢ > 0, with ¢ = 1/b%, the right-hand
sides of the first equations in (BI8)) and ([BI9) coincide should be taken for granted,
because of Proposition 2332, Similar considerations apply for ¢ < 0, with ¢ =
—1/b%.

3.6. Harmonic oscillator and the Thom form. Let S be a smooth manifold,
let E be a real vector bundle of dimension n on S, let g% be a smooth metric on
E, let VF be a Euclidean connection on E, and let R¥ be the curvature of VZ.
Let o(E) be the orientation bundle of E, and let MP" be the total space of E*.

Let dM” be the de Rham operator of ME" | and let d®” be the fibrewise de Rham
operator. Let p be the generic element in F*. By using notation similar to the
notation in Propositions 2.4 and 2.5 we get

ME" B QEY) i
(3.20) d =d¥ +V +igm:
As in (2:65), (2:60), set
(3.21) 68 = —iziVa.
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We still define the functions H, H¢ on M*" as in (ZI40), i.e.

1
(3.22) H=5 bl HE = g ]2
Set
(3.23) dé\ﬁE* = e M gM” et 6E. = oF e,
By B20), (21),
(3.24) A = dP 4 pA+VYED) fipee SE. = 65 + cig.
Let e1,...,e, be an orthonormal basis of E.

Proposition 3.10. The following identities hold:
(3.25) [dME* , 55,;} = —AY 4 2Ly — (RZey, €)) iguia,
[dﬁ/‘E , 65} =AY+ |p|* + ¢ (28izs —n) — (RFex,e1)ignia.
For ¢ # 0,
(3.26)

{dME* : 557;} = exp (_é%c <REek, el> igki€z> (—AV + 20Lﬁ)

1
X exXp (4— <RE61§7 €l> igkigl) s
C

« . 1
[dé\ff ,(554 = exp (—@ (RPey, er) igkigl) (—AV +p)* + ¢ (i — n))

1
X exp (4— <REek,el>igki€z> .
c

Proof. The identities in (3.25) follow from (E.24). The second identity in (B20) is
trivial, and the first follows by conjugation by e’t". O

The operators which appear in Proposition BI0 commute with the left and
right actions of A" (T*S), and they are all conjugate to each other. The operators
which appear in the right-hand side of ([8:26)) are self-adjoint, and they have finite
dimensional kernel. Since they are semisimple, if A is any of the operators appearing
in ([3:26)), then the total space A" (T*S) @ (E*) on which they act splits as

(3.27) A (T*S) @2 (E*) = ker A® Im A.

Since all these operators are conjugate to each other, the splittings in (327) are
conjugate to each other. We can then consider the projection operator ¢ on ker A
with respect to the splitting (3:27)). All these operators commute with the left
action of A" (T*S).

For ¢ # 0, we will be concerned with the operators {dME* , 55;} which are more

geometric. Let Qf* be the corresponding projection on ker [dME ,(52E7; . A trivial

conjugation shows that it is enough to study the two cases where ¢ = +1. In this
case, we will write Q¥ instead of Qil. We will denote by 7, the operator of
integration along the fibre E* of integrable differential forms. Our sign conventions
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are such that if « is a smooth form on S and (3 is an integrable differential form on
ME" | then

(3.28) T (") B) = am.f.

Recall that in [MaQ86], Mathai and Quillen gave an explicit construction of a
Thom form on the total space of E*. To explain their construction, we recall briefly
the definition of the Berezin integral. Let €',...,2" be still another copy of the

dual basis to the basis e1,...,e,. Let A’ (E*) be the exterior algebra generated
by the €. _
We denote by [ B the functional defined on A’ (E*), with values in o (E), which

vanishes in degree strictly less than n and is such that
B
(3.29) / A AT = (—1) D2

We extend IE to a functional defined on A (T*ME) RN (E*) with values in
A (T*ME*), with the convention that if o € A’ (T*ME) ,0€N (E*), then

(3.30) /Baﬂ = a/Bﬂ.

Now consider the Berezin integral in the variables €;,1 < i < n,

(3.31) dF = # /B exp (—i (ex,R¥e)) e —eje’ — |p|2> .

Then the basic result of [Ma(Q86| is that ®¥" is a closed form of degree n on M¥"
with coefficients in o (E), and moreover

(3.32) e =1,

so that ®F” is indeed a Thom form on MF".

Theorem 3.11. The following identities hold:

(3.33) dMTBE — (5E* — 21',;) dF .

The kernel of [dME*,éﬁ*} is spanned over A" (T*S) by the zero form 1. The cor-
responding projection operator Qf is given by

(3.34) o — Qf*a =7'm, (a@E*) .

The kernel of {dME* , 6?7{} is spanned over A (T*S) by ®F", and the corresponding
projection operator QE™ is given by

(3.35) a— QF o= (r"ma)ndF .

Proof. We already know that ®F" is closed. The second identity in (3:33) is trivial.
Using basic properties of the harmonic oscillator as in the proof of Proposition

240, we know that for ¢ = 1, the fibrewise kernel of the harmonic oscillator which
appears in the right-hand side of the second identity in (B26) is spanned by the

function exp (— |p|2 /2), and for ¢ = —1, if i is a unit fibrewise volume form in
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E*, it is spanned by exp (— |p|2 /2) 1. The associated projectors are given by the
obvious fibrewise Lo scalar product with a unit element of this kernel. If « is a

form on ME" let a(® be the component of & which is degree 0 in the variables ;.
Using the conjugations in (3.26), we get the formulas

©)
. 1 1 .
(336) QF a= —75 / (eXp (Z <RE€k,el>Z€kZ€l) a) exp (— Ipl2> dp,
E*

. 1 1 .
QF a= 72 (mea) exp (— |p|2) exp (Z <REek, el> ng251> 7.

Note that in (B36), we were careful to respect the sign conventions in (B28)), (B30,
and also the fact that the projectors Qf commute with left or right multiplication
by A" (T*S).

Let ¥ be the fibrewise Hodge operator. Clearly

(0)
1
(3.37) / (exp (Z <REek, el> igkigz) Oé) exp (_ |p|2> dp
- 1 PN
= / a A ¥ exp (Z <ek, REel> ekel> exp (— |p|2> .
Let p be the automorphism of A* (E) such that pl =1, that if « € F, pa = —q,

and if 8,7 € A (E),p(af) = (pB) (pa). If « € A" (E), let @ be the corresponding
element in A" (E*). One then verifies easily that if the €; span A" (E), if « € A (E),

B
(3.38) %a= / paexp (—6@).

An application of (B38) shows that

. 1 . B 1 .
(3.39) ¥ exp (Z <ek, REel> ekel) = / exp <_Z <ek, REel>ékél _ ei@) )
From (B3T), (330)-B38), we get (B:34). Similarly, since n = ¥1,
1 - 1 PN
(3.40) exp <1 <REek, el> igkigl) 1N = ¥exp <1 <ek, REez> eke;) )

By B:31), (3:36)-[B.40), we get (3:35). The proof of our theorem is completed. O

Remark 3.12. By a simple conjugation argument, one verifies that more generally
(3.41)
QF a=r"r, ((TT/\/EO() @E*) if c>0, QF a=(r"m.a) rf/_—ch)E* if ¢<0.
Let i : S — MPE" be the embedding of S as the zero section of E*. Note that

Ss, the current of integration on S, is a current on M¥ with values in o (E). By
B:32), (3:41), we find that we have the convergence of currents

(3.42) QF o — 7% if ¢ — 400, QF o — (n*m.) b if ¢ — —o0.
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3.7. The hypoelliptic Laplacian and the standard Laplacian. We use the
notation of subsection in the case where £ = T X over S = X. In particular, we
assume that H = % |p|2. Also we will write a4, by instead of ar1,b1;. By Theorem
B0, kera, is included in the r*-invariant part of Q (T*X,7n*F), and kera_ is
included in the invariant part of Q (T*X,7*F) if n is even, in the antiinvariant
part if n is odd.

We denote by a;l the inverse of ay acting on Imay. By Proposition B.H, b+
exchanges the invariant and the antiinvariant parts of Q (T*X,7*F), and so it
maps keray into Ima.

The first identity in (3I9) can be written in the form

(3.43) 245 30 =2y oA et = cay + /ey

A similar identity holds for ¢ < 0.

Now we use the notation in subsection [2.14. Temporarily Q (T*X,7*F) de-
notes the vector space of smooth sections s of A* (T*T*X) ®F which are such that
eFIP*/25 lies in the corresponding Schwartz space on T*X. In the + case (resp.
the — case), we identify Q (X, F) (resp. Q (X,F®o(TX))) with its image in
Q (T*X,7*F) by the map a — 7*a (resp. a — 7*a A T X). Note that Q1 X
(resp. QZ*X) is a projector on the corresponding image.

Recall that dX is the de Rham operator of Q (X, F) or (X, F ® o(T X)) and
that dX* is its formal adjoint. The Hodge Laplacian 0¥ is given by the formula

(3.44) OX = (@¥ +a**)? = [a¥,d¥].

Let A be the horizontal Laplacian acting on any of these spaces. Namely let
e1,...,en be alocally defined smooth orthonormal basis of TX. Then when acting
on Q (X, F),

(T A (T*X)QF
(3.45) T R L o
i=1 ’

The action of A¥ on Q' (X, F ® o (T X)) is obtained by replacing F by F®o (TX).
Note that A is not self-adjoint, except when ¢* is flat.
The Weitzenbock formula says that we have the identity

(3.46) O = =A™ + (R™X (i, ¢j) e, e1) €'ic, e¥ie,

—w (VF,g") () VETXOE _ ey, VEL (VF, ") (e)).
Let STX be the Ricci tensor associated to g7*. We can rewrite (3.46) in the form
(3.47) 0% = —AH 4 <STXei, ej> eiiej — <RTX (e, ¢5) ek, el> eiekiejiel

—w (VF, gF) (e5) VAT XOSF _¢ij F 4 (VF gF) (e5).

Using the circular symmetry of R7X, we get

(3.48) 0% = —AH 4 <STXei,ej> e'le; — 5 <RTX (ei,ej)ek,el> €'elie, ie,

—w (VF,gF) (&) VQA(T*X)(@F - eiiejvgw (VF,gF) (e;).

Note that there is an obvious analogue of the above formulas when replacing F' by
F®o(TX).
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Theorem 3.13. The following identity holds:
. - 1
(3.49) —QE Mbrap’o QT = 2 (¥ + aX*)?.

Proof. First, we establish our theorem for the + case. By (8.26), we know that
a4 is conjugate to H + N , where H is a standard harmonic oscillator and N is
the vertical number operator. Moreover p; = (p,e;) is proportional to the half
sum of a bosonic creation and annihilation operator, and so it maps keray into
the corresponding +1 eigenspace of ay. Using (312), BI3), BI0), (3Z3), (326),
B.31), we get

(3.50)
T*Xy -1 "X T* X A (T*T* X)®F,2T* X T*X ~: =~ AT*X
o Q+ b+a+ b+Q+ = _Q-l- vp ( O, Q-‘,— - Q+ eize,:ejlejQ+
T X TX T T*X
— QL (R"™ (p,ei) p,ej) €'igieric, QL
ey 1 «
T*X 1 i oTX F F ~ . ATX
- Qy §ezlajvei w (V , g ) (€j) erie, QY

sy 1 NP «

Moreover we have the trivial equality,

(3.51) /Rx2 exp (—2?) % = %

Using (B:3T)), (351)), we obtain

- P * 1
Moreover, one can check easily the following formula:
T 1
(3.53) m (@80T = =5 (R ¥eie;).
By B.53), we get
X * 1 .
(3.54) —Qi XeizeiejzejQi X = —5 <RTXei, ej> Ge;le;s

which is equivalent to

e 1 .
(3'55) _Qi XeiZCiejzejQi X = 1 <RTX (es, ej) €k, el> e'elic, e, -
Moreover using (3:51]), we get

<STX61', ej> eiiej.

DN =

(3.56) —QTX <RTX (p,ei) p,ej> eiigjé\kiekQTX =
Finally, using (351 again, one has the trivial identities
(3.57)

iyl . . 1 .
- QI XgeziaJVeTin (VF,QF) (e]) ekzekQI X = _EVZLXUJ (VF79F) (e]) ezlejw

y 1 NP — x 1 .
- Q% XEw (VF,9") (&) Ve VA T 00 QT X=—§w (VF, g") (es) v (T X)er,

Comparing (348) with (350)—(351), we get (B49) in the + case.
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Now, we consider the — case. As we said before, we identify Q (X, F ® (T X))
with its image in Q" (T*X,7*F) by the map a — 7*a A ®T X. Recall that if
B e (T*X,n*F) has compact support, for 1 <i <mn,

(3.58)

T (i) =0, e, 3 =ie,m03, T VA I XeR g - g (T X)®F 3
Using (B:32)), we deduce from (B3.58) that
(3.59) T VAT X)X —

Let [A, B], denote the anticommutator of A and B. By [B:26), (.58), we find
that the analogue of (3.50) is now

(3.60) — QT ¥b_a~'6_QT Xa = —m, {vg‘T*T*X)@F@O(TX%? (ﬂ*a A @T*X)}
+ e, le, (om* {/e\ié\j A <I>T*XD — Ty [<RTX (p,ei)p, ej €kl e s (77 <I>T*X>}

1 .
+ . |:/6\kiek§61igjv5;w (VF,gF) (e5) (7'(*04 ADT" X)]

(rane™)|.

+ T

1 o
{5‘” (VF.g") (ei) Vi, VA T X)®F®o(TX)]
+

By proceeding as in (3.52) and using (3.59), we get
(3.61) — [VZA)‘<T*T*X>®F®0<TX)»2 (w*a A @T*X)} - _%AHQ.

Let K denote the scalar curvature of X. By (B.53]), we obtain by a simple compu-
tation

: 1 .
(3:62) icie, (om [@2,07¥]) = (<5K + (5" es ;) i,

1 VT

~1 <RTX (ei,€5) ek, el> eze]zekzel)a.
Still using B.51)), (B.58), we get

(3.63) —m. [<RTX (P, €:) P, €5) Eicy €'l (77*04 A ‘PT*XH

1 i .
3 (K — <STXei, ej> e’zej) Q.
The same arguments as before also show that

.. 1. .
T ekiek§61igjv5;w (VF,gF) (e5) (7'(*04 A ®T X)]

1 ;s
(3.64) =3 (—elzejvgw (VF,gF) (ej) + Vfiw (VF,gF) ()

(raner)

1 -
5 (VEw (V7.67) (&) +w (V7,67 () V2 T8 )
By comparing again (848) with (360)—(364)), we also get (349) in the — case. The

proof of our theorem is completed. ([

1 P
T {Ew (VF,9") (e) Vi, VH (T X)®F]

+
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We rewrite the third formula for ¢ > 0 in (BI9) in the form
(3.65) Ky 202K = coy +VeBs + 74

There is a corresponding formula in the case ¢ < 0, with — indices. Let Py be the
orthogonal fibrewise projection operator on ker a.... This projector was constructed
in subsection 214l Also we use the notation of that subsection. Another version of
Theorem is as follows.

Theorem 3.14. The following identity holds:
_ 1
(3.66) Py (v4 —Beai'By) Py = 5DX.

Proof. The operator a is again of the form H + N. Since ker a4 is concentrated
in fibrewise degree 0, by proceeding as in the proof of Theorem 13l we get

1 i
(3.67) PyviPy = 1 (R (ei,¢5) e, e1) €' €lie, e,
1 .
+ 5 (<STXei,ej> — Vfiw (VF,gF) (ej)) e'ic, .
Similar arguments show that

1 1 .
(368) —P+ﬁ+ajrlﬁ+P+ = —§AH — Ew (VF,gF) (61) Vé\l (T X)®F.
Using (348) and B.67), B.68), we get (B.66) in the + case. The proof in the —
case is exactly the same. O

Remark 3.15. Needless to say, Theorems BI3] and BI4] can be deduced from each
other. Moreover Theorem [3.14] also follows from Propositions 2.39H2.47. Indeed,
for ¢ > 0, we can write (ZI45) in the form

1
(3.69) Ky yaV2Uy 30Ky e = VeAL + By + %C+,

so that comparing with (B65), we get

(3.70) ap =A%, B =[Ap, Byl v =B+ [A4,C4].
We deduce from (3.70) that

(3.71) Py (v = Brai!By) Py = Py (BY — [By, Ay A2 [Ay, By]) Py
By B.71), we get

(3.72) Py (v — Broy'By) Py = (PyByPy)”.

Now by Proposition 2:41]

1
V2
By BII)-B13), we get (B60), in the + case. The — case can be handled in the
same way.

Still, it does not seem possible to give a direct easy proof of Theorem B.13 using
just the identity (22144) in Proposition 2338, We saw in Remark B9 that the first

identity in (3.I19) follows from Propositions and [30l However this does not
lead trivially to Theorem B.13.

(3.73) P.B Py = — (d¥ +d*).
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3.8. Interpolating between the Laplacian and the geodesic flow. Recall
that H;, was defined in (2.123). Observe that if H = % |p|27 then

(3.74) b*Hiyp = H.
Here we consider the case of an arbitrary H. Observe that
(3.75) VY H, =, VVH, Y'Y = by, Y

which by Proposition is conjugate to

27

Consider the operator AibQHl/b
Ailnbzﬁl/b. By Theorem [3.17, we get

1 1 D
(3.76) Aib!szl/b =2 (—AV ~3 (R™ (ei, ;) ens 1) e'eligniz + 2Lr;/bvf‘7ﬁ>
1 1, 1
- % (Lbr;/bYH +3e ieVew (VT g") (e5) + 3¢ (V5,97 (es) V@') :
We use temporarily the notation H = % |p|2. Suppose that as |p| — +oo0, H ~ H.
Then as b — 0,

(3.77) b2H, =~ H.
Under the appropriate conditions on H, we find that as b — 0,
(3.78) iy VVH > D, bri Y = Y7,

Now we will argue only in the case H = 2 Ip|?, although (B76)-(BIR) suggest
that what follows holds under more general conditions. In this case, using Theorem
and proceeding formally as in [BLIT] sections 11 and 12], we have a hint that
as b — 0, in the proper sense, Aib,H converges to the operator iDX acting on
O (X, F). Incidentally, note that if H is replaced by —H, a similar result holds,
with F replaced by F' ® o(TX).

Now consider the case where b — +00. Again we assume H to be arbitrary. By
Proposition 2:32, the operator Q%Jﬂ?'ll/bz is conjugate to Q%b,bzﬁl/b' By Theorem

B2 and by (B75),
1 1 o
(3.79) rgi’li,bgﬁl/bﬁ/b = (—AV ~5 (R™ (e5,¢5) ex, 1) e’ejigkigz)
1 1 . i
+ Z ‘VVH‘Q + @ (_AVH +2€;i5:VaVaH + 2ei2Vai VejH)

1 1 1.
~3 <Ly7-t + Sw (VF,gF) (YH) + 252° ZngZw (VF,gF) (e5)

1
+ 2—b2w (VF, gF) (ei) Vgi) .
By (318), we find that as b — +oo,

N N 1 2 1
(3.80) 732225 pore, o = 5 |[VVH[ = <Lyﬁ + 5w (V7.9") (Y”)) +0O(1/b).

To simplify our argument, assume that w (V¥,g*) = 0. Then (B80) indicates
that as b — 400, the operator 29% b2, behaves more and more like a simple

perturbation of the generator of the Hamiltonian flow on 7% X.
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Finally note that by 379), if w (VF, g") =0,
" N 1/1 v Va2 1 v 1
(3.81) rbm;ml/b2r1/b2|QO(X7F) = (b—4A +|VVH|" - b—2A H) =5 Vvr
Equation (3R] is especially simple. Also the first operator in the right-hand side
of (BT is self-adjoint and nonnegative, while the operator Vy is skew-adjoint.
3.9. Stochastic mechanics and the hypoelliptic Laplacian. Let us now briefly

explain how to construct the heat kernel associated to exp (—2143),7_(). Here we

skip all details concerning the effective existence of this kernel. Indeed inspection
of (BITl) shows that to evaluate this kernel, we need to consider a stochastic differ-
ential equation on 7*X. Indeed take xo € X, and let s €]0,1] — w} € T X be a
Brownian motion. Given py € T}, X, consider the stochastic differential equation,

(3.82) T = B (z,p), dp = o (z,p)ds + 7, dw*.

In [332), 70 denotes parallel transport with respect to the connection vI"X_ Equa-

tions like (B82) were explicitly considered in our earlier work [B81I] on random

mechanics, as generalized Hamiltonian equations under random perturbations.
Then elementary arguments on Itd equations show that at least formally,

2
) ds + .. ) .
(3.84)  Trs [exp (=242 5,)]

)

Assume now that H is the Legendre transform of a well-defined Lagrangian
L (z, %), so that

(3.85) = o (z,p) .
Let I be the functional on LX,
1
(3.86) I(z) = / L (2, ) ds.
0

Clearly,

(3.83) Tr, [exp (—242 ;)]

/ . 1/1 ‘871 (20.p2)
= X I a_ sy s
LX P\ 72 0 op P

Using (B.82)), we can rewrite (B:83) in the form

2

) OH
+ |Ps + 5= (xsvps)

ox

ot O ()
Ps oz T Ps

DO i)+ O ()
Dtoz T T o T

We can then rewrite (3:84) in the form

(3.88)  Trg [exp (—243 4)] = /LX exp (—% /01 (|:'cs|2 +|VI (:c)|2) ds+ .. ) :

When replacing ‘H (z,p) by His (2,p) = H(x,p/b), L(x,) is replaced by
Ly, (z, &) given by

(3.89) Ly (2, %) = L (z, bi).

(3.87) VI (z) =
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If H is replaced by bQHl/b2, then L (x,1) is replaced by b2L (x,4). In this last

case, by (3.88), (B89), we get
(3.90)

Try [exp <_2A3>,b27i1/b2)} = /LX exp <—% /01 <|:'CS|2 + | VI (x)|2) ds+ .. ) .

Formula (B:90) clearly indicates that as b — 0, the right-hand side becomes an
integral with respect to the classical Brownian motion on X, and as b — 400, the
integral should localize on the critical points of the functional I. Now these critical
points correspond exactly to the closed integral trajectories of the Hamiltonian
vector field Y in T*X.

The pictures which emerge from subsections B.8 and 3.9 are then remarkably
consistent. Either at the level of operators or at the level of functional integration,

we see that when considering 2A%¢ b2, 0 5 b — 0, we should recover the scaled

Laplacian 0% /2 on X and the classical Brownian integral on LX, and as b — —+o0,
we obtain the generator of the Hamiltonian vector field Y7, and the functional
integral localizes on the corresponding closed trajectories.

Let @ (TLX, g" "%, VL) be the Thom form of Mathai and Quillen [MaQg6|
on the total space of TLX. Recall that in the introduction, we explained that when
filling in the ... in the right-hand sides of (Z.88]), we would obtain a natural co-
homological expression, in which the form (VI)" ®TX (TLX, g7L¥ VLX) would
appear. Since this argument is essentially formal, we leave it to the inspired reader.
Let us just mention that Witten and Atiyah [A85] gave the idea that equivariant
cohomology with respect to the action of S; on LX is important, understanding
basic formal aspects of the heat equation method in index theory, and that this line
of argument was further developed in [B85, [B92al, [B92b)].

Let us make two final observations. A first observation is that our formalism
works starting from a Hamiltonian function H, that is, even in the case where H
does not have a nice Legendre transform. Indeed let y = (x,p) be the generic
element in T*X. Consider the obvious Cartan Lagrangian on T7T*X

Let Z be the functional on LT*X,
1
(392) Tw)= [ L) ds
0

Then

(3.93) VI =—(igw+dH).

Let 7 be the restriction of Z to the subset LT* X of LT*X defined by the equation
(3.94) = 88—7; (z,p) .
Then
— OH

3.95 VIi=-7"(p+—].

(3.95) w (b4 5)
Note that if H is the Legendre transform of L, then LT*X ~ LX,7 ~ I, so that
(3.96) VI=VI.
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By (395), equation (3.84) can be written in the form

(3.97)  Try [exp (—242 )] :/ZT*XeXp (—%/01 (|5c|2+\v7\2) ds+...>.

We make now a final comment on the construction of the operator Ag . In
(251), given € > 0, we could as well replace ¢ by ¢¢ given by

(3.98) ¢° = G _61) :

so that ¢ = ¢°. Note that

(3.99) @ = (5 1)

As in [262), we identify ¢¢ and (¢¢) " with the endomorphisms of TT*X,
TX "X

¢ g9 —lr-x ey—1 1 €g Urx
3.100 - X - .
ooy o= (0 ) = (9, R
Let wl : TT*X =TX ®T*X — T*X be the obvious projection. Instead of (Z63)),
¢°¢ is now associated to the bilinear form 7. on TT*X given by
(3101) 776 (U, V) = <7T*U, 7T*V>ng + € <7T;U, 7r>/kV>gT*X + w (U, V) .

On the same principle as before, one can construct the operator Age ». Instead

of 2.93), 2.94), we have
_ifen L o
(3102) (T(Ad)e,H) = 9 (f +f + 1 +GZ§V—EEH—£H—§V> y
1 H12 V2
Tirg (T +IET).

For € > 0, the operator Age 1 is now elliptic. We equip T7T*X =TX ¢ TT*X
with the metric geTT*X = g™ @ egT X, Let geT*T*X be the corresponding metric
onT*T*X =T*XpTX.

Let y = (z,p) be the generic element in 7*X. One verifies that the extension

(BO1) to the present setting is given by
(3.103)

1Yy 2
Trs [exp (=242 5)] = /LT*X exp <—§/0 <|y|g?T*X + |VI|gg*T*x) ds+ .. ) .

The exponential factor in the right-hand side of (3I03)) can be written more ex-
plicitly as

I .2 .12 1 [/
(3.104) exp<—§/0 (1# + el )ds—§/0 (2

g (AQE’H) =

2

x_@_H(x )
ap sy Ps

. OH
+ p+ a_ (3737273)

i 2)ds...>.

Equation (BI04) makes clear that at least formally, as € — 0, the integral (B103)
localizes on the submanifold LT*X, and that we should recover (B97). This is
indeed the case.

Still the operator AQE,H is not self-adjoint, even when acting on functions, essen-

tially because of the presence of Y. Having € > 0 does not make the situation any
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simpler analytically, even if it brings only temporary relief because the operator
Abe’H is now elliptic.

The lack of self-adjointness can also be reformulated from another point of view.
Indeed when we consider the geodesic flow on the unit cotangent bundle, when
reversing the direction time, the speed p = & becomes —p. This reflects the fact that
the operator Vy« associated to H = |p|2 /2 is only skew-adjoint. The stochastic
process associated to the stochastic differential equation (B.82) is not invariant by
time reversal, and its generator is not self-adjoint. The fact that as b — 0, the
operator AiH Jp2 converges in a natural way to the scaled Laplacian A% /4 on X,
which is self-adjoint, reflects also the fact that the speed p becomes infinite and, as
such, is invisible by time reversal.

3.10. The case where X = S;. Assume now that X = Sy, with S; = R/Z
equipped with its standard metric, and let F be a complex vector bundle on X,
equipped with a flat metric g¥’, so that w (VF, gF) = 0. In this case, T* X = S1 xR.
Let N be the number operator of A (R). Let x € R be the canonical coordinate on
S1, and let e = a% be the canonical generator of TX. Finally let AX = V2 be
the Laplacian of X.
By equation (BI3) in Theorem 4], we get
1

2 = C
(3.105) Wy = 1 (—AV +Epf +e (2N - 1)) -5V

Proposition 3.16. For ¢ # 0, the following identity holds:

1 82 P 1 82
(3.106) exp <E8p8x> 25 7 €Xp <_E 8p8x>

— i (—AV+02 |p|2+c<2]/\\7—1)) —iAX.

Proof. We will write the operator Vg in the form p%. If ¢ # 0, we get

10 1, o[ a 02

- —c —p—| =p— — =—

cOpdx’ 2 P Por Por ~ ba2
171 92 o 9*] 18
2 |c apax’Cpax 0x2| 20z’
and the next commutators obviously vanish. By [BI07), we have the equality

1 02 1, 2 0 1 02 1y 2 18
0:105) esp () (310 - v o (25 ) = 3¢ F 57

Equation (BI06) is now an obvious consequence of (BI08). O

(3.107)

Remark 3.17. Equation (BI06) should be properly interpreted. Indeed the conju-

gating operator exp (% 82;x> is not even well defined as an operator.

Assume that F' is the trivial vector bundle. Clearly N is the set of eigenvalues of

% (—AV + |p|2 — 1), and the corresponding eigenfunctions are given by Q,, (p) =

exp (— p|? /2) P, (p), where the P, (p) are the Hermite polynomials. For ¢ > 0,

the spectrum of the operator in the right-hand side of (BIU6]) consists of the set
5N+ 72m?,m,n € N. When acting on functions, the corresponding eigenvectors

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



440 JEAN-MICHEL BISMUT

are just @, (v/cp)exp (2imrmx), the extension to forms of arbitrary degree being
trivial. Now note that

(3.109) exp <_%%;x> Qn (Vep) exp (2irma)

= exp (—2@'#%(%) Qn (\/Ep) exp (2irma)
m

=Qn <\/Ep - 2i7r\/5> exp (2immx) .

Ultimately, one gets the full spectrum of the operator ng we and the corresponding
eigenvectors.
But even more is true. By (3106]), we find that for ¢ > 0, as ¢ — +oo, the

operator exp (—tﬁlﬁ HC) converges in the appropriate sense to exp (tAX / 4), simply
because exp (—% (—AV + |p|2 +2N — 1)) converges to the orthogonal projection

operator on its one dimensional kernel.

Finally, let us briefly explain how to give a direct proof of the Poisson formula
for the heat kernel on S;. Indeed let Trg denote the supertrace for operators acting
on Q' (R,R). Clearly

(3.110) Tr, [exp (z (—AV +p)? + 2N — 1))} —1.
So by (3:106), for t > 0, we get
(3.111) Trs [exp (A7 )| = Tr [exp (tAY/4)] .

By making ¢ — 0, as explained before, the left-hand side localizes on the closed
geodesics in Sp. Taking the limit of (BI1I) as ¢ — 0 just gives the Poisson formula.

It is a priori hopeless to extend the previous considerations in a more geomet-
ric context. Still, the above considerations make sense microlocally. Indeed the

principal symbol of V;}A(T*T*X@F is i€, Now
(3.112) ol - 2 gy = S |- Len[ 4 L
' g PE TR E P 1 '

However making the shift p — p + %{H is a much too brutal transformation in
the geometric setting. Still the above is indeed enough to roughly understand the
situation as ¢ — 400.

4. FLAT SUPERCONNECTIONS ON THE COTANGENT BUNDLE
OF RIEMANNIAN FIBRES

The purpose of this section is to develop the machinery of Sections2H3]in a rela-
tive situation, by using the formalism of Bismut and Lott [BLo95]. More precisely,
if p: M — S is a fibration with compact fibre X, if F' is a flat vector bundle on M,

we extend the previous constructions of dZ” ¥, EZ:‘( into flat superconnections over
S. Also we prove corresponding Weitzenbock formulas. Finally, by using various
conjugations, we describe equivalent forms of these superconnections, in which the
obtained formulas are more directly related to the formalism of Mathai and Quillen
[MaQ86] on one hand and also reflect the underlying equivariant cohomology of
the loop space on the other hand, this connection being obvious by looking at the
formulas.
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This section is organized as follows. In subsection 1] we describe the formal-
ism of the creation and annihilation operators. In subsection B2, we recall the
interpretation in [BLo95] of the de Rham operator d™ as a flat superconnection
A™ on (X, F|x). In subsection B3, we define the adjoint of a superconnection
with respect to a fibrewise sesquilinear form. In subsection 4] if M is equipped
with a closed 2-form w which induces a symplectic form along the fibres X, we

—IM
obtain the symplectic adjoint A of A In subsection @5l if M is the total
space of the cotangent bundle fibration 7 X, we construct the corresponding flat

superconnections A’ and Z/M

In subsections B0 and .8 we recall the definition of the tools involved in
the construction of the Levi-Civita superconnection [B86], which is attached to a
horizontal vector bundle T M and to a fibrewise metric gTX In subsection 4.9, we

*X
obtain the flat superconnection A¢ which specializes to d¢ when S is a point.

In subsection EET0, we show that A¢ is also the adjoint of A" with respect to
the Hermitian form on Q (X, F|x) considered in subsection 2.7

In subsections [ 1T]and .12} we introduce the Witten twist attached to a Hamil-
tonian function H : M — R. In subsection [£.13] we study the behaviour of our
superconnections under Poincaré duality. In subsection 214l we conjugate our su-
perconnections by using the same automorphisms of TT*X as in subsection B-111
By adapting the formalism of [BIJO.Q%] in the present situation, we obtain, among
other things, a superconnection ¢\ b . In SubSGCthl’lm we study the effect of
the scaling of the Varlable peT*X. In subsectlon we consider the case where
H =H°, with H¢ =¢ |p| /2. In subsection [LI7 we relate our superconnection to
the Levi-Civita superconnection of Bismut and Lott [BLo95].

In subsection [ 18 we give a Weitzenbock formula for the curvature eM bt

In subsection [.T9 we specialize our formula to the case H = H¢. This assump-
tion will remain in force except in subsection 25 In subsection 20, we establish
a commutator identity, which will play a critical role in the corresponding local
index theory in [BL05|. In subsection EE2]], we start playing with the creation and
annihilation operators, first the vertical ones and later mixing them all. One pur-
pose for this is to make the Weitzenbdck formulas simpler geometrically and also
accessible to methods of local index theory developed in [BLO3].

In subsection [1.22], we give another construction of the flat superconnections,
with less emphasis given to the symplectic geometry and more to the metric aspect.
Although the superconnections look more complicated, the curvature is exactly the
one obtained after many conjugations in the initial construction.

In subsection we relate the curvature of our new superconnection to the
curvature of the Levi-Civita superconnection. In subsection [£.24] we make another
conjugation, to eliminate a Grassmann variable.

Finally, in subsection [4:25] we consider the case where H is the canonical Hamil-
tonian associated to a Killing vector field K along the fibres X.

4.1. Creation and annihilation operators. Let V be a finite dimensional real
vector space of dimension n. Note that for 0 < p < n, AP (V) is naturally dual to
AP (V*). Let p € End (A" (V)) be such that if « € AP (V),

(4.1) pa = (_1)("—P)("—P—1)/2 a

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



442 JEAN-MICHEL BISMUT

Here the duality between A? (V) and AP (V*) will be given by
(4.2) (w,a) € AP (V*) x AP (V) = (w, pa) .

Given p with 0 < p < n, there is a bilinear map

AP (V) x AP (V") — A™ (V7).

Since this bilinear map is nondegenerate, using (f2), we get the canonical isomor-
phism
(4.3) ANV = A" (V)@ A" (V).

Let X € V, f € V*. The creation operators fA and the annihilation operators
ix act naturally on A" (V*). Under the canonical isomorphism ([3), to the action
of fA,ix on A" (V*) there corresponds the action of i7, XA on A" (V)@ A™ (V*).

Let v € Am® (V) with v # 0, and let v=! € A" (V*) be dual to v. Then the
canonical isomorphism in [3]) is given by

(4.4) fEALAPEN (V) —ip . ippr@v !
4.2. Fibrations and flat superconnections. Let p : M — S be a submersion

of smooth manifolds, with fibre X. Let T X C T M be the tangent bundle to the
fibres. Set n = dim X. Let T# M C TM be a horizontal subbundle of T'M, so that

(4.5) TM =TH{M o TX.

Let PTX : TM — TX be the projection operator with respect to the splitting
(E3). By (£5),

(4.6) THEM ~ p*TS.

By (&8), we get the isomorphism of the bundles of exterior algebras,

(4.7) A (T*M) ~p*A (T*S) A (T*X).

In (E0), ® is our notation for the Z-graded tensor product.

Let F be a complex vector bundle on M, and let V¥ be a flat connection on F.
Let (Q (X, F|x),d¥) be the fibrewise de Rham complex of smooth forms on X
with values in F|x, equipped with the fibrewise de Rham operator d*X.

Let Q (S, (X,F|x)) be the set of smooth sections on S of A" (T*S)®
Q' (X, F|x). Then by (1), we have the isomorphism,

Now we follow [BLo95, Section 3 (b)]. The operator d™ acts on Q' (M, F) and
is such that d*? = 0. If « is a smooth section of A (T*S5), if s € QO (M, F), then

(4.9) d" (p*a) s = (p*d°a) s + (—1)%°E (p*a) dM s.

By [@3), d™ can be viewed as a superconnection A’ on the infinite dimensional
vector bundle Q' (X, F|x). Since d™-2 =0, A’M is a flat superconnection, i.e.

(4.10) AM2 =,

Also A’ is a superconnection of total degree 1 on € (X, F|x) in the sense of
[BL095| Section 2 (b)].

Let dX be the de Rham operator along the fibres. If U € T'S, let U¥ € TH M be
the horizontal lift of U. If U € T'S, the Lie derivative operator Ly acts naturally
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on @ (X, F|x). Let V¥ XFIx) he the connection on Q' (X, F|x), such that if
U e TS and if s is a smooth section of Q' (X, F|x),

(4.11) VEEFI) g = Liws.

Using (A7), (X)), we find that V¥ (CFIx) acts on Q' (M, F).
Finally, if U,V are smooth sections of T'S, put
(4.12) T (U, V) = —PTX [U" vH].

Using (BT), we find that the operators d* and ipn both act on Q (M, F).
Now we have the result in [BL095, Proposition 3.4].

Proposition 4.1. The following identity holds:
4.13 AM = g% 4 vV FR) 4y
(4.13) T

4.3. The adjoint of a superconnection with respect to a nondegenerate
bilinear form. Let dvx be a volume form along the fibres X. Let Q* (X, F*|X
be the vector bundle over S of smooth compactly supported sections of A (T'X)® F
along the fibres X. As in subsection2.3] using (2:22), Q' (X, F|x) and Q* (X, F*|X>
are antidual to each other.

Let A’M* be the superconnection on 2*' (X, F*) which is the transpose to A"

The definition of A’M* is given in [BLo95, Section 1 (c)]. We will not recall precisely
the definition of the transpose of a superconnection, except that it has all the formal
properties of a transpose and moreover that if f € T*S, the transpose of fA is —fA.
Then A’M* is a flat superconnection of total degree —1 in the sense of [BLo95]
Section 2 (a)].

Let n be a smooth nondegenerate bilinear form on T X. Equivalently 1 defines
a smooth morphism TX — T*X, which we denote by ¢ as in 1). Let g
be a Hermitian metric on F'. Then the couple (77, gF ) induces an isomorphism

QO (X, Flx) ~ Q" (X, F*|X).
Let A”M be the pull-back of the superconnection A’M* by the above isomor-
phism. Then A”M is a flat superconnection on Q (X, F|x) which has total degree

—1. The superconnection A”™ will be called the adjoint of A’M with respect to
dvrx,n and gF.

4.4. The symplectic adjoint of A’™. We make the same assumptions as in
subsection [£.2. Also, we assume that there is a closed 2-form w on M, whose
restriction to the fibres X is a symplectic form along the fibres.

Then TH M will be taken to be the orthogonal bundle to TX in T'M with respect
to w. Using (@), we can split the form w as

(4.14) w=wl +u",

where wf,w" are the restrictions of w to T*M,TX.

Proposition 4.2. The form wV is fibrewise closed. If U € T'S, then
(4.15) Lyrw =0, vV EFx)GH — g,

If U,V € TS, then TH (U,V) is a symplectic vector field along the fibres X and
Wl (U, V) is a Hamiltonian for this vector field.
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Proof. Using (£13) and (&I4) and writing the identity d*w = 0 degree by degree,
we get our proposition. O

Let dvx be the symplectic fibrewise volume form on X. Let ¢ : TX — T*X be
the isomorphism associated to the fibrewise symplectic form w" as in subsection
4. Let ¢ be a Hermitian metric on F.

Definition 4.3. Let A be the adjoint to A’ with respect to dvx,w", g%

Then 4™ is a flat superconnection of total degree —1 on Q" (X, F)|x). Let a~ be
the fibrewise symplectic adjoint of d¥ with respect to the above data;Recall that
the metric g% identifies Q (M, F) and (M, F*) Therefore V¥ (X771x) can be

considered as a connection on ' (X, F|x).

Proposition 4.4. The following identity holds:

(4.16) AM 2 GF v (XFIx) _gpH A

Proof. By Proposition .2, the volume form dvx and the morphism ¢ are paral-
lel with respect to V< (X:FIx) Tt follows that the adjoint of V¥ (X:FIx) ig just

v (X FIx), Finally, by (ZI1), the symplectic adjoint of irx is equal to —pTHA.
The proof of our proposition is completed. O

4.5. The case of the cotangent bundle fibration. We make the same assump-
tions as in subsection @2l In particular TH M is taken as in (3.

Let T*X be the dual vector bundle to TX. Let M be the total space of T*X,
and let 7 : M — M,q : M — S be the obvious projections. Observe that M
embeds into M as the zero section of T*X.

We claim that T M lifts to a natural horizontal bundle T# M associated to the
projection ¢ : M — S. In fact TH M induces a connection on the Diff (X) principal
bundle @ associated to p : M — S. Moreover Diff (X) acts symplectically on T*X.
Since

(4.17) M= Q xpig(x) T*X,

we find that M is also equipped with a horizontal vector bundle 77 M, such that
T THM =THM.

By ([&7), a form in A" (T*X) extends to a vertical form in A" (T*M). Therefore
if p € T*X, the corresponding 1-form along the fibre X extends to a 1-form on
M, which vanishes on T M. Therefore # = 7*p can be considered as a globally
defined 1-form on M. Set

(4.18) w = dM.

Then w is a closed 2-form on M, whose restriction to the fibres T*X is just the
canonical symplectic form of the fibres.

Proposition 4.5. The vector bundle TH M is exactly the orthogonal bundle to
TT*X in TM with respect to w.

Proof. Let U € T'S, and let UH € TH M be its horizontal lift. By construction,
(4.19) igud = 0.
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Then TH M consists exactly of the V € T M which are such that there is U € T'S
with 7,V = U¥ and moreover Ly 0|r7-x = 0. By ([EIR) and (@I9), we get

(4.20) Lyl = ivw.

Using (B220) and counting dimensions, our proposition follows. O
Clearly,

(4.21) TEM|y = TH M.

If U € TS, we will denote by U the lift of U in TH M or in TH M.
Let TH  TH be the tensors defined as in ([#12), which are associated, respectively,
to THM and TH M. By (@21)),

(4.22) TH) =11,
The formalism of subsection [£4] can be applied to the fibration g : M — S with
fibre T*X. In particular, as in [@I4]), we write w in the form
(4.23) w=w +uwY,
so that w,w" are the restrictions of w to TH M, TT*X.

Proposition 4.6. The following identity holds:
(4.24) wf = (p, 7).

Moreover, if U,V € TS, TH (U, V) is the vector field along the fibre T* X associated
to the Hamiltonian <p, T (U, V)> Equivalently,

(4.25) [dT*X,wH} Figrnw’ =0, - {ET*X,WH} .

Proof. Using Proposition 1] we get ([#.24). The second part of our proposition
follows from Proposition 21 The first equation in ({25) is trivial and the second
equation follows from (2.34). O

Let I be a complex flat vector bundle on M, and let V¥ be the corresponding flat
connection. Let (Q (T*X,7*F|r+x) ,dT*X) be the de Rham complex of smooth
forms along T* X with coefficients in 7* F'|p» x, which have compact support. As in
{ID), if U € TS, and if s is a smooth section of Q (T*X, 7*F|r+x), set
(4.26) VI Xm ) g — Lo,
Then V& (I" X7 Flr+x) ig a connection on Q (T* X, n* F
note by VQ‘(T*X’”*F*lT*X) the corresponding connection on €' (T*X7 o F

We denote by A" the flat superconnection on Q" (T*X, 7m*F
sociated to the de Rham operator d™.

Let g be a Hermitian metric on F. We still define w (VF, gF) as in (Z49), and
the unitary connection V% on F as in (2.51).

Clearly g maps Q (T*X, 7" F|7-x) into (T*X, W*F*|T*X). The connection
VQ‘(T*X,W*F*\T*X)

7+ x ). Similarly, we will de-

rox).

7+ x ) which is as-

pulls back to a connection on Q' (T* X, 7* F'| 7+ x ), which we still
denote V< (T X" Fllz=x),
Let f1,..., fm be a basis of T'S, and let f!,..., f™ be the corresponding dual

basis of T*S. Clearly,
(4.27) vQ‘(T*X,ﬂ'*f*\T*X) = V(T X Flrex) 4 AW (VF,gF) (ff)
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Let A° be the symplectic adjoint of A" which is associated to w", g*". Then

AM and A™M are flat superconnections on ' (T* X, 7*F
and —1.

7+x), of total degree 1

Theorem 4.7. The following identities hold:
(4.28) AM = gT X g T X Flrex) 4oy

—/M =T*X (T = * *
A/ -3 +VQ(T X,WF\T*X)_dT X H A

If g% is flat,

(4.29) [A'sz’M} — R (T X Flpex).2,

Proof. Equation (E28) follows from Propositions BT, 44 and Moreover, if gF
is flat,

(4.30) |:VQA(T*X17T*F|T*X), dT*X} —0, [VQ‘(T*XJ*F‘T*X)’ET*X} _o.

By ([EZ9), we get

Moreover by (£15),

(4.32) {va*x,w*wa),wH} _o

Now using Theorem [2.2] and {30)-(@32)), we get (@29). The proof of our theorem
is completed. O

4.6. A metric and a connection on TX. Let ¢g”* be a metric on TX. By
[B86, Section 1], (THM, gTX) determine a Euclidean connection V¥ on TX.
In fact let ¢”° be a Euclidean metric on T'S. We equip TM with the metric
g™ = 1¢S5 @ gTX. Let VI'M:L be the Levi-Civita connection on (TM7 gTM).
Let VX be the connection on TX,

(4.33) VI = pTXyTM.L,
Let VT™ be the connection on T'M,

(4.34) VM = TS g vTX,
Let T be the torsion of VM. Put

(4.35) S =vVvIML _gTM,

Then S is a 1-form on M with values in antisymmetric elements of End (T'X).
Classically, if A,B,C € TM,

(4.36) S(A)B—-S(B)A+T(A,B)=0,
2(5(A) B,C)+ (T (A,B),C) + (T (C,A),B) = (T (B,C),A) = 0.
By [B86, Theorem 1.9], we know the following.

e The connection V7X preserves the metric g7¥.

e The connection VI¥ and the tensors T and (S (-),-,-) do not depend on
TS
gt
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e The tensor T takes its values in T X and vanishes on T X x T X. Moreover
if U,V eTs,
(4.37) TUH,vH) =T (U, V).
e Forany A€ TM, S (A) maps TX into TH M.
e Forany A, B THM, S(A)BeTX.
e If AcTHM, S(A)A=0.
From (f36), we find that if A€ THM, B,C € TX,
Now, we recall a simple result stated in [B97, Theorem 1.1].
Theorem 4.8. The connection VT on (TX, gTX) is characterized by the follow-
ing two properties.

e On each fibre X, it restricts to the Levi-Civita connection.

o I[fUETS,
1 _
(4.39) Vik = Lun + 5 (6™) " LymgTX.
IfU, vV eTs,
(4.40) TUH,vH) =T (U, V).
IfUeTS, AeTX,
1 _
(4.41) T(U",4) =5 (6™ Y LyngTXA.
Let dux be the volume along the fibre X which is associated to the metric g7
Let eq,..., e, be an orthonormal basis of T X. Set
n
(4.42) e=— Z S (e) ei.
i=1

Then using the properties which were listed after (Z36), e € T M.
IfU TS, let divy (UH) be the smooth function along X such that

(4.43) Lyndvx = divyx (U7) dvx.
Now we have a result stated in [BES6G, Proposition 1.4].
Proposition 4.9. IfU € TS,

(4.44) (e,UM) = divx (UY).

4.7. The symplectic connection. Let VTX be the connection on T'X which
coincides with the Levi-Civita connection along the fibres of X and is such that if
U € TS and if A is a smooth section of T X, then

(4.45) VonA=[U" 4]

—TX =TX
Let RT be the curvature of VT .

By (£39), (@40), we know that
(4.46) VINA=VinA+T (U A).
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Proposition 4.10. If A, B € TX, then

(4.47) R™(A,B) = R™ (A,B).
IfU,V eTS,

(4.48) B vH) = vIXTH (U, V)
IfUeTS,AeTX,

(4.49) B (UM, A) = Lyn (V7Y) .
In particular, if A,BeTX,U TS,

(4.50) RN (W, AB=TR" (U" B)A

Proof. The identity (EZT) is trivial. Equation (28] is an easy consequence of
(#I2) and of the fact that VI is fibrewise torsion free. Identity (£49) is trivial.

. . oS TX . . .
Since the connection V' is fibrewise torsion free, (E50) follows from @49). O

Remark 4.11. Needless to say, from (£48), we deduce nontrivial identities relating
rx . STX
R**toR .
=T"X . , =TX —T*X
Let V be the connection on T*X induced by V'~ . Its curvature R is

the negative of the transpose of FTX.
Recall that by (Z39),

(4.51) A (T*T*X) ~ A (T*X) QA (TX).

Let T (77 X®ATOSF 10 the connection on A (T*X)®A (TX)®F induced

by VTX and V7.
Proposition 4.12. IfU € TS, then

. * * —A * ’\A- 3 __
vsg (T*X,m"F) _ (T*X)®A (TX)®F +< T*X

(452) VUH R (UH;e’L') D, ej> eiigj'

Proof. Let ﬁTT*X be the connection induced by V' on TT*X ~ TX e T*X.

Let A be a smooth section of TT*X on M. Then ET*X (UH,T(*A) p is a section
of T*X and can be considered as a section of TT*X. One verifies easily that
(4.53) (U7, A =Vin TA-R" X (UH, r.A)p.

By duality, we get (E52). O
Remark 4.13. Clearly,

_A‘(T*X)®A’(TX)wV .

(4.54) v 0.
By (Z439), (E19), (£52) and (£54), we should get
(4.55) (R (U, i) pej) e'ed =0,

In fact (EERH) is a consequence of (AA0).

We will give a proper interpretation of the first equation in ([28), which is a
formula for A’™. Recall that A’ is just the de Rham operator d™ acting on the
smooth sections of A" (T*M) ® F, written in an adequate trivialization. On the
other hand, M is the total space of T* X, which is a vector bundle on M. Finally

. . . . =T X .
T*X is equipped with a connection V . Let hi,...,h, be a basis of TM, and
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let h',...,h" be the corresponding dual basis of T*M. Now, on M, we have an
equation which is just the obvious extension of ([2:43)),

(4.56) M = e;Va + hkv;?,;(TX)(gF + <RT*XP, 6i> lgi.

Using Propositions[£10]and[£:12] one verifies easily that the first equation in (£:28)
and ({h0) are equivalent.

4.8. Some curvature identities. We will now denote by dX the fibrewise de
Rham operator acting on smooth sections of A (T*X) along the fibres X. We
denote by VTX the restriction of the connection V7¥ to the fibres X , which acts on
sections of A (T*X)®TX. Observe that VTX increases the degree in the exterior
algebra A" (T*X) by 1. Its curvature, R7%, is a smooth section of A% (T*X) ®
End (TX). Also VTX acts on smooth sections of A’ (T*X) &N (T*X) @A (T*S)
along the fibres.

Let eq,...,e, be an orthonormal basis of TX and let e!,...,e" be the corre-
sponding dual basis of T*X. Let fi,..., fm be a basis of TS and let f!,..., f™
be the corresponding dual basis of T7*S. Then €',...,e" is an orthonormal basis
of T*X, and €3,...,¢, is the corresponding dual basis of TX. Using (2:38), as in
Section 2] we can regard e',...,e", €1,...,6, as a basis of T*T*X = T*X & TX.
By 3X) with M = M, we can also regard these forms as being forms on M which
vanish on TH M. If they are interpreted this way, they depend also on our choice

of THM.
Definition 4.14. Set
~ 1 "
(4.57) TH = (T (fF, f5) ceiye' A fon f°,

2
T = fNe' AT (fF e;).
Note that T° is given by
(4.58) T =(T (f7,e:) . e?) foe’e;.
Then TH and dXTH are sections of A2 (T*S) &N (T*X). Also T° is a section
of A (T*S)®A (T*X)®TX. Recall that we identify TX and T*X by the metric
gTX. Then T° can be viewed as the smooth section of A" (T*S) @A (T*X) T*X,

(4.59) T =(T (f7,ei) . e;) f* et nel.
By the above, VTXTO is well defined. Also the operator i7o acts on
A (T*S)BA (T*X) SN (T*X)
by interior multiplication in the variable e; acting on A" (T*X), and exterior product

by f® acting on A" (T*S), and by exterior product by €% acting on A (T*X). In
particular, i7o increases the degree in A" (T*X) by 1. Set

(4.60) 7" = (T°,T°)..
Equivalently,

(4.61) TP =S| S (T () o) o aE |
j=111
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where the square in the right-hand side of [@BI) is taken in A" (T*S) @A (T*X).
Then |T0‘2 is a section of A% (T*S) ®A2 (T*X).

Theorem 4.15. The following identity holds:

1 S | ~ A~ 1 1~y ~
(4.62) 3 (e;, R™¥e;)e'nel = 3 <ei,RTXej>ez/\eJ+V,TXTO+§ |T0‘2—§dXTH.

In particular, for any X € R, the expression in [EB62) is invariant when replacing
et by e+ Xe* for1 <i<n.

Proof. Equation (£LG62) was established in [BG04, Theorem 3.26]. Observe that
when making the indicated replacements, in the right-hand side of (@62, the first
term is unchanged because of the circular identity for RTX, By @38), TV is also
unchanged. This completes the proof of our theorem. O

Assume that K is a smooth vector field along X, which is a fibrewise Killing
vector field, which also preserves TH M. Let K’ € T*X correspond to K via the
metric g7X. We identify K’ with the corresponding vertical 1-form on M. Set

(4.63) K' = (K, e;)e".
By definition,

(4.64) VANITORT = (VIXK ;) '8 + (VI K, ) f€".
Now we state a simple result which complements Theorem ET5.
Proposition 4.16. If for 1 < i < n, we replace €' by e* + %é\i, then

dK' — VA TR
becomes
dK' + i <e VETJXK>€"’e\j.
Proof. Since T is the torsion of the connection V7™ in ([@3), we get
(4.65) dK' = VTXK' + [ (T (f,e;) ,K) + (K, T").
Moreover since TH M is K-invariant, if U € T'S, then [K, UH] =0, and so

(4.66) VinK =T (U",K).
So by (&65), H6d), we get
(4.67) dK' = (VIXK,ej)e'e! +2(V XK, e;) foe' + (K, T™).

Finally, since K is fibrewise Killing, the tensor VX K is fibrewise antisymmetric.
Our proposition follows from ([{.64) and (E.67). O

4.9. A bilinear form on 7*X and the adjoint of A’™. Now, we use the same
notation as in subsection 2X6. In particular, we still define ¢ as in (Z57). Let 7 be
the corresponding bilinear form as in (Z23)). Instead of (Z63), if U,V € TT*X,

(4.68) n(U,V) = (mU,mV) rx +w" (U, V).

Definition 4.17. Let A;) be the adjoint of A’M with respect to 7, g* and dv-x.
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Then Z;M is a flat superconnection of total degree —1. Let eq, ..., e, be a basis
of TX, and let e',...,e" be the corresponding dual basis of T*X. As in (Z65),
(266), we define Ao by the formula

(4.69) Xo={g" eiej) e Nig.
In the sequel, we will assume that the basis ey, ..., e, is orthonormal, so that
(4.70) Ao = e’ Adgi.
Put
(4.71) FE = <Lf5gTXei, ej> fENE Nig;.
By @41,
(4.72) E=2(T (ff e;),e;) f*Ne' Nig.

We have the following extension of Proposition 2.101

Proposition 4.18. The following identity holds:

(4.73) AN = XA Mo,
Equivalently,
(4.74) A =AM - [Z’M, AO} :

More precisely,
(75) A = dy T v X T o (T XWT (T e ).

Proof. By (259) and (Z60), (£13) follows. Clearly,

=A (T*X)QA\ (TX))\O _

(4.76) v E.
By (#27), 352) and (£70), we obtain,
(477) VQ'(T*X,TF*F*‘T*X), >\0 = F.

The remainder of the proposition is now a consequence of Proposition[Z6], Theorem

7, (@74) and (EZD). O

4.10. A fundamental symmetry. We define the Hermitian form §® (7" X7 Flr=x)
on Q (T*X,7*F|r+x) as in (2.79).

.M (T * ..
Theorem 4.19. The superconnection A;) is the h (" Xm" Flr=x) qdjoint of AM.

Proof. The proof is essentially the same as the proof of Theorem 2-T3 where instead
of 2&I)), we use the obvious

(4.78) P AMprl =AM, O
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4.11. A Hamiltonian function. Let H : M — R be a smooth function. We
define the fibrewise Hamiltonian vector field Y € TT*X as in (Z33). The vector
field Y™ is still given by (Z82).

One should observe here that although the fibrewise symplectic form w" is pre-
served by Y, this is in general not the case for w.

Definition 4.20. Set

(4.79) CM = e HAMM, E% =e A;Me n,

—/M . .
Then Q’ﬁv‘, QZ;’H are superconnections, and they are flat, i.e.
M,2
(4.80) e =0, ¢, =0.

. oy =T*X . - .
We still define d% X, dy 3 as in Definition We can extend the previous

definitions to the case where H is replaced by H — w’. The above properties still
hold.

Proposition 4.21. The following identities hold:
Q:H wH—A/M'f'dMH dT X H

(4.81) Creon = A iy — [V H

- ZIM - Z.YﬁfTH - fO(foH, /\0 .

Moreover,

Y g = dfy X+ VI TXT ) g o7y H i — dT X W,

—_T*X Ry e

¢¢,H—wH = dz;?'t —+ VQ (T X, F |T*X) —F — f(XfoH + iTH
(4.82) —dT X — <TH, ei> (ei + Zg) ,

—IM —T*X ey T ‘

6;72(7_‘_“)},) = d¢,27—t + VQ (T X, F \T*X) —E— 2fQVf§H 4 Qg

—dT X — <TH,ei> (ei + i2@i) .

Proof. We use Propositions 2.3, [4.2] [£.6] Theorem [4.7] and Proposition[4.18 and we
get (LRT)). By Proposition 216, Theorem [4.7] and by ([@.&1l), we get ([£I2). O

Definition 4.22. Set

(4.83)
1 1 /—m
AxH—wH =5 (Q:(b 2(H—wH) + AIM) ) B(jﬁ\,/tH_wH = 5 (Q:d) 2AH—wH) AIM> ,
_ M
€t = B (%,HWH + @1—&) , Dyl wrt = (% Hewrn — Gt wH> :

Then AQ?‘H, QZ(’;"H g are superconnections, and Bé)\,’lH, @(’;"Hﬂ) g are odd sections
of A" (T*S) ®End ( (T* X, 7n*F|r-x)). Clearly,

(4.84) Ly = 6_(H‘“H)AMH ne(=et)
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In the sequel we will use the couples AQ?H—WH’B%—WH or Q:fo—wH’@gth—wH
indifferently. We will establish algebraic properties for one of the two couples and
still use them freely for the other one. As in (2.91]), we deduce from ({.80) that

(4.85)
M2 pme L g [AM,, BM,] =0
o H—wH — ¢ H—wH — 4 )~ 2(H—wH) | oHY PoH] T M
M M2 o —IM M,2 _
|:AI 7A¢,H—wHi| - O’ |:Q:¢,2(H7wH)5A¢,H_wH:| =0.

Theorem 4.23. The following identities hold:
(4.86)

A = Ao+ 9 XTI G (G (F70) (1) = V)

+ ;TH - %dT*XwH - % (T, e") (&' + 2igi)
1 1 1
Bt un = Boru— 55+ 1% (50 (VF.0") (1) = ) + i
1 1 AN ;
— §dT XoH — 3 <TH,6 > (e —1—229) ,
(T Xt 1 1
€y = o+ VF X Flre) 2 Lo (VP gF) (£ 4 i

_gUXGH _ % <TH’€i> (ei +i€i) ’

1 1
Db = Bonc— 3B+ 1 (30 (V.07 (2) = V)

1 o
—3 <TH,61> (ez + Zg) .

Proof. Our theorem follows from (£21), from Theorem [£7 and from Proposition

E21 O

4.12. The symmetry in the case where H is r-invariant. We modify the
definition of the sesquilinear form b% ("X Flrex) iy equation (2:98). If s,s’

e Q (T*X,n*F|r+x), put
/ _ —2(H—w? /
(487) <S, S >hz‘_(7;’;lx,7r*F\T*X) - <U€ ( )S, S >g“'(T*XV’"*F‘T*x) .

Observe that this sesquilinear form takes its values in A®V*" (T*S) @g C. Still we
can define the adjoint of a superconnection with respect to b%fﬁHX’ﬂ Flr=x),

Proposition 4.24. The superconnection E;/,\;[(H_w}[) is the hQ‘(T*X’W*F‘T*X) ad-

H—wH
joint of A", and the superconnection €;7H__wH is the B (T X7 Flox) qdjoint of
oM
H—wH

Proof. The proof of the first part of the proposition follows from Theorem LTI To
establish the second part, we observe that w® is antiinvariant under r. However

since w' is a horizontal 2-form, w¥ is indeed self-adjoint. O
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Theorem 4.25. If H is r-invariant, then Bé\,/tH—wH 18 f)gfz*HX’ﬂ*F‘T*X) skew-
adjoint and @Qfﬁwa is B (T X7 Flrex) skew-adjoint.
Proof. This is an obvious consequence of Proposition E24]. O

4.13. Poincaré duality. Here we adapt considerations in [BL095|. We use the no-
tation of subsection[ZI0l In particular the operator k" acting on Q" (T* X, 7* F |7+ x)
is defined as in (299). Also we use temporarily the superscript F' to denote the flat
vector bundle explicitly. Set

H
(4.88) Ko = KFe2(r=e"),
Using (2.100) and the fact that under r, H,w? become H_, —w!l we get
Fo1 7
(4.89) Ryl i = Klg -
As a consequence of Proposition :24] we obtain
FME F—1 4 MF* F FMF F,—1 0/ M,F" F
(490) €¢,2(H_WH) = Iﬂ}HinA/ R wH > Q:¢,H—wH =K szH,waH .
By ([@90), we find that if H is r-invariant,
(4.91)
MF  _ F—1 4MF" F MF  _ F-1 pMF r
Ay rmwn = Ry Ay g Wi By om = —hy w By Ty nbiy ns
M, F _  F—14MF" F M, F __  F—1yMF" F
€¢,H—wH =K €¢,—H—wH“ , Qqs,ﬁ—wH =—K ®¢,—H—wH“ .

As in subsection B-I0, note that because of ([@89), [@91) is symmetric when ex-
changing F' and F

4.14. A conjugation of the superconnections. Recall that A\g was defined in

[2.65), (2.66) and (£.70). As in (2.110)), set

(492) o = e N Te, -
More generally, we still use the same notation as in subsection 2-T1. Let Qm’; u be
the superconnection adjoint to QZ;Q’LUH with respect to ¢ (7" X7 Flr=x),
Definition 4.26. Put
_ —IM _
(493) emiwﬁ = p@;’_/{vinp 1, 6;5,71—0.21{ = UQ:/HA:[TA)HU 1.
By (2.109), we get
—IM —/M _
(494) €¢,H—UJH == pQ:qS,H—pr 1.
Theorem 4.27. The following identities hold:
(4.95) EM = e PO et E o = e e,
Proof. This follows from (2111) and (£.93). O
Definition 4.28. Set
(4.96)

_/M M
(e(b,Hin - @;,H_wn> .

N =

1 /—m
M _ M M —
Cor—wn =3 (%waf + %H—uﬁ) » Semown =

By (@93), ({94)), we get
1

(497) QQ?H—UJH - pcgf[f)_t_pr_lg S‘gjt’)-(_wH - pi)gjt').‘_pr_ .
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Theorem 4.29. The following identity holds:
(4.98) F 5 =By — (T (f ) e5) [ (€' = &) ic, 4

17 (3o (V.0") (02) - V) - 5

2 <TH’ 67;> (ei —e+ ieri-é\i) :

Moreover, if H is r-invariant, SQAH_WH is K (T Xm " Flrex) gkew-adjoint.

Proof. By (ZI11]) and (EE97T),

(4.99) B o =€ THODYY et

As we saw following (2TTT)),

(4.100) e Mgl = et _ g e Mge! =gy,

By (211d), @2), (ER6) and @I00), we get (L3]). The remainder of our theorem
follows from (2-120) and Theorem O

Remark 4.30. Needless to say, the second part of our theorem also follows from the
explicit formula (£.98]).

We denote by VIT™X = 7* (VTX &) VT*X) the obvious connection on T7*X =
T (TX®T*X). Let VAA(T*T*X)Q@F,VA‘(T*T*X)Q@F’“ the connections induced by
VIT'X F or VIT'X yFu on A (T*T*X) QF.

In the sequel i ——%, RTXpA are still defined as in (242) and in 255). In par-

RTXp7
ticular they do not contain the variables f¢. More precisely
(4.101)
. 1 ny 1 o
g%, = 5 <RTX (eirej) prer)e'eign, RTXpA = 5 <RTX (eir€j) pyek) isiigiek.

Proposition 4.31. The following identities hold:
(4.102)

1. .
Dngwa = 3 (ei + Zgi,ei) Ve — B (ei + Zei,gf,) VaH

(6 i) (VA TTORE (T (£, e1) ce) £ (¢ i)

+ <TH,61>) + B (RTXp/\ _Z}ﬁ))

(e i) (50 (TF.0™) (e - v;#z) e (%w (VF,g7) (£7) - Vf§H> ,
B = 52 (6) Ve — 2 (VVH) — 2 (@led) — (@)
(TR (1 (12,) ) (e o) =2 (@) + (77,01}

1

(@ -8 (@ =) et e o B ) (BT (ce))pocs)

%w (VFng) (ei) — veq‘,H>

+5(cte -2 (

g <%w (V7. g") (£1) — vf§H> .
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Proof. We use Propositions 218 and 2:28] (£38), (@.72), Theorems [£.23] and F.29
|

Remark 4.32. Formula ({102 is formally closely related to corresponding formulas
obtained in [BL093|, Proposition 3.9] and in [BGO1) Theorem 3.14] for corresponding
objects associated to the Levi-Civita superconnection of p: M — S.

4.15. The scaling of the variable p. Instead of ¢, for b € R, we can consider ¢
defined in (ZI23)) and the associated bilinear form 7, in (ZI24)). Since the vertical
symplectic form w" is scaled by the factor b, it should be clear that in this case,
wH should be replaced by bw? and Ao should be replaced by \g/b. We denote the
corresponding objects with the subscript ¢y, H — bw.

Now we extend Proposition 2.32]

Proposition 4.33. The following identities hold:

(4.103)
T;A'Mr;ffl =AM, TZZIMT;:71 = bNT*XZIMb*NT*X,
T;Z;Mrb_l = Zg:l, Z;ﬁ/‘ = e)‘o/bbNT*XZ/Mb*NT*Xe*)‘o/b,
TZQZ%/brg_l =y, T;;Elq;/?;t_tl/b_er;;_l = E;/::[H_wa7
rZAQj‘Hl/errg_l = A%,’Hfwav rZBﬁle/errg_l = Bﬁ:ﬂ_{ibw}[’
r;‘QfoHl/b_er;‘_l = ngf,H_wa, rZ@Qflﬁl/b_erg_l = ’Dgfﬁ_bw,q,
Kbeﬁfm/b_wHK{l = € p ot Kbgﬁflm/b—wHK{l = S bt

Proof. 1f the base S is a point, our proposition is just Proposition 2.32] Observe
that V@ (T"Xm" Flrex) VQ‘(X’”*F ‘T*X), <TH7 ei> e’ are unchanged when replacing
® by ¢ and that F scales by the factor 3 and d7 XwH by the factor b. We then
get (EI03) easily. O

Now we extend Proposition[2Z.35] to the relative situation. The radial vector field
on M is still denoted by p. Also we will write p instead of 7*p.
Proposition 4.34. The following identities hold:
(4.104)

. —/M *
[AM i) = Ly, [Coarowmyp] = L= 2V5H 40— NTX 4205 4+ 5.

Proof. Since A" is just the total de Rham operator on M, the first identity in
(104) is trivial. Now we establish the second identity by first replacing H and
wH by 0. Then this second identity follows from Proposition 235 and from (ETH).
Also note that by (E24]),

(4.105) Lowt = wf.

The general second identity in ({I04) follows by conjugation. O
4.16. The classical Hamiltonians. If ¢ € R, as in (ZI40), let H° : M — R be
given by

(4.106) H® = g Ip|®

In the sequel, we assume that ¢ : S — R, is a smooth function and that the
restriction of H to the fibre T* X is just H. We will write H¢ instead of H.
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Proposition 4.35. The following identities hold:

Do = Bae — 38417 (0 (97.07) () + (T (72.0) )

1 ) . de
-5 <TH,el> (¢' + i) — 5 |p|2,

Sitre—wn = Byae — (T (fal 1) eg) [ (€' =) e e

#5 (59 (T () 4T (20) )

(4.107)

1 O d
— 5 (M) (¢ =B tiee) = 5 bl
Proof. Clearly,
(4.108) Ipl” = <(gTX)71p,p>7
so that by (@41,
2
(4.109) fa/\fo%:—fa/\<T( 2.p).p)-

Combining Theorems [4.23 and .29 with (£109), we get (LI107). O

4.17. The relation to the standard Levi-Civita superconnection. In Propo-
sition 239, we gave a formula for Kj, ﬁQl’d)’HcK e Of course a similar formula
holds for Kl/ﬁ%fw_(c K ;. From this formula and from (@107), we find that for
c>0,

(4.110)

[y

~ (i ]. ~ dC 2
(=¢(@") Vo —c(p)) + 94+ + NaamE T lpl” -
Of course, all the terms in (ZI10) can be evaluated explicitly. For ¢ < 0, a similar
identity holds, the index + being replaced by the index —.

Let B4 be the odd section of

A (T*S) ®End (Q (X, Flx))

Kl/ﬁggfﬁu,wHKﬁ

or of

A (T*S)®End (Q (X, F ®0(TX))),
constructed by Bismut and Lott in [BLo95], which is associated to the Levi-Civita
superconnection A4 which is attached to (THM7 gTX,gF). If S is a point, then
Ay = % (dX* +dX) ,By = % (dX* — dX). In general,
(4.111) A% = -B2.
By [BL095, Proposition 3.9], we have the formula

(1119) Ba = o (a%° —a¥) (T (fl, 1) e5) foe'i,

+ <%W(VF’QF) (ff)+%<T( g,ei),ei>> —%’C\(TH),

Recall that the orthogonal projection operators P. were defined in subsection
P14 Now we establish the obvious extension of Proposition 2411
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Proposition 4.36. The following identity holds:
(4.113) Pi$+Py = By,

Proof. In degree 0, this is just Proposition 241l Since the image of Py is concen-

trated in fibrewise degree 0 and the image of P_ in fibrewise degree n, we get
PL(T (falsei) vej) o (¢" = @) i, e Pr =(T (fal ei) s ej) felic,
(4.114)  P_(T (fI,ei) ej) f* (€' = @) ie,yes P- =(T (fi, €:) ,ej) fe"ie,
= fUT(fal ei) ei) £

Moreover using (351]), we have

(4.115) P (T (f2.p) p) Pe = Lf*(T (12 e1) .er).

Finally,

(4.116) Py (T e;) (¢ — & +ie,40r) Pr =2 (T").

By @107), (EIT2), (E1T4) - ([ET1T6), we get (ZIT3). 0
4.18. A formula for QM 2 . In the sequel, Ly~ denotes the fibrewise Lie deriva-

tive operator attached to the ﬁbrew1se vector field. In particular, Ly» acts trivially
on the fH. The fibrewise Lie derivative operator Ly is to be distinguished from
the full Lie derivative operator Ly, which, in general, acts nontrivially on the fX.

Theorem 4.37. The following identity holds:
1 1 o
(4~117) Q:QAHQ wH — 1 <—AV - 5 <RTX (ei,ej) ek,el> ezejié\kié\l + |VVH|2
— AYH +2(VaVeaH)eiie +2 (Ve Ve, H) ejigz)

%(Lyﬁ + %w (VF,gF) (YH) + %eiigjvgw (VF,gF) (e;)
1
+ 5w (VF,9") (&) v@)
1 H
- 5 <T( )

% (e + Z’\k)
1

€; ,ej>fa ((ei +igi) Vi + (ei — igf,) ngH)

)
Felie (Ve T (FH 1) ej) — 3 (T, 9VH)
(¢ + ) (¢ + i) (VTXTH )

(

4
=5 (¢ i) £ (V76" (e 1)
b ia) o (%vﬁ}“w (V7. g") (1) - veivﬁm)

2
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Proof. Set

(4.118) M =D — By

By (@.2q),

(4.119) M = —%E+ fe (%w (V5,97 (£ - vffn) — % (T, e") (" +igi) .
Then

(4.120) DYl o = B g+ M + [By 30, M].

Using [2.91) and equation (3:11)) in Theorem B3] we get an expression for 87 ,,.
Also by [ET2) and [EIT19), we get

1
(4.121) M? = gfaf%ﬂ (V") (f2 15
Using formula (2.92) for B4, @38) and (AI119), one can compute By, M|
easily. Thus we obtain ([£I17). The proof of our theorem is completed. O

4.19. A formula for inu_w,{. In this subsection, we assume that there is a
smooth function ¢ : S — R, such that the Hamiltonian function is now H¢. Then
dc is a smooth 1-form on S. Also we still use the notation

1
(4.122) H=3 I,
so that H® = cH.
Theorem 4.38. The following identity holds:

1 .
(4123) €% u = 1 <—AV + A |p]* + ¢ (28iizi_o, — )
1, orx igi
~5 <R (es,¢€5) ek,el> e'elignig
C . * vk p~ u . ~ 3
-3 (VQ&T TOSEY (T (5 p) el [ (€8 + 26 + ici_ge,)

+ <THap> - (ei + Z.é\") fOt <VZLXT( g;p) 7p> - eiié\j <RTX (pae’i) e]ap>>

~ (o (770 e+ (T (12 ) ) £ (4 ) ) W

(ek + igk) faeiigj <V6TkXT( f,ei) ,ej>

N | =

i) (¢ i) (T cy)
_ ieiz‘gjvl;w (VF.97) (e5) = é (e —ie) fow? (V7 0") (es, £2)

1 (6 +ia) FOVE (V7 67) (1)

1 .
- gfafﬁw2 (VFagF) ( oflvfé{) + §dC (ei +Za—e¢) <p7 ei> :
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Proof. Using (312) in Theorem[34] (AL109) and Theorem [137 we get (Z123). O

Remark 4.39. To evaluate Ggfﬁc_wm by [2111), @.97) and (£100), we should just
replace in ([{123) e by ¢! — €; and iz by i., .. One can then verify directly a
consequence of Theorem[29] i.e. that the obtained expression is A (T" X7 Flz+x)
self-adjoint.

Let v € R be an extra variable.

_ Q:M,Q

Theorem 4.40. For c € R*, the operator % b

ou 8 hypoelliptic.

Proof. Using Theorem[438 the proof is the same as the proof of Theorem[Z8 [

4.20. A commutator identity. Recall that w (VF,gF) is a section of T"M ®
End (F) over M. We can write w (V¥ %) in the form

(4.124) w(VF,g") = ew (VT g") (e) + [0 (V7 97) (£2T) -

Definition 4.41. Set

(4.125) ve== (' +ia) (' +€ +ie,) — Vp+ % p*,

N~

62?7.“_“,11 = KDQTIHC_“,H + {/DfoC_wH, Vc} .

Theorem 4.42. The following identity holds:

(4.126) &Y% _w = %w (VF,gF) - i (e" +iz) w (VF,g") (e2)

~ 3
- g (p+ip+6p—6f(T (f,p),p)) — §d6|p|2-
Moreover,
(4.127)
1 1, .
Qﬁgflﬁc—wH + |:Q:{).'/‘\£[—UJH’ % |p|2:| = Ew (VFagF) - Z (6z + ia’) w (vFng) (61)
— g (p + i;,;) .

Proof. Using Propositions 236, B2 and 130 the identities (I38), ([ETZ2) and
(E109), and also the circular identities on the curvature of the fibrewise Levi-Civita
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connection, we get easily

c
2

(VQ(T*T*X)@BF,u + <T (ff,ei) ,ej> o (ej . z‘gj) i <TH,ei>)

(R i),

1, . ) 1, .
(4.128) {@nguwH,i(ewigi) (el+€i+iei)}— (0+ip +5) + 5 (¢ +ia)

... C .
(O e =] = 5 @t i e)) Vo = 5 B+ i)
1 .
+ 5 (RTXp A _Zﬁx\p) + 2c <T (fo{{)p) ap> fOz - dC |p|2 )
3c 2 3¢, . .
{@ﬁf{wwm b} Ip ] Y 0+ i5-p)

3 N o 3d
i bl =3 (T (72 0) ) 1) 4 2

Using the above references again and also (£128)), we get ({1208) and (£127). The
proof of our theorem is completed. ([

Remark 4.43. The main point in formula (Z126) is that the right-hand side is an

operator of order 0, which has been obtained by adding to ’Dg’tHc_w u a commutator
with ’Dg’tHu_w - This certainly never happens for the standard Dirac operator

dX + dX* on a given fibre X.

4.21. Interchanging the Grassmann variables. Here, we will use the notation
of subsection @11 By ([#3), we have the canonical isomorphism

(4.129) A (TX)~ A" (T*X) QA" (TX).
By (4£129), we get
(4.130) A (T*X) A (TX) ~ A (T*X)RA" ™ (T*X) &A™ (TX).

We denote by 7 the canonical isomorphism in (£I30). Clearly, for 1 < i < n, the
actions of e’,i., on both sides of [@I30) are the same, while the actions of &;,iz
on the left-hand side of (@I30) correspond to the action of iz, e* on the right-hand
side.

If L is an operator acting on smooth sections of A (T*X)®&A (TX)®F along
the fibres of the total space of 7 X, let Lt denote the corresponding operator acting
on smooth sections of A" (T*X)®A (T*X) @A™ (TX)®F. Of course,

4.131 Li =707 1.
( ) t

In particular A}M is the operator obtained from A" by using the canonical iso-
morphism ([@I30). We have the obvious identity

(4.132) ARl = e AMEN
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Let x € End (TX ® TX) be given in matrix form by

(4.133) x = G ?) .

Then x acts naturally on the right-hand side of [@I30). This action is just
(4.134) x = exp (—€'iz,) -

By Proposition 2.5]

(4.135) W =8 e

By (@134), ({135), we obtain

(4.136) x=rTe? 7L

If L is an operator acting on smooth sections of A" (T*X)®A (TX)®F along
the fibres of the total space of T*X, we denote by L the operator acting on smooth
sections of A" (T*X) QA (T*X) @A™ (T'X) ®F which is obtained from L+ by con-

jugation by x. By (@I31), (@I34), we get

(4.137) L = exp (—e'ig,) TLT " exp (e'ig,) .
By (@.134) (BI317), we get

(4.138) L=re" Le " 771,

In the sequel, we will use the transformation L — L. Instead of this, we could
as well use the transformation L — ¥’ Le=%" .
The operator L is obtained from L by making the following changes for 1 <1 < n:

e’ is unchanged.

ie, is changed into i, ¢, .
e; is changed into ig,.

iz is changed into €% — €.

We will give formulas for the operators which were considered above using the
new variables. To distinguish the new operators from the previous ones, they will
be underlined. In the sequel, we will use the notation

(4.139) & (VF,g") =ew (VF, ") (e).

Also w (VF, gF) will be considered as a 1-form on M.
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Theorem 4.44. The following identities hold:

(4.140)

Q:HF*UJH — AH T,

;_n

1, n
D o= (¢ i~ ) Vo 2 (vw OB (I8 ()5

1 o
1 <RTX (ei,ej)p,ek> elel ek

1~ 1
+w(VF,gF) (ei)> —§TH+TO+§w (VF,gF)+
ORI d
+ g (8" — € —ic,42e,) (D, ey +cf* (T (f,p),p) — 76 pl*,
1 o
Qg/ﬁ_wf =1 (— (Ve + <T0,e¢>)2 +E P +e (2iai (6" — €' —ie,) — n))

+ 3 (60 RTXe)) 818 — 2w (V") (e1) (Vo + (7%, e2)

_ ivA«(T*T*X)@)Fa (VF7gF) _ Zw (VF7gF)2
B g (vg.éT*X)éA-(T*X)®A"(TX)®F,u + <T (fo€[7ei) fa (/é(‘ _ 2ie,1) +TH,p>

+ (RTX (,p) e p) & + [ (VEXTO (fH¢;) 7p>> +3de (@ — e —ie;) (prei),
1., . 3
ZC = 567; (6z —+ Ze,;+2?’) - vf)\—'— EC |p|27

1 1. ~ . o
®¢ He—wH = W (VF;QF) - ZW (vFng) - (p+ 6ip — 6f <T( o{{ap) ’p>)

NN e

— Edc
Bl o + {Q:HC—WHv g |P|2] = %w (VF.4") - icﬁ (V7 ¢") - gﬁ.
Proof. By (@23)), (19) and (£I38), we get
(4.141) CH = e e AMem w1
Since w is closed,

(4.142) e’ AMemw =AM,

By (@I31), (E140), (&142), we get the first identity in (ZI40).
To establish the second identity in (fE140), we use PropositionsE3Tland EE35], and

also the circular identity for the Levi-Civita curvature. To prove the third identity,
we use equation (£123) in Theorem [£38 and we make the indicated replacements.
Also we use the full strength of Theorem H.15, a particular form of this theorem
saying that if U, V, W € T X,

(1143)  (URT (f2,V) W) = (~VEST (£2,W) + VEXT (£2.0). V),
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and also the fact that because of (Z53),

(4.144) VA (T*T*X)® (VF F) (fH) }XH(T T*X)@JFW (VF,gF) (e:)

- [w (VF7gF) (ez) , W (vF,gF) (fg)} —w (vFagF) (T (e’i7 fg)) .
The last three identities in ([ZI40) follow from ([AI25) and from Theorem .42 The
proof of our theorem is completed. ([

4.22. A construction of hatted superconnections. It is very interesting to
rewrite the identities in ({140) in still another form. We will use the notation of

subsection 8]
By ({62) or by ({I43), we get
(4.145) % (VX1 p) = i (e, R (fd,p) e5) foe'e.
Set
~M
(4146) 2¢,HG_WH = exp (<T0,p>) Q%Hcwa exp (— <T0,p>) .

Other operators will be denoted in a similar way, by adding an extra hat when

conjugating by exp (<T0,p>).
In the sequel iro will denote the operator

(4.147) iro = (T (£, ;) ,e7) f* NE" Nie, .

Consider the de Rham operator d™ on the total space M of T*X over M. In
the discussion which follows, we will use the Euclidean connection V7™ X on T*X.

Let AM be the corresponding superconnection along the fibres of T*X over M.
As in ([Z43) or in (E50), we have the identity

(4.148) AM =gV + VT X 4 T
Note that in (@I48), RT X denotes the full curvature tensor and not only its
restriction to TX as in (ZI01).

Let us make here an important observation. First VZ X acts on smooth forms
on M as the exterior differential. If we insist on equipping T'X, the tangent bundle
to the fibration, with the connection VX the operator V7 X can be expressed as

(4.149) VX = gAN @SN TXBE y paghin o 4 i,

The interior multiplication operators in the right-hand side of (fI49) act only on
the ‘horizontal” exterior algebra A' (T*X).

Note that even though we use the same notation, as forms on M the €; are
not the same in ([A28)), (€hH), simply because the connections V' and vIUX
are distinct. Indeed using (£39), (@.41]), we find that our new €; in ([EI4R) is just

- fe < ( e ez) , p> in the notation of the previous subsections. Equivalently, if
one thinks of the €; as being identified (as identical sections of a vector bundle), we
get the obvious equation

(4.150) AM = exp (<T (ff, ei) 7p> fo‘igi) AMexp (— <T (foljl7 ej) 7p> fo‘igj) .

Equation ([@I50) expresses the de Rham operator d™ in two distinct gauges, hence
the conjugation.
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Recall that EQLM is obtained from A" by replacing the &;, iz by iz,,€*, so that

(4.151) AM = 7 AM1
By (@I50), we obtain
(4.152) A\;M =exp ((T°%p)) A;LM exp (— (T°,p)) .

Observe that the notation in (ZIZ6) and the notation in (fIHZ) are compatible.
By (4148)), we get

(4.153) AM =i Vo + VX 4 <RT*Xp, ei> el

Needless to say, equation (ELIZ9) is still valid in (EI53).
We define A%T by the obvious conjugation.

Theorem 4.45. The following identities hold:

(4.154)

~IM ~
_ AM
ch_wH = AHUT7

=, et

~M 1 - —~ 1/\ . * SA * SIAT * S
Dy He—wH = 5 (¢ +ie, — ') Vi — _ez(vé\i (T* X)®A (T X)®A™(T* X)BF

1~ 1 1 ~ 1
+w (VF, g") (%‘)) - =T+ 3 (T° —igo) + §<VTXTO7P> t 5w (VF, ")

2
F LT () p. ) PP 4 £ (0 = ¢ = gan) ) — 5 P
& = i (~AY + @ p +e (2, (67— — i) —n))
+ 4 (e R e) 2180 — 20 (VP ") (e0) Vs
B ivA-(T*T*X)éF/éjw (V7,47 (e;) — iw (V7. g")?
-3 (V%T*W‘T*X’@"‘TX)@F’" (T (flle) 17 (¢ = i) + 77 p)

+ <RTX (ap) eiap> €’L> + idc (’e\z —e' — iEi) <pa ei> )

~

Ye

I 3
e’ (ez + Zei+2€i) — Vi + b} |p|2,

N~

& L L 3
85 on = g (7") - 35(77.07) ~ 5+ i) S,

M M 3 1 1 -
O pe—wn + |:§;{CwH7 Ec |p|2] =35v (VF79F) - ¥ (VF,gF) — gp.

Proof. The first equation in (£154) follows from the first equation in (L.I40) and
from (£152)). The other formulas in (£I54) follow from Theorem [£:44] by obvious

computations which are left to the reader. (I

~M
Remark 4.46. Observe that for ¢ = 0, —ZQZXHC_WH and —28, 3c_,# can be con-
sidered as superconnections over a vector bundle over a single fibre X. Indeed
by (140), (@I54), these operators only contain creation operators € and do not
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contain the corresponding annihilation operators ig,. Also these two operators
are odd, and moreover the leading symbol in the horizontal differentiation opera-

tors vé\i'(T*X)®A'(T*X)®A”(TX)®F is just ?VQ; (T*X)@A'(T*X)@A”(TX)@F7 which is
a fibrewise connection. Therefore these two operators turn out to be fibrewise

superconnections.

A final step in our new formalism is to explain directly the construction of

M _ Y
Dy e _n in terms of AM.

Let ¢ € End (TX @ TX) be given in matrix form by

(4.155) b= <é 1) .

Then v acts on A" (T*X) @A (T*X) A" (TX) ®F". This action is given by
(4.156) ¢ = exp (—e"ic,) .

Recall that by (244),

(4.157) A= —izie,.
By (@.156), ([£.I57), we get
(4.158) Y =Teltr

If L is an operator acting on smooth sections of A" (T*X)®&A (TX)®F along
the fibres of the total space of T* X, we denote by L the operator acting on smooth
sections of A" (T*X) ®A" (T*X) ®A" (TX)&F which is obtained from Lt by con-
jugation by v. By [{I50),

(4.159) L = exp (—e'ie,) TLT " exp (€%, ) -
By (EI50)-(EI09), we obtain,
(4.160) L=r1etLe 77

The operator L is obtained from L by making the following transformations for
1<i<n:

e* is changed into e’ — ¢°.
ie, is unchanged.

e; is replaced by ie; ¢, -
igi is changed into €”.

We identify F' to F* via the metric g¥. This is just saying that temporarily,

e —/M
we equip F with the connection VI = VI + w (VF,gF). In particular A s
obtained from A'M by replacing F' by F" and by otherwise following the above
procedure.
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Proposition 4.47. The following identity holds:

(4.161)

AM i, o Vo + (e — &) (vé\i«(T*X)@JA«(T*X)@AH(TX)@F +w (VF,gF) (ei)>

e (v}x(;T*X)@JA‘(T*X)@JA"L(TX)@F +w (VF,QF) (ff))

+ [ g1 00y — o + i + <§TXT0,p>
1 . e 1 . N
+ 3 <RT X (ei,ej)p,ek> (eze]’e\k +e eJek) + 3 <RT X ( f,féq) P, ek> fofrer
+ <RT*X ( f,ei) D, 6k> foeter,

Proof. We use ([L.I4R) and (E149). The only term in ([2148)) for which the operation

is nontrivial is the last term i BT We split the curvature tensor according to its
degree in the e, f*. The contribution of the e’e/ term is the first term in the
fourth row in (IET), this because of the circular identity verified by the Levi-
Civita curvature of the fibre X. The f®f” term is unchanged and appears as the

second term in the fourth row. The contribution of the f®e’ term is
<RT*X (ff, ei) P, ek> re (ei — /éi) ek,

The first term above appears as the last term in (ZI61I]). Moreover using (FE3R)

and ([LI43), we get

(4.162) — <RTX ( f,ei) P, ek> feetet = <VTXT (fa,ei) ,p> foeter,

which is equivalent to

(4.163) —(R™ (fH,ei) p,ex) fo2'e" = (V75T p).

This concludes the proof of our proposition. O
Set

(4.164) Xo=¢e' Nel.

Note that )¢ is obtained from )\ by the above procedure.

Definition 4.48. Put

—IM - =M
(4.165) Ay =eMA e

Observe that by (Z157), (EI60), (EI64), (EI69),

4.166 A, = reletic)ic M= (e Fie )it p=1,
(4
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Proposition 4.49. The following identity holds:
(4.167) AM = (el =@ + i,y 12,) Ve
+ (¢ — &) (Vf (T* X)RA(T*X)RA(TX)®F |, (VF, g™ (ei))
4 fo (v}\gT*X)(@A-(T*X)®A"(TX)®F Tw (VF,gF) (ff))

+ faeiiT(f(g,ei) +T° —igo +ipn — TH + <§TXT0,p>

1 . e 1 . N
+5 (BT (einey) pren) (/e + @8 e) + 5 (BT (£ 11T prex ) 172"
+ <RT*X ( f,ei) D, ek> feete®.
Proof. This follows easily from Proposition [£47] O

Definition 4.50. Put

—IM =M e
(4168) ¢, HE = eH A¢ e H .

Then we have the following important result.

Theorem 4.51. The following identities hold:
~IM

(4.169) A = e om, AMe = C) ppe_ -
In particular,

1 (=M ~ ~M
(4.170) 3 (AMC - A%) =Dy pe_on-

Proof. The first identity in ({I169) was already established in Theorem E4H. For
¢ =0, by using ({149), (@I53), [EI54) and (@I6T), we get [EIT0). So the second

identity in (I69) holds. By conjugation, we get our theorem in full generality. O

Recall that H = pTF. Let Ly~ be the global Lie derivative operator acting on the
full exterior algebra of M, which is attached to the vector field Y. The operator
Ly~ is to be distinguished from the fibrewise Lie derivative operator Ly, which

acts trivially on the fZ. Clearly

(4.171) Lywn = [dM,iyr].

By (@I48), (£149) and [EITT), we get

(4.172) Lyn = ngsT XA (TX)F + €ile;, — faiT(ff,p) + iRTg('(\p’_)p.
Moreover,

(4.173) Lywn = [dT*X,iyﬁ} :

By B.12), @1T1), [@.I73), we get

(4174) Ly = VOB TR GG 4 (RTX (i) pyes ) e,

‘CYH = LYH - <T (fo{{7p) aei> faiei, + <RT*X (p7 fi{) pae’i> faig""
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Recall that 6 is the canonical 1-form on T*X, which has been extended to a
I-form on M by making it vanish on T# M and that w = d™@. Equivalently by
(E148) and (BI49), we get

(4.175) AMY =i’ + (T (FH ;) ,p) foe' + (TH,p).

We still denote by Ly, Ly~ the corresponding operators acting on the sections
of A (T*X) RN (T*X) QA" (TX)®F. Equation (£I74) becomes

(4.176) Ly = v/}\/éT*X)céA'(T*X)@A”(TX)@F Visie, + <RT*X (», ei)p,ej> eied
Ly =Ly = (T (fHp) ) fic, + (BT (p, fH) p,ei) fo2°.

By (@TIT0), we get

(4.177) AMO = ig e’ + (T (fH ;) ,p) foe' + (TH,p).

Theorem 4.52. The following identity holds:

(4.178) @fic,wzf = i (—AV + 2 p)? + e (2058 — n)) + i (e;, R™¥e;) e’
_ iw (VF,gF) (e:) Vi — ivA'(T*T*X)éFQ (VF7g ) _ iw (VF,gF)Q

c

2
Proof. We use Theorem [4.45] and also ([176) and ([@I74). O

(EyH + %w (VE,g") (Y™) + X}M9> + %dc (e —e' —ic,) (p,ei) -

Remark 4.53. Expression (LIT8) is by far the simplest and the most natural we
have obtained for the curvature.

4.23. Another relation to the Levi-Civita superconnection. Here, we will

establish an extension of Theorem B.13] We fix ¢ # 0. We replace the operator

~M.,2 . . M2 . U

€y 1e_m Dy its conjugate el € pe—wH e~ 1", and we replace the operators €°, i,
~ . oM,2 ..

by the operators iz, e;. We will denote by 2 3._,,» the new operator. It is given

by the formula

~M,2 M2 c
(4.179) Ay rpe o =7 1V e _ue T
Set
(4.180) & (V5 g") =w (VF,g") (ei) i

Then equation (ZI78) can now be written in the form

(4.181) ﬂgﬁ’i_w = i (=AY +2cLs+ (e;, R" ¥ e;) i)
_ iw (VF,gF) (e:) Vi — ivA‘(T*T*XN@Fa/ (vFng) . iw (VF,gF)2

- g (ﬁyﬁ + E'Me) :

Of course, in (EIRT), Ly~ is given by (@EITd), and A"M8 is given by ([ZI75).
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Note that even when S is a point, (I8T]) does not exactly coincide with the first
identity in (BI3). Put

a'_i_ = (—AV +2L5 + <€i7 RTXej> ’L'giigj) )

~ 1 R 3\ S
(4.182) b, = — (ﬁyﬁ + AMY 4+ oVt (TG (VF g

1
+ Ew (VF,gF) (61) Vgi),
c’——l vF F\2
- 2 (TF.")

When the index is — instead of +, we should change L, ;CyH,A\IMH into their
negative, and we get operators a’_, b’ , while ¢’ is unchanged. By (@IZI), we get
for ¢ > 0,

~M,2
(4.183) 1Y) a2 e —wn s = caly + /el + ¢

For ¢ < 0, there is a corresponding obvious equality.

Definition 4.54. Let VA (T"X)®F he the connection on A’ (T*S) ®A" (T*X) along
the fibres X,

(a1s1)  NEOSE QNI L p (g1 ) ) pre(en) + (T7,).
Let 1VA (T"X)®F.u he the connection taken as before, replacing VI by VI,

Put
1

(4.185) R= 1 {e;, R"Xe;)C(e;)C(ej) — iw (VF,gF)Q.

Recall that the formula for By was given in (4I12). Let K be the scalar cur-
vature of the fibres X. By [BLo95| Theorem 3.11], [BG0Il Theorem 3.19], we have
the following equation for A3 = —B3:

1 . * S K

2 _ 2 1IgAN (TP X)®F,u,2 el

(4.186) A2 Ve, + 76
1 1 1

+ gC (ei) c(ej)R(ei,ej) + EfafﬁR( O{_I, féq) + 56(61‘) faR (ei, ff)

+ % [w (V7,67 (en)]” - if%(ei) Vi O (V7 67) (e)

+ 58 (e 2leg)w (V9,0)’ (e es) = ge(e) 2les) VEX O (V7 67) (ey).

gl-

A corresponding formula was also established in [BGOI, Theorem 3.20, eq. (3.60)].
However the term ifaﬁ(ei)w (VF,gF) (T( f,ei)) is missing in the right-hand
side of that equation.

First we simplify equation ({.186).
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Theorem 4.55. The following identity holds:

1 N PR
(4.187) A% = I (—1V£i (T X0®F2 4 <€i;RTXej>C(ei)C(ej)>

+ LRTX (e enes) Eleg) — iv% (VF,g") (e1) 2 (er)

_ iw (VF,QF) (61) lvé\i‘(T*X)@F _ iw (VF,QF)Q )

Proof. First we will assume that w (VF,gF) = 0. Let S™X be the fibrewise Ricci
tensor. Then a repeated application of the circular identity and the (2, 2) symmetry
of the Levi-Civita curvature shows that

1
4

K

(4.188) 1 (er, R™X (ei,e5) e1) c (i) c(ej) T er) er) + 6

32
1 TX PG 1
= g<ek,R (ei,ej)el>ee Qe le, +Z<
Similar arguments show that the term of degree 0 in A" (7T*S) in the right-hand
side of (EIRM) is just (£LIRY). In degree 2, equation [@IRT) holds. So we are left
with the term of degree 1 in A" (T*S). Comparison of (LI86) and (LI88) shows
that this is equivalent to the fact that for any A € T'S,

(4.189) é (RTX (A" e;) ej,er)C(e;)C(ej)Tlex) = i (RTX (A" e;) e e5)C(ey) .

To establish (EI8Y), we use the symmetry for T in (@38) and also (ZI43). The
sum in the left-hand side of (ZI8Y) for distinct triples i, j, k vanishes identically.
So we are left with the sum restricted to ¢ = j or i = k, which leads to (£I89). So
we have established [@I87) when w (V¥ ) = 0.

Now we consider the general case. Of course, we take into account what was
done before. In degree 0, what is left to prove is that the identity

TX i
S ei,ej> €'l

(1190) 55 (e leq)ee) +E(e0) 2(eg))w (VF,6") (errey)

1 =N w 1 i~
- gC(ei) Clej) VE w (VF,g") (e5) = —ngw (V. 9") (ej) e'C(ey)

- éeiejw (vFng)Q (eia 6]‘) )

which follows from (2353). In degree 2, identity (£I80) is trivial. In degree 1, our
identity is equivalent to

(4.191) - %w (VF,gF)2 (ff,ei) f(e;) — EV?(?@F’HW (VF,gF) (e;) fc(e;)
= —ivfgw (VF, g") (es) foC(es) — iw (VF,QF)Q (8. e;) foe.

Now (I191)) follows from the identity (251]). The proof of our theorem is completed.
(]

When F is replaced by F ® o (TX), there is a corresponding formula for A2 =
—B?, by simply replacing F' by F ® o(TX) in the right-hand side of ([ZIRT).

To the vector bundle T*X on M, equipped with the metric ¢”X and the con-
nection V7" X | we can associate the projection operators Qi*x which were defined
in Theorem BT1l Recall that we implicitly tensor all the objects which we will
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consider by A" (T*S). We identify Q (X, F|x) (resp. Q (X, F®o0(TX)|x)) with
its image in Q (T*X,7*F|7+x) by the map a — 7*a (resp. a — 7*a A®T X). As
in subsection B, QT_*X (resp QT X) is a left inverse to this embedding.

Now we have the obvious extension of Theorem B.13

Theorem 4.56. The following identity holds:
(4192 QL (¢~ e ') QY — 2.2
Proof. Observe that by (£174), (I75), (EI82) and ([EI84), we have the formula,

A(T*T*X)RF | ~ ~ .
(4.193) b@:—(le}fT L@ (e) i

+ %w (VF‘7gF) (e:) Vi + %VA‘(T*T*X)&S;FG/ (VF,gF))

This formula should be compared with equations (B.12), (3I5) for by. In fact, the
only substantial difference is that €;i., has been replaced by €;¢ (e;). By making the
appropriate changes, we can then proceed as in the proof of Theorem [3.13 Using
Theorem [4.55], we get ({.192) in the + case. The proof in the — case is similar. O

Now we will extend Theorem [3.14l Again we fix ¢, so that dc = 0. By Remark

H.39, we know how to obtain @fiu_w » from Qfﬁu_w » given by ([@I23). Inspection

of ([@123) shows that for ¢ > 0,

(4.194) Ky e2€)0  uK o= caly + VB +9,.

A similar identity holds for ¢ < 0, the index + being replaced by —.
Theorem 4.57. The following identity holds:

(4.195) Py (yh — BhaD' L) Pe = 2A%.

Proof. One can give a direct proof of (ZI9H) similar to the proof of Theorem B4
A more direct procedure is to note that up to a constant, [@I94)) is obtained by
squaring ([@II0) while making dc¢ = 0. Using Proposition 36, the proof now
continues as the proof of Theorem 314 given in Remark 315l O

Remark 4.58. Theorems [£56] and 57 will play the same role as Theorems

and B.I4] in showing that as ¢ — 400, A(/;AQ’(QHLM r)y CONVErges in the appropriate

2
sense to A7.

4.24. A final conjugation. We do not assume any longer that c is fixed. For
c# 0, set

~M,2 dc_\ ~M,2 de .
(4196) g¢7Hu_wH = exp (—?p> g¢,Hu_wH exp (?p> .

Other operators, which are obtained by the same conjugation as in (Z196)), will be
denoted in the same way.
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Theorem 4.59. For c # 0, the following identities hold:
(4.197)

M2 1 de_\? o 1 i

Core—wn = 1 <— (Vaz + ?Cez) + A p)? + ¢ (20,8 — n)) +7 (e;, R™Xe;)e'e
1 F F de_; L oA (T*T*X)8F~ (oF F

_Z“’(V ,9") (ed) Vai'f'?e —ZV @ (Vhg")

1
— W (V) =2 (EYH +5@(V9") ) +A}M0> 7

Proof. Using ([EI76)-(I7]), we get the first identity in (EEI91). The other two
identities follow from Theorem 45 O

4.25. A Weitzenbock formula for a Killing vector field. Now let K be a
smooth section of TX. We assume that K is a fibrewise Killing vector field with
respect to the metric ¢7X and also that K preserves THM. Note that K pre-
serves the connection VI'X on TX, and more generally all the objects which were
considered before, including the tensor T'. Moreover the tensor along the fibre
VIXK € End (TX) is antisymmetric.

Let Hi be the fibrewise hamiltonian canonically associated to the fibrewise
action of K on T*X. Clearly

(4.198) Hi = (p, K).

Let Y5 be the Hamiltonian vector field along 7% X associated to the Hamiltonian
Hy. Then Y5 is the natural lift of K as a vector field on T*X. Let Ly, be the
corresponding fibrewise Lie derivative operator. This operator acts naturally on
the sections of the corresponding fibrewise exterior algebras A' (7" X). Note here
that since K preserves T M, there is no point in distinguishing the fibrewise Lie
derivative operator Ly, from the total Lie derivative operator Ly .

Proposition 4.60. The following identity holds:

(4.199) Ly = VAT L (VTXK e)) (e, + Ciies) -

YHK
Proof. By proceeding as in the proof of (312 in Theorem[34], we get
(4.200) Ly, = Vf/‘?g:px) + (VXK ) (€lie, + Eiies )
+ <VZ;X VZXK + RTX (K, e;)p, ej) €z

Also since K is Killing, K preserves the Levi-Civita connection along the fibres,
and so classically, we have the identity of fibrewise tensors [BeGeV92, eq. (7.4)]

(4.201) VIXVTXK + RTX (K,-) = 0.
By (@&200), (E201)), we get (ZT199). O
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Observe that the operator Ly, acts naturally on smooth sections of
A (T*X)®AN (T*X)RA™ (TX) ®F.

Indeed by ([200), we find that this action is given by
(4.202) Ly = Vit +(VIXK, e;) (€', +€'ig,) .
We claim that the action Ly is unchanged considering the more complicated
action defined in subsection [£.21] via the conjugation by x. Indeed this is obvious
by @I99) and by the antisymmetry of VIX K. Similarly, the operator Ly in
(B202) is invariant by conjugation by exp ({77, p)) as in (Z146). Indeed an explicit
computation shows that this is because the tensor 70 is itself K-invariant.

Let K’ be the 1-form along the fibres X which is dual to K by the metric ¢g7~.

We extend K’ to a vertical 1-form on the total space of TX over M. Equivalently,
K’ vanishes on the horizontal vector fields. Then we write K’ in the form

(4.203) K' = (K, e;)e'.

Similarly, set

(4.204) K =(K,e)é, K = (K,e;)e".
Theorem 4.61. The following identity holds:

1
4
_ ivA-(T*T*X)(@F@ (VFng) _ iw (VF,gF)2 _ (dK’ . |K|2) + VA-(T*X)I/{\/

(4205) € gpgpn = § (~AV + {es, BXe;) 880) — 10 (V7 0") (e) Vs

= (B 30 (97,0 (1))

Proof. We just give here the main steps of our computation. By Theorem E-52 used

with ¢ = 0, (£205) holds when K = 0. To establish (£205)) in full generality, first,
we use Theorem [4.37] with H = 2H and also the fact that with the notation in

(E11D),
(4.206) VinHig = 0.

In fact (Z2ZU6) holds because TH M is K-invariant so that if U is a smooth vector
field on S, [UH, K] = 0. We find that the contribution of Hx to the right-hand

side of (ZII7) is just
1 .
(4.207) — (LWK + 5w (VF,g") (K)) + (Ve K, ¢5) €'i,
—(T (f7 K) &) f* (¢' —iz) —(T", K) + |K|?,
where Ly, is given by (Z199).
As explained before, when making the transformations of subsection dL2T] Ly
is now given by ([@202)). So we find that [E207) becomes
(4.208)
1 o .
_ (LYW + 2w (V7. g") (K)) _(VIXK,e)) el — 2(T (£, K) ,e)) fo

—(TH K) + |K|” + (VIXK,e;) '@ + (T (f7,K) ,e;) fo€".
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Now since [ H K} =0, we find that

(4.209)

o

Vid K=T(fJ, K).

Using ({14Y), (LT149) and (@209), we get

(4.210)

0K = (VXK ej) €0 +2(T (75, K) ) £ + (T, K),

« )

VIXK = (VIXK,e;) e + (T (f7,K) ,e;) fo€.

«

By ([E210), we get a formula for gﬁ;\f{i _u asin (ETI40). As we saw following (E202),

conjugation by exp (<T0, p>) leaves Ly, unchanged. This is also the case for the
remaining terms where K appears. The proof of our theorem is completed. O

Remark 4.62. Let us observe here that the operator Ly-», commutes with all the
terms not containing w (VF g ) Also note that except for Ly , the terms which
appear in the right-hand side of (#:205) only contain creation operators.
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