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3.4. The Weitzenböck formulas associated to φb 426
3.5. The rescaling of the p coordinate 426
3.6. Harmonic oscillator and the Thom form 427
3.7. The hypoelliptic Laplacian and the standard Laplacian 431
3.8. Interpolating between the Laplacian and the geodesic flow 435
3.9. Stochastic mechanics and the hypoelliptic Laplacian 436
3.10. The case where X = S1 439
4. Flat superconnections on the cotangent bundle of Riemannian fibres 440
4.1. Creation and annihilation operators 441
4.2. Fibrations and flat superconnections 442
4.3. The adjoint of a superconnection with respect to a nondegenerate

bilinear form 443
4.4. The symplectic adjoint of A′M 443
4.5. The case of the cotangent bundle fibration 444
4.6. A metric and a connection on TX 446
4.7. The symplectic connection 447
4.8. Some curvature identities 449
4.9. A bilinear form on T ∗X and the adjoint of A′M 450
4.10. A fundamental symmetry 451
4.11. A Hamiltonian function 452
4.12. The symmetry in the case where H is r-invariant 453
4.13. Poincaré duality 454
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Introduction

In the present paper, we construct a 1-parameter deformation of classical Hodge
theory. For nonzero values of the parameter b, the corresponding Laplacian is a
second order hypoelliptic operator on the cotangent bundle, which is in general non-
self-adjoint. As b→ 0, we recover classical Hodge theory. As b→ +∞, the deformed
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Laplacian converges to the generator of the geodesic flow. The constructions are as
canonical as Hodge theory itself.

We will now explain the motivation which underlies these constructions. We will
use freely the language of path integrals, since they will provide us with the proper
geometric understanding of what is being done, if not always with adequate tools
to make these ideas effective.

Let X be a compact connected Riemannian manifold of dimension n. In [W82],
Witten explained how to give an analytic proof of the Morse inequalities using a
deformation of the de Rham complex of X . Indeed if f is a Morse function and if
T ∈ R, Witten replaced the de Rham operator dX by its twist dX

T = e−TfdXeTf

and showed that as T → +∞, the harmonic forms of the corresponding Laplacian
localize near the critical points of f . He argued that as T → +∞, the subcomplex
associated to asymptotically small eigenvalues could be identified with a finite di-
mensional complex associated to the instanton gradient lines connecting the critical
points, which was later identified to be the Thom-Smale complex of the gradient
field ∇f for a generic metric gTX . The identification of the small eigenvalues com-
plex to the Thom-Smale complex was established rigorously in [HSj85]. Moreover,
in [BZ92, BZ94], these ideas were used to give a new proof of the Cheeger-Müller
theorem [C79, Mü78] which gives the equality of the Reidemeister torsion [Re35]
with the Ray-Singer analytic torsion [RS71].

A first motivation for this paper is to try to extend this line of arguments to
LX , the space of smooth loops in X parametrized by S1 � R/Z. Indeed let gTX

be the given Riemannian metric on X , and let V : X → R be a smooth function.
For a > 0, consider the Lagrangian

(0.1) La (x, ẋ) =
a

2
|ẋ|2 − V (x)

and the corresponding functional on LX

(0.2) Ia (x) =
∫ 1

0

La (x, ẋ) ds.

When a = 1, we will use the notation L = La, I = Ia. When a = 0, V = −f and f
is Morse, the critical points of I0 are exactly the trivial loops which are the critical
points of f . When V = 0, I is the energy, and the set FLX of closed geodesics in
X is the critical set of I. Morse theory on LX for the energy functional was the
key tool in the proof by Bott [Bo59] of Bott periodicity. The obvious obstacle to
the naive extension of Witten’s deformation principle to LX is that LX is infinite
dimensional and that the construction of the corresponding Hodge Laplacian is
notoriously difficult, not to mention the proof of a Hodge theorem itself. On LX ,
it seems that there is no possibility to even start a Witten deformation.

Critical input in the positive direction came from the results we obtained jointly
with Goette in [BG04]. In that paper, we showed that the difference between two
natural versions of the equivariant Ray-Singer torsion can be expressed in terms
of a new invariant, the V -invariant of a compact manifold equipped with a group
action. Indeed assume that X is equipped with an isometric action of a compact Lie
group G. Let g be the Lie algebra of G. Then if K ∈ g, VK (X) ∈ R is an invariant
of (X,K) which is computable locally. It vanishes when X is even dimensional. If
f is a G-invariant Morse-Bott function on X with critical manifold B ⊂ X , then a
simple formula relates VK (X) and VK (B). The main result of [BG04] shows that
the difference of the analytic torsions evaluated at K ∈ g can be expressed in terms
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382 JEAN-MICHEL BISMUT

of VK (X). Let us observe at this stage that the compatibility of the main formula
of [BG04] to the Cheeger-Müller theorem forces VK (X) to behave the way it does
with respect to invariant Morse-Bott functions.

However, when working with Goette on [BG04], the author discovered more, at
least at a formal level. Namely let K = ẋ be the canonical vector field on LX which
generates the obvious action of S1. The natural L2 metric on TLX is S1-invariant.
The author observed that at least formally, the Ray-Singer torsion T (X) of the
trivial vector bundle on X is given by

(0.3) T (X) = VK (LX) .

Let us derive a simple formal consequence of (0.3). In fact if X is even dimen-
sional and oriented, there are formal reasons to say that in this case LX is even
dimensional, for instance by inspection of the spectrum of the covariant derivative
D
Dt along a loop LX acting on smooth periodic vector fields. Since this operator
is antisymmetric, its nonzero spectrum comes by distinct pairs, and its kernel is
even dimensional because TX is oriented. Previously described properties of the
V -invariant should imply that T vanishes identically, which is indeed correct by
Poincaré duality. Note that the above considerations also extend to general flat
vector bundles. This statement has to be qualified in the sense that anything re-
lated to cohomology, or equivalently to high temperature and large loops, tends to
be difficult to see in this formal analogy.

More generally, the author also found out that the analytic torsion forms he
constructed with Lott [BLo95] are also versions of the V -invariant (which in general
produces even cohomology classes on the base of a proper fibration).

But more is true. In his hidden agenda, the author also found that the proofs
he gave with Zhang [BZ92, BZ94] of the Cheeger-Müller theorem are exactly the
infinite dimensional analogues of his proof with Goette [BG04] on the behaviour of
the V -invariant with respect to invariant Morse-Bott functions, when considering
instead the invariant Morse function I0 in (0.2), with V = −f , so that

(0.4) I0 (x) =
∫ 1

0

f (xs) ds.

This statement has to be qualified again. Instanton effects between critical points
of f are invisible in any formal statement about V -invariants. The above analogy
also extends to the case of fibrations. In this case the corresponding results for
analytic torsion forms were established in [BG01].

It is then natural to try extending the above approach to the more general
functionals Ia, and more specifically to the functional I with V = 0, which is the
energy, whose critical set FLX consists of closed geodesics. Indeed assume that I
is a Morse-Bott function, which happens typically on spheres, on tori, on manifolds
with strictly negative curvature (in which case the closed geodesics are isolated)
and on symmetric spaces. If, admittedly, the Ray-Singer torsion is the V -invariant
of LX , it should localize on the critical manifold FLX of I. More precisely, one
should express the Ray-Singer torsion as the V -invariant of the manifold FLX .
The predictions one can infer from such a formal approach are stunning, at least at
a formal level. Indeed easy computations reveal that such a statement is precisely
contained in assertions made by Fried [Fr86, Fr88], which Fried himself proved
in a number of cases, relating the Reidemeister torsion to the value at 0 of the
dynamical zeta function associated to the geodesic flow. Fried’s assertions were
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proved for general symmetric spaces by Moscovici and Stanton [MoSt91] using the
Selberg trace formula. Again the fact that the predictions one gets from a formal
approach to the V -invariant on LX has to be qualified. Indeed it is a nontrivial
fact that the dynamical zeta function extends holomorphically at s = 0. The above
formal approach sidesteps this difficult question, at least to first approximation.

It follows in particular from the above considerations that one can think of the
Cheeger-Müller theorem on one hand and of the Fried-Moscovici-Stanton results on
the other hand as two versions of the same ‘result’ of localization of the V -invariant.
The question which we will address in the present paper is to try building the proper
objects which will eventually lead to a proof of both results with a similar proof.

Now we will explain how one can approach this question, first from the point
of view of the path integral, which leads to geometrically easily understandable
considerations, and from the analytic point of view.

Indeed assume temporarily that Y is a smooth manifold and that
(
E, gE ,∇E

)
is

a real Euclidean vector bundle equipped with a Euclidean connection. In [MaQ86],
Mathai and Quillen have produced Gaussian representatives ΦE of the Thom
class using the Berezin integral formalism. If s is any smooth section of E, then
s∗Φ

(
E, gE,∇E

)
is a closed differential form on Y which represents the Euler class

of E. This form is difficult to write explicitly. We just give its leading term in the
form

(0.5) s∗Φ
(
E, gE ,∇E

)
= exp

(
−1

2
|s|2 + . . .

)
.

Scaling s by a parameter T ∈ R, we thus get a family of closed differential forms aT

on E. When s is generic, aT interpolates between the Chern-Gauss-Bonnet form of
E for T = 0 and the current of integration on the zero set Z ⊂ Y of s for T = +∞.

Now if V = −f , the gradient ∇I0 is given by

(0.6) ∇I0 =
∫ 1

0

∇f (xs) ds,

so that

(0.7) |∇I0|2 =
∫ 1

0

|∇f (xs)|2 ds.

Let gTLX be the obvious lift of gTX to an S1-invariant metric on TLX , and let
∇TLX be the corresponding Levi-Civita connection on TLX . Inspection of the
proof in [BZ92] shows that introducing the Witten twist is equivalent to producing
the Mathai-Quillen form (T∇I0)∗ Φ

(
TLX, gTLX,∇TLX

)
on LX . Scaling f by T

then forces localization on the critical points of f . Indeed the leading (bosonic)
term in the path integral is given by

(0.8) exp
(
−1

2
|K|2 − T 2

2
|∇I0|2 + . . .

)
.

The energy |K|2 in (0.8) reflects the presence of the classical Laplacian ∆X in
Witten’s Laplacian.

At this stage, the obvious thing to do is to replace I0 by I in the path integral
over LX and to construct the form aT = (T∇I)∗ Φ

(
TLX, gTLX,∇TLX

)
on LX .

Now observe that if V = −f ,

(0.9) ∇I = −ẍs + ∇f (xs) .
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If we replace ∇I0 by ∇I in (0.8), we find that if f = 0, the leading term is

(0.10) exp
(
−1

2

∫ 1

0

|ẋ|2 − T 2

2

∫ 1

0

|ẍ|2 ds . . .
)
.

By (0.10), we can infer that for T > 0, the path integral will be supported
by paths of finite energy, which never happens for T = 0. Moreover the Markov
property of the corresponding process will be preserved only if one considers the
process (xs, ps) = (xs,ẋs), which should be thought of as living in T ∗X . The
corresponding process looks like a physical Brownian motion, whose speed ẋ is an
Ornstein-Uhlenbeck process and whose generator is no longer self-adjoint. More
precisely, if w is a n-dimensional Brownian motion, the dynamics of x is described
by the stochastic differential equation

(0.11) ẍ =
1
T

(−ẋ+ ẇ) .

Observe that when T → 0, equation (0.11) becomes ẋ = ẇ, i.e. x is a classical
Brownian motion, and when T → +∞, it degenerates into ẍ = 0, which is the
equation of geodesics in X . The dynamics associated to (0.11) interpolates between
classical Brownian motion and the geodesic flow.

The question then arises of how to produce effectively the analogue of the Wit-
ten twist of the de Rham operator dX on X associated to the functional I, so
that ultimately we produce the right path integral on LX . This is a much more
modest objective than to produce the genuine Witten deformation of dLX on LX .
Producing this twist is precisely what we will do in the present paper. It should
be clear from the above that one can hope to produce such a deformation only by
working directly on the cotangent bundle T ∗X and by considering instead the de
Rham operator dT∗X . Introducing a classical Witten twist by e|p|

2/2 is natural in
this context, but it will certainly not produce a path integral like (0.10). So we
have to work with other objects than functions on T ∗X . However the other natural
structure which is at our disposal is its symplectic form ω.

Indeed if E is a Euclidean vector space, for b ∈ R, consider the bilinear form φb

on E ⊕ E∗ given by

(0.12) φb =
(

1 −b
b 0

)
.

Note that for b �= 0, it is nondegenerate. The parameter b gives a deformation
of the symplectic form of E ⊕ E∗. The idea is then to take the ‘adjoint’ of dT∗X

with respect to φb acting on TX ⊕ T ∗X . The obvious Laplacian associated to φb

is the vertical Laplacian along the fibre ∆V , the contribution of b being invisible,
cross derivatives in x, p disappearing by antisymmetry. However interaction with
the twist by ec|p|2/2 (with c = ±1/b2) produces ultimately a Laplacian Lb on T ∗X
which is such that ∂

∂u − Lb is hypoelliptic. Inspection of the corresponding path
integral shows that it produces exactly the path integral suggested in (0.10), with
T = b2. The construction of the Laplacian Lb is as canonical as the construction
of the standard Laplacian of X and can even look deceptively simpler. As the
path integral suggests, it interpolates in the appropriate sense between the scaled
standard Laplacian �X/2 of X for b = 0 and the geodesic flow of T ∗X for b = +∞.
The Laplacian Lb is no longer classically self-adjoint, but it is still self-adjoint with
respect to a nonpositive Hermitian form. In the case of S1, up to scaling, when
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acting on functions,

(0.13) Lb =
1

2b2

(
− ∂2

∂p2
+ 2p

∂

∂p

)
− 1
b
p
∂

∂x
.

In the case X = S1, the operator ∂
∂u − Lb is essentially the operator considered by

Kolmogorov in [Ko34] in his study of certain random processes. This operator is
the typical example to which the Hörmander theorem on second order differential
operators [Hö67] can be applied.

The purpose of this paper is to present in detail the construction of the hypoellip-
tic Laplacian, to exhibit its relation to standard Hodge theory, and to demonstrate
its potential as a deformation object which connects standard Hodge theory to the
geodesic flow. Its effective applications in the geometric context are deferred to
joint work with Lebeau [BL05].

The construction is obtained using the superconnection formalism of Quillen
[Q85a]. We also treat families of manifolds, since experience has repeatedly shown
that family considerations are useful, even when ultimately considering the case of
one single manifold. In that context, earlier work by Lott and the author [BLo95]
is used as a model to construct our deformed theory.

We have tried to make connections with path integrals as transparent as possible,
even while not providing the supporting analytic details. Finally let us point out
that S1 indeed plays a special role in the story. Indeed, since our ultimate purpose
is to deform a manifold into closed geodesics, one should expect the circle to be a
fixed point of this deformation. That this is indeed the case is shown in the proper
sense in subsection 3.10.

This paper is organized as follows. In Section 1, we develop the finite dimen-
sional Hodge theory for finite dimensional complexes equipped with Hermitian
forms which are not necessarily positive. Few results of classical Hodge theory
survive, but these are enough to develop the corresponding machinery to construct
the associated generalized Ray-Singer torsion and Quillen metrics. The reason for
inclusion of this section is that our generalized Laplacians will precisely be associ-
ated to nonpositive Hermitian forms on the de Rham complex.

In Section 2, we construct a natural deformation of the first order elliptic operator
1
2

(
dX + dX∗), as a first order nonelliptic operator over T ∗X . In Section 3, we give

a Weitzenböck formula for our deformed Laplacian, and we show that Hörmander’s
theorem can be applied to this operator. We relate this new Laplacian to Mathai
and Quillen’s formulas for Thom forms, and we show that it interpolates between
the standard Laplacian and the geodesic flow. Also the case of S1 receives special
attention.

Finally in Section 4, we apply the above constructions in the context of families,
the model construction being our earlier work with Lott [BLo95]. Special attention
is given to the proof of Weitzenböck’s formulas in various forms. Indeed the con-
struction is still a mixture of Riemannian and symplectic geometry. The motivation
underlying the manipulation of these formulas is connected to future applications
to local index theory.

The application of this machine to Hodge theory and generalized Ray-Singer
metrics is now the object of work in progress with Lebeau [BL05].

In the entire paper, if A is a Z2-graded algebra, if A,A′ ∈ A, then [A,A′] denotes
the supercommutator of A and A′.
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The results which are contained in this paper have been announced in [B04b,
B04c, B04d], and a survey of the motivation and results has been given in [B04e].

1. Generalized metrics and determinants

In this section, we develop elementary aspects of Hodge theory associated to finite
dimensional complexes equipped with Hermitian forms of arbitrary signature. One
of the main results of this theory is that, in general, the harmonic forms produce
a subcomplex out of which one can extract the cohomology. It may even happen
that the corresponding Laplacian is identically 0, which makes the general theory
differ dramatically from standard Hodge theory, even in finite dimensions.

The consequences of this theory are quite important when applied to de Rham
complexes, as will be established in later work with Lebeau [BL05]. We have
included this section in the present paper so as to give some idea of what difficulties
are involved when dealing with arbitrary Hermitian forms. In Sections 2 and 3, we
will prove that our deformed Hodge theory fits in the algebraic framework developed
in this section.

This section is organized as follows. In subsection 1.1, we recall briefly some
properties of determinants. In subsection 1.2, we consider a finite dimensional
complex (E, ∂), equipped with a Hermitian form gE , which we will also call a
generalized metric. In subsection 1.3, we develop the Hodge theory associated to
gE. Among these, we distinguish the generalized metrics of Hodge type, which
are the ones for which the Hodge theorem holds. In subsection 1.4, we construct a
corresponding generalized metric on detE. In subsection 1.5, we compute explicitly
this generalized metric in terms of the corresponding analytic torsion in the sense
of Ray and Singer [RS71]. In subsections 1.6 and 1.7, we develop a simple theory
of the determinant bundle by imitating Quillen [Q85b], i.e. by truncating the
spectrum of the Laplacian. In subsections 1.8–1.10, we apply this construction
to flat complexes. In subsection 1.11, we prove that if a family of generalized
metrics depends analytically on s ∈ R, if the set where the Hodge condition holds
is nonempty, its complement is discrete. Finally in subsection 1.12, we consider
equivariant determinants in the sense of [B95].

1.1. Determinants. If λ is a complex line bundle, let λ−1 be the corresponding
dual line. If V is a complex vector space, put

(1.1) det V = Λmax (V ) .

Let V ∗ be the dual of V . Then

(1.2) detV ∗ = (det V )−1
.

Let

(1.3) (E·, ∂) : 0 → E0 ∂→ . . .
∂→ En → 0

be a complex of finite dimensional complex vector spaces. Here E· =
⊕

0≤i≤n E
i.

Let H · (E·) =
⊕

0≤i≤n H
i (E·) be the cohomology of (E·, ∂). Put

detE· =
⊗

0≤i≤n

(
detEi

)(−1)i

, detH · (E·) =
⊗

0≤i≤n

(
detHi (E·)

)(−1)i

.(1.4)

Then by [KM76], there is a canonical isomorphism

(1.5) detE· � detH · (E·) .
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It should be pointed out that in [KM76], the considered objects are pairs (λ, ε),
with ε = ±1, and that the canonical isomorphisms involve the ε explicitly. Here we
will mostly disregard these questions of signs.

1.2. A generalized metric on E·. Let hE·
=

⊕
0≤i≤n h

Ei

be a Hermitian form
on E· =

⊕
0≤i≤nE

i, which is assumed to be nondegenerate. Then the map

(1.6) (a, b) ∈ E· × E· → 〈a, b〉hE·

is sesquilinear, that is, it is linear in a, antilinear in b, the Ei are mutually orthogonal
in E·, and the pairing in (1.6) is nondegenerate. Moreover

(1.7) 〈b, a〉hE· = 〈a, b〉hE· .

Then hE defines a Z-graded isomorphism E → E
·∗

, which we also denote by hE .
In the sequel, we will omit the subscript hE·

in 〈 〉hE· .
The above hE·

will be called generalized metrics. Indeed classical Hermitian
metrics are special cases of the hE·

.
If A ∈ End (E·), A∗ denotes its adjoint with respect to hE·

. Namely if a, b ∈ E·,

(1.8) 〈Aa, b〉 = 〈a,A∗b〉 .
Then

(1.9) (A∗)∗ = A.

1.3. The Hodge theory of hE·
. Clearly (E−·, ∂∗) is a complex.

Put

(1.10) D = ∂ + ∂∗.

Then D is an hE·
self-adjoint odd endomorphism of E·. Moreover

(1.11) D2 = [∂, ∂∗]

is the corresponding generalized Laplacian, which is also hE·
self-adjoint. Of course,

D2 commutes with ∂ and with ∂∗.
In the sequel, Sp is our notation for the spectrum of an operator.

Proposition 1.1. The spectra SpD and SpD2 are conjugation invariant.

Proof. Let D̃ ∈ End (E·∗) be the transpose of D. Then since D is hE·
self-adjoint,

(1.12) D =
(
hE·)−1

D̃hE·
.

Our proposition now follows from (1.12). �

Let

(1.13) E· =
⊕

λ∈SpD2

E·
λ

be the decomposition of E· into the Jordan blocks associated to D2. Note that
since ∂ commutes with D2, the E·

λ are indeed subcomplexes of E·. Moreover the
Jordan filtration on the E·

λ is a filtration of complexes.
We will consider in particular the subcomplex (E·

0, ∂). Note that for k ∈ N large
enough,

(1.14) E·
0 = ker

(
D2

)k
.
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If hE·
is a Hermitian metric, the complex (E0, ∂) is trivial, i.e. ∂ = 0.

Set

(1.15) E·
∗ =

⊕
λ�=0

E·
λ.

Then the complex E· splits as

(1.16) E· = E·
0 ⊕ E·

∗.

Observe that for k ∈ N large enough,

(1.17) E·
∗ = Im

(
D2

)k
.

Therefore, for k ∈ N large enough, the splitting (1.16) of the complex E· is just
the splitting

(1.18) E· = ker
(
D2

)k ⊕ Im
(
D2

)k
.

Theorem 1.2. The complex (E·
∗, ∂) is acyclic. In particular

(1.19) H · (E) = H · (E·
0) .

The vector spaces E·
0 and E·

∗ are orthogonal with respect to hE·
, and the restrictions

of hE·
to E·

0 and E·
∗ are nondegenerate. Moreover,

(1.20) E·
∗ = Im ∂|E·∗ ⊕ Im ∂∗|E·∗ ,

and the decomposition (1.20) is hE·
orthogonal.

Proof. Clearly D2 acts as an invertible operator on E·
∗, so that on E·

∗,

(1.21) 1 =
[
∂, ∂∗

(
D2

)−1
]
.

From (1.21), we deduce that (E·
∗, ∂) is acyclic. Using (1.16), we get (1.19).

Take a ∈ E·
0, b ∈ E·. Using (1.14) and the fact that D2 is hE·

self-adjoint, we
get

(1.22)
〈
a,

(
D2

)k
b
〉

= 0.

Since
(
D2

)k acts as an invertible map on E·
∗, we deduce that E·

0 and E·
∗ are mutually

orthogonal in E· with respect to hE·
. Since hE·

is nondegenerate, its restrictions
to E·

0 and E·
∗ are also nondegenerate.

By (1.21), Im∂|E·∗ and Im∂∗|E·∗ span E·
∗. Moreover these vector spaces are hE·

orthogonal. Since the restriction of hE·
to E·

∗ is nondegenerate, we get (1.20). The
proof of our theorem is completed. �
Remark 1.3. To prove that in (1.20), Im∂|E·∗ ∩ Im∂∗|E·∗ = 0, note that this inter-
section lies in kerD2|E·∗ and that this last vector space is reduced to 0.

Definition 1.4. We will say that the generalized metric hE·
is of Hodge type if

(1.23) E·
0 = ker ∂ ∩ ker ∂∗.

Theorem 1.5. A generalized metric hE·
is of Hodge type if and only if

(1.24) E·
0 = kerD

or if

(1.25) dimE·
0 = dimH · (E·) .
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In this case,

(1.26) E·
0 = kerD = kerD2,

and moreover, we have the canonical isomorphism,

(1.27) E·
0 � H · (E·) .

A generalized metric hE·
is of Hodge type if and only if

(1.28) E· = (ker ∂ ∩ ker∂∗) ⊕ Im ∂ ⊕ Im ∂∗.

The splitting in (1.28) is hE·
orthogonal, and moreover,

E·
0 = ker ∂ ∩ ker ∂∗, E·

∗ = Im ∂ ⊕ Im ∂∗.(1.29)

Proof. Clearly kerD ⊂ E·
0. If f ∈ Ei

0 and if Df = 0, then ∂f = 0, ∂∗f = 0. So we
have shown that hE·

is of Hodge type if and only if (1.24) holds. If (1.23) holds,
the chain map of the complex E·

0 is 0, so that using (1.19),

(1.30) E·
0 = H · (E·) ,

and so (1.25) holds. Conversely if (1.25) holds, by (1.19), the restriction of ∂ to E·
0

vanishes, and so the restriction of ∂∗ to E·
0 also vanishes. Moreover, for any k ∈ N

large enough,

(1.31) E·
0 ⊂ {f ∈ E·, ∂f = 0, ∂∗f = 0} ⊂ kerD ⊂ kerD2 ⊂ ker

(
D2

)k
= E·

0.

Equation (1.26) follows from (1.31).
If hE·

is of Hodge type, by (1.16) and (1.20), we get (1.28). Conversely, if (1.28)
holds, the splitting in (1.28) is hE·

orthogonal. In particular,

ker ∂ = (ker ∂ ∩ ker ∂∗) ⊕ Im ∂, ker ∂∗ = (ker ∂ ∩ ker ∂∗) ⊕ Im ∂∗.(1.32)

By (1.32), we find that D2 acts as an invertible operator on Im ∂ ⊕ Im ∂∗ and that
kerD2 = ker ∂ ∩ ker ∂∗. The proof of our theorem is completed. �

1.4. A generalized metric on detE·. Note first that if λ is a complex line,
λ−1 ⊗ λ

−1
is a real line. Also note that there is a canonical isomorphism

(1.33)
(
λ−1 ⊗ λ

−1
)∗
/R∗

+ � {−1,+1} .

Equivalently, nonzero sections of λ−1 ⊗ λ
−1

have a sign. In particular metrics on
λ have a sign equal to +1.

For 0 ≤ i ≤ n, dethEi

is a nonzero real section of the real line
(
detEi

)−1 ⊗(
detE

i
)−1

. Let signhEi

be the signature of hEi

. Then the sign of dethEi

in(
detEi

)−1 ⊗
(
detE

i
)−1

is just (−1)sign hEi

. Set

(1.34) dethE·
=

n⊗
i=0

(
dethEi

)(−1)i

.

Then dethE·
is a nonzero real section of (detE·)−1 ⊗

(
detE

)−1
, whose sign is

(−1)
∑n

i=1 sign hEi

. If the hEi

are ordinary Hermitian products, the sign is +1.
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By writing hE·
in diagonal form, there is a Hermitian metric gE·

=
⊕

0≤i≤n g
Ei

on E· =
⊕

0≤i≤n E
i and a gE·

self-adjoint involution u of E· preserving the Z-
grading, such that

(1.35) hE·
= gE·

u.

In general, the involution u does not commute with ∂. Also observe that for any
i, 0 ≤ i ≤ n, detu|Ei = ±1. More precisely,

(1.36) detu|Ei = (−1)sign hEi

.

Set

(1.37) detu|E =
∏

0≤i≤n

(detu|Ei)(−1)i

.

By (1.36), detu = ±1 depends only on hE·
.

By (1.35), we get

(1.38) dethE·
= detu|E det gE·

.

By (1.36) or by (1.38), we find that detu|E = ±1 is just the sign of det hE.
If A ∈ End (E), let A† be the gE·

adjoint of A. Clearly

(1.39) A∗ = uA†u.

By (1.11) and (1.39), we get

(1.40) D2 =
[
∂, u∂†u

]
.

Proposition 1.6. The operator uD2 is gE·
self-adjoint.

Proof. By (1.40),

(1.41)
(
D2

)†
=

[
∂†, u∂u

]
= uD2u,

which establishes our proposition. �

Finally, we should observe that the sign ambiguity which was mentioned at the
end of subsection 1.1 has nothing to do with the question of signs which is mentioned
here.

In the sequel if a ∈ detE·, we will use the notation

(1.42) ‖a‖2
det E· =

〈
a⊗ a, dethE·〉

,

so that we use the same notation as in the case where dethE·
is a standard Hermit-

ian metric. Note that if a is nonzero, ‖a‖2
det E· ∈ R∗. The object ‖ ‖2

detE· will be
called a generalized metric on detE·. This notation should be used with care—the
square does not imply any idea of positivity.

In the sequel we also use the notation

(1.43) ε
(
‖ ‖2

det E·

)
= detu|E ,

which is equal to ±1 and is just the sign of dethE·
.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE HYPOELLIPTIC LAPLACIAN ON THE COTANGENT BUNDLE 391

1.5. Determinant of the generalized Laplacian and generalized metrics.
Let hE·

0 be the Hermitian form on E·
0 induced by hE·

. As we saw in Theorem 1.2,
this form is nondegenerate, i.e. hE·

0 is a generalized metric on E·
0. Therefore we

obtain a generalized metric dethE·
0 on detE·

0.
By (1.16) and by Theorem 1.2, we have an exact sequence of complexes

(1.44) 0 → E·
0 → E· → E·/E·

0 → 0,

and moreover E·/E·
0 � E·

∗ is acyclic. By [KM76], (detE·
∗)

−1 has a nonzero canoni-
cal section det ∂|E·∗ . Via this nonzero section, we obtain the canonical identification
which is a special case of (1.5),

(1.45) detE·
∗ � C.

By [KM76], there is a canonical isomorphism

(1.46) detE· � detE·
0.

This canonical isomorphism is just given by

(1.47) s ∈ detE·
0 → s⊗

(
det ∂|E·∗

)−1 ∈ detE·.

On the other hand by (1.5) and (1.19), we know that

detE· � detH · (E·) , detE·
0 � detH · (E·) .(1.48)

The canonical isomorphism in (1.46) is in fact the isomorphism one obtains from
(1.48).

From (1.44), we see that the generalized metrics dethE·
and dethE·

0 are in fact
generalized metrics on the same line detE·. One can then try to compare them.

Definition 1.7. Let S
(
E, hE·) ∈ R∗ be given by

(1.49) S
(
E, hE·)

=
n∏

i=1

(
detD2|Ei∗

)(−1)ii
.

The number S
(
E, hE·)

will be called the generalized analytic torsion of the
complex (E, ∂).

Proposition 1.8. The following identity holds:

(1.50)
∥∥∥(det ∂|E·∗

)−1
∥∥∥2

det E·∗
= S

(
E, hE·)

.

Proof. By Theorem 1.2, for 0 ≤ i ≤ n,

(1.51) Ei
∗ = ∂Ei−1

∗ ⊕ ∂∗Ei+1
∗ ,

and the splitting in (1.51) is hEi
∗ orthogonal. Since (E·

∗, ∂) is acyclic, ∂|E·∗ is one-
to-one from ∂∗Ei+1

∗ into ∂Ei
∗.

Take a0 nonzero in detE0
∗ . . . , ai nonzero in det ∂∗Ei+1

∗ . . . . By definition [KM76],

(1.52) det ∂|E·∗ = a−1
0 ⊗ ∂a0 ∧ a1 ⊗ (∂a1 ∧ a2)

−1
. . . .

Since the splitting in (1.51) is hEi
∗ orthogonal, for any i, we get

(1.53) ‖∂ai−1 ∧ ai‖2
det Ei∗

= ‖∂ai−1‖2
det ∂Ei−1∗ ‖ai‖2

det∂∗Ei+1∗ .

By construction,

(1.54) ‖∂ai−1‖2
det∂Ei−1∗ = det

(
∂∗∂|∂∗Ei∗

)
‖ai−1‖2

det∂∗Ei∗
.
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By (1.53), (1.54), we get

(1.55)
∥∥det ∂|E·∗

∥∥2

(detE·∗)−1 =
n∏

i=1

det
(
∂∗∂|∂∗Ei∗

)(−1)i+1

.

Finally observe that D2 preserves the splitting (1.20) of E·
∗. More precisely, D2

restricts to ∂∂∗ on Im∂|E·∗ and to ∂∗∂ on Im∂∗|E·∗ . One then verifies easily that
(1.50) is equivalent to (1.55). The proof of our proposition is completed. �

Theorem 1.9. The following identity holds:

(1.56) ‖ ‖2
det E· = S

(
E, hE·) ‖ ‖2

det E·
0
.

Proof. By Theorem 1.2, E·
0 and E·

∗ are orthogonal in E· with respect to hE·
. Our

theorem now follows from (1.47) and from Proposition 1.8. �

Remark 1.10. From Theorem 1.9, we deduce in particular that

(1.57) ε
(
‖ ‖2

det E·

)
= signS

(
E, hE·)

ε
(
‖ ‖2

det E∗
0

)
.

Note that Theorem 1.9 extends to generalized metrics on determinant lines a
well-known statement on standard metrics on determinants [BGiSo88]. Also note
that as we shall see, the generalized Laplacian D2 may well be equal to 0. In this
case Theorem 1.9 is a tautology.

1.6. Truncating the spectrum of the generalized Laplacian. Now, we will
extend Theorem 1.9 when considering more general splittings of E· than (1.16),
(1.18).

Theorem 1.11. If λ, µ ∈ SpD2, if µ �= λ, then E·
λ and E·

µ are hE·
orthogonal.

Also if λ ∈ SpD2, the restriction of hE·
to E·

λ + E·
λ

is nondegenerate.

Proof. Take λ, µ as indicated above. Let k ∈ N be large enough so that

(1.58) E·
λ = ker

(
D2 − λ

)k
.

Then if a ∈ E·
λ, b ∈ E·

µ, since D2 is hE·
self-adjoint, using (1.58), we get

(1.59)
〈
a,

(
D2 − λ

)k
b
〉

= 0.

Now since µ �= λ, the restriction of
(
D2 − λ

)k
to E·

µ is invertible. From (1.59), we
deduce that E·

λ and E·
µ are hE·

orthogonal. Since hE·
is nondegenerate, the final

statement in our theorem follows easily. �

Take now r ∈ R∗
+ such that if λ ∈ SpD2, then |λ| �= r.

Definition 1.12. Put

E·
<r =

⊕
λ∈SpD2

|λ|<r

E·
λ, E·

>r =
⊕

λ∈SpD2

|λ|>r

E·
λ.(1.60)

Then E·
<r and E·

>r are subcomplexes of E·, and moreover

(1.61) E· = E·
<r ⊕ E·

>r.
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Proposition 1.13. If r > 0, then

H · (E·
<r) = H · (E·) , H · (E·

>r) = 0.(1.62)

Moreover E·
<r and E·

>r are hE·
orthogonal, and the restriction of hE·

to each of
these complexes is nondegenerate.

Proof. Since E·
∗ is acyclic, we get (1.62). The second part of our proposition follows

from Theorem 1.11. �
By Proposition 1.13, for r > 0,

(1.63) detE·
<r � detE·.

The identification in (1.63) is given by

(1.64) s ∈ detE·
<r → s⊗

(
det ∂|E·

>r

)−1
.

Let hE·
>r be the generalized metric induced by hE·

on E·
>r. Let S

(
E·

>r, h
E·

>r

)
be defined as in Definition 1.7. Now we have the following extension of Theorem
1.9.

Theorem 1.14. The following identity holds:

(1.65) ‖ ‖2
det E· = S

(
E·

>r, h
E·

>r

)
‖ ‖2

detE·
<r
.

Proof. We can either use Theorem 1.9 or prove our theorem by using the same
arguments as in Theorem 1.9. �
Remark 1.15. Take 0 < r < r′ as before. Put

(1.66) E·
]r,r′[ =

⊕
λ∈SpD2

r<|λ|<r′

E·
λ.

Then the canonical identification detE·
<r � detE<r′ is just given by

(1.67) s ∈ detE·
<r → s⊗

(
det ∂|E·

]r,r′[

)−1

∈ detE·
<r′ .

1.7. Generalized metrics on determinant bundles. Let (E, ∂) be a smooth
complex of finite dimensional complex vector bundles on a manifold S. We will use,
in this more general context, the notation of the previous subsections.

Note that the dimension of the fibres of H · (E·) may well jump, so that in
general H · (E·) is not a vector bundle on S. Still detE is a complex line bundle
on S, whose fibres detEs are canonically isomorphic to the fibres detH · (E·)s. We
will sometimes call detE· the determinant of the cohomology.

Let hE·
=

⊕
0≤i≤n h

Ei

be a smooth generalized metric on E =
⊕

0≤i≤n E
i. We

can then construct the generalized metric ‖ ‖2
det E· on detE·, which is smooth. Note

that its sign is locally constant on S.
We will now use the constructions of subsection 1.5 in the present context. Take

r > 0, and set

(1.68) Vr =
{
s ∈ S such that if λ ∈ SpD2

s , then |λ| �= r
}
.

Then Vr is an open set in S. Moreover detE<r is a smooth line bundle on Vr, which
by (1.63), (1.64), is canonically isomorphic to detE·|Vr . By (1.67), if 0 < r < r′,
the identification

(1.69) detE<r|Vr∩Vr′ � detE<r′ |Vr∩Vr′
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is given by (1.67). Finally by (1.65),

(1.70) ‖ ‖2
det E·|Vr

= S
(
E·

>r, h
E·

>r

)
‖ ‖2

detE·
<r
.

Remark 1.16. Assume that (E·, ∂) is acyclic or, equivalently, that H · (E·) = 0.
Then (det ∂)−1 is a canonical smooth nonzero section of detE. We define the open
set V0 as in (1.68), by replacing r by 0. By Theorem 1.9, on V0,

(1.71)
∥∥∥(det ∂)−1

∥∥∥2

det E·
= S

(
E, gE

)
.

Still the left-hand side of (1.71) extends to a smooth nonzero function on S, so that
this is also the case for the right-hand side.

Let us give an example of why this is the case. Consider the obvious acyclic
complex (E·, ∂) given by

(1.72) 0 → F 0 ∂−→ F 0 ⊕ F 1 ∂−→ F 1 → 0.

In (1.72), F 0, F 1 are finite dimensional complex vector spaces. Note that ker ∂ ∩
ker ∂∗ ⊂ E1. Then on E0, D2 acts like ∂∗∂, which is invertible if and only if
ker ∂∩ker ∂∗ = 0. Similarly, D2 acts like ∂∂∗ on E2 = F 1, which is invertible under
exactly the same condition. Therefore detD2|E0 and detD2|E2 vanish exactly
together. Now one verifies easily that on V0,

(1.73) S
(
E, gE

)
=

detD2|E2

detD2|E0
.

We have thus found that (1.71) and (1.73) are indeed compatible. When hE·
is a

Hermitian metric, V0 = S. When hE·
is not a Hermitian metric, on S \ V0, (1.71)

does not hold anymore. Contrary to the standard theory of metrics on determinant
lines, the Hermitian form hE·

is a new source of difficulties, even when the complex
(E·, ∂) is acyclic. In particular, if dimF 0 = dimF 1, one can easily construct a
generalized metric hE·

such that D2 = 0. The conclusions of traditional Hodge
theory are certainly not verified in this more general setting.

1.8. Determinants and flat superconnections. We make the same assump-
tions as in subsection 1.7. We will use the superconnection formalism of Quillen
[Q85a]. Let A′ be a superconnection on E· of total degree 1 in the sense of [BLo95,
Definition 2.1], which is of the form

(1.74) A′ =
∑
j≥0

A′
(j),

where A′
(1) = ∇E·

is a connection on E· which preserves the Z grading, and for
j �= 1, A′

(j) is a smooth section of Λj (T ∗S) ⊗̂Hom
(
E·, E·+1−j

)
. Here ⊗̂ is our

notation for the Z2-graded tensor product. We assume that

(1.75) A′
(0) = ∂

and also that A′ is flat, i.e.

(1.76) A′2 = 0.

In particular, from (1.74)–(1.76), we can deduce as in [BLo95, Proposition 2.2] that[
∇E·

, ∂
]

= 0, ∇E·,2 +
[
∂,A′

(2)

]
= 0.(1.77)
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Let ∇det E·
be the connection on detE· induced by ∇E·

. Then using (1.77), we
find that

(1.78) c1

(
detE·,∇det E·)

= 0,

i.e. ∇detE·
is flat.

By [BLo95, Proposition 2.5], one can deduce from (1.76) that the fibres H · (E·)
have locally constant rank and patch into a smooth vector bundle on S, equipped
with a canonical flat connection ∇H·(E·). Let ∇det H·(E·) be the connection induced
by ∇H·(E·) on detH · (E·).

By (1.5), the line bundles detE· and detH · (E·) are canonically isomorphic.

Proposition 1.17. The flat connections ∇det E·
and ∇det H·(E·) coincide.

Proof. Consider the exact sequence of vector bundles

(1.79) 0 → H0 (E·) → E0 → ∂E0 → 0.

By (1.79), the connection ∇E·
induces connections ∇H0(E) and ∇∂E0

on H0 (E·)
and ∂E0, and the chain maps in (1.79) are parallel. From (1.79), we have the
canonical isomorphism

(1.80) detE0 � detH0 (E) ⊗ det ∂E0.

Finally the above arguments show that the identification (1.80) is parallel with
respect to the obvious connections.

Also we have the exact sequence

(1.81) 0 → ∂E0 → ker ∂|E1 → H1 (E·) → 0.

By (1.81), we have the parallel canonical isomorphism

(1.82) det ker∂|E1 � det ∂E0 ⊗ detH1 (E·) .

We can iterate the above arguments, and we finally get our proposition. �

1.9. The Hodge theorem as an open condition. We make the same assump-
tions as in subsections 1.7 and 1.8.

Definition 1.18. Let SH be the subset of the s ∈ S such that the generalized
metric hE·

s is of Hodge type.

Proposition 1.19. The set SH ⊂ S is open.

Proof. Recall that the dimension ofH · (E·) is locally constant. Moreover, by (1.19),

(1.83) dimE·
0 ≥ dimH · (E·) .

From the upper semicontinuity of the function dimE0,s on S and from the first
statement in Theorem 1.5, our proposition follows. �

1.10. Generalized metrics and flat superconnections. We make the same
assumptions as in subsections 1.7 and 1.8. Put

(1.84) ω
(
E·, hE·)

=
(
hE·)−1

∇E·
hE·

.

Then ω
(
E, hE·)

is a 1-form with values in hE·
self-adjoint sections of End (E·)

which preserve the Z grading.
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Definition 1.20. Let ∇E·,u be the connection on E·,

(1.85) ∇E·,u = ∇E·
+

1
2
ω
(
E·,∇E·)

.

Clearly the connection ∇E·,u preserves hE·
. A simple computation shows that

its curvature ∇E·,u,2 is given by

(1.86) ∇E·,u,2 =
1
2
(
∇E,2 −∇E,2,∗)− 1

4
ω
(
E·,∇E·)2

.

Let ∇det E·,u be the connection induced by ∇E·,u on detE·. By (1.85),

(1.87) ∇detE·,u = ∇det E·
+

1
2
Trs

[
ω
(
E·,∇E·)]

.

As the notation indicates, ∇detE·,u is just the connection associated to the flat
connection ∇detE·

and the generalized metric ‖ ‖2
det E· as in (1.85). Clearly

(1.88) c1

(
detE·,∇detE·,u

)
= 0,

i.e. the connection ∇detE·,u is still flat.
Using Proposition 1.17 and (1.87), we get

(1.89) ∇detE·,u = ∇det H·(E·) +
1
2
∇det E·

log
(
‖ ‖2

det E·

)
.

Now we will give another expression for ∇det E·,u over Vr. In fact, let ∇E·
<r be

the connection on E<r obtained by projection of ∇E·
with respect to the splitting

(1.61) of E·|Vr . We construct the connection ∇E·
<r,u as in (1.84), (1.85) with

respect to the generalized metric hE·
<r . Since the splitting (1.61) is hE·

orthogonal,
one verifies easily that ∇E·

<r,u is just the projection of ∇E·,u with respect to the
splitting (1.61). We denote by ∇det E·

<r and ∇det E·
<r,u the connections induced on

detE·
<r by ∇E·

<r and ∇E·
<r ,u.

Proposition 1.21. The following identity of connections holds on Vr:

(1.90) ∇det E·
<r = ∇det H·(E·).

Moreover,

(1.91) ∇detE·
<r,u = ∇H·(E·) +

1
2
∇H·(E·) log ‖ ‖2

detE·
<r
.

Proof. Clearly ∂|E·
<r

is parallel with respect to ∇E·
<r . By construction, the connec-

tion ∇E·
<r induces on H · (E·

<r) = H · (E·) the connection ∇H·(E·). By proceeding
as in the proof of Proposition 1.17, we get (1.90). Also as we saw before,

(1.92) ∇det E·
<r,u = ∇detE·

<r +
1
2
∇detE·

<r log ‖ ‖2
det E·

<r
.

From (1.90), (1.92), we get (1.91). The proof of our proposition is completed. �

Remark 1.22. Let ∇E·
>r be the projection of ∇E·

with respect to the splitting (1.61).
Then ∂|E·

>r
is parallel with respect to ∇E·

>r . Let ∇detE·
>r be the connection on

detE·
>r induced by ∇E·

>r . Then det ∂|E·
>r

is a flat section of detE·
>r, so that

∇detE·
>r is flat. This can also be proved by noting that ∇E·

>r ,2 commutes with
∂|E·

>r
and that E·

>r is acyclic. Also by (1.61),

(1.93) detE· � detE·
<r ⊗ detE·

>r.
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Moreover, by construction,

(1.94) ∇det E·
= ∇det E·

<r ⊗ 1 + 1 ⊗∇det E·
>r .

Equation (1.94) is compatible with the flatness of the three connections which
appear there.

The same argument as in (1.94) shows that

(1.95) ∇det E·,u = ∇detE·
<r,u ⊗ 1 + 1 ⊗∇det E·

>r,u.

Moreover since det ∂|E·
>r

is a flat section of detE·
>r, using Proposition 1.8, we

get

(1.96) ∇det E·
>r,u = ∇detE·

>r +
1
2
d log S

(
E·

>r, h
E·

>r

)
.

From (1.95), (1.96), we get

(1.97) ∇det E,u = ∇det E·
<r,u +

1
2
d logS

(
E·

>r, h
E·

>r

)
.

Note that (1.97) also follows from (1.70), from Propositions 1.17 and 1.21, and from
(1.94)–(1.96).

1.11. Analyticity and the Hodge condition. Let (E·, ∂) be a finite dimensional
complex as in (1.3). Let O be a nonempty open interval in R. Let s ∈ O → hE·

s

be an analytic family of generalized metrics on E·. Then we can view (E·, ∂) as a
flat complex on O, equipped with the analytic metric hE·

. This metric induces a
corresponding analytic metric ‖ ‖2

detE· on detE·.

Proposition 1.23. Assume that OH =
{
s ∈ O, hE·

s is Hodge
}

is nonempty. Then
O \OH is a discrete subset of O.

Proof. As we saw in Proposition 1.19, we already know that OH is open in O. For
0 ≤ i ≤ n, s ∈ O, z ∈ C, put

(1.98) fi,s (z) = det
(
D2

Ei,s − z
)
.

Then fi,s (z) is a polynomial in z with analytic coefficients in s. By Theorem
1.2, given s ∈ O, fi,s (z) has a zero in z whose order is exactly dimEi

0,s. Set
hi = dimHi (E·). By Theorem 1.5, OH is the set of s ∈ O such that for 1 ≤ i ≤ n,
f

(hi+1)
i,s (0) �= 0. Since OH is nonempty, for 1 ≤ i ≤ n, f (hi+1)

i,s (0) is an analytic
function of s which is nonidentically 0. Therefore the zero set in O of each of these
functions is a discrete subset of O. The proof of our proposition is completed. �

1.12. The equivariant determinant. Clearly the function log is a well-defined
function from C∗ into R ⊕ iR/2π.

Let G be a compact Lie group. Let Ĝ be the set of equivalence classes of
irreducible representations of G. If W ∈ Ĝ, let χW be the corresponding character
of G.

Now we make the same assumptions as in subsections 1.1–1.6. Also we assume
thatG acts on E· by isomorphisms of complexes. Namely G preserves the Z-grading
and commutes with ∂. Finally we suppose that hE·

is G-invariant.
If W ∈ Ĝ, set

(1.99) E·
W = HomG (W,E·) ⊗W.
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Let

(1.100) E· =
⊕

W∈Ĝ

EW

be the isotypical decomposition of E·. Then the various E·
W are subcomplexes of

E·. Note that (1.100) can be obtained by taking an element g ∈ G such that the
closure of the group generated by g is just G and by splitting E· according to the
distinct eigenvalues of g.

Note that the splitting (1.16) is G-invariant, so that each term in (1.100) inherits
a corresponding splitting.

Proposition 1.24. The splitting (1.100) of E· is hE·
orthogonal, and the restric-

tion of hE·
to each EW is nondegenerate.

Proof. Let gE·
be a G-invariant Hermitian metric on E·. Then the splitting (1.100)

is gE·
orthogonal. Let v ∈ EndE· be such that

(1.101) hE·
= gE·

v.

Then v commutes with G. Therefore v preserves the decomposition (1.100). Our
proposition follows. �

Set

(1.102) detE· =
⊕

W∈Ĝ

detE·
W .

Let ‖ ‖2
detEW

be the generalized metric on detEW induced by the restriction of
hE·

to E·
W .

Definition 1.25. Set

(1.103) log
(
‖ ‖2

det E·

)
=

∑
W∈Ĝ

log
(
‖ ‖2

det EW

)
⊗ χW

rkW
.

The formal sum (1.103) will be called the logarithm of a generalized equivariant
metric on detE·.

Note that (1.103), the interpretation of the logarithm is the one given at the
beginning of the section. In particular each term log

(
‖ ‖2

detEW

)
contains the in-

formation on the sign of ‖ ‖2
det EW

.
Let detE·

∗ =
⊕

W∈Ĝ detE·
∗W be the direct sum of lines associated to E·

∗ as
in (1.102). Since E·

∗W is acyclic, each detE·
∗W has a canonical nonzero section

(det ∂|E∗W ). Set

(1.104)
(
det ∂|E·∗

)−1
=

⊕
W∈Ĝ

(
det ∂|E·

∗W

)−1
.

Definition 1.26. For g ∈ G, set

(1.105) Tg

(
E·

∗, h
E·

∗
)

=
1
2
TrsE·

∗
[
gN log

(
D2|E·∗

)]
.

The expression in the right-hand side of (1.105) has to be properly understood.
Indeed we can split E·

∗ according to the distinct eigenvalues of g. On each eigenspace
of g, the spectrum of D2 is still conjugation invariant. The eigenvalues of D2 which
are not real do not cause any difficulty, since their imaginary parts cancel out in
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(1.105). So in fact only the negative eigenvalues of D2 can cause trouble in (1.105).
However these are taken care of in our definition of the log, so that the following
statement does make sense.

Proposition 1.27. The following identity holds:

(1.106) log
∥∥∥(det ∂)−1

∥∥∥2

detE·∗
= 2T·

(
E·

∗, h
E·

∗
)
.

Proof. First consider a generic g ∈ G, and split E·
∗ according to the eigenvalues

of g. On each acyclic eigencomplex, we can use Proposition 1.8, and we obtain
our proposition when we evaluate both sides of (1.106) on this g. The general case
follows easily. �

As in (1.46), we have the canonical isomorphism

(1.107) detE· � detE·
0.

Now we have an extension of Theorem 1.9.

Theorem 1.28. The following identity holds:

(1.108) log
(
‖ ‖2

detE·

)
= log

(
‖ ‖2

det E·
0

)
+ 2T·

(
E·

∗, h
E·

∗
)
.

Proof. This follows from Propositions 1.24 and 1.27. �

The results of subsections 1.6, 1.7 and 1.10 can be extended to the equivariant
case. The statements and proofs are obvious and are left to the reader.

2. The adjoint of the de Rham operator on the cotangent bundle

Let X be a Riemannian manifold, and let F be a flat Hermitian vector bundle
on X . In this section, we construct the adjoint of the de Rham operator dT∗X with
respect to a natural sesquilinear form on the de Rham complex of T ∗X . Also we
prove that this operator is also the adjoint of dT∗X with respect to a Hermitian
form on the de Rham complex, which makes in principle the theory of Section 1
applicable in the present context.

This section is organized as follows. In subsections 2.1 and 2.2, we recall elemen-
tary results on exterior algebras, Clifford algebras and bilinear forms. In subsection
2.3, if M is a manifold, we construct the adjoint of the de Rham operator dM with
respect to a bilinear form on the tangent space. In subsection 2.4, if M is sym-
plectic, we construct the symplectic adjoint d

M
of the de Rham operator, and we

show it anticommutes with dM . In subsection 2.5, we apply this construction to
T ∗X . In subsection 2.6, we perturb the symplectic form of T ∗X , so as to pro-
duce a better adjoint d

T∗X

φ . In subsection 2.7, we show that this operator is also
the adjoint of dT∗X with respect to a nontrivial Hermitian form. In subsection
2.8, we introduce a Witten twist associated to a Hamiltonian H : T ∗X → R, and
we produce in this way the generalized adjoint d

T∗X

φ,2H. The first order operator

Aφ,H = 1
2

(
d

T∗X

φ,2H + dT∗X
)

and the Laplacian A2
φ,H are our fundamental objects of

study.
In subsection 2.9, we show that if H is invariant under the map p→ −p, the op-

erator d
T∗X

φ,2H is the adjoint of dT∗X with respect to a Hermitian form. In subsection
2.10, we study the behaviour of the considered operators under Poincaré duality.
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In subsection 2.11, we construct an operator Aφ,H which is naturally conjugate to
Aφ,H, which is sometimes simpler to handle. In subsection 2.12, we study the effect
of the scaling of the variable p ∈ T ∗X .

In subsections 2.13 and 2.14, we consider the case where H = Hc, with Hc =
c |p|2 /2. Also we show that when making c → ±∞, the operator Aφ,Hc has the
preferred matrix structure considered in particular in [BL91, Section 8].

2.1. Clifford algebras. Let V be a real Euclidean vector space of dimension n.
We identify V and V ∗ by the scalar product of V . If U ∈ V , let U∗ ∈ V ∗ correspond
to U by the metric.

If U ∈ V , set,

c (U) = U∗ ∧ −iU , ĉ (U) = U∗ ∧ +iU .(2.1)

Then c (U) , ĉ (U) lie in Endodd (Λ (V ∗)). Moreover if U,U ′ ∈ V ,

[c (U) , c (U ′)] = −2 〈U,U ′〉 , [ĉ (U) , ĉ (U ′)] = 2 〈U,U ′〉 ,(2.2)

[c (U) , ĉ (U ′)] = 0.

By (2.2),

U∗∧ =
1
2

(ĉ (U) + c (U)) , iU =
1
2

(ĉ (U) − c (U)) .(2.3)

Let c (V ) be the Clifford algebra of V . Then c (V ) is spanned by 1, U ∈ V , with
the commutation relations

(2.4) UU ′ + U ′U = −2 〈U,U ′〉 .
Let N be the number operator of Λ· (V ∗). Then we have the identification of vector
spaces c (V ) � Λ· (V ∗). Under this identification, the action of c (U) on Λ· (V ∗) is
left multiplication by U , and the action of (−1)N ĉ (U) is right multiplication by U .

Let e1, . . . , en be a basis of V , and let e1, . . . , en be the corresponding dual basis
of V ∗. If A ∈ End (V ), then A acts naturally on Λ· (V ∗) by the formula

(2.5) A|Λ·(V ∗) = −
〈
Aei, e

j
〉
ei ∧ iej .

Also, if g = eA ∈ Aut (V ), the corresponding action g|Λ·(V ∗) of g on Λ· (V ∗) is just
exp

(
A|Λ·(V ∗)

)
.

In the sequel, we will assume that e1, . . . , en is an orthonormal basis of V . Then
if A ∈ Λ· (V ∗) is antisymmetric,

(2.6) A|Λ·(V ∗) =
1
4
〈Aei, ej〉 (c (ei) c (ej) − ĉ (ei) ĉ (ej)) .

2.2. Vector spaces and bilinear forms. Let V be a real vector space of even
dimension n = 2�. Let η ∈ V ∗ ⊗ V ∗ be a bilinear form on V , which we assume to
be nondegenerate. Namely to η, we can associate the isomorphism φ : V → V ∗, so
that if X,Y ∈ V ,

(2.7) η (X,Y ) = 〈X,φY 〉 .
Let η∗ ∈ V ⊗ V be obtained from η via the identification φ : V → V ∗, so that if
A,B ∈ V ∗,

(2.8) η∗ (A,B) =
〈
φ−1A,B

〉
.

Let φ̃ : V → V ∗ be the transpose of φ. Then η is symmetric (resp. antisymmetric)
if and only if φ̃ = φ (resp. φ̃ = −φ).
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Clearly φ : V → V ∗ extends to an isomorphism φ : Λ· (V ) → Λ· (V ∗). The
bilinear forms η, η∗ extend to bilinear forms on Λ· (V ) ,Λ· (V ∗). In particular if
s, s′ ∈ Λ· (V ∗),

(2.9) η∗ (s, s′) =
〈
φ−1s, s′

〉
.

Observe that if X ∈ V, f ∈ V ∗, we have the equality of operators acting on
Λ· (V ∗),

φX ∧ φ−1 = (φX)∧, φifφ
−1 = iφ̃−1f .(2.10)

From (2.10), we deduce that if s, s′ ∈ Λ· (V ∗),

η∗ (s, iXs′) = η∗ (φX ∧ s, s′) , η∗ (s, f ∧ s′) = η∗
(
iφ̃−1fs, s

′
)
.(2.11)

Equation (2.11) just asserts that φX∧, iφ̃−1f are the adjoints of iX , f∧ with respect
to η∗. Since η∗ is in general not symmetric, taking twice the adjoint does not give
the original operator.

Let ω be a nondegenerate antisymmetric 2-form on V . Let φ : V → V ∗ be the
corresponding isomorphism as in (2.7). Then φ̃ = −φ. Let ω∗ be the dual 2-form
on V ∗ to ω, which is obtained as in (2.9).

Let L : Λ· (V ∗) → Λ·+2 (V ∗) be given by

(2.12) Lα = ω ∧ α.
Let Λ : Λ· (V ) → Λ·−2 (V ) be the transpose of L. Let e1, . . . , en be a basis of V ,
and let e1, . . . , en be the corresponding dual basis of V ∗. Then

L =
1
2
ω (ei, ej) eiej , Λ = −1

2
ω (ei, ej) iei iej .(2.13)

Also observe that ωn/2/ (n/2)! ∈ Λ (V ∗) is nonzero, so that we have a canonical
isomorphism

(2.14) Λ· (V ) � Λn−· (V ∗) .

Under the canonical isomorphism in (2.14), Λ is just equal to L. Also by identifying
V with V ∗ by φ, we derive from (2.14) that there is a canonical isomorphism

(2.15) Λ· (V ∗) � Λn−· (V ∗) .

From now on, we will identify V with V ∗ by the map φ, so that ω and ω∗ are
identified. In particular L and Λ both act on Λ (V ∗), L increases the degree by 2,
and Λ decreases the degree by 2. Using the identification (2.15), the action of Λ on
the left-hand side of (2.15) just corresponds to the action of L on the right-hand
side.

With this identification, equation (2.13) now becomes

L =
1
2
ω (ei, ej) eiej, Λ = −1

2
ω∗ (ei, ej

)
ieiiej .(2.16)

Let N be the number operator of Λ (V ∗), so that N acts by multiplication by k
on Λk (V ∗). Put

(2.17) H =
1
2

(N − n/2) .

Then one verifies easily the following identities:

[H,L] = L, [H,Λ] = −Λ, [L,Λ] = 2H.(2.18)
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We recover the well-known sl2 commutation relations in complex Hodge theory.
The main point above the exposition is that we have made no choice of a scalar
product on V .

Set

(2.19) M = L− Λ.

Now we reproduce an easy computation given in [B04a, Proposition 1.2].

Proposition 2.1. If X ∈ V, f ∈ V ∗, then

[M, iX ] = φX∧, [M, f∧] = iφ̃−1f .(2.20)

In particular, if ϑ ∈ R,

eϑM iXe
−ϑM = cos (ϑ) iX + sin (ϑ)φX∧,(2.21)

eϑMf ∧ e−ϑM = cos (ϑ) f ∧ + sin (ϑ) iφ̃−1f .

Proof. The identities in (2.20) follow from (2.16). From (2.20), we get (2.21). �
2.3. The adjoint of the de Rham operator with respect to a nondegener-
ate bilinear form. Let M be a smooth manifold. Let dvM be a volume form on
M .

Let
(
Ω· (M) , dM

)
be the de Rham complex of smooth sections of Λ· (T ∗M),

equipped with the de Rham operator dM . Let Ω∗· (M) be the vector space of
compactly supported smooth sections of Λ· (TM). If s ∈ Ω· (M) , t∗ ∈ Ω∗· (M), put

(2.22) 〈s, t∗〉 =
∫

M

〈s, t∗〉 dvM .

Then Ω· (M) and Ω∗· (M) are naturally dual to each other by (2.22). Let d̃M :
Ω∗· (M) → Ω·−1∗ (M) be the transpose of dM . Then

(
Ω∗· (M) , d̃M

)
is a complex.

Let η be a smooth section of T ∗M ⊗ T ∗M , i.e. a smooth bilinear form on TM .
Equivalently, η defines a smooth morphism φ : TM → T ∗M , so that as in (2.7), if
U, V ∈ TM ,

(2.23) η (U, V ) = 〈U, φV 〉 .
We assume that the form is nondegenerate, i.e. φ : TM → T ∗M is invertible.
We still denote by φ the corresponding isomorphism Λ· (TM) → Λ· (T ∗M). In
particular φ provides us with the identification

(2.24) Ω· (M) � Ω∗· (M) .

Let d
M

correspond to d̃M via the isomorphism (2.24). More precisely, d
M

is
given by the formula

(2.25) d
M

= φd̃Mφ−1.

Then
(
Ω· (M) , d

M
)

is a complex, and the operator d
M

decreases the degree by 1.

Note that d
M

depends on dvM and on η.
We can reformulate the above construction as follows. As we saw in subsection

2.2, η defines a bilinear form η∗ on T ∗M , which extends into a nondegenerate
bilinear form on Λ· (T ∗M). We equip Ω· (M) with the nondegenerate bilinear form

(2.26) 〈s, s′〉φ =
∫

M

η∗ (s, s′) dvM .
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Then by construction, if s, s′ ∈ Ω· (M),

(2.27)
〈
s, dMs′

〉
φ

=
〈
d

M
s, s′

〉
φ
.

A case where the above construction is well known is the case where η is symmet-
ric and positive definite, i.e. η is a metric gTM on TM , and dvM is the associated
volume form. In this case, d

M
is just the formal adjoint dM∗ of dM . In the next

subsection, we will consider the case where η is associated to a symplectic form.

2.4. The symplectic adjoint of the de Rham operator. Let M be a compact
manifold of even dimension n = 2�, and let ω be a symplectic form on M . We will
use the formalism of subsections 2.2 and 2.3 applied to the fibres of TM , which
are equipped with the symplectic form ω. In particular, L maps Λ· (T ∗M) into
Λ·+2 (T ∗M), and Λ maps Λ· (T ∗M) into Λ·−2 (T ∗M). Let dvM be the symplectic
volume form on M .

As in subsections 2.3 and 2.2, we identify TM and T ∗M by the map φ. Therefore
Ω· (M) and Ω∗· (M) are identified as in (2.24).

Let d
M

be the operator Ω· (M) → Ω·−1 (M) which corresponds to d̃M by this
identification as in (2.25). The operator d

M
will be called the symplectic adjoint

of dM . More generally, one can define the symplectic adjoint A of a differential
operator acting on Ω· (M) in the same way.

Then Ω· (M) is now equipped with the chain maps dM and d
M

which, respec-
tively, increase and decrease the degree by 1.

Theorem 2.2. The following identities hold:

d
M

= −
[
dM ,Λ

]
, dM = −

[
d

M
, L

]
,

[
dM , d

M
]

= 0.(2.28)

Proof. By Darboux’s theorem, if x ∈M , there is a coordinate system(
p1, . . . , p�, q

1, . . . , q�
)

such that x is represented by 0 ∈ Rn, and moreover, in these coordinates,

(2.29) ω =
�∑
1

dpi ∧ dqi.

By (2.16), we find that in these coordinates,

L =
�∑
1

dpi ∧ dqi, Λ = −
�∑
1

i∂/∂pi
i∂/∂qi .(2.30)

Using (2.10), (2.29), we find easily that

(2.31) d
M

= i∂/∂qi
∂/∂pi − i∂/∂pi

∂/∂qi.

By (2.30) and (2.31), we get the first two identities in (2.28). Note that the second
identity is just the ω-transpose of the first one. The third identity follows from
(2.31) or from the sequence of identities

(2.32)
[
dM ,

[
dM ,Λ

]]
= 2

[
dM,2,Λ

]
−

[
dM ,

[
dM ,Λ

]]
and from the fact that dM,2 = 0. The proof of our theorem is completed. �
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Let H : M → R be a smooth function. Let Y H be the associated Hamiltonian
vector field, so that

(2.33) dMH + iY Hω = 0.

The symplectic adjoint of (2.33) is just

(2.34)
[
d

M
,H

]
= iY H .

Proposition 2.3. The following identities hold:

e−HdMeH = dM + dMH∧, eHd
M
e−H = d

M − iY H .(2.35)

Proof. The first identity in (2.35) is trivial. By taking the symplectic adjoint of
this identity, we get the second identity. �

2.5. The de Rham operator on T ∗X and its symplectic adjoint. Let X be
a smooth compact manifold of dimension n, and let π : T ∗X → X be its cotangent
bundle. If x ∈ X , p will denote the generic element in T ∗

xX . Then T ∗X is equipped
with the canonical 1-form θ = π∗p, and ω = dT∗Xθ is the canonical symplectic form
of T ∗X .

Let gTX be a Riemannian metric on TX , and let gT∗X be the corresponding
metric on T ∗X . Let ∇TX be the Levi-Civita connection on

(
TX, gTX

)
, and let

RTX be its curvature. Let ∇T∗X be the corresponding connection on T ∗X , and let
RT∗X be its curvature. We will often identify TX and T ∗X by the metric gTX . In
particular the notation RTX will sometimes be used instead of RT∗X .

Recall that if A,B,C,D ∈ TX ,

RTX (A,B)C +RTX (B,C)A+RTX (C,A)B = 0,(2.36) 〈
RTX (A,B)C,D

〉
=

〈
RTX (C,D)A,B

〉
.

The first identity in (2.36) will be referred to as the circular identity, the second
one as the (2, 2) symmetry property of RTX . Finally if A,B,C ∈ TX , the Bianchi
identity can be written in the form

(2.37) ∇TX
A RTX (B,C) + ∇TX

B RTX (C,A) + ∇TX
C RTX (A,B) = 0.

Then the connection ∇T∗X induces a horizontal subbundle THT ∗X � π∗TX of
TT ∗X , so that we have the splittings

TT ∗X = π∗ (TX ⊕ T ∗X) , T ∗T ∗X = π∗ (T ∗X ⊕ TX) .(2.38)

If U ∈ TX , let UH ∈ THT ∗X � TX be the lift of U . By (2.38), we obtain the
isomorphism of Z-graded bundles of algebras

(2.39) Λ· (T ∗T ∗X) = π∗ (Λ· (T ∗X) ⊗̂Λ· (TX)
)
.

As we said before, it will often be convenient to identify the fibres TX and
T ∗X by the metric gTX . This may lead to notational confusion. For this reason, in
(2.39), the Grassmann variables in Λ· (TX) will be hatted. In particular if U ∈ TX ,
Û will denote the corresponding element in Λ· (TX).

Let F be a complex vector bundle on X , and let ∇F be a flat connection on
F . Let

(
Ω· (X,F ) , dX

)
be the de Rham complex of smooth sections of F on X ,

equipped with the de Rham operator dX . Let
(
Ω· (T ∗X,π∗F ) , dT∗X

)
be the corre-

sponding de Rham complex on T ∗X of smooth sections of Λ· (T ∗T ∗X) ⊗̂π∗F which
have compact support.
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If x ∈ X , let Ix be the vector space of smooth sections with compact support
of

(
Λ· (TX) ⊗̂F

)
x

along the fibre T ∗
xX . Then the Ix are the fibres of an infinite

dimensional Z-graded vector bundle I on X . Using obvious notation, by (2.39),

(2.40) Ω· (T ∗X,π∗F ) = Ω· (X, I) .

Let d̂T∗X be the fibrewise de Rham operator acting on I. Then d̂T∗X acts on
Ω· (T ∗X,π∗F ). Let ∇Λ·(TX)⊗F be the connection on Λ· (TX)⊗F induced by ∇TX

and ∇F on Λ· (TX)⊗F . Let ∇I be the connection on I, such that if s is a smooth
section of I, and U ∈ TX ,

(2.41) ∇I
Us = ∇Λ·(TX)⊗F

UH s.

The connection ∇I also acts naturally as a differential operator on Ω· (T ∗X,π∗F ).
Finally the operator i

R̂T Xp
acts on Ω· (T ∗X,π∗F ), it increases the total degree by

1, it increases the degree in Λ· (T ∗X) by 2 and it decreases the degree in Λ· (TX)
by 1.

Proposition 2.4. The following identity of operators acting on Ω· (T ∗X,π∗F )
holds:

(2.42) dT∗X = d̂T∗X + ∇I + i
R̂T Xp

.

Proof. Let ∇TT∗X be the tautological connection on TT ∗X , which is associated to
the splitting (2.38). One verifies easily that its torsion is just the tensor π∗R̂TXp,
which implies the proposition. �

As in the proof of Proposition 2.4, we denote by ∇TT∗X = π∗ (∇TX ⊕∇T∗X
)

the
tautological connection on TT ∗X = π∗ (TX ⊕ T ∗X) associated to the Levi-Civita
connection ∇TX . Let ∇Λ·(T∗T∗X)⊗̂F be the induced connection on Λ· (T ∗T ∗X) ⊗̂F .

Let e1, . . . , en be a basis of TX , and let e1, . . . , en be the corresponding dual
basis of T ∗X . We denote by ê1, . . . , ên and ê1, . . . , ên other copies of these two
bases. By (2.38), e1, . . . , en, ê

1, . . . , ên is a basis of TT ∗X , and e1, . . . , en, ê1, . . . , ên

is the corresponding dual basis of T ∗T ∗X .
From now on, we will use Einstein’s summation conventions.

Proposition 2.5. The following identity holds:

(2.43) dT∗X = ei ∧∇Λ·(T∗T∗X)⊗̂F
ei

+ êi ∧∇êi + i
R̂T Xp

.

Proof. Clearly,

d̂T∗X = êi∇êi , ∇I = ei ∧∇F
ei
.(2.44)

By (2.42), (2.44), we get (2.43). �
Proposition 2.6. The following identities hold:

θ = 〈p, ei〉 ei, ω = êi ∧ ei.(2.45)

Proof. The first identity is obvious. Using (2.43), we get the second identity. �

Remark 2.7. By combining the fact that dω = 0 with (2.42), (2.45), we recover the
circular symmetry of the Levi-Civita curvature RTX . Also note that by (2.45), we
get the identities

L = êi ∧ ei, Λ = −iêi iei .(2.46)
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Let gTT∗X = gTX ⊕ gT∗X be the obvious metric on TT ∗X = TX ⊕ T ∗X . Let J
be the almost complex structure on TT ∗X given in matrix form by

(2.47) J =
(

0 −1
1 0

)
.

By (2.45), if A,B ∈ TT ∗X ,

(2.48) ω (X,Y ) = 〈A, JB〉gT T∗X ,

and moreover J is antisymmetric with respect to gTT∗X , so that J polarizes ω.
Let F

∗
be the vector bundle antidual to F , and let ∇F

∗
be the corresponding

flat connection. Let gF be a Hermitian metric on F . We do not assume here that
gF is flat. By proceeding as in subsections 2.3 and 2.4, using

(
ω, gF

)
, we find that

there is a natural duality between Ω· (T ∗X,π∗F ) and Ω·
(
T ∗X,π∗F

∗)
. Let d

T∗X

be the symplectic adjoint of the operator dT∗X with respect to gF . If F = C is the
trivial Hermitian flat vector bundle, the operator d

T∗X
is defined as in subsection

2.4. More generally, if
(
F,∇F , gF

)
is an arbitrary flat vector bundle equipped with

the metric gF , we define d
T∗X

as in subsection 2.4. In particular, the definition of
d

T∗X
does not involve the choice of any metric on TX .

Set

(2.49) ω
(
∇F , gF

)
=

(
gF

)−1 ∇F gF .

Then ω
(
∇F , gF

)
is a 1-form on X with values in self-adjoint elements of End (F ).

Let ∇F∗ be the adjoint connection to ∇F with respect to gF , which is still a flat
connection. Then

(2.50) ∇F∗ = ∇F + ω
(
∇F , gF

)
.

Let ∇F,u be the unitary connection on F ,

(2.51) ∇F,u = ∇F +
1
2
ω
(
∇F , gF

)
.

The curvature RF,u of ∇F,u is given by

(2.52) RF,u = −1
4
ω2

(
∇F , gF

)
.

Moreover, one has the trivial

∇Fω
(
∇F , gF

)
= −ω

(
∇F , gF

)2
, ∇F,u

· ω
(
∇F , gF

)
= 0.(2.53)

By (2.53), we find that if A,B ∈ TX ,

(2.54) ∇F,u
A ω

(
∇F , gF

)
(B) = ∇F,u

B ω
(
∇F , gF

)
(A) .

Let gTX be a Riemannian metric on TX . We now use the same notation as in
subsection 2.5. In particular, we take e1, . . . , en as in that subsection. Set

(2.55) RTXp∧ =
1
2
iêiiêjRTX (ei, ej) p ∧ .

First we will give a formula for the operator d
T∗X

.

Proposition 2.8. The following identity holds:

(2.56) d
T∗X

= −iêi

(
∇Λ·(T∗T∗X)⊗̂F

ei
+ ω

(
∇F , gF

)
(ei)

)
+ iei∇êi +RTXp ∧ .
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Proof. This follows from (2.10), (2.43) and from (2.45). �

2.6. A bilinear form on T ∗X and the adjoint of dT∗X . We fix once and for
all a metric gTX on TX , and we identify TX and T ∗X by the metric gTX . Also,
we use the identifications in (2.38).

Set

(2.57) φ =
(

1 −1
1 0

)
.

Observe that if

(2.58) ψ =
(

1 1
0 1

)
,

then

(2.59) φ = ψ

(
0 −1
1 0

)
,

and moreover,

(2.60) ψ = exp
(

0 1
0 0

)
.

Clearly,

(2.61) φ−1 =
(

0 1
−1 1

)
.

Using the identifications in (2.38), φ will be considered as an isomorphism
TT ∗X → T ∗T ∗X . In more intrinsic terms, φ and φ−1 are given in matrix form by

φ =
(
gTX −1|T∗X

1|TX 0

)
, φ−1 =

(
0 1|TX

−1|T∗X gTX

)
.(2.62)

Let η be the bilinear form on TT ∗X which is associated to φ as in (2.23). If
U, V ∈ TT ∗X , we find that

(2.63) η (U, V ) = 〈π∗U, π∗V 〉gT X + ω (U, V ) .

The right-hand side of (2.63) gives the splitting of η into its symmetric and anti-
symmetric parts.

Let dvT∗X be the symplectic volume form on T ∗X . We equip Ω· (T ∗X,π∗F )
with the nondegenerate sesquilinear form which one obtains as in (2.26), i.e. if
s, s′ ∈ Ω· (T ∗X,π∗F ),

(2.64) 〈s, s′〉φ =
∫

T∗X

η∗ (s, s′)gF dvT∗X .

Let e1, . . . , en be a basis of TX , and let e1, . . . , en be the corresponding dual
basis.

Definition 2.9. Let d
T∗X

φ be the adjoint of dT∗X with respect to 〈 〉φ.

Put

λ0 =
〈
gTXei, ej

〉
ei ∧ iêj , δT∗X,V = −

〈
gTXei, ej

〉
iêi∇êj .(2.65)

In the sequel, we will assume that the basis e1, . . . , en is orthonormal, so that

λ0 = ei ∧ iêi , δT∗X,V = −iêi∇êi .(2.66)
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Proposition 2.10. The following identity holds:

(2.67) d
T∗X

φ = eλ0d
T∗X

e−λ0 .

Equivalently,

(2.68) d
T∗X

φ = d
T∗X −

[
d

T∗X
, λ0

]
.

Also, [
d

T∗X
, λ0

]
= −δT∗X,V ,

d
T∗X

φ = −iêi

(
∇Λ·(T∗T∗X)⊗̂F

ei
+ ω

(
∇F , gF

)
(ei)

)
(2.69)

+ iei∇êi +RTXp ∧−iêi∇êi .

Proof. By (2.25), (2.59) and (2.60), we get (2.67). Using (2.56), we get the first
equation in (2.69), and so

(2.70)
[[
d

T∗X
, λ0

]
, λ0

]
= 0.

From (2.56), (2.67) and (2.70), we get (2.68) and the second equation in (2.69).
The proof of our proposition is completed. �

Remark 2.11. By (2.57), (2.61), we find that for 1 ≤ i ≤ n,

φ̃−1ei = ê i, φ̃−1êi = −ei + ê i, φê i = −ei.(2.71)

Using (2.11), (2.71), we get another proof of the second identity in (2.69).

2.7. A fundamental symmetry. Set

f =
(

1 1
1 2

)
, F =

(
1 2
0 −1

)
.(2.72)

Then f defines a scalar product on R2, and F is an involution of R2, which is an
isometry with respect to f . Its +1 eigenspace is spanned by (1, 0), and the −1
eigenspace is spanned by the (1,−1). Finally, the volume form on R2 which is
attached to f is just the original volume form of R2.

Set

(2.73) h =
(

1 0
0 −1

)
.

Then one verifies easily that

(2.74) fFh = φ.

Using the identifications in (2.38), we observe that f defines a metric gTT∗X on
TT ∗X given by

(2.75) gTT∗X =
(
gTX 1|T∗X

1|TX 2gT∗X

)
.

Let p : TT ∗X → T ∗X be the obvious projection with respect to the splitting (2.38)
of TT ∗X . Then if U ∈ TT ∗X ,

(2.76) 〈U,U〉gT T∗X = 〈π∗U, π∗U〉gT X + 2 〈π∗U, pU〉 + 2 〈pU, pU〉gT∗X .

Then the volume form on T ∗X which is attached to gTT∗X is the symplectic volume
form.
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Similarly, we will identify F with the gTT∗X isometric involution of TT ∗X ,

(2.77) F =
(

1|TX 2
(
gTX

)−1

0 −1|T∗X

)
.

Then F acts as F̃−1 = F̃ on Λ· (T ∗T ∗X).
Let r : T ∗X → T ∗X be the involution (x, p) → (x,−p).

Definition 2.12. Let 〈 〉gΩ·(T∗X,π∗F ) be the Hermitian product on Ω· (T ∗X,π∗F )
which is naturally associated to the metrics gTT∗X and gF . Let u be the iso-
metric involution of Ω· (T ∗X,π∗F ) with respect to 〈 〉gΩ·(T∗X,π∗F ) such that if s ∈
Ω· (T ∗X,π∗F ),

(2.78) us (x, p) = Fs(x,−p).
Let 〈 〉hΩ·(T∗X,π∗F ) be the Hermitian form on Ω· (T ∗X,π∗F ),

(2.79) 〈s, s′〉hΩ·(T∗X,π∗F ) = 〈us, s′〉gΩ·(T∗X,π∗F ) .

It should be pointed out that in (2.78), the change of variable p → −p is not
made on the form part of s. So this action does not incorporate the full action of
r∗.

Theorem 2.13. The operator d
T∗X

φ is the hΩ·(T∗X,π∗F ) adjoint of dT∗X .

Proof. The proof of our theorem can easily be done by a direct computation, using
in particular (2.43) and (2.69). Here, we will give a more conceptual proof. Since
F is a gTT∗X isometry, by (2.74), we get

(2.80) F̃−1fh = φ.

Moreover,

(2.81) r∗dT∗Xr∗−1 = dT∗X .

By (2.80), (2.81), we get our theorem easily. �

Remark 2.14. The main point about Theorem 2.13 is that the form in (2.64) is
neither Hermitian nor skew-adjoint, while the form (2.79) is Hermitian, and nonde-
generate. We will then be able to apply the formalism of Section 1 to the present
situation.

2.8. A Hamiltonian function. Let H : T ∗X → R be a smooth function. Let Y H

be the corresponding Hamiltonian vector field. Observe that by the second identity
in (2.45),

(2.82) Y H = (∇êiH) ei − (∇eiH) ê i.

In the sequel, we will also use the notation

(2.83) ∇̂V H = (∇êiH) ê i.

Then ∇̂V H is just the fibrewise gradient field of H.

Definition 2.15. Set

dT∗X
H = e−HdT∗XeH, d

T∗X

φ,H = eHd
T∗X

φ e−H.(2.84)
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Observe that d
T∗X

φ,H is the adjoint of dT∗X
H with respect to the Hermitian form

〈 〉φ in (2.64). Also, if s, s′ ∈ Ω· (T ∗X,π∗F ), put

(2.85) 〈s, s′〉φ,H =
∫

T∗X

η∗ (s, s′)gF e
−2HdvT∗X .

Then d
T∗X

φ,2H is the adjoint of dT∗X with respect to 〈 〉φ,H. The map s→ e−Hs induces
an isomorphism of complexes

(
Ω· (T ∗X,π∗F ) , dT∗X

)
→

(
Ω· (T ∗X,π∗F ) , dT∗X

H
)
,

which maps 〈 〉φ,H into 〈 〉φ and d
T∗X

φ,2H into d
T∗X

φ,H .

Proposition 2.16. The following identities hold:

dT∗X
H = dT∗X + dT∗XH,

d
T∗X

φ,H = d
T∗X − iY H −

[
d

T∗X − iY H , λ0

]
(2.86)

= d
T∗X − i

Y H−∇̂V H + δT∗X,V .

More precisely,

dT∗X
H =ei ∧

(
∇Λ·(T∗T∗X)⊗̂F

ei
+ ∇eiH

)
+ êi ∧ (∇êi + ∇êiH) + i

R̂T Xp
,

d
T∗X

φ,H = − iêi

(
∇Λ·(T∗T∗X)⊗̂F

ei
+ ω

(
∇F , gF

)
(ei) −∇eiH

)
(2.87)

+ iei (∇êi −∇êiH) +RTXp ∧−iêi (∇êi −∇êiH) .

Proof. This follows from Propositions 2.3, 2.5 and 2.10. �

Definition 2.17. Set

Aφ,H =
1
2

(
d

T∗X

φ,2H + dT∗X
)
, Bφ,H =

1
2

(
d

T∗X

φ,2H − dT∗X
)
,(2.88)

Aφ,H =
1
2

(
d

T∗X

φ,H + dT∗X
H

)
, Bφ,H =

1
2

(
d

T∗X

φ,H − dT∗X
H

)
.

Clearly,

Aφ,H = e−HAφ,He
H, Bφ,H = e−HBφ,He

H.(2.89)

In the sequel, we will use the two couples Aφ,H, Bφ,H or Aφ,H,Bφ,H indiscrimi-
nately. We will also establish algebraic properties of one of the couples, while freely
using these properties for the other couple.

We have the identities

dT∗X,2 = 0, d
T∗X,2

φ,H = 0.(2.90)

From (2.90), we deduce that

A2
φ,H = −B2

φ,H =
1
4

[
dT∗X , d

T∗X

φ,2H

]
, [Aφ,H, Bφ,H] = 0,(2.91) [

dT∗X , A2
φ,H

]
= 0,

[
d

T∗X

φ,2H, A
2
φ,H

]
= 0.

Let ∇Λ·(T∗T∗X)⊗̂F,u be the connection on Λ· (T ∗T ∗X) ⊗̂F which is associated to
∇TT∗X and ∇F,u.
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Proposition 2.18. The following identities hold:

Aφ,H =
1
2
(
ei − iêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
− 1

4
(
ei + iêi

)
ω
(
∇F , gF

)
(ei)

+
1
2

(êi + iei−êi)∇êi +
1
2

(
RTXp ∧ +i

R̂T Xp

)
+ iêi∇eiH + iêi−ei

∇êiH,

Bφ,H = −1
2
(
ei + iêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
+

1
4
(
ei − iêi

)
ω
(
∇F , gF

)
(ei)

− 1
2

(êi + iêi−ei
)∇êi +

1
2

(
RTXp ∧−i

R̂T Xp

)
+ iêi∇eiH + iêi−ei

∇êiH,(2.92)

Aφ,H =
1
2
(
ei − iêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
− 1

4
(
ei + iêi

)
ω
(
∇F , gF

)
(ei)

+
1
2

(êi + iei−êi)∇êi +
1
2

(
RTXp ∧ +i

R̂T Xp

)
+

1
2
(
ei + iêi

)
∇eiH +

1
2

(êi + iêi−ei
)∇êiH,

Bφ,H = −1
2
(
ei + iêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
+

1
4
(
ei − iêi

)
ω
(
∇F , gF

)
(ei)

− 1
2

(êi + iêi−ei
)∇êi +

1
2

(
RTXp ∧−i

R̂T Xp

)
− 1

2
(
ei − iêi

)
∇eiH− 1

2
(êi + iei−êi)∇êiH.

Proof. This follows from Proposition 2.16. �

Remark 2.19. Let ξ = ξH + ξV be the generic element of T ∗T ∗X = T ∗X ⊕ TX .
Let σ (A) denote the principal symbol of a differential operator A. By Proposition
2.18, we get

(2.93) σ (Aφ,H) =
i

2

(
ξH + ξ̂V + i

ξV −ξ̂H−ξ̂V

)
,

and so

(2.94) σ
(
A2

φ,H
)

=
1
4

∣∣ξV
∣∣2 .

Therefore the operator Aφ,H is certainly not elliptic. Incidentally, note that if
F = C,

(2.95) σ

(
1
2

(
dT∗X + d

T∗X
))

=
i

2

(
ξH + ξ̂V + i

ξV −ξ̂H

)
,

so that

(2.96) σ

(
1
4

(
dT∗X + d

T∗X
)2

)
= 0,

which fits with Theorem 2.2, which asserts that the operator in (2.96) vanishes
identically.
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2.9. The symmetry in the case where H is r-invariant. Put

(2.97) H− (x, p) = H (x,−p) .

Recall that the Hermitian product gΩ·(T∗X,π∗F ) on Ω· (T ∗X,π∗F ) was defined in
Definition 2.12. Let 〈 〉

h
Ω·(T∗X,π∗F )
H

be the sesquilinear form on Ω· (T ∗X,π∗F ),

(2.98) 〈s, s′〉
h
Ω·(T∗X,π∗F )
H

=
〈
ue−2Hs, s′

〉
gΩ·(T∗X,π∗F ) .

Note that 〈 〉
h
Ω·(T∗X,π∗F )
H

is a Hermitian form if and only if H is r-invariant.

Proposition 2.20. The operator d
T∗X

φ,2H is the h
Ω·(T∗X,π∗F )
H adjoint of dT∗X , and

the operator d
T∗X

φ,H− is the hΩ·(T∗X,π∗F ) adjoint of dT∗X
H .

Proof. This is a trivial consequence of Theorem 2.13. �

Theorem 2.21. If H is r-invariant, then Aφ,H (resp. Bφ,H) is h
Ω·(T∗X,π∗F )
H self-

adjoint (resp. skew-adjoint), and Aφ,H (resp. Bφ,H) is hΩ·(T∗X,π∗F ) self-adjoint
(resp. skew-adjoint).

Proof. This is a trivial consequence of Proposition 2.20. �

2.10. Poincaré duality. In classical Hodge theory, the operator dX∗ is conjugate
to dX by a conjugation involving the Hodge ∗ operator. This gives a Hodge theo-
retic version of Poincaré duality. Here we give a corresponding version of Poincaré
duality.

Let ∗T∗X be the Hodge operator which is associated to the metric gT∗X and
to the orientation of T ∗X by the symplectic form ω. Let κF : Ω· (T ∗X,π∗F ) →
Ω2n−·

(
T ∗X,π∗F

∗)
be the linear map such that if s ∈ Ωi (T ∗X,π∗F ), then

(2.99) κF s = (−1)i(i+1)/2
u ∗T∗X gF s.

Then

(2.100) κF
∗
κF = 1.

Set

(2.101) κF
H = κF e−2H.

By (2.100), we get

(2.102) κF,−1
H = κF

∗
−H− .

We use temporarily the notation dT∗X,F instead of dT∗X and corresponding
notation for the other operators. As a consequence of Proposition 2.20, we easily
get

d
T∗X,F

φ,2H = κF,−1
H dT∗X,F

∗
κF
H, d

T∗X,F

φ,H = κF,−1dT∗X,F
∗

−H− κF .(2.103)
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From (2.103), we find that if H is r-invariant,

AF
φ,H = κF,−1

H AF
∗

φ,−Hκ
F
H, BF

φ,H = −κF,−1
H BF

∗
φ,−Hκ

F
H,(2.104)

AF
φ,H = κF,−1AF

∗
φ,−Hκ

F , BF
φ,H = −κF,−1BF

∗
φ,−Hκ

F .

Note here that because of (2.102), (2.104) is indeed symmetric in F and F
∗
.

2.11. A conjugation of the de Rham operator. Recall that gTT∗X = gTX ⊕
gT∗X . Let 〈 〉gΩ·(T∗X,π∗F ) be the Hermitian product on Ω· (T ∗X,π∗F ), which is
associated to gTT∗X , gF . In this subsection, we identify TX and T ∗X by the
metric gTX . In particular φ will be viewed here as the element of End (TX ⊕ T ∗X)
whose matrix is (2.57). This will also be the case for φ̃−1.

Let dT∗X∗ be the ordinary adjoint of dT∗X with respect to gΩ·(T∗X,π∗F ).

Proposition 2.22. The following identity holds:

(2.105) dT∗X∗ = −iei

(
∇Λ·(T∗T∗X)⊗̂F

ei
+ ω

(
∇F , gF

)
(ei)

)
− iêi∇êi

− 1
2
ieiiej êk

〈
RTX (ei, ej) p, ek

〉
.

Proof. This follows from (2.43). �

Definition 2.23. Put

(2.106) dT∗X∗
H = eHdT∗X∗e−H.

Definition 2.24. Set

ρ =
(

1 1
0 1

)
, σ =

(
1 0
1 1

)
.(2.107)

Note that

ρ̃−1 =
(

1 0
−1 1

)
, σ̃−1 =

(
1 −1
0 1

)
.(2.108)

Recall that φ was defined in (2.57). Then using (2.61), we also get the formula

(2.109) σ = ρφ̃−1.

Again we will consider ρ, σ as automorphisms of TT ∗X � TX ⊕ T ∗X , so that
(2.109) is an identity of automorphisms of TT ∗X .

The corresponding actions of ρ, σ on T ∗T ∗X � T ∗X⊕TX are given by ρ̃−1, σ̃−1.
They induce obvious actions on Ω· (T ∗X,π∗F ).

Recall that λ0 was defined in (2.65), (2.66). Set

(2.110) µ0 = êi ∧ iei .

Then µ0 is the standard adjoint of λ0.
By (2.107), (2.108), we have the identities of operators acting on Ω· (T ∗X,π∗F ),

ρ = e−µ0 , σ = e−λ0 .(2.111)
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By (2.111), conjugating operators acting on Ω· (T ∗X,π∗F ) by ρ is equivalent to
replacing ei by ei − êi, iêi by iêi+ei

, while leaving the other creation or annihilation
operators unchanged, and conjugating by σ is equivalent to replacing êi by êi − ei,
iei by iei+êi , while leaving the other operators unchanged.

Definition 2.25. Put

dT∗X′
φ,H = ρdT∗X

H ρ−1, d
T∗X′∗
φ,H = σdT∗X∗

H σ−1.(2.112)

Using (2.109), we get

(2.113) d
T∗X′∗
φ,H = ρd

T∗X

φ,H ρ−1.

Theorem 2.26. The following identities hold:

dT∗X′
φ,H = e−µ0dT∗X

H eµ0 , d
T∗X′∗
φ,H = e−λ0dT∗X∗

H eλ0 .(2.114)

Proof. Equation (2.114) is a trivial consequence of (2.112) and (2.111). The proof
of our theorem is completed. �

Definition 2.27. Put

A′
φ,H =

1
2

(
d

T∗X′∗
φ,H + dT∗X′

φ,H

)
, B′

φ,H =
1
2

(
d

T∗X′∗
φ,H − dT∗X′

φ,H

)
.(2.115)

By (2.112), (2.113), we get

A′
φ,H = ρAφ,Hρ

−1, B′
φ,H = ρBφ,Hρ

−1.(2.116)

Proposition 2.28.

(2.117)

A′
φ,H =

1
2
(
c(ei) − ĉ(ê i)

)
∇Λ·(T∗T∗X)⊗̂F,u

ei

− 1
4
(
ĉ(ei) − c(ê i)

)
ω
(
∇F , gF

)
(ei) +

1
2
c(ê i)∇êi

+
1
4
((
ei − êi

) (
ej − êj

)
iêk+ek

− iei+êi iej+êj

(
êk − ek

)) 〈
RTX (ei, ej) p, ek

〉
+

1
2
(
ĉ(ei) − c(ê i)

)
∇eiH +

1
2
ĉ
(
∇̂V H

)
,

B′
φ,H = −1

2
(
ĉ (ei) − c

(
ê i
))

∇Λ·(T∗T∗X)⊗̂F,u
ei

+
1
4
(
c (ei) − ĉ

(
ê i
))
ω
(
∇F , gF

)
(ei) −

1
2
ĉ
(
ê i
)
∇êi

− 1
4
((
ei − êi

) (
ej − êj

)
iêk+ek

+ iei+êi iej+êj

(
êk − ek

)) 〈
RTX (ei, ej) p, ek

〉
− 1

2
(
c (ei) − ĉ

(
ê i
))

∇eiH− 1
2
c
(
∇̂V H

)
.

Proof. Using Proposition 2.18, (2.111) and (2.116), we get (2.117). �

We will now interpret the symmetries of subsection 2.7 for these new conjugate
operators. Set

(2.118) G =
(

1 0
0 −1

)
.
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Observe that

ρ̃−1fρ−1 = 1, ρFρ−1 = G.(2.119)

We can rewrite (2.119) in terms of metrics and endomorphisms of TT ∗X = TX ⊕
T ∗X . Namely, from (2.119), we get

ρ∗g
TT∗X = gTT∗X , ρ∗F = G.(2.120)

The main point of (2.120) is that gTT∗X is the standard metric on TT ∗X and that
G is just the standard involution on TT ∗X . Let hΩ·(T∗X,π∗F ) be the Hermitian
form on Ω· (T ∗X,π∗F ),

(2.121) 〈s, s′〉hΩ·(T∗X,π∗F ) = 〈r∗s, s′〉gΩ·(T∗X,π∗F ) .

Proposition 2.29. The operator d
T∗X′∗
φ,H− is the hΩ·(T∗X,π∗F ) adjoint of dT∗X′

φ,H .

Proof. This is an obvious consequence of Proposition 2.20 and of (2.120). �

Theorem 2.30. If H is r-invariant, then A′
φ,H (resp. B′

φ,H) is hΩ·(T∗X,π∗F ) self-
adjoint (resp. skew-adjoint).

Proof. This is an obvious consequence of Proposition 2.29. �

Remark 2.31. Needless to say, Theorem 2.30 can also be very simply proved by
using the explicit formulas of Proposition 2.28. Also note that Theorem 2.30 has a
much simpler form than Theorem 2.21. Indeed the metric gTT∗X and the involution
r are natural, while the metric gTT∗X and the involution F are more exotic.

2.12. The scaling of the variable p. For b ∈ R∗, set

(2.122) rb (x, p) = (x, bp) .

Then r = r−1. Let η (U, V ) be the bilinear form on TT ∗X given by (2.63). Put

φb =
(

1 −b
b 0

)
, ηb = r∗bη, Hb = r∗bH.(2.123)

Then

(2.124) ηb (U, V ) = 〈π∗U, π∗V 〉gT X + bω (U, V ) .

Moreover φb is associated to ηb as in (2.23). As in (2.62), we identify φb with an
endomorphism of TT ∗X . Note that

(2.125) r∗bη (U, V ) = b
(
〈π∗U, π∗V 〉gT X/b + ω (U, V )

)
.

Incidentally, observe that if b < 0, gTX/b is not a metric. However this fact does
not play any role in the sequel. Also note that

(2.126) φ−1
b =

(
0 1/b

−1/b 1/b2

)
.

We can now consider the objects of the previous sections, which are now associ-
ated to φb. We will denote them by the subscript φb.

To φb, instead of f, F , we should now associate fb, Fb given by

fb =
(

1 b
b 2b2

)
, Fb =

(
1 2b
0 −1

)
.(2.127)
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Instead of (2.107), we should now have

ρb =
(

1 b
0 b

)
, σb =

(
1 0
1 1/b

)
.(2.128)

The obvious analogues of (2.74), (2.109) and (2.119) still hold, with h and G re-
maining unchanged. Moreover the conclusions of Theorem 2.30 remain unchanged,
by simply replacing φ by φb. Observe that this last fact also follows from (2.125).
As in (2.72), (2.75), to fb, we can associate a metric gTT∗X

b on TT ∗X . Note that

(2.129) gTT∗X
b = r∗b gTT∗X .

For a ∈ R∗, let Ka be the transformation of Ω· (T ∗X,π∗F ) which is given by
f (x, p) → f (x, ap). Note that Ka does not scale the forms on T ∗X .

Proposition 2.32. The following identities hold:

d
T∗X

φb
= eλ0/bd

T∗X
/be−λ0/b, r∗bd

T∗Xr∗−1
b = dT∗X ,

r∗bd
T∗X

r∗−1
b = d

T∗X
/b, r∗bd

T∗X

φ r∗−1
b = d

T∗X

φb
,

r∗bd
T∗X
H1/b

r∗−1
b = dT∗X

H , r∗bd
T∗X

φ,H1/b
r∗−1
b = d

T∗X

φb,H,(2.130)

r∗bAφ,H1/b
r∗−1
b = Aφb,H, r∗bBφ,H1/b

r∗−1
b = Bφb,H,

r∗b Aφ,H1/b
r∗−1
b = Aφb,H, r∗b Bφ,H1/b

r∗−1
b = Bφb,H,

KbA
′
φ,H1/b

K−1
b = A′

φb,H, KbB
′
φ,H1/b

K−1
b = B′

φb,H.

Proof. This is an easy consequence of (2.67), (2.124) and (2.125). Note in particular
that the last two identities follow from (2.116), from the previous identities and from
the matrix identity,

�(2.131)
(

1 b
0 b

)(
1 0
0 1/b

)(
1 −1
0 1

)
=

(
1 0
0 1

)
.

Set

(2.132) β = 1/b.

Proposition 2.33. The following identity holds:

(2.133) d
T∗X

φb,H = β
(
d

T∗X − iY H

)
− β2

[
d

T∗X − iY H , λ0

]
.

Equivalently,

(2.134) d
T∗X

φb,H = β
(
−iêi

(
∇Λ·(T∗T∗X)⊗̂F

ei
+ ω

(
∇F , gF

)
(ei) −∇eiH

)
+ iei (∇êi −∇êiH) +RTXp∧

)
− β2iêi (∇êi −∇êiH) .
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Finally,

Aφb,H =
1
2
(
ei − iβêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
− 1

4
(
ei + iβêi

)
ω
(
∇F , gF

)
(ei)

+
1
2
(
êi + iβei−β2êi

)
∇êi +

1
2

(
βRTXp ∧ +i

R̂TXp

)
+ iβêi∇eiH + iβ2êi−βei

∇êiH,

Bφb,H = −1
2
(
ei + iβêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
+

1
4
(
ei − βiêi

)
ω
(
∇F , gF

)
(ei)

− 1
2
(
êi + iβ2êi−βei

)
∇êi +

1
2

(
βRTXp ∧ −i

R̂TXp

)
+ iβêi∇eiH + iβ2êi−βei

∇êiH,(2.135)

Aφb,H =
1
2
(
ei − iβêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
− 1

4
(
ei + iβêi

)
ω
(
∇F , gF

)
(ei)

+
1
2
(
êi + iβei−β2êi

)
∇êi +

1
2

(
βRTXp ∧ +i

R̂TXp

)
+

1
2
(
ei + iβêi

)
∇eiH +

1
2
(
êi + iβ2êi−βei

)
∇êiH,

Bφb,H = −1
2
(
ei + iβêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
+

1
4
(
ei − iβêi

)
ω
(
∇F , gF

)
(ei)

− 1
2
(
êi + iβ2êi−βei

)
∇êi +

1
2

(
βRTXp ∧ −i

R̂TXp

)
− 1

2
(
ei − iβêi

)
∇eiH− 1

2
(
ê i + iβei−β2êi

)
∇êiH.

Proof. This follows from Propositions 2.16 and 2.32, or from an easy direct com-
putation. �

In the same way, using Propositions 2.28 and 2.32, we obtain the following result.

Proposition 2.34. The following identities hold:

(2.136)

A′
φb,H =

1
2
(
c(ei) − ĉ(ê i)

)
∇Λ·(T∗T∗X)⊗̂F,u

ei

− 1
4
(
ĉ(ei) − c(ê i)

)
ω
(
∇F , gF

)
(ei) +

β

2
c(ê i)∇êi

+
1
4β

((
ei − êi

) (
ej − êj

)
iêk+ek

− iei+êi iej+êj

(
êk − ek

)) 〈
RTX (ei, ej) p, ek

〉
+

1
2
(
ĉ(ei) − c(ê i)

)
∇eiH +

β

2
ĉ
(
∇̂V H

)
,

B′
φb,H = −1

2
(
ĉ (ei) − c

(
ê i
))

∇Λ·(T∗T∗X)⊗̂F,u
ei

+
1
4
(
c (ei) − ĉ

(
ê i
))
ω
(
∇F , gF

)
(ei) −

β

2
ĉ
(
ê i
)
∇ê i

− 1
4β

((
ei − êi

) (
ej − êj

)
iêk+ek

+ iei+êi iej+êj

(
êk − ek

)) 〈
RTX (ei, ej) p, ek

〉
− 1

2
(
c (ei) − ĉ

(
ê i
))

∇eiH− β

2
c
(
∇̂V H

)
.
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Let NT∗X be the number operator of Ω· (T ∗X,π∗F ). Let p̂ be the canonical
radial vector field on T ∗X . Also we identify p with the corresponding horizontal
1-form π∗p on T ∗X . Let Lp̂ be the corresponding Lie derivative operator. Clearly

(2.137) Lp̂ = ∇p̂ + êiiêi .

Proposition 2.35. The following identities hold:

[
dT∗X , ip̂

]
= Lp̂,(2.138)

[
d

T∗X

φ,2H, p
]

= Lp̂ − 2∇V
p̂ H + n−NT∗X + λ0.

Proof. The first identity in (2.138) is trivial. Using (2.137) and taking the sym-
plectic adjoint of this identity with H = 0, we get

(2.139)
[
d

T∗X
, p

]
= Lp̂ + n−NT∗X .

Note that (2.139) can also be proved directly using (2.56). By (2.67), (2.137) and
(2.139), we get the second identity in (2.138) with H = 0. The general case is now
obvious. �

2.13. The classical Hamiltonians. For c ∈ R, let Hc : T ∗X → R be given by

(2.140) Hc =
c

2
|p|2 .

When c = 1, we will use the notation H instead of H1.
By (2.82) and (2.140), we get

(2.141) Y Hc

= c 〈p, ei〉 ei.
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Proposition 2.36. The following identities hold:

(2.142)

Aφ,Hc =
1
2
(
ei − iêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
− 1

4
(
ei + iêi

)
ω
(
∇F , gF

)
(ei)

+
1
2

(êi + iei−êi)∇êi +
1
2

(
RTXp ∧ +i

R̂T Xp

)
+ ciêi−ei

〈p, ei〉 ,

Bφ,Hc = −1
2
(
ei + iêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
+

1
4
(
ei − iêi

)
ω
(
∇F , gF

)
(ei)

− 1
2

(êi − iei−êi)∇êi +
1
2

(
RTXp ∧−i

R̂T Xp

)
+ ciêi−ei

〈p, ei〉 ,

Aφ,Hc =
1
2
(
ei − iêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
− 1

4
(
ei + iêi

)
ω
(
∇F , gF

)
(ei)

+
1
2

(êi + iei−êi)∇êi +
1
2

(
RTXp ∧ +i

R̂T Xp

)
+
c

2
(êi + iêi−ei

) 〈p, ei〉 ,

Bφ,Hc = −1
2
(
ei + iêi

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
+

1
4
(
ei − iêi

)
ω
(
∇F , gF

)
(ei)

− 1
2

(êi − iei−êi)∇êi +
1
2

(
RTXp ∧−i

R̂T Xp

)
+
c

2
(−êi + iêi−ei

) 〈p, ei〉 ,

A′
φ,Hc =

1
2
(
c(ei) − ĉ(ê i)

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
− 1

4
(
ĉ(ei) − c(ê i)

)
ω
(
∇F , gF

)
(ei)

+
1
2
c(ê i)∇êi +

1
4
((
ei − êi

) (
ej − êj

)
iêk+ek

+ iei+êi iej+êj

(
ek − êk

))
〈
RTX (ei, ej) p, ek

〉
+
c

2
ĉ (p̂ ) ,

B′
φ,Hc = −1

2
(
ĉ (ei) − c

(
ê i
))

∇Λ·(T∗T∗X)⊗̂F,u
ei

+
1
4
(
c (ei) − ĉ

(
ê i
))
ω
(
∇F , gF

)
(ei)

− 1
2
ĉ
(
ê i
)
∇êi − 1

4
((
ei − êi

) (
ej − êj

)
iêk+ek

− iei+êi iej+êj

(
ek − êk

))
〈
RTX (ei, ej) p, ek

〉
− c

2
c (p̂ ) .

Proof. Our proposition follows from Propositions 2.18 and 2.28. �

Remark 2.37. Let f : X → R be a smooth function. We could have considered
more general Hamiltonian functions of the type

(2.143) K =
c

2
|p|2 + f.

However this is equivalent to replacing gF by e−2fgF , while still working with Hc.
This is why we chose not to introduce the function f .

In Remark 2.19, we noted that the operator Aφ,Hc is not elliptic. However as
we shall see in Section 3, for c �= 0, the generalized Laplacian A2

φ,Hc is such that
∂
∂u −A2

φ,Hc is hypoelliptic.

2.14. A rescaling on the variable p for classical Hamiltonians. Recall that
dT∗X commutes with any r∗c , c ∈ R∗.

Proposition 2.38. For c > 0, the following identity holds:

(2.144) r∗1/
√

cd
T∗X

φ,2Hcr∗√c = d
T∗X

φ1/
√

c,2H = c
(
δT∗X,V + 2ip̂

)
+
√
c
(
d

T∗X − 2iY H

)
.
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Moreover the operator δT∗X,V +2ip̂ commutes with r∗, and d
T∗X−2ip anticommutes

with r∗.
For c < 0, an identity similar to (2.144) holds, with c replaced by −c, 2H replaced

by −2H, and iY H , ip̂ replaced by −iY H ,−ip̂.
Proof. The first part of our proposition follows from Proposition 2.16 or from Propo-
sition 2.32 and 2.33. The remainder of our proposition is trivial. �
Proposition 2.39. For c > 0, the following identity holds:

(2.145) K1/
√

cA
′
φ,HcK√

c =
√
c

2
(
c
(
ê i
)
∇êi + ĉ (p̂ )

)
+

1
2
(
c(ei) − ĉ(ê i)

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
− 1

4
(
ĉ(ei) − c(ê i)

)
ω
(
∇F , gF

)
(ei)

+
1

4
√
c

((
ei − êi

) (
ej − êj

)
iêk+ek

+ iei+êi iej+êj

(
ek − êk

)) 〈
RTX (ei, ej) p, ek

〉
.

If c < 0, a similar identity holds, in which
√
c is replaced by

√
−c and ĉ (p̂ ) is

replaced by −ĉ (p̂ ).

Proof. This is a trivial consequence of equation (2.142) in Proposition 2.36. �
Let η be a unit volume form along the fibres of T ∗X .

Proposition 2.40. The kernel of the operator c
(
ê i
)
∇êi + ĉ (p̂ ) (resp. of c

(
ê i
)
∇êi

− ĉ (p̂ )) is 1-dimensional and spanned by exp
(
− |p|2 /2

)
(resp. exp

(
− |p|2 /2

)
η).

Proof. Each of the considered 1-dimensional vector spaces lies in the corresponding
kernel. Let ∆V be the Laplacian along the fibres of T ∗X . One has the obvious
formulas (

c
(
ê i
)
∇êi + ĉ (p̂ )

)2
= −∆V + |p|2 + 2êiiêi − n,(2.146) (

c
(
ê i
)
∇êi − ĉ (p̂ )

)2
= −∆V + |p|2 − 2êiiêi + n.

One recognizes in the right-hand side the harmonic oscillator which appears in
Witten [W82]. Our result now follows from (2.146) and from the fact that the
kernel of the scalar harmonic oscillator −∆V + |p|2 − n is spanned by the function
exp

(
− |p|2 /2

)
. �

Since the operators which appear in Proposition 2.40 are self-adjoint, they are
semisimple. Let P+ (resp. P−) be the corresponding fibrewise orthogonal projection
operators on the corresponding kernels.

Now let Ω· (T ∗X,π∗F ) denote the space of smooth sections of Λ· (T ∗T ∗X) ⊗̂F on
T ∗X which lie in the corresponding Schwartz space. Let o (TX) be the orientation
bundle of TX . We identify Ω· (X,F ) (resp. Ω· (X,F ⊗ o (TX))) with its image in
Ω· (T ∗X,π∗F ) by the embedding

α→ π∗α exp
(
− |p|2 /2

)
/πn/4,

(resp.
α→ π∗α exp

(
− |p|2 /2

)
η/πn/4).

Let dX be the de Rham operator acting on Ω· (X,F ) or on Ω· (X,F ⊗ o (TX)),
and let dX∗ be its adjoint with respect to the obvious L2 Hermitian product.
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Proposition 2.41. The following identity of operators acting on Ω· (X,F ) and on
Ω· (X,F ⊗ o (TX)) holds:

(2.147) P±
((
c(ei) − ĉ(ê i)

)
∇Λ·(T∗T∗X)⊗̂F,u

ei

− 1
2
(
ĉ(ei) − c(ê i)

)
ω
(
∇F , gF

)
(ei)

)
P± = dX + dX∗.

Proof. Recall that the kernel of the considered operator is concentrated fibrewise
in a single degree. Since the c

(
ê i
)
, ĉ

(
ê i
)

are fibrewise odd operators, we get

(2.148)

P+

((
c(ei) − ĉ(ê i)

)
∇Λ·(T∗T∗X)⊗̂F,u

ei
− 1

2
(
ĉ(ei) − c(ê i)

)
ω
(
∇F , gF

)
(ei)

)
P+

= c (ei)∇Λ·(T∗X)⊗F,u − 1
2
ĉ (ei)ω

(
∇F , gF

)
(ei) ,

which is just (2.147). The same argument also works when replacing P+ by P−. �

Remark 2.42. Similar considerations apply to the operatorsAφ,Hc ,Bφ,Hc , which are
conjugate to the operator A′

φ,Hc . With obvious changes, it applies to all the other
operators in Proposition 2.36. Propositions 2.39–2.41 show that the asymptotics
as c → ±∞ of the operator A′

φ,Hc is very similar to the asymptotics of the Dirac
operator considered by Bismut and Lebeau in [BL91, Theorems 8.18 and 8.21] and
in [BerB94, Theorem 5.17]. The main difference with the above references is that
the operators which are considered here are not elliptic and are not self-adjoint.

3. The hypoelliptic Laplacian

In this section, we give a Weitzenböck formula for A2
φ,H. We prove that if

Hc = c |p|2 /2, with c �= 0, then ∂
∂u − A2

φ,Hc is hypoelliptic, this fact being a
consequence of a theorem of Hörmander [Hö67]. Also we study the behaviour of
this operator as c → ±∞ and c → 0, giving evidence to the fact that 2A2

φ,Hc

interpolates between the scaled Laplacian �X/2 of X and the generator of the
geodesic flow LY H on T ∗X . We elaborate on the functional integral interpretation
of these operators and of the corresponding stochastic processes, and we relate
these processes to stochastic mechanics in the sense of [B81]. Finally we consider
the special case where X = S1.

This section is organized as follows. In subsection 3.1, we establish a Weitzenböck
formula for A2

φ,H. In subsection 3.2, we specialize this formula to the case Hc =
c |p|2 /2. In subsection 3.3, we show that for c �= 0, the operator ∂

∂u −A2
φ,Hc is hy-

poelliptic. In subsection 3.4, we establish the corresponding Weitzenböck formulas
when φ is replaced by φb. In subsection 3.5, we consider the effect of a rescaling of
p.

In subsection 3.6, we show that the Thom form of Mathai and Quillen [MaQ86]
lies in the kernel of the vertical part of our Weitzenböck formula. In subsection 3.7,
we give a formula relating A2

φ,Hc to the standard Laplacian ∆X of X . This formula
shows that as c → ±∞, the operator A2

φ,Hc has a matrix structure similar to the
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one already encountered in earlier work with Lebeau in [BL05]. It will lead to the
proof in [BL05] that as c→ ±∞, our Laplacian converges in the appropriate sense
to the scaled Laplacian 1

4�X .
In subsection 3.8, we show that as c→ 0, in the appropriate sense, the operator

A2
φ,Hc converges to the generator of the geodesic flow on T ∗X .
In subsection 3.9 we allow ourselves more heuristic considerations, inspired by

path integrals. First we relate the construction of A2
φ,H to the stochastic mechan-

ics constructions of [B81]. Also we give a nonrigorous path integral formula for
Trs

[
exp

(
−A2

φ,H

)]
which fits in part with the idea explained in the introduction

that it can be expressed as an integral on the loop space LX , involving the pull-
back by the section ∇I of the equivariant Mathai-Quillen Thom form of TLX . We
relate the non-self-adjointness of A2

φ,H to the behaviour of a C1-path in X under
time reversal. Finally we show how to give instead a construction of an operator
A2

φε,H which is elliptic (and still non-self-adjoint) for ε > 0, which coincides with
A2

φ,H, for ε = 0, this last construction being most natural from the point of view of
the Legendre transform.

Finally, in subsection 3.10, we consider the case where X = S1. In this case, all
the operators can be computed explicitly. The idea that our family of operators
interpolates between the Laplacian and the geodesic flow leads to a geometric proof
of the Poisson formula.

In the entire section, we use the notation of Section 2.

3.1. The Weitzenböck formulas. Let LY H be the Lie derivative which is at-
tached to the vector field Y H on T ∗X . Then LY H acts naturally on Ω· (T ∗X,π∗F ).

Proposition 3.1. The following identities hold:[
dT∗X , d

T∗X
]

= −eiiêj∇F
ei
ω
(
∇F , gF

)
(ej) − ω

(
∇F , gF

)
(ei)∇êi ,(3.1) [

dT∗X , iY H

]
= LY H ,

[
d

T∗X
, dT∗XH

]
= −LY H − ω

(
∇F , gF

) (
Y H)

.

Proof. Using Theorem 2.2 and Proposition 2.8, we get

(3.2)
[
dT∗X , d

T∗X
]

=
[
dT∗X ,−iêiω

(
∇F , gF

)
(ei)

]
.

The first identity in (3.1) follows from (2.43) and (3.2). The second identity in (3.1)
is trivial, and the third identity is just its symplectic adjoint. �

We extend the notation of (2.83) to

∇V H = ∇êiHei, ∇HH = ∇eiHei,(3.3)

∇̂V H = ∇êiHê i, ∇̂HH = ∇eiHê i.
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Let ∆V be the fibrewise Laplacian along the fibres of T ∗X , i.e.

(3.4) ∆V = ∇2
êi .

Proposition 3.2. The following identities hold:[
dT∗X , d

T∗X

φ,2H

]
=

[
dT∗X , d

T∗X − 2iY H

]
−

[
dT∗X ,

[
d

T∗X − 2iY H , λ0

]]
=

[
dT∗X , d

T∗X
]
− 2L

Y H−∇̂V H +
[
dT∗X , δT∗X,V

]
,(3.5) [

dT∗X
H , d

T∗X

φ,H

]
=

[
dT∗X + dT∗XH, dT∗X − iY H

]
−

[
dT∗X + dT∗XH,

[
d

T∗X − iY H , λ0

]]
=

[
dT∗X , d

T∗X
]
− 2LY H − ω

(
∇F , gF

) (
Y H)

+
[
dT∗X + dT∗XH, δT∗X,V + i∇̂V H

]
.

Moreover,

[
dT∗X , δT∗X,V

]
= −∆V − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêk iêl ,

(3.6)

[
dT∗X + dT∗XH, δT∗X,V + i∇̂V H

]
= −∆V − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêk iêl

+
∣∣∇V H

∣∣2 + L∇̂V H −∇∇̂V H − iêi∇êi

(
dT∗XH

)
.

Finally,

(3.7) L∇̂V H −∇∇̂V H − iêi∇êidT∗XH = −∆V H + 2∇êi∇êjHêiiêj

+ 2∇êi∇ejHejiêi .

Proof. The identities in (3.5) and (3.6) follow from Propositions 2.5, 2.10, 2.16 and
3.1. By the argument given in the proof of Proposition 2.4, the torsion of the
tautological connection ∇TT∗X on TT ∗X is a horizontal 2-form. It follows that if
U is a smooth section of TT ∗X , then

(3.8)
[
∇̂V H, U

]
= ∇TT∗X

∇̂V H
U −∇TT∗X

U ∇̂V H.

By (3.8), we deduce that

(3.9) L∇̂V H = ∇∇̂V H + (∇êi∇êjH) êiiêj +
(
∇TX

ei
∇êjH

)
eiiêj .
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Moreover

(3.10) iêi∇êidT∗XH = (∇êi∇êjH) iêi êj +
(
∇êi∇ejH

)
iêiej .

From (3.9), (3.10), we get (3.7). The proof of our proposition is completed. �

Theorem 3.3. The following identities hold:

A2
φ,H =

1
4

(
−∆V − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêk iêl + 2L∇̂V H

)
− 1

2

(
LY H +

1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej) +

1
2
ω
(
∇F , gF

)
(ei)∇êi

)
,(3.11)

A2
φ,H =

1
4

(
−∆V − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêkiêl +

∣∣∇V H
∣∣2

− ∆V H + 2 (∇êi∇êjH) êiiêj + 2
(
∇êi∇ejH

)
ejiêi

)

− 1
2

(
LY H +

1
2
ω
(
∇F , gF

) (
Y H)

+
1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej)

+
1
2
ω
(
∇F , gF

)
(ei)∇êi

)
.

Proof. This follows from Propositions 3.1 and 3.2. �

3.2. The Weitzenböck formulas for the classical Hamiltonians. Now we use
the notation of subsection 2.13.

Theorem 3.4. The following identity holds:

(3.12) LY Hc = ∇Λ·(T∗T∗X)⊗F

Y Hc + cêiiei + c
〈
RTX (p, ei) p, ej

〉
eiiêj .
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Moreover,

(3.13)

A2
φ,Hc =

1
4

(
−∆V + 2cLp̂ −

1
2
〈
RTX (ei, ej) ek, el

〉
eiejiêkiêl

)
− 1

2

(
LY Hc +

1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej) +

1
2
ω
(
∇F , gF

)
(ei)∇êi

)
,

A2
φ,Hc =

1
4

(
−∆V + c2 |p|2 + c (2êiiêi − n) − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêk iêl

)
− 1

2

(
LY Hc +

1
2
ω
(
∇F , gF

) (
Y Hc

)
+

1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej)

+
1
2
ω
(
∇F , gF

)
(ei)∇êi

)
,

A′2
φ,Hc =

1
4

(
−∆V + c2 |p|2 + c (2êiiêi − n)

− 1
2
〈
RTX (ei, ej) ek, el

〉 (
ei − êi

) (
ej − êj

)
iek+êk ie�+êl

)

− 1
2

(
∇Λ·(T∗T∗X)⊗̂F,u

Y Hc +

(
c
〈
RTX (p, ei) p, ej

〉
+

1
2
∇F

ei
ω
(
∇F , gF

)
(ej)

)(
ei − êi

)
iej+êj +

1
2
ω
(
∇F , gF

)
(ei)∇êi

)
.

Proof. As we saw in Proposition 2.4, the torsion of the fibrewise connection ∇TT∗X

is just π∗R̂TXp. Therefore, if U is a smooth section of TT ∗X ,

(3.14)
[
Y Hc

, U
]

= ∇TT∗X
Y Hc U −∇TT∗X

U Y Hc − c ̂RTX (p, π∗U) p.

From (3.14), we get (3.12).
The first two equations in (3.13) follow from Theorem 3.3. By (2.111), (2.116),

(3.12) and the second equation in (3.13), we get the last equation in (3.13). The
proof of our theorem is completed. �

Proposition 3.5. The operators

ac =
1
2

(
−∆V + 2cLp̂ −

1
2
〈
RTX (ei, ej) ek, el

〉
eiejiêk iêl

)
,(3.15)

bc = −
(
LY Hc +

1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej) +

1
2
ω
(
∇F , gF

)
(ei)∇êi

)
commute and anticommute, respectively, with r∗. Moreover,

ac =
1
2

[
dT∗X , δT∗X,V + 2cip̂

]
, bc =

1
2

[
dT∗X , d

T∗X − 2ciY H

]
.(3.16)

In particular the operators ac, bc commute with dT∗X .
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Proof. The first part of our proposition is obvious. The second part of our proposi-
tion follows in particular from Propositions 3.1 and 3.2. As a consequence of (3.16),
ac, bc commute with dT∗X . �

3.3. Hypoellipticity of the operator ∂
∂u −A2

φ,Hc . Let u ∈ R be an extra vari-
able.

Theorem 3.6. For c ∈ R∗, the differential operator ∂
∂u −A2

φ,Hc is hypoelliptic.

Proof. By Theorem 3.4, up to an operator of order 0, the operator A2
φ,Hc coincides

with the operator L given by

(3.17) L = −1
4
∆V − c

2
∇p−p̂ − 1

4
ω
(
∇F , gF

)
(ei)∇êi .

Using (2.141) and (3.17), one finds easily that the operators ∂
∂u −L and ∂

∂u −A2
φ,cH

verify Hörmander’s hypoellipticity conditions in [Hö67]. In fact these operators
are elliptic along the fibres T ∗X , and by (2.141), the Hörmander Lie brackets of
vertical vector fields with Y Hc

span the whole TT ∗X . The proof of our theorem is
completed. �

3.4. The Weitzenböck formulas associated to φb. Now we use the notation
of subsection 2.12. Take b ∈ R∗. Recall that β = 1/b.

Theorem 3.7. The following identities hold:

A2
φb,H =

β2

4

(
−∆V − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêk iêl + 2L∇̂V H

)
− β

2

(
LY H +

1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej) +

1
2
ω
(
∇F , gF

)
(ei)∇êi

)
,(3.18)

A2
φb,H =

β2

4

(
−∆V − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêk iêl +

∣∣∇V H
∣∣2

− ∆V H + 2êiiêj∇êi∇êjH + 2ejiêi∇êi∇ejH
)

− β

2

(
LY H +

1
2
ω
(
∇F , gF

) (
Y H)

+
1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej)

+
1
2
ω
(
∇F , gF

)
(ei)∇êi

)
.

Proof. We can use Proposition 2.32 and Theorem 3.3, or we can also use Proposi-
tions 2.33 and 2.34 and proceed directly. �

3.5. The rescaling of the p coordinate. In this subsection, we take H = |p|2 /2.
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Theorem 3.8. For c > 0, the following identities hold:

(3.19) A2
φ1/

√
c,H = r∗1/

√
cA

2
φ,Hcr∗√c

=
c

4

(
−∆V + 2Lp̂ −

1
2
〈
RTX (ei, ej) ek, el

〉
eiejiêkiêl

)
−

√
c

2

(
LY H +

1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej) +

1
2
ω
(
∇F , gF

)
(ei)∇êi

)
,

A2
φ1/

√
c,H = r∗1/

√
cA

2
φ,Hcr∗√c

=
c

4

(
−∆V + |p|2 + 2êiiêi − n− 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêk iêl

)

−
√
c

2

(
LY H +

1
2
ω
(
∇F , gF

) (
Y H)

+
1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej)

+
1
2
ω
(
∇F , gF

)
(ei)∇êi

)
,

A′2
φ1/

√
c,H = K1/

√
cA

′2
φ,HcK√

c =
c

4

(
−∆V + |p|2 + 2êiiêi − n

)
−

√
c

2

(
∇Λ·(T∗T∗X)⊗̂F,u

Y H +
1
2
ω
(
∇F , gF

)
(ei)∇êi

)
− 1

8
〈
RTX (ei, ej) ek, el

〉 (
ei − êi

) (
ej − êj

)
iek+êk ie�+êl

− 1
2

(〈
RTX (p, ei) p, ej

〉
+

1
2
∇F

ei
ω
(
∇F , gF

)
(ej)

)(
ei − êi

)
iej+êj .

For c < 0, similar identities hold, in which c is replaced by −c, H by −H, Lp̂ by
−Lp̂, RTX (p, ei) p by −RTX (p, ei) p, and êiiêi by n− êiiêi .

Proof. This is a trivial consequence of Proposition 2.32 and of Theorems 3.4 and
3.7. �

Remark 3.9. Observe that the first identity in (3.19) is also a consequence of Propo-
sitions 2.38 and 3.5. Also the fact that for c > 0, with c = 1/b2, the right-hand
sides of the first equations in (3.18) and (3.19) coincide should be taken for granted,
because of Proposition 2.32. Similar considerations apply for c < 0, with c =
−1/b2.

3.6. Harmonic oscillator and the Thom form. Let S be a smooth manifold,
let E be a real vector bundle of dimension n on S, let gE be a smooth metric on
E, let ∇E be a Euclidean connection on E, and let RE be the curvature of ∇E .
Let o (E) be the orientation bundle of E, and let ME∗

be the total space of E∗.
Let dM

E∗
be the de Rham operator of ME∗

, and let dE∗
be the fibrewise de Rham

operator. Let p be the generic element in E∗. By using notation similar to the
notation in Propositions 2.4 and 2.5, we get

(3.20) dM
E∗

= dE∗
+ ∇Ω·(E∗) + i

R̂E∗p
.

As in (2.65), (2.66), set

(3.21) δE∗
= −iêi∇êi .
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We still define the functions H,Hc on ME∗
as in (2.140), i.e.

H =
1
2
|p|2 , Hc =

c

2
|p|2 .(3.22)

Set

dM
E∗

Hc = e−Hc

dM
E∗
eH

c

, δE∗
Hc = eH

c

δE∗
e−Hc

.(3.23)

By (3.20), (3.21),

dM
E∗

Hc = dE∗
+ cp̂ ∧ +∇Ω·(E∗) + iRE∗p, δE∗

Hc = δE∗
+ cip̂.(3.24)

Let e1, . . . , en be an orthonormal basis of E.

Proposition 3.10. The following identities hold:[
dM

E∗
, δE∗

2Hc

]
= −∆V + 2cLp̂ −

〈
REek, el

〉
iêkiêl ,(3.25) [

dM
E∗

Hc , δE∗
Hc

]
= −∆V + c2 |p|2 + c (2êiiêi − n) −

〈
REek, el

〉
iêkiêl .

For c �= 0,

(3.26)[
dM

E∗
, δE∗

2Hc

]
= exp

(
− 1

4c
〈
REek, el

〉
iêk iêl

)(
−∆V + 2cLp̂

)
× exp

(
1
4c

〈
REek, el

〉
iêk iêl

)
,[

dM
E∗

Hc , δE∗
Hc

]
= exp

(
− 1

4c
〈
REek, el

〉
iêkiêl

)(
−∆V + c2 |p|2 + c (2êiiêi − n)

)
× exp

(
1
4c

〈
REek, el

〉
iêk iêl

)
.

Proof. The identities in (3.25) follow from (3.24). The second identity in (3.26) is
trivial, and the first follows by conjugation by eH

c

. �

The operators which appear in Proposition 3.10 commute with the left and
right actions of Λ· (T ∗S), and they are all conjugate to each other. The operators
which appear in the right-hand side of (3.26) are self-adjoint, and they have finite
dimensional kernel. Since they are semisimple, if A is any of the operators appearing
in (3.26), then the total space Λ· (T ∗S) ⊗̂Ω· (E∗) on which they act splits as

(3.27) Λ· (T ∗S) ⊗̂Ω· (E∗) = kerA⊕ ImA.

Since all these operators are conjugate to each other, the splittings in (3.27) are
conjugate to each other. We can then consider the projection operator Q on kerA
with respect to the splitting (3.27). All these operators commute with the left
action of Λ· (T ∗S).

For c �= 0, we will be concerned with the operators
[
dM

E∗
, δE∗

2Hc

]
which are more

geometric. Let QE∗
c be the corresponding projection on ker

[
dM

E∗
, δE∗

2Hc

]
. A trivial

conjugation shows that it is enough to study the two cases where c = ±1. In this
case, we will write QE∗

± instead of QE∗
±1. We will denote by π∗ the operator of

integration along the fibre E∗ of integrable differential forms. Our sign conventions
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are such that if α is a smooth form on S and β is an integrable differential form on
ME∗

, then

(3.28) π∗ ((π∗α)β) = απ∗β.

Recall that in [MaQ86], Mathai and Quillen gave an explicit construction of a
Thom form on the total space of E∗. To explain their construction, we recall briefly
the definition of the Berezin integral. Let e1, . . . , en be still another copy of the
dual basis to the basis e1, . . . , en. Let Λ·

(
E

∗)
be the exterior algebra generated

by the ei.
We denote by

∫ B the functional defined on Λ·
(
E

∗)
, with values in o (E), which

vanishes in degree strictly less than n and is such that

(3.29)
∫ B

e1 ∧ . . . ∧ en = (−1)n(n+1)/2
.

We extend
∫ B to a functional defined on Λ· (T ∗ME∗) ⊗̂Λ·

(
E

∗)
with values in

Λ· (T ∗ME∗)
, with the convention that if α ∈ Λ· (T ∗ME∗)

, β ∈ Λ·
(
E

∗)
, then

(3.30)
∫ B

αβ = α

∫ B

β.

Now consider the Berezin integral in the variables ei, 1 ≤ i ≤ n,

(3.31) ΦE∗
=

1
πn/2

∫ B

exp
(
−1

4
〈
ek, R

Eel

〉
ekel − êie

i − |p|2
)
.

Then the basic result of [MaQ86] is that ΦE∗
is a closed form of degree n on ME∗

with coefficients in o (E), and moreover

(3.32) π∗ΦE∗
= 1,

so that ΦE∗
is indeed a Thom form on ME∗

.

Theorem 3.11. The following identities hold:

dM
E∗

ΦE∗
= 0,

(
δE∗ − 2ip̂

)
ΦE∗

= 0.(3.33)

The kernel of
[
dM

E∗
, δE∗

H

]
is spanned over Λ· (T ∗S) by the zero form 1. The cor-

responding projection operator QE∗
+ is given by

(3.34) α→ QE∗
+ α = π∗π∗

(
αΦE∗)

.

The kernel of
[
dM

E∗
, δE∗

−H

]
is spanned over Λ· (T ∗S) by ΦE∗

, and the corresponding

projection operator QE∗
− is given by

(3.35) α→ QE∗
− α = (π∗π∗α) ∧ ΦE∗

.

Proof. We already know that ΦE∗
is closed. The second identity in (3.33) is trivial.

Using basic properties of the harmonic oscillator as in the proof of Proposition
2.40, we know that for c = 1, the fibrewise kernel of the harmonic oscillator which
appears in the right-hand side of the second identity in (3.26) is spanned by the
function exp

(
− |p|2 /2

)
, and for c = −1, if η is a unit fibrewise volume form in
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E∗, it is spanned by exp
(
− |p|2 /2

)
η. The associated projectors are given by the

obvious fibrewise L2 scalar product with a unit element of this kernel. If α is a
form on ME∗

, let α(0) be the component of α which is degree 0 in the variables êi.
Using the conjugations in (3.26), we get the formulas

QE∗
+ α =

1
πn/2

∫
E∗

(
exp

(
1
4
〈
REek, el

〉
iêk iêl

)
α

)(0)

exp
(
− |p|2

)
dp,(3.36)

QE∗
− α =

1
πn/2

(π∗α) exp
(
− |p|2

)
exp

(
1
4
〈
REek, el

〉
iêkiêl

)
η.

Note that in (3.36), we were careful to respect the sign conventions in (3.28), (3.30),
and also the fact that the projectors QE∗

± commute with left or right multiplication
by Λ· (T ∗S).

Let ∗̂ be the fibrewise Hodge operator. Clearly

(3.37)
∫

E∗

(
exp

(
1
4
〈
REek, el

〉
iêk iêl

)
α

)(0)

exp
(
− |p|2

)
dp

=
∫

E∗
α ∧ ∗̂ exp

(
1
4
〈
ek, R

Eel

〉
êkêl

)
exp

(
− |p|2

)
.

Let ρ be the automorphism of Λ· (E) such that ρ1 = 1, that if α ∈ E, ρα = −α,
and if β, γ ∈ Λ· (E) , ρ (αβ) = (ρβ) (ρα). If α ∈ Λ· (E), let α be the corresponding
element in Λ· (E∗). One then verifies easily that if the êi span Λ· (E), if α ∈ Λ· (E),

(3.38) ∗̂α =
∫ B

ρα exp
(
−êie

i
)
.

An application of (3.38) shows that

(3.39) ∗̂ exp
(

1
4
〈
ek, R

Eel

〉
êkêl

)
=

∫ B

exp
(
−1

4
〈
ek, R

Eel

〉
ekel − êie

i

)
.

From (3.31), (3.36)–(3.38), we get (3.34). Similarly, since η = ∗̂1,

(3.40) exp
(

1
4
〈
REek, el

〉
iêk iêl

)
η = ∗̂ exp

(
1
4
〈
ek, R

Eel

〉
êkêl

)
.

By (3.31), (3.36)–(3.40), we get (3.35). The proof of our theorem is completed. �

Remark 3.12. By a simple conjugation argument, one verifies that more generally

QE∗
c α = π∗π∗

((
r∗1/

√
cα

)
ΦE∗)

if c > 0, QE∗
c α = (π∗π∗α) r∗√−cΦ

E∗
if c < 0.

(3.41)

Let i : S → ME∗
be the embedding of S as the zero section of E∗. Note that

δS , the current of integration on S, is a current on ME∗
with values in o (E). By

(3.32), (3.41), we find that we have the convergence of currents

QE∗
c α→ π∗i∗α if c→ +∞, QE∗

c α→ (π∗π∗α) δS if c→ −∞.(3.42)
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3.7. The hypoelliptic Laplacian and the standard Laplacian. We use the
notation of subsection 3.6 in the case where E = TX over S = X . In particular, we
assume that H = 1

2 |p|
2. Also we will write a±, b± instead of a±1, b±1. By Theorem

3.11, kera+ is included in the r∗-invariant part of Ω· (T ∗X,π∗F ), and ker a− is
included in the invariant part of Ω· (T ∗X,π∗F ) if n is even, in the antiinvariant
part if n is odd.

We denote by a−1
± the inverse of a± acting on Im a±. By Proposition 3.5, b±

exchanges the invariant and the antiinvariant parts of Ω· (T ∗X,π∗F ), and so it
maps ker a± into Im a±.

The first identity in (3.19) can be written in the form

(3.43) 2A2
φ1/

√
c,H = 2r∗1/

√
cA

2
φ,Hcr∗√c = ca+ +

√
cb+.

A similar identity holds for c < 0.
Now we use the notation in subsection 2.14. Temporarily Ω· (T ∗X,π∗F ) de-

notes the vector space of smooth sections s of Λ· (T ∗T ∗X) ⊗̂F which are such that
e∓|p|2/2s lies in the corresponding Schwartz space on T ∗X . In the + case (resp.
the − case), we identify Ω· (X,F ) (resp. Ω· (X,F ⊗ o (TX))) with its image in
Ω· (T ∗X,π∗F ) by the map α → π∗α (resp. α → π∗α ∧ ΦT∗X). Note that QT∗X

+

(resp. QT∗X
− ) is a projector on the corresponding image.

Recall that dX is the de Rham operator of Ω· (X,F ) or Ω· (X,F ⊗ o (TX)) and
that dX∗ is its formal adjoint. The Hodge Laplacian �X is given by the formula

(3.44) �X =
(
dX + dX∗)2

=
[
dX , dX∗] .

Let ∆H be the horizontal Laplacian acting on any of these spaces. Namely let
e1, . . . , en be a locally defined smooth orthonormal basis of TX . Then when acting
on Ω· (X,F ),

(3.45) ∆H =
n∑

i=1

∇Λ·(T∗X)⊗F,2
ei

−∇Λ·(T∗X)⊗F∑n
i=1 ∇T X

ei
ei
.

The action of ∆H on Ω· (X,F ⊗ o (TX)) is obtained by replacing F by F ⊗o (TX).
Note that ∆H is not self-adjoint, except when gF is flat.

The Weitzenböck formula says that we have the identity

(3.46) �X = −∆H +
〈
RTX (ei, ej) ek, el

〉
eiieje

kiel

− ω
(
∇F , gF

)
(ei)∇Λ·(T∗X)⊗F

ei
− eiiej∇F

ei
ω
(
∇F , gF

)
(ej) .

Let STX be the Ricci tensor associated to gTX . We can rewrite (3.46) in the form

(3.47) �X = −∆H +
〈
STXei, ej

〉
eiiej −

〈
RTX (ei, ej) ek, el

〉
eiekiej iel

− ω
(
∇F , gF

)
(ei)∇Λ·(T∗X)⊗F

ei
− eiiej∇F

ei
ω
(
∇F , gF

)
(ej) .

Using the circular symmetry of RTX , we get

(3.48) �X = −∆H +
〈
STXei, ej

〉
eiiej −

1
2
〈
RTX (ei, ej) ek, el

〉
eiejiek

iel

− ω
(
∇F , gF

)
(ei)∇Λ·(T∗X)⊗F

ei
− eiiej∇F

ei
ω
(
∇F , gF

)
(ej) .

Note that there is an obvious analogue of the above formulas when replacing F by
F ⊗ o (TX).
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Theorem 3.13. The following identity holds:

(3.49) −QT∗X
± b±a−1

± b±Q
T∗X
± =

1
2
(
dX + dX∗)2

.

Proof. First, we establish our theorem for the + case. By (3.26), we know that
a+ is conjugate to H + N̂ , where H is a standard harmonic oscillator and N̂ is
the vertical number operator. Moreover pi = 〈p, ei〉 is proportional to the half
sum of a bosonic creation and annihilation operator, and so it maps ker a+ into
the corresponding +1 eigenspace of a+. Using (3.12), (3.15), (3.16), (3.25), (3.26),
(3.31), we get

(3.50)
−QT∗X

+ b+a−1
+ b+Q

T∗X
+ = −QT∗X

+ ∇Λ·(T∗T∗X)⊗F,2
p QT∗X

+ −QT∗X
+ êiiei êjiejQ

T∗X
+

−QT∗X
+

〈
RTX (p, ei) p, ej

〉
eiiêj êkiek

QT∗X
+

−QT∗X
+

1
2
eiiêj∇TX

ei
ω
(
∇F , gF

)
(ej) êkiek

QT∗X
+

−QT∗X
+

1
2
ω
(
∇F , gF

)
(ei)∇êi∇Λ·(T∗T∗X)⊗F

p QT∗X
+ .

Moreover we have the trivial equality,

(3.51)
∫
R

x2 exp
(
−x2

) dx√
π

=
1
2
.

Using (3.31), (3.51), we obtain

(3.52) −QT∗X
+ ∇Λ·(T∗T∗X)⊗F,2

p QT∗X
+ = −1

2
∆H .

Moreover, one can check easily the following formula:

(3.53) π∗
[
êiêjΦT∗X

]
= −1

2
〈
RTXei, ej

〉
.

By (3.53), we get

(3.54) −QT∗X
+ êiiei êjiejQ

T∗X
+ = −1

2
〈
RTXei, ej

〉
ieiiej ,

which is equivalent to

(3.55) −QT∗X
+ êiiei êjiejQ

T∗X
+ = −1

4
〈
RTX (ei, ej) ek, el

〉
eiejiek

iel
.

Moreover using (3.51), we get

(3.56) −QT∗X
+

〈
RTX (p, ei) p, ej

〉
eiiêj êkiek

QT∗X
+ =

1
2
〈
STXei, ej

〉
eiiej .

Finally, using (3.51) again, one has the trivial identities

−QT∗X
+

1
2
eiiêj∇TX

ei
ω
(
∇F , gF

)
(ej) êkiek

QT∗X
+ = −1

2
∇TX

ei
ω
(
∇F , gF

)
(ej) eiiej ,

(3.57)

−QT∗X
+

1
2
ω
(
∇F , gF

)
(ei)∇êi∇Λ·(T∗T∗X)⊗F

p QT∗X
+ =−1

2
ω
(
∇F , gF

)
(ei)∇Λ·(T∗X)⊗F

ei
.

Comparing (3.48) with (3.50)–(3.57), we get (3.49) in the + case.
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Now, we consider the − case. As we said before, we identify Ω· (X,F ⊗ (TX))
with its image in Ω·+n (T ∗X,π∗F ) by the map α → π∗α ∧ ΦT∗X . Recall that if
β ∈ Ω· (T ∗X,π∗F ) has compact support, for 1 ≤ i ≤ n,

π∗ (iêiβ) = 0, π∗ieiβ = ieiπ∗β, π∗∇Λ·(T∗T∗X)⊗F
ei

β = ∇Λ·(T∗X)⊗F
ei

π∗β.

(3.58)

Using (3.32), we deduce from (3.58) that

(3.59) π∗∇Λ·(T∗T∗X)
ei

ΦT∗X = 0.

Let [A,B]+ denote the anticommutator of A and B. By (3.26), (3.58), we find
that the analogue of (3.50) is now

(3.60) −QT∗X
− b−a−1

− b−Q
T∗X
− α = −π∗

[
∇Λ·(T∗T∗X)⊗F⊗o(TX),2

p

(
π∗α ∧ ΦT∗X

)]
+ iei iej

(
απ∗

[
êiêj ∧ ΦT∗X

])
− π∗

[〈
RTX (p, ei) p, ej

〉
êkiek

eiiêj

(
π∗α ∧ ΦT∗X

)]
+ π∗

[
êkiek

1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej)

(
π∗α ∧ ΦT∗X

)]
+ π∗

[[
1
2
ω
(
∇F , gF

)
(ei)∇êi ,∇Λ·(T∗T∗X)⊗F⊗o(TX)

p

]
+

(
π∗α ∧ ΦT∗X

)]
.

By proceeding as in (3.52) and using (3.59), we get

(3.61) −π∗
[
∇Λ·(T∗T∗X)⊗F⊗o(TX),2

p

(
π∗α ∧ ΦT∗X

)]
= −1

2
∆Hα.

Let K denote the scalar curvature of X . By (3.53), we obtain by a simple compu-
tation

(3.62) ieiiej

(
απ∗

[
êiêjΦT∗X

])
=

(
−1

2
K +

〈
STXei, ej

〉
eiiej

− 1
4
〈
RTX (ei, ej) ek, el

〉
eiejiek

iel

)
α.

Still using (3.51), (3.58), we get

(3.63) − π∗

[〈
RTX (p, ei) p, ej

〉
êkiek

eiiêj

(
π∗α ∧ ΦT∗X

)]
=

1
2
(
K −

〈
STXei, ej

〉
eiiej

)
α.

The same arguments as before also show that

π∗

[
êkiek

1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej)

(
π∗α ∧ ΦT∗X

)]
=

1
2
(
−eiiej∇F

ei
ω
(
∇F , gF

)
(ej) + ∇F

ei
ω
(
∇F , gF

)
(ei)

)
α,(3.64)

π∗

[[
1
2
ω
(
∇F , gF

)
(ei)∇êi ,∇Λ·(T∗T∗X)⊗F

p

]
+

(
π∗α ∧ ΦT∗X

)]

= −1
2

(
∇F

ei
ω
(
∇F , gF

)
(ei) + ω

(
∇F , gF

)
(ei)∇Λ·(T∗X)⊗F

ei

)
α.

By comparing again (3.48) with (3.60)–(3.64), we also get (3.49) in the − case. The
proof of our theorem is completed. �
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We rewrite the third formula for c > 0 in (3.19) in the form

(3.65) K1/
√

c2A′2
φ,HcK√

c = cα+ +
√
cβ+ + γ+.

There is a corresponding formula in the case c < 0, with − indices. Let P± be the
orthogonal fibrewise projection operator on kerα±. This projector was constructed
in subsection 2.14. Also we use the notation of that subsection. Another version of
Theorem 3.13 is as follows.

Theorem 3.14. The following identity holds:

(3.66) P±
(
γ± − β±α

−1
± β±

)
P± =

1
2
�X .

Proof. The operator α+ is again of the form H + N̂ . Since ker a+ is concentrated
in fibrewise degree 0, by proceeding as in the proof of Theorem 3.13, we get

(3.67) P+γ+P+ = −1
4
〈
RTX (ei, ej) ek, el

〉
eiejiek

iel

+
1
2
(〈
STXei, ej

〉
−∇F

ei
ω
(
∇F , gF

)
(ej)

)
eiiej .

Similar arguments show that

(3.68) −P+β+α
−1
+ β+P+ = −1

2
∆H − 1

2
ω
(
∇F , gF

)
(ei)∇Λ·(T∗X)⊗F

ei
.

Using (3.48) and (3.67), (3.68), we get (3.66) in the + case. The proof in the −
case is exactly the same. �

Remark 3.15. Needless to say, Theorems 3.13 and 3.14 can be deduced from each
other. Moreover Theorem 3.14 also follows from Propositions 2.39–2.41. Indeed,
for c > 0, we can write (2.145) in the form

(3.69) K1/
√

c

√
2A′

φ,HcK1/
√

c =
√
cA+ + B+ +

1√
c
C+,

so that comparing with (3.65), we get

α+ = A2
+, β+ = [A+,B+] , γ+ = B2

+ + [A+, C+] .(3.70)

We deduce from (3.70) that

(3.71) P+

(
γ+ − β+α

−1
+ β+

)
P+ = P+

(
B2

+ − [B+,A+]A−2
+ [A+,B+]

)
P+.

By (3.71), we get

(3.72) P+

(
γ+ − β+α

−1
+ β+

)
P+ = (P+B+P+)2 .

Now by Proposition 2.41,

(3.73) P+B+P+ =
1√
2

(
dX + dX∗) .

By (3.71)–(3.73), we get (3.66), in the + case. The − case can be handled in the
same way.

Still, it does not seem possible to give a direct easy proof of Theorem 3.13 using
just the identity (2.144) in Proposition 2.38. We saw in Remark 3.9 that the first
identity in (3.19) follows from Propositions 2.38 and 3.5. However this does not
lead trivially to Theorem 3.13.
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3.8. Interpolating between the Laplacian and the geodesic flow. Recall
that Hb was defined in (2.123). Observe that if H = 1

2 |p|
2, then

(3.74) b2H1/b = H.
Here we consider the case of an arbitrary H. Observe that

∇̂V b2H1/b = r∗1/b∇̂V H, Y b2H1/b = br∗1/bY
H.(3.75)

Consider the operator A2
φ,b2H1/b2

, which by Proposition 2.32 is conjugate to

A2
φb,b2H1/b

. By Theorem 3.7, we get

(3.76) A2
φb,b2H1/b

=
1

4b2

(
−∆V − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêkiêl + 2L

r∗
1/b∇̂V H

)
− 1

2b

(
Lbr∗

1/bY H +
1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej) +

1
2
ω
(
∇F , gF

)
(ei)∇êi

)
.

We use temporarily the notation H = 1
2 |p|

2. Suppose that as |p| → +∞, H � H.
Then as b→ 0,

(3.77) b2H1/b � H.
Under the appropriate conditions on H, we find that as b→ 0,

r∗1/b∇̂V H � p̂, br∗1/bY
H � Y H.(3.78)

Now we will argue only in the case H = 1
2 |p|

2, although (3.76)–(3.78) suggest
that what follows holds under more general conditions. In this case, using Theorem
3.13 and proceeding formally as in [BL91, sections 11 and 12], we have a hint that
as b → 0, in the proper sense, A2

φb,H converges to the operator 1
4�X acting on

Ω· (X,F ). Incidentally, note that if H is replaced by −H, a similar result holds,
with F replaced by F ⊗ o (TX).

Now consider the case where b→ +∞. Again we assume H to be arbitrary. By
Proposition 2.32, the operator A2

φ,b2H1/b2
is conjugate to A2

φb,b2H1/b
. By Theorem

3.7 and by (3.75),

(3.79) r∗b A2
φ,b2H1/b

r∗1/b =
1

4b4

(
−∆V − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêkiêl

)
+

1
4

∣∣∇V H
∣∣2 +

1
4b2

(
−∆V H + 2êiiêj∇êi∇êjH + 2ejiêi∇êi∇ejH

)
− 1

2

(
LY H +

1
2
ω
(
∇F , gF

) (
Y H)

+
1

2b2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej)

+
1

2b2
ω
(
∇F , gF

)
(ei)∇êi

)
.

By (3.78), we find that as b→ +∞,

(3.80) r∗b22A2
φ,b2H1/b2

r∗1/b2 =
1
2

∣∣∇V H
∣∣2−(

LY H +
1
2
ω
(
∇F , gF

) (
Y H))

+O (1/b) .

To simplify our argument, assume that ω
(
∇F , gF

)
= 0. Then (3.80) indicates

that as b → +∞, the operator 2A2
φ,b2H1/b2

behaves more and more like a simple
perturbation of the generator of the Hamiltonian flow on T ∗X .
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Finally note that by (3.79), if ω
(
∇F , gF

)
= 0,

(3.81) r∗b A2
φ,b2H1/b2

r∗1/b2 |Ω0(X,F ) = −1
4

(
1
b4

∆V +
∣∣∇V H

∣∣2 − 1
b2

∆V H
)
− 1

2
∇Y H .

Equation (3.81) is especially simple. Also the first operator in the right-hand side
of (3.81) is self-adjoint and nonnegative, while the operator ∇Y H is skew-adjoint.

3.9. Stochastic mechanics and the hypoelliptic Laplacian. Let us now briefly
explain how to construct the heat kernel associated to exp

(
−2A2

φ,H

)
. Here we

skip all details concerning the effective existence of this kernel. Indeed inspection
of (3.11) shows that to evaluate this kernel, we need to consider a stochastic differ-
ential equation on T ∗X . Indeed take x0 ∈ X , and let s ∈]0, 1] → w∗

s ∈ T ∗
x0
X be a

Brownian motion. Given p0 ∈ T ∗
x0
X , consider the stochastic differential equation,

dx

ds
=
∂H
∂p

(x, p) , dp = −∂H
∂x

(x, p) ds+ τ0
s dw

∗.(3.82)

In (3.82), τ0
s denotes parallel transport with respect to the connection ∇T∗X . Equa-

tions like (3.82) were explicitly considered in our earlier work [B81] on random
mechanics, as generalized Hamiltonian equations under random perturbations.

Then elementary arguments on Itô equations show that at least formally,

(3.83) Trs
[
exp

(
−2A2

φ,H
)]

=
∫

LX

exp

(
−1

2

∫ 1

0

(∣∣∣∣∂H∂p (xs, ps)
∣∣∣∣2 +

∣∣∣∣ṗs +
∂H
∂x

(xs, ps)
∣∣∣∣2
)
ds+ . . .

)
.

Using (3.82), we can rewrite (3.83) in the form

(3.84) Trs
[
exp

(
−2A2

φ,H
)]

=
∫

LX

exp

(
−1

2

∫ 1

0

(
|ẋs|2 +

∣∣∣∣ṗs +
∂H
∂x

(xs, ps)
∣∣∣∣2
)
ds+ . . .

)
.

Assume now that H is the Legendre transform of a well-defined Lagrangian
L (x, ẋ), so that

(3.85) ẋ =
∂H
∂p

(x, p) .

Let I be the functional on LX ,

(3.86) I (x) =
∫ 1

0

L (x, ẋ) ds.

Clearly,

(3.87) ∇I (x) = − D

Dt

∂L

∂ẋ
(x, ẋ) +

∂L

∂x
(x, ẋ) .

We can then rewrite (3.84) in the form

(3.88) Trs
[
exp

(
−2A2

φ,H
)]

=
∫

LX

exp
(
−1

2

∫ 1

0

(
|ẋs|2 + |∇I (x)|2

)
ds+ . . .

)
.

When replacing H (x, p) by H1/b (x, p) = H (x, p/b), L (x, ẋ) is replaced by
Lb (x, ẋ) given by

(3.89) Lb (x, ẋ) = L (x, bẋ) .
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If H is replaced by b2H1/b2 , then L (x, ẋ) is replaced by b2L (x, ẋ). In this last
case, by (3.88), (3.89), we get
(3.90)

Trs
[
exp

(
−2A2

φ,b2H1/b2

)]
=

∫
LX

exp
(
−1

2

∫ 1

0

(
|ẋs|2 + b4 |∇I (x)|2

)
ds+ . . .

)
.

Formula (3.90) clearly indicates that as b → 0, the right-hand side becomes an
integral with respect to the classical Brownian motion on X , and as b → +∞, the
integral should localize on the critical points of the functional I. Now these critical
points correspond exactly to the closed integral trajectories of the Hamiltonian
vector field Y H in T ∗X .

The pictures which emerge from subsections 3.8 and 3.9 are then remarkably
consistent. Either at the level of operators or at the level of functional integration,
we see that when considering 2A2

φ,b2H1/b2
, as b → 0, we should recover the scaled

Laplacian �X/2 on X and the classical Brownian integral on LX , and as b→ +∞,
we obtain the generator of the Hamiltonian vector field Y H, and the functional
integral localizes on the corresponding closed trajectories.

Let Φ
(
TLX, gTLX,∇TLX

)
be the Thom form of Mathai and Quillen [MaQ86]

on the total space of TLX . Recall that in the introduction, we explained that when
filling in the . . . in the right-hand sides of (3.88), we would obtain a natural co-
homological expression, in which the form (∇I)∗ ΦLTX

(
TLX, gTLX,∇TLX

)
would

appear. Since this argument is essentially formal, we leave it to the inspired reader.
Let us just mention that Witten and Atiyah [A85] gave the idea that equivariant
cohomology with respect to the action of S1 on LX is important, understanding
basic formal aspects of the heat equation method in index theory, and that this line
of argument was further developed in [B85, B92a, B92b].

Let us make two final observations. A first observation is that our formalism
works starting from a Hamiltonian function H, that is, even in the case where H
does not have a nice Legendre transform. Indeed let y = (x, p) be the generic
element in T ∗X . Consider the obvious Cartan Lagrangian on TT ∗X

(3.91) L (y, ẏ) = 〈p, π∗ẏ〉 − H (y) .

Let I be the functional on LT ∗X ,

(3.92) I (y) =
∫ 1

0

L (y, ẏ) ds.

Then

(3.93) ∇I = − (iẏω + dH) .

Let I be the restriction of I to the subset LT ∗X of LT ∗X defined by the equation

(3.94) ẋ =
∂H
∂p

(x, p) .

Then

(3.95) ∇I = −π∗
(
ṗ+

∂H
∂x

)
.

Note that if H is the Legendre transform of L, then LT ∗X � LX, I � I, so that

(3.96) ∇I = ∇I.
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By (3.95), equation (3.84) can be written in the form

(3.97) Trs
[
exp

(
−2A2

φ,H
)]

=
∫

LT∗X

exp
(
−1

2

∫ 1

0

(
|ẋ|2 +

∣∣∇I
∣∣2) ds+ . . .

)
.

We make now a final comment on the construction of the operator Aφ,H. In
(2.57), given ε ≥ 0, we could as well replace φ by φε given by

(3.98) φε =
(

1 −1
1 ε

)
,

so that φ = φ0. Note that

(3.99) (φε)−1 =
1

1 + ε

(
ε 1
−1 1

)
.

As in (2.62), we identify φε and (φε)−1 with the endomorphisms of TT ∗X ,

φε =
(
gTX −1|T∗X

1|TX εgT∗X

)
, (φε)−1 =

1
1 + ε

(
εgT∗X 1|TX

−1|T∗X gTX

)
.(3.100)

Let π′
∗ : TT ∗X = TX ⊕ T ∗X → T ∗X be the obvious projection. Instead of (2.63),

φε is now associated to the bilinear form ηε on TT ∗X given by

(3.101) ηε (U, V ) = 〈π∗U, π∗V 〉gT X + ε 〈π′
∗U, π

′
∗V 〉gT∗X + ω (U, V ) .

On the same principle as before, one can construct the operator Aφε,H. Instead
of (2.93), (2.94), we have

σ (Aφε,H) =
i

2

(
ξH + ξ̂V +

1
1 + ε

i
ξV −εξH−ξ̂H−ξ̂V

)
,(3.102)

σ
(
A2

φε,H
)

=
1

4 (1 + ε)

(
ε
∣∣ξH

∣∣2 +
∣∣ξV

∣∣2) .
For ε > 0, the operator Aφε,H is now elliptic. We equip TT ∗X = TX ⊕ TT ∗X

with the metric gTT∗X
ε = gTX ⊕ εgT∗X . Let gT∗T∗X

ε be the corresponding metric
on T ∗T ∗X = T ∗X ⊕ TX .

Let y = (x, p) be the generic element in T ∗X . One verifies that the extension
(3.97) to the present setting is given by
(3.103)

Trs
[
exp

(
−2A2

φε,H
)]

=
∫

LT∗X

exp
(
−1

2

∫ 1

0

(
|ẏ|2gT T∗X

ε
+ |∇I|2gT∗T∗X

ε

)
ds+ . . .

)
.

The exponential factor in the right-hand side of (3.103) can be written more ex-
plicitly as

(3.104) exp

(
−1

2

∫ 1

0

(
|ẋ|2 + ε |ṗ|2

)
ds− 1

2

∫ 1

0

(1
ε

∣∣∣∣ẋ− ∂H
∂p

(xs, ps)
∣∣∣∣2

+
∣∣∣∣ṗ+

∂H
∂x

(xs, ps)
∣∣∣∣2)ds . . .

)
.

Equation (3.104) makes clear that at least formally, as ε → 0, the integral (3.103)
localizes on the submanifold LT ∗X , and that we should recover (3.97). This is
indeed the case.

Still the operator A2
φε,H is not self-adjoint, even when acting on functions, essen-

tially because of the presence of Y H. Having ε > 0 does not make the situation any
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simpler analytically, even if it brings only temporary relief because the operator
A2

φε,H is now elliptic.
The lack of self-adjointness can also be reformulated from another point of view.

Indeed when we consider the geodesic flow on the unit cotangent bundle, when
reversing the direction time, the speed p = ẋ becomes −p. This reflects the fact that
the operator ∇Y H associated to H = |p|2 /2 is only skew-adjoint. The stochastic
process associated to the stochastic differential equation (3.82) is not invariant by
time reversal, and its generator is not self-adjoint. The fact that as b → 0, the
operator A2

φ,H/b2 converges in a natural way to the scaled Laplacian ∆X/4 on X ,
which is self-adjoint, reflects also the fact that the speed p becomes infinite and, as
such, is invisible by time reversal.

3.10. The case where X = S1. Assume now that X = S1, with S1 = R/Z
equipped with its standard metric, and let F be a complex vector bundle on X ,
equipped with a flat metric gF , so that ω

(
∇F , gF

)
= 0. In this case, T ∗X = S1×R.

Let N̂ be the number operator of Λ (R). Let x ∈ R be the canonical coordinate on
S1, and let e = ∂

∂x be the canonical generator of TX . Finally let ∆X = ∇F,2
e be

the Laplacian of X .
By equation (3.13) in Theorem 3.4, we get

(3.105) A′2
φ,Hc =

1
4

(
−∆V + c2 |p|2 + c

(
2N̂ − 1

))
− c

2
∇F

p .

Proposition 3.16. For c �= 0, the following identity holds:

(3.106) exp
(

1
c

∂2

∂p∂x

)
A′2

φ,Hc exp
(
−1
c

∂2

∂p∂x

)
=

1
4

(
−∆V + c2 |p|2 + c

(
2N̂ − 1

))
− 1

4
∆X .

Proof. We will write the operator ∇F
p in the form p ∂

∂x . If c �= 0, we get[
1
c

∂2

∂p∂x
,
1
2
c2 |p|2 − cp

∂

∂x

]
= cp

∂

∂x
− ∂2

∂x2
,(3.107)

1
2

[
1
c

∂2

∂p∂x
, cp

∂

∂x
− ∂2

∂x2

]
=

1
2
∂2

∂x2
,

and the next commutators obviously vanish. By (3.107), we have the equality

(3.108) exp
(

1
c

∂2

∂p∂x

)(
1
2
c2 |p|2 − cp

∂

∂x

)
exp

(
−1
c

∂2

∂p∂x

)
=

1
2
c2 |p|2 − 1

2
∂2

∂x2
.

Equation (3.106) is now an obvious consequence of (3.108). �

Remark 3.17. Equation (3.106) should be properly interpreted. Indeed the conju-
gating operator exp

(
1
c

∂2

∂p∂x

)
is not even well defined as an operator.

Assume that F is the trivial vector bundle. Clearly N is the set of eigenvalues of
1
2

(
−∆V + |p|2 − 1

)
, and the corresponding eigenfunctions are given by Qn (p) =

exp
(
− |p|2 /2

)
Pn (p), where the Pn (p) are the Hermite polynomials. For c > 0,

the spectrum of the operator in the right-hand side of (3.106) consists of the set
c
2n + π2m2,m, n ∈ N. When acting on functions, the corresponding eigenvectors
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are just Qn (
√
cp) exp (2iπmx), the extension to forms of arbitrary degree being

trivial. Now note that

(3.109) exp
(
−1
c

∂2

∂p∂x

)
Qn

(√
cp
)
exp (2iπmx)

= exp
(
−2iπ

m

c

∂

∂p

)
Qn

(√
cp
)
exp (2iπmx)

= Qn

(√
cp− 2iπ

m√
c

)
exp (2iπmx) .

Ultimately, one gets the full spectrum of the operator A′2
φ,Hc and the corresponding

eigenvectors.
But even more is true. By (3.106), we find that for t > 0, as c → +∞, the

operator exp
(
−tA′2

φ,Hc

)
converges in the appropriate sense to exp

(
t∆X/4

)
, simply

because exp
(
− ct

4

(
−∆V + |p|2 + 2N̂ − 1

))
converges to the orthogonal projection

operator on its one dimensional kernel.
Finally, let us briefly explain how to give a direct proof of the Poisson formula

for the heat kernel on S1. Indeed let Trs denote the supertrace for operators acting
on Ω· (R,R). Clearly

(3.110) Trs
[
exp

( c
4

(
−∆V + |p|2 + 2N̂ − 1

))]
= 1.

So by (3.106), for t > 0, we get

(3.111) Trs
[
exp

(
−tA′2

φ,Hc

)]
= Tr

[
exp

(
t∆X/4

)]
.

By making c → 0, as explained before, the left-hand side localizes on the closed
geodesics in S1. Taking the limit of (3.111) as c→ 0 just gives the Poisson formula.

It is a priori hopeless to extend the previous considerations in a more geomet-
ric context. Still, the above considerations make sense microlocally. Indeed the
principal symbol of ∇Λ·(T∗T∗X)⊗̂F

p is iξH . Now

(3.112)
c2

4
|p|2 − ic

2
〈
p, ξH

〉
=
c2

4

∣∣∣∣p− i

c
ξH

∣∣∣∣2 +
1
4

∣∣ξH
∣∣2 .

However making the shift p → p + i
cξ

H is a much too brutal transformation in
the geometric setting. Still the above is indeed enough to roughly understand the
situation as c→ +∞.

4. Flat superconnections on the cotangent bundle

of Riemannian fibres

The purpose of this section is to develop the machinery of Sections 2–3 in a rela-
tive situation, by using the formalism of Bismut and Lott [BLo95]. More precisely,
if p : M → S is a fibration with compact fibre X , if F is a flat vector bundle on M ,
we extend the previous constructions of dT∗X , d

T∗X

φ,H into flat superconnections over
S. Also we prove corresponding Weitzenböck formulas. Finally, by using various
conjugations, we describe equivalent forms of these superconnections, in which the
obtained formulas are more directly related to the formalism of Mathai and Quillen
[MaQ86] on one hand and also reflect the underlying equivariant cohomology of
the loop space on the other hand, this connection being obvious by looking at the
formulas.
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This section is organized as follows. In subsection 4.1, we describe the formal-
ism of the creation and annihilation operators. In subsection 4.2, we recall the
interpretation in [BLo95] of the de Rham operator dM as a flat superconnection
A′M on Ω· (X,F |X). In subsection 4.3, we define the adjoint of a superconnection
with respect to a fibrewise sesquilinear form. In subsection 4.4, if M is equipped
with a closed 2-form ω which induces a symplectic form along the fibres X , we
obtain the symplectic adjoint A

′M
of A′M . In subsection 4.5, if M is the total

space of the cotangent bundle fibration T ∗X , we construct the corresponding flat
superconnections A′M and A

′M
.

In subsections 4.6, 4.7 and 4.8, we recall the definition of the tools involved in
the construction of the Levi-Civita superconnection [B86], which is attached to a
horizontal vector bundle THM and to a fibrewise metric gTX . In subsection 4.9, we
obtain the flat superconnection A

′M
φ , which specializes to d

T∗X

φ when S is a point.

In subsection 4.10, we show that A
′M
φ is also the adjoint of A′M with respect to

the Hermitian form on Ω· (X,F |X) considered in subsection 2.7.
In subsections 4.11 and 4.12, we introduce the Witten twist attached to a Hamil-

tonian function H : M → R. In subsection 4.13, we study the behaviour of our
superconnections under Poincaré duality. In subsection 4.14, we conjugate our su-
perconnections by using the same automorphisms of TT ∗X as in subsection 2.11.
By adapting the formalism of [BLo95] in the present situation, we obtain, among
other things, a superconnection CM

φ,H−ωH . In subsection 4.15, we study the effect of
the scaling of the variable p ∈ T ∗X . In subsection 4.16, we consider the case where
H = Hc, with Hc = c |p|2 /2. In subsection 4.17, we relate our superconnection to
the Levi-Civita superconnection of Bismut and Lott [BLo95].

In subsection 4.18, we give a Weitzenböck formula for the curvature CM,2
φ,H−ωH .

In subsection 4.19, we specialize our formula to the case H = Hc. This assump-
tion will remain in force except in subsection 4.25. In subsection 4.20, we establish
a commutator identity, which will play a critical role in the corresponding local
index theory in [BL05]. In subsection 4.21, we start playing with the creation and
annihilation operators, first the vertical ones and later mixing them all. One pur-
pose for this is to make the Weitzenböck formulas simpler geometrically and also
accessible to methods of local index theory developed in [BL05].

In subsection 4.22, we give another construction of the flat superconnections,
with less emphasis given to the symplectic geometry and more to the metric aspect.
Although the superconnections look more complicated, the curvature is exactly the
one obtained after many conjugations in the initial construction.

In subsection 4.23, we relate the curvature of our new superconnection to the
curvature of the Levi-Civita superconnection. In subsection 4.24, we make another
conjugation, to eliminate a Grassmann variable.

Finally, in subsection 4.25, we consider the case where H is the canonical Hamil-
tonian associated to a Killing vector field K along the fibres X .

4.1. Creation and annihilation operators. Let V be a finite dimensional real
vector space of dimension n. Note that for 0 ≤ p ≤ n, Λp (V ) is naturally dual to
Λp (V ∗). Let ρ ∈ End (Λ· (V )) be such that if α ∈ Λp (V ),

(4.1) ρα = (−1)(n−p)(n−p−1)/2
α.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



442 JEAN-MICHEL BISMUT

Here the duality between Λp (V ) and Λp (V ∗) will be given by

(4.2) (ω, α) ∈ Λp (V ∗) × Λp (V ) → 〈ω, ρα〉 .
Given p with 0 ≤ p ≤ n, there is a bilinear map

Λp (V ∗) × Λn−p (V ∗) → Λn (V ∗) .

Since this bilinear map is nondegenerate, using (4.2), we get the canonical isomor-
phism

(4.3) Λ· (V ∗) � Λn−· (V ) ⊗ Λn (V ∗) .

Let X ∈ V, f ∈ V ∗. The creation operators f∧ and the annihilation operators
iX act naturally on Λ· (V ∗). Under the canonical isomorphism (4.3), to the action
of f∧, iX on Λ· (V ∗) there corresponds the action of if , X∧ on Λn−· (V )⊗Λn (V ∗).

Let ν ∈ Λmax (V ) with ν �= 0, and let ν−1 ∈ Λn (V ∗) be dual to ν. Then the
canonical isomorphism in (4.3) is given by

(4.4) f1 ∧ . . . ∧ fp ∈ Λp (V ∗) → if1 . . . ifpν ⊗ ν−1.

4.2. Fibrations and flat superconnections. Let p : M → S be a submersion
of smooth manifolds, with fibre X . Let TX ⊂ TM be the tangent bundle to the
fibres. Set n = dimX . Let THM ⊂ TM be a horizontal subbundle of TM , so that

(4.5) TM = THM ⊕ TX.

Let PTX : TM → TX be the projection operator with respect to the splitting
(4.5). By (4.5),

(4.6) THM � p∗TS.

By (4.6), we get the isomorphism of the bundles of exterior algebras,

(4.7) Λ· (T ∗M) � p∗Λ· (T ∗S) ⊗̂Λ· (T ∗X) .

In (4.7), ⊗̂ is our notation for the Z-graded tensor product.
Let F be a complex vector bundle on M , and let ∇F be a flat connection on F .

Let
(
Ω· (X,F |X) , dX

)
be the fibrewise de Rham complex of smooth forms on X

with values in F |X , equipped with the fibrewise de Rham operator dX .
Let Ω· (S,Ω· (X,F |X)) be the set of smooth sections on S of Λ· (T ∗S) ⊗̂

Ω· (X,F |X). Then by (4.7), we have the isomorphism,

(4.8) Ω· (M,F ) � Ω· (S,Ω· (X,F |X)) .

Now we follow [BLo95, Section 3 (b)]. The operator dM acts on Ω· (M,F ) and
is such that dM,2 = 0. If α is a smooth section of Λ· (T ∗S), if s ∈ Ω· (M,F ), then

(4.9) dM (p∗α) s =
(
p∗dSα

)
s+ (−1)deg α (p∗α) dMs.

By (4.9), dM can be viewed as a superconnection A′M on the infinite dimensional
vector bundle Ω· (X,F |X). Since dM,2 = 0, A′M is a flat superconnection, i.e.

(4.10) A′M,2 = 0.

Also A′M is a superconnection of total degree 1 on Ω· (X,F |X) in the sense of
[BLo95, Section 2 (b)].

Let dX be the de Rham operator along the fibres. If U ∈ TS, let UH ∈ THM be
the horizontal lift of U . If U ∈ TS, the Lie derivative operator LUH acts naturally
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on Ω· (X,F |X). Let ∇Ω·(X,F |X) be the connection on Ω· (X,F |X), such that if
U ∈ TS and if s is a smooth section of Ω· (X,F |X),

(4.11) ∇Ω·(X,F |X)
U s = LUHs.

Using (4.7), (4.8), we find that ∇Ω·(X,F |X) acts on Ω· (M,F ).
Finally, if U, V are smooth sections of TS, put

(4.12) TH (U, V ) = −PTX
[
UH , V H

]
.

Using (4.7), we find that the operators dX and iT H both act on Ω· (M,F ).
Now we have the result in [BLo95, Proposition 3.4].

Proposition 4.1. The following identity holds:

(4.13) A′M = dX + ∇Ω·(X,F |X) + iT H .

4.3. The adjoint of a superconnection with respect to a nondegenerate
bilinear form. Let dvX be a volume form along the fibres X . Let Ω∗·

(
X,F

∗|X
)

be the vector bundle over S of smooth compactly supported sections of Λ (TX)⊗F
along the fibresX . As in subsection 2.3, using (2.22), Ω· (X,F |X) and Ω∗·

(
X,F

∗|X
)

are antidual to each other.
Let A′M∗ be the superconnection on Ω∗·

(
X,F

∗)
which is the transpose to A′M .

The definition of A′M∗ is given in [BLo95, Section 1 (c)]. We will not recall precisely
the definition of the transpose of a superconnection, except that it has all the formal
properties of a transpose and moreover that if f ∈ T ∗S, the transpose of f∧ is −f∧.
Then A′M∗ is a flat superconnection of total degree −1 in the sense of [BLo95,
Section 2 (a)].

Let η be a smooth nondegenerate bilinear form on TX . Equivalently η defines
a smooth morphism TX → T ∗X , which we denote by φ as in (2.7). Let gF

be a Hermitian metric on F . Then the couple
(
η, gF

)
induces an isomorphism

Ω· (X,F |X) � Ω∗·
(
X,F

∗|X
)
.

Let A′′M be the pull-back of the superconnection A′M∗ by the above isomor-
phism. Then A′′M is a flat superconnection on Ω· (X,F |X) which has total degree
−1. The superconnection A′′M will be called the adjoint of A′M with respect to
dvTX , η and gF .

4.4. The symplectic adjoint of A′M . We make the same assumptions as in
subsection 4.2. Also, we assume that there is a closed 2-form ω on M , whose
restriction to the fibres X is a symplectic form along the fibres.

Then THM will be taken to be the orthogonal bundle to TX in TM with respect
to ω. Using (4.7), we can split the form ω as

(4.14) ω = ωH + ωV ,

where ωH , ωV are the restrictions of ω to THM,TX .

Proposition 4.2. The form ωV is fibrewise closed. If U ∈ TS, then

LUHωV = 0, ∇Ω·(X,F |X )ωH = 0.(4.15)

If U, V ∈ TS, then TH (U, V ) is a symplectic vector field along the fibres X and
ωH (U, V ) is a Hamiltonian for this vector field.
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Proof. Using (4.13) and (4.14) and writing the identity dMω = 0 degree by degree,
we get our proposition. �

Let dvX be the symplectic fibrewise volume form on X . Let φ : TX → T ∗X be
the isomorphism associated to the fibrewise symplectic form ωV as in subsection
2.4. Let gF be a Hermitian metric on F .

Definition 4.3. Let A
′M

be the adjoint to A′M with respect to dvX , ω
V , gF .

Then A
′M

is a flat superconnection of total degree −1 on Ω· (X,F |X). Let d
X

be
the fibrewise symplectic adjoint of dX with respect to the above data. Recall that
the metric gF identifies Ω· (M,F ) and Ω·

(
M,F

∗)
. Therefore ∇Ω·(X,F

∗|X) can be
considered as a connection on Ω· (X,F |X).

Proposition 4.4. The following identity holds:

(4.16) A
′M

= d
X

+ ∇Ω·(X,F
∗|X) − φTH ∧ .

Proof. By Proposition 4.2, the volume form dvX and the morphism φ are paral-
lel with respect to ∇Ω·(X,F |X ). It follows that the adjoint of ∇Ω·(X,F |X) is just
∇Ω·(X,F

∗|X). Finally, by (2.11), the symplectic adjoint of iT H is equal to −φTH∧.
The proof of our proposition is completed. �

4.5. The case of the cotangent bundle fibration. We make the same assump-
tions as in subsection 4.2. In particular THM is taken as in (4.5).

Let T ∗X be the dual vector bundle to TX . Let M be the total space of T ∗X ,
and let π : M → M, q : M → S be the obvious projections. Observe that M
embeds into M as the zero section of T ∗X .

We claim that THM lifts to a natural horizontal bundle THM associated to the
projection q : M → S. In fact THM induces a connection on the Diff (X) principal
bundle Q associated to p : M → S. Moreover Diff (X) acts symplectically on T ∗X .
Since

(4.17) M = Q×Diff(X) T
∗X,

we find that M is also equipped with a horizontal vector bundle THM, such that
π∗T

HM = THM .
By (4.7), a form in Λ· (T ∗X) extends to a vertical form in Λ· (T ∗M). Therefore

if p ∈ T ∗X , the corresponding 1-form along the fibre X extends to a 1-form on
M , which vanishes on THM . Therefore θ = π∗p can be considered as a globally
defined 1-form on M. Set

(4.18) ω = dMθ.

Then ω is a closed 2-form on M, whose restriction to the fibres T ∗X is just the
canonical symplectic form of the fibres.

Proposition 4.5. The vector bundle THM is exactly the orthogonal bundle to
TT ∗X in TM with respect to ω.

Proof. Let U ∈ TS, and let UH ∈ THM be its horizontal lift. By construction,

(4.19) iUHθ = 0.
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Then THM consists exactly of the V ∈ TM which are such that there is U ∈ TS
with π∗V = UH and moreover LV θ|TT∗X = 0. By (4.18) and (4.19), we get

(4.20) LV θ = iV ω.

Using (4.20) and counting dimensions, our proposition follows. �
Clearly,

(4.21) THM|M = THM.

If U ∈ TS, we will denote by UH the lift of U in THM or in THM.
Let TH , T H be the tensors defined as in (4.12), which are associated, respectively,

to THM and THM. By (4.21),

(4.22) T H |M = TH .

The formalism of subsection 4.4 can be applied to the fibration q : M → S with
fibre T ∗X . In particular, as in (4.14), we write ω in the form

(4.23) ω = ωH + ωV ,

so that ωH , ωV are the restrictions of ω to THM, TT ∗X .

Proposition 4.6. The following identity holds:

(4.24) ωH =
〈
p, TH

〉
.

Moreover, if U, V ∈ TS, T H (U, V ) is the vector field along the fibre T ∗X associated
to the Hamiltonian

〈
p, TH (U, V )

〉
. Equivalently,[

dT∗X , ωH
]

+ iT HωV = 0, iT H =
[
d

T∗X
, ωH

]
.(4.25)

Proof. Using Proposition 4.1, we get (4.24). The second part of our proposition
follows from Proposition 4.2. The first equation in (4.25) is trivial and the second
equation follows from (2.34). �

Let F be a complex flat vector bundle onM , and let ∇F be the corresponding flat
connection. Let

(
Ω· (T ∗X,π∗F |T∗X) , dT∗X

)
be the de Rham complex of smooth

forms along T ∗X with coefficients in π∗F |T∗X , which have compact support. As in
(4.11), if U ∈ TS, and if s is a smooth section of Ω· (T ∗X,π∗F |T∗X), set

(4.26) ∇Ω·(T∗X,π∗F |T∗X)
U s = LUH s.

Then ∇Ω·(T∗X,π∗F |T∗X ) is a connection on Ω· (T ∗X,π∗F |T∗X). Similarly, we will de-
note by ∇Ω·(T∗X,π∗F

∗|T∗X) the corresponding connection on Ω·
(
T ∗X,π∗F

∗|T∗X

)
.

We denote by A′M the flat superconnection on Ω· (T ∗X,π∗F |T∗X) which is as-
sociated to the de Rham operator dM.

Let gF be a Hermitian metric on F . We still define ω
(
∇F , gF

)
as in (2.49), and

the unitary connection ∇F,u on F as in (2.51).
Clearly gF maps Ω· (T ∗X,π∗F |T∗X) into Ω·

(
T ∗X,π∗F

∗|T∗X

)
. The connection

∇Ω·(T∗X,π∗F
∗|T∗X) pulls back to a connection on Ω· (T ∗X,π∗F |T∗X), which we still

denote ∇Ω·(T∗X,π∗F
∗|T∗X).

Let f1, . . . , fm be a basis of TS, and let f1, . . . , fm be the corresponding dual
basis of T ∗S. Clearly,

(4.27) ∇Ω·(T∗X,π∗F
∗|T∗X) = ∇Ω·(T∗X,π∗F |T∗X) + fα ∧ ω

(
∇F , gF

) (
fH

α

)
.
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Let A
′M

be the symplectic adjoint of A′M , which is associated to ωV , gF . Then
A′M and A

′M
are flat superconnections on Ω· (T ∗X,π∗F |T∗X), of total degree 1

and −1.

Theorem 4.7. The following identities hold:

A′M = dT∗X + ∇Ω·(T∗X,π∗F |T∗X ) + iT H ,(4.28)

A
′M

= d
T∗X

+ ∇Ω·(T∗X,π∗F
∗|T∗X) − dT∗XωH ∧ .

If gF is flat,

(4.29)
[
A′M, A

′M]
= ∇Ω·(T∗X,π∗F |T∗X ),2.

Proof. Equation (4.28) follows from Propositions 4.1, 4.4 and 4.6. Moreover, if gF

is flat, [
∇Ω·(T∗X,π∗F |T∗X ), dT∗X

]
= 0,

[
∇Ω·(T∗X,π∗F |T∗X ), d

T∗X
]

= 0.(4.30)

By (4.25), we get

(4.31)
[
d

T∗X
, iT H

]
= 0.

Moreover by (4.15),

(4.32)
[
∇Ω·(T∗X,π∗F |T∗X), ωH

]
= 0.

Now using Theorem 2.2 and (4.30)–(4.32), we get (4.29). The proof of our theorem
is completed. �

4.6. A metric and a connection on TX. Let gTX be a metric on TX . By
[B86, Section 1],

(
THM, gTX

)
determine a Euclidean connection ∇TX on TX .

In fact let gTS be a Euclidean metric on TS. We equip TM with the metric
gTM = π∗gTS ⊕ gTX . Let ∇TM,L be the Levi-Civita connection on

(
TM, gTM

)
.

Let ∇TX be the connection on TX ,

(4.33) ∇TX = PTX∇TM,L.

Let ∇TM be the connection on TM ,

(4.34) ∇TM = π∗∇TS ⊕∇TX .

Let T be the torsion of ∇TM . Put

(4.35) S = ∇TM,L −∇TM .

Then S is a 1-form on M with values in antisymmetric elements of End (TX).
Classically, if A,B,C ∈ TM ,

S (A)B − S (B)A+ T (A,B) = 0,(4.36)

2 〈S (A)B,C〉 + 〈T (A,B) , C〉 + 〈T (C,A) , B〉 − 〈T (B,C) , A〉 = 0.

By [B86, Theorem 1.9], we know the following.
• The connection ∇TX preserves the metric gTX .
• The connection ∇TX and the tensors T and 〈S (·) , ·, ·〉 do not depend on
gTS .
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• The tensor T takes its values in TX and vanishes on TX × TX . Moreover
if U, V ∈ TS,

(4.37) T
(
UH , V H

)
= TH (U, V ) .

• For any A ∈ TM , S (A) maps TX into THM .
• For any A,B ∈ THM , S (A)B ∈ TX .
• If A ∈ THM , S (A)A = 0.

From (4.36), we find that if A ∈ THM , B,C ∈ TX ,

(4.38) 〈T (A,B) , C〉 = 〈T (A,C) , B〉 = −〈S (B)C,A〉 .
Now, we recall a simple result stated in [B97, Theorem 1.1].

Theorem 4.8. The connection ∇TX on
(
TX, gTX

)
is characterized by the follow-

ing two properties.
• On each fibre X, it restricts to the Levi-Civita connection.
• If U ∈ TS,

(4.39) ∇TX
UH = LUH +

1
2
(
gTX

)−1
LUHgTX .

If U, V ∈ TS,

(4.40) T
(
UH , V H

)
= TH (U, V ) .

If U ∈ TS,A ∈ TX,

(4.41) T
(
UH , A

)
=

1
2
(
gTX

)−1
LUH gTXA.

Let dvX be the volume along the fibre X which is associated to the metric gTX .
Let e1, . . . , en be an orthonormal basis of TX . Set

(4.42) e = −
n∑

i=1

S (ei) ei.

Then using the properties which were listed after (4.36), e ∈ THM .
If U ∈ TS, let divX

(
UH

)
be the smooth function along X such that

(4.43) LUHdvX = divX

(
UH

)
dvX .

Now we have a result stated in [BF86, Proposition 1.4].

Proposition 4.9. If U ∈ TS,

(4.44)
〈
e, UH

〉
= divX

(
UH

)
.

4.7. The symplectic connection. Let ∇TX
be the connection on TX which

coincides with the Levi-Civita connection along the fibres of X and is such that if
U ∈ TS and if A is a smooth section of TX , then

(4.45) ∇TX

UHA =
[
UH , A

]
.

Let R
TX

be the curvature of ∇TX
.

By (4.39), (4.40), we know that

(4.46) ∇TX
UHA = ∇TX

UHA+ T
(
UH , A

)
.
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Proposition 4.10. If A,B ∈ TX, then

(4.47) R
TX

(A,B) = RTX (A,B) .

If U, V ∈ TS,

(4.48) R
TX (

UH , V H
)

= ∇TX
· TH (U, V ) .

If U ∈ TS,A ∈ TX,

(4.49) R
TX (

UH , A
)

= LUH

(
∇TX

)
A
.

In particular, if A,B ∈ TX,U ∈ TS,

(4.50) R
TX (

UH , A
)
B = R

TX (
UH , B

)
A.

Proof. The identity (4.47) is trivial. Equation (4.48) is an easy consequence of
(4.12) and of the fact that ∇TX is fibrewise torsion free. Identity (4.49) is trivial.
Since the connection ∇TX

is fibrewise torsion free, (4.50) follows from (4.49). �
Remark 4.11. Needless to say, from (4.46), we deduce nontrivial identities relating
RTX to R

TX
.

Let ∇T∗X
be the connection on T ∗X induced by ∇TX

. Its curvature R
T∗X

is
the negative of the transpose of R

TX
.

Recall that by (2.39),

(4.51) Λ· (T ∗T ∗X) � Λ· (T ∗X) ⊗̂Λ· (TX) .

Let ∇Λ·(T∗X)⊗̂Λ·(TX)⊗̂F
be the connection on Λ· (T ∗X) ⊗̂Λ· (TX) ⊗̂F induced

by ∇TX
and ∇F .

Proposition 4.12. If U ∈ TS, then

(4.52) ∇Ω·(T∗X,π∗F )
U = ∇Λ·(T∗X)⊗̂Λ·(TX)⊗̂F

UH +
〈
R

T∗X (
UH , ei

)
p, ej

〉
eiiêj .

Proof. Let ∇TT∗X
be the connection induced by ∇TX

on TT ∗X � TX ⊕ T ∗X .
Let A be a smooth section of TT ∗X on M. Then R

T∗X (
UH , π∗A

)
p is a section

of T ∗X and can be considered as a section of TT ∗X . One verifies easily that

(4.53)
[
UH , A

]
= ∇TT∗X

UH A−R
T∗X (

UH , π∗A
)
p.

By duality, we get (4.52). �
Remark 4.13. Clearly,

(4.54) ∇Λ·(T∗X)⊗̂Λ·(TX)
ωV = 0.

By (2.45), (4.15), (4.52) and (4.54), we should get

(4.55)
〈
R

T∗X (
UH , ei

)
p, ej

〉
eiej = 0.

In fact (4.55) is a consequence of (4.50).
We will give a proper interpretation of the first equation in (4.28), which is a

formula for A′M. Recall that A′M is just the de Rham operator dM acting on the
smooth sections of Λ· (T ∗M) ⊗ F , written in an adequate trivialization. On the
other hand, M is the total space of T ∗X , which is a vector bundle on M . Finally
T ∗X is equipped with a connection ∇T∗X

. Let h1, . . . , hr be a basis of TM , and
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let h1, . . . , hr be the corresponding dual basis of T ∗M . Now, on M, we have an
equation which is just the obvious extension of (2.43),

(4.56) dM = êi∇êi + hk∇Λ·(TX)⊗̂F

hk
+

〈
R

T∗X
p, ei

〉
iêi .

Using Propositions 4.10 and 4.12, one verifies easily that the first equation in (4.28)
and (4.56) are equivalent.

4.8. Some curvature identities. We will now denote by d̂X the fibrewise de
Rham operator acting on smooth sections of Λ̂· (T ∗X) along the fibres X . We
denote by ∇̂TX the restriction of the connection ∇TX to the fibres X , which acts on
sections of Λ̂· (T ∗X)⊗ TX . Observe that ∇̂TX increases the degree in the exterior
algebra Λ̂· (T ∗X) by 1. Its curvature, R̂TX , is a smooth section of Λ̂2 (T ∗X) ⊗
End (TX). Also ∇̂TX acts on smooth sections of Λ̂· (T ∗X) ⊗̂Λ· (T ∗X) ⊗̂Λ· (T ∗S)
along the fibres.

Let e1, . . . , en be an orthonormal basis of TX and let e1, . . . , en be the corre-
sponding dual basis of T ∗X . Let f1, . . . , fm be a basis of TS and let f1, . . . , fm

be the corresponding dual basis of T ∗S. Then ê1, . . . , ên is an orthonormal basis
of T ∗X , and ê1, . . . , ên is the corresponding dual basis of TX . Using (2.38), as in
Section 2, we can regard e1, . . . , en, ê1, . . . , ên as a basis of T ∗T ∗X = T ∗X ⊕ TX .
By (4.5) with M = M, we can also regard these forms as being forms on M which
vanish on THM. If they are interpreted this way, they depend also on our choice
of THM .

Definition 4.14. Set

T̂H =
1
2
〈
T
(
fH

α , f
H
β

)
, ei

〉
ê i ∧ fα ∧ fβ,(4.57)

T 0 = fα ∧ ê i ∧ T
(
fH

α , ei

)
.

Note that T 0 is given by

(4.58) T 0 =
〈
T
(
fH

α , ei

)
, ej

〉
fαê iej .

Then T̂H and d̂X T̂H are sections of Λ2 (T ∗S) ⊗̂Λ̂· (T ∗X). Also T 0 is a section
of Λ· (T ∗S) ⊗̂Λ̂· (T ∗X) ⊗̂TX . Recall that we identify TX and T ∗X by the metric
gTX . Then T 0 can be viewed as the smooth section of Λ· (T ∗S) ⊗̂Λ̂· (T ∗X) ⊗̂T ∗X ,

(4.59) T 0 =
〈
T
(
fH

α , ei

)
, ej

〉
fα ∧ ê i ∧ ej .

By the above, ∇̂TX
· T 0 is well defined. Also the operator iT 0 acts on

Λ· (T ∗S) ⊗̂Λ· (T ∗X) ⊗̂Λ̂· (T ∗X)

by interior multiplication in the variable ej acting on Λ· (T ∗X), and exterior product
by fα acting on Λ· (T ∗S), and by exterior product by ê i acting on Λ̂· (T ∗X). In
particular, iT 0 increases the degree in Λ̂· (T ∗X) by 1. Set

(4.60)
∣∣T 0

∣∣2 =
〈
T 0, T 0

〉
.

Equivalently,

(4.61)
∣∣T 0

∣∣2 =
n∑

j=1

 ∑
1≤i≤n
1≤α≤m

〈
T
(
fH

α , ei

)
, ej

〉
fα ∧ ê i


2

,
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where the square in the right-hand side of (4.61) is taken in Λ· (T ∗S) ⊗̂Λ̂· (T ∗X).
Then

∣∣T 0
∣∣2 is a section of Λ2 (T ∗S) ⊗̂Λ̂2 (T ∗X).

Theorem 4.15. The following identity holds:

(4.62)
1
2
〈
ei, R

TXej

〉
ê i∧êj =

1
2

〈
ei, R̂

TXej

〉
ei∧ej +∇̂TX

· T 0+
1
2

∣∣T 0
∣∣2− 1

2
d̂X T̂H .

In particular, for any λ ∈ R, the expression in (4.62) is invariant when replacing
ei by ei + λêi for 1 ≤ i ≤ n.

Proof. Equation (4.62) was established in [BG04, Theorem 3.26]. Observe that
when making the indicated replacements, in the right-hand side of (4.62), the first
term is unchanged because of the circular identity for R̂TX . By (4.38), T 0 is also
unchanged. This completes the proof of our theorem. �

Assume that K is a smooth vector field along X , which is a fibrewise Killing
vector field, which also preserves THM . Let K ′ ∈ T ∗X correspond to K via the
metric gTX . We identify K ′ with the corresponding vertical 1-form on M . Set

(4.63) K̂ ′ = 〈K, ei〉 ê i.

By definition,

(4.64) ∇Λ·(T∗X)K̂ ′ =
〈
∇TX

ei
K, ej

〉
eiêj +

〈
∇TX

fH
α
K, ei

〉
fαê i.

Now we state a simple result which complements Theorem 4.15.

Proposition 4.16. If for 1 ≤ i ≤ n, we replace ei by ei + 1
2 ê

i, then

dK ′ −∇Λ·(TX)K̂ ′

becomes

dK ′ +
1
4

〈
ei,∇TX

ej
K
〉
ê iêj .

Proof. Since T is the torsion of the connection ∇TM in (4.34), we get

(4.65) dK ′ = ∇TXK ′ + fαei
〈
T
(
fH

α , ei

)
,K

〉
+

〈
K,TH

〉
.

Moreover since THM is K-invariant, if U ∈ TS, then
[
K,UH

]
= 0, and so

(4.66) ∇TX
UHK = T

(
UH ,K

)
.

So by (4.65), (4.66), we get

(4.67) dK ′ =
〈
∇TX

ei
K, ej

〉
eiej + 2

〈
∇TX

fα
K, ei

〉
fαei +

〈
K,TH

〉
.

Finally, since K is fibrewise Killing, the tensor ∇TXK is fibrewise antisymmetric.
Our proposition follows from (4.64) and (4.67). �

4.9. A bilinear form on T ∗X and the adjoint of A′M. Now, we use the same
notation as in subsection 2.6. In particular, we still define φ as in (2.57). Let η be
the corresponding bilinear form as in (2.23). Instead of (2.63), if U, V ∈ TT ∗X ,

(4.68) η (U, V ) = 〈π∗U, π∗V 〉gT X + ωV (U, V ) .

Definition 4.17. Let A
′M
φ be the adjoint of A′M with respect to η, gF and dvT∗X .
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Then A
′M
φ is a flat superconnection of total degree −1. Let e1, . . . , en be a basis

of TX , and let e1, . . . , en be the corresponding dual basis of T ∗X . As in (2.65),
(2.66), we define λ0 by the formula

(4.69) λ0 =
〈
gTXei, ej

〉
ei ∧ iêj .

In the sequel, we will assume that the basis e1, . . . , en is orthonormal, so that

(4.70) λ0 = ei ∧ iêi .

Put

(4.71) E =
〈
LfH

α
gTXei, ej

〉
fα ∧ ei ∧ iêj .

By (4.41),

(4.72) E = 2
〈
T
(
fH

α , ei

)
, ej

〉
fα ∧ ei ∧ iêj .

We have the following extension of Proposition 2.10.

Proposition 4.18. The following identity holds:

(4.73) A
′M
φ = eλ0A

′M
e−λ0 .

Equivalently,

(4.74) A
′M
φ = A

′M −
[
A

′M
, λ0

]
.

More precisely,

(4.75) A
′M
φ = d

T∗X

φ + ∇Ω·(T∗X,π∗F
∗|T∗X) − E −

(
dT∗XωH +

〈
TH , ei

〉
ei
)
.

Proof. By (2.59) and (2.60), (4.73) follows. Clearly,

(4.76) ∇Λ·(T∗X)⊗̂Λ·(TX)
λ0 = E.

By (4.27), (4.52) and (4.76), we obtain,

(4.77)
[
∇Ω·(T∗X,π∗F

∗|T∗X), λ0

]
= E.

The remainder of the proposition is now a consequence of Proposition 4.6, Theorem
4.7, (4.74) and (4.77). �

4.10. A fundamental symmetry. We define the Hermitian form hΩ·(T∗X,π∗F |T∗X)

on Ω· (T ∗X,π∗F |T∗X) as in (2.79).

Theorem 4.19. The superconnection A
′M
φ is the hΩ·(T∗X,π∗F |T∗X) adjoint of A′M.

Proof. The proof is essentially the same as the proof of Theorem 2.13 where instead
of (2.81), we use the obvious

�(4.78) r∗A′Mr∗−1 = A′M.
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4.11. A Hamiltonian function. Let H : M → R be a smooth function. We
define the fibrewise Hamiltonian vector field Y H ∈ TT ∗X as in (2.33). The vector
field Y H is still given by (2.82).

One should observe here that although the fibrewise symplectic form ωV is pre-
served by Y H, this is in general not the case for ω.

Definition 4.20. Set

C′M
H = e−HA′MeH, C

′M
φ,H = eHA

′M
φ e−H.(4.79)

Then C′M
H ,C

′M
φ,H are superconnections, and they are flat, i.e.

C′M,2
H = 0, C

′M,2

φ,H = 0.(4.80)

We still define dT∗X
H , d

T∗X

φ,H as in Definition 2.15. We can extend the previous
definitions to the case where H is replaced by H− ωH . The above properties still
hold.

Proposition 4.21. The following identities hold:

C′M
H−ωH = A′M + dMH− dT∗XωH ,

C
′M
φ,H−ωH = A

′M − iY H−T H − fα∇fH
α
H(4.81)

−
[
A

′M − iY H−T H − fα∇fH
α
H, λ0

]
.

Moreover,

C′M
H−ωH = dT∗X

H + ∇Ω·(T∗X,π∗F |T∗X) + fα∇fH
α
H + iT H − dT∗XωH ,

C
′M
φ,H−ωH = d

T∗X

φ,H + ∇Ω·(T∗X,π∗F
∗|T∗X) − E − fα∇fH

α
H + iT H

− dT∗XωH −
〈
TH , ei

〉 (
ei + iêi

)
,(4.82)

C
′M
φ,2(H−ωH) = d

T∗X

φ,2H + ∇Ω·(T∗X,π∗F
∗|T∗X) − E − 2fα∇fH

α
H + 2iT H

− dT∗XωH −
〈
TH , ei

〉 (
ei + i2êi

)
.

Proof. We use Propositions 2.3, 4.2, 4.6, Theorem 4.7 and Proposition 4.18 and we
get (4.81). By Proposition 2.16, Theorem 4.7 and by (4.81), we get (4.82). �

Definition 4.22. Set

AM
φ,H−ωH =

1
2

(
C
′M
φ,2(H−ωH) +A′M

)
, BM

φ,H−ωH =
1
2

(
C
′M
φ,2(H−ωH) −A′M

)
,

(4.83)

CM
φ,H−ωH =

1
2

(
C
′M
φ,H−ωH + C′M

H−ωH

)
, DM

φ,H−ωH =
1
2

(
C
′M
φ,H−ωH − C′M

H−ωH

)
.

Then AM
φ,H,C

M
φ,H−ωH are superconnections, and BM

φ,H,D
M
φ,H−ωH are odd sections

of Λ· (T ∗S) ⊗̂End (Ω· (T ∗X,π∗F |T∗X)). Clearly,

CM
φ,H−ωH = e−(H−ωH)AM

φ,H−ωHe(H−ωH),(4.84)

DM
φ,H−ωH = e−(H−ωH)BM

φ,H−ωHe(H−ωH).
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In the sequel we will use the couples AM
φ,H−ωH , B

M
H−ωH or CM

φ,H−ωH ,D
M
φ,H−ωH

indifferently. We will establish algebraic properties for one of the two couples and
still use them freely for the other one. As in (2.91), we deduce from (4.80) that

AM,2
φ,H−ωH = −BM,2

φ,H−ωH =
1
4

[
A′M,C

′M
φ,2(H−ωH)

]
,

[
AM

φ,H, B
M
φ,H

]
= 0,

(4.85)

[
A′M, AM,2

φ,H−ωH

]
= 0,

[
C
′M
φ,2(H−ωH), A

M,2
φ,H−ωH

]
= 0.

Theorem 4.23. The following identities hold:

(4.86)

AM
φ,H−ωH = Aφ,H + ∇Ω·(T∗X,π∗F |T∗X) − 1

2
E + fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
−∇fH

α
H
)

+
3
2
iT H − 1

2
dT∗XωH − 1

2
〈
TH , ei

〉 (
ei + 2iêi

)
,

BM
φ,H−ωH = Bφ,H − 1

2
E + fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
−∇fH

α
H
)

+
1
2
iT H

− 1
2
dT∗XωH − 1

2
〈
TH , ei

〉 (
ei + 2iêi

)
,

CM
φ,H−ωH = Aφ,H + ∇Ω·(T∗X,π∗F |T∗X ) − 1

2
E +

1
2
fαω

(
∇F , gF

) (
fH

α

)
+ iT H

− dT∗XωH − 1
2
〈
TH , ei

〉 (
ei + iêi

)
,

DM
φ,H−ωH = Bφ,H − 1

2
E + fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
−∇fH

α
H
)

− 1
2
〈
TH , ei

〉 (
ei + iêi

)
.

Proof. Our theorem follows from (4.27), from Theorem 4.7 and from Proposition
4.21. �

4.12. The symmetry in the case where H is r-invariant. We modify the
definition of the sesquilinear form h

Ω·(T∗X,π∗F |T∗X)
H in equation (2.98). If s, s′

∈ Ω· (T ∗X,π∗F |T∗X), put

(4.87) 〈s, s′〉
h
Ω·(T∗X,π∗F |T∗X)
H−ωH

=
〈
ue−2(H−ωH)s, s′

〉
gΩ·(T∗X,π∗F |T∗X)

.

Observe that this sesquilinear form takes its values in Λeven (T ∗S) ⊗R C. Still we
can define the adjoint of a superconnection with respect to h

Ω·(T∗X,π∗F |T∗X )
H−ωH .

Proposition 4.24. The superconnection C
′M
φ,2(H−ωH) is the h

Ω·(T∗X,π∗F |T∗X)

H−ωH ad-

joint of A′M, and the superconnection C
′M
φ,H−−ωH is the hΩ·(T∗X,π∗F |T∗X ) adjoint of

C′M
H−ωH .

Proof. The proof of the first part of the proposition follows from Theorem 4.19. To
establish the second part, we observe that ωH is antiinvariant under r. However
since ω

H

is a horizontal 2-form, ωH is indeed self-adjoint. �
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Theorem 4.25. If H is r-invariant, then BM
φ,H−ωH is h

Ω·(T∗X,π∗F |T∗X )
H−ωH skew-

adjoint and DM
φ,H−ωH is hΩ·(T∗X,π∗F |T∗X ) skew-adjoint.

Proof. This is an obvious consequence of Proposition 4.24. �
4.13. Poincaré duality. Here we adapt considerations in [BLo95]. We use the no-
tation of subsection 2.10. In particular the operator κF acting on Ω· (T ∗X,π∗F |T∗X)
is defined as in (2.99). Also we use temporarily the superscript F to denote the flat
vector bundle explicitly. Set

(4.88) κF
H−ωH = κF e−2(H−ωH).

Using (2.100) and the fact that under r, H, ωH become H−,−ωH , we get

(4.89) κF,−1
H−ωH = κF

∗
−H−−ωH .

As a consequence of Proposition 4.24, we obtain

C
′M,F

φ,2(H−ωH) = κF,−1
H−ωHA

′M,F
∗
κF
H−ωH , C

′M,F

φ,H−ωH = κF,−1C′M,F
∗

−H−−ωHκ
F .(4.90)

By (4.90), we find that if H is r-invariant,

AM,F
φ,H−ωH = κF,−1

H−ωHA
M,F

∗

φ,−H−ωHκ
F
H−ωH , BM,F

φ,H−ωH = −κF,−1
H−ωHB

M,F
∗

φ,−H−ωHκ
F
H−ωH ,

(4.91)

CM,F
φ,H−ωH = κF,−1CM,F

∗

φ,−H−ωHκ
F , DM,F

φ,H−ωH = −κF,−1DM,F
∗

φ,−H−ωHκ
F .

As in subsection 2.10, note that because of (4.89), (4.91) is symmetric when ex-
changing F and F

∗
.

4.14. A conjugation of the superconnections. Recall that λ0 was defined in
(2.65), (2.66) and (4.70). As in (2.110), set

(4.92) µ0 = êi ∧ iei .

More generally, we still use the same notation as in subsection 2.11. Let C′M∗
H−ωH be

the superconnection adjoint to C′M
H−ωH with respect to gΩ·(T∗X,π∗F |T∗X).

Definition 4.26. Put

E′M
φ,H−ωH = ρC′M

H−ωHρ
−1, E

′M
φ,H−ωH = σC′M∗

H−ωHσ
−1.(4.93)

By (2.109), we get

(4.94) E
′M
φ,H−ωH = ρC

′M
φ,H−ωHρ−1.

Theorem 4.27. The following identities hold:

E′M
φ,H−ωH = e−µ0C′M

H−ωHeµ0 , E
′M
φ,H−ωH = e−λ0C′M∗

H−ωHeλ0 .(4.95)

Proof. This follows from (2.111) and (4.93). �
Definition 4.28. Set

EM
φ,H−ωH =

1
2

(
E
′M
φ,H−ωH + E′M

φ,H−ωH

)
, FM

φ,H−ωH =
1
2

(
E
′M
φ,H−ωH − E′M

φ,H−ωH

)
.

(4.96)

By (4.93), (4.94), we get

EM
φ,H−ωH = ρCM

φ,H−ωHρ
−1, FM

φ,H−ωH = ρDM
φ,H−ωHρ

−1.(4.97)
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Theorem 4.29. The following identity holds:

(4.98) FM
φ,H−ωH = B′

φ,H −
〈
T
(
fH

α , ei

)
, ej

〉
fα

(
ei − êi

)
iej+êj

+ fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
−∇fH

α
H
)
− 1

2
〈
TH , ei

〉 (
ei − êi + iei+êi

)
.

Moreover, if H is r-invariant, FM
φ,H−ωH is hΩ·(T∗X,π∗F |T∗X) skew-adjoint.

Proof. By (2.111) and (4.97),

(4.99) FM
φ,H−ωH = e−µ0DM

φ,H−ωHe
µ0 .

As we saw following (2.111),

e−µ0eie−µ0 = ei − êi, e−µ0iêieµ0 = iêi+ei
.(4.100)

By (2.116), (4.72), (4.86) and (4.100), we get (4.98). The remainder of our theorem
follows from (2.120) and Theorem 4.25. �

Remark 4.30. Needless to say, the second part of our theorem also follows from the
explicit formula (4.98).

We denote by ∇TT∗X = π∗ (∇TX ⊕∇T∗X
)

the obvious connection on TT ∗X =
π∗ (TX ⊕ T ∗X). Let ∇Λ·(T∗T∗X)⊗̂F ,∇Λ·(T∗T∗X)⊗̂F,u the connections induced by
∇TT∗X ,∇F or ∇TT∗X ,∇F,u on Λ· (T ∗T ∗X) ⊗̂F .

In the sequel i
R̂T Xp

, RTXp∧ are still defined as in (2.42) and in (2.55). In par-
ticular they do not contain the variables fα. More precisely

i
R̂TXp

=
1
2
〈
RTX (ei, ej) p, ek

〉
eiejiêk , RTXp∧ =

1
2
〈
RTX (ei, ej) p, ek

〉
iêiiêjek.

(4.101)

Proposition 4.31. The following identities hold:

(4.102)

DM
φ,H−ωH = −1

2
(êi + iêi−ei

)∇êi − 1
2

(êi + iei−êi)∇êiH

− 1
2
(
ei + iêi

) (
∇Λ·(T∗T∗X)⊗̂F,u

ei
+

〈
T
(
fH

α , ei

)
, ej

〉
fα

(
ej − iêj

)
+

〈
TH , ei

〉)
+

1
2

(
RTXp ∧ −i

R̂T Xp

)
+

1
2
(
ei − iêi

)(1
2
ω
(
∇F , gF

)
(ei) −∇eiH

)
+ fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
−∇fH

α
H
)
,

FM
φ,H−ωH = −1

2
ĉ
(
ê i
)
∇êi − 1

2
c
(
∇̂V H

)
− 1

2
(
ĉ (ei) − c

(
ê i
))

(
∇Λ·(T∗T∗X)⊗̂F,u

ei
+

〈
T
(
fH

α , ei

)
, ej

〉 (
c (ej) − ĉ

(
êj
))

+
〈
TH , ei

〉)
− 1

4
((
ei − êi

) (
ej − êj

)
iêk+ek

+ iei+êi iej+êj

(
êk − ek

)) 〈
RTX (ei, ej) p, ek

〉
+

1
2
(
c (ei) − ĉ

(
ê i
))(1

2
ω
(
∇F , gF

)
(ei) −∇eiH

)
+ fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
−∇fH

α
H
)
.
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Proof. We use Propositions 2.18 and 2.28, (4.38), (4.72), Theorems 4.23 and 4.29.
�

Remark 4.32. Formula (4.102) is formally closely related to corresponding formulas
obtained in [BLo95, Proposition 3.9] and in [BG01, Theorem 3.14] for corresponding
objects associated to the Levi-Civita superconnection of p : M → S.

4.15. The scaling of the variable p. Instead of φ, for b ∈ R∗, we can consider φb

defined in (2.123) and the associated bilinear form ηb in (2.124). Since the vertical
symplectic form ωV is scaled by the factor b, it should be clear that in this case,
ωH should be replaced by bωH and λ0 should be replaced by λ0/b. We denote the
corresponding objects with the subscript φb,H− bωH .

Now we extend Proposition 2.32.

Proposition 4.33. The following identities hold:
(4.103)

r∗bA
′Mr∗−1

b = A′M, r∗bA
′M
r∗−1
b = bN

T∗X

A
′M
b−NT∗X

,

r∗bA
′M
φ r∗−1

b = A
′M
φb
, A

′M
φb

= eλ0/bbN
T∗X

A
′M
b−NT∗X

e−λ0/b,

r∗b C′M
H1/b

r∗−1
b = C′M

H , r∗b C
′M
φ,H1/b−ωHr∗−1

b = C
′M
φb,H−bωH ,

r∗bA
M
φ,H1/b−ωHr

∗−1
b = AM

φb,H−bωH , r∗bB
M
φ,H1/b−ωHr

∗−1
b = BM

φb,H−bωH ,

r∗b CM
φ,H1/b−ωHr

∗−1
b = CM

φb,H−bωH , r∗b DM
φ,H1/b−ωH r

∗−1
b = DM

φb,H−bωH ,

KbE
M
φ,H1/b−ωHK

−1
b = EM

φb,H−bωH , KbF
M
φ,H1/b−ωHK

−1
b = FM

φb,H−bωH .

Proof. If the base S is a point, our proposition is just Proposition 2.32. Observe
that ∇Ω·(T∗X,π∗F |T∗X ),∇Ω·(X,π∗F

∗|T∗X),
〈
TH , ei

〉
ei are unchanged when replacing

φ by φb and that E scales by the factor β and dT∗XωH by the factor b. We then
get (4.103) easily. �

Now we extend Proposition 2.35 to the relative situation. The radial vector field
on M is still denoted by p̂. Also we will write p instead of π∗p.

Proposition 4.34. The following identities hold:

[
A′M , ip̂

]
= Lp̂,

[
C
′M
φ,2(H−ωH), p

]
= Lp̂ − 2∇p̂H + n−NT∗X + 2ωH + λ0.

(4.104)

Proof. Since A′M is just the total de Rham operator on M, the first identity in
(4.104) is trivial. Now we establish the second identity by first replacing H and
ωH by 0. Then this second identity follows from Proposition 2.35 and from (4.75).
Also note that by (4.24),

(4.105) Lp̂ω
H = ωH .

The general second identity in (4.104) follows by conjugation. �
4.16. The classical Hamiltonians. If c ∈ R, as in (2.140), let Hc : M → R be
given by

(4.106) Hc =
c

2
|p|2 .

In the sequel, we assume that c : S → R∗ is a smooth function and that the
restriction of H to the fibre T ∗Xs is just Hcs . We will write Hc instead of H.
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Proposition 4.35. The following identities hold:

DM
φ,Hc−ωH = Bφ,Hc − 1

2
E + fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
+ c

〈
T
(
fH

α , p
)
, p

〉)
− 1

2
〈
TH , ei

〉 (
ei + iêi

)
− dc

2
|p|2 ,(4.107)

FM
φ,Hc−ωH = B′

φ,Hc −
〈
T
(
fH

α , ei

)
, ej

〉
fα

(
ei − êi

)
iej+êj

+ fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
+ c

〈
T
(
fH

α , p
)
, p

〉)
− 1

2
〈
TH , ei

〉 (
ei − êi + iei+êi

)
− dc

2
|p|2 .

Proof. Clearly,

(4.108) |p|2 =
〈(
gTX

)−1
p, p

〉
,

so that by (4.41),

(4.109) fα ∧∇fH
α

|p|2

2
= −fα ∧

〈
T
(
fH

α , p
)
, p

〉
.

Combining Theorems 4.23 and 4.29 with (4.109), we get (4.107). �

4.17. The relation to the standard Levi-Civita superconnection. In Propo-
sition 2.39, we gave a formula for K1/

√
cA

′
φ,HcK√

c. Of course a similar formula
holds for K1/

√
cB

′
φ,HcK√

c. From this formula and from (4.107), we find that for
c > 0,

(4.110)

K1/
√

cF
M
φ,Hc−ωHK√

c =
√
c

2
(
−ĉ

(
ê i
)
∇êi − c (p)

)
+ H+ +

1√
c
I+ − dc

2c
|p|2 .

Of course, all the terms in (4.110) can be evaluated explicitly. For c < 0, a similar
identity holds, the index + being replaced by the index −.

Let B± be the odd section of

Λ· (T ∗S) ⊗̂End (Ω· (X,F |X))

or of
Λ· (T ∗S) ⊗̂End (Ω· (X,F ⊗ o (TX))) ,

constructed by Bismut and Lott in [BLo95], which is associated to the Levi-Civita
superconnection A± which is attached to

(
THM, gTX , gF

)
. If S is a point, then

A± = 1
2

(
dX∗ + dX

)
, B± = 1

2

(
dX∗ − dX

)
. In general,

(4.111) A2
± = −B2

±.

By [BLo95, Proposition 3.9], we have the formula

(4.112) B± =
1
2
(
dX∗ − dX

)
−

〈
T
(
fH

α , ei

)
, ej

〉
fαeiiej

+ fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
+

1
2
〈
T
(
fH

α , ei

)
, ei

〉)
− 1

2
ĉ
(
TH

)
.

Recall that the orthogonal projection operators P± were defined in subsection
2.14. Now we establish the obvious extension of Proposition 2.41.
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Proposition 4.36. The following identity holds:

(4.113) P±H±P± = B±.

Proof. In degree 0, this is just Proposition 2.41. Since the image of P+ is concen-
trated in fibrewise degree 0 and the image of P− in fibrewise degree n, we get

P+

〈
T
(
fH

α , ei

)
, ej

〉
fα

(
ei − êi

)
iej+êjP+ =

〈
T
(
fH

α , ei

)
, ej

〉
fαeiiej ,

P−
〈
T
(
fH

α , ei

)
, ej

〉
fα

(
ei − êi

)
iej+êjP− =

〈
T
(
fH

α , ei

)
, ej

〉
fαeiiej(4.114)

− fα
〈
T
(
fH

α , ei

)
, ei

〉
fα.

Moreover using (3.51), we have

(4.115) P±f
α
〈
T
(
fH

α , p
)
, p

〉
P± =

1
2
fα

〈
T
(
fH

α , ei

)
, ei

〉
.

Finally,

(4.116) P±
〈
TH , ei

〉 (
ei − êi + iei+êi

)
P± = ĉ

(
TH

)
.

By (4.107), (4.112), (4.114)–(4.116), we get (4.113). �

4.18. A formula for CM,2
φ,H−ωH . In the sequel, LY H denotes the fibrewise Lie deriva-

tive operator attached to the fibrewise vector field. In particular, LY H acts trivially
on the fH

α . The fibrewise Lie derivative operator LY H is to be distinguished from
the full Lie derivative operator LY H , which, in general, acts nontrivially on the fH

α .

Theorem 4.37. The following identity holds:

(4.117) CM,2
φ,H−ωH =

1
4

(
−∆V − 1

2
〈
RTX (ei, ej) ek, el

〉
eiejiêkiêl +

∣∣∇V H
∣∣2

− ∆V H + 2 (∇êi∇êjH) êiiêj + 2
(
∇êi∇ejH

)
ejiêi

)

− 1
2

(
LY H +

1
2
ω
(
∇F , gF

) (
Y H)

+
1
2
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej)

+
1
2
ω
(
∇F , gF

)
(ei)∇êi

)

− 1
2
〈
T
(
fH

α , ei

)
, ej

〉
fα

((
ei + iêi

)
∇êj +

(
ei − iêi

)
∇êjH

)
− 1

2
(
ek + iêk

)
fαeiiêj

〈
∇ek

T
(
fH

α , ei

)
, ej

〉
− 1

2
〈
TH ,∇V H

〉
− 1

4
(
ei + iêi

) (
ej + iêj

) 〈
∇TX

ei
TH , ej

〉
− 1

8
(
ei − iêi

)
fαω2

(
∇F , gF

) (
ei, f

H
α

)
+

1
2
(
ei + iêi

)
fα

(
1
2
∇F,u

ei
ω
(
∇F , gF

) (
fH

α

)
−∇ei∇fH

α
H
)

− 1
2

(êi + iêi−ei
) fα∇êi∇fH

α
H− 1

8
fαfβω2

(
∇F , gF

) (
fH

α , f
H
β

)
.
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Proof. Set

(4.118) M = DM
φ,H−ωH − Bφ,H.

By (4.86),

(4.119) M = −1
2
E + fα

(
1
2
ω
(
∇F , gF

) (
fH

α

)
−∇fH

α
H
)
− 1

2
〈
TH , ei

〉 (
ei + iêi

)
.

Then

(4.120) DM,2
φ,H−ωH = B2

φ,H +M2 + [Bφ,H,M ] .

Using (2.91) and equation (3.11) in Theorem 3.3, we get an expression for B2
φ,H.

Also by (4.72) and (4.119), we get

(4.121) M2 =
1
8
fαfβω2

(
∇F , gF

) (
fH

α , f
H
β

)
.

Using formula (2.92) for Bφ,H, (4.38) and (4.119), one can compute [Bφ,H,M ]
easily. Thus we obtain (4.117). The proof of our theorem is completed. �

4.19. A formula for CM,2
φ,Hc−ωH . In this subsection, we assume that there is a

smooth function c : S → R∗ such that the Hamiltonian function is now Hc. Then
dc is a smooth 1-form on S. Also we still use the notation

(4.122) H =
1
2
|p|2 ,

so that Hc = cH.

Theorem 4.38. The following identity holds:

(4.123) CM,2
φ,Hc−ωH =

1
4

(
−∆V + c2 |p|2 + c (2êiiêi−ei

− n)

− 1
2
〈
RTX (ei, ej) ek, el

〉
eiejiêk iêl

)

− c

2

(
∇Λ·(T∗T∗X)⊗̂F,u

Y H +
〈
T
(
fH

α , p
)
, ei

〉
fα

(
ei + 2êi + iêi−2ei

)
+

〈
TH , p

〉
−

(
ei + iêi

)
fα

〈
∇TX

ei
T
(
fH

α , p
)
, p

〉
− eiiêj

〈
RTX (p, ei) ej, p

〉)

−
(

1
4
ω
(
∇F , gF

)
(ei) +

1
2
〈
T
(
fH

α , ei

)
, ej

〉
fα

(
ej + iêj

))
∇êi

− 1
2
(
ek + iêk

)
fαeiiêj

〈
∇TX

ek
T
(
fH

α , ei

)
, ej

〉
− 1

4
(
ei + iêi

) (
ej + iêj

) 〈
∇TX

ei
TH , ej

〉
− 1

4
eiiêj∇F

ei
ω
(
∇F , gF

)
(ej) −

1
8
(
ei − iêi

)
fαω2

(
∇F , gF

) (
ei, f

H
α

)
+

1
4
(
ei + iêi

)
fα∇F,u

ei
ω
(
∇F , gF

) (
fH

α

)
− 1

8
fαfβω2

(
∇F , gF

) (
fH

α , f
H
β

)
+

1
2
dc (êi + iêi−ei

) 〈p, ei〉 .
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Proof. Using (3.12) in Theorem 3.4, (4.109) and Theorem 4.37, we get (4.123). �

Remark 4.39. To evaluate EM,2
φ,Hc−ωH , by (2.111), (4.97) and (4.100), we should just

replace in (4.123) ei by ei − êi and iêi by iei+êi . One can then verify directly a
consequence of Theorem 4.29, i.e. that the obtained expression is hΩ·(T∗X,π∗F |T∗X)

self-adjoint.

Let u ∈ R be an extra variable.

Theorem 4.40. For c ∈ R∗, the operator ∂
∂u − CM,2

φ,Hc−ωH is hypoelliptic.

Proof. Using Theorem 4.38, the proof is the same as the proof of Theorem 3.6. �

4.20. A commutator identity. Recall that ω
(
∇F , gF

)
is a section of T ∗M ⊗

End (F ) over M . We can write ω
(
∇F , gF

)
in the form

(4.124) ω
(
∇F , gF

)
= eiω

(
∇F , gF

)
(ei) + fαω

(
∇F , gF

) (
fH

α

)
.

Definition 4.41. Set

νc =
1
2
(
ei + iêi

) (
ei + êi + iei

)
−∇p̂ +

3c
2
|p|2 ,(4.125)

GM
φ,Hc−ωH = DM

φ,Hc−ωH +
[
DM

φ,Hc−ωH , νc

]
.

Theorem 4.42. The following identity holds:

(4.126) GM
φ,Hc−ωH =

1
2
ω
(
∇F , gF

)
− 1

4
(
ei + iêi

)
ω
(
∇F , gF

)
(ei)

− c

2
(
p+ ip̂ + 6p̂− 6fα

〈
T
(
fH

α , p
)
, p

〉)
− 3

2
dc |p|2 .

Moreover,

(4.127)

GM
φ,Hc−ωH +

[
C′M
Hc−ωH ,

3c
2
|p|2

]
=

1
2
ω
(
∇F , gF

)
− 1

4
(
ei + iêi

)
ω
(
∇F , gF

)
(ei)

− c

2
(p+ ip̂) .

Proof. Using Propositions 2.36, 4.21 and 4.35, the identities (4.38), (4.72) and
(4.109), and also the circular identities on the curvature of the fibrewise Levi-Civita
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connection, we get easily

(4.128)
[
DM

φ,Hc−ωH ,
1
2
(
ei + iêi

) (
ei + êi + iei

)]
= − c

2
(p+ ip + p̂ ) +

1
2
(
ei + iêi

)
(
∇Λ·(T∗T∗X)⊗̂F,u

ei
+

〈
T
(
fH

α , ei

)
, ej

〉
fα

(
ej − iêj

)
+

〈
TH , ei

〉)
−

(
RTXp− i

R̂T Xp

)
,[

DM
φ,Hc−ωH ,−∇p̂

]
=

1
2

(êi + iêi−ei
)∇êi − c

2
(p̂+ ip−p̂)

+
1
2

(
RTXp ∧−i

R̂T Xp

)
+ 2c

〈
T
(
fH

α , p
)
, p

〉
fα − dc |p|2 ,[

DM
φ,Hc−ωH ,

3c
2

|p|2
]

= −3c
2

(p̂+ ip̂−p) ,[
C′M
Hc−ωH ,

3c
2
|p|2

]
= 3c

(
p̂−

〈
T
(
fH

α , p
)
, p

〉
fα

)
+

3dc
2

|p|2 .

Using the above references again and also (4.128), we get (4.126) and (4.127). The
proof of our theorem is completed. �

Remark 4.43. The main point in formula (4.126) is that the right-hand side is an
operator of order 0, which has been obtained by adding to DM

φ,Hc−ωH a commutator
with DM

φ,Hc−ωH . This certainly never happens for the standard Dirac operator
dX + dX∗ on a given fibre X .

4.21. Interchanging the Grassmann variables. Here, we will use the notation
of subsection 4.1. By (4.3), we have the canonical isomorphism

(4.129) Λ· (TX) � Λn−· (T ∗X) ⊗̂Λn (TX) .

By (4.129), we get

(4.130) Λ· (T ∗X) ⊗̂Λ· (TX) � Λ· (T ∗X) ⊗̂Λn−· (T ∗X) ⊗̂Λn (TX) .

We denote by τ the canonical isomorphism in (4.130). Clearly, for 1 ≤ i ≤ n, the
actions of ei, iei on both sides of (4.130) are the same, while the actions of êi, iêi

on the left-hand side of (4.130) correspond to the action of iêi
, ê i on the right-hand

side.
If L is an operator acting on smooth sections of Λ· (T ∗X) ⊗̂Λ· (TX) ⊗̂F along

the fibres of the total space of T ∗X , let L† denote the corresponding operator acting
on smooth sections of Λ· (T ∗X) ⊗̂Λ· (T ∗X) ⊗̂Λn (TX) ⊗̂F . Of course,

(4.131) L† = τLτ−1.

In particular A′M
† is the operator obtained from A′M by using the canonical iso-

morphism (4.130). We have the obvious identity

(4.132) A′M
Hc† = e−Hc

A′M
† eH

c

.
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Let χ ∈ End (TX ⊕ TX) be given in matrix form by

(4.133) χ =
(

1 0
1 1

)
.

Then χ acts naturally on the right-hand side of (4.130). This action is just

(4.134) χ = exp
(
−eiiêi

)
.

By Proposition 2.5,

(4.135) ωV = êi ∧ ei.

By (4.134), (4.135), we obtain

(4.136) χ = τeωV

τ−1.

If L is an operator acting on smooth sections of Λ· (T ∗X) ⊗̂Λ· (TX) ⊗̂F along
the fibres of the total space of T ∗X , we denote by L the operator acting on smooth
sections of Λ· (T ∗X) ⊗̂Λ· (T ∗X) ⊗̂Λn (TX) ⊗̂F which is obtained from L† by con-
jugation by χ. By (4.131), (4.134), we get

(4.137) L = exp
(
−eiiêi

)
τLτ−1 exp

(
eiiêi

)
.

By (4.134)–(4.137), we get

(4.138) L = τeωV

Le−ωV

τ−1.

In the sequel, we will use the transformation L → L. Instead of this, we could
as well use the transformation L→ eωV

Le−ωV

.
The operator L is obtained from L by making the following changes for 1 ≤ i ≤ n:

• ei is unchanged.
• iei is changed into iei+êi

.
• êi is changed into iêi

.
• iêi is changed into ê i − ei.

We will give formulas for the operators which were considered above using the
new variables. To distinguish the new operators from the previous ones, they will
be underlined. In the sequel, we will use the notation

(4.139) ω̂
(
∇F , gF

)
= ê iω

(
∇F , gF

)
(ei) .

Also ω
(
∇F , gF

)
will be considered as a 1-form on M .
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Theorem 4.44. The following identities hold:

(4.140)

C′M
Hc−ωH = A′M

Hc†,

DM
φ,Hc−ωH =

1
2
(
ei + iei − ê i

)
∇êi − 1

2
ê i

(
∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F

ei

+ ω
(
∇F , gF

)
(ei)

)
− 1

2
T̂H + T 0 +

1
2
ω
(
∇F , gF

)
+

1
4
〈
RTX (ei, ej) p, ek

〉
ê iêjek

+
c

2
(
ê i − ei − iei+2êi

)
〈p, ei〉 + cfα

〈
T
(
fH

α , p
)
, p

〉
− dc

2
|p|2 ,

CM,2
φ,Hc−ωH =

1
4

(
−

(
∇êi +

〈
T 0, ei

〉)2
+ c2 |p|2 + c

(
2iêi

(
ê i − ei − iei

)
− n

))
+

1
4
〈
ei, R

TXej

〉
ê iêj − 1

4
ω
(
∇F , gF

)
(ei)

(
∇êi +

〈
T 0, ei

〉)
− 1

4
∇Λ·(T∗T∗X)⊗̂F ω̂

(
∇F , gF

)
− 1

4
ω
(
∇F , gF

)2

− c

2

(
∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F,u

Y H +
〈
T
(
fH

α , ei

)
fα

(
êi − 2iei

)
+ TH , p

〉
+

〈
RTX (·, p) ei, p

〉
ê i + fαê i

〈
∇TX

Y HT 0
(
fH

α , ei

)
, p

〉)
+

1
2
dc

(
êi − ei − iei

)
〈p, ei〉 ,

νc =
1
2
êi

(
ei + iei+2êi

)
−∇p̂ +

3c
2

|p|2 ,

GM
φ,Hc−ωH =

1
2
ω
(
∇F , gF

)
− 1

4
ω̂
(
∇F , gF

)
− c

2
(
p̂+ 6ip̂ − 6fα

〈
T
(
fH

α , p
)
, p

〉)
− 3

2
dc

∣∣p2
∣∣ ,

GM
φ,Hc−ωH +

[
C′M
Hc−ωH ,

3c
2
|p|2

]
=

1
2
ω
(
∇F , gF

)
− 1

4
ω̂
(
∇F , gF

)
− c

2
p̂.

Proof. By (4.23), (4.79) and (4.138), we get

(4.141) C′M
Hc−ωH = e−Hc

τeωA′Me−ωτ−1eH
c

.

Since ω is closed,

(4.142) eωA′Me−ω = A′M.

By (4.131), (4.141), (4.142), we get the first identity in (4.140).
To establish the second identity in (4.140), we use Propositions 4.31 and 4.35, and

also the circular identity for the Levi-Civita curvature. To prove the third identity,
we use equation (4.123) in Theorem 4.38, and we make the indicated replacements.
Also we use the full strength of Theorem 4.15, a particular form of this theorem
saying that if U, V,W ∈ TX ,

(4.143)
〈
U,RTX

(
fH

α , V
)
W

〉
=

〈
−∇TX

U T
(
fH

α ,W
)

+ ∇TX
W T

(
fH

α , U
)
, V

〉
,
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and also the fact that because of (2.53),

(4.144) ∇Λ·(T∗T∗X)⊗̂F
ei

ω
(
∇F , gF

) (
fH

α

)
= ∇Λ·(T∗T∗X)⊗̂F

fH
α

ω
(
∇F , gF

)
(ei)

−
[
ω
(
∇F , gF

)
(ei) , ω

(
∇F , gF

) (
fH

α

)]
− ω

(
∇F , gF

) (
T
(
ei, f

H
α

))
.

The last three identities in (4.140) follow from (4.125) and from Theorem 4.42. The
proof of our theorem is completed. �

4.22. A construction of hatted superconnections. It is very interesting to
rewrite the identities in (4.140) in still another form. We will use the notation of
subsection 4.8.

By (4.62) or by (4.143), we get

(4.145)
1
2

〈
∇̂TXT 0, p

〉
=

1
4
〈
ei, R

TX
(
fH

α , p
)
ej

〉
fαê iêj .

Set

(4.146) D̂
M
φ,Hc−ωH = exp

(〈
T 0, p

〉)
DM

φ,Hc−ωH exp
(
−

〈
T 0, p

〉)
.

Other operators will be denoted in a similar way, by adding an extra hat when
conjugating by exp

(〈
T 0, p

〉)
.

In the sequel iT 0 will denote the operator

(4.147) iT 0 =
〈
T
(
fH

α , ei

)
, ej

〉
fα ∧ ê i ∧ iej .

Consider the de Rham operator dM on the total space M of T ∗X over M . In
the discussion which follows, we will use the Euclidean connection ∇T∗X on T ∗X .
Let Â′M be the corresponding superconnection along the fibres of T ∗X over M .
As in (2.43) or in (4.56), we have the identity

(4.148) Â′M = êi∇êi + ∇T∗X + i
R̂T∗Xp

.

Note that in (4.148), RT∗X denotes the full curvature tensor and not only its
restriction to TX as in (4.101).

Let us make here an important observation. First ∇T∗X acts on smooth forms
on M as the exterior differential. If we insist on equipping TX , the tangent bundle
to the fibration, with the connection ∇TX , the operator ∇T∗X can be expressed as

(4.149) ∇T∗X = ∇Λ·(T∗X)⊗̂Λ·(TX)⊗̂F + fαeiiT (fH
α ,ei) + iT H .

The interior multiplication operators in the right-hand side of (4.149) act only on
the ‘horizontal’ exterior algebra Λ· (T ∗X).

Note that even though we use the same notation, as forms on M, the êi are
not the same in (4.28), (4.56), simply because the connections ∇T∗X

and ∇T∗X

are distinct. Indeed using (4.39), (4.41), we find that our new êi in (4.148) is just
êi − fα

〈
T
(
fH

α , ei

)
, p

〉
in the notation of the previous subsections. Equivalently, if

one thinks of the êi as being identified (as identical sections of a vector bundle), we
get the obvious equation

(4.150) Â′M = exp
(〈
T
(
fH

α , ei

)
, p

〉
fαiêi

)
A′M exp

(
−

〈
T
(
fH

α , ej

)
, p

〉
fαiêj

)
.

Equation (4.150) expresses the de Rham operator dM in two distinct gauges, hence
the conjugation.
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Recall that Â′M
† is obtained from Â′M by replacing the êi, iêi by iêi

, ê i, so that

(4.151) Â′M
† = τÂ′Mτ−1.

By (4.150), we obtain

(4.152) Â′M
† = exp

(〈
T 0, p

〉)
A′M

† exp
(
−

〈
T 0, p

〉)
.

Observe that the notation in (4.146) and the notation in (4.152) are compatible.
By (4.148), we get

(4.153) Â′M
† = iêi

∇êi + ∇T∗X +
〈
RT∗Xp, ei

〉
ê i.

Needless to say, equation (4.149) is still valid in (4.153).
We define Â′M

Hc† by the obvious conjugation.

Theorem 4.45. The following identities hold:

(4.154)

Ĉ
′M
Hc−ωH = Â′M

Hc†,

D̂
M
φ,Hc−ωH =

1
2
(
ei + iei − ê i

)
∇êi − 1

2
ê i
(
∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(T∗X)⊗̂F

ei

+ ω
(
∇F , gF

)
(ei)

)
− 1

2
T̂H +

1
2
(
T 0 − iT 0

)
+

1
2
〈∇̂TXT 0, p〉 +

1
2
ω
(
∇F , gF

)
+

1
4
〈
RTX (ei, ej) p, ek

〉
ê iêjek +

c

2
(
ê i − ei − iei+2êi

)
〈p, ei〉 −

dc

2
|p|2 ,

Ĉ
M,2

φ,Hc−ωH =
1
4

(
−∆V + c2 |p|2 + c

(
2iêi

(
ê i − ei − iei

)
− n

))
+

1
4
〈
ei, R

TXej

〉
ê iêj − 1

4
ω
(
∇F , gF

)
(ei)∇êi

− 1
4
∇Λ·(T∗T∗X)⊗̂F êjω

(
∇F , gF

)
(ej) −

1
4
ω
(
∇F , gF

)2

− c

2

(
∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F,u

Y H +
〈
T
(
fH

α , ei

)
fα

(
ei − iei

)
+ TH , p

〉
+

〈
RTX (·, p) ei, p

〉
ê i

)
+

1
2
dc

(
ê i − ei − iei

)
〈p, ei〉 ,

ν̂c =
1
2
ê i

(
ei + iei+2êi

)
−∇

Ŷ H +
3c
2
|p|2 ,

Ĝ
M
φ,Hc−ωH =

1
2
ω
(
∇F , gF

)
− 1

4
ω̂
(
∇F , gF

)
− c

2
(p̂+ 6ip̂) −

3
2
dc |p|2 ,

Ĝ
M
φ,Hc−ωH +

[
Ĉ
′M
Hc−ωH ,

3c
2
|p|2

]
=

1
2
ω
(
∇F , gF

)
− 1

4
ω̂
(
∇F , gF

)
− c

2
p̂.

Proof. The first equation in (4.154) follows from the first equation in (4.140) and
from (4.152). The other formulas in (4.154) follow from Theorem 4.44 by obvious
computations which are left to the reader. �

Remark 4.46. Observe that for c = 0, −2DM
φ,Hc−ωH and −2D̂

M
φ,Hc−ωH can be con-

sidered as superconnections over a vector bundle over a single fibre X . Indeed
by (4.140), (4.154), these operators only contain creation operators ê i and do not
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contain the corresponding annihilation operators iêi
. Also these two operators

are odd, and moreover the leading symbol in the horizontal differentiation opera-
tors ∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F

ei is just êi∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F
ei , which is

a fibrewise connection. Therefore these two operators turn out to be fibrewise
superconnections.

A final step in our new formalism is to explain directly the construction of
D̂

M
φ,Hc−ωH in terms of Â′M.
Let ψ ∈ End (TX ⊕ TX) be given in matrix form by

(4.155) ψ =
(

1 1
0 1

)
.

Then ψ acts on Λ· (T ∗X) ⊗̂Λ· (T ∗X) ⊗̂Λn (TX) ⊗̂F ∗
. This action is given by

(4.156) ψ = exp
(
−ê iiei

)
.

Recall that by (2.46),

(4.157) Λ = −iêiiei .

By (4.156), (4.157), we get

(4.158) ψ = τeΛτ−1.

If L is an operator acting on smooth sections of Λ· (T ∗X) ⊗̂Λ· (TX) ⊗̂F along
the fibres of the total space of T ∗X , we denote by L the operator acting on smooth
sections of Λ· (T ∗X) ⊗̂Λ· (T ∗X) ⊗̂Λn (TX) ⊗̂F which is obtained from L† by con-
jugation by ψ. By (4.156),

(4.159) L = exp
(
−ê iiei

)
τLτ−1 exp

(
ê iiei

)
.

By (4.156)–(4.159), we obtain,

(4.160) L = τeΛLe−Λτ−1.

The operator L is obtained from L by making the following transformations for
1 ≤ i ≤ n:

• ei is changed into ei − ê i.
• iei is unchanged.
• êi is replaced by iei+êi

.
• iêi is changed into ê i.

We identify F to F ∗ via the metric gF . This is just saying that temporarily,

we equip F with the connection ∇F
∗

= ∇F + ω
(
∇F , gF

)
. In particular Â

′M
is

obtained from Â′M by replacing F by F
∗

and by otherwise following the above
procedure.
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Proposition 4.47. The following identity holds:

(4.161)

Â ′M = iei+êi
∇êi +

(
ei − ê i

) (
∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F

ei
+ ω

(
∇F , gF

)
(ei)

)
+ fα

(
∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F

fH
α

+ ω
(
∇F , gF

) (
fH

α

))
+ fαeiiT (fH

α ,ei) − iT 0 + iT H +
〈
∇̂TXT 0, p

〉
+

1
2

〈
RT∗X (ei, ej) p, ek

〉(
eiej êk + ê iêjek

)
+

1
2

〈
RT∗X

(
fH

α , f
H
β

)
p, ek

〉
fαfβ êk

+
〈
RT∗X

(
fH

α , ei

)
p, ek

〉
fαeiêk.

Proof. We use (4.148) and (4.149). The only term in (4.148) for which the operation
is nontrivial is the last term i

R̂T Xp
. We split the curvature tensor according to its

degree in the ei, fα. The contribution of the eiej term is the first term in the
fourth row in (4.161), this because of the circular identity verified by the Levi-
Civita curvature of the fibre X . The fαfβ term is unchanged and appears as the
second term in the fourth row. The contribution of the fαei term is〈

RT∗X
(
fH

α , ei

)
p, ek

〉
fα

(
ei − ê i

)
êk.

The first term above appears as the last term in (4.161). Moreover using (4.38)
and (4.143), we get

(4.162) −
〈
RTX

(
fH

α , ei

)
p, ek

〉
fαê iêk =

〈
∇TXT (fα, ei) , p

〉
fαêiêk,

which is equivalent to

(4.163) −
〈
RTX

(
fH

α , ei

)
p, ek

〉
fαê iêk =

〈
∇̂TXT 0, p

〉
.

This concludes the proof of our proposition. �

Set

(4.164) λ0 = ei ∧ ê i.

Note that λ0 is obtained from λ0 by the above procedure.

Definition 4.48. Put

(4.165) Â
′M
φ = eλ0Â

′M
e−λ0 .

Observe that by (4.157), (4.160), (4.164), (4.165),

(4.166) Â
′M
φ = τe(ei+iei)iêi Â′Me−(ei+iei)iêi τ−1.
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Proposition 4.49. The following identity holds:

(4.167) Â ′M
φ =

(
ei − ê i + iei+êi

)
∇êi

+
(
ei − ê i

) (
∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F

ei
+ ω

(
∇F , gF

)
(ei)

)
+ fα

(
∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F

fH
α

+ ω
(
∇F , gF

) (
fH

α

))
+ fαeiiT (fH

α ,ei) + T 0 − iT 0 + iT H − T̂H +
〈
∇̂TXT 0, p

〉
+

1
2

〈
RT∗X (ei, ej) p, ek

〉(
eiej êk + ê iêjek

)
+

1
2

〈
RT∗X

(
fH

α , f
H
β

)
p, ek

〉
fαfβ êk

+
〈
RT∗X

(
fH

α , ei

)
p, ek

〉
fαeiêk.

Proof. This follows easily from Proposition 4.47. �

Definition 4.50. Put

(4.168) Â
′M
φ,Hc = eH

c

Â
′M
φ e−Hc

.

Then we have the following important result.

Theorem 4.51. The following identities hold:

Â′M
Hc† = Ĉ

′M
Hc−ωH , Â ′M

φ,Hc = Ĉ
′M
φ,Hc−ωH .(4.169)

In particular,

(4.170)
1
2

(
Â

′M
φ,Hc − Â′M

Hc†

)
= D̂

M
φ,Hc−ωH .

Proof. The first identity in (4.169) was already established in Theorem 4.45. For
c = 0, by using (4.149), (4.153), (4.154) and (4.167), we get (4.170). So the second
identity in (4.169) holds. By conjugation, we get our theorem in full generality. �

Recall that H = |p|2
2 . Let LY H be the global Lie derivative operator acting on the

full exterior algebra of M, which is attached to the vector field Y H. The operator
LY H is to be distinguished from the fibrewise Lie derivative operator LY H , which
acts trivially on the fH

α . Clearly

(4.171) LY H =
[
dM, iY H

]
.

By (4.148), (4.149) and (4.171), we get

(4.172) LY H = ∇Λ·(T∗X)⊗̂Λ·(TX)⊗̂F

Y H + êiiei − fαiT (fH
α ,p) + i ̂RT∗X (p,·)p.

Moreover,

(4.173) LY H =
[
dT∗X , iY H

]
.

By (3.12), (4.171), (4.173), we get

LY H = ∇Λ·(T∗X)⊗̂Λ·(TX)⊗̂F

Y H + êiiei +
〈
RT∗X (p, ei) p, ej

〉
eiiêj ,(4.174)

LY H = LY H −
〈
T
(
fH

α , p
)
, ei

〉
fαiei +

〈
RT∗X

(
p, fH

α

)
p, ei

〉
fαiêi .
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Recall that θ is the canonical 1-form on T ∗X , which has been extended to a
1-form on M by making it vanish on THM and that ω = dMθ. Equivalently by
(4.148) and (4.149), we get

(4.175) Â′Mθ = êie
i +

〈
T
(
fH

α , ei

)
, p

〉
fαei +

〈
TH , p

〉
.

We still denote by LY H ,LY H the corresponding operators acting on the sections
of Λ· (T ∗X) ⊗̂Λ· (T ∗X) ⊗̂Λn (TX) ⊗̂F . Equation (4.174) becomes

LY H = ∇Λ·(T∗X)⊗̂Λ·(T∗X)⊗̂Λn(TX)⊗̂F

Y H + iêi
iei +

〈
RT∗X (p, ei) p, ej

〉
eiêj ,(4.176)

LY H = LY H −
〈
T
(
fH

α , p
)
, ei

〉
fαiei +

〈
RT∗X

(
p, fH

α

)
p, ei

〉
fαê i.

By (4.175), we get

(4.177) Â′M
† θ = iêi

ei +
〈
T
(
fH

α , ei

)
, p

〉
fαei +

〈
TH , p

〉
.

Theorem 4.52. The following identity holds:

(4.178) Ĉ
M,2

φ,Hc−ωH =
1
4

(
−∆V + c2 |p|2 + c

(
2iêi

ê i − n
))

+
1
4
〈
ei, R

TXej

〉
ê iêj

− 1
4
ω
(
∇F , gF

)
(ei)∇êi − 1

4
∇Λ·(T∗T∗X)⊗̂F ω̂

(
∇F , gF

)
− 1

4
ω
(
∇F , gF

)2

− c

2

(
LY H +

1
2
ω
(
∇F , gF

) (
Y H)

+ Â′M
† θ

)
+

1
2
dc

(
ê i − ei − iei

)
〈p, ei〉 .

Proof. We use Theorem 4.45 and also (4.176) and (4.177). �

Remark 4.53. Expression (4.178) is by far the simplest and the most natural we
have obtained for the curvature.

4.23. Another relation to the Levi-Civita superconnection. Here, we will
establish an extension of Theorem 3.13. We fix c �= 0. We replace the operator
Ĉ
M,2

φ,Hc−ωH by its conjugate eH
c

Ĉ
M,2

φ,Hc−ωH e−Hc

, and we replace the operators ê i, iêi

by the operators iêi , êi. We will denote by Â
M,2

φ,Hc−ωH the new operator. It is given
by the formula

(4.179) Â
M,2

φ,Hc−ωH = τ−1eH
c

Ĉ
M,2

φ,Hc−ωHe−Hc

τ.

Set

(4.180) ω̂′ (∇F , gF
)

= ω
(
∇F , gF

)
(ei) iêi .

Then equation (4.178) can now be written in the form

(4.181) Â
M,2

φ,Hc−ωH =
1
4
(
−∆V + 2cLp̂ +

〈
ei, R

TXej

〉
iêi iêj

)
− 1

4
ω
(
∇F , gF

)
(ei)∇êi − 1

4
∇Λ·(T∗T∗X)⊗̂F ω̂′ (∇F , gF

)
− 1

4
ω
(
∇F , gF

)2

− c

2

(
LY H + Â′Mθ

)
.

Of course, in (4.181), LY H is given by (4.174), and Â′Mθ is given by (4.175).
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Note that even when S is a point, (4.181) does not exactly coincide with the first
identity in (3.13). Put

a′+ =
1
2
(
−∆V + 2Lp̂ +

〈
ei, R

TXej

〉
iêi iêj

)
,

b′+ = −
(
LY H + Â′Mθ +

1
2
∇Λ·(T∗T∗X)⊗̂F ω̂′ (∇F , gF

)
(4.182)

+
1
2
ω
(
∇F , gF

)
(ei)∇êi

)
,

c′ = −1
2
ω
(
∇F , gF

)2
.

When the index is − instead of +, we should change Lp̂,LY H , Â′Mθ into their
negative, and we get operators a′−, b

′
−, while c′ is unchanged. By (4.181), we get

for c > 0,

(4.183) r∗1/
√

c2Â
M,2

φ,Hc−ωH r∗√c = ca′+ +
√
cb′+ + c′.

For c < 0, there is a corresponding obvious equality.

Definition 4.54. Let 1∇Λ·(T∗X)⊗̂F be the connection on Λ· (T ∗S) ⊗̂Λ· (T ∗X) along
the fibres X ,

(4.184) 1∇Λ·(T∗X)⊗̂F
· = ∇Λ·(T∗X)⊗̂F

· +
〈
T
(
fH

α , ei

)
, ·
〉
fαc (ei) +

〈
TH , ·

〉
.

Let 1∇Λ·(T∗X)⊗̂F,u be the connection taken as before, replacing ∇F by ∇F,u.

Put

(4.185) R =
1
4
〈
ei, R

TXej

〉
ĉ (ei) ĉ (ej) −

1
4
ω
(
∇F , gF

)2
.

Recall that the formula for B± was given in (4.112). Let K be the scalar cur-
vature of the fibres X . By [BLo95, Theorem 3.11], [BG01, Theorem 3.19], we have
the following equation for A2

+ = −B2
+:

(4.186) A2
+ = −1

4
1∇Λ·(T∗X)⊗̂F,u,2

ei
+
K

16

+
1
8
c (ei) c (ej)R (ei, ej) +

1
2
fαfβR

(
fH

α , f
H
β

)
+

1
2
c (ei) fαR

(
ei, f

H
α

)
+

1
16

[
ω
(
∇F , gF

)
(ei)

]2 − 1
4
fαĉ (ei)∇TX⊗F,u

fH
α

ω
(
∇F , gF

)
(ei)

+
1
32
ĉ (ei) ĉ (ej)ω

(
∇F , gF

)2
(ei, ej) −

1
8
c (ei) ĉ (ej)∇TX⊗F,u

ei
ω
(
∇F , gF

)
(ej) .

A corresponding formula was also established in [BG01, Theorem 3.20, eq. (3.60)].
However the term 1

4fαĉ (ei)ω
(
∇F , gF

) (
T
(
fH

α , ei

))
is missing in the right-hand

side of that equation.
First we simplify equation (4.186).
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Theorem 4.55. The following identity holds:

(4.187) A2
+ =

1
4

(
−1∇Λ·(T∗X)⊗̂F,2

ei
+

〈
ei, R

TXej

〉
ĉ (ei) ĉ (ej)

)
+

1
4
〈
RTX (·, ei) ei, ej

〉
ĉ (ej) −

1
4
∇Fω

(
∇F , gF

)
(ei) ĉ (ei)

− 1
4
ω
(
∇F , gF

)
(ei) 1∇Λ·(T∗X)⊗̂F

ei
− 1

4
ω
(
∇F , gF

)2
.

Proof. First we will assume that ω
(
∇F , gF

)
= 0. Let STX be the fibrewise Ricci

tensor. Then a repeated application of the circular identity and the (2, 2) symmetry
of the Levi-Civita curvature shows that

(4.188)
1
32

〈
ek, R

TX (ei, ej) el

〉
c (ei) c (ej) ĉ (ek) ĉ (el) +

K

16

=
1
8
〈
ek, R

TX (ei, ej) el

〉
eiejiek

iel
+

1
4
〈
STXei, ej

〉
eiiej .

Similar arguments show that the term of degree 0 in Λ· (T ∗S) in the right-hand
side of (4.187) is just (4.188). In degree 2, equation (4.187) holds. So we are left
with the term of degree 1 in Λ· (T ∗S). Comparison of (4.186) and (4.188) shows
that this is equivalent to the fact that for any A ∈ TS,

(4.189)
1
8
〈
RTX

(
AH , ei

)
ej, ek

〉
ĉ (ei) ĉ (ej) ĉ (ek) =

1
4
〈
RTX

(
AH , ei

)
ei, ej

〉
ĉ (ej) .

To establish (4.189), we use the symmetry for T in (4.38) and also (4.143). The
sum in the left-hand side of (4.189) for distinct triples i, j, k vanishes identically.
So we are left with the sum restricted to i = j or i = k, which leads to (4.189). So
we have established (4.187) when ω

(
∇F , gF

)
= 0.

Now we consider the general case. Of course, we take into account what was
done before. In degree 0, what is left to prove is that the identity

(4.190)
1
32

(−c (ei) c (ej) + ĉ (ei) ĉ (ej))ω
(
∇F , gF

)2
(ei, ej)

− 1
8
c (ei) ĉ (ej)∇F,u

ei
ω
(
∇F , gF

)
(ej) = −1

4
∇F

ei
ω
(
∇F , gF

)
(ej) eiĉ (ej)

− 1
8
eiejω

(
∇F , gF

)2
(ei, ej) ,

which follows from (2.53). In degree 2, identity (4.186) is trivial. In degree 1, our
identity is equivalent to

(4.191) − 1
8
ω
(
∇F , gF

)2 (
fH

α , ei

)
fαc (ei) −

1
4
∇TX⊗F,u

fH
α

ω
(
∇F , gF

)
(ei) fαĉ (ei)

= −1
4
∇F

fH
α
ω
(
∇F , gF

)
(ei) fαĉ (ei) −

1
4
ω
(
∇F , gF

)2 (
fH

α , ei

)
fαei.

Now (4.191) follows from the identity (2.51). The proof of our theorem is completed.
�

When F is replaced by F ⊗ o (TX), there is a corresponding formula for A2
− =

−B2
−, by simply replacing F by F ⊗ o (TX) in the right-hand side of (4.187).

To the vector bundle T ∗X on M , equipped with the metric gTX and the con-
nection ∇T∗X , we can associate the projection operators QT∗X

± which were defined
in Theorem 3.11. Recall that we implicitly tensor all the objects which we will
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consider by Λ· (T ∗S). We identify Ω· (X,F |X) (resp. Ω· (X,F ⊗ o (TX) |X)) with
its image in Ω· (T ∗X,π∗F |T∗X) by the map α→ π∗α (resp. α→ π∗α∧ΦT∗X). As
in subsection 3.7, QT∗X

+ (resp QT∗X
− ) is a left inverse to this embedding.

Now we have the obvious extension of Theorem 3.13.

Theorem 4.56. The following identity holds:

(4.192) QT∗X
±

(
c′ − b′±a′−1

± b′±
)
QT∗X

± = 2A2
±.

Proof. Observe that by (4.174), (4.175), (4.182) and (4.184), we have the formula,

(4.193) b′+ = −
(

1∇Λ·(T∗T∗X)⊗̂F

Y H + êiĉ (ei) + i ̂RT∗X(p,·)p

+
1
2
ω
(
∇F , gF

)
(ei)∇êi +

1
2
∇Λ·(T∗T∗X)⊗̂F ω̂′ (∇F , gF

))
.

This formula should be compared with equations (3.12), (3.15) for b+. In fact, the
only substantial difference is that êiiei has been replaced by êiĉ (ei). By making the
appropriate changes, we can then proceed as in the proof of Theorem 3.13. Using
Theorem 4.55, we get (4.192) in the + case. The proof in the − case is similar. �

Now we will extend Theorem 3.14. Again we fix c, so that dc = 0. By Remark
4.39, we know how to obtain EM,2

φ,Hc−ωH from CM,2
φ,Hc−ωH given by (4.123). Inspection

of (4.123) shows that for c > 0,

(4.194) K1/
√

c2EM,2
φ,Hc−ωHK√

c = cα′
+ +

√
cβ′

+ + γ′+.

A similar identity holds for c < 0, the index + being replaced by −.

Theorem 4.57. The following identity holds:

(4.195) P±
(
γ′± − β′

±α
′−1
± β′

±
)
P± = 2A2

±.

Proof. One can give a direct proof of (4.195) similar to the proof of Theorem 3.14.
A more direct procedure is to note that up to a constant, (4.194) is obtained by
squaring (4.110) while making dc = 0. Using Proposition 4.36, the proof now
continues as the proof of Theorem 3.14 given in Remark 3.15. �

Remark 4.58. Theorems 4.56 and 4.57 will play the same role as Theorems 3.13
and 3.14 in showing that as c → ±∞, AM,2

φ,2(Hc−ωH)
converges in the appropriate

sense to A2
±.

4.24. A final conjugation. We do not assume any longer that c is fixed. For
c �= 0, set

(4.196) Ĉ
M,2

φ,Hc−ωH = exp
(
−dc
c
p̂

)
Ĉ
M,2

φ,Hc−ωH exp
(
dc

c
p̂

)
.

Other operators, which are obtained by the same conjugation as in (4.196), will be
denoted in the same way.
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Theorem 4.59. For c �= 0, the following identities hold:

(4.197)

Ĉ
M,2

φ,Hc−ωH =
1
4

(
−

(
∇êi +

dc

c
ê i

)2

+ c2 |p|2 + c
(
2iêi

ê i − n
))

+
1
4
〈
ei, R

TXej

〉
ê iêj

− 1
4
ω
(
∇F , gF

)
(ei)

(
∇êi +

dc

c
ê i

)
− 1

4
∇Λ·(T∗T∗X)⊗̂F ω̂

(
∇F , gF

)
− 1

4
ω
(
∇F , gF

)2 − c

2

(
LY H +

1
2
ω
(
∇F , gF

)
(p) +A′M

† θ

)
,

Ĝ
M
φ,Hc−ωH =

1
2
ω
(
∇F , gF

)
− 1

4
ω̂
(
∇F , gF

)
− c

2
(p̂+ 6ip̂) +

3
2
dc |p|2 ,

Ĝ
M
φ,Hc−ωH +

[
Ĉ

′M
Hc−ωH ,

3c
2
|p|2

]
=

1
2
ω
(
∇F , gF

)
− 1

4
ω̂
(
∇F , gF

)
− c

2
p̂.

Proof. Using (4.176)–(4.178), we get the first identity in (4.197). The other two
identities follow from Theorem 4.45. �

4.25. A Weitzenböck formula for a Killing vector field. Now let K be a
smooth section of TX . We assume that K is a fibrewise Killing vector field with
respect to the metric gTX and also that K preserves THM . Note that K pre-
serves the connection ∇TX on TX , and more generally all the objects which were
considered before, including the tensor T . Moreover the tensor along the fibre
∇TXK ∈ End (TX) is antisymmetric.

Let HK be the fibrewise hamiltonian canonically associated to the fibrewise
action of K on T ∗X . Clearly

(4.198) HK = 〈p,K〉 .

Let Y HK be the Hamiltonian vector field along T ∗X associated to the Hamiltonian
HK . Then Y HK is the natural lift of K as a vector field on T ∗X . Let LY HK be the
corresponding fibrewise Lie derivative operator. This operator acts naturally on
the sections of the corresponding fibrewise exterior algebras Λ· (T ∗X). Note here
that since K preserves THM , there is no point in distinguishing the fibrewise Lie
derivative operator LY HK from the total Lie derivative operator LY HK .

Proposition 4.60. The following identity holds:

(4.199) LY HK = ∇Λ·(T∗T∗X)

Y HK
+

〈
∇TX

ei
K, ej

〉 (
eiiej + êiiêj

)
.

Proof. By proceeding as in the proof of (3.12) in Theorem 3.4, we get

(4.200) LY HK = ∇Λ·(T∗T∗X)

Y HK
+

〈
∇TX

ei
K, ej

〉 (
eiiej + êiiêj

)
+

〈
∇TX

ei
∇TX

p K +RTX (K, ei) p, ej

〉
eiiêj .

Also since K is Killing, K preserves the Levi-Civita connection along the fibres,
and so classically, we have the identity of fibrewise tensors [BeGeV92, eq. (7.4)]

(4.201) ∇TX
· ∇TXK +RTX (K, ·) = 0.

By (4.200), (4.201), we get (4.199). �
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Observe that the operator LY HK acts naturally on smooth sections of

Λ· (T ∗X) ⊗̂Λ· (T ∗X) ⊗̂Λn (TX) ⊗̂F.
Indeed by (4.200), we find that this action is given by

(4.202) LY HK = ∇TX
Y HK

+
〈
∇TX

ei
K, ej

〉 (
eiiej + ê iiêj

)
.

We claim that the action LY HK is unchanged considering the more complicated
action defined in subsection 4.21 via the conjugation by χ. Indeed this is obvious
by (4.199) and by the antisymmetry of ∇TXK. Similarly, the operator LY HK in
(4.202) is invariant by conjugation by exp

(〈
T 0, p

〉)
as in (4.146). Indeed an explicit

computation shows that this is because the tensor T 0 is itself K-invariant.
Let K ′ be the 1-form along the fibres X which is dual to K by the metric gTX .

We extend K ′ to a vertical 1-form on the total space of TX over M . Equivalently,
K ′ vanishes on the horizontal vector fields. Then we write K ′ in the form

(4.203) K ′ = 〈K, ei〉 ei.

Similarly, set

K̂ =
〈
K, ei

〉
êi, K̂ ′ = 〈K, ei〉 ê i.(4.204)

Theorem 4.61. The following identity holds:

(4.205) Ĉ
M,2

φ,2HK−ωH =
1
4
(
−∆V +

〈
ei, R

TXej

〉
ê iêj

)
− 1

4
ω
(
∇F , gF

)
(ei)∇êi

− 1
4
∇Λ·(T∗T∗X)⊗̂F ω̂

(
∇F , gF

)
− 1

4
ω
(
∇F , gF

)2 −
(
dK ′ − |K|2

)
+ ∇Λ·(T∗X)K̂ ′

−
(
LY HK +

1
2
ω
(
∇F , gF

)
(K)

)
.

Proof. We just give here the main steps of our computation. By Theorem 4.52 used
with c = 0, (4.205) holds when K = 0. To establish (4.205) in full generality, first,
we use Theorem 4.37 with H = 2HK and also the fact that with the notation in
(4.117),

(4.206) ∇fH
α
HK = 0.

In fact (4.206) holds because THM is K-invariant so that if U is a smooth vector
field on S,

[
UH ,K

]
= 0. We find that the contribution of HK to the right-hand

side of (4.117) is just

(4.207) −
(
LY HK +

1
2
ω
(
∇F , gF

)
(K)

)
+ 〈∇eiK, ej〉 eiiêj

−
〈
T
(
fH

α ,K
)
, ei

〉
fα

(
ei − iêi

)
−

〈
TH ,K

〉
+ |K|2 ,

where LY HK is given by (4.199).
As explained before, when making the transformations of subsection 4.21, LY HK

is now given by (4.202). So we find that (4.207) becomes

(4.208)

−
(
LY HK +

1
2
ω
(
∇F , gF

)
(K)

)
−

〈
∇TX

ei
K, ej

〉
eiej − 2

〈
T
(
fH

α ,K
)
, ei

〉
fαei

−
〈
TH ,K

〉
+ |K|2 +

〈
∇TX

ei
K, ej

〉
eiêj +

〈
T
(
fH

α ,K
)
, ei

〉
fαê i.
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Now since
[
fH

α ,K
]

= 0, we find that

(4.209) ∇TX
fH

α
K = T

(
fH

α ,K
)
.

Using (4.148), (4.149) and (4.209), we get

dK ′ =
〈
∇TX

ei
K, ej

〉
eiej + 2

〈
T
(
fH

α ,K
)
, ei

〉
fαei +

〈
TH ,K

〉
,(4.210)

∇TXK̂ ′ =
〈
∇TX

ei
K, ej

〉
eiêj +

〈
T
(
fH

α ,K
)
, ei

〉
fαê i.

By (4.210), we get a formula for CM,2
2HK−ωH as in (4.140). As we saw following (4.202),

conjugation by exp
(〈
T 0, p

〉)
leaves LY HK unchanged. This is also the case for the

remaining terms where K appears. The proof of our theorem is completed. �

Remark 4.62. Let us observe here that the operator LY HK commutes with all the
terms not containing ω

(
∇F , gF

)
. Also note that except for LY HK , the terms which

appear in the right-hand side of (4.205) only contain creation operators.
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(131):43–59, 1985. Colloquium in honor of Laurent Schwartz, Vol. 1 (Palaiseau, 1983).
MR0816738 (87h:58206)

[BeGeV92] N. Berline, E. Getzler, and M. Vergne. Heat kernels and Dirac operators. Grundl.
Math. Wiss. Band 298. Springer-Verlag, Berlin, 1992. MR1215720 (94e:58130)

[BerB94] A. Berthomieu and J.-M. Bismut. Quillen metrics and higher analytic torsion forms.
J. Reine Angew. Math., 457:85–184, 1994. MR1305280 (96d:32036)
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