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1. Let F' be a non-Archimedean local field; we assume throughout that the residue
field kg of F' is finite, of characteristic p. Let Wg be the Weil group of F', formed
relative to some separable algebraic closure of F'. For each integer n > 1, let 92(1?)
be the set of equivalence classes of irreducible smooth (complex) representations
of Wp of dimension n. Likewise, let .Ag(F ) be the set of equivalence classes of
irreducible supercuspidal representations of the group GL,(F). The Langlands
correspondence gives a bijection

(1) #Ly  Gu(F) = AL(F)

for each n. The existence of the family {#L,} is established indirectly, by methods
relying heavily on geometric or global constructions [21], [14], [I5]; explicit infor-
mation about it, of the sort essential for local calculations, is inconveniently hard
to obtain. Indeed, in virtually no case is there a complete, explicit account.

2. In a series of papers, of which this is the first, we describe gL,, in the “essentially
tame” case. For o € GY(F), let t(¢) be the number of unramified characters x
of Wp for which x ® 0 = 0. The integer t(o) divides n, and we say that o is
essentially tame if p does not divide n/t(o). (This is equivalent to demanding that
the restriction of ¢ to the wild inertia subgroup of W be a sum of characters: see
Appendix (A.4) below.) We denote by G(F) the set of essentially tame classes
o € G2(F). Analogously, we say that 7= € A (F) is essentially tame if p does not
divide n/t(m), where t() is the number of unramified characters x of F'* such that
7 is equivalent to the representation

X : g — x(det g) m(g).

Let AS'(F) denote the set of essentially tame 7 € A (F). The correspondence (1)
then restricts to a bijection

(2) PLY G (F) 5 AT (F).
Our aim is to give a complete and explicit description of the map (2).
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686 C. J. BUSHNELL AND G. HENNIART

When p  n, we have G&(F) = G2 (F) and A% (F) = A°(F). Under this hypoth-
esis (and when F' has characteristic zero), Moy [23] (see also Reimann [24]) wrote
down a bijection G¥ (F) — A% (F) which, at the time, seemed a good candidate for
the Langlands correspondence. We show in this paper that Moy’s correspondence
is, in its general form, quite close to the Langlands correspondence; in later papers,
for example [7], we will see that the two diverge significantly at the level of detail.
(However, Moy’s map is the Langlands correspondence when n is prime.)

3. One classifies the elements of G (F) using admissible pairs. We recall the matter
briefly: see the Appendix for more details.

Definition. Let E/F be a finite, tamely ramified field extension and let £ be a
quasicharacter of E*. The pair (E/F,£) is called admissible if it satisfies the
following two conditions. Let K range over intermediate fields, F C K C E.

(1) If & factors through the relative norm Ng/ g, then K = E.

(2) If €| Uy factors through Ng i, then E/K is unramified.

Let P, (F) denote the set of F-isomorphism classes of admissible pairs (E/F, )
in which [E:F] = n. The map
Py(F) — G (F),
(E/Fa f) — IndE/F Ea
then provides a canonical bijection. (Here, we regard £ as a quasicharacter of
Wg via class field theory, and denote by Indg,r the functor of induction from
representations of Wg to representations of Wg: see (A.3) below for more details.)
We combine the structure theory for supercuspidal representations [9] with the
technique of tame lifting of simple characters [3] to construct a canonical bijection
Py(F) — A (F),

(3)

(4)

Together, (3) and (4) yield a canonical bijection
() PNy 2 G (F) — AL (F),

which we call the “naive correspondence”. Our aim is to compare the maps pNp,
FLEY. The main result of this paper is:

Theorem A. Let (E/F,{) € P,(F), and set 0 = Indg,p&. There is a tamely
ramified character p = ppe of E* such that
FL%t(U) = Fﬂ-ﬂ«f'

Evaluation of the character g, in the general case requires the development of
quite elaborate methods: in this paper, we treat it only in the following special
case. Let 0p/p denote the discriminant character of the extension E/F, that is,
the determinant of the regular representation Indg,r 1. We show:

Theorem B. Let (E/F,§) € P,(F); suppose that n is odd and E/F is totally
ramified. We then have

Fle =0p/F oNpg/F.
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TAME LANGLANDS CORRESPONDENCE 687

4. Our general method is based on the following fundamental fact. Let K/F be a
finite, cyclic extension. We thus have the operations of restriction and induction
connecting the representations of the Weil, or Weil-Deligne, groups of K and F.
Under the Langlands correspondence, these correspond respectively to base change
bg,p and automorphic induction Ag,p. When K/F is also tamely ramified, the
theory of tame lifting [3], [6] describes how the classification from [9] interacts with
these operations.

When we restrict to essentially tame representations, the compatibility with
base change and automorphic induction is sufficient to determine the Langlands
correspondence uniquely: we outline a proof at the end of §3.

In particular, the epsilon factor of pairs [19], [27] plays no réle whatsoever. In-
deed, it is not presently known whether the preservation of L- and epsilon factors
does determine the correspondence when restricted to essentially tame representa-
tions.

In the later papers of the series, we shall completely determine the character gy,
of Theorem A. As we shall first see in [7], it takes a rather complicated form. Some
of this is traceable to our construction of the map (4). At a certain critical point, it
relies on a choice which, while both natural and canonical in the technical sense, is
not the only one available. We have retained it for consistency with the literature,
and for its simplicity and directness. On the other hand, some of the complexity in
Fle seems unavoidable. We will return to this matter in a later paper, with more
facts in hand.

5. We place our results in their historical context. We recall that, when p 1 n,
we have G'(F) = G2(F) and A% (F) = A2(F). In that case, Howe [18] first
constructed the map (4) P,(F) — AS(F), but he was only able to prove it is
injective. Moy [23] then took up the problem and proved, under the hypothesis that
F has characteristic zero, that (4) is bijective. The restriction on characteristic was
essential since his method relied on a description of the admissible dual of D*, for
a central F-division algebra D of dimension n? [I1], [20], and on the existence of
the Jacquet-Langlands correspondence. At that time, the latter was only available
in characteristic zero [25]. We, on the other hand, can proceed much more directly
and generally: the construction of the map (4) is an instance of the theory of tame
lifting [3], [6] and its bijectivity follows from the classification theorems of [9].

One can modify the naive correspondence by “tame twisting”, to get bijections
P,(F) — A5(F) of the form (E/F,§) — pm,,¢, where v is a tame character
of E* varying with . Moy observed that one could choose the system & — vg
so that the corresponding bijection G&*(F) — ASY(F) satisfies those properties of
the Langlands correspondence known at the time he was writing: these mainly
concern behaviour relative to L- and epsilon factors of a single representation. In
totality, these properties are rather weak. They do not imply that Moy’s map is
the Langlands correspondence, or even that the correspondence can be obtained at
all as a tame twist of the naive correspondence.

Theorem A finally confirms the accuracy of Moy’s basic intuition, even if the fine
details are different. It should be noted that Theorem A is, in effect, an instance
of the main theorem (7.1) of [6], a result of considerable depth.

We mention that Bushnell and Frohlich [2] took a similar approach to the rep-
resentations of D* and came to similar conclusions: the Langlands correspondence
seemed to be obtainable from the analogue of the naive correspondence by a process
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688 C. J. BUSHNELL AND G. HENNIART

of tame twisting, but the precise suggestions in [2] are inaccurate to very much the
same degree as Moy’s.

We point out the later paper of Reimann [24]. He showed that, after the cor-
rection of minor errors and tangential misconceptions, the approaches of [23|, [2],
could be accommodated within the same formal framework. The concision and
accuracy of [24] make it a valuable consolidation of the earlier papers, but it gets
no closer to the true correspondence than they.

Note on characteristic. The operations of base change and automorphic induc-
tion are constructed, in [I] and [I6] respectively, on the hypothesis that F' has
characteristic zero. The operation of tame lifting (of endo-classes of simple char-
acters) [3] is defined in arbitrary characteristic. The main results of [3], which are
basic to everything we do here, relate tame lifting to base change and automorphic
induction. They depend on the standard character relations and a short list of
other properties concerned with linear independence of supercuspidal characters on
certain sets. As we remarked in [3| §16], a theory of base change and automorphic
induction in positive characteristic, with these auxiliary properties, would instantly
extend the main results of [3] to that case. Such a theory is constructed in [17],
together with some useful refinements of the kind worked out in the appendices to
[§]. The results of [6] depend only on those of [3], [8] along with certain conductor
estimates valid in all characteristics. We therefore anticipate the outcome of [17]
and proceed as if the results of [3], [6] hold in positive characteristic. This allows
us here to treat all characteristics on an equal footing.

Notation and background. Throughout, F' is a non-Archimedean local field; we
let or be the discrete valuation ring in F and pp the maximal ideal of 0. We set
kr = op/pp and p = charkp. We write Up = 0 and UE = 1+4p%, n > 1. We let
vp : F* — 7Z be the canonical additive valuation.

If K/F is a finite field extension, we use similar notation relative to K and we
write Ng /g, Trg/p for the relative norm and trace respectively.

We fix a character ¥ of F, trivial on pr but not on op.

If 7 € AY(F), we denote the contragredient of 7 by # and the central quasichar-
acter of m by wy.

a. Let V be a finite-dimensional F-vector space and write A = Endp(V), G =
Autp (V). We use the notation of [9] for simple strata in A and simple characters
in G. Thus, if [2,1,0,0] is a simple stratum in A, we have the compact open
subgroups H'(3,2) and J(3,%) of G, i = 0,1, along with the set C(2, 3,1 ) of
simple characters of H(3,21). (We drop 9 from the notation for much of the
time, as in [9].)

b. We shall require the notion of endo-equivalence for simple characters, and also
the operation of tame lifting for endo-equivalence classes (or endo-classes, for short):
this theory is developed in [3], but the summary in [6] §1] may be found helpful.
We let E(F) denote the set of endo-classes of simple characters over F. If [2,1,0, §]
is a simple stratum in A and 6 € C(2, 3), we write Er(0) for the endo-class of 6.
We adjoin to E(F) a trivial element ©y, which may be regarded as the class of
trivial characters of groups Uy, where 2 ranges over hereditary op-orders in matrix
algebras over F'.
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TAME LANGLANDS CORRESPONDENCE 689

c. If K/F is a finite, tamely ramified field extension, there is a canonical surjective
map Ry /p : E(K) — E(F), transitive in the extension K/F. If © € &(F), the
fibre RI}}F(Q) is finite, and its elements are the K/F'-lifts of ©. In particular, if ©
is the endo-class of 6 € C(, 3), the K/F-lifts of © are parametrized by the simple
components of the algebra F[f] ®@p K.

d. Let 7 € A%(F). We attach to 7 an endo-class O(n) € E(F) as follows. If 7 has
a fixed vector for the group Ugy, 9 = M,,(0p), we set O(1) = Oy (one says that
“m has level zero”). Otherwise, 7 contains a simple character € C(, 3), for some
simple stratum [, n,0, 8]. In this case, we set O(7) = Er(6).

We shall frequently need the following special cases of the main result (7.1) of
[6]. Let K/F be a finite, tamely ramified, cyclic extension, and let 7 € A% (F) and
pE A%(K). First, if the base change mx = bk /p(7) is supercuspidal, then

9(’/T) = RK/F(Q(TFK))

More precisely, O(mk) is the unique K/F-lift of ©(m). Second, if the automorphi-
cally induced representation p* = Ay r(p) is supercuspidal, then

O0(p™) = Ri,r(0(p)).

For the general statement, we refer to [0], although we shall only use the cases
above.

1. TAMELY RAMIFIED SIMPLE CHARACTERS

Let © € E(F); there is a finite-dimensional F-vector space V', a simple stratum
[2,1,0, 5] in Endp(V), and a simple character § € C(2, ) such that © = Ep(0).
The quantities

(@) = e(FIB|F), [f(O)=f(F[B||F), deg® = [F[f]:F],
depend only on the endo-class ©, not the choice of representatives 6 or 3, [3, 8.11].
For the trivial element @g, we define e(Oy) = f(Oy) = deg Oy = 1.

Let © € E(F); we say that © is tame or tamely ramified if p does not divide
e(@). We write E%(F) for the set of tame endo-classes © € &(F): in particular,
E°(F) contains the trivial element of &(F).

The aim of this section is to give an independent description of the set SCt(F).

1.1. Let K/F be a finite, tamely ramified field extension and let © € £°(F). We
say that K/F splits © if © has a K/F-lift Ok such that degOx = 1.

Proposition 1.1. (1) Let © € E*(F) and let K/F split ©; then deg® divides
[K:F).

(2) Let © € E°*(F) have degree d. There then exists a tamely ramified extension
K/F, of degree d, which splits ©. Moreover, © determines K/F uniquely, up to
F-isomorphism.

Proof. We choose a finite-dimensional F-vector space V together with a simple stra-
tum [, n, 0, 8] in Endp (V) and a simple character § € C(2, 3) such that Ex(0) = O.
By definition, deg® = [F[ﬁ] :F} and e(@) = e(F[ﬁHF) In particular, the field
extension F[§]/F is tamely ramified.

Let K/F be finite and tamely ramified; we write K @ F[3] = [[, E;, where the
FE; are fields. Each F; is a tamely ramified extension of K, and the corresponding
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690 C. J. BUSHNELL AND G. HENNIART

K/F-lift ©; of © satisfies deg®; = [E;:K]. Thus K/F splits O if and only if
E; = K, for some i. This occurs if and only if there exists an F-embedding of F[]
in K, so we have proved (1) and the existence statement of (2). Further, if K/F
has degree d and splits ©, this embedding F[3] — K must be an isomorphism. O

Let K/F be tamely ramified and let © € E%(F); we say that K/F is a splitting
field for O if it splits © and [K:F] = deg©. By the proposition, any © € &£°(F)
has a splitting field, and this is unique up to F-isomorphism. Moreover, the proof
of the proposition shows:

Corollary 1.1. Let © € E°(F) and let K/F be a finite, tamely ramified field
extension. Then K/F splits © if and only if K contains a splitting field for ©.

Remark. For the moment, let © € E(F) be arbitrary, that is, not necessarily tamely
ramified. Choose a simple stratum [2(, 7,0, 5] in some End (V') such that © = £p(0)
for some 6 € C(2, 3). The same argument as above shows that the mazimal tamely
ramified sub-extension of F[B]/F is uniquely determined, up to F-isomorphism, by
the endo-class ©. This is not the case for the wildly ramified part.

1.2. We make a simple observation. Let x be a non-trivial character of U}.: suppose
X is trivial on U;iJrl but not on Uy, for some n > 1. There then exists ¢ € F', with
vp(c) = —n, such that

x(1+z) = Yp(cx), 2vp(xz) > n+l.

The quadruple [0p,n, 0, c] is a simple stratum in Endp(F) = F and y is an element
of Clop,c,v¥r). We can therefore form the endo-class Ep(x) € E(F). If x is the
trivial character of Uf, then €g(x) is the trivial endo-class. In this way, we can
identify the dual U} of Uk:

Uk ={0 € &(F) :degO = 1}.

If K/F is a finite tame extension and y € ﬁ}, the endo-class €p(x) has a unique
K /F-lift, namely €k (x o Ng,p). Put another way, if we write £ = xo Ny, p € Uk,
then

Ri/ré€r(§) = Er(x).

1.3. We consider pairs (K/F,x), where K/F' is a finite, tamely ramified field ex-
tension and y € Tj'}( We call (K/F,x) an admissible 1-pair if x does not factor
through Ng,p, for any field E with F' C E & K. We write P(l)(F) for the set of
isomorphism classes of admissible 1-pairs over F.

Let (K/F,x) € PY(F). We can thus form the endo-class Ri/r€x(x) € E(F).

Theorem 1.3. Let (K/F,x) € PY(F), and write Oy = Rk p Ex(x). Then

O, € E(F) and deg©, = [K:F]. Moreover, the map

PR ENF),

(1.3.1) (F) — &°(F)
(K/F, x) — O

is a canonical bijection, which is natural with respect to automorphisms of the base
field F.
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Proof. Let (K/F,x) € PM(F); by definition, the endo-class @, € &(F) has a K/F-
lift of degree 1. Since K/F is tamely ramified, it follows that ©, is tame and K/F'
splits ©,.. In particular, deg ©, divides [K:F]. Furthermore, K contains a splitting
field E/F for ©, (Corollary 1.1). There is, therefore, a character ¢ of U}, such that
Oy = Rg/r Ep(¢) and Ex(x) is the K/F-lift of Ep(¢). That is, x = ¢ o Ng/p;
since (K/F,x) is admissible, we have F = K and deg®, = [E:F| = [K:F], as
required.

For i = 1,2, let (K;/F,y;) € PY(F), and assume that 6,, = 6,,. We choose
a finite, tamely ramified Galois extension L/F containing both K;. We set xI =
XioNp/k, € [7% By hypothesis, we have

Rp/p€r(xt) =Rer€r(xy).

By [3, 9.13 et seg], this implies that the endo-classes &1 (xL), hence also the char-
acters xF themselves, are conjugate under Gal(L/F). Since K;/F is the least sub-
extension of L/F such that x factors through Nz x, (¢f. (A1), Lemma (3)), this
conjugation carries the pair (K1/F, x1) to (K2/F, x2), whence the pairs (K;/F, x;)
are conjugate. In other words, (K1/F, x1) = (K2/F, x2), and we have shown that
the map P (F) — E%(F) is injective.

Let © € E°°(F) have degree n. There is a vector space V of dimension n over
F, a simple stratum [2(, 1,0, 5] in Endr (V) and a simple character § € C(2(, 3) with
O = &p(). We put E = F[f], so that [E:F] = n. We have Uy = EX N H'(3,2),
and we form the character y = 6 | U5. As in 1.2, x is a simple character over E,
and (by definition [3], 9.4] Eg(x) is an E/F-lift of ©. We first have to show that
(E/F,x) is an admissible 1-pair. Suppose we have a subfield K, F' C K C E, such
that x factors through Ng,x, say x = ¢ o Ny, for some ¢ € [7}( Then Ex(¢)
is a K/F-lift of O, of degree 1. That is, K/F splits ©, whence n = deg @ divides
[K:F]. By 1.1, we have K = E and (E/F,x) € PM(F). Therefore © = 0., and
our map is surjective. It is therefore bijective, as required.

The operation of tame lifting of endo-classes is natural with respect to auto-
morphisms of the base field F'. The same therefore applies to the bijection of the
theorem. (]

X

Let us exhibit the inverse of the map P (F) — E°°(F), as implied by the proof
of the theorem. Suppose © € E°(F) is the endo-class of § € (2, 3), for a simple
stratum [2(,7,0,5] in A = Endp(V), for some vector space V. Set E = F[§] and
let B denote the A-centralizer of E. Thus 6 = BN 2 is a hereditary og-order in
B and we have H'(3,2) N B* = Uj. The restriction of § to Uy is of the form
¢ o detp, for a uniquely determined character ¢ of Uj. The image of @ in P (F)
is then the F-isomorphism class of (E/F, ¢).

Remark. The base field restriction map Ry /p : E(K) — E(F) does not depend on
the underlying choice of character ¥z (cf. [0, Remark §1]). The same, therefore,
applies to the map (1.3.1).

1.4. Let [2,1,0,0] be a simple stratum in M, (F), say, and let § € C(, 3). Let
X be a character of U} and consider the character 8’ = 6 - (x o det) of H(3,).
There is then a simple stratum [, 1", 0, 3], where 5’ = S+a, for some a € F*, such
that HY(5,) = HL(B,2) and 6’ € C(A, 3'): see [0, Appendix| for details of this
construction.
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692 C. J. BUSHNELL AND G. HENNIART

In the present context, let (K/F,¢) € PM(F), and let x be a character of U}
Setting ¢’ = £ - (x o Ng,p), the 1-pair (K/F,¢’) is admissible, and

(1.4.1) O¢ = Ep (¢ - (x o det)),

for any simple character 6¢ such that Ep(0) = O¢.

2. ESSENTIALLY TAME SUPERCUSPIDAL REPRESENTATIONS

Let m be an irreducible supercuspidal representation of G = GL,(F). As in the
introduction, we let ¢(7) denote the number of unramified characters x of F* such
that ym = 7. Thus ¢(7) is an integer dividing n; we say that 7 is essentially tame
if p does not divide n/t(m). We write AS*(F) for the set of equivalence classes of
essentially tame, irreducible supercuspidal representations of GL,,(F').

The aim of this section is to construct a canonical bijection P,(F) — A (F),
for each n > 1.

2.1. We recall briefly the main features of the classification [9] of irreducible su-
percuspidal representations of G = GL,(F), in terms of maximal simple types.
Let 7 € A2(F). According to [9] (8.4.1)], 7 contains a unique G-conjugacy class
of maximal simple types (J, ), in the sense of [9, (5.5.10, 6.2)]. Moreover, if 7
contains the maximal simple type (J,A) and J) denotes the G-normalizer of the
pair (J, A), there is a unique representation A of J) which occurs in 7 and satisfies
A J = A We then have

e c-IndfA A

(We refer to pairs of the form (Jy, A) as extended maximal simple types.)

The definition loc. cit. divides the maximal simple types into two subclasses.
In the first, dubbed “of level zero”, we have J = Ug, where A = M, (or). The
representation A is the inflation of an irreducible cuspidal representation A of
Us /Uy = GL, (kr). The group Jy is F*.J. A representation = € A2 (F) is said to
be of level zero if it contains a maximal simple type of level zero.

In the second case, there is a simple stratum [2(,7,0,5] in A = M, (F), such
that 2 is maximal among F[3]*-stable hereditary op-orders in A, and a simple
character 6 € C(2, 3) which occurs in 7: indeed, € is the unique simple character
occurring in 7, up to G-conjugacy. The group J = J°(3,) is the Uy-normalizer
of 0; the natural representation A of J on the #-isotypic space in 7 gives a maximal
simple type (J,A) in w. (We recall more of the representation A below.) The group
Jy is F[B]*J.

For 7 € A2(F), we define an invariant O () € E(F) as follows: O(r) is trivial
if 7 is of level zero, while otherwise O(n) = Ep(0), where 6 is a simple character
occurring in .

Proposition 2.1. Let 7 € A (F); then w is essentially tame if and only if O(r) €
E(F).

Proof. If 7 has level zero, then t(r) = n while, if 7 contains a simple character

0 € C(A, B), then t(m) = n/e(F[F]|F) [9) (6.2.5)]. In other words, n/t(m) = e(O(r)),
whence the result follows. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



TAME LANGLANDS CORRESPONDENCE 693

2.2. It is convenient to deal separately with the first subclass. Let A% (F)o de-
note the set of 7 € AL (F) which are of level zero. Let P,(F)y denote the set of
(E/F,¢) € P,(F) for which ¢ | UL = 1.

Take (E/F,§) € P,(F)o. By definition, E/F is unramified. We set X =
Gal(E/F). The admissibility of the pair (E/F,¢) is then equivalent to £ being
J)-regular, in the sense that the conjugates (7, 0 € X, are distinct. The character
¢ | Ug is the inflation of a character £ of k. If we identify X with Gal(kg/kr) by
reduction, the admissibility of (E/F,¢) is again equivalent to ¢ being X-regular.

We now use the Green parametrization [I3]: this gives a canonical bijection
X — j‘x between the set of X-orbits of X-regular characters x of kj;, and the set of
equivalence classes of irreducible cuspidal representations A of GL,, (kp).

We choose an F-embedding of E in A = M, (F), and let 2 be the unique E*-
stable hereditary op-order in A: we have 2 = M,,(or) and Uy /Uy = GL,(kp).
The character £ gives a cuspidal representation A\¢ of GL,,(kr), which we inflate to
a representation A¢ of Uy. We extend A¢ to a representation Ag of J = F* Uy by
deeming that A¢ | F* be a multiple of £&. We set

(2.2.1) Flg = c-Ind§ Ae¢.

Proposition 2.2. Let (E/F,§) € P,(F)o and define pm¢ as in (2.2.1). Then:

(1) pme € AC(F)o, and the equivalence class of © depends only on that of the
pair (E/F,§);
(2) the map (E/F,§) — pme is a canonical bijection P,(F)o — AL (F)p.

Proof. The first assertion is immediate, so we have a well-defined map P, (F)y —
AL (F)o. If we take 7 € AL (F)o, it contains a maximal simple type (GL,(0r), \)
(unique up to conjugacy), where A is inflated from an irreducible cuspidal repre-
sentation of GL,(kr). We reverse the procedure above to construct from 7 a pair
(E/F,€¢) € P,(F)o. This gives a well-defined map AL (F)y — P,(F)o, inverse to
the first one. O

2.3. We take an admissible pair (E/F,£), of degree n, such that & | U} # 1. We
construct from this pair a representation pm, € .A,cf(F ), the equivalence class of
which will depend only on the isomorphism class of (E/F,¢).

Let E’/F be the minimal sub-extension of E/F such that £ | U} factors through
Ng g (see Appendix (A.1), Lemma (3)), and write | UL = $poNg g We choose
a simple stratum [, 1,0, 5] in A = M, (F) and a simple character § € C(2, ) such
that €p(0) = Rp//rEr(4). We then have F[3] = E’; we henceforward identify £’
with F[5] C A.

We can choose 2 to be maximal among E’*-stable hereditary opg-orders in A.
That done, the G = GL,,(F)-conjugacy class of the pair (2, 0) is determined by the
F-isomorphism class of (E'/F, ¢) (and hence by that of (E/F,¢)). The pair (2, 6)
determines the groups J! = J1(3,2), J* = J(3,2) and J = E'*J°: these groups
are the normalizers of 6 in, respectively, Uy, Uy and G.

Let B denote the A-centralizer of E’. Let 1 be the unique irreducible represen-
tation of J! which contains 6 [9} (5.1.1)].

Lemma 1. There exists a unique irreducible representation k of J such that
(1) w[J=n;
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(2) k is intertwined by every element of B*;
(3) the character det k has finite, p-power order.

Proof. This follows from [9] (5.2.2)]. O
To proceed further, we have to choose a prime element wg of F'.

Lemma 2. There is a unique representation k of J satisfying the following condi-
tions:

(1) &[J=k;

(2) wrp € Kerk;

(3) det® has finite, p-power order.

Proof. We have J = E*J = E’*J and E'* NJ = Ug/. We can therefore extend x
by triviality to the group (wg, J) generated by wp and J. The quotient J/{ww g, J)
is cyclic of order e(E'|F). Since p 1 e(E’|F'), x admits a unique extension % of the
required form. O

For the next step, we use the same prime element wp to impose a factorization
on the quasicharacter &.

Lemma 3. There is a unique character &, of E* with the following properties:
(1) & |Up =€ | Ug;

(2) &w(wr) =1;
(3) & has finite, p-power order.

The proof is immediate. We now set & = £,1€. The quasicharacter & is tamely
ramified, and the pair (F/FE’, &) is admissible.

Let B = AN B. Thus B is a maximal 0/ -order in B. We have J = UgJ' and
J/J' = Uy /Ug = GLg(kpg'), where d = [E:E’]. We follow the procedure of 2.2
to define, from the admissible pair (E/E’, &), an irreducible representation Ay of
EXUg /UL = J/J'. We view A; as a representation of J trivial on J!. We put
A¢ = Ay ®K, and note that this definition is independent of the intermediate choice
of wWE.

At this point, it becomes useful to condense our notation a little:

Notation. Let (E/F,¢) € P,(F), and let E'/F be the minimal sub-extension of
E/F such that ¢ | U}, factors through Ng,p/. Thus £ | UL, = & o Ng/p, for a
uniquely determined character ¢’ of UZ,. We put

O¢ = Oy =Ry /r(Ep(€)) = Re/r(Ep(§ | Uy)).

Proposition 2.3. The representation pme = c-Ind? A¢ is irreducible, supercuspi-
dal, essentially tame, and it satisfies @(Fﬂ'g) = O¢. The equivalence class of gy
depends only on the isomorphism class of the pair (E/F,§).

Proof. Setting A = A | J, the pair (J,\) is a maximal simple type in G and
(J, A¢) is an extended maximal simple type. Thus m = pm, lies in A°(F) and
by construction, O(7) = O € E°(F). Thus 7 is essentially tame. By Theorem
1.3 and the uniqueness of the pair (2, 6) described above, different choices of pairs
(E/F,€) in the same isomorphism class lead to conjugate types (J, A) and hence
equivalent representations pe. (I
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Taking Proposition 2.2 into account, the operation (E/F,§) — g, gives a well-
defined map P, (F) — A (F).

Theorem 2.3. The map
Py (F) — A (F),

(23.1) (BJF,€) — pr¢

is a bijection.

Proof. A representation 7 € AS'(F) contains an extended maximal simple type
(J, A), of level zero or based on a simple stratum [9 (8.4.1)]. In the latter case,
the stratum is tamely ramified by Proposition 2.1. Any such (J, A) arises from an
element of P,(F) as above: all steps in the construction are reversible. Thus the
map (2.3.1) is surjective.

For i = 1,2, let (E;/F,&) € P,(F) and suppose that pme, = pme, = m, say.
Let Ej/F be the minimal sub-extension of E;/F such that & | Ug, factors through
NEg,/E;. Let ¢; be the character of U]{J{ such that &; | UJ%L, = ¢ioNg,/E;. By Theorem
1.3 and the proposition, the admissible 1-pairs (E!/F, ¢;) are isomorphic, so we may
take Ef = F} = FE' and ¢1 = ¢3. The extensions F;/E’ are unramified of the same
degree, so we may as well assume E; = Ey = E, say, and & | UL = & | Ug.

If we follow through the constructions above, for the pairs (E/F,¢;), we arrive
at the same stratum [2, [, 0, 5] and the same 6 € C(2, 5). Furthermore, if we choose
a prime element wp of F to factorize the & as in Lemma 3, we get &1 vw = &o.w-
The corresponding extended simple types (J, 4;), J = E’*J°(3,9), lie in the same
representation m and so are G-conjugate. Indeed, they are conjugate under the
G-normalizer of #, which is none other than J. In other words, A1 = As. In
the factorizations A; = A; ¢ ® K, the factors A; ¢ are equivalent, so the admissible
pairs (E/E’,g,»f;vlv) are E’-isomorphic. We conclude that the pairs (E/F,¢&;) are
F-isomorphic, as required. (I

Remark 1. The only debatable step in the construction of gm¢ is the definition of
the factor Kk held to correspond to the wildly ramified factor &, of £. Other choices
of K are possible, and some give variants of (2.3.1) with smoother properties. We
shall analyze this phenomenon elsewhere. For the present, the version given above
has the advantage of being simple, straightforward, and in need of no preliminary
analysis.

Remark 2. Constructions such as (2.3.1) originated in [I8], and were further de-
veloped in [23]. Slightly different conventions are used in [24], where the relation
between the approaches is discussed. Our method is actually identical to that of
[24], as one verifies easily, starting from Theorem 1.3. We have subsumed the ex-
tensive details of the earlier papers into the general theory of [9] and [3], to obtain
the simple and direct proof of bijectivity. This option was not available to those
authors who were also confined to the case p{n and F of characteristic zero.

2.4. We collect some simple properties of the bijection (2.3.1).

Proposition 2.4. (1) The map (2.3.1) is natural with respect to automorphisms of
the base field F'.
(2) If (K/F,§) € Py(F) and m = pre, then

Fleg—1 =@ and wy =¢ | F*.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



696 C. J. BUSHNELL AND G. HENNIART

(3) Let (K/F,€) € P,(F) and let x be a quasicharacter of F*. Write xx =
XoNg p. Then (K/F,§-xk) € Py(F) and
FTgxxe = X" FTe
(4) The map (2.3.1) is natural with respect to (not necessarily continuous) auto-
morphisms of C, that is,
FTlyog =V O FT¢,
for (E/F. &) € P,(F) and v € AutC.

All of these assertions are proved by following through the construction of g,
step by step and, for (3), comparing with 1.4.

3. THE LANGLANDS CORRESPONDENCE AND THE NAIVE CORRESPONDENCE

We make an initial comparison between the constructions of §2 and the Lang-
lands correspondence for essentially tame representations.

3.1. We recall that we have a canonical bijection P, (F) — G (F) given by (E/F, )
— Indg,p € (A.3). Combining this with Theorem 2.3, we have the first statement
of:

Theorem 3.1. For each n > 1, the maps
Po(F) — Gy (F), Py(F) — A (F),
(E/F,§) — Indg/r§, (B/F,§) — pm¢
together induce a bijection
N = pN, : G (F) = AG(F).
The map N has the following properties:

(1) rNy is the bijection Gy (F) — A1 (F) of local class field theory;
(2) FN,, is natural with respect to automorphisms of the base field F';
(3) if o € GSH(F) and ™ = N(0), then N(&) = #;

(4) if o € Gy (F) and x € G1(F), then N(x ® o) = x - N(0);

(6) if o =Indg/pé&, for (E/F,§) € Py(F), and m = N(o) = pme, then

(3.1.1) deto = wr 0p/p.

Proof. Property (1) is a matter of definition, while the others follow from Proposi-
tion 2.4. O

Remark. We observe also that N commutes with the natural actions of Aut C.

3.2. Let pL, : G2(F) — AY(F) be the Langlands correspondence. We have
observed that gL, satisfies the analogue of Theorem 3.1(4), so it induces a bijection

PLL G (F) 5 AT (F).
We usually write simply L' = L.
Let K/F be a cyclic field extension of degree d. We then have the operations
of base change by, p [, [IT], and automorphic induction Ay p [16], [I7]. These
correspond, via the Langlands correspondence, to the operations of restriction and

induction connecting representations of the Weil-Deligne groups of F' and K loc.
cit. Translating this in terms of our constructions, we have:

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



TAME LANGLANDS CORRESPONDENCE 697

Proposition 3.2. The Langlands correspondence induces a bijection
L=pLy : GY(F) — AJ(F),

n

for each n > 1. This map satisfies the analogues of (1)—(4) of Theorem 3.1, while
instead of (5) we have

(3.2.1) wr =deto, w=L(0).
In addition:

(6) Let (E/F.§) € Py(F) and let K/F be a cyclic sub-extension of E/F. Put
T=Indg,k &, p=L(7), 0 =Indg,rp& and m = L(o). Then 7 is automor-
phically induced by p:

T =Ag/Fp.

(7) Let (E/F,&) € P,(F), let L/F be a finite, cyclic tamely ramified extension,
and suppose that the pair (EL/L,&r) is admissible, where {1, = §oNgp/p.
Set 0 =Indg/p&, m=KL(0) and o, = Indgr, L = o | Wr. Then

L(O’L) = bL/FTr.

We recall [6, (7.1)] that in (6) we have O(7) = Rk, rO(p) while, in (7), O (b, )
is the unique L/F-lift of O(m).

Remark. The list of properties in the proposition is sufficient to determine the
family »LS" uniquely. This is not a new observation: it is implicit in [22] and also
in our arguments. We sketch a direct proof in 3.5 below.

3.3. We now give our main results, using the notation of 2.3.

Theorem 3.3. Let (E/F,€) € Py(F); set 0 =Indp/p & € G5 (F) and m = L(0) €
ASYHF). Then

Proof. Set ' = N(0) = pme and abbreviate Rg/p(§|Ug) = O¢. The relation
O¢ = O(7') is then given by Propositions 2.2, 2.3.

To prove that O(m) = O, we first suppose that E/F is totally ramified. Thus ¢
is totally ramified, in the sense that t(c) = 1. Let L/F be the unramified extension
of F' generated by a primitive n-th root of unity and set {1, = { o Ny g/g. The pair
(EL/L,&) is then admissible, and we put

op =Indgr, &L =0 | Wi € G (L).
Set p = pL,(or); since the extension EL/L is cyclic, we have p = Apgy 1 L.
Since L/F' is cyclic, we also have p = by,pm. We now use [6, (7.1)]. The rela-
tion p = Agr,r & implies O(p) = Rer,1EpL(L|Ugy), while p = by, p 7 implies
Ri/r O(p) = O(m). In all,

O(r) = Rp/r O(p) = Rpr/rerr(éLlUs) = Re/r(§|Ug) = Ok,
since the map R is transitive with respect to the base field extension. This proves
the theorem in the case where E/F is totally ramified.

In the general case, let K/F be the maximal unramified sub-extension of E/F,
put 7 = Indg/x § and p = L(7). Thus 7 = Ak, pp. By the first case, we have
O(p) = Rp/k Ep(& | UL), whence loc. cit.

O(m) = Ry rRe/k Ep(§ | Up) = 6.
This completes the proof of the theorem. O
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We can re-interpret the theorem as follows:

Corollary 3.3. Let (E/F,§) € P,(F) and set 0 = Indg,p &. There exists a tamely
ramified character p = ppe of E* such that (E/F, ug) is admissible and

FLZt(J) = Fﬂ'#g.
The character pug further satisfies pue | F* = 0p/p.

e and 7 = L(0). By Theorem 2.3, there is an

Proof. Let us write 1 = N(o) =
' (F) such that 7' = pme . By the theorem, we have

(
admissible pair (E'/F,{’) € P,
@g/ = 9(71'/) = 95 = @(W)

Let K/F be the minimal sub-extension of E/F such that ¢ | U} factors through
Ng/k, and let ¢ be the character of U} for which £ | UL = ¢o Ng, k. Similarly
define K'/F and ¢'. The l-pairs (K/F,¢), (K'/F,¢’) are admissible; we have

Ri/rEx(p) = O = O = Ry pExr (@),

so (K'/F, ¢') is F-isomorphic to (K/F, ¢) (Theorem 1.3). We may as well, therefore,
take K = K’ and ¢ = ¢’. The extensions F/K, E’'/K are unramified of the same
degree n/[K:F], so we are justified in setting £’ = E. These identifications give
E|UL =¢ | UL, so £71¢ = i is tamely ramified, as required. The final assertion
follows from comparison of (3.2.1) with (3.1.1). O

Remark. One can say little about the character g, without further analysis. One
sees easily that it has finite order: we show elsewhere that it depends only on
¢ | U} and that its order divides 4. Also, we have noted that the correspondence N
is algebraic, in the sense of commuting with Aut C. However, L is not algebraic, as
is clear from the discussion in, for example, [3, §7]. The function (E/F,§) — pp
therefore cannot be algebraic.

3.4. It will be useful to record a variation on the theme of the corollary. For this,
we take an admissible pair (E/F,§) € P,(F) and a cyclic sub-extension K/F of
E/F, of degree d. The pair (E/K,¢) is then admissible, (E/K, &) € P,,(F'), where
md = n, so we can form the representation p = gm; € Af(K).

Proposition 3.4. Let 1 = Ag/p p be the representation of GL, (F) automorphi-
cally induced by p. The representation m is supercuspidal, essentially tame, and
there exists a tamely ramified character p = K/FHe of E* such that m = pm,e. The

character u also satisfies p | F* = 5%/}7'

Proof. Let X = Gal(K/F); we view E as a subfield of a separable algebraic closure
F/F and extend each o € ¥ to an F-embedding, also denoted o, of E in F. The
admissible pairs (E?/K,£7), o € X, are then mutually non-isomorphic over K.
The construction (cf. Proposition 2.4 (1)) yields gmes = p?. The representations
p?, 0 € X are therefore mutually inequivalent or, in other words, p is Y-regular. It
follows [8, 2.6] that ™ = Ak /p p is supercuspidal and [6} (7.1)] ©(7) = Rg/r O(p).
Thus 7 is essentially tame, and of the form g7/, for some (E'/F,{') € P,(F).
Furthermore, we have O(m) = Rp//p€p ('|Us) = Re p€p(€|UL). The proof
concludes in the same manner as that of Corollary 3.3. (]
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3.5. We remarked in 3.2 that the family of correspondences LS is uniquely de-
termined by the properties listed in Proposition 3.2. We shall never use this fact
directly, but we give an outline of the proof since it illuminates our strategy.

We take o € Go'(F); we have to construct £(o) using only properties from the
list in section 3.2. We proceed by induction on n. If n = 1, then L(o) is given
by class field theory (the analogue for £ of Theorem 3.1(1)). We therefore assume
n > 1 and we write 0 = Indg,r &, for some (E/F,{) € P,(F). Suppose first
that £/F admits a non-trivial cyclic sub-extension K/F. Setting 7 = Indg/k &,
the representation p = L(7) is known, by the induction hypothesis, while L(o) =
Ak /r p, by Proposition 3.2(6).

We are so reduced to the case where E/F admits no non-trivial cyclic sub-
extension. Thus E/F is totally ramified and n = [E:F] is odd. Let ¢ be the least
prime divisor of n, and let L/F be the unramified extension generated by a primitive
{-th root of unity. Setting r, = £ o Ngr /g, the pair (EL/L,&) is admissible; let
orp =Indgr,r, &L = 0 | Wr. The extension EL/L surely admits a non-trivial cyclic
sub-extension so, by the first case, 7, = L(0,) has been constructed. Setting 7 =
L(o), we have 7, = by, p m, by Proposition 3.2(7). Let k = [L:F], and let X}, be the
group of unramified characters y of F* satisfying x* = 1. The set of p € A% (F)
such that by, r p = 71 forms a single Xy-orbit. The central quasicharacter of xp
is X"w,. Since w, = deto (3.2.1) and (k,n) = 1, the representation 7 is uniquely
determined by the two conditions by/p 7™ = 7y, and w; = deto. [l

4. TOTALLY RAMIFIED REPRESENTATIONS

We make a preliminary calculation of the character x,pu ¢ of Proposition 3.4 in a
special case. We then specialize further, and prove Theorem B of the introduction.

4.1. Let (E/F,€) € P,(F), and suppose that E/F is totally ramified. In particular,
p{n. For the moment, we set 7 = pme. Thus 7 is totally ramified in that t(7) = 1.

We choose an F-embedding of E in A = M,,(F'), and henceforward regard F as a
subfield of A. As in section 2.3, the pair (E/F,§) gives a simple stratum [2, 1,0, 0]
in A with E = F[3], and a simple character § € C(, 3) such that §(z) = £(x), for
x € UL. We abbreviate H' = H'(8,2), J' = JY(3,2) and J = EXJ'. We let n
be the unique irreducible representation of J' which contains 6.

We consider the finite p-group Q = J!/Kerf. The centre of Q is the cyclic
group Z = H'/Kerf, and Q/Z is an elementary abelian p-group. Since 6 is stable
under conjugation by E*, the group Q inherits an action of E*  the subgroup
F*U}L acting trivially. We therefore view Q as a module over the finite group
I' = EX/F*Ug; this action of I' stabilizes 7, viewed as a representation of Q.
Since F/F is totally ramified, the group I is cyclic.

The group Q" of I'-fixed points is exactly Z [4, 4.1, Lemma 1]. We apply
the machinery of the Glauberman correspondence [12] (or see [4, Appendix] for a
discussion in the present context).

(4.1.1). (1) There exists a unique representation 7 of the group I' X Q such that
n1Q=nanddety| I =1.

(2) There exists a constant egp = £1 such that trij(yu) = ep &(u), for every
generator v of I' and every u € Up,.
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We recall that there is a unique irreducible representation A of J such that A | H!
is a multiple of # and m = ¢-Ind A. The construction of A in section 2.3 can now
be expressed more simply in this case, as follows:

Lemma 4.1. Defining ep as in (4.1.1), the representation A satisfies
tr A(h) = ep £(h),

for every h € E* such that vg(h) is relatively prime to n. This relation character-
izes A among representations of J which extend 7.

Proof. Take the representation 7 of (4.1.1) and inflate it to a representation Ay of
E* x Q. Let £ denote the inflation of ¢ to a character of EX x Q and form the
representation A; = §~® Ag of E* x Q. We inflate A; to a representation Ay of
EX x Jh

There is a canonical surjection E* x J! — J given by (z,j) — xj. The kernel is
the group of elements (z,2~1), = € Uj. Since A is trivial on this kernel, it is the
inflation of an irreducible representation Ay, of J. The representation As satisfies
the character relation of the lemma.

The representation A, agrees with A on F*.J!, so Ay = x ® A, for a character
of J/F*J' = X /F*UL. Comparing the constructions, we have, for y € E*,

det Aa(y) = &(y)M ™" = ¢, det A(y),

where ¢, is some root of unity of p-power order. Since dim7 is a power of p and x
has order prime to p, we conclude that y = 1, as required. O

We consider elements h of G = GL,,(F') such that vg(det h) is relatively prime
to n. We call such elements G-special.

We will only be concerned with such elements h for which there exists a heredi-
tary op-order 2 such that h2Ah~! = 2. Under these conditions, the algebra F[h] is
a field, totally ramified and of degree n over F.

Proposition 4.1. Let (E/F,§) € P,(F). Suppose that E/F is totally ramified and
put ™= pmg.
(1) Let h € G be G-special and suppose that trw(h) # 0. Then h is G-conjugate

to an element of E*.
(2) Let h € E* be G-special. Then

tr(h) =ep Z &E¥(h).
acAut(E|F)
Proof. The condition trm(h) # 0 implies that h has a G-conjugate in J, so h is

an elliptic regular element of G. We can therefore apply the Mackey formula [3|
(A.14)]

(4.1.2) tr(h) = Z tr A(z~ ha),
zeG/J

where we view tr A as a function on G vanishing outside J. Clearly, if trw(h) # 0,
then h is G-conjugate to an element of J. We may therefore take h = bj, where
j € J' and b € E* satisfies vg(b) = vr(detb) = vp(det h). In particular, vg(b)
is relatively prime to n. The argument of [3] 15.19] now applies to show that bj is
J'-conjugate to an element bj’, where 5/ € J' commutes with b. Since F[b] = FE,
this gives j' € Uy, = EX N J!, and the first assertion is proved.
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We now take a G-special element h of E* and an element x € G such that
z 'he € J. As in the first paragraph of the proof, there exists j € J' such
that ' = j~la~'haxj € EX. We have E = F[h/] = F[h], so conjugation by zj
induces an F-automorphism of the field E or, equivalently, zj € Ng(E*). We
have Ng(E*)NJ = EX(Ng(E*)NJY). As J! is a pro-p group and Aut(E|F) =
Ng(E*X)/E* has order prime to p, the intersection Ng(E*) N J! is contained in
E*, whence the sum (4.1.2) is effectively taken over Aut(F|F). The result now
follows from the lemma. (]

4.2. For the next step, we are given a cyclic sub-extension K/F of E/F, of degree
d, with X = Gal(K/F). The pair (E/K,§) is then admissible and we may form
the representation p = ¢ € Ajy (K), where m = n/d.

The representation p contains an extended maximal simple type (Jx, Ak ), say,
based on a simple stratum in M,,(K). We use this to define a Glauberman sign
ex = %1, as in (4.1.1). This gives us:

Lemma 4.2. The representation Ax satisfies
trAK(h) = €K g(h)7
for all h € E* with vg(h) relatively prime to n.

4.3. We now change notation, and let 1 = A, p be the representation of G which
is automorphically induced by p. By Proposition 3.4, 7 € ASY(F) and 7 = FT g
for some tamely ramified character u = g, Fl of E*. In particular, 7 contains an
extended maximal simple (J, A), based on the same simple stratum [2, [, 0, 5] as in
section 4.1. Replacing & by & does not change the constant e = +1 of (4.1.1),
since er depends only on the action of E* on Q, which in turn depends only on
£1UL.

We recall the automorphic induction equation. The cyclic extension K/F' cor-
responds, via class field theory, to a cyclic group Yx,p of characters of F*. We
choose a generator s of Y, p; following the conventions of [3], we form the -
twisted character =7 of 7, relative to the s-operator which acts as the identity on
the #-isotypic subspace of . Writing Gk for the G-centralizer of K*, we have [16]
3.11), [I7),

E7(h)=c8(h) Y trp’(h), heGknG

™ reg?
oy

where G, is the set of elliptic regular elements of G. In this formula, & is a

transfer factor: in the conventions of [16], 6(h) = A2(h)/AY(h). The factor c is
some non-zero constant.
We prove:

Theorem 4.3. Let (E/F,§) € P,(F), and suppose that E/F is totally ramified.
Let K/F be a cyclic sub-extension of E/F. The character p = K/F g satisfies

(4.3.1) w(h) = eper cd(h),
for every h € E* such that vg(h) is relatively prime to n.

Proof. Let A be the unique irreducible representation of J = E*J!(3,2l) which
occurs in 7w and contains the simple character . With our definition of =7, we

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



702 C. J. BUSHNELL AND G. HENNIART

have [3, 15.8]:

Er(h)= Y s(deta™") tr A(z " ha).
ze€G/J

We evaluate this sum exactly as in Proposition 4.1 to get

SEW =er Y sddeta) pog (),

acAut(E|F)

valid for h € E* of valuation prime to n.
We consider the character values tr p?(h), for o € X and h as before.

Lemma 4.3. Let h € E* have valuation prime to n, and let o € X. Then
tr p?(h) = 0 unless o extends to an F-automorphism of E.

Proof. For each o € X, we choose t, € G such that conjugation by t, induces the
action of o on K. Suppose that tr p?(h) = tr p(t,ht, 1) # 0. As in Proposition 4.1,
there exists © € Gk such that zt,ht, 12~ € EX which implies 2t, € Ng(E>) and
hence the result. O

We can apply the considerations of section 4.2 to the representation p? in place
of p. In particular, p° gives rise to a constant e&?) = £1. For h as before and
o € X, we obtain

et ()= Y e € (h),
acAut(E|F),
alK=c
with the understanding that the sum is zero when the index set is empty. In all,
therefore,

€F Z »(det o) u*€*(h) = cd(h) Z e(glm E*(h).

acAut(E|F) acAut(E|F)

This relation continues to hold on replacing h by hu, for u € UL. The definition
[16] shows readily that §(hu) = d(h), so

er Y ldeta) pEX () e (w) = cd(h) Y e ex(n) e (u),

acAut(E|F) acAut(E|F)

for h € E* with vg(h) prime to n and u € U},. Since (E/F,§) is admissible and
E/F is totally ramified, the characters £ of U} are distinct, as o ranges over
Aut(E|F). We therefore multiply the last equation by &(u)~! and integrate over
U} to get the result. O

Remark. The formula (4.3.1) determines the character p completely. However, we
cannot give it an explicit form since the value of the constant ¢ is unknown. Note
that the function §(h) depends only on n and the extension K/F (modulo certain
normalizations independent of £). We will show elsewhere that, with our definition
of the twisted trace, the constant ¢ depends only on the restriction ¢ | U}, whence
the same is true of . We do not use that property in this paper.
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4.4. We now specialize to the case where n is odd, and prove Theorem B of the
Introduction:

Theorem 4.4. Let (E/F,§) € P,(F). Suppose that n is odd and that E/F is
totally ramified. We then have

Fite =0g/F o Np/p.

The discriminant character 6g/p is easy to describe: it is given by a Jacobi
symbol

vr(z)
op/r(x) = (%) , TEF”

(see, for example, [2, 10.1.6]).

4.5. The first step in the proof of Theorem 4.4 is:

Proposition 4.5. Let (E/F,&) € P,(F), withn odd and E/F totally ramified. Let
K/F be a cyclic sub-extension of E/F. The character K/FHg is then trivial.

Proof. Since E/F is totally tamely ramified, there exists a prime element w of F
such that @w" = wp is a prime element of F. We consider the transfer factor (w"),
for integers r relatively prime to n.

Lemma 4.5. As r ranges over the integers relatively prime to n, the function
r+— §(w") is constant.

Proof. To compute the transfer factors, we follow the recipes in [16]. We need to
fix a generator oy of X and an element e, which, since n is odd, we may set equal
to 1. The character relation in Theorem 4.3 shows that the |§(h)| is constant on
G-special elements of EX. In the definition of the transfer factor, |6(h)] = A(h)~!,
so it is enough to show that the function r +— A?(w") is constant.

We have og(w™) = nw™, for some d-th root of unity 1. For 0 < i < d—1, the
eigenvalues of o (w) are therefore (‘zw, where ( ranges over the m-th roots of . In
the notation of [16], we have A2 = o0 A and

Alw) =™ 02 T T -,
0<i<j<d—1 (1,(2

where (1, (5 range independently over the m-th roots of 7.
We can describe the double product

n= JI JJ«-¢&)
0<i<gj<d—1 (1,¢2

in another way. Let 11, o range independently over the n-th roots of unity. Then
IT is the product of all differences (11 —7n2), subject to two conditions: n* # n3* and
exactly one of the possibilities +(n; —n2) occurs.

We apply the same analysis to A(w”), (r,n) = 1, to obtain

Av(wr) _ iwrmzd(—l)/ZH.
Since n is odd and K/F is totally ramified, we have »(cwwp) = 1. Thus
(™ MA=D/2) = (T D2y = 1,

Likewise, s(—1) = 1, so A%(@w") = »#(Il) = A?(w), as required. O
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Returning to the proof of the proposition, we have p(w") = cepex 6(w”), when-
ever (r,n) = 1. The character y is trivial on U}, and also on F*, since og/p = 1.
In effect, therefore, i is a character of the group E*/F*U} = Z/nZ. The lemma
shows that it is constant on the generators of this group and, since n is odd, x4 must
be trivial. |

4.6. The proof of Theorem 4.4 relies on an auxiliary result (which does not require
our assumption that n is odd).

Theorem 4.6. Let (E/F,§) € P,(F), and suppose that E/F is totally ramified.
Let L/F be unramified of degree d, with (d,n) = 1. Write {f, = { oNgr/p. The
pair (EL/L,&p) is then admissible and

L7e, = b r(pme).

We shall prove this in the following paragraphs. We first use it to complete the
proof of Theorem 4.4.

We proceed by induction on n. Let £ be the least prime divisor of n and let K/F
be the unique sub-extension of E/F of degree . By the induction hypothesis, we
have

0p/k ke = L(Indp/k ).

The character 0p i is unramified and hence of the form ég/x = ¢ o Ng/p, for
some unramified character ¢ of F'*, having the same order as dg/ k. In particular,
»? = 1.

If K/F is cyclic, we have 6x/p = 1 and, by Proposition 4.5, Ax/p(x7e) = pre
whence

¢-rme = A p(0p/k - kTe) = L(Indg)p §).
However, g/ = 52%, dp/k | F* = @' = ¢, as required for Theorem 4.4.

We therefore assume that K /F is not cyclic. We put o = Indg,p&. Welet L/F
be the unramified extension obtained by adjoining to F' a primitive /-th root of
unity. Let k = [L:F]; since k < £ and £ is the least prime divisor of n, we have
(k,n) = 1. Applying Theorem 4.6, we get
(4.6.1) L7, = b p(rme).

The extension LK/L is cyclic so, by the first case,

LT, =0prn/-L(or),

where o, = o | Wp, = Indgr,, §r. The character dgy,/r is just 6 p o Np/p, s0

(4.6.2) L7e, =br/p(0p/r - L(0)).

Comparing (4.6.1), (4.6.2), we get pme = X0g/p-L(0), for some unramified charac-
ter y of F* such that x* = 1 [8] 2.6]. However, comparing central quasicharacters,
we get
€ =X"0pp deto = X"05 16
since n is odd, this reduces to X" = 1. We also have x* = 1 and (k,n) = 1, so
x = 1, as required.
This completes the proof of Theorem 4.4. (I
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4.7. We now prove Theorem 4.6. We abbreviate 7 = pme, 7 = 7, and II =
bz /p m. In this notation, we have to show that w, = IL.

The endo-class ©(rp) is given by O(m.) = Rpr/r(Er | UL, ) whence
(4.7.1) Ri,/pO(7L) = O(7);
thus ©(7r) is an L/F-lift of ©(7). (Indeed, it is the unique L/F-lift of ©(r).) On
the other hand, this equals ©(II), by [6 (7.1)]. The representations II, 7z, have the

same central quasicharacter, namely wr o Ny p. Since £ /F is totally ramified, we
deduce:

Lemma 4.7. There is an unramified character x of L* such that x™ = 1 and
T = XH.

We have to show that x = 1.

4.8. We pass to the group G(L) = GL,(L), and set ¥ = Gal(L/F). The pair
(LE/L,&L) gives an extended maximal simple type (Jr, Ar) in 7z, which we now
describe. Write 2, = A®,,. 01,; the quadruple [z,1,0, ] is then a simple stratum
in A(L) = My(L) and, setting ¢y, = 9 o Try,p, there is a simple character
0, € C(Ay, B,4¢r) such that €1, (A1) is the unique L/F-lift of Ex(0) [3] (11.2) et seq].
We may therefore take J;, = EL*J'(3,2) and assume that Az | J1(3,2%L) = 0z,
the unique irreducible representation of J*(3,2lz) containing y,.

The character 6, is X-stable (remark following [3, (11.3)]), and the same there-
fore applies to nr. It follows (¢f. Lemma 4.1) that Ay is X-stable.

We choose a generator o of X'. The quasicharacter &;, of LE* is Y-stable, so we
can extend it to a quasicharacter £, of LE* x X by setting &/, | X = 1. Likewise,
Ay, admits an extension to a representation of J; x X.

Lemma 4.8. Let /TL be a representation of Jy, x X which extends Ay. There is a
non-zero constant €y such that

tr AL (@" eo) = €, £ (@' Cao) = ¢, €L (@ (o),
for all integers r such that (r,n) =1 and all { € pp, v € U},.

Proof. Set Jp = J'(3,r) and Hj = H'(B,%z). Observe that the assertion to be
proved only concerns the restriction of AL to EXJ}.

Write 6, = éL | Hi x Y. There is a unique irreducible representation 7j;, of
J} % ¥ which restricts, on H} x X, to a multiple of §;. This representation
7z, is inflated from a representation of the finite group J; x X/Ker 6y, of order
dp?®, for some integer s. The group E* acts, by conjugation, as a cyclic group of
automorphisms of order n, which is prime to dp®. This action fixes 777, and so gives

rise to a Glauberman sign e, = +1. Thus there exists a unique representation Ap
of EXJ} x X such that

tr A (@' Cxo) = e, £(w"Cxo) = e, (@ (),
for (r,n)=1,( € pp, z € UL.
Finally, we note that Ay | EXJ} x X is of the form ¢ ® Ay, for some character
¢ of X. The result follows, with €, = e ¢(o). O

We put
L= c—Ind?L(i);E Ar.
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This is an irreducible representation of G(L) x X' extending 7p,.
Again we say that an element h of Jr is G(L)-special if vz (deth) is relatively
prime to n.

Proposition 4.8. Let h € J, be G(L)-special. Then
tr 7y (ho) = epey trm(Nyh),
where Ngh is the o-norm of h in G.

Proof. Let h € Jp be G(L)-special. We have vp(det N,h) = dvr(det h); since
(d,n) =1, the element N,h is G-special.

We write Ji = J1(B,2.). We have h = jhy, where hy € LEX and j € J}.
The element ho acts on J}, by conjugation, as an automorphism of finite order
relatively prime to p. It follows that ho is J}-conjugate to an element jihqo, where
J1 € Ji commutes with hyo. That is, ho is J}-conjugate to an element of LE* 0.
If h € LE*, we have Noh = Npg/p(h) so Ny(h) is an elliptic regular, G-special
element of G.

Let h,h’ € LE* be G(L)-special, and suppose that h’'c = z~'hox, for some
x € G(L). The o-norms of h, h' are then conjugate by the same element x, whence
Neg/e(h') = a:_lNLE/E(h)x. Each of these norms generates E/F. We conclude
that conjugation by z is an L-automorphism of LFE, which we now denote by a.
This satisfies a(w) = (w, for some n-th root of unity ¢ in L.

We consider the element z~'hox = a(h)r~lox. Conjugation by the element
x~loxo~! is an L-automorphism of LE mapping @ to 0~ (¢~!)(w. By definition,
we have a(h)z"tozo™! = K, so a7 loxzo™! € J,. The automorphism of LE
induced by z7loxo~! is therefore trivial, so ¢ commutes with o and therefore
o(¢) = (. It follows that o € Aut(EL/L) = Aut(E|F). Therefore, if h € LE* is
G(L)-special, we have

trw(ho) = €, Z E(a(h))

acAut(E|F)

=¢, Y. &aNpgp(h)

acAut(E|F)
= e tr (N, h),

by Proposition 4.1, and the result follows. ([

4.9. We return to the representation Il = by,p 7 = x7, where x is unramified

and x" = 1. We extend II to a representation Il of G(L) x X there is then a
non-zero constant c¢ such that

trII(ho) = ctrm(N,h),

for all h € G(L) such that N,h is a quasi-regular element of G [3, Appendix]. In
particular, if h € LE* is G(L)-special, Proposition 4.8 gives

epey trip(ho) = trm(Noh) = ¢ trI(ho) = ¢ ' x(det b) tr 71, (ho).
In other words, there is a constant ¢’ such that

x(det h) tr 7 (ho) = ¢ tr g (ho),
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for all G(L)-special elements h of LE*. We now write x = ¢ o Ny /g, for some
unramified character ¢ of F* satisfying ¢™ = 1 (as we may, since (d,n) = 1).
Invoking Proposition 4.8 again, there is a constant ¢’ such that

d(det z) trm(z) = ¢’ trw(x),

for all G-special © € E* with vp(detz) =0 (mod d).

The representation 7 is totally ramified so, given a € Z, there exists ¢ € G
with vp(det g) = a and trw(g) # 0. By Proposition 4.1, if (a,n) = 1, we can take
g € E*. Therefore ¢ must be constant on (F*)Ur, whence ¢¢ = 1. Since ¢" =
and (n,d) = 1, we have ¢ = 1, as required.

This completes the proof of Theorem 4.6. (]

APPENDIX. CHARACTERS OF TAME EXTENSIONS

We gather here some elementary results concerning quasicharacters of finite,
tamely ramified extensions of the base field F'. While these are, broadly speaking,
well known, they are also widely forgotten. They are scattered in literature which is
now rather old, often in the wrong degree of generality. It seems more satisfactory,
therefore, to collect them in this brief appendix.

For our present purposes, we define a representation o € SZ(F ) to be essentially
tame if its restriction to the wild inertia subgroup of Wy is a sum of characters.

A.1. Let E/F be a finite, Galois, tamely ramified field extension and put I" =
Gal(E/F). The basic fact, on which all depends, is that the I'-modules UR, n > 1,
are cohomologically trivial. The same applies to Ug when E/F is unramified. (See
[26] for a comprehensive account of such matters.) Consequently:

Lemma. (1) Let E/F be a finite, Galois, tamely ramified field extension, and let
K/F be a sub-extension with A = Gal(E/K). Let x be a character of
Ug“ with n > 0 (orn > —1 if E/K is unramified). Then x factors
through Ng, i if and only if X° =, for all § € A.
(2) Suppose, in (1), that x | Upt" factors through N x. Let e = e(E|K) and
m = [n/e], so that Up™ N K = UP™ = Ng,(Ug™). There is then a
unique character n of U}?H such that x | Ug“ =noNg/k-
(3) Let E/F be a finite, tamely ramified field extension and let x be a character
of Ug, for some n > 0. There exists a unique sub-extension Ey/F of EJF
such that x factors through Ng g, and which is minimal for this property.

In (3), the field Ey arises as follows. Let L/F be the normal closure of E/F
so that, in particular, L/E is unramified. Set x; = x o Nz,g, and let A be the
subgroup of Gal(L/F) which fixes xz | UF. Then Eq = LA,

A.2. We return to the notion of “admissible pair”, defined in the Introduction.
The first property of these pairs is:

Proposition. Let (E/F,§) be an admissible pair. Then Indg,p € is irreducible and
essentially tame.

Proof. Let L/F be the normal closure of E/F. In particular, L/E is unramified.
We put I' = Gal(L/F), A = Gal(L/E).

Suppose, for a contradiction, that Indg,r § is reducible. By Mackey’s criterion,
therefore, there exists g € I', g ¢ A, such that £ and &9 have the same restriction
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to Wr. This says that the quasicharacter £ o Ny, of L is invariant under the
subgroup 2 = (A, g) of I' generated by A and this element g. The restriction of £ to
U} therefore factors through Ng/x, where K = L. Since (E/F, ) is admissible,
the extension E/K is unramified. Therefore L/K is unramified. The group {2
therefore stabilizes £/ and, by definition, it stabilizes the quasicharacter { o Ny, /g of
L*. This quasicharacter therefore factors through Ny, and so £ factors through
Ng/k. Since (E/F,§) is admissible, we have K = E and the desired contradiction.
The final assertion is immediate. (]

A.3. Let (E/F,€) be an admissible pair; the equivalence class of the representation
o =Indg,p { depends only on the F-isomorphism class of (£/F,{) and o is surely
essentially tame. Thus we have a canonical map

P(F) — G/(F),

A3.1

for every n > 1.
Theorem. For every n > 1, the map (A.3.1) is a bijection.

Proof. Let o € GS*(F) act on the vector space V. Let L/F be a finite, tamely
ramified, Galois extension such that o | Wy, is a direct sum of quasicharacters.
Let n be a component of o | Wy, viewed as a quasicharacter of L*, and let A
be the subgroup of Gal(L/F) which fixes n | Ut. Set K = L?. The implied
representation 7 of Wx on the isotypic space V" is irreducible and, by Clifford
theory, 0 = Indg/r 7. On the other hand, there is a quasicharacter ¢ of K> such
that po Ny, /x agrees with n on U L 50T 2 ¢®p, for some irreducible representation
p of Wy trivial on Wy. Thus p can be viewed as an irreducible representation of
A2 Wg /Wp. The Galois extension L/K is tamely ramified, so p is of the form
p = Indg/k p, where E/K is an unramified extension in L and u is a tamely
ramified quasicharacter of E*. We put { = ji- (¢ o Ng/) to get 0 = Indg,p §.

We next show that the pair (E/F,¢) is admissible. Clearly, condition (1) in the
definition is satisfied, since Indg,r & = o is irreducible. Let K’ be an extension
of F'in E and ¢’ a character of Uj, such that ¢' o Ng i = & | UL. The group
Gal(L/K') therefore stabilizes { o Ny | UL =1 | UL, so K’ D K whence E/K is
unramified. Thus (E/F,£) is admissible and the map (A.3.1) is surjective.

Finally, we have to show that (A.3.1) is injective. With o and (E/F,§) as
before, suppose we have another admissible pair (E'/F, ') such that Indg: g §' = 0.
Enlarging L if need be, we can assume that both E and E’ are contained in L. The
quasicharacters £ o Ny, /g, £ o Ny /g of L* are then conjugate under Gal(L/F).
Replacing (E'/F,{') by an F-isomorphic pair, we can assume that {’ o Ny g =
£oNp/p. Let A be the subgroup of Gal(L/F) fixing these quasicharacters on U}
and set K = L4: this is indeed the same as the field K attached to o = Indg/r €
in the first paragraph of the proof. Thus £’ D K and, by admissibility, £'/K is
unramified. The fields E, B’ are both unramified extensions of K inside L, and of
the same degree n/[K:F]. Therefore E = E’, and we may assume again that L/F
is the Galois closure of E = E’ over F. Applying the analysis of the first paragraph
to o =Indg,/r &, we get

7 =Indg/k € = Indp €'
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Since E/K is cyclic, this implies that the quasicharacters £, £’ of E* are conjugate
under Gal(E/K), whence the pairs (E/F,§), (E'/F,¢’) are F-isomorphic. Thus
(A.3.1) is injective, and we have finished the proof. O

A.4. Let 0 € G%(F); we define T(0) to be the group of unramified characters y of
F* such that y ® 0 2 ¢. Since det(x ® o) = x™ - det g, the group T'(0) is cyclic of
order t(o) dividing n.

Proposition. Let (E/F,&) € Py(F) and let 0 = Indg,p €. Then t(o) = f(E|F).

Proof. If x is an unramified character of ', let us abbreviate x o Ng/p = xE.
Then x ® ¢ = Indg,p §’, where &' = £ - xp. If x/(EIF) = 1, then xg = 1, so we
deduce that f(FE|F) divides t(o).

In the opposite direction, let x € T'(0). The pair (E/F, xg€) is surely admissible,
and so F-isomorphic to (E/F,€§). That is, there exists a € Aut(FE|F) such that
xe& = &% Since xg is unramified, this implies that « fixes £ | Ug. If K is the
fixed field of «, this implies that ¢ | UL factors through Ng/k, whence E/K is
unramified. Now we can deduce that £ | Ug factors through Ng, i as well. Any
quasicharacter of E* agreeing with § on Ug therefore factors through Ng,g. In
particular, this applies to £&. By admissibility, « = 1, so xg = 1, and x/(PIF) =1,
as required. O

Corollary. Let o € G°(F). The following conditions are equivalent:

(1) o is essentially tame;
(2) p does not divide n/t(o).

Proof. If o is essentially tame, it is of the form Indg/r &, for some (E/F,§) € P, (F),
and so the implication (1) = (2) follows directly from the proposition. Conversely,
suppose p t n/t(c). If E/F is unramified of degree t(o), there is an irreducible
representation 7 of Wg such that o = Indg,r 7. The dimension of 7 is prime to p
so, when we restrict 7 to the pro-p group Pp, it becomes a sum of characters. The
same therefore applies to o, which is therefore essentially tame. ([
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