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THE FAILURE OF RATIONAL DILATION
ON A TRIPLY CONNECTED DOMAIN

MICHAEL A. DRITSCHEL AND SCOTT MCCULLOUGH

1. INTRODUCTION

Let R denote a domain in C with boundary B. Let X denote the closure of R.
An operator T on a complex Hilbert space H has X as a spectral set if o(T") C X
and

AN < 1fllr = sup{lf(2)] : 2 € R}

for every rational function f with poles off X. The expression f(7T") may be inter-
preted either in terms of the Riesz functional calculus, or simply by writing the ra-
tional function f as pg~! for polynomials p and ¢, in which case f(T") = p(T)q(T)~*.

The operator T has a normal B-dilation if there exists a Hilbert space K con-
taining H and a normal operator N on K so that

(1.1) () = Prf(N)|n,
for every rational function f with poles off the closure of R. Here Py is the orthog-
onal projection of K onto H.

It is evident that if T has a normal B-dilation, then T has X as a spectral set. The
Sz.-Nagy Dilation Theorem implies that the closed unit disk is a spectral set for T
if and only if 7" has a unitary dilation. A deep result of Agler says that if the closure
of an annulus A is a spectral set for T, then T" has a normal boundary of A-dilation
[2]. Despite a great deal of effort, there has until recently been little progress in
determining whether or not these examples are typical or exceptional for finitely
connected spectral sets. The problem may be formulated in terms of contractive
representations of the algebra of rational functions on the spectral set. Arveson
showed [8] that rational dilation holds precisely when such representations are au-
tomatically completely contractive. Hence the problem bears some resemblance to
the famous problem of Halmos, solved by Pisier [30], on similarity to a contraction,
where the question hinged on deciding whether bounded representations of the disc
algebra are completely bounded.

Agler, Harland and Raphael [5] have recently given an example of a triply con-
nected domain R and a 4 x 4 matrix with X as a spectral set such that this
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matrix does not have a normal B-dilation. In this paper we give a proof that for
any bounded triply connected domain with analytic disjoint boundary components,
there is an operator T" with X as a spectral set which does not have a normal B-
dilation. It can be shown that T' can be taken to be a matrix [27], but the argument
does not give a bound on the size. Our proof, in contrast to that of Agler, Harland
and Raphael, does not use numerical computations. Nevertheless it borrows freely
from and overlaps considerably with [4], [3], [B]; see also [6], [11], [12]. We implic-
itly employ the rank one bundle shifts over R [I], [31], the representation for the
corresponding reproducing kernels in terms of theta functions due to Fay [20] and
Ball and Clancey [10] (see also [15], [16], [13], [32]), and some elementary compact
Riemann surface theory.

For the remainder of the paper we assume —1 < ¢y < 0, 0 < ¢ < 1 are two
points on the real axis, 0 < 7, < min|cg|, |1 — cx|, and that R is a region obtained
by removing disks with centers ¢ and radii 74 from the unit disk. By [14], any
bounded triply connected region with boundary components consisting of disjoint
analytic curves is conformally equivalent to an annulus with a disk removed. By
scaling and rotating if necessary, we assume that the outer boundary of the annulus
is the unit circle and that the center of the removed disk is on the real axis. By
choosing a point between the removed disk and the central disk of the annulus
and applying a Mobius transformation mapping the unit disk to itself and the
chosen point to the origin, we get a region R of the sort described initially. Hence
there is no loss of generality in restricting ourselves to such regions. Note that
in this case, the boundary B of R consists of three components, By = {|z| = 1},
By ={|lz—c1| =71} and By = {|z + ca| = r2}. We set X = RU B.

As it happens, only three parameters are really needed to distinguish confor-
mally distinct triply connected domains, so there is some redundancy in using the
four parameters ¢y, co, 1, 79. However, we will later require that no minimal inner
function on our domain have a zero of multiplicity three at 0 (all such functions
are normalized to have 0 as a zero). We will show that in choosing the point to
move to the origin in going from the annulus with the disk removed to the unit disk
with disks on either side of the imaginary axis removed in the previous paragraph,
there is a choice that enforces this condition on the zeros of these inner functions
(Corollary 213)).

The main theorem of the paper is the following (see also Agler, Harland and
Raphael [3]).

Theorem 1.1. For R a bounded triply connected subset of C the boundary B of
which consists of disjoint analytic curves, there exists a Hilbert space H and a

bounded operator T on H so that R is a spectral set for T, but T does not have a
normal B-dilation.

Here is the idea of the proof. We assume without loss of generality that R is
the unit disk with two smaller disks removed, each centered on the real axis and
on opposite sides of the imaginary axis. Let C denote the cone generated by

{H(2)(1 = ¢(2)p(w)")H(w)" : ¢ € BH(X), H € Ma(H(X))},

where BH(X) is the unit ball in the supremum norm of the space of functions
analytic in a neighborhood of X, M3(H(X)) the 2 x 2 matrices of functions analytic
in a neighborhood of X. For F' € My(H(X)), we set

pr =sup{p>0:1—p*F(z)F(w)* €C}.
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It happens that pp > 0. Suppose that F' is unitary-valued on B and that pp < 1.
Then there exists a Hilbert space H and an operator T" such that 7" has X as a
spectral set, but 7" does not have a normal B-dilation (Theorem [5.2]). We also show
that if FF € My(H(X)) is as above and pp = 1, then under suitable assumptions
regarding zeros, F' has a Herglotz representation (Theorem [B.I0). The kernel of
the adjoint of multiplication by F' in this case has its kernel spanned by a finite
collection of reproducing kernels due to Fay (a variant on the Szeg6 kernel for
harmonic measure—Lemma [5.17]), and this results in F' being diagonalizable (The-
orem [5.13). Our counterexample is obtained by constructing a function satisfying
the boundary conditions and hypotheses concerning zeros mentioned above which
is not diagonalizable. For such a function, pr < 1, and hence rational dilation fails.

The organization of the paper differs somewhat from the outline of the proof
mentioned above. Minimal inner functions play a key role throughout, so we begin
by detailing the results on harmonic functions and analytic functions with positive
real parts which are related to these inner functions via a Cayley transform. Much
of this material can be found in Grunsky’s monograph [22] for more general planar
domains. These inner functions are used to give a “scalar” Herglotz representation
theorem for functions analytic in a neighborhood of R with unimodular boundary
values (Proposition 2.14]). The reader is also referred to [5], where the importance
of Herglotz representations in characterizing spectral sets is cogently presented.

We then seemingly digress into some basic results on Riemann surfaces and
theta functions, which are useful in constructing meromorphic functions on a com-
pact Riemann surface with a given zero/pole structure. The compact surface ¥
we consider is very special: it is the double of our two-holed region R, obtained
topologically by gluing a second copy of R to itself along B. Our minimal inner
functions extend to meromorphic functions on the double via reflection, and indeed
the same goes for matrix-valued inner functions.

Using fairly elementary tools, we are able to say quite a bit about the zero
structure of the minimal inner functions on R based on the parametrization of these
functions. We then extend results on scalar inner functions to some 2 x 2 matrix-
valued inner functions, constructing a family of such functions which will ultimately
give rise to our example of such a function with a particular zero structure which
is not diagonalizable.

We then turn to considering Szegd kernels K%((,z) on R with respect to har-
monic measure for the point a € R. The truly remarkable fact discovered by Fay
[20] is that these kernels extend to meromorphic functions on the double Y. Indeed,
Fay gives a representation for K*((,z) in terms of theta functions and the prime
form. Ball and Clancey [I0] give a similar representation, which is actually a bit
more explicit as it only involves theta functions for the n-torus family of Abra-
hamse kernels associated to a multiply connected domain of connectivity n + 1.
The explicit nature of the theta function representation of the meromorphic kernels
K%(¢, z) allows the determination of their zero/pole structure. Next we consider
certain finite linear combinations of K((, z) with coefficients in C?, and show that
if an analytic function is in the span of certain kernels, then it must be constant.
This is used later to prove the diagonalization result mentioned above.

We next turn to representing nice 2 x 2 matrix-valued inner functions—these
are functions which are unitary valued on the boundary with what we term a
“standard” zero set—see section B2 for the definition. First we show the connection
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between the failure of rational dilation and ppg being strictly less than one for
some contractive analytic function F' with unitary boundary values. We make
a brief foray into matrix measures, and then prove that when pp = 1 for such
functions, we have a nice representation for 1 — F(z)F(w)*. Part of this relies
on an Agler-Nevanlinna-Pick interpolation result (Proposition [.8]), proved using a
transfer function representation, as well as a uniqueness result (Proposition [(£.9]).
First we show that a Herglotz type representation holds over finite subsets of points
in R for such an F'. This is then extended to all of R via the interpolation theorem,
and if the finite set of points was chosen in just the right way, this extension is
unique. The result is what we term a “tight” representation.

In the next section we return to Fay’s kernel, and use it to prove our diagonal-
ization result. We show that some of the matrix inner functions constructed earlier
are not diagonalizable, proving our main theorem.

The last section shows why, once we know that rational dilation fails, there is a
finite-dimensional example. This part is based on work of Paulsen [27].

2. SPECTRAL SETS AND SOME FUNCTION THEORY ON R

We begin with some standard material on spectral sets. Then we review har-
monic functions, analytic functions of positive real part, and inner functions on R,
the unit disk with two disks removed as described above.

2.1. Spectral sets. Let H(X) denote complex-valued functions which are analytic
in a neighborhood of X, and M>(H(X)) the 2 x 2 matrices of such functions. We
likewise let R(X) denote the rational functions with poles off of X, with Ma(R(X))
defined in the obvious manner. For f in either H(X) or M (H(X)) define

1= lfllr = sup{llf(2)]| : z € R},

where || f(2)|| is the modulus of the scalar f(z) or the operator norm of the 2 x 2
matrix f(z) respectively.

Throughout the rest of this section T is a bounded operator on the complex
Hilbert space H which has X as a spectral set.

To the operator T associate the homomorphism, ¢7 : R(X) — B(H) by ¢r(p/q)
= p(T)q(T)~!, p and ¢q polynomials. When T has a normal B-dilation, equation
(1) can then be expressed as ¢r(f) = Py f(N)|H for f € R(X). Using the Riesz
functional calculus and Runge’s theorem, the map ¢ extends continuously to ¢ :
H(X) — B(H). Conversely, a contractive unital homomorphism = : H(X) — B(H),
that is, a unital homomorphism satisfying

(NI < Ifllz

for f € H(X), determines an operator with X as a spectral set.
If T has a normal B-dilation as in (L)) and if G is in M3(R(X)), then

G(T) = PuenG(N)H® H.
Since, by the maximum principle, ||G(N)| = ||G||r, it follows that
(2.1) IGD) < IGll&-

Indeed, the same reasoning implies this for any G € M, (R(X)), or equivalently,
that ¢r is completely contractive.
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If FF e My(H(X)) (so that the entries F} ¢ of F' are analytic in a neighborhood
of X), but not necessarily rational, it then still makes sense to consider, on H ® H,
the operator

F(T) = (F;(T))
where the Fj (T are defined using the Riesz functional calculus.

Lemma 2.1. IfT has X as a spectral set and a normal B-dilation, and if F' € H(X)
is unitary valued on B, then
[1E(D)] < 1.

Proof. Choose a compact set K so that the interior of K contains X and K is a
subset of the domain of analyticity of F'.

Using Runge’s Theorem (entrywise), there exists a sequence G,, of rational 2 x 2
matrix-valued functions with poles off K which converges uniformly to F' on K.
From standard results about the functional calculus, {G,(T")} converges to F(T)
in the operator norm. Since | F||g = 1, the sequence {||G,| g} converges to 1. An
application of equation (2. and a limit argument completes the proof. (I

Remark 2.2. The set X is a complete spectral set for an operator T' € B(H) if
IE(T)|| < ||IF||r for every n x n (no bound on n) matrix-valued rational function
with poles off of R (the norm || F||g defined in the expected way). It is a result of
Arveson that if X is a complete spectral set for T, then T has a normal B-dilation
[9), [8]; see also [29], [28]. (Arveson’s result is actually stated and proved for a
commuting n-tuple of operators with a domain in C™.)

The following may be found in Conway [18].

Lemma 2.3. If 7 : H(X) — B(H) is a contractive unital homomorphism, then
X is a spectral set for T = w(¢). Here ((z) = z. Moreover, if f € H(X), then
7(f) = £(T).
Proof. Given X ¢ X, the function f)(z) = (z—\)~! € H(X). Thus, as 7 is a unital
homomorphism,

I=7(1)=n(fa-(C=A) =7(fA)m(C =) =7(f3)(T = A).
It follows that the spectrum of 7" is in X.

If f =p/q € R(X), p,q polynomials, then w(f) = f(T) since 7 is a homomor-
phism and f(7T) can be defined as p(T)q(T)~!. Since ||7(f)| < ||f|r, it follows
that X is a spectral set for T'.

Finally, if f € H(X), then by Runge’s Theorem, there exists a sequence {f,}
from R(X) which converges uniformly to f on a compact set K containing X. By
continuity, both {f,(T)} converges to f(T) and {n(f,)} converges to m(f) (in the
operator norm). Since f,,(T) = 7(fy), it follows that f(T) = = (f). O

For F € M>(H(X)), define
w(F) = (w(Fj,g)) .
Thus, 7 is defined entry-wise.

Proposition 2.4. Suppose m : H(X) — B(H) is a contractive unital homomor-
phism and let T = w(¢). If T has a normal B-dilation and if F is a 2 X 2 matriz-
valued function analytic in a neighborhood of R and unitary valued on B, then
[ (F)[| < 1.
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Proof. By Lemma2Z1] ||F(T)| < 1. On the other hand, by Proposition23] F(T) =
w(F). O

2.2. Harmonic functions. Most of the results and discussion in this section come
from Fisher’s book [21].

For each point z € R there exists a measure w, on B such that if h is continuous
on X and harmonic in R, then

h(z) = /B B(C) dw ().

The measure w, is a Borel probability measure on B and is known as harmonic
measure for the point z.

For z € R, dw, and Lebesgue measure ds are mutually absolutely continuous.
Thus there is a Radon-Nikodym derivative,

dw,
P(-,z2) = PR
This is also the Poisson kernel for R; that is,

1 0
P('vz) = T oron (s 2),

where g(+, z) is the Green’s function for the point z, n the outward normal.

If h is a positive harmonic function in R, then there exists a positive measure p
such that

(2.2) h(z) = /B P(C, 2) du(C).

Conversely, given a positive measure i, the formula (2.2)) defines a positive harmonic
function in R. Note that

h(0) = /B dyi = p(B).

Let h; denote harmonic measure for B;. Thus, h; is the solution to the Dirichlet
problem with boundary values 1 on B; and 0 on By, £ # j. Alternatively,

i) = [ P(G.2)ds(0)

where ds is normalized arc length measure for B (Nehari [26], section VII.3).
The symmetry in the domain R yields a simple but useful symmetry for the h;.

Lemma 2.5. For z € R, hj(z) = h;(z").
Proof. This is obvious from the definition of h;(z). O

2.3. Analytic functions with positive real part. As in the last section, some
of the results can be found in the book of Fisher [2I]. The material on extreme
points of the set of normalized analytic functions with positive real part is a special
case of that found in Grunsky [22].

If p and h are as in the formula (Z2), then the periods P;j(h) of the harmonic
conjugate of h around Bj, j =0, 1,2, are given by

Pj(h) = /BQj dp,

where @); is the normal derivative of h;. Of course h is the real part of an analytic
function if and only if P;(h) =0, j =0,1,2.
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Lemma 2.6. The functions QQ; have no zeros on B. Moreover, Q; > 0 on B; and
Qj <0 on By forl #j.

Before proving Lemma we note the following consequence.

Lemma 2.7. If h is a nonzero positive harmonic function on R which is the real
part of an analytic function and if h is represented in terms of a positive measure
w as in equation (22]), then p(B;) > 0 for each j.

Proof. If u(B1) = 0, then, as Q1 < 0 on By U Bg, Pi(h) < 0. Thus, u(B;) > 0. A
similar argument holds for u(Bs).

Let hg denote harmonic measure for By. Then Z(Z) h; = 1. Consequently,
Zg Q; = 0. On the other hand, from the proof of Lemma [2:6] Qo > 0. Thus,

if u(By) = 0, then
2
/ Qj dp
By
2

2
jz_:l/Bdeﬂ

=—> | Qudu<o,
¢=1"Be

implying that not both P;j(h) = 0. So we must have pu(Byp) > 0. O

J =1

Proof of Lemma[26l Let h; denote harmonic measure for Bj. Thus, h; is the
solution to the Dirichlet problem with boundary values 1 on B; and 0 on By, £ # j.
Alternatively,

m:) = [ PG dse)

where ds is normalized arc length measure for B.
The functions Q); are related to the h; by

oh,;
Q] = a_ja
n
where the derivative is with respect to the outward normal to the boundary. Note

that, for j = 0, 1, 2, the partial derivatives % are evidently nonnegative on B; and

nonpositive on By, for £ # j, from which it follows that @; > 0 on B; and Q; <0
on By for { # j.

Let R’ denote the reflection of R about By by z — 1/z*. The functions h;
naturally extend to harmonic functions on X U R’ by

hj(1/z%) = =h;(2).
Thus, @Q; extends to R'.

If @Q; were to have infinitely many zeros in B, then (); would be zero. By
the Cauchy-Riemann equations, izj, a harmonic conjugate of h; exists on By for
j = 1,2. Moreover, since ); < 0 on By and has only finitely many zeros on
By, i~zj is strictly decreasing (in the positive orientation on Bp). In particular,
l~1j is one-one on By. Observe, if @); is zero at a point ( € By, then, as the
derivative of h; tangential to B at ( is also 0, the function f = h; + ih~j is
analytic near ¢ and has zero derivative at . It follows that f is at least two

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



880 M. A. DRITSCHEL AND S. MCCULLOUGH

to one in a sufficiently small neighborhoods of {. But then th could not be one to
one on By near (, a contradiction. Hence Q; < 0 on By (j = 1,2).
Similar arguments show @; > 0 on B; and @; < 0 on By for ¢ # j. O

LetH:BOXleBg.

Lemma 2.8. For each p € 11, the kernel of
_ Q1(po) Qi(p1) Qi(p2)
M(p) B (QQ(po) Q2(p1) Q2(p2)>

is one-dimensional and spanned by a vector with all entries strictly positive. In

particular, there is a continuous function T : Il — R3 such that 7(p) is entry-wise

positive, the sum of the entries is one, and 7(p) is in the kernel of M (p).
Moreover, T reflects the symmetry in the domain. Namely,

T(pOaplapZ) = T(p37p17p2) = T(p07p>{7p2) = T(p()vplvp;)'

Proof. Computing the cross product of the rows of M(p), we get the vector with
entries

Q1(P1)Q2(P2)—Q1(P2)Q2(P1),
Q1(p2)Q2(po)—Q1(po)Q2(p2),

Q1(po)Q2(p1)—Q1(p1)Q2(po)-

This vector is in the kernel of M(p) and by considering the signs of the @); on the
boundary components By, one easily checks that the signs of the last two entries
are positive. It is also clear from the signs of the entries that the rows of M (p) are
linearly independent. Hence M (p) is rank two and its kernel is one dimensional.
To finish the proof of the first part of the lemma, it remains to show that the sign
of the first entry is positive. Since Z?:o hj(P) =1 for P € X, it follows that for
P e B;or Pe By, that

Q1(P) + Q2(P) = —Qo(P) > 0.
Thus,
Q1(p1)Q2(p2)—Q1(p2)Q2(p1)
Q1(p1)Q2(p2) + Q1(p1)Q1(p2) — Q1(p1)Q1(p2) — Q1(p2)Q2(p1)
= Q1(p1)(Q2(p2) + Q1(p2)) — Q1(p2)(Q1(p1) + Q2(p1))
=~ Q1(p1)Qo(p2) + Q1(p2)Qo(p1)-

Examination of the signs of the terms on the right-hand side above shows that the
first term is indeed positive.

To prove the last part of the lemma, simply note that the symmetry in the domain
implies each h; is symmetric, h;(2*) = h;(z) and thus, Q;(2*) = Q;(z). O

The lemma allows the construction of canonical analytic functions of positive
real part on R, since, by construction,

(2.3) hp =Y _75(p) B(-, ;)
is a positive harmonic function with no periods. Indeed, h, corresponds to the
measure ) 7;(p) dp, in equation ([Z2). In particular, by our normalization of 7,

hy(0) = 1.
Let f, denote the analytic function with real part h, such that f(p) = 1.
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Let H(R) be the locally convex metrizable topological space of holomorphic
functions on R with the topology of uniform convergence on compact subsets of
R. The space H(R) has the Heine-Borel property; i.e., closed bounded subsets of
H(R) are compact. Let

K={feH(R): f(0)=1,f+f" >0}
The set K is easily seen to be closed.
Lemma 2.9. The set K is compact.

What needs to be shown is that K is bounded—in other words, that for each
compact subset K C R there exists an My so that |f(z)| < Mk for all f € K and
z e K.

That K is bounded is straightforward in the case that R is replaced by the unit
disk, and we consider this case to begin with.

Let P,.(#) denote the Poisson kernel and @,.(6) the conjugate Poisson kernel,

1—r?
Pr(a) = 14+7r2—2r COS(G)
. 27 sin(6)

1472 —2rcos(f)’

If U is a positive harmonic in the unit disk D with U(0) = 1, then there is a
probability measure p so that

U(rexp(if)) = ’ P.(0 —t)du(t).

—T

The harmonic conjugate V of U normalized by V' (0) = 0 is given by
V(rexp(if)) = [ Qr(0 —1t)dpu(t).

Thus, as p is a probability measure, for each 0 < r < 1 there is a constant M, so
that if |2| < r, then |U(2)],|V(2)| £ M,/2. By conformal mapping, the result is
seen to hold for any bounded simply connected domain.

The proof of the lemma is based upon the above result for simply connected
domains, using the fact that R can be written as the union of two simply connected
domains.

Proof of Lemma[29. Tt suffices to show that for each compact set K there is a
constant My so that if f € K and z € K, |f(z)| < Mg. In fact, it is enough to
work with the compact sets of the form

K={z|<l1—¢e}n{lz+ca|>rm+en{lz+ca| >rs+e},

for € > 0 sufficiently small.
First, observe that if f is holomorphic with positive real part on R and f(0) = 1,
then for each € > 0 there is a constant N, so that for all z € K., h(z) < N, by
virtue of the representation (2.2]).
Given € > 0, the open simply connected sets
R¥ = {z:a+bieK§ b > —

€

min(ry, r2)
2
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contain 0 and their union is K¢. After conformal mapping from the disk taking 0
to 0, it follows that there exists M* so that if f is analytic on R with f(0) = 1,
then for all z € R, |f(2)| < MZ. O

Lemma 2.10 ([22]). The extreme points of K are precisely {f, : p € I1}.

Proof. It is evident that each f, is an extreme point of K. So consider the converse.
Let f € K. The real part of f is a positive harmonic function h with A(0) = 1.
Hence there exists a probability measure p such that

h(z) = /B P(C, 2) du(C).

Suppose the support of u on By contains more than one point and so can be
written as the union of disjoint sets A, Ay C By with p(A;) > 0.
Let

Qjp = / Qj dlh = 1,2
Ay
and

Rjm = / Qj d,u, m = 1, 2.
B

Since h is the real part of an analytic function,

0= / Q; du.
B
Thus, x;1 + kj2 + (o1 + j2) = 0. Since also Q; < 0 on By for j = 1,2,

Kj1+ k2 = —(aj1 +aj2) > 0.

This gives £1,1 > |k1,2] = —K1,2. Hence the determinant of k = (k; ;) is positive.
Since the determinant of x = (k; ;) is positive the solution of

ki1 Kiz) (Bre) _ _ (o1
K21 K22 52,@ Q2 ¢
1 R2.2 —HK1,2 —Q10\ 51,@
detk \—k21 K11 —Qup Ba.e

In view of the signs of the & ,, and «a;, < 0, it follows that 31 ¢, 52, > 0.
Define positive measures vy by

ve(A) = p(ANAp) + Bie w(ANBy) + B¢ ,u(A N Bs).

is given by

Then
/ Qjdve=aje+ K51 P10+ Kj2P20=0
and therefore each ’
he= [P0 (<)
is the real part of an analytic functiontg with g¢(0) = v(B). Since also vq + vy = p,

we have hi + ho = h. Thus, geg—(%) € K and

P00 (55) v o0 (2.

We conclude that f is not an extreme point.
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Next suppose By is a disjoint union of sets Ay, Ay with p(A;) > 0. Let
Qg = / Qj dlh = 1,2
Ay
and
Kjm = / Qj;du, m =0,1.
BTYL
This time the signs are a1 > 0, age < 0, K50 < 0, K12 < 0, and K22 > 0. So,
with
_ (R10 K12
R =
<f€2,0 /<62,2)

the determinant of x is negative. Thus, the solution of
W (Do) _ _ (e
B2,e Qs
1 koo —hiz2)\ (—oae) _ (P
detk \—K2,0 K10 —Qay Ba,e

In view of the signs of the entries and of det(x), the ;¢ are all nonnegative.

Define positive measures vy by
ve(A) = p(AN Ag) + Boe t(AN Bo) + B2, (AN Ba).

is given by

Then
/ Qjdve = o+ KjoBos+ Kj20B20=0
B
and therefore each

he = /B P(-,¢) dve()

is the real part of an analytic function g, with g¢(0) = v(B). Since also vq + vy = p,
we have hi + ho = h. The argument proceeds as before, with gf—{o) € K and

f=91(0) <g1g—(10)> +92(0) (gffo)) '

We conclude that f is not an extreme point. O

Lemma 2.11. The set of extreme points of K is a closed set and the function
taking 11 to K by p — f, is a homeomorphism.

Proof. Tt suffices to show, if p(n) € II converges to p(0) in II, then f,,) converges
uniformly on compact subsets of R to f,). Since K is compact and {fp)} is
a sequence in K, some subsequence, still denoted { f,(,)}, converges to some f €
K. Let hy,(,) denote the real part of fj,) and let pu, denote the measure which
represents /() so that

hp(n (2) = /BP(C, z) dpn
and p, = Y 7;(p(n)) dp(n),, where 7 is defined in Lemma 28 See also equation

23).

The measures 1, converge to the measure o weakly so that hy,,)(z) converges
to hp(o)(2) pointwise in R. It follows that Ay is the real part of f. Thus, {fym)}
converges, in H(R), to f,). Since every subsequence of our original subsequence
has a subsequence which converges to fyq), the whole subsequence converges to
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Jp(0)- This shows that the mapping is continuous. Since II is compact, it follows
that our mapping is a homeomorphism and its range is compact. (I

2.4. Scalar inner functions on R. Up to post composition by a Mébius trans-
formation, the inner functions on R with precisely three zeros are canonically pa-
rameterized by the 2-torus, T2?. Details may be found in the book by Fay [20].
This section contains an alternate description of this family using results from the
previous sections. The following is well known (see, for example, Fisher [21], Ch. 4,
ex. 6,7).

Proposition 2.12. A nonconstant inner function ¢ on R has at least three zeros
counting with multiplicity. Moreover, if ¢ has exactly three zeros, zg, z1, 22, then
forj=1,2,

> hi(z) = 1.

£=0

As a first application, the last proposition allows us to show that we may assume
that our region supports no inner function with a zero of multiplicity three at 0, and
so consequently we will take it that R has this property throughout the remainder
of the paper.

Corollary 2.13. We may assume without loss of generality that there is no inner
function on R with a zero of multiplicity three at 0.

Proof. Suppose f is an inner function on R with exactly three zeros counting
multiplicity. Then if f takes the value f(z) with multiplicity three where z €
(c1 4+ ri,c0 —12) (ie., f(2) — f(z) has a zero of multiplicity three at ), there is a
Mobius transformation m of the disk to itself fixing 1 and moving f(z) to 0. Thus
m o f is an inner function with zero of multiplicity three at the origin. Hence by
Proposition 2121 hj(xz) = 1/3. Since h; is continuous and equal to 1 on By, if we
choose x close enough to ¢; + r; € By, it will be the case that hy(z) > 1/3, and
so f does not take the value f(z) with multiplicity three for any inner function
with three zeros. Now take a Mobius transformation mapping x to the origin. This
takes R to a new region which again has the property that it is a region which is
the unit disk with two smaller disks removed on either side of the imaginary axis
and centers on the real axis. O

For p € I, let

(bp = fp 1»

fr+1

where f, is the extreme point of K corresponding to the point p = (pg,p1,p2)
in IT as in the previous subsection. The real part, hp, of f, is harmonic across
B\ {po,p1,p2} and therefore f, is (at least locally) analytic across B\ {po, p1,p2}.
‘Z]j_—(;? for some g; analytic in a neighborhood
of s; and nonvanishing at p; ([2I], Ch. 4). From these properties of f,, it follows
that ¢, is continuous onto B and |¢,| = 1 on B. By the reflection principle, ¢,
extends to be analytic in a neighborhood of B. Since ¢, is inner and extends
analytically across B, and ¢, L{1}) = {po, p1,p2}, it follows that the preimage of
each point z € D is exactly three points, counted with multiplicity. In particular,
¢p has precisely three zeros.

Furthermore, near p;, f, has the form
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On the other hand, suppose ¢ is analytic in a neighborhood of R, has modulus
one on B, and three zeros in R. As above, it follows that ¢~1(1) consists of three
points. Moreover, the real part of

_|_

©-

1
f_1
is a positive harmonic function which is zero on B except at those points z where

#(z) = 1. By Lemma 27 we must have ¢~ ({1}) = {po,p1,p2} where p; € B;. So
if we also assume ¢(0) = 0, then ¢ = ¢, for some p € II.

-

Proposition 2.14. If v is analytic in R and if || < 1 on R, then there exists a
positive measure p on Il and a measurable function h defined on I1 whose values
are functions h(-,p) analytic in R so that

1*M@wa:/h@MHf%QWAMWMmeM@)

Proof. First suppose ¥(0) = 0.

Let 144
= 1y
Verify
_f-1
w_f+1
and hence,
. f(z) + f(w)*
(.4 L R GG D Gy 1)

Since h, the real part of f, is positive and f(0) = 1, the function f is in K defined
in the previous subsection.

Since K is a compact subset of the topological vector space H(R) and the set of
extreme points {f, : p € II} of K is a compact set by Lemma 2.11] there exists a
(regular Borel) probability measure v on II so that

f=Ahw@-

Using the definition of ¢, and equation (2.4)), verify
* 1 — ¢p(2)gp(w)*
1— = d .
SN = [ T G e T
If 1(0) = a, then one has a representation as above since

1_<;q2;£0(A%Zgzg)ﬁ_u—amxl—MA¢wr>

(1= a*(2))(1 — avp(w)*)’
O

While we have used the three parameters in IT to parameterize the inner functions
with exactly three zeros, after rotation, really only two are needed. Indeed,

¢p(1)*¢p = g,
where ¢ = (1,q1,42), ¢; € B for j = 1,2, are the unique points such that ¢,(q;) =
Pp(1).
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3. SOME RIEMANN SURFACES AND THETA FUNCTIONS

We review some of the results from the theory of Riemann surfaces which we will
need subsequently. In particular, we look at theta functions, the use of which in
operator theory was pioneered by Clancey [I5], [I6]. The presentation here borrows
heavily from Ball and Clancey [I0] as well as Mumford [24], [25], and Farkas and
Kra [19].

Let Y denote the double of the bordered Riemann surface X = R U B. Recall
Y is obtained topologically by gluing a second copy R’ of R along B. The complex
atlas is then found by anti-holomorphically reflecting the complex structure from
X to R’. Since By is the unit circle, the anti-copy R’ of R may be thought of as the
reflection of R in By given by z +— 2z*~!. In particular, there is an anti-holomorphic
involution J : Y — Y which fixes B. For { € R, J( is its twin in R'.

Note that Y is a compact Riemann surface. It is important since we can some-
times extend analytic functions defined on R to meromorphic functions on Y. In
particular this is true for inner functions, which extend by reflection.

We get a lot of mileage out of a few basic tools for analyzing meromorphic func-
tions on compact Riemann surfaces. To begin with, if such a function is nonconstant
and takes a given value n times, it takes all of its values n times (counting multi-
plicity). Furthermore, and as a consequence, such a function has equal numbers of
zeros and poles. Finally, a meromorphic function on a compact Riemann surface
without zeros or poles is constant.

The material in subsections is solely for describing the zeros of the Fay
kernel in Section [l The reader who is willing to accept the statement of Theorem
may skip these parts.

3.1. Minimal meromorphic functions on R. Our Riemann surface Y also
comes naturally equipped with a conformal involution which fixes 6 points, namely

u(¢) = J(¢"):

Geometrically, ¢ is rotation by 7 in the axis through +1. The fixed points of the
involution are precisely the Weierstrass points of Y, namely +1, ¢; £71, catro ([19],
Cor. 1, p. 108).

If f is a meromorphic function on a compact Riemann surface, then there is a
number n, the degree of f, so that f takes each value n times, counting multiplicity.
In particular, if f has just one pole, then f is one to one and the Riemann surface is
conformally equivalent to the Riemann sphere. Thus, a nonconstant meromorphic
function on Y must have at least two poles (and zeros).

Up to post composition by a Md6bius transformation, there is a unique mero-
morphic function ¢ on Y with precisely two poles. Moreover, ¢ is ramified with
branching one at the Weierstrass points.

The construction of a meromorphic function with two poles and zeros found in
Farkas and Kra ([19], Theorem II1.7.3) is the following. The Riemann surface Y,
obtained as the quotient of Y by the map ¢ +— ¢~1(¢), is a Riemann surface of
genus zero by the Riemann-Hurwitz formula. Thus, Y is conformally equivalent to
the Riemann sphere, and the canonical quotient map

Y —Y
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followed by a conformal map from Y to the Riemann sphere generates the desired
meromorphic function. From this construction it is evident that if ¢ is any mero-
morphic function with two poles and two zeros, then ¢r = ¢. Another way to see
this is that ¢ — ¢ has zeros at the six Weierstrass points, while it has at most four
poles, and so must be constantly zero.

Proposition 3.1. If f is a meromorphic function on Y with precisely two poles
Q1 and Q2, then Q2 = 1(Q1). In particular, f cannot have one pole in R and the
other in X = RU B. The same statement holds if we consider zeros rather than

poles.

Proof. From the discussion above, f ot = f. The conclusion for the poles of
f follows. By considering 1/f the conclusion for the zeros of f is also seen to
hold. O

Using the proposition it is possible to show that a unimodular function on R
which takes the value 1 at exactly one point on each boundary component B; and
is 0 at 0 is uniquely determined. Of course, this is also evident by construction and
has already been used.

Corollary 3.2. Suppose p; € Bj, for j =0,1,2. If f,g: X — C are analytic in a
neighborhood of X, unimodular on B, f~1({1})NX =g 1({1})NX = {po, p1,p2},
and f(0) = g(0) =0, then f =g.

Proof. By the maximum modulus principle, f and g are strictly less than one in
modulus in R. The functions f and g reflect to meromorphic functions on Y, which
can take the value 1 only on the boundary of B. Thus, the functions are globally
three to one and so have three zeros in R and three poles, at the reflected points,
in R'. In particular, f and g share the zero 0 and pole JO.

Consider the function g

Y= 1—a

g
The zeros of 1 — f and those of 1 — g agree, so that ¥ can only have poles at the
poles of f. Since one of these poles matches a pole of g, ¢ has only two poles (and
two zeros). However, these poles are poles of f which both are in R/, contradicting

the proposition. Hence, it must be that ¢ is constant so that 1 — f = ¢(1 — g).
Since f(0) =g¢(0) =0, c=1. O

We can also describe minimal inner functions which agree at two of their zeros.

Lemma 3.3. If ¢, and ¢ have two zeros in common (0 and one other) and ¢,(1) =
¢p(1) = 1, then either they are equal or the remaining zeros form a conjugate pair.
In the case that p = (1,p1,p2) and p = (1,p1,P2), then ps = pa and so g5 = ¢p.

Proof. If ¢, and ¢5 have all three zeros in common, then they are equal, and
there is nothing to prove. So assume instead that they have two common zeros
(0 and z1) and unequal zeros 2z, Z» for ¢, and ¢;, respectively. Then ¢,/¢; has
two simple zeros and poles, z9, JZo and 2o, Jza, respectively. By Proposition Bl
Jzg =129 = J(%3), or Zy = 23.

Now suppose that ¢, and ¢; have common zeros 0 and z1, and that p = (1, p1, p2)
and p = (1,p1,P2). Then unless ¢,/¢p; is constant, ¢,/d5 — 1 has the same two
poles as ¢,/¢5. It would then have exactly two zeros, namely 1 and p;. Now apply
Proposition Bl and note that ¢(1) = 1 # p;. The result then follows. O
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Lemma 3.4. Let p = (1,p1,p2). If the zeros of ¢, are all real, then p1,ps € R.

Conversely, for p= (1,c1 —11,¢c2 —132), the zeros of ¢, are all real. In fact, ¢,
has a zero at zero and one zero in each of the intervals (—1,¢1 —r1) and (ca+12,1)
on the real azis in R.

It turns out that for p = (1,¢1 +r1,¢0 —1r2) or p = (1,¢1 — 71, c2 +12), the zeros
of ¢, are also real.

Proof. Suppose that the zeros of ¢, are real, and define q~5p = ¢p(¢*)*. Then qu has
the same zeros as ¢,. Hence the ratio of these two functions has no zeros and so
must be constant. Since both equal 1 at 1, it follows that they are equal everywhere.
In particular,
Pp(cj £15)" = dp((c; £15)")" = ¢plc; £75)

so that ¢, (c; ;) is real (in each of the four cases). Since ¢, maps each B; one-one
onto the unit circle, it follows that ¢, takes the value 1 at one of the points ¢; &7}
on Bj, j = 1,2 and this gives the conclusion of the lemma.

For the converse, define qu as above. Since the entries of p are real, Corollary
implies ¢,(¢) = ¢,(C*)* so that ¢, is real on the real axis. Since also ¢, takes the
value 1 at ¢; —r; and by assumption there is only one point on B; where ¢, equals
1, it takes the value —1 at the points c¢; + r;. The intermediate value theorem
now implies that ¢, has at least one zero in each of the intervals, (—1,¢1 — r1),

(c1 + r1,c2 —r2), and (c2 + re,1). Since ¢, has exactly three zeros the result
follows. U

For t = (t1,t2), t1,t2 € [0,27), let p1(t) = ¢1 — riexp(ity) and ps = co —
roexp(ite). These points are on the two inner components of the boundary. On
the outer boundary we just use 1. Accordingly, let p(t) = (1, p1(t), p2(¢t)) € II and,
for notational ease, let 1y = ¢p;y. Then Yy = ¢p_y).

Lemma 3.5. There exist t1,ts nonzero such that vy has three distinct zeros 0, z1, 22
with z1, zo both nonreal.

Proof. Write 0 for (0,0). From the second part of Lemma B4l ¢y has distinct real
ZEros.

Now suppose that t = (¢1,0). If 7 > ¢; > 0 is small enough, the zeros 0, z1, 25 of
1)y are still distinct. By the first part of Lemma [3:4], if these zeros are all real, then
t; is a multiple of m. On the other hand suppose that one of the nonzero zeros of
1y, say 21, is real. Then v and ¢_; share 0 and z; as zeros, as well as both being
equal to 1 at 1 and ¢; —r5. Hence by Lemma B3 they are equal, implying that p; (¢)
is real, or equivalently, that t; is a multiple of 7. Since we have chosen 0 < t; < ,
this cannot happen. Thus we must have that both zeros of 1; are nonreal for small
enough t1.

Finally, if we choose t; such that 1, ) has nonreal roots, then by continuity,
for small enough to, 1 will still have nonreal roots with ¢t = (¢1,¢2). Again, for ¢
small enough, these zeros will still be distinct. O

3.2. Some matrix inner functions. We now construct a family of 2 x 2 matrix-
valued analytic functions which are unimodular on the boundary B and have pre-
cisely 6 zeros in R starting from certain positive 2 x 2 matrix-valued harmonic
functions on R. This will later provide the basis for our counterexample.
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For our purposes, a matrix-valued F' : R — M5(C) has simple zeros in R if
Z ={ay,...,a,}, the zeros of det(F'), have multiplicity either one or two, and if
the zero z € Z has multiplicity two, then F(z) = 0.

Definition 3.6. We say that F' has a standard zero set if F has distinct simple zeros
0,a1,...,a4 € R, with the first having multiplicity two and the others multiplicity
one. If furthermore, §; # 0 are such that F(a;)*6; =0, j =1,...,4, then no three
of the §;’s are collinear.

While it is not required immediately, we also ask that Ja; # P, k = 1,2,
where P;, P, are poles of the Fay kernel K%(-,2) (defined in Section H). This last
assumption plays an important role in the diagonalization arguments in Section
B8l In this regard it is also useful to know that the points P;, P, are real and
distinct (see Lemma [A]). Also not required immediately but ultimately useful is
the assumption that each ¢, is sufficiently close to some ey, a standard basis element
of C%2—how close being determined by Theorem A3l

We take t and p(t) as at the end of the last section.

Recall M(p) and 7(p) from Lemma 28 For notational purposes, write p(t) =
(1,q1,42). Let 7 denote the common value of 7(1, ¢1, q2), 7(1, ¢5, ¢2), 7(1, q1, ¢5 ), and
(1,41, 43)-

For 0 <n <1, let P_ﬁ denote the projection onto the span of ne; + (1 — 772)%62
and P" denote the projection onto (1 —n2)2e; —nes (so P!+ P" =1). Define H,;
by

H, ;= 1P(-, )I+7P(-,c1 — 11 exp(itl))Pi + 7P e1 — 1 exp(—itl))Pi
-|-7'2]P)(', —Co — T exp(itg))PfZ + TQIP)(', —Co — T exp(itg))PE.

That is, given € C? a unit vector, (H, ;(¢)x,z) is the positive harmonic function
on B corresponding to the measure

$2|2)

72 (Blos + (1= ) baaf? + 8

Nm,z = T051+T1 (5q1|$1|2 + (Sqi«

(1- 772)%»’51 - 77552\2) :
Then
/BQj dpoe = 10Q; (1) + 11 (Qj(q1)|z1|* + Q;(¢7)|z2|?)
7 (Qi@)Irzy + (1= )bl + Qy(g3)|(L — ) 3ws — maal?)

Using @Q,(q;) = Q;(gx) and this choice of T gives
[ @i = 7000+ Qs (@) (1 + faP)
B

+72Q;(g2) (nzy + (1= )b (1 = )by — maaf?)
=710Q;(1) + 1Q;(q1) + 12Q;(g2)
=0.

Hence (H,,:(¢)x,x) is the real part of an analytic function. It follows that H, ;
is the real part of an analytic 2 x 2 matrix-valued function G, ;(¢) normalized by
Gpn4(0) =1
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Our desired functions are
(3.1) U, = (G — DGy + 1)L

Lemma 3.7. For each n,
1)

( \I/n,t

(2) Wy e(0) =0,

(3) \Ijn,t(l) = I)

(4) U, (q1)er = er and W, 4(q})ea = ea;

(5) Wy.e(qz)(mes + (1 ~ 1%)2es) = (ner + (1- 1%)2es) and
U,(g3)((1=n%)2er —mea) = (1 —n?)2er — nea;

(6) W, = Cgt ¢Ot> )

Proof. In the neighborhood of a point p € B, the Poisson kernel P({, p) is the real
part of a function of the form g,(¢)(¢ —p)~! where g, is analytic in a neighborhood
of p and does not vanish at p. Near any other point ¢ € B, P((,p) extends to a
harmonic function in a neighborhood of ¢ (see Fisher [21], chapter 4, proposition
6.4). Thus P(¢,p) is, near g, the real part of an analytic function, the real part of
which is 0 at q.

From the above discussion, if p € B is different from 1, g1, ¢7, g2, ¢5, then G, ; is,
at least locally, analytic in a neighborhood of p. Furthermore, G, + I is invertible
near p, since Gy, +(¢) = Hy +(¢) +1A((), for some self-adjoint matrix-valued function
A(¢) and Hy, +(p) = 0 for such a p. Thus, G, ++1 is invertible at p and by continuity,
also invertible near p. The relation

I =y t(Q)Wnt(0)" = 2(Gr Q) + 1)1 (Gt (C) + Gt () ) (Gt (O) + 1)

now shows that ¥, , is unitary at p.
From the definition of G, ;, in a neighborhood of 1, there exist analytic functions
g1, g2, h1, and hg so that the real parts of h; are 0 at 1, each g; is different from 0

at 1, and
91 h
G (<t 1),
ﬂvt(C) ( h2 ng)l

Thus,
(Goe(Q+ 1)1

a glgffl 924+ff1 — hihy \ —h2 %51_1
((92 +¢—-1)(C-1) —hi(¢— 1) >
—ha (¢ — 1) (g1 +¢=1)(C—-1)
(g1 +¢—1)(g2+¢—1) = hiha(¢ —1)?

Note that the determinant in the denominator is indeed different from 0 near 1,
and as ( — 1, it goes to g1(1)g2(1) # 0. Hence G, ¢ + I is in fact invertible. Next,
by directly computing (G, + — I)(Gpt+I1)~' = ¥, we see that U, ; is analytic in
a neighborhood of 1 and ¥, (1) = I.

Now move on to q;. Near this point there exist analytic functions g, hs, hs, and
h4 so that the real parts of the h; are 0 at gy, the function g does not vanish at ¢;
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9 _ p
= (—aq1 2
%t(% M)

Since hy + 1 has real part 1 at ¢;, whereas g(¢ — ¢;)~! has a pole and ha, h3 are
analytic at gi, we see that G, ; + I is invertible near ¢;. Furthermore, by direct
computation of ¥, = (G, — I)(Gy + 1)~ we see that ¥, , is analytic in a

neighborhood of ¢; and
1 0
\I/n,t(ch) = 0 ha(qr)-1 | -

ha(q1)+1

and

The analogous result holds for the point ¢j. For the points ¢o2, g5, the same
argument prevails by writing all matrices with respect to the orthonormal basis
{nex + (1= n?)2ea,mes + (1 — p*)2er} of C2.

Finally, (6) is easily seen from the definition of Hy; and the functions Gy,
‘Ifo,t- O

We are able to obtain some information on the zeros of ¥, ;, at least for certain
7.

Lemma 3.8. There exists an € > 0 such that for all 1 nonzero but less than €, ¥, ;
has a standard zero set.

Proof. Recall from our choice of ¢, the zeros of v, are distinct and, aside from 0,
are not real. Of course the zeros of ¥_,; are just the complex conjugates of those of

1. Thus
P 0
\I/ =
’ (o by
has a standard zero set.

By choosing a sequence 7,, converging to 0 and considering the uniformly bounded
sequence ¥,, = W, . there is some subsequence, still written as ¥,,, which con-
verges uniformly on compact subsets of R to some ¥. Consequently,

G =T +T,)(I—-T,)"
converges uniformly on compact subsets of R to
G=I+9)(I-w) "
Now H,,, the real part of G,,, is harmonic and
Hy = Ho = P(,g2) (ra () PI" — 72(0)PY) + B+, g5) (72 (1) P™ — 72(0)P°).

Thus, as both (P{" — P?) and (72(n,) —72(0)) converge to 0 with n (7 is continuous
by Lemma [Z8]), the H,, converge to Hy uniformly on compact sets. Since also
G(0) = I = Gp(0), it follows that the G,, converge to Gy and hence the ¥,, converge
uniformly to ¥y on compact sets.

Let d,,(¢) = det(¥,(¢)). This is analytic and unimodular on the boundary
and d,, converges uniformly to dy on compact sets. From Rouche’s theorem (or
else Hurwitz’s theorem—see Conway [I7]), the number of zeros of d,, is constant,
equaling 6. Indeed, these zeros vary continuously with n, and d, has a double
zero at 0. If we let 0,w;,wy denote the zeros of i, then the zeros of ¥_; are
0, w}, ws. Hence the zeros of ¥y are exactly given by ¥y(0) =0, ¥o(w;)e; =0, and
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Vo(w))ez =0, £ = 1,2, and, listed as 0, w1, wa, w, w3, they are distinct. Thus, for
large n the zeros 0, af, ay, af, ay of ¥, satisfy this assumption too.

Finally, if ¥,,(a7)*07 = 0 and a; is close to wy, then

Wo(w1)"dy = (Yo(wr) — Yo(ay))dy + (Yo(ar) — Un(al))dy.

For n large both terms on the right-hand side are small and thus for n large
is close to (a scalar multiple of) e;. Thus, for n large enough the ¢} satisfy the
assumption that no three are collinear. Finally, since the zeros vary continuously
with 1 and for 7 = 0 the zeros, aside from 0, are not real, whereas P;, P, are real
(and not zero—see Lemma []), for small enough 7, neither P; nor P will be a
zero of ¥, ; and the nonzero zeros of ¥, ; will be distinct.

This completes the proof. O

3.3. The period matrix and Abel-Jacobi map. Since the harmonic measures
h; vanish on By, for j = 1,2, they reflect across By by

hy(1/2") == Iy (2),
hy(J2) = — hy(2)

to a harmonic function on Y \ B;. Note, when R’ is viewed as the reflection of R
across By, hj is —1 on the reflection of B;.
While a harmonic conjugate h; of h; is only locally defined, the differential

d(h; + h;)
dz
is uniquely determined and globally defined. If  is a point of Y, then

fC d( h1+h1) dz
X(C) f( d( h2+h2) dz
depends upon the path of integration from —1 to ¢, but only up to the number of
windings of the path around the boundary components By, By and the number of
crossings of By, By (in passing from R to R’). The choice of —1 for the base point
is fairly canonical as it is a Weierstrass point for Y (see subsection B.1]).

The multiple-valued nature of y : Y — C? is concisely described by the period
matrix and period lattice for Y. Let

P, :1/ Mdz:/ oh; .o
gt ) By dz By 8774

Thus, P;, is the period of the harmonic conjugate of h; around B;. The 2 x 2
matrix P has positive definite real part and is called the period matrix for R. (Our
period matrix differs by a factor of 1/i from what most call the period matrix.)
Let L denote the lattice Z? + {PZ?. The Jacobi variety of Y is the quotient
Jac(Y) = C?/L. Let [2] denote the class of 2 € C? in Jac(Y). The mapping
0:Y — Jac(Y),

dz

x0(¢) = x(Q)]

is well defined and known as the Abel-Jacobi map. However, it will often be con-
venient to work with y, the multiple-valued version of xq.
Let e1, e5 be the usual basis for C2.

Proposition 3.9 ([19], p. 92). The Abel-Jacobi map has the following properties:
(1) xo is a one-to-one conformal map of Y onto its image in Jac(Y);
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(2) x0(JC) = —x0(C)";
(3) If ¢ € B, then —x(¢)* = x(¢) +n for some n € Z2.

Property (2) depends upon the choice of basepoint —1 € By. Property (3) follows
from the observation that for ¢ € B, h;(() is either 0 or 1.

3.4. The theta function and its zeros. Details for most of what follows in this
subsection can be found in Ch. IV of [19] and Ch. 2 of [24].

Let L be the lattice defined in the last subsection. The Riemann theta function
associated to L is the entire function on C? defined by

0(z) = Z exp(—m(Pn,n) + 2mi(z,n)),
nez?

where (-,-) is the usual inner product on C2.
Straightforward manipulations show that 8(z*) = 6(z)* and 6(—z) = 0(z).
The quasi-periodic behavior of 8 with respect to L is given by
0(z+0) = 0(2),

(32) 0(z + iPm) = exp(m(Pm, m) — 2mi(z, m))0(2),

where £, m € Z2.
Given e € C? write e = u+iPv, and define the theta function with characteristic

[e] by
Ole](z) =0 {z] (z2) = exp(mi((Pv,v) + 2(u — z,v))0(z — €)).
The function f[e] : C?> — C obeys the period laws
(3.3) 9[6]({+5) = exp(=2m((, v))0[e] (), |
0le](z 4+ iPm) = exp(2m(m, v)) exp(m(Pm,m) — 2mi(z, m))0e](z).

It turns out that almost all meromorphic functions and differentials on Y can be
represented in terms of translates 6[e](x(¢)) : Y — C2, which despite being multiple
valued has a well-defined zero set, the description of which is due to Riemann.

Theorem 3.10. There exists a constant vector A (depending upon the choice of
basepoint) so that for each e € C2, either 0[e](x(¢)) is identically zero, or 8e](x(¢))
has exactly 2 zeros Py, Py, and

X(P1) + x(P:) =e—A modulo L.

Here A is known as the vector of Riemann constants.
The set
N ={e € Jac(Y) : 0(x(¢) — e) is identically zero}

is a proper closed subset of Jac(Y).
3.5. The prime form. The following fact plays an important role in construc-

tion of the prime form and thus multiple-valued meromorphic functions on Y with
prescribed poles and zeros. Given e € C? such that 0(e) = 0, define

€e(C, ) = 0(x(€) — x(&) —e).

Theorem 3.11 ([24], Ch. 2, Lemma 3.4). If e € C?, §(e) = 0, and &, is not
identically zero, then there exists P € Y so that for each £ € Y, £ # P, the zeros of
Ole + x(£)](x(Q)), which coincide with the zeros of E.((, &), are precisely & and P.
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The following can be found in Mumford [25] (Lemma 1, p. 3.208), but see also
[20] and [10].
Theorem 3.12. There exists e, = %(u + iPv) € C? such that 2e, = 0 modulo L,
(u,v) is odd (equal to 1 modulo 2Z), and &, is not identically zero.

An e, as in this theorem is called a nonsingular odd half period and for the
remainder we take e, = %(u* +iPw,) as fixed. Note that §(e,) = 0, as the fact that
(U4, v,) is an odd integer implies 0(e,) = —0(—e,). Indeed, e, + e = 2u, € Z? so
that, using the periodicity of 6, for z € C2,

O0(z+e;) =0(z+e; +2u) =0(z —ey).
Hence 6(e.) = 0(—e.), and so O(e,) = 0.

Lemma 3.13. There exists a P € B so that for each £ € R, the multiple- valued
function E.,(¢,€) : Y — C given by &, ((, &) = 0(x(¢) — x(&) —ex) is not identically
zero and has zeros at precisely P and &.

Proof. From Theorem BIT], there is a P so that either & (¢, &) is identically zero,
or has zeros P and £. Accordingly, consider the multiple-valued function g : ¥ — C
defined by ¢(¢) = 0(x(¢) — x(=1) — ex). Since [x(—1)] = 0, we may assume
x(—=1) = 0. Thus g(¢) = 6(x(¢) — e«) and the fact that e, is nonsingular means g
is not identically zero. Hence g has zeros P and —1.

Ase, +ef € 72, there exists an n € Z? such that er = —e, +n. Similarly, as
X(JP) = —x(P)* modulo L, there exists a,b € Z* so that x(JP) = —x(P)* +a +
iPb. Hence,

g(JP)" =0(x(JP) —e.)"
=0(—x(P)"+a+iPb—e,)"
= (KO(—X(P)" — e))"

where k = exp[r(Pa,a) — 2mwi(—x(P)* — ex,n)] is nonzero. Thus, g(JP) = 0. It
follows that JP = P or JP = —1, in which case P = —1. Thus, JP = P and so P

isin B.
Since P is in B, &, (+,€) is not identically zero and the lemma follows from
Theorem B.111 O
Let

0.(2) = Ole.](z) = exp[sTi((Pus, vs) 4 (us — 2,0,))]0(2 — e.).
If z,w € Y are different from the P of Lemma B.13] then

(34) M _ eﬂ'i[x(z)fx(w)] 6(X(C) — X(Z) - e*)

0. (x(¢) = x(w)) O(x(¢) — x(w) —ex)
is multiple valued, but its zero/pole structure is well defined: it has a zero at z and
a pole at w. As we shall see, this will play an important role in defining reproducing
kernels on R with respect to harmonic measure.
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4. THE FAY KERNEL FUNCTIONS OF R

We now introduce the reproducing kernel K as found in Fay [20]. The descrip-
tion of these kernels involves the critical points for the Green’s function g¢(-, a) for
R at the point @ € R. A point w is a critical point if the gradient of g(¢, a) is 0 at
¢ = w. It is well known that in a region of connectivity n + 1 there are n of these
critical points ([26], p. 133). Thus, in R there are two. In the sequel we will have
use of the following fact about the location of these critical points for the choice
a=0.

Lemma 4.1. The critical points of the Green’s function g({,0) are on the real axis,
one in each of the intervals, (—1,¢1 —r1) and (cg + 12, 1).

Proof. For notational ease, let g(¢) = ¢(¢,0). From the symmetry of the domain,

g—f] = 0 on the z-axis in R. Since g is 0 at the points —1 and ¢; — r1, Rolle’s

Theorem implies there is a point —1 < w; < ¢; — ry so that g—i(wl) = 0. Thus, the
gradient of g is zero at wj. Similarly, there is a point ¢y + 72 < wg < 1 such that
the gradient of g at ws is also zero. O

For the remainder of the paper, we let P, = Jw; and P, = Jwsy, where wy, ws
are the critical points for the Green’s function for R at 0, g(-,0). Thus, Py, P, € R'.
These are the points P;, P, which appear in the definition of a standard zero set,
Definition

Theorem 4.2. There is a reproducing kernel K for the Hardy space H?(R,w,)
of functions analytic in R with boundary values in L*(w,), where w, is harmonic
measure for the point a. If z = a, then K%((,z) = 1. Otherwise, K®(¢,z) has
precisely the poles Py (a), Pa(a), Jz (where JPy(a) and JPs(a) are the critical points
for the Green’s function for R at a), and three zeros in'Y, one of which is at Ja.

Incidentally, the Hardy space in the theorem corresponds to just one of the
two torus parameter families of rank one bundle shifts over R [I]. Indeed, Ball
and Clancey [10] give a theta function representation for all of the corresponding
reproducing kernels, avoiding the use of the Klein prime form which Fay uses in his
formula for the kernel.

The reader who has skipped sections may wish to skip the proof and
proceed directly to subsection F11

Proof of Theorem[E2. There is an e € Jac(Y) so that

(4.1)
K¢, 2)
_ 0x(€) + x(2)* 4+ €) B(x(a) + x(a)* + ) O (x(a) + x(2)") O (x(C) + x(a)")

0(x(a) +x(2)* + ) 0(x(¢) + x(a)* +€) 0. (x(¢) + x(2)*) Ox(x(a) + x(a)*)

(See Fay [20], Proposition 6.15 and Ball and Clancey, [10].) Straightforward com-
putation using the periodic nature of 6 checks that the right-hand side is invariant
under x(¢) — x(¢) +n + iPm for m,n € C? so that K%((,z) is in fact single
valued and meromorphic in Y. Furthermore, according to Fay, for z € X, K%((, 2)
is analytic as a function of ¢ € R.
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One readily verifies from ([I]) that K*(¢,a) = 1, so assume z # a. Now examine
the zero/pole structure of the portion of the right side of ([@1]) depending on (:

(4.2) O(x(Q) + x(2)* +¢) 0. (x(O) + x(a)")
' O(x(¢) + x(a)* +€) 0. (x(¢) + x(2)*)

From the comments following B4), 0. (x(¢) + x(a)*)/0.(x(¢) + x(2)*) has a zero
at Ja and a pole at Jz. Each of the remaining theta functions has two zeros, which
we label Z;(z), Z2(z) for the top term and P;(a), Pa(a) for the bottom term. Hence
([Z2) (and so (1)) has zeros at Z1(z), Z2(z), Ja and poles at Pi(a), P2(a), Jz, the
latter of which are all in R’ U B, since K is analytic.

If any of the poles and zeros were to cancel, either K%((, z) is constant or has two
poles and two zeros. Since these kernels are linearly independent and K*(¢,a) = 1,
the first possibility cannot occur. In the second case we would be left with two
poles in R’ U B, which by Proposition B.] is also impossible unless Jz cancels with
Ja and the other two poles are in B. But then z = g and K%((,a) = 1, which we
have already ruled out. Hence K“((,a) has order three, with zeros and poles as
claimed. 0

4.1. Application of the theta function representation of K“. We assume
throughout that for j = 1,...,4, a; € B are distinct and 0 # §; € C? have the
property that no three are collinear (the properties of a standard zero set). As
usual e, ep are the standard basis for C2. We write Pp, P, for P;(0), P,(0), the
poles of KY(¢, 2).

Let MY denote the span of

{KO(C7 0)617 KO(C7 0)627 KO(C7 a‘l)(Slv e 7K(C7 a4>64}
:{61; eZaKO(Ca al)(sla e 7K(Caa4)54}~

Recall that given p € II there exists an s € By x By = T? so that, identifying
s with (1,s), ¢s = ¢p(1)*¢,. In particular, the zeros of ¢,, 2§ = 0,27, 25, depend
only upon s.

Theorem 4.3. Let af,...,a} be points in R so that Py, Py, J0, JaY, Ja3, Ja3, Jal
are all distinct. Let {e1,ea} denote the standard basis for C? and let 6 = 69 = e;
and 89 = 69 = ey. There exists an € > 0 so that if |a3 — a;l, (|67 — §;|| < e, and if

(4.3) Zc] (¢,a)0; +v

does not have poles at Py, Py, then h is constant; i.e., each c; = 0.
Furthermore, if h # 0 has a representation as in equation 3l), and if there
exist z1, 29 € B (not assumed to be distinct but not both zero) such that

WK (¢, 1) = Y fK (¢, a;)d; + v,

then h is constant, z1 = aj,, and 22 = aj,, the corresponding 6;, ’s may be taken to
be equal to h, and all the other terms are zero.

Note that the theorem is really a statement about the meromorphic functions
K°(¢,a;) on the double Y and so we view ¢ as a local coordinate on Y. Indeed,
by restricting ¢ to be near either P; or P, it may be assumed that all the points
¢, P, Py, Jay,...,Jay are in a single chart U C R’ (U is an open simply connected
subset of Y).
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With fixed a € R distinct from 0, JP;, JP,, where Py, P>, are the poles of the
kernel K°(¢,a), the residue of the pole of K°(¢,a) at P; is given by the value of
the analytic function of (,

(¢ = P)K°(C a),
at the point ( = P;. Let R;(a) denote this residue.

Lemma 4.4. The residue R;(a) varies continuously with a.

Proof. Consider the theta function representation for K°(¢,a) from Theorem
The function

f(Q) =0(x(¢) +x(0)" +e)

is analytic and single valued in U. Furthermore, f({) vanishes to order one at P;
and thus can be written as

F(Q) = (¢ = Pj)f;(Q),
where f; is analytic in U and f;(P;) # 0. Given a set W C U, let W* = {z*
W}. Choose neighborhoods V; and W of U so that F': V; x W* — C by
F(¢,a*) = f(OK (¢, a)
_ Q) + x(2)" +€) 0(x(0) + x(0)" + €) . (x(0) + x(2)") 6 (x () + x(0)")
O(x(0) + x(2)* + €) 0. (x(C) + x(2)*) 0+ (x(0) + x(0)*)

is analytic. Rewriting gives

F(¢ a)
(¢ = P)K (¢ a) = :
’ fi(€)
The lemma now follows from the fact that the right-hand side is analytic in (¢, a*) €
Vi x W. O

Proof of Theorem 3. Without loss of generality, we can assume ¢ > 0 is small
enough that the points Py, P, Jaq, ..., Ja4 are all distinct. Define

_ (Bi(ar) Ria2)
R(a1,a2) = <}{;(a1) 1?;(a2)>

and

RQ (ag) Rg (a4)
where R;(a) is the residue of K°((,a) at P; as in Lemma 4l
To prove that R(aq,az) is invertible, let

= (=)
C2
and f, = c1K°(¢,a1) +c2K°((,az). Note that R(a1,az)c = 0 if and only if f. does
not have poles at either P; or P,. In this case, if f. is not constant, then the poles
of f. are precisely the points Ja; and Jas, which gives the usual contradiction,

since both of these points are in R’. Thus, f. is constant. The kernel K°((,0) = 1,
so we can express this as

0=coK°¢,0) + 1 K¢ a1) + oK% (¢, az).

Since 0, a1, as are distinct, the functions K°(¢,0), K°((,ay), K°(¢,az) are linearly
independent and hence ¢; = ¢o = 0. Summarizing, if R(a1,a2)c = 0, then ¢ = 0.

R(as, as) = (Rﬂaﬁ -Rﬂad>
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It follows that R(aq,as) is invertible and by an identical argument, R(as,a4) is
invertible.
Consider the function F' defined for ¢; near 5? by

F:(R1(a1)51 Ri(a2)d2  Ri(as)ds Rl(a4)54>
Ry(a1)01 Ra(a2)ds Ra(as)ds Ra(as)ds)”

Thus, F takes values in My, the 4 x 4 matrices, viewed as 2 x 4 matrices with
entries from C2. Clearly F is continuous in ;. By Lemma [£4]it is also continuous

inag,...,as. Indeed, from the form of F' it is jointly continuous in a;, §;. Since F'is
1nvert1ble at a,89, it follows that there is an € > 0 so that if |a} —a;|, |69 — ;]| <,

then F' is invertible.
If a; and 6; are chosen such that F' is invertible and

ch (¢,a;)d; +v

does not have poles at P;, then

0= (B
.
c3
c4

=F

Hence ¢ = 0 and h is constant.
Now suppose h # 0 and there exist 21,20 € B (not assumed distinct but not
both zero) such that

(4.4) h(OK (¢, ) = > K (¢ a;)0; + vk, k=0,1,2,

where zg = 0 (and so K%((,z) = 1). Using k = 1 we see that Py, P are not poles
of h, since by the assumptions on the distinctness of the P.’s and a;’s, the right
side has a pole of order at most one at each Pk, while the left side has a pole of
order at least one at these points. Using & = 0 we see that h satisfies the hypothesis
of the part of the theorem which has already been proved. Thus A is constant.
The rest of the result now easily follows using the linear independence of the
kernels. (]

5. REPRESENTING NICE MATRIX-VALUED INNER FUNCTIONS

5.1. Hahn-Banach separation. Recall that H(X) denotes the set of functions
analytic in a neighborhood of X and R(X) the rational functions with poles off
X. Of particular interest is the set BH(X) consisting of those f € H(X) with
il < 1.

Let My(H(X)) denote the 2 x 2 matrices with entries from H(X) and similarly
define M2 (R(X)). For f € H(X), f* denotes its pointwise complex conjugate while
for F' € My(H(X)), F* is the pointwise adjoint.

For f,g € H(X) or My(H(X)) and h(z,w) = > f(2)g(w)* (with only finitely
many terms) we use the convention Y f(z)g(w)*(T) = >_ f(T)g(T)* to define
hT) = h(T,T™).

Let C be the cone generated by

{H(2)(1 = ¢(2)p(w)")H(w)" : ¢ € BH(X), H € My(H(X))}.
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Obviously we would get the same set if we were to instead assume that H is a
C2-valued function.

Lemma 5.1. If F € My(H(X)), then there exists p > 0 such that I — p? F(2)F (w)*

()

Proof. First, suppose
Choose 0 < 7 so large that { and Z are in BH(X). Then,
2721 — F(2)F(w)" =2 <(1)> (72— F(2)f(w)") (1 0)
+2(9) 02— sy 0 0+ (F)a-0 () awr).

Thus p = —L— satisfies the conclusion of the lemma.
P Vor

For general F write F(2)F(w)* = G(z)G(w)* + H(z)H(w)*, where G and H are
the first and second columns of F' respectively. There exist pg and pg so that both
I — pZG(2)G(w)* and I — p3, H(2)H (w)* are in C. With p? = L min{p%, p% 1},

[ - PF(2)F(w)" = I - pG()G(w)" — poH(z)H(w)"

= ST = PG w)") + 51— Py H()H(w)")

+ (%pé + %p?q - p2) :
Each term on the right-hand side is evidently in C. This completes the proof. [
Henceforth, for F' € M,(H(X)), we set
pr =sup{p>0:1—p*F(z)F(w)* € C}.

The following theorem is an application of the Hahn-Banach theorem. It is
central to our construction.

Theorem 5.2. If there exists a function F : R — M(C) which is analytic in a
neighborhood of X and unitary-valued on B such that pp < 1, then there exists
a Hilbert space H and an operator T € B(H) having X as a spectral set, but not
having a normal B-dilation.

Proof. The proof features a familiar Hahn-Banach separation argument and GNS
construction.

From the hypotheses, there exists a p < 1 so that [ — p?F(2)F(w)* ¢ C.

Let P be the vector space of finite sums

> hi(2)g;(w)*
where h;,g; are C?-valued functions analytic in a neighborhood of X. Note,
h(z)g(w)* is pointwise a 2 X 2 matrix.
The cone C is a convex subset of P not containing I — p?>F(z)F(w)* and by
Lemma .1l I is an internal point of C. Hence, there exists a nonconstant linear
functional A : P — C so that A > 0 on C and A(I — p*F(2)F(w)*) < 0. We have

A(I) > 0, as otherwise, from Lemma B A(H (2)H (w)*) = 0 for all H and hence
A =0 (see, for example, Holmes [23], § 11.E).
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Let Hy(X) denote the C2-valued functions analytic in a neighborhood of X. For
h,g € Ho(X), define
[h, 9] = A(h(2)g(w)").
Since the cone C contains h(z)h(w)*, the form [-, -] is positive semidefinite on Ha(X).
Given f analytic in a neighborhood of X, consider the mapping My : Hy(X) —
Hy(X) defined by multiplication by f so that M;g = fg. Let C; be the infi-

mum over all positive numbers such that Cif takes values in the closed unit disk.
Obviously, Cy = || f||r. For any g € C?,

(ot (1= LLED ) gty = a0 = Ffw) atw) <.
Thus,

CFlg. 9] — [Myg, Myg] = CiA(9(2)g(w)*) — AM(f(2)9(2)g(w)" f (w))
= Mg(2) (CF = f(2) f(w)") g(w)*) = 0,

as A is nonnegative on C. It follows that each M/ defines a bounded operator,
still denoted by M, on the Hilbert space H obtained from Hy(X) by modding out
[-,-]-null vectors and completing. Furthermore, ||M|| = Cy. In particular, with
T = M¢, where ((z) = z is the identity function, the set X is a spectral set for T
Here we are using f(T') = Mjy.

To see that T does not have a dilation to a normal operator with spectrum in
X, it suffices to show that F(T') is not a contraction for the F' in the statement of

the theorem. To this end, write
Fii Fio
F =
<F21 Fzz)

M M
t _ Fi Fa
E (T) B (MF12 MF22) ,

where F' denotes the pointwise transpose of F. Let e1, ey denote the (class of)
constant functions, e;(z) = e;, as elements of H. Compute

e rn)-((() ()

Fy Fy

so that

A ((Raf3) tracor P+ (203) trtor o)
= MF(2)F(w)*).
On the other hand,

< (Z) ) (Z;) > = Mereq) + Ale2e3) = A(I).

Combining the last two equalities gives

(= rayrmy(2).(2)) = - Ferw)

€2 €2

— ) (,712 - F(z)F(w)*) - (i _ 1) A(I) < 0.
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Therefore, |F*(T)|| > 1. On the other hand, ||F*||» = sup{||F(z)|| : 2 € X} is the
same as || F'||, since the norms of a matrix and its transpose are the same. In fact,
as F' is unitary valued on B, so is F' and thus ||F!||s = 1. It now follows from
Lemma 2] that T" does not dilate to a normal operator with spectrum in X. O

5.2. Matrix measures. This subsection is a brief digression from the main line
of development to collect some needed facts about matrix-valued measures.
Given a compact Hausdorff space X, an m x m matrix-valued measure

K= (“ivl’);?z:l

on X is an m X m matrix whose entries ;. are complex-valued regular Borel
measures on X. The measure p is positive, written p > 0, if, for each continuous
function f : X — C™,

f
r=1
fm

o< [ prdus =3 [ 5iseduse
X T X
The positive measure p is bounded by C > 0 if
Cly — (1je(X)) 20

we have

is positive semidefinite, where I,,, is the identity m X m matrix.

Lemma 5.3. The m x m matriz-valued measure p is positive if and only if for
each Borel set w the m x m matriz

(11j.0(w))

s positive semi-definite.

Furthermore, if there is a & so that each diagonal entry p; ;(X) < k, then each
entry pj e of i has total variation at most k. In particular, if p is bounded by C,
then each entry has variation at most C.

Proof. First suppose p is positive. Let C(X) denote the continuous complex-valued
functions on X. Fix a vector ¢ € C™. Given f € C(X), the function cf is a
continuous C™-valued function. Thus, ®. : C(X) — C given by

P.(f) = Z/XC}*CN” dpij e

is a positive linear functional. Hence ) cjcopu; e is a positive measure on X. If w is
a Borel set, then

{(nit(w)) c,c)y = ZC;CZ tje(w) > 0.
Since ¢ was arbitrary, the matrix in the lemma is positive semidefinite for each w.

Conversely, suppose the matrix in the lemma is positive semidefinite for each
Borel set w. If f: X — C™ is a measurable simple function, f = > v;jx.,, then

s = 3 o) >0
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902 M. A. DRITSCHEL AND S. MCCULLOUGH

For more general f: X — C™, choose a sequence of measurable simple functions
converging to f pointwise. Then,

OéﬁﬁwhHAFWf

Now suppose that each diagonal entry p; ;j(X) < k. For g € C(X), let u;.(g)
denote the integral of g with respect to du; ¢, and for j # £ let
~ ye(g)”
|1j,e(9)*]

o= 1) (5)-(5))
o Hej Mo g9) ' \9g
= [lgl12 15,5 (X) + pe,e(191*) = 215,0(9) 19l oo

< 2(/lgll3em = 1z, ()llglloo)-

It follows that ;¢ is a continuous linear functional on C'(X) with norm at most &.
In particular, the variation of p; is at most .

Finally, by choosing ¢ = e;, where e; is the j-th standard basis vector for C™, it
follows that each p; ; is a positive measure. If we now suppose p is bounded by C,
then Hj,j (X) S C. O

19]]oo-

Observe

Lemma 5.4. If u™ is a sequence of positive m X m matriz-valued measures on X
which are all bounded above by C, then there is a positive m X m matriz-valued
measure p on X also bounded above by C'. Hence there is a subsequence u™* of u™
converging to p weak-x; i.e., for each pair of continuous functions f,g: X — C™,

> /X fegydpy — > /X fog; dpujg.
3.t 7,0

Proof. By the previous lemma, for each j, ¢ the measures e are bounded in vari-
ation by C. Hence, we can find a subsequence, which for convenience, we will still
denote by p" so that each u7, converges weak-* to some p; ¢ with variation at most

C.

Suppose f: X — C™ is continuous. We have
o< [ rraws=3 [ fnag~ S [ fdue= [ s
X 1 Ux IR X

Hence p is a positive measure. Furthermore, for a vector ¢ € C™ thought of as a
constant function,

0.< Ollel® = ((17e(X)) e,¢) = Cllell* = ((nje(X)) e, ).
Thus, p is bounded above by C. O
Lemma 5.5. If u is a positive m X m matriz-valued measure on X, then the
diagonal entries, p;; are positive measures. Furthermore, with v = Z;n:l s
there exists an m X m matriz-valued function A : X — M,,(C) so that A(zx) is

positive semidefinite for each x € X and dp = Adv; i.e., for each pair of continuous
functions f,g: X — C™,

Z/Xg;fzdﬂj,e = Z/X!J;Aj,f fedv.
gt JiL
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Proof. From Lemma 53] if w is a Borel set and p; j(w) = 0, then p;¢(w) = 0 for
each j. Thus, for each j,¢ the measure p;, is absolutely continuous with respect
to v. By the Radon-Nikodym Theorem, there exists v integrable functions A;, so
that duje = Ajodv.

Once again fix a vector ¢ € C™. By Lemma [5.3] for each Borel set w,

0 < ((je(w) <</A gdu>c c> /wzc;cmﬂdu.

Thus, Z] ‘ JCgAj ¢ > 0 almost everywhere with respect to v.

Choose a countable dense subset {¢"} of C™. For each n there is a set E,, of
v-measure zero such that off of E, the function }. ,(c})*cjA;, is nonnegative.
We have 3, ,(c})*cj Aje(z) > 0 for each n and for z € X \ (U E,). By continuity
of the inner product in C™, it follows that >, ,cjceAj(x) > 0 for all ¢ € C™ for
almost all z; that is, the matrices A(x) = (4; g( ), for x € X\ (U E..), are positive
semidefinite. ]

5.3. Representations in terms of the ¢,. The following is a companion to
Proposition 5.2l Given a subset S C R, a function I' : S x S x II — C is a positive
kernel if for each p € II, the matrix
(5.1) (T(z, w3 p))zwes,
S’ a finite subset of S. If S = R, then T is analytic if I'(z, w; p) is analytic in z and
conjugate analytic in w for all p.

The point of the next proposition is that we do not know a priori that 1 — FF* €
C even if pp = 1.

Proposition 5.6. Suppose F' is a 2 X 2 matriz-valued function analytic in a neigh-
borhood of R, F is unitary-valued on B, and F(0) =0. If pr =1 and if S C R
s a finite set, then there exists a probability measure p on 11 and a positive kernel
I':Sx8SxII—C so that

1= F(z)F(w)" = /H(l = ¢p(2)Pp(w) ") (2, w; p) dp(p)

forall zyw € S.

Proof. Choose a sequence 0 < p, < 1 such that p,, converges to 1. For each n,
there exist vector functions H,_ ; and functions 1, ; analytic in a neighborhood of
R such that v, ; € BH(X) and

1-— pn ZHTLj - wn,j(z)wn,j(w)*)Hn,j(w)*'

By post composition with a Moblus transformation if necessary, it may be assumed
without loss of generality that i, ;(0) = 0 for all n, j.

For each n, j, there exist h, ;(z, p), analytic as a function of z in a neighborhood
of R, and a probability measure v, ; on II so that by Proposition 24}

1- '(/}n,_j( wn,j / I n,j Z p - (bp(z)(/bp(w)*)hn,j(wap)*an,j(p)'
Observe, as all the ¢ and ¢ vanish at 0,

1:/hn,j(ovp)hn,j(oap)*dVﬂ,j(p)'
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Let
Ny,
vy = E Vn,j-
Jj=1

By the Radon-Nikodym theorem, there exists a nonnegative function w,, ;(p) such
that

de,n = Un,j (p)2 dvy,.

Thus

1=t (2)thn (w)" = / Un,j (P (2, P)[1=6p(2) Pp(w) [ 5 (w, p) “tun,; (p) dvn (p)-

II

Let

To(z,w;p) = > Hjn(2) tin () b (2, 9) T 3 (w0, 0) 5 (p)* Hipj (w)".
j

By construction, I',, is analytic in z and conjugate analytic in w in a neighborhood
of R, is positive semidefinite as a kernel, and

(5.2) I pyF(2)F(w)" = /H[l = &p(2)Pp(w) Il (2, w; p) dvn (p)-

For fixed z, [—p2 F(2)F(2)* < I and there exists an e, such that 1—|¢,(2)|*> > €..
Thus,

I>e / T (2 2 p) dvn(p).
II

Let C denote the maximum of the set {e;!: 2 € S} and m the cardinality of S.
The sequence of m x m measures with 2 x 2 entries

dpin = (L (2, w; p) an(p))z7weS

are positive and the diagonal entries are bounded by C. A positive k x k matrix
whose diagonal entries are at most C' is bounded above by kCIy. It then follows
from the results of the previous section that there exists a positive measure v and
a pointwise positive definite matrix-valued function

L(p) = (T(z,w;p)), wes

so that some subsequence of u, converges in the weak-* topology to I' dv, where v
can be taken to be a probability measure by scaling I" if necessary. For notational
ease, we continue to denote the subsequence by .

For z,w € S fixed, the expression (1—¢,(z)¢,(w)*) is continuous in p by Lemma
21Tl Thus, letting n tend to infinity in equation (B.2) gives

I = F(z)F(w)" = /H[(l = 0p(2)@p(w)"]L (2, w; p) dv(p)-
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5.4. Transfer function representations. For present purposes, a unitary colli-
gation ¥ = (U, K, ) consists of a probability measure p on II, a Hilbert space K,
and a unitary operator U on the direct sum (L?(u) ® K) @ C2, written as

A B
o5 v-(4 D)
with respect to the direct sum decomposition. Here L?(u) ® K signifies K-valued
L*(p).

Define @ : R — B(L?(u) ® K) by (®(2)f)(p) = ¢p(2)f(p). Of course ® depends
upon p and K, but this dependence is suppressed. The transfer function associated

to X is
(5.4) W =Wsx(z) = D+ C®(2)(I — A®(z)) ' B.

Note that as A must be a contraction and ®(z) is a strict contraction, the inverse
in (5.4)) exists for 2 € R. Moreover, since ®(2)(I — A®(2))~! = (I — ®(2)A) 1 ®(2),
the transfer function of ¥ may also be expressed as

(5.5) W=D+ C(I - ®(2)A)'d(2)B.

Proposition 5.7. The transfer function is contraction-valued; that is, |[Ws(z)]]
1 for all z € R. Indeed, for z,w € R,

= Ws(2)Ws(w)" = C( = ®(2)A) "1 (I = (=)@ (w)")(I — &(w)A)*"'C".

IN

By now the proof is entirely standard. Simply use the equation (54)), and DB* =
—CA*, BB* =1— AA*, and DD* = I — CC* to verify:
I—-W(E)W(w)*
=1—[D+C®(2)(I — A®(2)) 'B|[D* + B*(I — ®*(w)A) " '®*(w)C)|
— 11— DD~ [CO()(I — AD(2)) ' BI[B" (I - & (w)A*) " (w)C]
— DB*(I — ®*(w)A*) " 1®* (w)C* — C®(2)(I — AD(2)) ' BD*
= C1 - B(2)(I — AB(2)"1(1 — AA)(T — B* () A*) 10" (w)
AT~ () A) 1 (w) + ( )(I - A®(z)) 4] C*

=C[1— (I - 2(2)4) 7 0(2)(1 — AA")" (w)(I — A" (w)) ™"
+ AT (w)(I — A" (w))” 1+( O(2)A) 7 P(2)A] C*
=C(I = 0(2)A) 7 [(I - @(2)A)(I — A"D"(w)) — B(2)(1 — AA") D" (w)
+ (I —®(2)A)A*D* (w) + O(2)A(I — A*®*(w))] (I — A*®*(w))~'C*
=C(I = 0(2)A) 71 = 2(2)@" (w)](I — A" (w))~'C™.

Note that pointwise on R, we can define H(w) = (I — A*®(w)*)~1C* : C? —
L?(u) ® K. Thus, for w fixed, H(w)* is a function on II, which we emphasize by
writing as H,(w)*. Interpreting the representation in Proposition [£.7] in terms of
the space L%(u) ® K gives

I=W(z)W(w)* = /(1 — Op(2)0p(w)*) Hy(2) Hy(w)" dpu(p)-
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5.5. Nevanlinna-Pick interpolation. The following proposition is an Agler-Pick
type interpolation theorem for some matrix-valued functions on R. The proof pro-
ceeds via a transfer function realization for a solution. The now standard methods
are purloined from those pioneered by Agler, and followed by Ball and others. We
eventually show that, roughly speaking, this theorem only applies to 2 x 2 matrix
functions which are, up to a fixed unitary, the direct sum of scalar contractive
functions.

Proposition 5.8. If S C R is a finite set, W : S — My(C), and if there is a
positive kernel T : S x S x II — Ms(C) such that

[~ W)W (w) = /H (1= 6y (2)p(w)")T (203 p) dis(p)

for all z,w € S, then there exists G : R — My(C) such that |G(z)]] < 1 and
G(z) = W(z) for z € S. Indeed, there exists a finite-dimensional Hilbert space

K (dimension at most twice the cardinality of S) and a unitary colligation ¥ =
(U, K, ) so that

G = WEa
and hence there exists A : R x R X I — Ms(C) a positive analytic kernel such that

I - G(2)G(w)" = /H [1 = 6p(2)6p(w) | A2, w3 p) dp(p)
for all z,w € R.

Proof. The proof employs a conventional lurking isometry argument. For p € II,
the rank of the block matrix with 2 x 2 matrix entries

(F('Zv w;p))z,wes

is at most 2N, where N is the cardinality of S. Thus, by Kolmogorov’s theorem
(see, for example, [7], Theorem 2.53, especially the second proof), there exists a
Hilbert space K of dimension 2N and a function H : S — L%(u) ® B(C?, K),
denoted H,(z), such that I'(z, w; p) = Hp(2)Hp(w)* (n almost everywhere).

Let € and F denote the subspaces of (L?(u) ® K) @ C? spanned by

{(PI/{;((;U)):;:) xeClhwe S}

{(ass(w)*Hs(w)*w) reCuwe s}

X

and

respectively. The mapping V' from £ to F determined by

v (I;/(%)j) _ <¢s(w)*§s(w)*x>

is an isometry since

() (D)) = oo auts) ) + QYW (w20
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((ror o) (0 ey
x y
—( [ 6:(210.0) Hu()H.w) dus) 2.1 ) + (o).

Both £ and F are finite dimensional, so there exists a unitary U on (L?(u)® K)®C?
such that U* extends V. Let ¥ = (U, K, u) denote the resulting unitary colligation.
Write U as in equation (B.3]). Since U* restricted to £ is V,

A* C*\ (¢s(w)*Hs(w)*z\  (Hs(w)*z
B* D* x TAW(w)*x )
Expressing this as a system of equations we have

A*ps(w) Hs(w)*z + C*z = Hy(w) "z,
B*¢s(w)* Hg(w)*z + D'z = W (w)*x.

and

Solving the first equation for Hg(w)*x gives
H,(w)*z = (I — A*®(w)*) " 'C*z.
Substituting into this the second equation now gives
B*®(w)*(I — A*®(w)*)~1C*x = W(w)*x.
It follows that for each z € S,

Next is a uniqueness result for Nevanlinna-Pick interpolation on R.

Proposition 5.9. Suppose F' : R — M5(C) is analytic in a neighborhood of X,
unitary on B, and with a standard zero set. Then there exists S C R a set with
seven elements such that, if Z : R — M(C) is contraction-valued and Z(z) = F(z)
forze€ S, then Z=F.

Proof. Let K° denote the Fay kernel for R defined in Section @ That is, K is the
reproducing kernel for the Hilbert space H?(R) of functions analytic in R with L?
boundary values with respect to harmonic measure on B relative to the point 0.
Let HZ(R) denote C2-valued H?(R). Since F is unitary-valued on B, the mapping
V on H3(R) defined by VG(z) = F(2)G(z) is an isometry. As is shown below, the
kernel of V* is the span of {K°(-,a;)v; : j = 1,2,...,6} where F(a;)*y; = 0 and,
of course, v; # 0; that is, the pair (a;,7;) is a zero of F*.

Before proceeding, we note that if ¢ is scalar-valued and analytic in a neighbor-
hood of R, has no zeros on B, and has distinct zeros wq, ..., w, € R of multiplicity
one, and if f € H?(R) with f(w;) =0, then f = pg for a g € H*(R).

Now suppose ¥ € H?(R) and for all h € H?(R), we have (¢, ph) = 0. Then
there is a linear combination f =1 — > 7 ¢; K°(-,w;) so that f(w;) =0 as the set
{K°(,w;) : 1 < j < n} is linearly independent, and thus by the above remark,
f = ¢g for some g € H?(R). Since (K°(-,w;), ph) = ¢(w;)*h(w;)* = 0 for each j
and h, it follows that (f, @h) = 0 for all h. Choosing h = g gives (¢g, pg) = 0 from
which it follows that ¢ = 0. Hence % is in the span of {K%(-,w;) : 1 < j < n}.
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This shows that {K°(-,w;) : 1 < j < n} is a basis for the orthogonal complement
of {ph:h e H3(R)}.

We next determine the kernel of V*. Write as = ag = 0. Since F(0) = 0, there
is a function H analytic in a neighborhood of X so that F' = zH. The function
¢ = zdet(H) satisfies the hypothesis of the preceding paragraph.

Let
haa  —hi2
G= ,
(—h21 h11
where H = (hjy). Verify FG = zHG = zdet(H)I, where I is the 2 x 2 identity
matrix.

Now suppose x € H3(R) and V*z = 0. Let x1, 72 denote the coordinates of .
For each g € H3(R),

0= (Gg,V*x) = (VGg,x) = (zdet(H)g,x) = (zdet(H)g1,z1) + (z det(H)ga, x2).

It follows from the discussion above that each z; is in the span of {K°(¢,a;):1 <
j < 6} and therefore z is in the span of {KO(C,aj)v 1 <j<6,0€ C?. In
particular, there exist vectors v; € C? such that

6
T = ZijO(~,aj).
1

Since, as is readily verified, V*vK°(-,a) = F(a)*vK°(-,a) and F(0)* =0,

4
0=V*z= ZF(aj)*ijO(~,aj).
1

But K°(-,a;), j = 1,...,4 are linearly independent, and so F(a;)*v; = 0 for each
j. Conversely, if F(a;)*v; = 0, then V*v; K%(-,a;) = 0 so that {K%((,a;)vj: 1 <
j < 6} is a basis for the kernel of V*.

The projection onto the kernel of V* is I — VV* and since the kernel of V* has
dimension six, I — VV™* has rank six. Thus, for any finite set A C R, the block
matrix with 2 x 2 matrix entries

2y = (- VYV (w)ey K. 2)en)) )
— (1 = P P0) VK2, 0)ane

z,wEA

has rank at most six. (Here {ej,es} is the usual basis for C2.) In particular, if
A ={a1,...,a6} where the a; are the zeros of det(F') (with a5 = ag = 0), then
M4 has exactly rank six. Choose points ar, ag distinct from ag, ..., ag so that the
set S = {a,...,as,ar,as} has exactly seven distinct points. Since S contains A,
the rank of Mg is at least six. On the other hand, by what is proved above, it has
rank at most six. Thus the rank of Mg is six.

Since the matrix Mg is 14 x 14 (viewed as a 7 x 7 block matrix with 2 X 2 matrix
entries), and Mg has rank six, the kernel of Mg has dimension eight. Furthermore,
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as the dimension of the subspace

~ 94!

2
72

L= <0) y=| .| eC’
’ Y7
Y7

of C” ® C? has dimension seven, it follows that there exists a nonzero x; = y; ® e;
in £ and in the kernel of Mg. Similarly, by considering £, = {y® ey : v € C7},
there exists a nonzero x5 in the kernel of Mg of the form x5 = Y3 ® es.

Let X = (xl 1‘2); that is, X is a 14 x 2 matrix,

(yi)r 0

((y(j)z (y;)l)
X = ( 0 .(92)2>

(% | o)

It is convenient to use S to index itself, so that we have

(z1(w) x2(w)) (ylgﬂ) yz?w))

for the w € S coordinate of X. The identity MgX = 0 becomes

Z K°(z,w)X (w) = F(2) Z K°(z,w)F(w)* X (w)

weS weSs

X (w)

for each z € S.
Now suppose Z : R — M (C) is analytic, contraction-valued, and Z(z) = F(z)
for 2 € S. The operator W of multiplication by Z on HZ(R) is a contraction and

W*KO(',/LU).’L' = Z(’LU)*QTKO(,’U})
Given ( € R, ( ¢ S, let S’ = SU{(} and consider the decomposition of
Ne = (U0 - 262y VKO wjey, K 9er)),,)

into blocks labelled by S and {¢}. Thus, N, is an 8 x 8 matrix with 2 x 2 block
entries. The upper left 7 x 7 block matrix, the block determined by S, is Mg since
Z(z) =F(z) for z€ S. Let

z,weS’

X

Y = 0 0

0 0
Since N¢ is positive semi-definite and MgX = 0, it follows that N;Y = 0. An
examination of the last two entries (the last 2 x 2 block) of the product N;Y =0
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gives

(5.6) > K¢ w (©) > Z(w)* K¢, w)X (w).

weS weS

From the form of X and since the kernel functions {K°(-,w) : w € S} form a
linearly independent set in H?(R,wy), it follows that the right-hand side in (5.8
has rank two for all but at most countably many (. Hence,

Z K°(z,w)F(w)* X (w)

wes
also has rank two and Z is completely determined by the identity (56). Since F' is
also determined by this identity, Z = F. O

The fact that we used K° in the last proof is not significant: any reproducing
kernel would have worked. However, certain facts that came to light in the proof
will play a role in the proof of Lemma [5.11], where Fay kernels are needed.

5.6. A tight representation. The results in the previous sections now combine
to produce a tight representation for F' : R — M5(C) which is analytic across the
boundary, unitary on the boundary, has at most six simple zeros in R, and has

pF:1.

Theorem 5.10. Suppose F is a 2 X 2 matriz-valued function analytic in a neigh-
borhood of R, which is unitary-valued on B and with a standard zero set. If pp =1,
then there exists a unitary colligation ¥ = (U, K, 1) such that F' = Wy, and so that
the dimension of K is at most 14. In particular, p is a probability measure on II,
and there is an analytic function H : R — L*(1) @ M14.2(C), denoted Hy(z) so that

1—F(z)F(w)" = /H(l — Op(2)dp(w)") Hp(2) Hp(w)™ duu(p)
for all z,w € R.

Proof. Choose, using Proposition 0.9, a finite set S of R with the property that if
G : R — M(C) is analytic, contraction-valued, and G(z) = F(z) for z € S, then
G="F.

Using this S, Proposition produces a probability measure p and positive
kernel T': S x S x II — M3(C) such that

1 - F()F(w)" = /H (1= 6 ()6p (W) )T (2,03 ) dia(p)

for all z,w € S.

By Proposition B8 there exists a unitary colligation ¥ = (U, K,u) so that
Wx(z) = F(z) for z € S. From our choice of S, we see that FF = Wyxg. The
integral representation follows. O

5.7. Fay kernels reprise. Suppose F’ satisfies the hypothesis of Theorem [5.10 and
let v denote the measure which appears in the conclusion.

Recall Fay’s variant of the Szegd kernel for R, K°((,z). Also recall, for each
p € II there is an s € {1} x By X By so that ¢5(2)ds(w)* = ¢p(2)¢p(w)*. In
this case we label the zeros of ¢, (which of course are the same as those of ¢s)
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Lemma 5.11. Suppose I satisfies the hypothesis of Theorem BI0: F is a 2 x 2
matriz-valued function analytic in a neighborhood of R which is unitary-valued on
B, with a standard zero set, and pp = 1. Assume furthermore that it is represented
as in the conclusion of Theorem BI0. Let a5 = ag = 0 and 05 = e; and dg =
es. Then there exists a set E of u measure zero such that for p ¢ E, for each
v € C* and for ¢ = 0,1,2, the vector function H,(()vK°((, 2) is in the span of
{K°(¢,a;)8;}, where zo(= 0), 21, 29 are the zeros of ¢,. As a consequence, H, is
analytic on R and extends to a meromorphic function on'Y .

Proof. Given a finite set @ C R,

Mg = ((I = F(2)F(w)" ) K°(z,w)) o

has rank at most six. Moreover, as interpreted in the proof of Proposition [£.9]
the range of Mg lies in the span of {(K%(z,a;)0;):eq : j = 1,...,6}. Here
(K°(2,a)0;):cq is a column vector indexed by Q.

From the representation for F' of Theorem [(E.10]

Mo = ( [ Hy(2)(1 - oy K ) () )
Z,WEQR
For each p, multiplication by ¢,, denoted M,, is isometric on H?*(R,wy), the
Hilbert space of analytic functions on R. Hence 1—M,M; > 0, asis (I—M,M; )R,
where FE is the n X n matrix consisting of all ones. From the reproducing property
of KO(-,z), MK (-, 2z) = ¢,(2)*K°(-, z). Thus, if Q is a set of n points in R and
z is the vector (K°(-,w))weq, then the matrix

Po(p) = (I = MpMy) ® B)z,z) = (1~ ¢p(2)¢p(w) ) K (2,0)), e 2 0.

If we set Q = QU {2;(s)}, for any j = 0, 1, or 2, then Pg(p) = 0 as well.
Furthermore, the upper left n x n block equals Pg(p) and the right n x 1 column is
(Ko(z,2j(5)))zcq- Hence as a vector (Ko(z, 2;(s))).eq € ran Pg(p)'/? = ran Py(p)
for 7 =0,1,2.

Since Pg(p) > 0,

No(p) = (Hp(2)(1 = ¢p(2)dp(w) ) K (z,w) Hp(w)") o

is also positive semidefinite for each p. If Mgz = 0, then

o:/<NQ(p)a:7x> dp(p),

so that (Ng(p)z,z) = 0 for almost every p. It follows that Ng(p)z = 0 almost
everywhere. Choosing a basis for the kernel of Mg, there is a set Eg of measure
zero so that for p ¢ Eq, the kernel of Mg is a subspace of the kernel of Ng(p).
Thus, for such p, the range of Ng(p) is a subspace of the range of M¢. In particular,
the rank of Ng(p) is at most 6.

Moreover, if we let D¢ (p) denote the (2 x 14 block) diagonal matrix with (z, 2)
entry Hy(z) (z € @), then Ng(p) = Dgo(p)Po(p)Dg(p)*. Since Pg(p) is positive
semidefinite, we conclude that the range of Dg(p)Pg(p) is a subspace of Mg. Thus,
as (K°(z,2;(s)))seq is in the range of Pg(p), (Hp(2)vK(z,2j(s))).cq is in the
range of Mg for every v € C" and j =0,1,2.
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Now suppose @, C R is a finite set with Q,, C Qn+1, Qo = {a1,...,a4,a5(=0)},
and D = J,, @ a determining set. Then since

G (H(0K (2 5():eq, € ran Mo, € V/(K*(2,0)8)-c0,

there are constants c7 (p) such that

5
(5.8) H,(2)vK(z,2i(s)) = Zc?(p)Ko(z, a;)d; z € Qn.

Jj=1

By linear independence of the K°(-, a;)’s, the ey (p)’s are uniquely determined when
n=20,1,... by (58). Since Qn+1 D @n, we must in this case have c;”‘l(p) = c}(p)
for all n, and thus there are unique constants ¢;(p) such that

(5.9) Hy(2)vK(2, 2i(s)) = Z ¢j(p)K°(2,a;)5; z €D, p=0,1,2.
j=1

By considering this equation with j = 5, and using the fact that K°(z,0) = 1, we
see that H,, agrees with an analytic function on the determining set D. It follows
that we can assume that H,(z) is analytic for each p ¢ E and that the relation of
equation (5.8) holds throughout R. Furthermore, since the K°(-,a;)’s extend to
meromorphic functions on Y, H, does as well. O

5.8. Diagonalization. In this subsection we show that when pp = 1, a contractive
matrix-valued function with unitary boundary values and a standard zero set is
diagonalizable.

Lemma 5.12. Suppose F is a 2 X2 matriz-valued function on R whose determinant
is not identically zero. If there exists a 2 X 2 unitary matriz U and scalar-valued
functions 11,19 : R — C such that F(2)F(w)* = UD(z)D(w)*U*, where

(%1 O
D‘(O w)’

then there exists a unitary matriz V' so that F = UDYV.

Proof. The hypotheses imply D(z)"'U*F(z) = D(w)*U*F(w)*~! whenever F(z)
and F(w) are invertible. Hence, D(2)"'U*F(z) = V is constant. One readily
verifies that V*V = I. O

Theorem 5.13. Suppose F' is a 2 X 2 matriz-valued function which is analytic
in a neighborhood of R, unitary-valued on B and has a standard zero set, d;,a;,
j=1,...,4. Assume further that the §;,a; have the property that if h satisfies

4

h(¢) = ¢; K¢ a;)8; + v

1

for some cq,...,cs €C and v € C? and if h does not have pole at either P, or Ps,
then h is constant.
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Under these conditions, if pp = 1, then F is diagonalizable; i.e., there exist 2 x 2
unitary matrices U and V' and analytic functions ¢; : R — C such that, with

p1 0
D:
(0 wz)’

Proof. By Lemmal5.11], we may assume that, except perhaps on a set Ag of measure
0, if h is a column of some H,, then h(¢)K°(C, z¢(s)) is in the span of {K°(¢,a;)d; :
1 <j <6} for £ =0,1,2. Here zo(p) = 0,21(p), 22(p) are the zeros of ¢,. By
hypothesis, h (and so H,) is constant as a function of (. From our normalization of
the domain (see Corollary [2.13]), one of the zeros of ¢, say z1(p), is not zero. Thus,
Theorem (3] (or rather the argument there) also implies, that if A is not zero, then
there is a 1 < j1(p) < 4 so that z,(p) = aj,(p) and h is a multiple of §;, (). Thus,
every column of Hy, is a multiple of §;, ().
Theorem gives us the representation

(5.10) 1 - F(2)F(w)" = /H(l — ¢p(2)pp(w)*) HpH,, dps(p).
Substituting w = 0 we find
(5.11) I= /HpH; du(p).

In view of equation (5I]), rearranging equation (B.I0) gives

(5.12) F(2)F(w)” = /H bp(2) by (w0)" H H da(p).

Since the columns of H), are all multiples of the single vector d;, ), HpH, is
rank one and thus may be written as G(p)G(p)*, for a vector G(p) € C2. (Indeed,
G(p) is the square root of the sum of the squares of the norms of the columns of
H, times 6, (,,).) Consequently,

(5.13) F(z)F(w)* = /r1¢p(z)¢p(w)*G(p)G(p)* du(p).

Since F(a;)*0; = 0 for all j, equation (G.I3]) gives

0= 6 F(a) (@), = [ lonlan) PIGE) 8 1? du(p).

Consequently, for each j, ¢,(a;)*G(p)*d; = 0 for almost every p, and so off of a set
Zy C II of measure zero, ¢,(a;)*G(p)*d; = 0 for all p and each j. Thus, by defining
G(p) =0 on Zy, we may assume that equation (5.I3) holds and

Pp(a;)*G(p)*d; =0

F=VDU.

for all p, j.

Let Ag ={p € II : G(p) = 0}. If p ¢ A, then for each j, either ¢,(a;) =0 or
G,0; = 0. Since Gy is a multiple of d;, () and no three of the J; are collinear, it
follows that ¢, has zeros at two of the a;, say a;, (), aj,(p), and the d;,(,) and 6;,p)
are collinear (and orthogonal to 0,(,)), where {a1,...,as4} = {a;,(p), ..., a5, } We
can now turn to Theorem E.J] to conclude that z1(p) = aj, (), 22(p) = aj,p)- In
particular, ¢, has distinct zeros and d;, () and d;, () are collinear (and orthogonal
to 6j,(p) and 0;,(p)). Let J1 = {aj, (p), aj,(p) } and J2 = {aj, (), @j,(p) }- In addition,
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let A; denote the one-dimensional subspace of C? spanned by dj (py and Ag the
one-dimensional subspace of C? spanned by s (p)-

If p’ ¢ 1y, then by arguing as above, either G(p’) € Ay or G(p’) € Ag. In the
former case, the zeros of ¢,/ are in Jy and in the latter in J;. Hence, for each p,
either

(0) G(p) = 0; or
(1) G(p) € Ay and the nonzero zeros z1(p), z2(p) are in Jy; or
(2) G(p) € As and the nonzero zeros z1(p), z2(p) are in Jy.
Let
Il ={p € II: (0) holds },
II; ={peIl: (1) holds },
IIy ={peIl: (2) holds }.

If p,q € 111, then ¢, and ¢, have the same zeros, and are therefore equal up to a
rotation. Hence, for p,q € I, ¢,(2)dp(w)* = ¢g(2)de(w)*. Choose p* € II; and
let ¢, = ¢,1 denote a representative. If Il is not empty, choose p? € Il and let
thy = ¢,2. Otherwise, let 1), = 0. Substituting into equation (B.12) and writing the
integral as the sum of the integrals over II; and Il gives

F)F(w)" = hathr (2)91(w) ha + hatha (2) 2 (w) hy

for some h; € A;. Substituting z = w = 1 and using the fact that F(1)F(1)* =TI
shows that {hi,hs} is an orthonormal basis for C? (and 15 # 0). Thus, we can
apply the previous lemma and conclude that F' is diagonalizable. O

6. THE OBSTRUCTION

We now demonstrate a 2 X 2 matrix function ¥ which is unitary on the boundary,
analytic across the boundary, has a standard zero set, and which cannot be diago-
nalized. Since by Theorem [5.13] any function satisfying these conditions which has
py = 1 is diagonalizable, py must be less than 1 for this ¥ and so by Theorem [£.2]
rational dilation does not hold.

Recall the matrix inner functions ¥, ; introduced in subsection The t was
fixed at the outset of that section. By Lemma B.8l for small n, ¥ = ¥, ; has a
standard zero set. Let a‘;, 5;-) denote the standard zero set for ¥y ,. (In particular,
we can assume 89 = 69 = e; and 65 = §9 = ez.) Let ¢® > 0 denote the € > 0 in
Theorem corresponding to this zero set. Thus, for a small 7 > 0 the function
¥ = W, , has a standard zero set and this zero set satisfies the conditions in Theorem
This W is the promised function.

Lemma 6.1. U has the following properties:

(1) ¥ is unitary-valued on B;
(2) ¥ has a standard zero set;
(3) the zero set ay,...,aq, O1,...,04 has the property: if h satisfies

4

h(¢) = c¢;K°(¢ a;)8; +v

1

for some c1,...,cq € C and v € C? and if h does not have a pole at either
Py or Py, then h is constant;
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(4) U is not diagonalizable; i.e., there do not exist fized unitaries U and V so
that UVV™ is pointwise diagonal.

Proof. The only thing that remains to be proved is that U is not diagonalizable. We
argue by contradiction. Suppose there is a diagonal function D and fixed unitaries
U,V so that D = U¥V*. Of course D must be unitary-valued on B. In particular,
D(1) is unitary and so by multiplying on the left (or right) by D(1)*, it may be
assumed that D(1) = I. Since ¥(1) =1,V =U.

Let ¢1, 2 denote the diagonal entries of D. Since D is unitary-valued on B,
both ¢ and s are unimodular on B. Further, as det(¥) has 6 zeros and a function
unimodular on B has at least three zeros or is constant, we conclude that either
both ¢1 and @2 have three zeros and thus take each value in {|z| < 1} exactly three
times in X, or one has six zeros and the other is a unimodular constant . This
latter case cannot occur, since then

«(7v 0O
0=v(0)=U (0 0) U.

From Lemma B ¥(q1)e; = e;. Thus Ue; is an eigenvector for D(q;) corre-
sponding to eigenvalue 1, whence at least one of ¢;(g1) is 1. Similarly, Ues is an
eigenvector for D(gj) with eigenvalue 1, and at least one of ¢;(q}) is 1. Now, D(q1)
cannot be a multiple of the identity, as otherwise both ¢1(g1) and ¢2(q1) equal 1,
in which case at least one of these two functions takes the value 1 at both ¢; and ¢j.
Therefore, without loss of generality, Ue; = Aie; and Ues = Ages for unimodular
A1 and Ag. Since D is also diagonal, we can assume A; = 1. Hence, ¥ = D.

From Lemma B W(q2)(ner + (1 — n2)2es) = ney + (1 — n2)2ey so that

1 1
D(gz)(ner + (1 —n%)Zex) = ng1(g2)er + (1 —n°) T pa(g2)ea.

Since 1 # 0, it follows that ¢;(¢2) = 1. Similarly, ¢;(¢5) = 1. As g2 # ¢3, the

function ¢; takes the value 1 twice on By, a contradiction. O

To prove our main theorem, simply note that the first three conditions of Lemma
imply, in view of Theorem B.13] that if py = 1, then W is diagonal. Hence, it
follows that py < 1 and this completes the proof.

7. EXISTENCE OF A FINITE-DIMENSIONAL EXAMPLE

Let A denote the closure of R(X), the rational functions with poles off of X as

a subspace of C(X). That is, A = R(X) C C(X). The algebra A is an (abstract)
operator algebra with the family of matrix norms,
1]l = sup{[| F(2)[| : = € X},
for F' = (fj¢) € M,(A) and where | F(z)] is the matrix norm of the n x n matrix
Given a finite subset A C R, let I denote the ideal {f € A: f(A) =0 for all A €
A} of A. The quotient

Ap = A/Ip
inherits, in a canonical way, an operator algebra structure from A. Namely,
lma(F)|| = inf {||G]| : G € M, (A) and wp(G) = 7o (F)}.

Here w5 denotes the quotient map.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



916 M. A. DRITSCHEL AND S. MCCULLOUGH

The following is a special case of a version of a theorem of Vern Paulsen [27].
By a representation v of A is meant a unital homomorphism v : A — B(H),
where H is a Hilbert space. The representation v is contractive if ||v(f)]| < || f]]
for all f € F and is completely contractive if for each n and each F' = (f;,) €
M, (A), |[v(F)|| = [[(v(fj,e)]| < ||F||. Make similar definitions for representations,
contractive representations, and completely contractive representations of Ag.

Theorem 7.1 (Paulsen). Every contractive representation of A is completely con-
tractive if and only if every contractive representation of every Ap is completely
contractive.

The following observation of Paulsen is also useful. We give the proof.

Proposition 7.2. Ifv: Ay — B(H) is contractive, but not completely contractive,
then vomy : A — B(H) is contractive, but not completely contractive.

Proof. Since v and 7, are contractive, the composition vomy is contractive. On the
other hand, if v o 7, is completely contractive, then it follows from the definition
of the norm on M,,(Ag) as the quotient norm, that v is completely contractive. To
see this, given mz (F) = (7a(fj,e)) in M,,(Ag) we can assume, by the definition of
the quotient norm, that F' can be chosen so that ||F|| is only a little larger than
|lma(F)||. Since v oy is completely contractive, the norm of v o7 (F') is no larger
than || F|| and the result follows. O

We use Paulsen’s results, together with our own, to argue that there is a matrix
X with R as a spectral set, but which does not dilate to a normal operator with
spectrum in B. It is enough to prove that there is a finite subset A C R, a
finite-dimensional Hilbert space H, and a representation v : Ax — B(H) which is
contractive, but not completely contractive. We begin with a lemma.

Lemma 7.3. Fiz A a finite subset of R. If v : Ay — B(K) is a representation,
then there exist subspaces Ex, A € A, of K so that

(1) each &y is closed;
(2) K is the algebraic direct sum @Ex; and

(3) if fe Aandk € &y, then
Y(ma(f)k = Ak.

Proof. For each A € A, choose a function ey € A such that ey(p) is 0 if u € A,
but p # X and such that ex(A\) = 1. It follows that the operators Ex = v(mwa(ey))
are idempotents such that ExE, =0 if u # X and ) F) is the identity on K. Let
&\ = E\K. Properties (1) and (2) are readily verified. As for (3),
(Y(ma(f)) = FO)Ex = (ma(f — F(A)ex)
=7(ma(0)) = 0.
O

From our result, there is a representation of A which is contractive, but not
completely contractive. From Paulsen’s theorem, there exists a A and Hilbert
space K (possibly infinite dimensional) and a representation 7 : Ay — B(K) which
is contractive, but not completely contractive. Since this representation is not
completely contractive, there exists an n and F' € M,,(A) such that

L= [lma(E)]| < [lv(ma(F)]I.
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Thus, there exists a vector

T

i) n
z=| . |cPK=CoK
: 1

Ln

such that ||z]] =1 and

[|y(ma(F))zx]| > 1.

Write, z; = Y a;(A) with respect to the algebraic direct sum @&y and let H
denote the span of {z;(A) : 1 < j <n, X €& A}. Thus, H is finite dimensional
(the dimension is cardinality of A times n). From condition (3) of our lemma, H is
invariant for 4. Define v : Ay — B(H) by restriction: v(f) = v(f)|x. Since also

T

10.

11.

12.

13.

14.

15.

€ C" ® H we have v(m (F))x = v(wa(F))z and thus
[v(ma(F))a]| > 1 = |[wa(F)]]-
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