JOURNAL OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 19, Number 1, Pages 181-204

S 0894-0347(05)00497-2

Article electronically published on July 12, 2005

POSITIVITY OF QUASI-LOCAL MASS II

CHIU-CHU MELISSA LIU AND SHING-TUNG YAU

1. INTRODUCTION

A spacetime is a four-manifold with a pseudo-metric of signature (+, 4+, +,—). A
hypersurface or a 2-surface in a spacetime is spacelike if the induced metric is pos-
itive definite. A quasi-local energy-momentum vector is a vector in R*! associated
to a spacelike 2-surface which depends on its first and second fundamental forms
and the connection to its normal bundle in the spacetime. The time component of
the four-vector is called quasi-local energy (mass). Similar to [10} 8], we require the
quasi-local energy-momentum vector to satisfy the following properties.

(1) It should be zero for the flat spacetime.

(2) The quasi-local mass should be equivalent to the standard definition if the
spacetime is spherically symmetric and the quasi-local mass is evaluated on
the spheres [7]. (We say that two masses m; and mg are equivalent if there
is a universal constant ¢ > 0 such that ¢='m; < mo < cmy.) In particular,
for the centered spheres in the Schwarzschild spacetime, the quasi-local
mass should be equivalent to the standard mass.

(3) For an asymptotically flat slice, the quasi-local mass of the coordinate
sphere should be asymptotic to the ADM energy-momentum vector.

(4) For an asymptotically null slice, the quasi-local mass of the coordinate
sphere should be asymptotic to the Bondi energy-momentum vector.

(5) For an apparent horizon ¥, the quasi-local mass should be no less
than a (universal) constant multiple of the irreducible mass, which is
V/Area(X)/167.

(6) The quasi-local energy-momentum vector should be nonspacelike and the
quasi-local mass should be nonnegative.

Our definition of quasi-local energy [22] arises naturally from calculations in the
second author’s work [36] on black holes and is strongly motivated by our ability
to prove its positivity. After the second author proposed our definition, we were
informed of the existence of much earlier works by Brown-York [3], [4] and others
[21, 201 T1]. The main goal of this paper is to provide a complete proof of a stronger
version of the positivity stated in [22].

The rest of the paper is organized as follows. In Section[2, we recall our definition
of quasi-local energy, discuss its properties, and state the main result (positivity of
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quasi-local energy). In Section Bl we describe Shi and Tam’s proof of positivity in
the Riemannian case. In Section 4], we prove the main result.

2. DEFINITION OF QUASI-LOCAL ENERGY AND ITS PROPERTIES

Let ¥ be a spacelike 2-surface in a spacetime N. At each point of ¥, choose two
null normals [, n such that (I,n) = —1. Any other choice (I’,n’) is related to (I,n)
by I = M,n’ = X" tnor I’ = An,n’ = A\~ for some function A : ¥ — R\ {0}. We
denote the mean curvature with respect to [ and n by

(1) 2p = —<V161 + VQ627l>, —2u = —<V1€1 + V2€2,1’L>

respectively, where {e1,es} is a local orthonormal frame of 3. The definitions of
p and p depend on the choice of (I,n), but their product py is independent of the
choice of (I,n). More intrinsically,

8pp = (H, H),

where H is the mean curvature vector of ¥ in N. We assume that pu > 0, or
equivalently, the mean curvature vector H of ¥ in N is spacelike.

Suppose that > has positive Gaussian curvature so that ¥ is topologically a 2-
sphere. By Weyl’s embedding theorem, 3 can be isometrically embedded into the
Euclidean space R? so that the second fundamental form (Hy)qy is positive definite.
The embedding ¥ C R? is unique up to an isometry of R3, so (Hy)ap is determined
by the metric on X. Let pg, o be the mean curvatures with respect to null normals
lo, ng of the embedding ¥ C R? ¢ R3!, with the normalization (lp,ng) = —1. Then

8popo = Hg,
where Hy > 0 is the trace of (Hp)ap. Define the quasi-local energy of ¥ to be

) B(S) = g [ (VS VB = g [ (Ho— V5o,

See [33] for other definitions of quasi-local energy.

Recall (1)—(6) in Section [l In [26], Murchadha, Szabados, and Tod gave exam-
ples of X C R*! but E(X) > 0, so E(X) does not satisfy (1). For (2), recall that
the Schwarzschild spacetime metric on R?* is given by

2M oM\ !
g=— (1 — ) dt? + (1 — ) dr? +r2(d6? + sin® 0d¢?), r > 2M,
T T

where 7,0, ¢ are the spherical coordinates on R3. Let S, C (R%,g) be the round
sphere defined by t = 0,7 = a, and let m(r) = E(S,). Then

m(r) =r(l—14/1— g).

Note that m(r) is decreasing (for r > 2M), m(2M) = 2M, and m(o0) = M, which
is consistent with (2). For (3), (4), Epp discussed the spatial and future null infinity
limits of a large sphere in asymptotically flat spacetimes, but cannot conclude that
E(Y) satisfies (3), (4) in general. For (5), on an apparent horizon ¥ we have pu = 0,
S0

Area(Y)

1
E(E):g/EHOZ —
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POSITIVITY OF QUASI-LOCAL MASS II 183

by the Minkowski inequality of convex bodies [24]. Therefore, E(X) satisfies (5).
By the main result of this paper, F(X) is nonnegative as required in (6) and is
strictly positive when the spacetime is not flat along X.

We now give a precise statement of the main result. Let 2 be a compact spacelike
hypersurface in a time-orientable four-dimensional spacetime IV. Let g;; denote the
induced metric on (2, and let p;; denote the second fundamental form of {2 in N.
The local mass density p and the local current density J¢ on  are related to 9ij
and p;; by the constraint equations

(3) T % R—ZP”%HZPW :
(4) Jh= "D, <p” - (Zpﬁ)g”) :
i &

where R is the scalar curvature of the metric g;;. In this paper, we prove the
following stronger version of the positivity stated in [22].

Theorem 1 (positivity of quasi-local energy). Let Q, u, J be as above. We assume
that p and J* satisfy the local energy condition

(5) p=>Ji;

and that the boundary O has finitely many connected components X1, ... ¢, each
of which has positive Gaussian curvature and has spacelike mean curvature vector
in N. Let E(X%) be defined as in [@)). Then E(3%) >0 fora=1,...,L. Moreover,
if E(X%) =0 for some «, then M is flat spacetime along ), and 052 is connected
and will be embedded into R? C R*! by the well-known Weyl embedding theorem.

4

3. THE RIEMANNIAN CASE

When the second fundamental form of €2 in N vanishes, the local energy condition
) reduces to R > 0 and the condition pyp > 0 reduces to H > 0, where H is the
mean curvature of the spacelike 2-surface in €2 with respect to the outward unit
normal. Shi and Tam proved positivity of quasi-local energy in this case.

Theorem 2 ([31, Theorem 1]). Let (Q3,g) be a compact manifold of dimension
three with smooth boundary and with nonnegative scalar curvature. Suppose OS)
has finitely many connected components X% so that each connected component has
positive Gaussian curvature and positive mean curvature H with respect to the unit
outward normal. Then for each boundary component 3¢,

(6) Hdo < H{do,

s sa
where H§ is the mean curvature of ¢ with respect to the outward normal when
it is isometrically embedded in R3 and do is the volume form on ©% induced from
g. Moreover, if equality holds in ([@) for some X%, then OQ has only one connected
component and Q is a domain in R3.

We now briefly describe Shi and Tam’s proof of Theorem 2l From now on, all
the mean curvatures are defined with respect to the outward unit normal.

Let X* be a connected component of 9. By the hypothesis of Theorem 2] it
has positive Gaussian curvature, so it can be isometrically embedded in R? by the
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184 CHIU-CHU MELISSA LIU AND SHING-TUNG YAU

well-known Weyl embedding theorem. Moreover, the embedding is unique up to
an isometry of R3. Let X§ C R3 be the image of such an embedding. Then ¢ is
a strictly convex hypersurface diffeomorphic to S2.

Let X be the position vector of a point on 3§, and let N be the unit outward
normal of X§ at X. Let 3¢ be the surface described by Y = X + rN, with » > 0.
Let D® be the region of R? outside X§, and let E“ = D® U 3¢ be the closure of
D® in R3. Then E® can be represented by

(Ea X [ano)vgo =dr® + gr)s

where g, is the induced metric on ¢ and ¢° = dr? + g, is the standard Euclidean
metric on E% C R3. Note that g, = (a + 7)2(d6? + sin? 0d¢?) if X is a round
sphere of radius a > 0.

Consider a Riemannian metric on E* of the form

(7) g =h*dr* +g,,

where h is a smooth positive function. This is a special case of Bartnik’s construc-
tion in [2]. Note that g and ¢° induce the same metric on each ¥%. The mean
curvatures H and Hy of ¢ with respect to g and g° are related by

H=hn"1H".

Note that Ho(z,0) = Hy(z) for x € £ = 3*. The scalar curvature R of g is given
by
oh 2 3\pr 4 13
2H08— =2h"Ayh+ (h—h°)R" + h°R,
r

where R" is the scalar curvature of X%, and A, is the Laplacian operator on X¢.

So a solution to the parabolic partial differential equation

(8) 2H0% =2h*Ah+ (h— h*)R"
on E* = ¥ x [0, 00) with the initial condition

Hy
(9) h(z,0) = -

defines a metric on £ such that the scalar curvature R = 0 and the mean curvature
of 3§ coincides with the restriction of H to X% = X§.

Let p : R® — [0,00) be the distance function to the origin (in the Euclidean
metric). We may assume that the origin is enclosed by X§ so that p > a for some
constant a > 0. Shi and Tam showed that [3I, Theorem 2.1]:

Theorem 3. The equation ([§) with the initial condition @) has a unique solution
such that

(a) h =1+ mep ! + Kk, where mg is a constant and the function k satisfies
k| =0(p~?%), |Vor|=0(p~").

Here YV is the Levi-Civita connection of the Euclidean metric on R3.
(b) The metric g% = h%dr? + g, on E® is asymptotically flat in the sense that

(10) g5y — 6ij| + pIVogls| + p°IVogs| < Cp !

with zero scalar curvature.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



POSITIVITY OF QUASI-LOCAL MASS II 185

(¢c) The ADM mass of (E%, g%) is given by

% = lim m®(r),

T—00

m

where
1

- &G Do

and do, is the volume form of 3.

m*(r) (Hy — H)do,,

Let m®(r) be defined as in (c) of Theorem Bl It is computed in the proof of [31]
Lemma 4.2] that

dm® -1
11 = — a1 (1 — w)? < 0.
(11) dr (r) 167G s Rru=( u)” <0

Shi and Tam glued (E%, g*) to (22, g) along 3¢ to obtain a complete noncompact
three manifold M with a continuous Riemannian metric g such that

(1) g is smooth on M \  and Q and is Lipschitz near 9f2.
(2) The mean curvatures of ¥* with respect to g = glq and g® = §|ge are the
same for each «a.
(3) Each end E® of M is asymptotically Euclidean in the sense of (I0).
(4) The scalar curvature R of M \ 92 is nonnegative and is in L'(M).
Using Witten’s argument [35] 27], Shi and Tam proved that the positive mass
theorem holds for such a metric, so the ADM mass

[e%

Moo

= lim m“(r)
r—00

is nonnegative for each end E“, and mZ, vanishes for some « if and only if M has
only one end and M is flat. This together with the monotonicity ([III) of m®(r)
gives Theorem [2], since

1

0= 56 )y

(HS — H)do.

4. PROOF oF THEOREM [I]

4.1. Outline of proof. Let (,g;;,pi;) and &1,..., ¥¢ be as in Section Pl We first
deform the metric g;; on Q by a procedure used by Schoen and the second author
in [32] and also by the second author in [36]. This procedure consists of two steps.
The first step is to deform g;; to a new metric

9ij = 9ij + fifjs
where f is a solution to Jang’s equation on €2 such that f|so = 0. The metric g,
coincides with g;; when restricted to 0, and its scalar curvature R satisfies

(12) R>2|X|* —2divX
for some vector field X on €. The equality holds only if p;; = h;;, where h;; is the
second fundamental form of the isometric embedding of (€2, g;;) into

(Q X R, gijdl‘idl'j + dtQ)
as the graph of f. The second step is to deform g;; conformally to a metric with
zero scalar curvature. The inequality (I2) implies that there is a unique metric g;;

in the conformal class of g;; which has zero scalar curvature and coincides with g;;
on 0f).
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186 CHIU-CHU MELISSA LIU AND SHING-TUNG YAU

After the above reduction, we cannot apply Theorem [2] directly to g;; because
the mean curvature H of 90 with respect to §;; is not necessarily positive (this
point was overlooked in [22]). Instead, we have

o= fo-oxon

where H and © are the mean curvature and outward unit normal of 9 with respect
to gi;, and the equality holds iff § = g and X = 0 (so p;; = hy;). It was shown in
[36] that

(14) H— (X,p) > H?— P2 =/8pp,
where P is the trace of the restriction of p;; to d€2. In particular, H— (X,7) is
positive.

Let E* and H§ be defined as in Section Bl Shi and Tam’s proof of Theorem [3]
shows that one can solve ([§) on E* with the initial condition

Hg

H— (X,p)
and obtain a scalar flat, asymptotically flat metric g¢ on the end E“. Gluing
(E“,g*) to (,g) along X%, we obtain a complete noncompact three manifold M
with a Lipschitz continuous Riemannian metric g. On M \ 92, § is smooth and
has zero scalar curvature. However, the mean curvatures of ¥¢ with respect to
J = gla and g% = g|g« are not necessarily the same. This causes the following
problem which is absent in the case considered by Shi and Tam: the zeroth-order
term of the Dirac operator can be discontinuous along 02, so there is an extra term
when we integrate the Weitzenbock-Lichnerowicz formula. To prove the positive
mass theorem for (M, §) (Theorem[7]), we derive an inequality (Proposition [I{]) as a
substitute of the integral form of the Weitzenbock-Lichnerowicz formula for smooth

metrics.
Let m2, and m®(r) be defined by g as in Section Bl The monotonicity (1) of

m®(r) and ([[4) imply
16) < g [ (5 = (0= (X)) < oz [ (5 = V) = B

The positive mass theorem for (M, g) says that m%& > 0 for a = 1,...,¢, and
m%, = 0 for some « iff £ =1 and (M, §) is the Euclidean space R®. So E(X%) >0
for a =1,...,¢ If E(X%) = 0 for some «, we must have m% = 0 and § = g, so
(€,9) = (2, §) is a domain ¢ C R3. In this case, (£, g) (at least the part away from
apparent horizons) can be isometrically embedded in R3! = (R? x R, 3" da? — dt?)
as a graph

(15) h(z,0) =

{(z,f(z)) | 2 € Qo)}

with second fundamental form p;;, where f is a smooth function on £y which
vanishes on 9.

4.2. Jang’s equation with Dirichlet boundary condition. As in [32], we con-
sider the following equation proposed by Jang [19] on Q:

N i fii
{17 z_: (g _1+|Vf|2> JiLve )T

i,j=1
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POSITIVITY OF QUASI-LOCAL MASS II 187

As in [36], we consider solutions to (7)) with the Dirichlet boundary condition
(18) flaa = 0.

Most of the estimates were made in [32]. To solve the boundary value problem,
the second author constructed a barrier in [36] and concluded that there exists a
solution to (7)) with boundary value (I8)) when (2, g;;, p;;) has no apparent horizon.

Definition 4. Let (£, g;;,pi;) be an initial data set. Given a smooth compact
surface S embedded in 2, let Hy be the mean curvature of S with respect to the
outward unit normal vector, and let P, be the trace of the restriction of p;; to
S. A smooth 2-sphere S embedded in 2 is an apparent horizon of the initial data
(Qagijapij) 1fHS+PS =0or HS—PSZO.

We first assume that (€2, gi;, p;;) has no apparent horizon so that there exists a
solution f to Jang’s equation ([I7) on 2 such that f|sn = 0. The induced metric of
the graph Qf = Q of f in (2 x R, g;;dz’dx? + dt?) is

Gij = 9ij + fifjs
which can be viewed as a deformation of the metric g;; on 2. Note that the new
metric g coincides with the old metric g when restricted to 9€2.

We now introduce some notation. Let €4 be the downward unit normal to 2 in
Q x R, and let €1, €5, €3 be a local orthonormal frame of 2. We define h;4 by

Vs = hisé;,

where V denotes the Levi-Civita connection of the metric g;; dztdx? + dt? on xR.
Let hi; = (€;, Vjés) be the second fundamental form of Qf in Q x R. Let R be
the scalar curvature of g, and extend p;;, u, J* parallel along the R factor. The
following inequality was derived in [32]:
(19)  20u-|J)<R- Z(hz‘j —pij)® = 2(hia — pis)® + QZDi(hM — Pia),

i, i
where D; denotes the covariant derivative of g. In particular,
(20) R >2|X|* - 2divX,
where X = Y (his — pis)e;, and the divergence is defined by g. By (), the
inequality (20) is an equality only if p;; = hy;.

In general, the solution f and the metric g are defined on €', the complement

of the union of apparent horizons, but one can extend g to a metric on " which is
obtained by adding a point on each end of Q. See [32] for details.

4.3. Scalar flat metric on 2. We shall prove the following:

Proposition 5. Let (€2,9) be a compact Riemannian manifold of dimension three
with smooth boundary. Suppose that the scalar curvature R of g satisfies
R > ¢|X|? — 2divX,

for some constant ¢ > % and some smooth vector field X on Q). Then there is a
unique metric §;; on §2 such that

(1) the metric g;; is conformal to gi;;

(2) the scalar curvature of G;; is zero;

(3) the metric G;j coincides with g;; on 0.
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(4) Let H and H denote the mean curvatures with respect to the metric g and
g, respectively, and let U denote the outward unit normal of 9 in (€2, g).

Then
Y R !
ble) o0 B
where the equality holds if and only if R =0, X =0, and §;; = Gij-

Proof. In this proof, the Laplacian, gradient, divergence, and all the norms are
defined by the metric g;;.

Any metric g;; conformal to g;; can be written as §;; = u4§ij, where u is a
positive smooth function on Q. The metric g;; satisfies (1) and (2) in Proposition
if and only if v = u — 1 is a solution to

Av—1iRv=1R onQ
3 8 )
(21) { v=20 on 0N).

We first show that (2I)) has a unique solution. Let f be a solution to

Af—iRf=0 onQ,
f=0 on 0f).

(-ar+50)= [ (v +5r)

VIR + KPS - i) )

(22)

Then

(\V4
S

s
(

= [ (1vsP+ x4 1xer)
(

V1P - SIEXIV A+ 517X

B 1 \/2_0 ’ 1 2
_/Q <EVf|—T|fX|> + (1= )IV

> 0.

Note that 1 — % > 0, so Vf =0, which implies f = 0 since f vanishes on 0.
Therefore, zero is the only solution to (22), and ([2I]) has a unique solution. Let v
be the unique solution to (2IJ). Then v is smooth.

We next show that w = v + 1 is positive. Note that u satisfies

1.
(23) Au — éRu =0

on Q. Assume that Q_ = {z € Q | u(z) < 0} is nonempty. Then 9Q_ N IN = 0,
and B
{ Auf%Ru:O on _,
u=20 on 0f)_,

which implies that v = 0 on Q_, a contradiction. So 2_ must be empty, or
equivalently, u is nonnegative. Since u = 1 on 0f2, the positivity of u follows from
the Harnack inequality for nonnegative solutions to (23)).

Finally, we check that the metric g;; = u4§ij satisfies (4) in Proposition Bl We
first compute H in terms of H and u. We may choose coordinates (x!, 22, 23) near
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POSITIVITY OF QUASI-LOCAL MASS II 189

a point p € 0Q such that (2!, 22) are the normal coordinates of O centered at p,
and d o5 = . Let F”, fj denote the Christoffel symbols of g, g, respectively. Then
for 7,7 = 1,2, at p we have

L, 1/ 0 0 d
i =T = g \garte gt T gerty
1/ 0 ) 9
= 5 (gt + o ') - ()
1/ 0 o 0 du
= 5 9 lgzd"‘a jng 9 391] 9 35
- ou
- ou

So H = H + 4(u). Also,

/ v(u) /div(uVu):/(|Vu\2+uAu):/ (|Vu|2—|—§u2)
o0 Q Q Q 8
2, Ciyi2.2 1o 2
—| X _ X
/Q(VU| +8| | 4d1V u)
1

1
(Vu|2 + E|X|2u2 + 5X(u)u> -1 aQ<X, 7)

Nor ? 1., 1 i
> /Q( —Ivul - ] X|> s- ol | -1 [ o
1
ST

v

v

Therefore,

/QQﬁzLQ<H—<X,v>>,

and the equality holds if and only if
u=1l X=0, R=0.

4.4. Scalar flat metrics on the ends.

Lemma 6.
(24) fl—(X,D)Z\/HQ—PQ.

Proof. Let {1, é,¢€3,€4} be a local orthonormal frame of Q x R along the graph
2¢ so that €1, e, are tangent to 92 and e; = . Let w be the outward unit normal
of 99 in Qp, the graph of the zero function. It was computed in [36, Section 5]
that

€4, W
€3, ’l.U> <€3, ’lU>

]

|
=
X

Il

|
"Uv
_l’_
T

(25)
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Recall that H > 0, so (24]) is equivalent to
(— (&4, w)P + H)? > (&3, w)? (H? — P?),
which is equivalent to
((eq, w)? + (e3,w)?)P% — 2(eq, w)PH + (1 — (e3,w)?)H? > 0.
But |w|? = 1 = (eq,w)? + (e3,w)?, and so this inequality holds trivially. O

We now modify Shi-Tam’s proof of Theorem 2l Let % %% E g% = h?dr? + g,
be defined as in SectionBl Shi and Tam’s proof in [31] shows that there is a unique
solution to [B) on E* = £ x [0, 00) with the initial condition

He
2 h =0
(26) @0 =F x5
such that
|h(z,7) = 1| < ©
,

for r > 1. Equip E* with the metric ¢g® = h2dr? + gr- Then g* has zero scalar
curvature, and the mean curvature of X% in (E%,¢%) is H — (X, D).
Define

1 o 3 «
el Zg(HO — H)do,, m% = Tlirréom (r)

as in Section Bl By monotonicity ([II), m% < m®(0). By Lemma [a]

m® SWG/ HS — (H — (X, 9)))do < G/ HE —\/H? — P?)do = E(X%).

m(r) =

4.5. Asymptotically flat Lipschitz metric. Following [31], we glue (E“, %) in
Section A to (€2, ) in Section L3l along 3¢ to obtain a complete noncompact three
manifold M with a continuous Riemannian metric g such that

(1) g is smooth on M \ 2 and € and is Lipschitz near 0€;
(2) each end E® of M is asymptotically Euclidean;
(3) the scalar curvature R of M \ 9 is nonnegative and is in L'(M).

The mean curvature of ¥ with respect to § = gl is H = H 4 47(u), and the mean
curvature of ¥ with respect to g% = g|ge is H — (X, D).

Let 7 be the outward unit normal of 902 with respect to §. There exists € > 0
such that (z,t) — exp,(t0(x)) defines an open embedding i : 92 x (—e, ) — M.
The image T' = (00 X (—¢,€)) is a tubular neighborhood of 9Q in M. We use the
smooth structure on 9§ x (—¢, €) to define the smooth structure on 7. We have

Z*g = dt? + pij(ﬁ,t)ditiditj,

where (x1,z2) are local coordinates on 0.

We choose a local orthonormal frame eq,e; of 02 and parallel transport them
along dt Then ey, ey, and ez = % form a local orthonormal frame on (9Qx
(—e g) such that

,€), 1"
) e1,e2 are tangent to slides 3; = 09 x {t};
)
)

(1
(2
(3

e3 is normal to X;
V3e; = 0, where V is the Levi-Civita connection with respect to i*g.
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POSITIVITY OF QUASI-LOCAL MASS II 191

The mean curvature of 3; in 9Q X (—¢,¢€) defines a function H on 9 X (—¢,e€)
which is discontinuous at ¢ = 0 and smooth away from ¢ = 0.

Note that (M, §) is uniquely determined by (€2, §), which is uniquely determined
by (£2, 7). As explained in Section 1] our main result Theorem [l follows from the
following positive mass theorem of (M, g).

Theorem 7. The ADM mass m2, of the end (E%, g%) is nonnegative for a =
1,...,¢, and m&, =0 for some « if and only if { =1 and M is the Fuclidean space.

We will prove Theorem [7 in Section .10l

4.6. Dirac spinor. In the rest of this paper, LP,LfOC,Lg,Wk’p,WIIZ’C”,Wf’p are
defined as in [14, Chapter 7).

The spinor bundle S over M is a trivial complex vector bundle of rank 2. Let
D : C®(M,S) — C*(M,S) be the Dirac operator defined by the Levi-Civita
connection of §. It can be extended to D : W22 (M, ) — L2 (M, S).

Let T be the tubular neighborhood of 02 in M defined in Section We
identify T with 9Q x (—¢,¢) and study the Dirac operator on 92 x (—¢,¢). Let
e1, ez, e3 be defined as in Section {5, and let 01, 62,62 be the dual coframe. Then
63 = dt. Let

D' = ¢(6°) (c(6") V' + ¢(6*)VY),
where V! is the Levi-Civita connection on ;. Then
Dy = ¢(6?) <‘:’;é’ — D'y + ij) :
Let
D'=D - %ﬁ(t)Hc(m),
where 3 : (—¢,¢) — R is a smooth function such that 8(¢t) = §(—t) and

(1 <o,
At) = { 0 |t > 2¢/3.

Then D’ extends to a first-order differential operator on M with smooth coefficients.
In Section 4.9, we will prove the following existence and uniqueness of the Dirac

spinor with prescribed asymptotics.
Theorem 8. Let ¢',..., 9" be constant spinors defined on the ends E',... E*.
Then there exists a unique spinor ¢ € Wﬁ)f (M, S) such that

(1) Dy =0;

(2) ¥ € C(M\ 90, S5);

(3) ¥ € WEP(M,S) for any 2 < p < .

(4)

ocC

On each end E®, let p be defined as in Theorem Bl Then
lim p' |y — ¥ =0
p—00

for any € > 0.

In general, the mean curvature along 0f) is discontinuous, so the Dirac spinor ¥
in Theorem § is not in C*(M, S).
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4.7. Boundary values of W2 functions. We recall the following result from
[25], where H" corresponds to W™ in our notation.

Theorem 9 ([25, Theorem 3.4.5)). If G is bounded and of class CT"™" the func-
tions u € C"~1(G) are dense in any space H"(G) with p > 1 and there is a
bounded operator B from HJ"(G) into H]' " '(0G) such that Bu = ulac whenever
u € CPNG). If uy — u in HIY(G), then u, — u in HP 1(9G). Ifp > 1, the
mapping s compact.

Recall that we have translated 3§ C R3 such that there is an a > 0 such that
the closed ball B, of radius a centered at the origin is disjoint from E“. Choose
L > 0 such that E® contains R3\ By. For r > L, let

4
E¢ = E*\B,, S} =0E}, M,=M\ | E.

a=1

For a fixed r > L, let G be the interior of 2, and let G_ be the interior of M, \ Q.
We have a disjoint union

M, =G UIQUG_UOIM,,
where
C_¥+ = G4 U0Q, G_ =9QUG_ UJdM,.

Let 74 : Wh2(M) — W2(G4) be the restriction map, and let by : W12(G1) —
L?(09) be the bounded linear operator in Theorem [l Let BL = by ory :
WE2(M) — L2(09Q). Given u € WH2(M), there exists a sequence {u,} C
™ Y(M,) such that u, — uloug. in W"?(QU G_). Then Byu = B_u =
hmn—»oo(un‘afl)

4.8. Estimates near ). Let L > 0 be chosen as in Section 7l For r > L, let
M,., 8% be defined as in Section 77} The goal of this subsection is to establish the
following estimate, which will be a crucial ingredient in the proof of Theorem [l

Proposition 10. Forr > L and ¢ € VVliCQ(M, S)NC>®(M\ Mg, S), we have
(27)

2 1 2 1 —2 2 2 : H B
2f DvPz g [t g [l + 3 [ G- b

where D is the Dirac operator on S<.

Lemma 11. Let U be an open set of M. For any spinor n € Wol’Q(U, S), ¥ €
Wl2(U,S), we have

loc
(28) [ v = [ w0,
@) [ o= [ e+ [ o)+ 5w,

Proof. By the discussion in Section [£7] the right-hand side of (29) makes sense. It
suffices to show that 28) and (29) hold for ¢p € C>(U, S),n € C§°(U, S).
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Let Uy =QNU, Uy =U\Q, and [ = 9QNU. We have

/. () + [,
/U (D) ¢ [ e,

where # is the outward unit normal of 9Q in (€, §) (see e.g. [0, Proposition 3.4]).
Equation (28) is the sum of (B0l and (3I)).

We also have

@) [ Duon = [ 90905+ |G a0 @)D,

(30) /U (D, )

(31) /U (D, )

@) [ ouon = [ 90905+ [0 - By @)D,

where D is the Dirac operator on 9Q (see e.g. [18]). Equation (Z9) is the sum of

B2) and B3). O
The proof of Lemma [I1] also gives the following:
Lemma 12. Forr > L and ¢,n € W2(M, S), we have

loc

(34) /MT (D, ) = /MT (4, D) + i / e

Forr > L, e WE(M,8)NC>(M\ My, S), and n € W,52(M, S), we have
a

loc loc

@) [ ovon /M7<w,w>g+ Q<2v<u>+§<x,v>><¢,n>

+Z/ VYDV, ).

Lemma 13. Let D and D denote the Dirac operators on S|q defined by the Levi-
Civita connections of § and § = u*g, respectively. Then

(36) Dy — ti o L e(auyy,

where ¢ is the Clifford multiplication deﬁned by g.

Proof. The tangent bundle of (2 is trivial, so there exists a global orthonormal frame
{é1,es,e3} with respect to g. Let {0,602, 62} be the dual coframe. We have

?éiéj = Pk €k,
dg* = —T},;6° 67,
Ve = &(¥)+ P’“ &(67)e(6" ).

Let
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Then {ey, ez, e3} is a global orthonormal frame with respect to g, and {6',6%, 6%}
is the coframe. Let u; = €;(u), v; = Vg, 9. Then

) . . _. 2
' = 2uuf? NG uT}0F A6 = (Fz 0+ =2 ) N
gk
i miogl L 2 —2fi -3
W= ;0 + 79 (ex) =u ij + 2u" w04,

Ve = el)+ iF?jC(W )e(0%)y = 1/12 L (duye@)s.

Note that &(6") = c(ei)

Dy = c()Ve,y = (Gz)wz — Fe(0")e(du)e(0') ¢ = %Dw + Q—ie»é(du)w.

O
Lemma 14.
1, - 3 1 B 9
7)1Vl = IVUlG + g gl + 5 Re(Dy, e(d)y) = JReucys, v,
(38)
2
(V2 = w3 + 2 a2 07 — u*Re(Dv, e(du)is) + 2u*Releu(u) Ve, ), ).

Proof. We use the notation in the proof of Lemma [I3] where we calculated that

1 1
(39) Vep = 5¥i+ ﬁc(du)c(ﬁ ).
Note that (11, 12) does not depend on the metric on the tangent bundle of Q. We
have
2 1 2 | |2 2 oi
(40) Ve = S lal® + 301 + — Rewz, c(du)e(6°)y).

Note that the last term on the rlght—hand s1de of {Q) is not a sum and can be
rewritten as follows:

(i, e(du)e@)y) = (i, u;e(0”)e(0')y)
= (i, uy(—2(0))e(07) — 26i5)1))
= (20", use(07)h) — 2ui (i, ).

We now sum over ¢ = 1, 2,3 and obtain

3
o IVewl
=1

1 -
= SIV¥E+ 5 P+ 5Re (D, e{du)) — 2uily, ).
This proves (B7). By syrnmetry7 we have

IVl

\|2

VI3 = u[Vol3 + —|d( OGP + w”Re(Dy, c(d(u™))e)
- 2’LL Re<ei( _1)v€i¢7¢>7
which is equivalent to (B8]). O
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Lemma 15. Let dG denote the volume form of g, and let div denote the divergence
defined by g. Then

[ 1vutdn = [ (905 + SauZof + aRe(D. cldu)s) - 2uRelusti, ) ) do.
Q Q

(42)
2 [ wtlol = [ (2Bl + 5x e
o Q
- %(divX)u2|1/)|2 + 4uRe<uiwi,1/)>> dz,
(43)
WV, 2 2Y12

3 [ ok [ (;«hvxnﬁw - SIX Bl - w> .

Proof. We have do = u®do, so () follows from (B1). To prove (42), note that

2/39 v(u)pPde = 2/Qdiv(uvu\qp\2)da

2/ |W|§|¢|2da+2/mu|¢|2da
Q Q
+2 [ (S, V(o)
Q

where

Au = (IX2 — divX)u,

W%WWF))@ = u;&([¢]*) = 2Refuitpi, ),
so (@2) holds. Finally,

1 _ 2 _ l . 20112\ 7=
5[ o = 5 [ avloR)e

1 1 _
_ 5/9(divX)u2|w|2d6+E/ﬂ(X,V(u2|1/J|2)>gda

1 1 V(u®|yf
— 5/Q(divX)u2|w|2dc_r+2/Q<ﬁXu|w|,W}Qdﬁ

%/Q(divX)u2|w|2d6— 1/ X [2u?|p[2do
ﬁ/ V2P
u?[?

This proves ([@3)). O

Oo|:U|
mu

Y

Lemma 16.

2 _ 2, 1 N2
[rvitos2 [ sl [ oo

1 1
> — % 2 2 _ D 2
—/Q(m'ww —lduf2 o[ — Dy )da

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



196 CHIU-CHU MELISSA LIU AND SHING-TUNG YAU

Proof. By Lemma T8 we have

2 _ 2, 1 N2
[ vitao 2 [ swler+s [ (X

— 11
> /Q (u2|V¢|§ + Z|du|§|@/}|2 + 2uRe(u;v;, )

LIV (u?|p]?)? G 5
5 g+ uRe(DY Edu)y) ) do.
We rewrite _
_LSEPPR
8 u?y]?
as follows:

V@ [$l) = 2uVulp® + u*2Re(Ve, 1),

3
4u2|du\§\w\4 + 4ut Z(Rewi, V)2 + 8P Re(uii, 1),

V@) =
=1
Vv (u2lw]2)[2 1 1 w2 3
[UCEE — JIau2ioP = i S (Re(wi )? — Re(ust, v
=1
1 R
> —§\du|§|w|2 — §u2|v¢|§ — uRe(u;, V).
So

2 5 2, 1 N l2
@y [ v [ s [ o

1 5= 9 _
> [ (GUT0 4 0Bl + uRefusti )+ uRe(Du. )y ) do.
Q
In the rest of this proof, we will write
|dul? = |dul, Vo> = V3.

By ([B83),
(45)

1 9e 2 u® 2 3u’ 20,12 u’ 5
Fu VY[ = 7|V1/’| + ?\du| || — 7R6<D¢7C(du)¢> + u"Re(e; (u) Ve, 1, ).

By 9) and symmetry,

4O = Ve + el el = vV — eldu)e(0').

So
uRe{u, ) = uRe(uzei(u) (uZVeiw — gc(du)c(m)) U, )

u’Re(e; (u)Ve, ¥, ¥) — %Re@(dw%,w,

which implies

4
(47) uRe(ugths, ) = u"Re(e; () Ve, ) + - |dulp .
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We also have
uRe(Dy, é(du)y) = uRe(u?Dep — %E(du)gﬁ, ¢(du)y)
= WRe(DW, e(du)y) — g (eldu), c(du)y),
which implies
(48) uRe(Dv, &(du)y) = u’Re(Dv, c(du)y) — %u4|du|2|w|2.
Let v = log(u). Then (@4), {@5), (1), and {@8) imply that

2 . 2, 1 N\ [ [2
[rviigio+2 [ i+ [ oo

[ (G908 + S0P + GRe(Du.cldo)o) + 2Reles(0) Voot 0} ) do

v

v

1 21 1
[ (5196 + Sl 1ol = (Do + Splavk o)
2 2 D20
~GIvol + Sl ) do
1 1
[ (G170 + g laoPloP - 1Du?) do.

Y]

Proof of Proposition[I0. By 35,

2 _ 2 2 Su 1 7 2
[, ot = [ +/ Vil + [ o)+ 5 (Xl

+Z/ V)DY, Y),

where

2 _ 1 _ 9 1 9, 1 2 g 122 2
Liwees [ st gecomier = g [ 19eP4g [ w2latior- [ ool

by Lemma Therefore,

/M Dok + [ Dol
> /MT \w|2+—/ V|2 + 16/ u”?|dul?[9[?
+Z/ v)Dy, ),

which implies (27]). O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



198 CHIU-CHU MELISSA LIU AND SHING-TUNG YAU

4.9. Proof of Theorem 8l We modify Parker and Taubes’s proof of [27, Theorem
4.1]. In [27], the hypersurface Dirac operator is studied, so the second fundamental
form of the spacelike hypersurface in the spacetime is involved in estimates. Here
we consider the Riemannian case, so the estimates are simpler in certain steps. The
main difficulty in our case comes from the discontinuity of the zeroth-order term of
the Dirac operator along 0.

Let L > 0 be chosen as in Section[.7l For r > L, let EY, M,, S% be defined as in
Section[d7l Choose a smooth function 8¢ on each end E® such that (i) 0 < ¢ <1,
(ii) B¢ =1 on E;, (iii) ¢ =0 on E* N My, and (iv) |[VB| < 2/L. Then ¢
extends to a smooth section of S over M. Define

¢
(49) Yo =) BPy" € C™(M,S).
a=1
We wish to find 11 € W12(M, S) such that
(50) Dy = Dy,
and

lim !¢y | = 0.
T—00

Then @ = 1y + 11 is the desired solution.
Let U be an open subset of M, and let ¢ € L (U, S). Given n € C*(U,S), ¢
is said to satisfy

Dy =n

| w.po) = [ n.0)

for any ¢ € C3(U, S), or equivalently, for any ¢ € W1’2(U, S).

loc

in the weak sense if

Lemma 17. Let U be an open subset of M, and let ¢ € L2 _(U,S) be a weak
solution to

Dy =n,

where n € C®°(U,S). Then ¢ € C®(U \ 9Q,S), and ¢ € Wﬁ)’f(U, S) for any
2 <p<oo.

Proof. Recall from Section that D = D’ + A, where D’ is a first-order elliptic
operator with smooth coefficients, and A € L (U, End(S)) NC>°(U \ 99, End(S)).
So ¢ € C=(U \ 09, S) by elliptic regularity. Now

D'y = Ay + 1,
where Ay +n € L2 _(U,S). By elliptic regularity, v € W.2*(U) < LS (U), so

loc loc loc

Ay +n € LY _(U). By elliptic regularity again, ¢ € VVILG(U, S) c CO%U,S). So

loc oc

Ay +n € L. (U, S) for any p > 2, which implies ¢ € W,.?(U, S) for any p > 2. [

loc

We recall some weighted Sobolev spaces introduced in [27]. The distance function
from the origin is a smooth function p : E® — R such that p(E¢) = [L, c0). This
defined a smooth function p on My, such that p=!(r) = M, for r > L. Fix a
smooth function ¢ on M such that (i) o > 1, (ii) 0 = p on ES; and (iii) c =1 in
My,.
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Definition 18. Given a pair (§, p) such that
1 3 3
p>2, ;—-<0<2-—-,
2. p p
let WP, W3P be the completions of Cg°(M, S) with respect to the norms
(51) Ullps ¥ Iop=110"VY I + 1| 0% I,

respectively, where || ¢ ||, is the LP norm.

Lemma 19. Forp > 2 and 0 < § <2 —3/p, or p =2 and § = —1, the operators
V and D are bounded linear maps from W517p imto W(?’p, and there is a continuous
embedding W3? ¢ W = Wh2.

Proof. 1t is obvious from the definitions that the operators V and D are bounded
linear maps from W(;l’p into W(?fl. Suppose that p > 2 and 0 < § < 2 — 3/p. Then
o~ (149 jsin L 2 . Set

22
C=[la=0 || 2,

which is a positive constant. We have

I lh-12 = [V 2+ o™ |-
o=+ 0Ty |l + || o0 |y
< N o™ N ag 1 V9 llp + 1o~ sy [l % [l

Cllelhsp-

By Proposition [I0,

2 [ vtz g [ [ W+Z/ VDU, )

for all »r > L. So we have

2 S 2
(52) [ ook = g [ vl
for ¢ € C§°(N, S). By Lemma [I9 (E2) holds for ¢» € W, or equivalently,

Lemma 20. Fory € W, we have

(53) 2V5 [ DY 2= Vo |z -

Corollary 21. Forp>2 and0<§ <2—3/p, or p=2 and § = —1, the operator
D:W;" — (;)jrpl is an injection.

Proof. Suppose that ¢ € Wél’p and Dt = 0. By Lemma [I7] 1 is continuous on M
and smooth on M \ Q. By Lemma 20, Vi) = 0, so |¢)| is constant outside M \ 952.
Then [|¢] is constant on M since |¢| is continuous on M. We have

p2 ¢ llp= (1 o [[1)7[0],
where §p > —1, so || o7 ||1: 00. We must have ¢ = 0. O
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Lemma 22 ([27] Lemma 5.4 (a)]). For sufficiently large L, we have

(54) o™ty |§;E§L§ 5[ Vy ||§;E3L

forp e W.

Lemma 23. For sufficiently large L, there is a constant ¢ = ¢(L) > 0 such that
forally e W,

(55) I [lfy< el Dy I3 .

Proof. We modify the proof of [27, Lemma 5.5].

Fix a large L such that Lemma 22 holds. Choose a smooth function 3 = £, such
that (1) 0 < 8 <1, (ii) # =1 on each ES;, (iii) =0 on My, and (iv) |VF| < 2/L.
Given ¢ € W, let ¢, = (1 — f)¥ and Yex = [10. Note that the support of 1, is
contained in Msy,, and the support of ey is contained in Uf;:1 ES;.

We have
Tl =113 -12= (Ve 2+ o7 0 ll2)? <2 Ve I3 +2 o~y |I3,
¢
Lo Y l3=1 0" [3as, + > 07" [5.55, -
a=1
Recall that o > 1, so
o™ % 13000, <I 15 0my, = 1 Pin 13010, <1 0 |15 -

If ¢y € C°°(M, S) and Vi) = 0, then [¢)| is a constant. So B(v, ¢) = [,,(V1, Vo)

is a positive definite Hermitian form on C§°(M, S). We have
(56) | 15 < e2(D) || Vebun [
(see e.g. [25] Section 5.2]).
IV (5= Vi = Ve [5< 2 VO I3 +2 || Vide |3,

where

| Ve 3= V(BY) [I53< 2 [ (VB |53 +2 | BV I3 -

Note that V3 vanishes outside M3y \ May, |VB| < 2/L and 1 < 3Lo~! on
M3y, \ Mayp, so

2 2
(VB 3< | E¢ [ERYRY| I

=36 || 0'_1¢ ||§;M3L\M2L ’

-3L- 071¢ ||§§M3L\M2L
Recall that [3] < 1, s0 || BVY |3 < V¢ |13. So we have

o7 % s, < 1 13< c2(L) | Viin 13 < 2e2(L)(| VO 13 + || Vdex [13)
< 20(D)B VY 3472 07 3nr,\ Mo )
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4
o7 3 = lo "¢, +> o' l5m;,

a=1

¢
Gea(L) || Vb [I3 +(1 + 144ea(L)) (Z (R’ ||§;E3L>
a=1
< (726c2(L) +5) | Vi I3,

|%;E§‘L>
where we used Lemma 221 So
Io <21 VY342 o' [I3< (1452¢2(L) +12) || Vo |3 -
By Lemma 20 || V4 [|3 < 20 || Dy |3, so
| [ < 240(121co(L) + 1) || Dy |3 .

IN

_Z
< Gea(L) || Vi [I3 +5(1 + 144e2(L)) (Z | Ve
a=1

d

Lemma 24. For eachn € C§°(N,S) there exists a unique u € W such that D*u =
n. Y =DueW and

I 1y <cllnls.

Proof. Consider the functional
1
F(u) = 5 || Du [[5 +Reu, n)
on W. It is strictly convex, weakly lower semicontinuous, and
1
Flu) 2 o | u I = I wllwll o 2,

where ¢ is the constant in Lemma 23l By the calculus of variations, F' has a unique
critical point v € W which is an absolute minimum in W, and w is the weak solution

to
D%y = 1.

Let v =Du € Wém. Then 9 is a weak solution to
Dy =n.

By Lemma [T ) € V[/lif(M, SYNC>®(M\ 99,S5). By Lemma 23]
I lf <clnll-
Soyp e W. O

Lemma 25. For each n € C§°(N,S) there exists a unique p € W with Dy = .
For p,d as in Lemma [19],

(57) 19 [sp< e(6,0) [ 1 los41p -

Proof. By Lemmal[24] there exists 1 € W such that Dty = 7. The solution is unique
by Lemma [23]

By Lemma [T, ¢ € WL P(M,S) N C>®(M \ 89, S). A slight modification of the
proof of [27), Proposition 5.7] gives the a priori bound (51]). O
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The proof of [27), Proposition 5.9] gives

Proposition 26. Let p,é be as in Lemma D9 Then D : W517p W5+1 is a

surjection. If Dy =n, wheren € Wf’p and Y € W;’p, then the a priori bound (&1)
holds.

We now return to the proof of Theorem Bl Let ¢y be defined as in (9). Then

Dy € LA(M,S) N W N C=(M,S) forall 2< p < oo and 0 < 6§ < 1 — 3/p (see

[27), Section 4] for details). By Proposition [20] there exists 17 € W such that
(58) Dy = =Dy
and ¢, € WP (M, S) for all 2 < p < oo and 0 < d < 1 —3/p. So

lim ! 7|y =0

r—00

for any € > 0. By Lemma [[T} ¢ € C°°(M,S) and ¢ € WL for any 2 < p < oc.
Let ¢ = 91 + vg. Then v is the desired solution in Theorem [B The solution is
unique by Lemma [I9

4.10. Proof of Theorem [Tl Let 1) be the unique spinor given by Theorem [ By
Proposition [0}

1 1 _
B9 0zg [ vers o5 [l + Z/ V)DY, ).
By calculations similar to those in [27], we have

lim <§¢ — c(v)D, ) = —4nGm [ %,

T—00 Sa
r

where m&, is the ADM mass of the end E¢. So

¢
063wl g [ 1O+ g [ ol
In particular, taking |¢°| = 1 and 1 = 0 for a # 3, we have
G | auloR = o
If m2, = 0 for some 3, we have du = 0, so u = 1, which implies § = g. We also

have Vi) = 0 on M. We conclude that 0f) is connected and M is the Euclidean
space.

4rGml. >_/ VP + o
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