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ON A SHARP LOWER BOUND ON THE BLOW-UP RATE
FOR THE L? CRITICAL NONLINEAR
SCHRODINGER EQUATION

FRANK MERLE AND PIERRE RAPHAEL

1. INTRODUCTION

1.1. Setting of the problem. We consider in this paper the L? critical nonlinear
Schrédinger equation

iy = —Au— [u|~¥u, (t,z)€[0,T) x RY
(1.1) (NLS) { u(0,7) = up(z), up: RN — C

with ug € H' = H*(RY) in dimension N > 1. From a result of Ginibre and Velo
[7], (T is locally well-posed in H! and thus, for ug € H?!, there exists 0 < T' < 400
such that u(t) € C([0,T), H') and either T = +oco (we say the solution is global)
or T' < 4oc and then limsup,;r |[Vu(t)|2 = +oo (we say the solution blows up in
finite time).

(CI) admits the following conservation laws in the energy space H!:

L2norm: [|u(t,z)* = [ |uo(z)[?;
Energy : E(u(t,z)) =1 [|Vu(t,z)|* — 2;! [ fu(t, z)|*% = E(uo);
N
Momentum :  I'm ([ Vuu(t,z)) = Im ([ Vuouo(z)) .
For notational purposes, we shall introduce the following invariant:

(1.2) ES(u) = B(u) — = (W) .

2 |U‘L2

It is classical from the conservation of energy and the L2-norm that the power of
the nonlinearity in (L)) is the smallest power for which blowup may occur, and
the existence of blow-up solutions is known from the virial identity: let an initial
condition ug € ¥ = H' N {zu € L*}; then the corresponding solution u(t) to (L))
satisfies

2
(1.3) u(t) € ¥ and %/|x|2|u(t,x)|2 = 16E(uo).

Thus if ug € ¥ with E(ug) < 0, the positive quantity [ |z|?|u(t,z)* cannot exist
for whole times and u blows up in finite time.
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38 FRANK MERLE AND PIERRE RAPHAEL

Equation (LT admits a number of symmetries in the energy space H': if u(t, x)
is a solution to (L)), then ¥(\o, to, 2o, B0,70) € Rf x R x RY x RY x R, so is

N e} B .
v(t,x) = A& ul(t + to, Aoz + o — Bot)e 2 (F=ZDei0,

The following pseudo-conformal symmetry is not in the energy space H'! but in the
virial space X: if u(t, z) solves (L)), then so does

u(t,z) = |t‘%ﬂ(g,f)e a

Special solutions play a fundamental role for the description of the dynamics of
(CI). They are the so-called solitary waves of the form u(t,z) = e“*W,(x), w > 0,
where W, solves

(1.4) AW, + W [W,|¥ = wW,,.

Equation (4) is a standard nonlinear elliptic equation, and from [2] and []], there
is a unique positive solution up to translation Q,(x). @, is, in addition, radi-

ally symmetric. Letting @ = Qu=1, then Q,(z) = w%Q(w%x) from the scaling
property. Therefore, one computes

|Qw|L2 = |Q|L2~

Moreover, multiplying (L4]) by %Qw +z-V@Q, and integrating by parts yields the
so-called Pohozaev identity:

E(Qu) =wE(Q) = 0.

In particular, none of the three conservation laws in H' sees the variation of size
of the @, stationary solutions.

For |ug|r2 < |Q|1z2, the solution is global in H! from the conservation of energy,
the L?-norm and the Gagliardo-Nirenberg inequality as exhibited by Weinstein in
[23]:

(1.5) Vue HY, E(u)> % </|Vu|2> (1 _ ({flng)N) .

In addition, this condition is sharp: for |ug|rz > |Q|L2, blowup may occur. Indeed,
the pseudo-conformal transformation applied to the stationary solution e®Q(x)
yields an explicit solution

1 T _iz_\2+i
(1.6) Str) = —xQ(F)e w7
|t] = 4
which blows up at T'= 0 with [S(¢)|2 = |Q|r2. Note that the blow-up speed for
S(t) is
1
IVS(t)|g2 ~ Ik

Moreover, from [I3], S(t) is the unique minimal mass finite time blow-up solution
up to the symmetries.
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LOWER BOUND ON THE BLOW-UP RATE 39

Most results concerning the blow-up dynamics of (ILT]) now concern the pertur-
bative situation when

ug € Bar = {up € H* with /QQS/\UO\2</Q2+Q*},

for some small constant a* > 0. At least two different blow-up behaviors are known
to possibly occur:

e There exists in dimension N = 1,2 a family of solutions of type S(t) by a
result of Bourgain and Wang, [4], that is, solutions with [Vu(t)|z2 ~ 7
near blow-up time.

e On the other hand, it has been suspected since the 70s that the blow-up
speed of generic initial data is different from the S(t) speed, which indeed is
never observed numerically. Let us say that quite a number of both formal
and numerical works have been devoted to the derivation of the exact blow-
up law for (IT]) and that different laws have been proposed, in particular by
Zakharov. Then in the 80s, a combination of refined numerical simulations
and formal asymptotic expansions led Landman, Papanicolaou, Sulem and
Sulem [9], to propose in dimension N = 2 the log-log law

log | log(T — t)] 3
R

as the generic blow-up speed. A numerical confirmation of the log-log law
was recently proposed by Akrivis, Dougalis, Karakashian and McKinney
in [I]. Further formal arguments to explain the log-log correction to self-
similar blowup may also be found in Dyachenko, Newell, Pushkarev and
Zakharov [5] and Pelinovsky [I8]. We refer to the monograph [21] and ref-
erences therein for a complete introduction to the history of the problem.
Then in 2001, Perelman in [19] established rigorously the existence in di-
mension N = 1 of an even log-log solution and its stability in some space
EcCH.

The situation has been clarified in the sequence of papers [14], [15], [16]. More

precisely, let us consider the following property:

Spectral Property. Let N > 1. Consider the two real Schrédinger operators

_ 3 i 4-1 _ 3 £-1

(L7) L= A+N<N+1>Q y-VQ , L= A+NQ y-VaQ,
and the real-valued quadratic form for e = e +iey € H':

(18) H(E,E) = (£161,51) + (£2€2,€2).

Then there exists a universal constant 6; > 0 such that Ve € H', if (e1,Q) =

(61,@1) == (Elva) = (EQan) = (623Q2) = (EQ,VQ) = 07 then
Hie,e) > 51(/\vg|2+/|5|2e*\yl)
where Q1 = %Q—l—zrVQ and Qg = %Ql +y-VQ;.

This property has been proved in [I4] for dimension N = 1 and will always
be implicitly assumed in higher dimension N > 2. Recently, a numerical proof
is derived in [6]. Let us say that this Spectral Property contains two parts: first
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40 FRANK MERLE AND PIERRE RAPHAEL

count exactly the number of negative eigenvalues of each quadratic form, second
prove that the explicit set of orthogonality conditions chosen is enough to ensure
the coercivity of the quadratic forms. As it is stated, the first part always holds
numerically until N = 10, and the second part holds for N = 2,3,4, which in
particular covers the physically relevant case N = 2, but fails for N = 5,6. In
conclusion, the Spectral Property holds true at least for

N=1,23,4,

and for N > 5, it could be true that another set of orthogonality conditions or a
relaxed form of the Spectral Property holds true and is enough to have the whole
proof go through. An interesting case for further investigation is when N — +oo;
again in this case, the asymptotic form of the ground state is explicit and all com-
putations can be done. One can hope to derive a similar spectral property which
will lead to the same results.

‘We now have:

Theorem 1 ([I4], [I5], [16], [20]). Let N =1 or N > 2, assuming that the Spectral
Property holds true. There exist universal constants o > 0, C; > 0, C5 > 0
such that the following holds true. Given ug € By, let u(t) be the corresponding
solution to (ILI)) with [0,T) its mazimum time interval of existence on the right in
H'. Then:

o If E§ <0, then u(t) blows up on the right and on the left in time, and the
following upper bound on the blow-up rate holds for t close enough to T':

10g|10g(T_t>|)%

(1.9) IVu(t)|pe < CF ( e

o If E§ = 0 and ug is not a soliton up to scaling, phase and translation
invariances, then u(t) blows up on the right or on the left in time with
upper bound (LY). Moreover, if ug € 3, then finite time blowup occurs on
both sides in time with upper bound (L.9)).

o The set O of initial data ug € By» such that u(t) blows up on the right in
finite time with upper bound ([L9) is open in H'.

o If u(t) blows up in finite time and (L3)) does not hold, then the following
sharp lower bound on the blow-up rate holds:

&

. > .
(1.10) Vel > e

We now address the question of lower bounds on the blow-up rate. On the one
hand, observe that outside the open set where the log-log upper bound (L9) holds,
we have the lower bound (LI0]), which is conjectured to be sharp as it is the rate
of blowup for the explicit blow-up solution S(t).

On the other hand, in the log-log regime, a known lower bound holds from the
scaling argument:

C*
VT =t
Even though self-similar blowup is known to generically happen in other situations,
it is conjectured from the criticality of the problem never to hold true in H! in our

(1.11) IVt 2 >
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LOWER BOUND ON THE BLOW-UP RATE 41

setting. We proved this result in [16] for data ug € Byx:
VT —t|Vu(t)|pz — +oo0 as t — T.

This result is an L? property in the sense that there exist explicit self-similar solu-
tions in H?, but they never belong to L2. The proof in [16] relies on classification
results of non-L? dispersive blow-up solutions. In a first step, we prove that such
an object satisfies additional decay properties in 3. In a second step, we are able to
characterize these solutions thanks to L? dispersion under this additional control in
3. Moreover, using the pseudo-conformal transformation as an explicit symmetry
of (LI, this classification result is equivalent to proving the following character-
ization of solitons: if ug € X with Eg = 0 and ug is not a soliton up to the H'
symmetries, then u(¢) blows up for t > 0 and ¢ < 0 in finite time with upper bound

(LIT).
1.2. Statement of the results. This paper is devoted to the proof of the sharp
lower bound on the blow-up rate:

Theorem 2 (log-log lower bound). Let N =1 or N > 2, assuming that the Spectral
Property holds true. There exist universal constants o > 0, C5 > 0 such that the
following holds true. Let ug € By+ and assume that the corresponding solution u(t)
blows up in finite time 0 < T < 4o00. Then one has the following lower bound on
the blow-up rate for t close to T':

log | log(T — t)] 3
T—t '

(1.12) [Vu(t)|g2 > C3 (
Comments on the result.

1. Pointwise estimate: At this stage of the theory, it is noteworthy that the log-
log upper bound (I9) is needed for the proof of the log-log lower bound (LI2). In
addition, we obtain a slightly stronger result in the proof as we exhibit a pointwise
in time differential inequality for the size of the solution; see section 5.

2. Ezact blow-up speed for the log-log: From the proof, we in fact have an exact
equivalent of the blow-up speed in the log-log regime, i.e., for the solutions which
satisfy the upper bound (3I):

|Vu(t)| e < T—1t )2 1
1.13 — —— as t—T.
(1.13) Q. \logllog@—0]) ~ Vam

This theorem will be obtained as a refinement of techniques developed in [16],
Part B, for the proof of nonexistence of self-similar blow-up solutions. This amounts
to understanding precisely the mass exchanges between the blow-up part of the so-
lution and the linear radiative dynamic at infinity. This dispersive mechanism in L?
has been partially exhibited in [16] in a regime where additional decay assumptions
on the solution in ¥ hold in the vicinity of the blow-up time. For generic initial
data, such estimates do not hold: recall that the result in [I6] is a classification
result of nondispersive solutions in L2. In this paper, exhibiting a Lyapounov func-
tion in the log-log regime involving the L2-norm, we are able to extend the analysis
in [16] to H'. Nevertheless, we expect that existence of such a Lyapounov prop-
erty is very specific to (1), whereas arguments given in [16] should be more robust.
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42 FRANK MERLE AND PIERRE RAPHAEL

In addition, we are able to extend the dynamical characterization of solitons in
the zero energy manifold to the full energy space H':

Theorem 3 (Blowup for H! zero energy solutions). Let N =1 or N > 2, assuming
that the Spectral Property holds true. There exists a universal constant a* > 0 such
that the following holds true. Let ug € B~ with Eg; = 0 and assume that ug is not
a soliton up to fixed scaling, phase, translation and Galilean invariances. Then u
blows up both fort < 0 and t > 0, and (CI3) holds.

Let us observe again that blowup on the right or on the left in time is known from
[16]. The main problem that one is confronted with for zero energy solutions is the
possibility of a nonlinear vanishing, |Vu(t)|2 — 0 as ¢ — 4o00. This behavior has
been ruled out for data up € ¥ in [I6] using the pseudo-conformal transformation
as an explicit symmetry of (II]). Nevertheless, the zero energy set is an important
set in the energy space H' as zero energy solutions are natural asymptotic profiles
for blow-up solutions. In this setting, no information is usually obtained outside
the energy space, and thus Theorem [3]is more than a technical improvement of the
result obtained in [I6], Part B. Moreover, the nonlinear vanishing dynamic is ruled
out from the conservation of the L?-norm and the zero energy assumption, showing
in fact that the Hamiltonian information is in this case enough to prove a strong
rigidity of the blow-up dynamic.

These results on ([LI) in the sequence of papers [14], [15], [16], [20] and the
present paper may be summarized as follows in a general statement.

Theorem 4 (Dynamics of (II)). Let N =1 or N > 2, assuming that the Spectral
Property holds true. There exist universal constants o > 0, C* > 0 such that the
following holds true. For ug € H*, let u(t) be the corresponding solution to (LI
with [0, T) its mazimum time interval with existence on the right in H'. Define the
set

T
O = {ug € Bow with / IVu(t)|2dt < +ool.
0

Then:

If ug € O, then 0 < T < 400 and it follows that

IVu(t)| 2 Tt N U
IVQ[r> \log|log(T —t)] V21 '

The set of initial data uy € By with negative energy Eg < 0 and super
critical mass [ Q* < [ |ul? is included in O.

O is open in H'.

e If0 < T < 400 and ug € By does not belong to O, then the following
lower bound holds:

C*
Vu(t)|f > ————.
Vultlie 2 s
Remark 1. It is an open problem to get a bound from above on the blow-up rate

in the regime where (I.I0) holds. Recall again that solutions obtained in [4] have
the speed [Vu(t)|r2 ~ 7.
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LOWER BOUND ON THE BLOW-UP RATE 43

This paper is organized as follows. Section 2 is devoted to recalling key objects
and properties obtained in [I4], [I5], [16], [20]. In section 3, we outline the strategy
of the proof of Theorem 2l In section 4, we obtain new dispersive estimates which
allow us in section 5 to conclude the proof. Theorem B will follow similarly.

Throughout this paper, we will assume in dimension N > 2 that the Spectral
Property holds true (recall that it has been proven to hold true for N = 1,2,3,4).
In addition, all results in this paper deal with initial conditions uy € H' in the L?

vicinity of @,
[@< [P < [@+ar
for some a* > 0 small enough.

We also fix some notation. §(a*) > 0 will denote a constant such that 6(a*) — 0
as a — 0. Moreover, given a well-localized function f, we set

N N
= §f+y'vf and fy = 5.}01 +y-Vii.
Note that integration by parts yields
(f1,9) = —=(f,q1).

We accept one exception to this notation and will note € = &1 +ie5 in terms of real
and imaginary parts.

Part of this work has been supported by grant DMS-0111298. The authors thank
the referees for their suggestions.

2. RECALL OF DYNAMICAL PROPERTIES OF SOLUTIONS TO (L)

Our aim in this section is to recall the objects involved in the analysis of the
dynamics of solutions to (II) which have been exhibited in [14], [15], [16], [20], and
we refer to these papers for detailed proofs and explanations. These properties are
the starting point of our analysis. We use a suitable finite-dimensional geometrical
decomposition of the solution and estimates on the corresponding geometrical pa-
rameters. These dispersive type estimates then allow us to understand part of the
interactions between the finite-dimensional dynamic and the infinite-dimensional
part of the solution.

2.1. Localized self-similar profiles and associated radiation. In this subsec-
tion, we recall results concerning the construction of regular approximations to self
similar profiles close to (). Let n be a small parameter, 0 < n << 1, to be fixed
later. For b # 0, set

2
Rb:m\/lf , Rb_:vlfan,

and Bg, = {y € RV, |y| < Ry}. We introduce a regular radially symmetric cut-off
function ¢p(x) = 0 for |z| > Ry and ¢p(x) = 1 for |z| < R, , 0 < ¢p(x) < 1, such
that

We also consider the norm on radial functions || f||c; = maxo<g<; ||f(k)(r)||Loo(R+).
We then claim the following.
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44 FRANK MERLE AND PIERRE RAPHAEL

Proposition 1 (Localized self-similar profiles). See Propositions 8 and 9 of [16].
There exist universal constants C > 0, n* > 0 such that the following holds true.
For all 0 < n < n*, there exist constants €*(n) > 0, b*(n) > 0 going to zero as
1 — 0 such that for all |b] < b*(n), there exists a unique radial solution Qy to

AQb Qo+ b ($Qu+ v VQb) + Qul Q| ¥ =0,
Qbe Hgh >0 n Bg,,
Qb( ) € (Q0) —&"(n),Q(0) +e*(n), Qu(Rp) =0
Moreover, let
Qb(r) = Qu(r)do(r).

Then the following holds: B
(i) Uniform closeness to Q: Qy is differentiable with respect to b with estimate

(22)
_ n (0 2
e @y = Qe + e (2 +iQ) fe 0 a5 b0,
where

v 2 0(2
(23) O(w) = 10§w§2/ 1-— ZZdZ + 1w>2%w.
0

(ii) Equation of Qv: Qy satisfies

(2.4) AQy — Qp + ib(Qp)1 + leleﬁ = -y,
with
(2.5) =W, =2Vey - VQp + Qu(Ady) +1ibQuy - Vo, + ( — ) Qb Q| ™,

and for any polynomial P(y) and integer k = 0,1,

IP(y) U | e <77,
(iii) Degeneracy of the energy and the momentum:

<
b

(2.6) 2E(Qy) = —Re / (U)1Qy so that |E(Qy)] < e T,

Im </ VQbe> =0, Im (/y~VC~2be> = —g|yc~2b\§.

Remark 2. One computes:

(2.7) 0(2) = /02 Hdz = /Og 24/1 — sin?(0) cos(0)df = —

We now claim a nondegeneracy property of Qp in L? with respect to b2:

Lemma 1. Qp has supercritical mass, and more precisely:

(2.8) 0< % </ |Qb|2>|b2_0 < 4o0.
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LOWER BOUND ON THE BLOW-UP RATE 45

Proof of Lemma [l This is a refinement of estimates obtained in [16], Part B. Recall
from the proof of Proposition [ (see Appendix B in [I6]) that Qp is built from

. 2
P, = Qbe’%, which satisfies
AP, — P+ 28l p 4 pltN g,
P, >0 in BRb,
P,(0) € (Q(0) —e(n),Q(0) +e(n)), Py(Rs) =0.

We then set Qu(r) = Qu(r)¢p(r) and similarly Py(r) = Py(r)¢p(r). Observe that
P, is a function of b2 and satisfies

AP, — P, + = -y,

b2 2 L4
|4:,:J| Pb"‘Pb N

- 4 4
with =0, =2V ¢y, - VP, + PyAgy, + ( ;JrN — ¢b)Pb1+N. Moreover, from the proof
of Proposition 1 in [I5], P, is differentiable with respect to b with estimate

DO -
e Blles < €,

and thus for b nonzero:

(2.9) Hy = % satisfies | ™" Hy|le= < C.

In addition, for any by nonzero, the function Tp,(b) = (%0) 2 P, (b‘) ) is differen-
tiable with respect to b at by with estimate

(1—n) 2U%0Im) oT,, C
e W=y lezui<r,) < ool

From this last estimate and the explicit formula for ¥y, we conclude that U, is
differentiable with respect to b? for b nonzero with estimate:

o,
0b?

@\Q

(2.10) < e,

Cl

Moreover, from the convergence P, — @ as b — 0 given by (Z2) and the uniform
bound (29), limp_o(Hp, P») = limp_o(Hp, @). To conclude the proof of 23], it
now suffices to prove from a standard argument:

(2.11) lim (H,, Q) > 0.

Observe now:

Proof of (2.11]). Let
4
(2.12) Ly :—A+1—(1+N)Q%
be the real part of the linearized operator close to (). Then H, satisfies

ov, B’y

Loy =gy T T

~ 4 4 ~ 4
P, + (1 + N) (QN — PN )H,,.
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Take the inner product of this equation by the well-localized direction @);. Then
we get from the previous estimates:

) 1 95 1 2 2

li (L4 Hy, Q) = | lim(9P P @) = = [ WP Q.
We conclude from the algebraic relation L Q; = —2@Q that
Lim (L4 Hy, Q1) = —2 lim(H), Q) <0,
and (ZI7)) is proved. This concludes the proof of Lemma [I1

The modified profiles Q, built in the previous subsection are not exact self-similar
solutions, and indeed the presence of the nonzero error term ¥y, in (24) is necessary
due to the nonexistence of H' self-similar profiles. Now as exhibited in [19] and [16],
these profiles are not sharp enough to investigate the full interaction between the
nonlinear concentration on compact sets in space and the linear dispersive dynamic
at infinity. We thus introduce the outgoing radiation escaping the soliton core
replacing the tail of an H! self-similar solution according to the following lemma:

Lemma 2 (Linear outgoing radiation). See Lemma 15 in [16]. There exist universal
constants C' > 0 and n* > 0 such that YO < n < n*, there exists b*(n) > 0 such that
Y0 < b < b*(n), the following holds true: let Uy, be given by (2.0); then there exists
a unique radial solution (p to

Al — G+ 1b(Cp)1 = Py
(2.13) { [ VG < +oc.
Moreover, let 0 be given by [23]), and consider
(2.14) Ly= lim 1™ 1¢ ()%

then it follows that

N l_cn
2.15 : V(G| <17 " < 40,
(2.15) w1 (ICe] + [V (Co)) ey = Lb +00
(216) [ vap<rien
For |y| large, we have more precisely:
Q17) Wyl 2 B e O S Vg )P 2 1T, > e 2000
1
c T2
(2.18) Viyl = Ry, IVCW| < — w77
ly|*+ > (bl

For |y| small, we have: Yo € (0,5), In**(o) such that YO < n < n** (o), Ib*™*(n)
such that Y0 < b < b**(n), and it follows that

(2.19) [Gh e <1t

C2(lyI<Rs)

Last, p is differentiable with respect to b with estimate

G,

Cn
b '

(2.20) ‘ <17

ct
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LOWER BOUND ON THE BLOW-UP RATE 47

We refer to [19] or Appendix E of [I6] for the proof of Lemma[2], up to estimates
[2I8) and 220), which are proved in Appendix A of this paper.

Note that an important fact is that ¢, is not in L? but in H'. The constant
Ty given by (2I4) will play a fundamental role in our analysis and is precisely the
object which measures the way ¢, misses L2. In our analysis, exponentially small
terms in b will systematically be estimated in terms of powers of I', thanks to (2I7):
(2.21) o—2(14+C0m) 22 S T, < p—2(1—0m) %2
2.2. Geometrical decomposition of the solution. In this subsection, we intro-
duce the geometrical decomposition of the solutions to (II)) adapted to the study

of dispersion first exhibited in [14], and collect dynamical results obtained in [15],
[16], [20].

Let an initial data ug € By~ assuming a* > 0 small enough, and assume that the
corresponding solution wu(t) to (L)) is defined on [0,7), 0 < T < 4o00. As exhibited
n [14], we first observe that we may modify up by a fixed Galilean transform to
ensure

(2.22) Im ( / Vuou_o) =0,

prove the result in this context and then transpose it to the general case.

We first recall a classical lemma of proximity of H! functions up to scaling, phase
and translation factors to the function @) related to the variational structure of Q).
Recall indeed that for u € H!, solutions to E(u) = 0 and |u|z2 = |Q|.> are exactly

N
eN; Q(Ao(x + x0)) for some fixed parameters (Ao, 70, Zo).

Lemma 3 (Variational characterization of the ground state). There exists a uni-
versal constant of > 0 such that: for all 0 < o < «f, there exists 6(a’) with
5(a’) — 0 as o’ — 0 such that Vu € H*, if [ Q* < [|uo|* < [Q*+ o/ and

(2.23) E(u) ga’/|Vu|2,

then there exist parameters \g = “gﬂf
L

.7 € R and 2o € RN such that

|Q — ei%)\gu()\o(x +x0)) | < 3().

For the rest of this section, we assume that there exists a time t(ug) € [0,7)
such that

(2.24) Vt € [t(ug),T), Eo < a*/\Vu(t) 2

and 0 < o* S%

Remark 3. In our further analysis, two kinds of assumptions will ensure (224)):
either lim;_ 7 |Vu(t)|z2z = 400 and then ([2:24) holds for ¢ close to T, or Ey < 0
and then t(ug) = 0.
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We now sharpen the decomposition of Lemma [ and introduce a regular geo-
metrical decomposition of u(t) related to its proximity in H' to the manifold

M = {e\2Qy(\y + )}

Lemma 4 (Nonlinear modulation of the solution with respect to M). See Lemma
2in [15]. There exist some continuous functions (X, 7y, x,b) : [t(ug),T) — (0, +00) X
R x RN x R such that

(2.25) Wt € [H(uo), T), e(t,y) = €T ONE (B)ut, A(t)y + (1)) — Quen) ()
satisfies the following:

(i)

(2.26) (e1( Iyl o) + (22(8), [y Onry) = 0,

(2.27) (e1(8), yZo(r)) + (£2(1), ¥Op(r)) = 0,

(2.28) — (1(1), (Ou))2) + (22(t), (Shr)2) =0,

(2.29) — (1(1), (Oy)1) + (22(t), (Sp)1) =0,

where € = &1 + iey, Qp = Xy + 1Oy, in terms of real and imaginary parts;

(1) |1— (¢ )%| +1e(t)| g + |b(t)| < 6(a™) where 6(a*) — 0 as a* — 0;

(1) t(ug) = 0 if E(up) < 0.
‘We now introduce the rescaled time
t dt/
(2.30) s :/ —
t(uo) N2 ()

so that s(¢(ug)) = 0 and s{(¢(uo),T)} = R4. Moreover, we shall note from now on
that

Qp =X +1i0, U, = Re(V) 4 ilm(¥)

in terms of real and imaginary parts.

We first observe from a standard argument that {\(s),~(s),z(s),b(s)} are C!
functions of s on R, and ¢ satisfies the following equation for s € R, y € RV:

(2.31)
0% As - T
bs 5y +0se1 — M_(e) + (—51+y V€1>=<7+b>21+vs®+7-v2
N
( ) 7 e1+y- V61>+’Vs€2+7 V€1+Im( )—RQ(E),
(2.32)
00 N As - s
bs% + 0582 + M4 (e )+b<—62+y V62> = <7+b> @1—732+%-V@

As N
+ (74—()) <?€2+y-V€2) ’ys€1+— Vey — Re(¥ >+R1(€),
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with 4(s) = —s — 7(s). The linear operator close to Qp is M = (M, M_) with

432 ~ 4 40
Mile)=—Berter - <N@|2 +1) 1 - (NIQ |2'Qb'N> >
b

4072 ~ 4
M,(E) = —Aeg + 9 — (N|Qb|2 + 1) |Qb|N82 — <N|Q |2 QbN>

The nonlinear interaction terms are explicitly:

~ 4 ~ 4 432
(2.33) R1<a>=<sl+z>s+czbN—2|Qb|N—(NQb|2 1)l e
450  ~ 4
_(NQb|2|Qb| >52,
231)  Ra(e) = (52 + O) +Q|f¢@|©|f¢< 167 +1)IQ|N
. 2(€) = (&2 3 b b N‘Qb|2 b 2
450  ~ 4
_<NQb|2|Qb| )El

We now claim the following preliminary estimates for this decomposition:

Lemma 5. For all s € R+, it follows that:
(i) Estimates induced by the conservation of energy and momentum:

235)  [2(e1,%)+ 20, 0) < C([ 1V + [ JefPe ) + 137 4 0N Bl

(22, V)| < C(a /|vg|2 /|5\2e Ivl)3 .

(i) Estimates on the modulation parameters:

(2.36) |§ +0| + |bs| < C (/ Vel + / g|26—ly) + 1,9 + CN?|Ey|
- _ G(b\u\) 1
- e L) (@) [ [VePer2amm ™y [epeiy:
2
(2.37) +C/\VE|Q+F§‘C"+0A2|EO\.

Proof of Lemma[ll This lemma is very similar to Lemma 3 in [I5]. The main
difference is our will to take the quantity A2Ey explicitly into account. Note that
the algebraic formulas for the computation of the geometrical parameters under

orthogonality conditions (226), 221), (Z28) and [229) have been exhibited in
Appendix A of [20]. We then estimate the nonlinear interaction terms as in [I5] to

get (Z30) and (@). In this last step, we use the following estimate, which has been
proven in Lemma 5 in [I6]: Vi > 0, there exists C,; > 0 such that for all e € H!,

(2.38) /|5|2 -yl < o, </|Ve|2 /|6‘2 —|y>

This concludes the proof of Lemma [Bl

We now recover the virial estimate obtained in [I4], [15].
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Proposition 2 (Local virial estimate). See Lemma 7 of [20]. There exist universal
constants 09 > 0, C > 0 such that for all s > 0, it follows that

(2.39) bs = 8o (/ |Vel” + / IEQe"y> — CONEy — T, ™",

Let us now focus on the monotonicity properties which hold only for the solutions
ug € O; that is, we assume that the corresponding solution «(¢) to (II]) blows up
in finite time 0 < T' < +o0 with the upper bound

log | log(T — 1)\ ?
T—t '

These estimates are much deeper in nature than those of Lemma [f] and correspond
to rigidity properties for those solutions to (LIl obtained in [14], [15], [20].

Va(t)|: < CF (

Proposition 3 (Dynamical controls in O). See Lemma 7, section 8 of [20]. There
exist universal constants 6o > 0, dg > 0 such that for all ug € O, there exists some
time so = So(ug) > 0 such that for all s > sq, the following hold:

(i) Sign of b:

(2.40) b(s) > 0.
(i) Almost monotonicity of the norm:
(241) Vso > 81 > Sg, )\(82) < 2)\(81)

(#ii) Control of the scaling parameter:

1

(2.42) A(s) <e T

Let us point out two facts regarding the above result:

e The analysis developed in [14], [I5] for the negative energy solutions is
global in time in the sense that the geometrical decomposition of Lemma @l
holds for all time, s € R, and one can also get the sign of the parameter b
and the monotonicity type properties for all time. On the contrary for data
in O with positive energy, Proposition [l holds only asymptotically near the
blow-up time, s — 400, as exhibited in [20]. Note that the key rigidity
property (Z.40) still holds true in O, and is unknown outside of it.

e Control of the scaling parameter (242)) is false in the other blow-up regime
governed by the lower bound ([I0) for which

A Ey > Clb|
holds true; see [20]. On the contrary in the log-log regime, the energy type
of the term \?|Ey| will be asymptotically negligible thanks to (Z.42]).

3. STRATEGY OF THE PROOF OF THE LOG-LOG LOWER BOUND

This section is devoted to a brief sketch of the proof of Theorem

We let an initial data ug € O with zero momentum according to (2:22)), that is,
u(t), the corresponding solution to (LII), blows up in finite time 0 < T' < 400 with
upper bound

1
log | log(T — t)|> 2

2 < CF
vulolzs < 0 (ELE
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Let us recall the virial estimate (2.39) and assume for the sake of simplicity that
Ey <0 in which case ([239) implies

(3.1) bs > 0 (/ |Vel? + / 5|2e|y> - F;fcn.

In previous works [14], [15], this H' estimate is the starting point of the proof of
the upper bound (L9) and points out the importance of the parameter b(¢) in the
problem. Coupled with the modulation equation for the scaling parameter A(t), it
implies controls (2:40) and (Z42]) and eventually a pointwise lower bound for b: for
s large enough,

(3.2) b(s) >

log(s)’
which eventually implies (9.

Our goal now for the proof of Theorem [2 is to obtain the converse inequality:
for s large enough,

C
3.3 b(s) < ——.
(33 < s
In particular, b(s) — 0 as s — +o0. The problem is that such a decay estimate on
b cannot directly follow from local-type estimates like (3I)) and ([B:4) which take
place in H' N L?  and would also apply to self-similar solutions which are in this
space and have a constant b (see [16] for a further discussion of this fundamental

difficulty).

As partially understood in [16], decay properties for b(s) are related to disper-
sive estimates in L2. We claim that in the full energy space H', dispersive effects
of (LI)) in the log-log regime can be seen through the exhibition of an exact Lya-
pounov functional. We expect that this strategy will apply in different situations
in order to treat degenerate nonlinear dispersive problems.

A: Derivation of a Lyapounov functional.
Step 1. Refined virial estimate on compact sets.

As observed in [16], estimate ([BI) may be improved by introducing the radiation
¢y of Lemma[d Yet, as this radiation is not in L?, we consider a localized radiation
Cp,a which equals ¢, for |y| < A and is zero elsewhere. We then claim that for a
suitable choice of cut-off parameter A = A(t) =T',;“, a > 0 small enough, the new
variable &€ = € — (; 4 satisfies

1 A
(3.4) bs > do (/ |VE|? + / 526|y> +Ty — */ le|?.
0 Ja

This remarkable inequality is useless compared to ([B.) to estimate local norms
and get monotonicity-type results as in [14], [15], [20]. Now the question at the
heart of our analysis is to control local information (size of the parameter b and the
set where the approximation € ~ (p 4 is good in a certain sense) by flux terms at
ly| = A in L2, which is provided by (3.4).
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Step 2. Linear dispersive information at infinity in space.

Let us remark that estimate (3.4]) was already in [16]. We worked there not with
a general H' solution but with an asymptotic object which was essentially known
to be negligible at infinity in L? using extra estimates in the virial space ¥. Here on

the contrary, the term fjA le|? in B4) is controlled by a flux in L? of the solution
for |y| > A in a regime when parameter b has a fixed sign b > 0, which is relevant

according to (Z40):

2A
(3.5) / P > / lef? — T,
ly|>A s A

for some zg > 0. Again, a key in this estimate is the choice of the cut-off parameter
A(t) which allows some decoupling in the interactions together with the fact that
Q is exponentially decreasing at infinity.

Multiplying ([B4]) by dob > 0 and using (BH), we obtain the following Lyapounov
functional:

(3.6) {/ le|? +60b2} > Gob (/vgﬁ +/|é|2e—y|) + 5obTy.
ly|=A s

B: Dynamical control of b.
Step 1. Asymptotic stability revisited.

Integration in time of dispersive estimate ([B.0) yields a direct proof of the as-
ymptotic stability:

b(s)—i—/\st(sﬂ2 +/|E(s)|26_|y‘ — 0 as s — +4o0.

We moreover make precise the size of ¢ with respect to b and claim a pointwise
control:

1
(37) [19e@r + [ eepe <,
Step 2. Conservation of the L?-norm and conclusion.

Consider again ([B.6). We have no a priori bound on the left-hand side, that is,
the Lyapounov functional itself. We now use (for the first time in the problem) the
global information in space given by the conservation of the L?-norm:

Jur = 1@+ [+ [
~ /Q2+b2+/y|>A |a\2,

where we used [B.7) to control £ on compact sets, and the fact that the localized
profiles Qp have super critical mass from ([Z8]).
Injecting this into the Lyapounov property (B:6), we obtain the key estimate:

(3.8) (=b%)s > 5obly,.
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This yields (B3], and the proof of the lower bound (LI2) will now follow from
A

B

In other words and after having estimated all the interaction terms, the Lyapounov
function of the problem simply reduces to the parameter b itself or equivalently the
size of the L2-norm of the solution on the rescaled ball |y| < 1.

Let us summarize this proof in a more physical picture: from the fact that
the profiles @, have supercritical mass, the remainder term e of lower order is
radiated away by escaping the soliton core according to an outgoing radiation.
Now the rate at which this expulsion is performed is submitted to the constraint
of the conservation of the L?-norm together with the dispersive estimates (3.4)).
Differential inequality (B.8]) then simply expresses a flux type of computation in L?
balancing dispersive effects.

4. DERIVATION OF THE LYAPOUNOV FUNCTIONAL IN H!

This section is devoted to the proof of dispersive estimates (34), (B1), (38)
needed for the proof of Theorem We let an initial data ug € H!' with zero
momentum according to (Z22)) and assume that the corresponding solution satisfies
@24)). Tt thus admits a decomposition as in Lemma [ for s > 0. Moreover, we will
always assume that b(s) has a fixed sign:

(4.1) Vs >0, b(s)>0.

4.1. Virial dispersion in the radiative regime. As exhibited in [I4], [15], the
key to estimate the solution on compact sets is the virial type of control ([2:39):

bs > 6o </ |Vel? + / |62e—|y> — ONE, — F;_C’Q

which was a consequence of the more precise control:
(4.2)

bs > —(e1, (Re(¥))1)— (g2, Im(¥))1)+do </|V5|2 +/ 5|2€|y>0)\2E0Fé+zo’

for some universal constant zg > 0. This estimate is a consequence of the disper-
sive structure in H' of the solution on sets ly| < C. Our goal is to improve it,
which according to [@2]) amounts to treating the linear term —(eq, (Re(¥))1) —
(g2, (Im(W))1). This is achieved by introducing the radiation of Lemma [2] as in
[16], which corresponds to estimates for |y| < ‘%.

A first attempt would be to try to estimate through a virial type relation a
new variable ¢ — (. The heart of the matter is now that ¢, is indeed in H', but
not in L2, and we then are no longer able to estimate the main interaction terms.
We thus introduce a cut-off version of the radiation: let a radial cut-off function
xa(r) = x (%) with x(r) =1 for 0 < r <1 and x(r) = 0 for r > 2. The choice
of the parameter A(t) is a crucial issue in our analysis, and it roughly relies on
two constraints: we want A to be large in order first to enter the radiative zone,
ie, A>> %, and to ensure the slowest possible variations of the L?-norm in the
zone |y| > A (see Lemma [[ and its proof). But we also want A not too large, in
particular to keep a good control over local L?-terms of the form fly\ <A le|?; see in
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particular the proof of Proposition B and the pointwise estimate ([B.3]). A choice
which balances these two constraints is:

6(2) —g —3a
(4.3) A=A(t) =7 sothat T,2 <A<T, ?,

for some parameter a > 0 small enough to be chosen later and which depends on
7. Note that there is in fact some optimality in this choice; see Remark 8 in [I7].
We then set

CTb = XACb = ére + Zgzm
Cy still satisfies the size estimates of LemmaPland is moreover in L? with an estimate

(4.4 [1ge <ryen

The equation satisfied by 6 is now
AG — G +ib(Gp)r = Ty + F
with
(4.5) F = (Axa)G +2Vxa - VG +iby - Vxalp.

We now may consider the new variable

5:6—6
Let us remark the following key points:
e First, £ is now small in H' from (&4) and fits into the virial type of analysis.
e Second, our initial goal was to remove the linear term —(e1, (Re(¥))1) — (g2,
(Im(¥))1), but {p is not an exact solution to (ZI3]). This induces a linear term of
the form —(&1, (Re(F))1) — (€2, (Im(F))1), F given by ([£I), which now needs to
be treated differently.

The lemma is as follows:

Lemma 6 (Virial dispersion in the radiative regime). For some universal constants
61 >0,c>0 and s >0, it follows that

2A
(4.6)  {fi(s)}, > & </|V5|2+/|5Zely> + ey — CA2Eq — ;TA le|?,
with
47 fils) = Zw@n% + %Im ( / y- VEZ) + (62, (Gred1) = (e1, (Gim)1).

Remark 4. Let us compare the two dispersive relations ([239) and ([@6]). First
observe from H'! controls on ¢ and € that fi(s) ~ b(s). Now the main difference is
the presence of the I'; term (to the power one) with the good sign. The price to pay

is the presence of the boundary term fjA le|?, which cannot be directly estimated.
Second, it is noteworthy that this estimate still is a tool in H.

Remark 5. The —\2Ej term in the virial estimate (@) either has the good sign for
Ey <0, or for Ey > 0 and ug € O will be asymptotically controlled by (2.42).

Remark 6. This lemma is obtained with the following range for the small parameters
7,a > 0 involved respectively in Proposition[[land ([@3]): there exist n*, a* > 0 such
that VO < n < n*, V0 < a < a*, there exists b*(n, a) such that V|b| < b*(n,a), and
estimates of Lemma [6] hold with universal constants.
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Proof of LemmalGl. The proof of this lemma is similar to the proof of Lemma 16
n [16], even though some technical difficulties arise in the pure H' setting. We
proceed in several steps.

Step 1: Algebraic dispersive relation.
We claim:

(4.8) {%yéb@ + %Im (/y : VC?) + (2,51 + (Gre)1) — (61,01 + (é:zm)l)}

S

Hie = Cie = )+ (21 = Gres Re(F1)) + (52 = Gim, Im(F1) ) = 202 B
{52_@% Z‘gbCre) )_(61_@_6,8(@;7;%)1)}
2 (e G 0 VX (L) G — (1 = Goen - Tx (L) i)}

s {(el = Grer (B4 &) + (2 = Gims (O + Con1) }

Y . : : ;
— (7 =+ b) {(62 — Cimv (E + Cre)?) + (51 - C?"ea (@ + Cim)Q)}
— T . {(52 - ém,V(E + C~re)1) + (51 - 5re,v(® + Ezm)l)}

+ (Rl(&?), (CNTG) ( 2(5)7 (ém)l) + (51 - 57“6, ((1 + %)(Q%&e)l))

+(€2_§imv(Q 5 )) (Elaz)+(€271~()+ﬁb(€7‘€)+(R1(5)721)

~ 2
+ (R2(¢),01) — 71 T
N

where (L, K, Hy(,¢), R 2(¢), J(¢)) are residual terms exhibited in Appendix B
where (L)) is proved.

)+

J(e),

Step 2: Control of the interaction terms.

We now need to control the interaction terms appearing in (£8]). These estimates
are similar to the ones derived in Step 2 of the proof of Lemma 16 in [I6]. A major
difference nevertheless is that we need estimates in the pure H' setting. This will be
possible from our choice of cut-off parameter A, ([£3]), which in particular ensured

(4] and thus
(49) [ 12 <),

We now claim the following estimates:
(0) Sobolev type inequality: for N =1 or N > 3,

(4.10) VB >2, VYveH, / lv|? < CBZ(/ |Vo|? + / lvu]2e~ 11,
lyl<B

this estimate fails in dimension N = 2 where a logarithmic correction must be taken
into account:

(4.11)  VB>2, Yve H', /
ly|I<B

o2 < 0321og3(/|vu|2+/\v\26—ly\).
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A similar estimate we will also later need is still in dimension N = 2:

2
(412) VB>2, Vue H, / PE < og? B/m\? /|u|2 -,

1<|y|<B |y\2

(i) Comparison of local L?-norms of ¢ and &:

/|é|2672(170”)w +/|§|2e*\yl < C(/\vgm/|5|2e*\yl)+r;+20.

(ii) Second-order interaction terms:

/|R(é—)|e—(1—0n)3(bz‘,y‘) < C(/\V§|2+/|§|2e“y')+1“11)+20.
(iii) Small second-order interaction terms:
J IR +1y- 98 < 8a)( [ 1veP + [ ey + T,

(iv) Small second-order scalar products: for any polynomial P(y) and integers
0<k<2 0<I[<1, there exists C' > 0 such that

dk d o
(/|5|P<y>| S+ |dla§> <rg([1ver+ [ e,

Moreover, the term induced by the time dependence of A is controlled by

%{( = Gims (- VX (5) o)1) = (1 = Gres (y- Y () Goms >}}

o*) </|V§|2—|—/526_|y) + Tt

(v) Formally cubic terms: Let J(), Ri2(e), Hy be given respectively by (B),

B3), (B4) and (B2). Then

‘/J 15
5(a*) (/|vg|2+/|5|2e—yl) 4Tl

(vi) Linear degenerate scalar products:
(21, D)+ |22, )| + [(E1, (@ Gre)1)| + (B2, (@ Gim)1 )]
< o) [ 19el + [ e+ Ty,

(vii) Cut-off x4 induced estimates:

[ A 3
/|€|(|F|+|y~VFD§CFE (/A |€|2> -

See Appendix C for the proof.

R (g),zl)‘ + ](13@(5),@1)‘ n ’ﬁb(a,s)‘

Step 3: Estimate of degenerate scalar products.
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We claim similarly as in [I6] from the conservation of energy, the Galilean in-
variance and the choice of the orthogonality conditions:

(4.13) (e1,0)2 < 6(a /|v5\2 /|g|2 “Wwl) § T 4 O(A2Ey)?,

(4.14) (62, VQ)? / Ve + / |2 1v1) 4 Tl

(4.15)  (51,Q)° + (61, [y Q)* + (E1,yQ)* + (62, Q1)* + (82, Q2)* + (52, VQ)?
< 0w /|vg|2 /|s|2e*‘yl) + TP + O(\2Ep)?,

(4.16)

To {(e1 = Gres (B4 Gre)1) + (2 = Gims (O + Gan)1) | — |Q >

o*)( / V2 4+ / B RS vact

Proof of ([&I3). Let us recall the conservation of the energy:

5 (€1, L1 Q2)(¢1,Q1)

(4.17) 2(e1,Q) = —2(1, 2 — Q + bO; — —2(g9,0 — b2y — Im(T))
/\VEF +2E(Qp) — 2\°Eg — —— /
N

4z AL 407 4 8¥0
} /(Néb|2+1)Qb 51/<N|Q 3 DIltE - [ TEn e

with J(g) given by (B.). From the definition of ¥, ([2.5) and (2.2)):

e20-Cm ¥ pl=Cn.

‘QE(QZ,)’ = ’Re/(%h@ <

We then first estimate using the estimates of Step 2:

(e1,Q)* < 6(a”) (/ |VE|? +/|€|2 2(1— Cn)"“)u))
+ TP 4 C(N2Ep)? (/|a||\1/|)

The last term in the above expression is controlled using (@10, (£11):

? 1—-C fiv i
(f1eter) <ryer (/ |e|>
R;
<, (/ |ve|? + / 5|Qe|y)> + T,
and ([@I3) follows.

#I4) follows directly from the zero momentum assumption (2:22), and {@IH)
follows from the orthogonality conditions (226), (Z27), [22])), (229) and 2I9).
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Proof of (&I6]). Observe that
'?s {(El - 5’)“67 (E + 5’(‘6)1) + (52 - gima (6 + g—zm)l)}
= (5’5 0.2 5 (€1, L+Q2)> {(51 — Crey (B4 Gre)1) + (62 — Cim, (0 + 5im>l)}

+ L@ {1 = G (B = Q4 &) + (22 = Coms (0 + Gom) }
\Q1|2
+ 0, |2(51,L+Q2)(E1,Q1)
We now remark from (Bl that
Ys — o |2(51,L+Q2) < s — o |2(51,L+Q2) \Q Z ’(C17L+Q2)‘

o) ([ 1Ve 4+ [ttt

(Z16)) now follows from the estimates of Step 2.

Step 4. Conclusion of the proof.

Now let fi(s) be given by ([@7), and remark that using the orthogonality condi-
tion (Z29) and the estimates of Step 2 and ([I6]), (&3] yields so far:

(4.18) {fi}, = H(E,¢) - (1, L4+ Q2)(81,Q1) — CN°E,

o
+ {(en, (Re(F))1) + (e, (Im(F))1)} = { (Gres (Re(F)1) + (Goms (Im(F)1) §
@) [ Ve + [ lefe 4 X2 Eof) - 1),

The first-order remainder term in ([@I8) is estimated according to (vii) of Step 2:

y 24 2 24
(€1, (Re(F))1) + (2, (Im(F))y)| < CT} (/A |e|2> §52Fb+5—12 /A BE

where do > 0 is a small parameter to be fixed later.

Now, as a consequence of the Spectral Property stated in the introduction, we
have obtained, using an algebraic cancellation in [16] and the proof of Lemma 8,
the following property (true for any function & in H'):

HEd)-15 |2<51,L+Q2>s1,c21 i [ v+ [ 1epet)
- (% ((1,Q)% + (1, [yPQ)* + (1,9Q)* + (62, Q1)* + (£2,Q2)° + (62, VQ)?) ,
1

for some universal constant §; > 0. Using now estimate (@I5), we rewrite (EIS)
for a* > 0 small enough:

(419)  {fi}, > %(/ V& |? + / |&1)%e7 1)) — CA2Ey — 6,1 — %/:A le|?
~{{(Cres (Re(F))1) + (Gim, (Tm(F))1)}
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We now inject in ([EI9) the following flux type of computation: for some universal
constant ¢ = ¢(N) > 0, the following holds:

(4:20) ~{(Ger (Re(F))1) + (Gims (Im(F))1) } > T,
This estimate is a key point in the proof and has already been used in [16]. For the
sake of completeness, we briefly recall the proof below. () now follows by taking

= <
5y =¢.

Proof of ([&20). We recall a computation from [16]:
{(5’!“67 (Re(F))l) + ((fima (Im(F))l)} = Re (/ éfl) =—Re (/A§y|§2A FCl

- Re ( / (Aé—éw@&) — Re ( / m«:-oa).
A<|y|<24 A<|y|<24

We now estimate each term separately. The dominant term is

|V01(SN—1)|R6 </A§y|§2A CCI) —fie </A C<5C+TC )T dr)

N 24 1. 24 N 24 1
= 5 [P |G| -5 [ < g,
2 /4 2 L 24 4

where we used in a crucial way estimate ([2.I7). We claim that the other term is
negligible. Indeed,

1 ~~
R A
|Vol(5'N71)\Re </A<|y<2A CCI)

A1 d, ya N- ol
Re (/ =5 (T O (G 1dr>

A
—— 24 24
= Re {TNIEI(%C~+7‘C~’)] — Re ( 5’(%5’ +¢ +rC~”)rN1dr>
A A
NS 1 N 24 5 1 _ 24
= Re {TNIC(QCHC’)L f(5+1)/A PV Pdr = 5 [TN|<'|2L

N 2A -
+5/A PN P

We now use estimates (Z17), 2I5) and [2I8)) to get

1 ~~
I A
|Vol(Sn-1) fre </A§y|§2A CCI)

for b small enough, and the conclusion follows from ([£3]). This ends the proof of
Lemma [6

Iy

<
- CbA2

S Fi‘FCu
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4.2. L? dispersion at infinity in space. The next step of our analysis is to con-
trol the L? flux term fjA le|> which appears in (@8] by a derivative in time. This
is achieved thanks to the computation of the flux of the L2-norm which escapes
at infinity, and the corresponding control will be purely of linear nature under the
assumption on the sign of b (1.

We introduce a radial nonnegative cut-off function ¢(r) such that ¢(r) = 0 for
r<i,¢(r)=1forr>3,;<¢(r) <4 for 1 <r<2 ¢(r)>0. We then set

¢A(Sar) =0 <A7(ﬁ8)> )
A(s) given by ([@3)), and thus:

¢pa(r)=0 for 0<r <2,

71 SOur) < 55 for A<r <24,
pa(r)=1 for r > 3A,

Pu(r) >0, 0<pa(r) <1

We now claim the following dispersive control at infinity in space:

Lemma 7 (L? dispersion at infinity in space). For some universal constant C' > 0
and s > 0, the following holds:

2 A s C 1420 3 2
(4.21) dale| > 400 le|* — b—2)\ Ey -1, =TI [Vel“.

Remark 7. The range of parameters 7, a, b is the same as in Lemma [6} see Remark
(§

Proof of Lemmalll. Take the inner product of 231 with ¢4e1 and of (Z32) with
¢ A€o and integrate by parts. Note that the supports of (Qp, ¥U;) and ¢ 4 are disjoint.
We thus get a linear identity decoupled from the nonlinear dynamic |y| < %:

{/ml 2} = 8¢A| > + g/y-V¢A|E|2+Im (/v%.wg)

(4.22) f% <AA +b> /y~V¢Als\2 - EE /V¢A\6l2

First observe from the choice of ¢:
(4.23)

0 [0 (4)1eP = 5 [u-vo(B)erz g [0 (B)efz 5 [

The main term in (£22]) is

5 [vvout= o [ (4

We then estimate from (3] and (239):
0, o —As Y\ 2 bs 2
[ %5 =5t [ vo (%) f2a9<>Ab2/ 6 (2l

(4.24) > ab—io(/|vé*‘2+/|€|2€—\y| —C)\z 1 Cn /¢ |E|2
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o[- [ 4 <)
< ([ wemicfo (L) <og [P+ o (4
(4.25) < 100/¢> |s|2+r2/|vs\2
From (), we estimate:
S [voalep| < o () <rd [o (5) e

Similarly from (2.30]):

(4.27) ‘(%er) /
<c</|v82+/|a|2e W4 TIOn L o2, |>/¢ ]2,

Observe that the right-hand side of (£.27)) is controlled thanks to (£24)) in the range

of parameters.

Injecting (A23), (IIZZI) (#29), [@26) and (@27) into ([E22]) yields

{/¢A|€|2} > 105 /¢> |s|2 - —AZEO — I, -1y /|V5\2,

and ([{.21)) follows from the definition of ¢’. This concludes the proof of Lemma [7

Next:

(4.26)

4.3. L? dispersive constraint on the solution. In this subsection, we derive the
dispersive estimate needed for the proof of Theorems 2l and[Bl Virial estimate (£.6])
corresponds to nonlinear interactions on compact sets; L? linear estimate (2]
measures the interactions with the linear dynamic at infinity. We now couple these
two facts through the invariance of the L?-norm, which is a global information in
space.

Proposition 4 (Lyapounov functional in H'). For some universal constant C > 0
and for s > 0 assuming @), the following holds:

24 9
- 2 A
(4.28) {J}, < —Cb <Fb+/%l2+/|sl2e vl +/A |€|2>\2Eo> + 05 Fo,
with

(1207 (/|Qb|2 /Qﬂ) +2(e1,%) +2(e2,0) + [(1= 6)lef

TS0 (bfl / fi@)dv+b{(z2, (Ge)r) <el,<<}m>1>}>,
where

(4.30) At = sl + m ([ - 9)
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Remark 8. Here, the range of parameters is more restricted and yields: there exist
n*,a*,Cy > 0 such that VO < n < n*, VO < a < a* such that a > Cyn, there
exists b*(n,a) such that V|b| < b*(n,a), and the estimates of Proposition @ hold
with universal constants.

Remark 9. The gain is that we now have a Lyapounov function J in H!. Remark
that in a regime when ¢ is small compared to b in a certain sense, J ~ [|Qp|> —

[ Q?* ~b? from ([Z]) and ([E2]) forces b to decay.
Proof of Proposition . Multiply {@85) by 2 S50 b and sum with ([@2I). We get

2A
~lol)
{/(b“"g'z} 800{f1} 2 800/|V5‘2 /lEQ ! 800/ el

01b C a
(4.31) + ﬁrb — b—2A2E0 —T} /|VE\2,

f1 given by ([&T). We first integrate the left-hand side of (@31l by parts in time:

b{fi}, = {bfl /f1 )dv + b{(e2, ({re)1) — (51,(5im)1)}}

S

- bS {(627 (gre)l) - (51; (Ezm)l)} 5
f1 given by [@30), and @31) now yields

{ / ¢A|s|2+@[bf1 / Fr@)do + b{(e2, (Goelr) — (al,@m)l)}]}

2 2 _—|yl 2 C(Slbr _g 2E
W Jrwars [leeetis [Ty S, O,
a 01 -
_ 2 2 _ .
0 [ 19 + gt {(ea G = (1. Gl }

We now inject the conservation of the L?-norm:

/|~’f|2 /\Qb\2+2 £1,%) +2(g2,0 /|U0|2

Writing [ ¢alel? = [|e]* — [(1 — ¢a)le|?, we compute

{/wﬁ}s —{(f1er- [) +2<sl,z>+2<az,@>+/<1—¢A>|e|2}s.

S

Y

Thus, we get
(-3, > 2 </\V *+ /Iél2e‘y'+/2Al )+ 0, - Oz
= 800 " 100 ° "0
. 5 ~ 5
(4.32) —T¢ /\V6|Q+%b {(527(@@)1)*(51,(Cim)1)},

where J is given by ([@29). We now have

v [iwep<rg (rene [iver) <o [ v

o
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from the assumption a > Cn. Next, we estimate from (236):

b {(5 @ _ x 3—Cn 2 2 —|yl 2

s 2, C’re)l) (51,(Qm)1) S Fb |VE‘ + |E| € +C)\ |EO|
< T </|V§|2+/|§26_|y +>\2|E0|> + T,

Injecting these two estimates into ([{32) yields [@28]). This concludes the proof of
Proposition [

5. PROOF OF THE MAIN RESULTS OF THE PAPER

5.1. Proof of the log-log lower bound. This subsection is devoted to the proof
of Theorem

Let ug € B,+ and let u(t) be the corresponding solution to (ILI]) which blows up
in finite time 0 < T' < +o0. Using the Galilean invariance and the alternative (L9)
and (LI0), we may reduce to the case ug € O satisfying ([2.22)) and

. (log|log(T — 1)\ ?
vu(ts < cf (2200

We recall from Proposition B] that «(t) admits a decomposition as in Lemma @ for
s > sp with

1

(5.1) Vs > s0, b(s)>0, As)<e " and A(s) < 2A(s0).

In particular from the sign condition on b(s), Proposition @ holds. Parameters
n,a > 0 are fixed so that Proposition 4 holds true for a* > 0 small enough. The
proof will now follow in two steps:

(1) The starting point is to obtain from ([£28) asymptotic information as s —
4o00. In particular, we obtain another proof of the stability of the blow-up profile
of [16]; more precisely:

b(s) =0 as s — 400,

and for some time s; > 0 large enough it follows that

Vs > s, / Ve(s) + / e(s)?e ! < T} 0%

(2) On the basis of these uniform asymptotic controls, ([£28]) now yields a dif-
ferential inequality for b:

bs < —CTy,
which with the techniques introduced in [I4] will yield the log-log lower bound.

Proposition 5 (Asymptotic stability in O revised). We have:
(5.2) b(s) =0 as s — +oo,

and for some time s1 > 0 large enough it follows that

(53) Vs > sq, /|V§(s)‘2 + / |6(5)‘26_|y‘ < F;(_S)CG.
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Remark 10. From this proposition, [|Ve(s)|? + [|e(s)|?e™ ¥l — 0 as s — +o0,
which corresponds to the stability of the blow-up profile Q in H! first proved in
[16]. In addition, the last estimate is essentially optimal as the size of the radiation
Cb in Hl is f |V<b|2 ~ Fb.

Proof of Proposition[d. Step 1: Asymptotic stability.

We first claim (G.2)):
b(s) > 0 as s — +oo.
Note that this could in fact be assumed from results in [16]. Indeed, from ([@28),

one has Vs > sq:
5 42

s A
/brbgj(sowj(s)w/ B

S0 S
Remark then that from its explicit value ([€29),
|TJ| < C.
Moreover, from the assumption ug € O, the uniform estimate ([2:42]) holds and we
rewrite: Vs > sq,
C

(5.4) >

log | log (X))

so that using £ = L and (&J):

+oo )\2 s T
[ fiElas < € [ 3Bl log log(N])ds = CIE| | (log[log(h(r)]dt
s S0 to

0
T

C|Eo| (log| log(|Vu(t)|L2)|)2dt < 400,

to

IN

where we used the upper bound on the blow-up rate (L9)) in the last step. Remark
that this estimate is not needed in the negative energy case. We conclude that

+oo
/ by < 400.

S0

Since |bs| < C from (236), (5.2) follows. From (5.2), we now have with (2.42)):

C __1

|Eo|\2(s) < e " <e 2% <T2
and thus (£28) can be rewritten: Vs > sy,
(5.5) (T}, < —CoTy + cz—on < —%Cbe <.
Step 2. Estimate on J.

From energy-type estimates, we claim the following control on J: Vs > s1,

> _pl=Ca L 1 ([|ve)2 2e-1l) |
56 T =206 {2 o (e e e

where f5, given by

h@z(/@#—/Qﬂ—g%Gﬁ@—A?mwg,
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satisfies

< 9

(5.7) b 2o

Remark 11. The main point is that the dominant term in € in ({29) is 2(e1, %) +
2(g2,0)+ [(1—¢a)|e|?, which also appears in the conservation of energy. Now the
orthogonality conditions on €, which in our analysis are related to the virial relation
that is dispersion on compact sets, are also adapted to the coercive structure of the
linearized energy; see also [I4]. Indeed, let

L+:—A+1—<l+%)cﬁ, L_=-A+1-Q%

be the linear operators close to @); recall that the quadratic form which appears
when developing the energy close to Q is (Lye1,e1) + (L_e2,£2) — [ |e]?. We then
have from [II] (the proof there is for N = 1, but the same proof holds in any
dimension assuming that the kernel of L, is reduced to (0,,Q,...,0;, Q). This
fact has been proved by Maris in [I0] under an assumption (H5) which can be
checked in [12]):

Lemma 8 ([I1]). There exists a universal constant 6o > 0 such that the following
holds true. Let py < 0 be the lowest eigenvalue of Ly and ¢4 be a corresponding
eigenvector with ||¢4||z2 = 1. Then for all v = v +ivy € H*,

(5.8) (Lyv1,v1)+ (L_va,v2) > bav[Fp — % {(v1,64)* + (v1,VQ)* + (v2,Q)*} .

We then claim from this estimate the following: there exists a universal constant
63 > 0 such that

6:9)  (Leenc) +(Loeacd)— [ oaleP 2 8ol [ 16+ [ e
1
TN {(e1, Q)% + (e, [yl Q)% + (£1,¥Q)* + (£2,Q2)*} .
See Appendix D for the proof of (G.9]).
Proof of (56). We rewrite ([£29):

(510)  T(s) - (b(s) = 2Aer, %)+ 22 0) + / (1= a)lel

(e G~ o1, o)

From the estimates on ¢ of Lemma [ the choice of A (&3) and @I0), @II), we

have
~ ~ 1_o A 2
(527(C7‘e)1)_(51a(Cim)1)‘ < Iy n(/o |€|2>
< A’log AT, 9"y C </|v5|2+/|s2ely>
<

;=% 4c (/ |Vel|? + / |E|26|y) )
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The other term in (B.I0) is estimated from the conservation of energy (EI7):

2(e1, ) + 2(e2,0) + /(1 —da)lel?

/(1 —da)lel? +2(e1, Re(W)) + 2(e2, Im(T)) + 2E(Qy) — 2X2E,

4392 ~ a4
/ / Vel )| GylF 2
2+N SYNE
40672 8Y.0
- (= + 1)|Qp| 72 — | —=|Qs| ¥ 10,
/ N|Go? NIGol?

with J(g) given by (B.]), which can be rewritten as

2(e1,%) + 2(e2,0) + /(1 —oa)lel® = (Lyer,e1) + (L_go,62) — /¢A|E\2

+ 2(e1, Re()) + 2(e2, Im(¥)) + 2E(Qp) — 222

f/ [(42~2+1)Qb56 (;H)Qﬂ £2

N|Qy|?
4072 ~ 4 4| o YO  ~ 4
_/ |:(NQb|2 +1)‘Qb‘ -Q ]52_ N‘Qb|2|Qb| €1€2

We first estimate for s > sq:

(o1, Re(0)| + (22, Im()| + | E(Qy) | + 3| o

<Tp79 41y (/ |Vel? + / |€26_|y> .

The cubic term [ |.J(g)| and the rest of the quadratic form are controlled similarly
as in the proof of (v) of Step 2 of Lemma by d(a*) ([ |Ve|? + [ |e|?e~1¥l) +- Ty 20,
We thus obtain

‘j(s) — fa(b(s)) — {(L+51,€1) + (L_gq,69) — /¢A|€|2H

5(a”) </|vg|2+/|g2e|y> L Ti=Ca,

We now are in a position to conclude the proof of (5.6). The upper bound follows
from ([@I0), (A1), which indeed yields

(5.11) /(1 —¢a)le]? < CA%log A </ |Vel? + / |s2e|y> .

For the lower bound, we use the elliptic estimate (5.9) together with estimate (Z15])
inherited from our choice of orthogonality conditions. This ends the proof of (5.6]).
To prove (B.7)), we first have from (£30) and the estimates of Lemma

(bfl / A ) < fo.

[b2=0

We now use in a fundamental way the supercritical mass property for the modified
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profile Qp. Indeed, the constant d; > 0 in (#£29)) can be chosen as small as we want,

so that [2.8)) ensures (5.7).

Step 3: Pointwise control of ¢ by b.

We now turn to the proof of (B.3]). Letting s > s1, we consider two cases.
Case 1: bs(s) < 0. Then (B3] follows from [239) and a > Cr.
Case 2: bs(s) > 0. First observe from b(s) — 0 as s — 400 that we may assume
without loss of generality that s € (s}, s3) with

bs(s]) =bs(s3) =0 and b, >0 in [s7,s5],
and thus:
(5.12) b(s7) < b(s) < b(s3).

Case 1 applies at s = s7:

(5.13) (/ Vel? + / ef2et)(s1) < TLCC2.

Next, from the Lyapounov monotonicity property (5.3):
J(s3) < J(s) < T(s1),

and injecting (B8] into this inequality, we get

1 —Ca
fa(b(s)) + c (/ ‘Vs|2 + / |g|2ey|> (s) <J(s)+ Fll)(s)c
< falb(sD) + Thy ™ + TS < falb(s])) + 2055
where we used [@3)) and (B12]) for the two last steps. Now from the monotonicity
property (5.7) of f2(b),
fa(b(s1)) < fa(b(s)),
and (53), follows. This concludes the proof of Proposition

We now are in position to conclude the proof of Theorem

Proof of Theorem[2l. We proceed in several steps, following the analysis in [15], and
refer to section 5.2 of [15] for further details.

Step 1. Pointwise uniform control of the scaling parameter.

We claim the following uniform estimate for s > so large enough:
gL

~ log |log A(s)|’
for some universal constant C > 0. Note that this estimate expresses the converse
inequality in (Z42]) obtained in [I5] for the proof of the log-log upper bound.

Proof of (514). From (53) and (54), we have for s > so:

2
(5.15) % < J < Ch?

(5.14) Cb(
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for some universal constant C' > 0, and thus from (5.5), g = /J satisfies the
following differential inequality:

(J)s C _c 1 5 2 ( g)
s — < —— g T A ) -C. Z 1,
g N gge S—gp9e v, de (ev )
and thus we have for s > so large enough:

(5.16) 7 >s, ie. b(s) <Cyg(s) < logc('s)'

Now observe from (2Z42]) that control (2Z.36]) may be written with (E3)):
As - 1
<t b‘ < C(/ |Vel? + / le|?e~ ¥l 4+ )77 < T2

and thus

As
(5.17) < Y < 2b.

N

We integrate this in time on [sg, ] using b > 0 to derive for s > so large enough:

—log(A(s)) < 2/8 b(r)dr < c/

S2 S2 10g(7—>

Taking the log of this inequality and injecting (BI6) yields:

S

dr < Cs.

C
< < —
g log(\(5)| < Clog(s) < 3.
and (5I4) is proved.

Step 2. Conclusion.

We differ here from the strategy of integration on doubling time intervals of the
norm used in [I5], which was designed to control the oscillations of A induced by
the variations of . Here at the level of our analysis, using the pointwise estimate
on ¢ (B3), we derive a pointwise differential inequality for \(¢): Vit > o,

(5.18) & < (Wlog|logV)), < C.

for some universal constant C' > 0.
Indeed, we compute:

— ()\2 log | log()\)|)t

1
A log|log(A)| (2 * Tlog(y] Tog log<A>|)
As

1
| log [log(V)| (2 T Tlog(V] log| log(A)|> '

Thus from (B.I7), we have
b
4 log|log(W)] < = (\?log[log(M)]), < 4blog|log(M)],

and (B.I8)) now follows from (&) (which is of course equivalent to the log-log upper
bound; see [15]) and (G.14).
Integrating (518)) in time ¢ yields:
T—1
Yt >ty —5— < A(t)log | log(A(t))| < C(T — ).
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The lower bound
log  log(T — 1)
T—t
now easily follows for ¢ close enough to T'. This concludes the proof of Theorem 2

IVu(t)|e > C

5.2. Time dependence of the geometrical parameters for the log-log dy-
namics. In this subsection, we collect the dispersive controls obtained for the log-
log dynamics and the exact size of the different parameters in order to make precise
the constants in the asymptotics. We thus let ug € O satisfy (2.22]), where u(t) is
the corresponding solution to (1)) with blow-up time 0 < T' < +o00. At this stage,
we have proved that there exist 79 small enough, ag = Cyng both fixed with Cy > 0
universal such that the results of the previous subsections apply. This yields for ¢

close to T
1 [log|log(T —t)] log | log(T — t)]
Bt = Bt =SB4 QPG < ol Y1
oV 1-¢  SIVulhe<0C T-t

1 T—1t T—t

— [ — < A1) < -

C\ log|log(T —t)| — B=c log [log(T — t)|’
1 C

<) < ————
Clog |log(T —t)| — ) =< log |log(T —t)]’

1
o |108(T = t)|log[log(T' — t)| < s(t) < Cllog(T — t)| log|log(T — )},

for some universal constant C' > 0.

We claim the following at blow-up time for the geometrical parameters A(t), b(t)
and rescaled time s(t):

Proposition 6 (Exact law for the geometrical parameters). We have ast — T':

IVu(t)| 2 Tt 1
—
IVQ|rz \ log|log(T —t)] 27

(5.19) () W Vo,
(5.20) b(t) log | log(T — )] — %
(5.21) s(t) !

- —.
|log(T —t)|log |log(T —¢t)| 27

Remark 12. The quantity |VQ|z, or equivalently |Q|zz, may be computed explic-
itly for NV = 1. It is an open problem to compute it for N > 2.

Proof of Proposition[dl. The strategy is as follows: for any parameter (n,a = Con),
0 < n < ng, we introduce a new decomposition with parameters (b(n), A(n),e(n))
and rescaled time s(n). Such a decomposition is well defined on a time interval
[t(n),T) from the asymptotic stability. We then apply the previous scheme of proof
to estimate these parameters and improve the various constants appearing in their
time-dependent laws. The last step is to compare this decomposition with the one
for fixed parameters 1, ag, and then conclude the proof.
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Step 1. New decomposition for ¢ close to T'.

From the asymptotic stability of Proposition [}
b(no,s) — 0 as s — 400

and for s large enough:

/‘VE(WO,S)‘Q+/|E(770,s)|267\1/| SF%@SZ?

Now pick a small parameter 0 < n < 19 and let a = Cyn. We have from the above
controls that u(t) admits on [t(n),T) a decomposition close to Qy(n) as in Lemma
[ with new parameters b(n,t), A(n,t),e(n,t) and rescaled time s(n,t). Indeed, the
existence of the decomposition is only related to the size of b(no,t) and the local
L2?-norm of (ng,t) both of which go to zero as t — T. Applying the previous
analysis to this decomposition, we recover all previous estimates on [t(n),T) and in

particular (B.3)):
622 el D), [(VemoP + [ oPe <1l

Step 2. Estimates for the n-decomposition.

From ([2.7) and ([2.21]), we have

_r(14+Cn) _ w(1-Cn)
e b < Fb(ﬁ) <e b(m)

On the one hand, virial estimate (239) with uniform control (242) yields: Vs >
s(1);

-c
(5.23) {b(m)}, = Ty,
The integration of the differential inequality (5.23]) yields for s > s(n) large enough:
=(1=Cn) . m(1—Cn)
5.24 ( b<>)<1, e by s) > 2"
(5.24) ) <1 e bn) > T

On the other hand, for the upper bound, we recall (428§]):
{T M)}, < =Cb(m)Ten)-
Injecting (5.3) into the explicit form of J(n) [@29), we have using (5.1):
b
‘7(7’78) 1- fQ(n7 ) — C* > O

s=oo 12(n,5) b0 B2(n)

for some universal constant C* > 0. The differential inequality (£28) can now be
rewritten as

(14 077)\/@.

~(14+Cn)VC*F
(e VI ) >1, ie. J(n) <

log(s)
Together with (5.24]), we thus have obtained: Vi > 0, there exists s(n) € [0, 4+00)
such that
(1 —Cn) ©(1+Cn)
5.25 vVt e , , ————= <b(n,s) < ———
(5.25) [s(m), +00), =007 S

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LOWER BOUND ON THE BLOW-UP RATE 71

We now turn to the proof of (520). We first have from the control of the blow-up
speed both from above and below the crude estimate:

todr 1
s(n,t) = /0 207 so that 6\ log(T — t)| < s(n,t) < Cllog(T —t)|.
Taking the log of this inequality and injecting it into (B25]) yields: V¢ € [t(n),T),
m(1 —Chn) m(1+Cn)

(5.26) ‘ <b(n,t) <

log |log(T — t) ~ log|log(T —t)|’
Now estimate (5.I7) may be improved using (Z36]) and (&.3]) to yield: Vt € [t(n), T),

(1= mpnt) < =0 = ) ), < 1+ i)
and thus with (5.26):
(1 —Cn) m(1+Cn)

vt € [1(0), 7). <5 Pm), <

log [log(T" — t)| £~ log|log(T —t)|’

Integrating this in time ¢ yields: Vt € [t(n),T),
log | log(T — )|
T—t

Step 3. Comparison of the decompositions and conclusion.

(5.27) (1 —Cn)V2r < A, t) < (1+Cn)V2r.

(EI9) now easily follows. Indeed, for all n > 0, there exists t(n) € [0,T) such
that (5:27) holds. Now for each 0 < ) < 19, we have

9o = 5z [ 19 (@ + <)
so that from the asymptotic stability:
(5.28) [Vu(t)| 2 A(n,t) — |VQ|L2 as t —T.
From (B.27), we conclude:

[Vu(t)|r2 T-—t 0

IVQIz> | log|log(T' =#)]  2x

Applying again (5.28]) with n = 1o, we obtain (B19). (B2I)) now follows from an
explicit computation from (E19):

bodr 1 ["log|log(T — 7)|
s(t)—/o )\Q(T)N%/O T-7 ar

1
~ 2—|log(Tft)|10g|10g(Tft)| as t— T.
T

as t—T.

For (5.20), we get, comparing the two decompositions for ¢ € [t(n),T),

1
2 1 1
b(t) — b(n,t)| < Vel? 2e7lWl) <A <~
)= 0] < ([ 19+ [IePe ) <ry <
and (0.20) yields the result. This ends the proof of Proposition [6l
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Let us conclude this subsection with some dispersive controls on € which clarify
the size of the main (larger-order) terms in the problem. For v > 0 small, we let
(n,a) = (*,v),
which enters the range of parameters given by Remark[§], and define the geometrical

decomposition of Lemma[l We also let A(t) be the cut-off parameter given by ([@3)).

Proposition 7 (Dispersive control on ¢). There exist universal constants Cy,Cy >
0 such that for all v > 0 small enough, there exists s(v) > 0 such that Vs €
[s(v), +00), we have:

(i) Pointwise control on €:

2 2,-lyl < p1-Cv
(5.29) [ Ve + [ s <Tices.

(ii) Time-averaged control of €:

+oo C
(5.30) / </|vg(n,s>|2+/e(n,s)ﬁ’e—ly +Fb(n,5)> ds < — 1

= [log(s)|

CZ +o00 2A ) Cl
(531 a1 = . (A,M“”>“Sl%@'

Remark 13. These estimates hold for 79, ag = Cyng. For further use, we need to
work with the full range of parameters of Remark [fl Moreover, in (5.31]), we have

from the proof a similar control of fII((AA le(s)|? for any constants K’ > K > 0, the
constants C1, Cy depending then on K, K.

Remark 14. Estimate (5.31)) together with (530]) gives a precise localization prop-
erty in the space of the L? mass inherited from the universal radiative structure.

Proof of Proposition[d. We omit in the proof the dependence of the parameters on
7.

(i) (29) is (B22).

(ii) (B30) is a consequence of the dispersive control (£28)) with (E.I5): for some
universal constant C' > 0 and for s > s(a) large enough, the following holds:

2A
Cb (Fb+/|V€|Z+/|§|Zey| +/ |52) < —{J},
A

bgc(f) < J(s) < Cb*(s).

We divide this differential inequality by v/7 and get

2A
C(Fb+/|VéQ+/|€|26_y| +/ |52> <-{v7}
A S
and thus

too 24
/ (/W%W+/WM%”+/ Mﬂﬂfmowécwﬂﬂ
s A

< Chb(s) <

and

| log(s)|
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The control of the local L?-norm of ¢ only follows from (Z.19).
We are left with proving the lower bound in (B.31)). Recall (L.0):

()}, =8 (/ Va2 +/|£|2e|y) s - [P,
1JA
where f; given by (A7) satisfies from (&3
fils) > Cb(s)

for some C > 0 universal. Integrating the previous differential inequality in time
together with the lower bound b(s) > @ yields the result. This ends the proof
of Proposition [71

5.3. Proof of blowup for H' zero energy solutions. This subsection is devoted
to the proof of Theorem [Bl which will follow from the existence of the Lyapounov
functional J of Proposition @ together with the study of flux exchanges in L?.

Let ug € By+ with
Bug) = Im(/ Vo) = 0.

Our aim is to prove that u(t), the corresponding solution to (IIJ), blows up for
t > 0 and for t < 0 at the exact log-log rate. Remark that in [16], this result was
proved for ug € 3, using the pseudo-conformal symmetry, which allows us to reduce
the problem to proving classification results for blow-up solutions satisfying

o = ([ 1?) d.-0.

In our situation where ug is not in X, this approach fails. Here, we present a direct
proof of this fact based essentially on the dispersive estimate ([£28)) together with
information on the sign of b(s).

Step 1. Recall of previous analysis in [16].

We first briefly recall the analysis in [16]. An elementary but fundamental ob-
servation is that Lemma[ holds on the whole time interval (=T_,T) from Ey = 0.
We thus introduce the same geometrical decomposition as before, i.e. Lemma Ml
and the estimates of Lemma [l still hold true for s € R. As pointed out in [16], the
main difference concerns the results of Proposition [

e Virial estimate (239) still holds true on the whole time interval existence
(=T-,T4) or equivalently s € R: there exist universal constants 6y > 0,
C > 0, such that Vs € R:

(5.32) bs > do (/ Vel? + / €|26'y> —T,

e In addition, if ug is not the soliton up to scaling, phase and translation
invariances, then there is at most one sg € R such that b(sp) = 0. If s
exists, then

b(s) >0 for s> so and b(s) <0 for s< so.
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In this case, the analysis in [16] ensures that the solution blows up on
both sides in time with the upper bound (L9)), and thus from the previous
section, the lower bound (L.12) also holds.
The existence of sp has been proved in [I4] for strictly negative energy solutions
and is unknown in our case where a regime with |Vu(t)|r2 — 0 is possible a priori.
This is the regime we need to rule out.
In other words, to prove Theorem [3 we may argue by contradiction and (by
possibly considering u(—t), which is also a solution) assume:

(5.33) Vs €R, b(s) > 0.

In this situation, u(t) blows up on the right in finite time 0 < T < 400 and is
globally defined on the left.

To obtain a contradiction, we study the qualitative behavior of the solution as
s — —oo. The existence of the Lyapounov functional J allows us to recover the
asymptotic stability in the following sense:

/ OOO ([19e+ [Ieope) as <+,

Using this dispersive control, we then show that the sign of the parameter b near
—oo forces an ingoing radiative behavior for € which implies:

/|s(s)|2 —0 as s — —oo0.

From the conservation laws, this means that w is a soliton up to the symmetries,
which is a contradiction.

Step 2. Asymptotic stability: [ |Ve(s)|? + [ |e[*(s)e ¥l — 0 as s — —oc.

From the existence of the Lyapounov functional 7 of section 4.3, let us prove

first:

(5.34) b(s) =0 as s — —oc.
From (533), Proposition @ applies and we have: Vs € R,
(5.35) {T}, < —Cbly,

with J given by (@29). The main difference with the analysis of the previous
subsection is that the asymptotic control (BI8]) no longer holds a priori, and thus
(BE35) does not provide a differential inequality for b. Indeed, we will see that in
this regime, J(s) converges to a nonzero constant as s — —oo and thus cannot be
compared to b? from (5.34).

Nevertheless, observe from its definition that

VseR, [J(s) <C,
and thus the integration in time of (5.35) ensures
0
/ bI'yds < +o0.

—0Q0

Now from (£33 and |bs| < C from (230), we get (5.34).
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We now claim from the virial identity that this implies:
(5.36) /|V£(s)\2+/|£\2(s)e’|y‘ —0 as s — —o0.

Proof of (5.30). First, take the inner product of (Z31) with (e~ 1¥!) and of ([Z32)
with (eoe~1¥l). Then one evaluates: Vs,

(5.37) ‘(/ €|2e|y>s

Arguing by contradiction, we assume that for some sequence s, — —oo:

<C.

(5.38) /|E|2(sn)e_|y‘ > o > 0.
Then from (G.37), there exists 79 > 0 such that
(5.39) W¥n >0, Vs € [snsn+ 7o), /|g\2(s)e—ly\ >0

Integrating the virial identity (Z39) on [s,, s, + 7] with the lower bound (G339,
we get

(S Sn+To
0< 250 < 60/ /|€|26“y' <C(l+m) suwp  b(s),

5€[sn,8n+70]

and a contradiction to (538) follows as the right-hand side of this inequality goes
to zero as n — —+oo from (534), and thus [ |e[2e~ ¥ — 0 as s — —oo. (B36) now
follows from the conservation of energy (4.I7).

Step 3. Decay rate of € in H'.

We claim here:

(5.40) /OOO </ Ve (s)2 + / 6(5)|2e|y) ds < +oc.

Using again the Lyapounov function, we first compare ¢ and T',. Note that (5.6)
with (7)) yields the lower bound:

1
J > c (b2+/|V€|2 +/5|2e|y> > 0.

Thus from the uniform bound on J and the monotonicity ([B35) of J, we have

J(s) —1l->0 as s —> —o0.

From (5.0)),
I I
C'A2(s) log A(s) (/ Ve(s)2 + / g(s>|26—yl> > o> >0
for s large enough, and thus from ([@3]): there exists s3 < 0 such that

(5.41) Vs < sg, /|V5(s)\2 +/|€(8)‘2€7|y‘ > Fl;%(s)'
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Now the virial control (532]) can now be rewritten with the lower bound (GA41):

Vs < s3, bs = do </ Vel + / |€|Qe_y|> T > %0 </ |Ve|? + / |€|26—y|> ’
and (0.40) follows.

Step 4. L? control on ¢ and conclusion.

We now prove that the upper bound (&.40]) with the sign assumption (533)) imply
a global control of ¢ in L2, which will yield a contradiction.

For D > 2, consider a cut-off function xp(r), which definition depends on the
dimension: for N = 1 or N > 3, we let xp(r) = x (%) for some smooth cut-off
function x(r) = 1for 0 < r <1, x(r) =0 for r > 2, x'(r) < 0; for N = 2, we
impose a slightly different structure to take into account the logarithmic growth in

(@I1) and (EI2), and let
1 for r <D,
(5.42) XD(T): 2(M_l> for DST‘SDz,

logr 2
0 for r> D2.

We now claim:

(5.43) VD > 2, Vs < ss, {/XD|E|2} <C (/ |Vel? + / |€26_y|> ,

for some universal constant C' > 0. Let us conclude the proof of Theorem [3] assum-
ing (543). Indeed, integrate (5.43)) in time on [3, s] where § < s < s3. We get using
E40): VD > 2, V5 < s < s3,

[kl < [xok@rac [([i9er+ [lepe)
< [ol@rec [ (froee [pret).

Letting § — —oo, we have from the asymptotic stability (5.36]):

IN

A

VD > 2, /XD\5(5)|2—>0 as § — —oo,

and thus: VD > 2, Vs < s3,

[l e [ ([iveps [lepet).

Letting D — 400, we conclude:

vs [l <c [ ([rve [pet),

and from (G.40):
/|s(s)|2 — 0 as s — —oo0.
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Injecting this into the conservation of the L?-norm, we get

[l = i [lu)P = [ @

Here, we use the L? conservation to get an estimate on the size of the solution.
From E(ug) = 0 and the variational characterization of @), w is a soliton up to some
fixed scaling, translation and phase parameters, which is a contradiction.

Proof of (543). Take the inner product of (Z3I) with xpe; and of (Z32) with
X p€&2 and integrate by parts. We get:

1 b
(5.44) 5 {/XD€|2} = §/y-VXD\5|2+Im </VXD.V5§>

4Q| ™
N|Qy|?

— (€2, xpRe(¥)) — b {(517XD?)§) (e2,XD 8(;))} +%s{(1,xpO)

— (e2,xp¥)} + <% + b) {(EQ,XD@l) + (e1,xp¥1) — l/y : v><D|f3|2}

+ xp [(E% = 0%)e1e2 + 8O(e5 — £7)] + (61, xpIm(V))

2
2 e wve) +eanve) - [ Taoli)
+ (R1(e), xpe2) — (Ra(€), Xper).

The dominant term in ([5.44)) is the flux term which has a sign:

b
Vs < s3, §/y-VXD|£\2 <0

and this will imply the result.

We now estimate all other terms in (5.44]). The most dangerous term is the mo-
mentum type of term I'm ( [ Vxp- VEE) for which we need an estimate independent
of D. Tt is a consequence of the L? estimate:

(5.45) J1oxoPir < ((frose [iepret).

Indeed, we have in dimension N =1 or N > 3 from (@I0):

/|VXD| e = D2/\ \e|2 <c(/v6|2 /|5|2 y|)

In dimension N = 2, we have from (542) and (£12):

[ IVl = gD el / lel?
p<lyi<p |y[*log* ly| ~ log® D Ji<y<p> lyf?

o(/v6|2+/|s|26|y).

IN
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We conclude from (.45):

([ 7ro-w)| </ fol?)é (/ |V><D|2|a|2)é
=C (/VsF +/|g|2€y|> .

The boundary terms are estimated thanks to (G.4Tl):

1
2

(22 — ©%)e1es + £O(e3 — €3)]

l_c
(e1, xpIm(V))| + |(e2, xpRe(¥))| < Tz " </|< |5|2>
Y=y
<1 (/|V5|2_|_/8|26|y> <C </|V€z+/|€|gey|> .

sition [l and (Z10):

410, |+

|Qp| ™ <c </|v€|2+/|€26|y>.
Next, we have from (C3):

—(4-1)(1—Cn) *CluD .
/‘R(5)XD€|§ { C(f|s|36 (N 1)(1 Cn) =2 +f|€|2+1$) for N <3,

For the quadratic terms, we first estimate from the decay estimates on Qy of Propo-
=5 XD
N|Qsl?
Cf |€|2+% for N > 4.

This estimate is the same as that of [ |J(¢)| in the proof of (v) in Appendix C, and

we estimate:
/|R(5>XD€\ <C </|V5|2 +/|526—|y> )

We now rewrite the estimates on the modulation parameters (236) and (&) with

Ey =0 and (541):
As _
)\+b’+|bs| gc(/v5|2+/|s|26 ly),

(5.46)
A §C< [+ | e|2e-'y) .

The decay estimate ([Z2) on Q) together with ([238) yield the control of the scalar
product terms. The two last terms involving L2-type norms are estimated as follows:

Al
‘7+b‘ ‘/y'VXD5|2 (/IEIZ)
<C </|V£2+/|a|2ey|>,

where the last step follows from (5.46]); we next have from (£.45) and (5.47):

%/VXDW = C</|Vf|2+/fl26"y)é (/|VXD|25|2)% (/|g|2)é
<cC (/|vs|2 +/€|2e|y> ,

This concludes the proof of estimate (5.43]) and of Theorem [3

X
4 ‘—S
(5.47) -

As
S

< ClyVxp|re=
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Appendix

A. PROOF OF LEMMA

Lemma [2 has been proved in [I6], Appendix E, except for (ZI8)) and (220). We
now detail the proof of these two estimates.

Recall from Appendix E in [16] that the outgoing radiation is built as

. 2
G = &672“3‘ ;

where &, solves the following linear equation viewed as an ODE on r € [0, +00):

N-—-1 b2r2 ~ L2 |2
(A g mar =T ad [|V(ge )| < toc,
- blul2
where Uy, = \Pbe’%. More precisely, &, can be written for r large:

Vr > =, &(r) = vpZour(r) with Ty = \l/b|2,

and where Z,,; is a solution to the homogeneous equation (A1) with the following
asymptotic behavior as r — +o00:

Zour(r) = op(r)eb ) gy (r) =

where

T 82 ~ ~
o) = / dﬂ; +126(r), [[rO(r)lle2r) < C.
2

Proof of [2I8]). Observe from its explicit value that ©(r) has the following asymp-
totic development:

2 . ~ ) . C
O(r) = T log(r) + O + O(r) + b2@(r) with [|©]l¢i(r>3) < T

for some universal constants O, C. We thus get the following formula for (p:

i=1,2,

Vr > R2, G(r) = vy (r)et©C) with O(r) = —log(r) + Ous + O(r) + b2O(r).

Taking the derivative in 7 of this expression yields ZI8) for r > RZ.

Proof of [220). Note that going back to the proof of estimate (2I0), we may
exhibit the following bound in terms of I'y:

o,

_ > —CT]
0b '

<1}

ct

Going back to the explicit formula for the computation of & in terms of Uy, see
(229) of [16], we differentiate it with respect to b and get (220).
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B. PROOF OF THE VIRIAL IDENTITY (H.])

This appendix is devoted to the proof of the algebraic virial identity (4.8]). This
relation is a generalization of the one obtained in [I6] in a more specific context,
and thus the proof is very similar to the one given in Appendix D in [I6]. We briefly
recall the main steps of the computation.

Take the inner product of Z32) with (X + {..)1 and of Z3T) with —(O© + (i )1
and sum the obtained identities to get:

{Z|be|§ + %Im </y . Vf@) + (62,51 + (Gre)1) — (61,01 + (@mh)}

S

=— <M+(6) + b(gsg +y-Veg), Xy + (@Jl)

_ (M(s) - b(%el +y-Ver), O + (@m>1>

+ {(52 - éima %(Z + gre)l) - (51 - é:re; %(6 + Ezm)l)}

— s {(61 + 3,51 + (Gre)1) + (22 +©,01 + (@m)l)}

_ (% + b) {(52 +0,(5 4 (re)2) — (e1+ 2, (0 + @'m)Z)}

- % : {(52 +O,V(E+{e)1) — (61 +3,V(O + (fzm)l)}
— (Re(¥), 21 + (re)1) — (Im(¥), O1 + (i )1)
+ (Rl (5)7 Z1 + (5re)1> + (R2(5)7 @1 + ((:.:im)l)a

where we used the fact that for any function f = f.. + i fi, in terms of real and
imaginary parts,

! {zm ( [vv f?) } — (OuFres (fom)1) = Ocfims (Fro)1).

To transform the above identity, first observe from the Q; equation and an integra-
tion by parts (see Appendix D in [16]):

- <M+(€) + b(gag +y-Ves), 21> - <M_(a) — b(g +y-Vey), ®1>
= 92(c1, S + 101 — Re()) + 2(e2,0 — b%; — Im ()

= (61, Re(¥1)) — (g2, Im(¥y)).
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Inject the conservation of energy (AI7) together with (Re(¥), ¥1)+ (Im(¥),©1) =
2F(Qp) and the definition of R;(g), Ra(e) given by (B.3), (B.4), to get in a first

step:
(B.1)
{gy@bg + 5 im (/y - véZ) + (62, Z1 + (o)1) = (61,01 + (cl-mm}s

= —2)\2Ey + [H(e,e) — (1, Re(V1)) — (g2, Im(¥1))

_(Re(\ll)7 (5’!‘6)1) - (Im(\:[l)v (ém)l)
- (30 + ety Ve G ) - (M) =0+ Ve G ) |

= 2 ~rc = zm
+bs{(€2<im;a(gb<)l)( Crea ®+< }

- S {E =G v I (§) G = (1= s - VX (§) Gl
— 3o {61 = Ger (B4 Gd) + (22 = Gims (O + Ginm)) }

_ (% + b> {(82 — Cims (4 Gre)2) + (61— Gre, (© + @m)Q)}

Ts

=20 {(er = Gomy VS 4 G1) + (61 = Gy V(O + Gin) }

+ Hy(e,€) + (Ra(e), (Cre)1) + (Ra(€), (Cim)1) + (Ri(e), 1) + (Ra(e), ©1)

e reg EC!

where

i:{(ﬂﬂ)@ﬁ_(lﬁ)cﬁ}(g>+ QI G
Nl ) N NP o

K{(‘@QH)@ |;6Q1‘6}(<7 )i+ Q¥ (Ge)
NIG 2 b i g W G

the quadratic form H is the usual one given by (I8), and Hy, is the corrective term

(B.2) Hyle.) = / Vi)l + / Va(y)leaf? + / Via(y)erca,
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for some well-localized potentials

2 (4 |V . .

Vi(y) = N <N + 1> {||Cg~2bb||4 Edy-VE — Qﬁfly . VQ}
SMCRCOL
+——0° ¢ =¥ - =+2|¥ -0
QT AN AN
2‘Qb‘% 2 4 2
“wharee{e (5 -1) 7

Vo) = % { %’bf - VE-QF Ty VQ}

el () (o))
b

2 o QY 2 (4 2
+N@@1 |C~2b|4 {32 + N+1 e,

110,
N 1Q

|~
4

Via(y) =

{@[21@2 + <;\l[ — 1) (225, 4+ 200;) — 22|Q)?] + 23@1} .

The nonlinear interaction terms (R;);=12(¢) correspond to the formally cubic part

of (R;)i=1,2(¢) given by (Z33)), (Z34)), explicitly:

(B.3) (o) = Ba(e) - 21l { 2 ( g 1) 3 4 ]?[2@2}
—e2 %’J'i {;23 + % <;\l[ - 1> 2@2}

;I%ﬁ e169 {(% 1 22@+®3},

(B.4) Ra(e) = Ry(e) — &2 @l { 2 (% + 1) e% + %@22}
B o ()

4@l ™ {(4 > 2 3}
— == £1&2 ——1]6°X+% .
N |Quf* N

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LOWER BOUND ON THE BLOW-UP RATE 83

The cubic term J(g) coming from the conservation of energy becomes:

_ S hi2 Atz (4 |Qp| ¥+
(B.5) J() = le+ Q™ b <N+2> OuF (Xe1 + O¢s)

= 4
5 |Qp| V2 2 4 2 2 2
o2l 2 ) ()22 (24
G v +(yti)e
=~ 4
2 |Qp| 7 F2 2 4 2 2 2
— —_— —+1 —+1 — 41X
&y |Qb|4 N + N + 0% + N +
Qs ¥*2 8 (2 )
— &1Ey——=—"— —+1 Y0.
|Qu* N \N
It now remains to transform the first two lines of (B.)) according to the following
identity, which has been proved in Appendix D of [16]:
H(e = Gpe — G) = Hle, ) — (e1, Re(W1)) — (e2, Im(01))
—  (Re(¥), (Cre)1) — (Im(¥), (Gim)1)

- (L+€1 + b(%@ +y - Vey), (g—re)l) - (L82 - b(gﬁl +y - Vey), (52771)1)

(e G (RelB) + (1 )@F &) — (€2 G, (Im(F) + Q¥ E).

This concludes the proof of ({8]).

C. PROOF OF THE ESTIMATES OF STEP 2 OF LEMMA

Note that each estimate (i)1<;<7 holds for 0 < n < 7;, 0 < a < a; and constant
0 < 20 < 2zo(ns,a;) for 0 < b < b*(n,a). Taking the infimum on the seven estimates
yields the claim. Note that these constants a priori depend on the dimension N.
In most instances, we shall argue differently depending on the dimension.

(0) The proof is similar to the one of (2238]). Let us briefly sketch the argument.
We argue differently depending on the dimension:
e N =1: Assume v € C§° and let yo € [0,1] such that [v(yo)|?> < [ |v|?e~ ¥l
Then writing v(y) = v(yo) + fyyo vy(x)dx, we get

/IM WP < c /|B (1wt + 1y = ol oy e} )y
or* [k + [1n,?).

and ([@I0Q) follows.

e N > 3: This estimate follows from the Sobolev injection ||« < C|Ve|L2
or Hardy’s inequality.

e N = 2: In dimension N = 2, a logarithmic correction has to be taken into
account in the result. Assume v € C§° and decompose v(r, ) in Fourier
series v(r, 0) = S35 wp(r)e™?, v (r) = & fOQW v(r,0)e~*9df. For k # 0,

k=—o00 27

IN

IN

1
ok (r)] < % ( 02Tr |Vo(r, 9)|2d6‘) * from which we recover Hardy’s inequality
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on the nonradial part:

(C.1) / |”_”02‘x| <C/ IVl
R?2 ||

Now let 7 € [3,1] such that [vg(ro)|? < 10 [ [v|>e~ . For r > 1, we write
vo(r) = vo(ro) + f;; 0-vo(7)d7 and estimate

luo(r)[? < Clug(ro)]* +C </T: GTUO(T)CZT)2
< clutro + (| ronpar) ([ 4)
(C.2) < C’/|v|267|y‘ +0(/\vu|2)1og(r)

We conclude from (CI) and (C2):

[k = [ ke [ prsomr(fpret [ivep)
lyl<B lyl<1 1<|y|<B

4 / rlvo(7)Pdr < CB? 1ogB(/|v|2e—\yl +/|W|2),
1<7<B

which concludes the proof of (LI1]). Similarly,

/ ‘/U‘Z /‘V |2 / |U0(’r)|2d,’,)
1<|y|<B \yIQ - 1<r<B T

B
1
< C(/\W|2+/\U\Qe—ly\)(1+/ % ir)
1
< c1og23(/|vu|2+/|U|Qe—ly\)

and ([£I2) is proved.
(i) First observe from (2.I5]) and ([2.19) that:

/ gf2e vl < / E2e20-0m / &[22 -0m) e

~12 —9(1— o(blyl)
< [epesmensn e

We now may apply estimate [238]) to £ to get the claim.
(ii) From [15], the following holds:

(©3) R(e) < C(|g‘26—(%—1)(1—cn)ﬂb7)?y\) Y et E) for N <3,
’ - 6(b
C min(|ef2e (R (o4 %) for N > 4.

We now first estimate from ([2.I5]) and (ZI9): VN > 1,
/|€|2 (£-1)(1- Cn)emyn —(1—Cm) 2l _ /\5|2 —(4)(1—Cm) D +I‘é+Z°

)

which is now estimated with (Z38). The other term for N < 3 is controlled as
follows. We first have

41— 0CblyD) 144 (1— 0Cly)
/‘6|1+N6 (1-Cn) == S/‘6|1+N6 (1-Cn) == +Fé+zo
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from 1+ % > 2. The conclusion follows from the Sobolev injection for N = 3. For
N = 1,2, we write

/\él1+%e—<1—0n>“b£y" < C(/ Gk +/|52e—2<1—0n>—@(%“)
< C(/ Bk +/|él2e2<1c”>8“’b“>,

and the conclusion follows from the Gagliardo-Nirenberg inequality and (Z38]).
(iii) We use again the estimate (C.3)). For N < 3,

9(b\y\)
[lepetinu-en =g 1y v

F1+ZO—|—F2 (1—-Cn) /|€|2 —1)(1- cn)‘*“"’”’

and the conclusion follows from (Z38]). The other term is estimated for all N > 1:

4z P s(1-C 4
Sl Gty vy <m0 [ e

ly|<24
< PE“‘C”’/ ||+~ 4 Diteo
|ly|<2A

1+ 4
la-c oqd\ 2w
SFE( U)AC </|€|2+N> N +1—‘é+zo’

and the conclusion follows from the Gagliardo-Nirenberg inequality.

(iv) Indeed, first estimate from (213]), (Z20):

d*¢,  d o
d

1
Ol
<AYIE ,

Py)(I——

LOO
so that from the Cauchy-Schwarz inequality:

~ 2
d*{ d" 8¢ 1-C
P(y = <T ”AC/ g2
</||| W5+ 155eh | <1 L

The conclusion follows from ([@I0).
For the second claim, we argue similarly. First observe from (@3) that |A7’ <

C ‘Z—2| Next, from ([@I0) and ([@3]), we have
‘%{( — G (- VX (5 )<m>)—(el—ére,<y~vX(%)cm>1)}‘
= o (2) Gon - G Ix (L) G}

b AT ~C7( / V2 + / Bt

where we used (£I0) in the last step. We now use (2.36) and the following, which
is a straightforward consequence of the conservation of energy:

1 1_
WIEs| < C(f IVeP + [ lepert) 407,

IN
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to estimate
b sc</|vf~|2+/\e|2 “llyd £ ppom

and the conclusion follows.
(v) Recall from [I5]:

oy 4

@) < ] ClePe (RmUmemTist fje2e3) jor N <3,
- Clel>t* for N > 4.

For all N > 1,

Jrepri <ot g,

and the conclusion follows from the Gagliardo-Nirenberg inequality. For N < 3,

/‘&_'3 (& —1)(1—Cn) 2eluD /|E\3 —(£-1)1—Cn

For N = 3, the conclusion follows from the Sobolev embeddings; for N = 1, || <
d(a*) yields the conclusion; for N = 2,

[leperten® it < ([ [ jgpeza-em i,

and the conclusion follows from the Gagliardo-Nirenberg inequality.
Next, let R(¢) = Ri1(g) + iR2(¢). Then from [I5]:

it Iyt

C(|E|56_(1_C77)% + ‘€|3e—3(1—cn)%)
for N =1,
/ [Be)|e (- < 3 O(f e 0O E) for N =2,
C([|effe30-Cm =Gy for N =3,
C(f|5|%+267ﬁ(17017)9(bl|7y‘)) for N > 4,

and the proof follows similarly as before.
Last, the corrective term Hy, given by (B.2) is estimated in any dimension from
[15]:

(e, 2)| < 3(a") / le[2e= - X2
and the conclusion follows.

(vi) This estimate follows from the explicit values of the vectors (L, K) of Step 1
and the estimate (2.19). For example,

T 2
D) = '(““mw DG -0+ et yG,
4 =
N|Qb\2‘Qb‘ (sz))‘
< C(/‘5|237%(170n)9(l’7w)%Fé(l—CnJr%)
<

) / IVe]? + / 6|26~ 2(1=Cm =5y | Tt
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The others follow similarly with the help of ([Z19I).
(vii) Injecting (2.18), 2I3) into (£H) yields

C
[Flree + 1y - VF[p~ <

A

1
2
rz,

w2

and thus by the Cauchy-Schwarz inequality:

/ El(F| 4y - VE]) < (Floe +ly - VFlow) / €l
A<ly|<24

F§ 1 1
<ol (amyi( / EO
Az A<|z|<2A

and the conclusion follows.

D. PROOF OF ESTIMATE (5.9

This appendix is devoted to the proof of the estimate (5.9)), which follows in two
steps. We will note for € = 1 +ieq € H':

(Le,e) = (Lyer,e1) + (L_eg,€2).
Step 1. Elliptic estimate on L.

We claim that for some universal constant d3 > 0: Ve = 1 + ieq € H?,
1
(D.1)  (Le,e) > d3lel3n — % {(e1,Q)* + (1, [y Q)* + (1,¥Q)* + (2, Q2)*} .
This follows from Lemma [8] where we had
1
(Lyer,e1) + (L_ez,e2) > balelz — % {(e1,04)* + (c1, VQ)* + (£2,Q)°} .

Arguing as for the proof of Lemma 3 in [I4], we exhibit a similar estimate but with
different orthogonality conditions.

Indeed, let € = 1 + iey € H' satisfy

(517 |y|2Q) = (51ayQ) = (527Q2) = 07

and let the auxiliary function
E=e—aQ1—b-VQ —icQ.
We choose a, b, ¢ so that
(é1,0+) = (€1, VQ) = (é2,Q2) = 0,
e (1, 0+) (1, VQ) (2,Q)
€1, €1, €2,
ey T aw ™ T Qo

Note from Li¢y = pydy and LiQr = —2Q that py (Q1,04) = —2(Q,¢4) <0
from @ > 0, ¢4 > 0. Now using the orthogonality conditions on e1,e2, we also

have
(517 |y|2Q> (élva> (527622)

= TonPe) T waver ™ T TG

Therefore, we have for some constant K > 0,

1
E\g@p < &% < Klel?.
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Moreover, from (Q, Q1) =0, L{(Q1) = —2Q, L+(VQ) =0, L_(Q) = 0, we have

(éva) = (gva) ) (LJrélvél) = (L+€1751) + 4a(‘€1»Q)
and
(L_ég,{-fg) = (L_62,€2).

Applying the elliptic estimate ([B.8)) to &, we conclude

i(5‘1)62>25

(Le,e) = (Lé, &) — da(e1, Q) > 05|é|5: — 4a(e1, Q) > d3le|3 — 5

and (D)) follows.

Step 2. Localization of the elliptic estimate.

The proof of (59) now follows from a standard perturbation result. Let us briefly
recall it. We sketch the argument for L, ; the same proof applies for L_. Let an
even cut-off function £4 =& (%), &(y) =1 for |y| < 1, &(y) = 0 for |y| > £ so that

€a(1 — ¢a) = &a. Recall that ¢4 = 0 for |y| < é and ¢4 = 1 for |y| > 3A. Given
we HY we let

(D.2) w=8aw+ (1 —&1)w = w; + we.
We write Ly = —A+1—-V with V = (1 + %)QH%, and note Fa(w,w) =

(L+UJ,OJ) - f¢A|w‘2'
First compute:

Fawiw) = [Vl = [Vial + (1= o)l

+ /|Vw@|27/V\w@|2+2/Vwi-Vwe—Q/Vwiwe.

We first observe from the support localization of w, and going back to the proof of
(0) in Appendix C that we have

/|we|2e_cly‘ < 4(A4) / |Vwe|* with §(A) —0 as A — +oo0.
This identity with Cauchy-Schwarz yields

\ [ viw|+ ] [vesd| <o [l + [ 1902,

The gradient interaction term is estimated by reinjecting (D.2]) and integrating by
parts, which yields

/wi-we > —5(,4)/2 [,
A

4
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These two estimates yield for A > A* large enough:

%/\Vweler/WwiP*/V|wi|2+(1*5(A))/(1*¢A)‘w|2

> 5 [1wl+ [ 19l = [visp+a-sa) [lwp

1 1) 1
> 3 / |Vwe|? + 53|Wi‘%11 T 5 {(wi, Q)% + (wi, [y1*PQ)* + (wi, yQ)°}

Fy(w,w)

Y

s 0 2
> 2 [196 + Rhilts - 5 {00 + (@ PP + (0,5Q)%),

where we used (D.]). It now suffices to observe that

Jropet <o [l + o) [1vep)

and estimate (59) follows.
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