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L BOUNDEDNESS OF DISCRETE SINGULAR
RADON TRANSFORMS

ALEXANDRU D. IONESCU AND STEPHEN WAINGER

1. INTRODUCTION

Assume that d; > 1 is an integer and K € C'(R% \ {0}) satisfies the differential
inequalities

(1.1) 2] |K ()] + |2 " T VK (2)] < 1

for any z € R%, |z| > 1, and the cancellation condition

(1.2) / K(x)dz| <1,
lz[€[1,A]

for any A > 1 (i.e., K is a Calderén-Zygmund kernel on R% away from 0). Let
P = (Py,...,Py,) : R%" — R denote a polynomial of degree A > 1 with real
coefficients. We define the (translation invariant) discrete singular Radon transform
operator T by the formula

(1.3) T(f)@)= Y, fl@—Pn)K(n),

nezd1\{0}
for any Schwartz function f : R% — C. Our main theorem is the following:

Theorem 1.1. The operator T extends to a bounded operator on LP(R%), p €
(1,00), with

HT(f)HLP(Rdz) < Cp”fHLP(]Rdz)-
The constant C, may depend only on the exponent p, the dimension dy, and the
degree A.

Boundedness properties of the corresponding continuous singular Radon trans-
forms

S = [ fla =) K ) dy.

as well as boundedness of the associated maximal Radon transforms, have been
studied extensively, under very general finite-type conditions on the function = :
R x R4 — R, See [8], [13], [20] for some results in the translation invariant
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358 ALEXANDRU D. IONESCU AND STEPHEN WAINGER

setting, as well as [14], [12], [5], [I7], [6], [9] for the general case. For more references
in the continuous case, we refer the reader to the recent paper of M. Christ, A. Nagel,
E. M. Stein, and S. Wainger [6]. We will use the boundedness of the (translation
invariant) continuous singular Radon transforms in our proof of Theorem [T} see
Lemma in Section We emphasize, however, that the main difficulties in
proving Theorem [[L1] in the discrete setting are of a different nature than in the
continuous case.

To illustrate the difference between the discrete and the continuous singular
Radon transforms, consider for instance the case di = 1, do = 2, P(y) = (y,v?),
and K(y) = 1/y. For k > 0 let

Su(f) () = / Fx— (0 (@) dy,

where 7 is a smooth function supported in the set {y : |y| > 1} and equal to 1 in
the set {y : |y| > 2}. Let my denote the multiplier of the (translation invariant)
operator S, ie., mp(&1,&) = [; yIn(27Fy)e 2+ ) gy Tt is well known
(see, for example, [19, Chapter X1]) that my is a multiplier on LP(R?), p € (1, 00),
supported microlocally in the rectangle {(&1,&) : |&1] < 27, |&] < 272F}, more
precisely |my(€)] < C(1 + 2F|&1| + 2%¥|&[)~ /2. For contrast, consider also the
discrete operator

Ti(f)@)= Y fl@—(nn*)n " n2 *n).

neZ\{0}

It is shown in [2], following ideas in [4], that the multiplier of the operator T} is
approximated, modulo O(27%%) errors, § > 0, by

> Sla/qymi(& — a/q),

q,a

where the sum is taken over rational points in R? with denominators ¢ < C'29'%,
my, is the multiplier of the continuous singular Radon transform Sy, and S(a/q)
are Gauss sums. This approximation is enough to prove boundedness if p = 2 or
even when p is close to 2 by using the uniform decay of the Gauss sums. However,
when p is close to 1 or oo, it is significantly more difficult to sum efficiently the
contributions of the multiplier corresponding to different denominators . Our
main new idea is to exploit the “almost orthogonality” in LP of the pieces of the
operator corresponding to different denominators ¢, when the exponent p is a large
even integer. By interpolating and taking adjoints, this yields the theorem in the
full range of exponents p € (1,00). In general, it is not known whether there is a
suitable L' theory for singular Radon transforms, both continuous and discrete.

The systematic study of discrete singular Radon transforms was initiated by E.
M. Stein and S. Wainger [2I], where they conjectured the bound in Theorem [l
and proved a result in the restricted range p € (3/2,3). Boundedness in the case
p =2, d; = 1 follows from the earlier work of G. I. Arkhipov and K. I. Oskolkov
[1]. The range of exponents was later expanded to p € (4/3,4) in the special case
dy = dy =1 (E. M. Stein, personal communication) and used by E. M. Stein and S.
Wainger [25] in connection with sharp boundedness properties of certain discrete
fractional integral operators (see also [23] and [16]). E. M. Stein and S. Wainger
[22] also proved L? bounds in a certain “quasi-translation invariant” case.
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As in the continuous case, a related question concerns boundedness of the
maximal operator

M) = s = 3 [f(n—Pm)]

Ne[l,00) N 1<m<N

In this case, di = dy = 1, and P is a polynomial with integer coefficients. J.
Bourgain [2], [3], [4] proved LP boundedness of the maximal operator M in the full
range p € (1,00]. Some of the techniques in [4] have played a fundamental role in
the development of the subject; we will use these techniques implicitly in Section [l
As in the case of singular Radon transforms, weak boundedness in the case p = 1
is an open problem.

If the polynomial P in Theorem [T maps Z% to Z%, for instance if P has integer
coefficients, then boundedness of the operator T' in Theorem [[.1] is equivalent to
boundedness of the corresponding discrete operator.

Corollary 1.2. Assume that P = (Py,...,Py,) : Rh — R s a polynomial
of degree A > 1 with the property that P(Z%) C Z%, and assume that K is a
Calderon—Zygmund kernel as before. For compactly supported functions f let

Tas(f)m)= Y f(m—P(n))K(n).

nezd1\{0}
The operator Tyis extends to a bounded operator on LP(Z%), p € (1,00), with
HTdiS(f)HLP(Zd2) < Cp”fHLP(Zdz)-

The constant C, may depend only on the exponent p, the dimension di, and the
degree A.

The equivalence of Theorem [[Iland Corollary [[L.2in the case of polynomials that
map Z%4 to Z% was noticed by E. M. Stein (personal communication). To see that
Theorem [[T] implies Corollary [LZ] assume that f € LP(Z9) is a given function
and define fox € LP(R%), foxi(y) = f(ly]), where |y| = (ly1],---, [ya,]) denotes
the integer part of y. It is easy to verify that T'(fext)(x) = Tais(f)(|x]), which
shows that Theorem [Tl implies Corollary The proof of the reverse implication
is similar.

By interpolating between Corollary [[2] and the bounds in [25], we prove optimal
boundedness properties of two discrete fractional integral operators. Partial results
on the boundedness of these discrete fractional integrals were proved by E. M. Stein
and S. Wainger [23] and [25] and D. Oberlin [I6]. We remark, however, that, by
itself, Corollary [[.2is not sufficient to prove optimal bounds for fractional integrals
in the case when the polynomials involved have higher degrees.

Corollary 1.3. Assume X\ € (0,1) and p,q € [1,00]. Then the discrete fractional
integral operator
L(f)(m) = Z f(m —n®)n=*, f compactly supported,
n=1
extends to a bounded operator from LP(Z) to LY(Z) if and only if
(i) 1/ <1/p—(1=2A)/2, and
(i)) p<1/(1—=X), ¢ >1/A
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Corollary 1.4. Assume A € (0,1) and p,q € [1,00]. Then the discrete fractional
integral operator

In(f)(m1,ma) = Z f(my —n,my —n®)n=>, f compactly supported,
n=1
extends to a bounded operator from LP(Z?) to L4(Z?) if and only if
(1) 1/q<1/p—(1—=X)/3, and
(1) p<1/(1—=X), ¢ >1/\.

The main new ingredient in the proof of Theorem [[I]in the full range p € (1, c0)
is Theorem below, which is in fact the main result of this paper. We introduce
first some notation. Assume d > 1 is an integer. For any p > 11let Z, =ZnN[1, ul.
If a = (a1,...,aq) € Z% is a vector and ¢ > 1 is an integer, then we denote by
(a,q) the greatest common divisor of a and g, i.e., the largest integer ¢’ > 1 that
divides ¢ and all the components a1, ..., aq. Clearly, any vector in Q% has a unique
representation in the form a/q, with ¢ € {1,2,...}, a € Z%, and (a,q) = 1; such a
vector a/q will be called an irreducible d-fraction.

Assume that m : R? — C is a bounded function supported in the cube
[—1/2,1/2]¢, with the property that for any p € (1,00),

(1.4) |F = (m - F(9)l| e re)y < Bpllgllerey

for any Schwartz function g : R — C. Here F denotes the Euclidean Fourier
transform acting on distributions on R?. In other words, m is an LP multiplier on
R? p € (1,00), supported in the cube [~1/2,1/2]¢. For any finite set Y C {1,2,...}
let
R(Y)={a/q:q€Y,a€Z% (a,q) =1}
For any ¢ € (0,1] let
mey (€)=Y m((€—a/g)/e)
a/qeER(Y)

A measurable function g : R — C will be called periodic if for any n € Z,
g(E+n) =g(¢) ae. £ €RE A set A C R? will be called periodic if x 4 is a periodic
function. Notice that m. y is a periodic function.

Theorem 1.5. For any é > 0 and p € (1,00) there are constants As and Cp s with
the following property: for any N > A; there is a set of integers Yn = Yn 5,
(15) ZNCYNCZENé,

such that for any € < e‘Nza, the operator Ty = Ty . defined by the Fourier multi-
plier m.y, extends to a bounded operator on LP(R?), with

(1.6) TN ()l o ey < Cp.s(In N2 [| £]] 1o (ray-

The constant As may depend only on 6 and d; the constant Cp s may depend only
on ¢, d, the exponent p, and the constants B, in (4.

Remarks. (1) Since the multiplier m. y,, is periodic, the kernel of the operator T
is supported (as a distribution) in Z?. Therefore, boundedness on LP(R) of the
operator Ty is equivalent to boundedness on LP(Z?) of the discrete operator defined
by the same kernel (the equivalence discussed after Corollary [[2]). It will be more
convenient to prove boundedness on LP(Z%) of this discrete operator.
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(2) Theorem [[Hl follows easily from Lemma [Tl in Section [ for 6 > 1, simply by
taking Yy = {Q : Q|N'}, R(Yy) = {a/N! : a € Z?}. However, to prove Theorem
[T in the full range of exponents p, we need to be able to let § = d(p) tend to 0.

(3) It seems natural to ask whether the operator defined by the Fourier multiplier
Me zn, € < N~¢, extends to a bounded operator on LP(R?), with bound, say,
CpsN°, 1 < p < oco. Our orthogonality argument based on Lemma 2Tl in Section [
does not seem sufficient, due to the interaction between denominators ¢ with many
small distinct primes. It is possible, however, to prove variants of Theorem [k
for instance one may replace the set Z_ys in (L5) with Zyc/s at the expense of
replacing the bound C), s(In N)?/? in (L) with C, sN°.

We prove first Theorem in Sections 2 3l and @ The main ingredients are
the square function estimate in Lemma 2] and the partition of integers in Lemma
BIl Using this partition of integers, we divide first the set Yy into a controlled
number of disjoint subsets. Each of these subsets has a certain type of orthogonality
property, which is roughly related to the super-orthogonality (2:6) (orthogonality
in L2, r > 1 integer) needed in Lemma This super-orthogonality allows us
to estimate our operator in terms of square functions, which we then control using
the Marcinkiewicz-Zygmund theorem and techniques inspired by [I8]. Then we use
Theorem and estimates on the multiplier of the operator T to prove Theorem

[L.T] (Sections [l [l and [7).

2. ESTIMATES USING SQUARE FUNCTIONS

In this section we prove a square function estimate that will be used in the proof
of Theorem The Fourier transform of a function f € L'(Z%) is defined by the
formula

F©) = Fza(H)(©) = D fln)e ™™ ¢ e RY

nezd

The function f :R? — C is periodic. The inverse Fourier transform is given by the
formula

Fum = [ neena

for any periodic function h in, say, L2 (R?). By Plancherel’s theorem, any bounded,

periodic function m : R? — C defines a bounded operator on L?(Z<) by the formula
T(f) = Fy, (m - f).
Recall that for any integer u > 1, Z, = {1, ..., u}. For any integer ¢ > 1 let
P,={acZ%: (a,q) =1},
and let P, = P, N [Z,)%.
Let S1, 5%, ..., Sk denote sets of integers S; = {q;1,...,4;,8()}> J € Zx. Assume
that for some

(21) qj,s S [27@] mZaJ € Zk7s € Zﬁ(j)’
and
(2.2) (4,5 457.5) = 1

if (4,8) # (§',8'). For any j € Zj, let
Ty = {a)s/0j.s + 5 € Zg(g) aj,s € Py, .} € Q7
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denote the set of irreducible d-fractions with denominators in .S;. Furthermore, for
any set A ={j1,...,5p} C Zy let
Ty = {0j1 +...+ ij, : Gjl € T{jz} for [ € Zk/}.
Finally, for any (sj,,...,s;,,) € Za@j,) X --- X Zg(;,,) let
UA’Sjlwwsjk/ = {athjl /qj175j1 +.. '+a’jk"5jk/ /qjk,'ssjk, C gy sy, € qulejl for [ € Z’C’}7

that is, the subset of elements of T4 with fixed denominators gj, s; ;... Qi s,
If A = 0, then, by definition, T4 = Uyx = 7Z¢. Notice that the sets T4 and
UA,sjy,.npsy,, ate periodic subsets of Q% Let Ta =Tan[0,1)% and Un . ..
UA7SJ'17""SJ'1¢' N [0, 1)d.

Assume that 7, > 1 are integers and fix

(2.3) e < (8TQ2er2rk)_l,

SLF IV

where QNQ is as in ([2I). Let Y denote an arbitrary set. For any o € Y fix an integer
Qo € Zg with the property that

(24) (QU,Qj,s) =1l0¢ Yaj € Zkﬂs € Zﬁ(j)'

For any § € Tz, and o € Y let fJ € L*(Z%) denote a function whose Fourier
transform is supported in an e-neighborhood of the set {# + a/Q, : a € Z%}, i.e.,
in the set

U ¢+a/Qs + Be),

a€Z?
where B(e) = {{ = (&1,...,8a) : [&] < e}, We assume that f§ = fg,, for any

n € Z4. Let (Z¢ dn) denote the set of integers with the counting measure. The
main estimate in this section is the following lemma.

Lemma 2.1. With the notation above we have

(2.5)
[0S sy dn
Z oeY GGTZk
Sck:,r Z Z /d(z Z ‘ Z fg+9/(n)|2)7' dn,
A={J1, 5Tk } Si1rSig z o€Y greTey MEUA,SJ'I,...,SJ']CI

where the sum in the right-hand side is taken over all sets A = {j1,...,jx} C Zg,
and all (8j,,-..,85,) € Zg(j,) X --- X Zg(j,,)- The constant Cy . may depend on k,

r, and d but not on Q,Q, [Yl,e, gjs, or the functions fg.

Remarks. (1) We only use the estimate (2] with |Y| = 1. The vector valued
version is needed to prove Lemma 2] by induction over k.

(2) The motivation for Lemma 2] is the following: the proof of Theorem is
based on exploiting cancellation to add up the pieces corresponding to numerators
a and orthogonality (in L?") to deal with addition over denominators gq. Lemma
2.1l is the main building block in this proof, as it establishes the orthogonality of
the pieces corresponding to different denominators ¢, provided that (2:2) and (24)
hold. It is important to notice that the terms in the right-hand side of ([2.3) do
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not contain any sums over denominators ¢ inside the square function; for instance,
when A = ), the corresponding term in the right-hand side of (23] is

/(Z S MR
4 Ueyeefzk

Such quadratic expressions may be controlled using standard Littlewood—-Paley
theory (see [1§]).

The rest of this section is concerned with proving Lemma 2.Jl We investigate
first orthogonality conditions on families of functions f; : Z¢ — C that guarantee
that the quantities

LI s an awa [ (SS1smPy

are comparable, where r > 1 is an integer.

By convention, we write (:Ul,z:g,...,xm) to denote the sequence x1,...,T,,
(with possible repetitions, the order is relevant) and {x1,xs,..., %} to denote
the smallest set containing xi,xs, ..., %, (no repetitions, irrelevant order). We
say that a finite sequence (z1,x2,...,Zm,) has the uniqueness property U if there is

ke {1,2,...,m} with the property that x; # z, for any i € {1,2,...,m} \ {k}.

Lemma 2.2. Let X denote a finite set and fi; € L*(Z%), i € X, l € Z,, a set of
functions. Assume that

(26) / Fi s F s (n) -+ Fier ()0 () dr = 0
for any sequence (i(1),5(1),...,i(r),5(r)) in X with the uniqueness property U.
Then
(27) /HIZL an <0, [ TICS ratyan
I=1 ieX I=1 i€X

The constant C, may depend on v and d but not on |X| or the functions f; ;.

Proof of Lemma [Z2. We have

1D )P =" fioyam)Fi 1 () - Fioywr () Fiy oy 2 (1),

=1 ieX

where the sum is taken over all possible choices of ig(1),41(1),...,0(r),41(r) in X
(there are a total of | X|?" terms in the sum). For any set A C X with |A| < 2r let

(2.8) Zfzo 1), 1( le(1) (n)-...- fio(r),r(n)?il(r),r(n)v

where the sum is taken over the sequences (ig(1),41(1),...,4i9(r),41(r)) which do
not have the uniqueness property U and, in addition, have the property that

{io(1),41(1),...,i0(r),i1(r)} = A as sets. By (2.0)
(2.9) /H|Zf” )2 dn = /sA

=1 ieX

Notice that, by the definition of the uniqueness property U, we have S4 = 0 unless
|A| < 7. Thus the sum in ([2.9)) is taken over sets A C X with |A| < r.
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By expanding the product in the right-hand side of ([2.7), we have

(2.10) LIS utryin =3 [ Taiman

=1 ieX

where

(2.11) Ta(n) = Z \fi(1),1(n)\2 Tt |fi(7'),r(n)‘2'

{i(1),mi(r)}=A
As before, the sum in (ZI0) is taken over all sets A C X with |A] < r. Thus, it
suffices to prove that

/Zd Sa(n)|dn < C, /Z Ta(n) dn

for any A C X, |A| < r. For any set A the sum Sy4 in (28] contains at most C,
terms. Thus it suffices to prove that

212) [ a0 a0 Fuor o0 0l < 2 [ ) dn
whenever the sequence (ig(1),41(1),...,40(r),41(r)) does not have the uniqueness
property U and {ig(1),41(1),...,i0(r),i1(r)} = A (as sets).

To prove ([212), we claim that there are two functions 3,v: {1,...,r} — {0,1},
~v(1) = 1 — (1), with the property that

(213) {iﬁ(l)(l), iﬁ(g)(Q), ey iﬁ(r)(r)} = {i,y(l)(l), i,y(g)(Q), ey ’i,y(7.) (T)} = A

To clarify the role of the functions 3 and ~, assume that we write the sequences
(i0(1),40(2),...,i9(r)) and (i1(1),41(2),...,41(r)) in a matrix with two rows and r
columns. Our goal is to partition the elements of this matrix into two sequences
with r elements, in such a way that each sequence contains exactly one entry from
each column of the matrix and the sets generated by the two sequences are both
equal to A. This guarantees the fact that the corresponding product is controlled
by two of the sums of the definition of T4 (see (ZI1])). Formally, assuming (2.13]),
we would have

o |fi0(1),1(n)7i1(1),1(n) e fio(r),r(n)fil(r)m(n)' dn
< /Zd \fi5(1>(1),1(n)|2 Tl |fi5m(r),r(n)|2dn

+ /Zd fisya @ U fi e ()P dn < 2/ Ta(n)dn,

Zd
which gives (2.12).

It remains to construct the functions § and v. Assume first that |A| = r; since
the sequence (ig(1),41(1),...,i0(r),i1(r)) does not have the uniqueness property
U, every element in this sequence appears exactly twice. We argue by induc-
tion over r to prove the following statement: if every element in the sequence
(i0(1),41(1),...,40(r),i1(r)) appears exactly twice, then there are two functions
B,v:{1,...,7r} = {0,1}, v() = 1 — B(I), with the property that

{ig)(1),182)(2), -+ s i) (1)} = {iy) (1), iy 2) (2), - -y iy (1)}
= {io(1),i1(1),...,io(r),i1(r)}.
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The case r = 1 is clear. For r > 2 define Iy =1, f(1) =0 and (1) = 1. If ip(1) =
i1(1), then the induction hypothesis applies. Otherwise, there is a unique element
in the sequence (ig(1),41(1),...,40(r),71(r)) \ (0(1),41(1)) equal to i,(3)(1); this
element is, say, i (l2) = i(1)(1), for some lo € {1,...,r}\{1} and o € {0, 1}. Define
B(l2) = o and (l3) = 1 — 0. We can now proceed recursively: assume [y,. .., are
distinct numbers in {1, ..., 7} and the functions 8(l1), ..., 8(lx) and v(I1), ..., v(lx)
are constructed in such a way that igg,)(l;) = i,y(lj_l)(lj,l), j=2...k If
ig(1,)(1) = iy@,)(Ix), then we apply the induction hypothesis to the remaining
sequence with 2(r — k) terms (if & = r, there is nothing left to prove). Otherwise,
k < r—1 and there is a unique element in the remaining sequence equal to i, (Ix)-
We call this element i, (lx11) and define G(Ix+1) = o and y(lx41) = 1 — 0. At the
end of this process we have ig(;,)(1) = iy, (lx). If & < r—1, we apply the induction
hypothesis on the remaining sequence. If k = r, then we have already achieved the
required partition.

Assume now that |A| = ' < r — 1. In this case every element in the sequence
(i0(1),41(1),...,i9(r),i1(r)) appears at least twice, and some elements appear at
least three times. In the sequence (ig(1),41(1),...,40(r),i1(r)) we replace every
element that appears for the third time with some element a ¢ X. The new
sequence will contain every element in A repeated twice and 2(r — ') terms equal
to a. Then we pair the terms equal to a (in an arbitrary way) and replace them

with pairs of ay,...,a,_,, where ay,...,a,_,» are arbitrary distinct elements not
in X. The resulting sequence will have every element appearing exactly twice, so
the construction in the previous paragraph applies. O

We also need the following elementary estimate:

Lemma 2.3. For any numbers a1, as,...,a, € [0,00) and integer r > 1
(2.14) (@14 4a) <C(Y ai+ > i ..a).
1<i<v 1< <. <in<v

The constant C, may depend on r but not on v or the numbers a;.

Proof of Lemma 2.3 We may assume r > 2. By expanding the products, we see
easily that

(215) (a1 +...4a) <AL D> @ c.a (Y a)( Y a) 7.

1<i1 <. <, <v 1<i<v 1<i<v
We prove (2I4) with C, = (44, + 1)" L. If
(a1 +...+a,)" <24, Z @iy * et UGy

1<ig<...<ip<v

then (214 is clearly verified. Otherwise, by (Z.I5)

(2.16) (a1 +...4+a,)? <24,.(a? +...+ad?).
Let m denote the smallest integer larger than 4A4,. We may assume that the
numbers ay, ..., a, are ordered, i.e., a3 > as > ... > a, > 0. By (2I0),

(a1 4 ...+ a)? + (a1 + ...+ am)(@mir +...+a,) <4A,.(a® + ... +d?).
Since the numbers a; are in decreasing order and m > 4A,., we have

(a1 + ...+ am)(@mi1 + ... +a,) > 4A (a2, 1 + ... +a2).
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366 ALEXANDRU D. IONESCU AND STEPHEN WAINGER

Thus
(a1 +...4+a,)? <4A.(a® +... +d2).
By the Holder inequality
(a1 + ... +a)" < (4A) 2@+ ... +a2)? < (4A)Pm" > Y a} + ... +dl),
which proves (2Z14). O

We turn now to the proof of Lemma 21l We argue by induction over k.
The case k = 1. In this case there is only one set of integers S; = {q1.s = ¢s :

ENS Z,B(l)}- Let
Z fﬁ/qé

asePLIs

The left-hand side of ([Z3]) is equal to

L1 Y Frop

oeY SEZﬁ(l)
- ¥ /| S EPP | Y E ) dn
O1,...,00€Y 7 SGZB(U SEZﬁ(l)

We would like to apply Lemma for any o1, ...,0, fixed. We have to verify the
orthogonality property (2.4), i.e.,

(2.17) /Z JFgH(n n)F; (n)-...- FI*(n)F, (n)dn =0

for any sequence (s1,t1,..., S, t,) with the uniqueness property U. By symmetry,
we may assume that s; ;é s; forany l € Z,. \ {1} and s; # ¢, for any | € Z,.. Then
the Fourier transform of FJ! is supported in the set

U a’Sl/qS1 +a‘/Qal +B(e’;‘)

a€Z,as, Gqul

On the other hand, the Fourier transform of F?ll Ce o BT F:: is supported in
the set obtained as the algebraic sum of the supports of each one of the functions
(notice that all the sets involved are symmetric under the map £ — —¢) . This set
is

U ¢ +n+ B((2r = De),

1,07
where 6’ is some number of the form a, /qi, + ...+ as,./qs, +at, /q:, and p is some

number of the form a1/Q,, + ...+ a./Qo,.. By 22), (Z4), and (23] the support
sets are disjoint, so ([2I7) follows.
By Lemma 22 the left-hand side of ([23]) is dominated by

D N KO SRLACE RN SRLABEE

01,...,0p €Y SEZﬁ(]) SGZB(l)

¢ [ 13 (T IFm)

SEZ[g(l) o€cY

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DISCRETE SINGULAR RADON TRANSFORMS 367
We use now Lemma [Z3l Thus the left-hand side of (2.3]) is dominated by

¢ 3 [ IF Py dn

SEZﬁ(l) oeYy

+C, > / Y ) -...- (O [FZ(n)]?) dn.

1<s1<...<s,-.<B(1 oeY

(2.18)

Notice that the first term in (2I8) coincides with the term in the right-hand side
of (23] corresponding to A = {1}. We write the second term in (2I8)) as

C, Z > / |FZ (n)[? ... |[F2(n)|* dn

0 €Y 1<51<...<5,<B(1)

:CTU Z /Zd Z 51/%1 n |2

Lor€Y 1<51<.. <sr<ﬁ

Z fgr /qbr )|2dn.

as, eP

qs,

asy €Pq,,

We would like to apply again Lemma[2.2, with the set X equal to the disjoint union
of the sets P, . The orthogonality property ([20)) is satisfied for the same reason
as before, since the Fourier transform of f' /q is supported in the set

Sl )

U as, /s, +a/Qq, + B(e).

a€Z4

Then we use the fact that the numbers ¢;, are pairwise relatively prime, since
$1 < ...< 8. Thus the second term in (ZI8)) can be dominated by

¢« ¥ %

01,--,0,€Y 1<51<...<5,<B(1)

LS 1 @B €318, )Py

aélepqSl as, €Pq,

<G [ (X XX Ui mydn

o€Y 1<s<B(1) o, Equ

This coincides with the term in the right-hand side of (23] corresponding to A = ().

The induction step. We regard Z;_; as a subset of Z;. Let 6’ denote generic
elements in T, ,; for any ' € Tz, _, and s € Zg(k) let

o _ o
o= > forajan.:

as Gqu R
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We argue as before. The left-hand side of (23] is equal to

LY X mmpra

oY S€Zsk) 0/€Ty,
- Y ¥ Pl Y X B )P dn
01,...,0,€Y SGZﬁ(k) Q/ETZk L SEZB (k) 9/6f2k71

We apply Lemma for any oy,...,0, fixed. The orthogonality property (2.])
is verified as in the proof of (217, since the Fourier transform of the function
>oet, . Fe s issupported in the set

k—1 ’

U U as/qr,s +a/Qs + 0"+ B(e).
0'€Ty, _, a€ld,a,€Py,
Thus the left-hand side of (2.5]) is dominated by
¢ [ 13 (1Y FLmPydn
Z4 SEZg(k) oeY O,GTZk L

We use now Lemma 23 It follows that the left-hand side of (2.3 is dominated by

¢ 3 [ Y Fmy

SEZ[.;(;C) ocY 9’€Tzk )
(2.19) WA / SIS FLmP)
1<s:1<.. <Sr<ﬁ oeY G/GTZk L

o1 D EL )P dn.

oeY eleffwzk_l

For the first term in ([ZI9) we can apply the induction hypothesis for any fixed s,
with @ replaced by Q@. This is possible since the functions Fy, ; are supported in
an e-neighborhood of the set {6 + a/Quqx s : a € Z}. Also, the inequality (2.3)
remains valid if we replace k with & — 1 and @ with Q@. By induction, the first
term in (ZI9) is controlled by the sum in the right-hand side of ([23]) corresponding
to sets A with k € A.

For the second term in (219, we write it in the form

D SEED SE AED SEED S N1

d —
01,..,0r€Y 1<51 <. <5< B(k) z a51€Pq 9 eTZk—l

| Z > S s, (I dn.

as,. Gqu‘ST 0’ GTZk,_1

As before, we apply again Lemma 221 with the set X equal to the disjoint union
of the sets P, _ . The orthogonality property (2.0) is satisfied for the same reason

as before, since the Fourier transform of -, is supported in the

Efz f 0'+as, /qk
set

U U aSl/qk,Sz + a/Qol + 9/ + B(E)

T, d
0'€Tz, a€Z
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Then we use the fact that the numbers g ;, are pairwise relatively prime, since
s1 < ... < 8p. Thus the second term in ([2.I9) can be dominated by

2 0 DD SEND SR DI AR i

€Y 1<5<B(k) a,€P,, , 0'€Tz, |,

For this last term we apply the induction hypothesis, with Y replaced by Y x {s, as :
5 € Zp,,as € Py, .}, Q replaced by QQ, and functions flo' = J8 40, /qp .- 1t follows

that the second term in (Z19) is controlled by the sum in the right-hand side of
[23) corresponding to sets A with k ¢ A.

3. A PARTITION OF INTEGERS

We construct now the set Yy in Theorem and partition it in a way that
is suitable for applying Lemma 21 With the notation of Theorem (assume
N > 10), let N’ denote the smallest integer > N°/2 and V = {p1,pa,...,p,} the
set of prime numbers between N’ + 1 and N. Let D denote the smallest integer
>2/§ and Qo = [N'!|P. For any k € Zp let

WEWV) = {p;* ... pp* i py, €V distinct, oy, € Zp, 1 =1,...,k},

and let W(V) = Urcz, W¥(V) denote the set of products of up to D factors in
V', at powers between 1 and D. Notice that for any m € Zy there is a unique
decomposition m = w - Q’, with w € W(V) U {1} and Q’'|Qo.

We say that a subset W/ C W (V') has the orthogonality property O if there is
k€ Zp and k sets S1,S2,...,Sk, S; = {451, --,4,8G)}> J € Zk, with the following
properties:

(i) gj,s = pjajs for some p; s €V, a; € Zp;

(i) (), q5,s) = 1if (4, 8) # (5, 8');

(iii) for any w’ € W’ there are (unique) numbers ¢1,5, € S1,...,qk,s, € Sk with
w' = ql,s1 "+ -+ " dk,sp-

For simplicity of notation, we say that the set W’ = {1} has the orthogonality
property O with k = 0. The orthogonality property O is connected to Lemma [Z.11
Notice that if a set has the orthogonality property O, then all its elements have
the same number of prime factors. The main result in this section is the following
decomposition.

Lemma 3.1. W (V) can be written as a disjoint union of at most Cp(In N)P~1
sets with the orthogonality property O.

We emphasize that all the constants in this section may depend on D or k € Zp
(thus on §) but not on N or v, the number of primes in V.

Proof of Lemma 31l Notice that any subset of a set with the orthogonality prop-
erty O has the orthogonality property O as well. Therefore, for any & € Zp, it
suffices to write W*(V') as a union of at most Cp(In N)*~1 (not necessarily dis-
joint) sets with the orthogonality property O. Notice also that it suffices to write
the smaller set N
WH(V) = {pi, - ... - iy s py, €V distinet}

as a union of at most Cp(In N)*~! (not necessarily disjoint) sets with the or-
thogonality property O. This is because the number of the possible exponents
Qiyy. o, QG € Zp is Dk
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We prove by induction over k that for any set V/ C V, the set
WkWV') = {pi, - -+~ piy, 1 pi, €V’ distinct}

can be written as a union of at most Cp(In N)*~1 (not necessarily disjoint) sets
with the orthogonality property O.

For k = 1 we simply define

W) =V,

which has the orthogonality property O and W{L(V') = W (V).

For the general case we start with a dyadic decomposition of the set V:

V:VL]UV])Q:%’1UV2)2U%)3U‘/§74:...: m)lU...UVm)gm,

where m is the smallest integer with the property that 2™ > v, V,, s = V41,261 U
Vii41,2s (disjoint union) for any p € Z,,—1 and s € Zou, and ||V}, 25—1| — [Vy2s]| < 1
for any p € Z,, and s € Zyu-1. Then m < C(InN) and |V, 4| € {0,1} for any
s € Zom. For u € Z,, we define the sets

G, = Usezw,1 V2515
Hu = Usezw,1 Vu,25~
Clearly, the sets G, and H,, are disjoint, G, U H,, =V for any u € Z,,, and, most

importantly, for any subset A of V' with |A| > 2 there is u € Z,,, with the property
that

(3.1) ANG, #0and ANH, #0.

This last property is easy to verify using the definitions.
To complete the proof in the case k = 2, we simply define the sets

W2V =(G.nV')-(H,nV)={gh: g€ G, NV he H,N\V'}, u € Zp,.
These m sets have the orthogonality property O and, by B1),
U w2 =w2v).
HEZm
For general k, we apply the induction hypothesis for the sets G,NV’ and H,,NV":
for any ky,ke € {1,...,k — 1} with k1 + ks = k and p € Z,,, let
WG, V) =W (G.NV'),1 < 51 < Cp(InN)F~!
s1
and -
W (H, N V') = W (H,NV'),1< s, < Cp(lnN)k=~"
S2
denote the decompositions in sets with the orthogonality property O of the sets
WH (G, NV') and Wk2(H,, N V’). Then, we consider the sets
WG, NV - Wk(H,NV')={gh:ge Wk (G, nV'),he Wl (H,NV")},

for all possible choices of u € Z,,, k1 + ke = k, s1, and so. There are at most
Cp(In N)*=1 such sets, by the induction hypothesis. Also, these sets have the
orthogonality property O (by the induction hypothesis) and their union is equal to
WH(V'), by BI). This completes the proof of the lemma. O
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4. PROOF OF THEOREM

In this section we complete the proof of Theorem With the notation in
Section [3] we define

Yy ={w-Q :weW(V)u{l},Q'|Q = [N']"}.
Clearly, Zy C Y. Also, w- Q' < NP*[N'|P < N if N > As. Thus Yy C Z, .

Using Lemma [31] we have the decomposition

W(V)u{1} = U W! as a disjoint union,
S

where s belongs to a set of cardinality < Cs(In N)?/% and the sets W/ have the
orthogonality property O. We define

Yy ={w-Q:weW,QQ}.

Then R(Yy) = U, R(YN) as a disjoint union. By Lemma [B.I] and Remark (1)
following Theorem [LF it suffices to prove that if W’ C W(V)U{1} has the orthog-
onality property O and Y/ = {w' - Q' : w' € W', Q'|Qo}, then

(4.1) ‘|fidl (m&Y’f)HLf’(Zd) < Cps

For this we start with a simpler lemma. As in Theorem [[L5] assume that m is a
multiplier on LP(R%), p € (1, 00), supported in the cube [~1/2,1/2]¢, @ > 1 is an
integer, and £ < (4Q) L.

|flLe(ze)-

Lemma 4.1. The operator Sq defined by the Fourier multiplier
m2(€) =Y m((§—a/Q)/e)
acZ
extends to a bounded operator on LP(Z%), 1 < p < oo, with
1SQ(NlLrzay < CollfllLrzay-

The constants Cp, may depend on p and the constants B, in (L4) but not on Q or
E.

Lemma [A.T] follows from [II, Corollary 2.1]. Lemma ] proves (@I in the case
W' = {1}, R(Y') = a/Qq, a € Z%. For the proof of (@) in general, we need a

stronger version. Assume that m is as before, @ > 1is an integer, g1 = p*, ..., qx =
pp* are powers of primes, with (q;,qv) = 1if [,I' € Zy, 1 # I, and (Q,q) = 1 if
| € Zj,. Assume that ¢ < (4Qqq - ... qx) !

Corollary 4.2. The operator 5S¢ q,.....q. defined by the Fourier multiplier

m?,ql,...,qk(g): Z Z Z m((ﬁ—a/Q—a1/q1—---—ak/Qk)/ﬁ)

a€z? ai E]sql ag Eﬁqk
extends to a bounded operator on LP(Z%), 1 < p < oo, with

1159,q1,....ax (P Lr 22y < Cp kel Lrzay-

The constants Cp, ,, may depend on p, k, and the constants B, in (L) but not on
Q; q1s---,49k, OT E.
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Proof of Corollary 22 A standard counting argument shows that if Q1 and Q5 are
integers > 1 with (Q1,Q2) = 1 and if a € Z?, then there are unique a;,ay € Z%
such that

(4.2) a/(Q1Q2) = a1/Q1 + a2/Q2(mod Z%) and a1 /Q1,a2/Q2 € [0,1)%.

Since ¢; = p{"*, this shows easily that

-1
QP a2tk — QPTG Gk _ 0y QDT a2k
mgPr A =g yees me ook

The corollary follows from Lemma [£1] and induction over k. (Il

We turn now to the proof of (@I). By interpolation, it suffices to prove (£1) for
p = 2r, where r > 1 is an integer. Notice that we may assume that N > C, ;. We
may also assume that f is the characteristic function of a finite set, i.e., f : Z% —
{0,1}.

By @2), R(Y') = {b/Qo+d' /' : b e Z d' Jw € RIW') = R(W')N[0,1)4}.
Thus

mey (€)= Y Y ml(E—d/w ~b/Qo)/e).
a’/w’Eﬁ(W’) bezd
Recall that the set W’ has the orthogonality property O. Thus there is k < 2/ +
1 and k sets S1,S2,...,5, S; = {qj.1,---,484)}, J € Zk, with the properties
stated in the definition of the orthogonality property O (Section ). For any s; €
Zg(l),...,sk S Zﬁ(k) let ﬂ(qul C . qk7$k) =1 if qi,s, * --- " Qk,sy, e W’ and
ﬂ(‘h,sl el Qk,sk) =0 if q1,s, * - - - qk,sp ¢ w'.

By [2), any fraction a//w’ € R(W’) can be written in a unique way in the form
a1.6,/q1.s, F- - +aks, /qr.s, (mod Z4), with ¢, 5, € S; and a5, € Py led{l, ...k}
(see the notation in Section 2]). Conversely, if 5(qi,s, - ... - qx,s,) = 1, then any
sum of the form a1 4, /q1,s, + --- + Gk,s,/Qs,, With g5, € S and a5, € P,
I={1,...,k}, belongs to R(W'). Therefore

Mgy’ &) = Z Z B(qi,sy =+ Thysi)

(4.3) 81,081,571 5-+55k,0k,s;, bEZL?
X m((g - b/QO - algsl/q1751 T ak,sk/qusk)/€)7

where the sum is taken over all s; € Zg(;) and all a; 5, € ﬁqm. We apply Lemma
21 with Y = {0} and define

[RTR)

£0
Q1,51 /41,51t Fak, sy Ak, sy, (5)

=B(q1,s, " - 'Qk,sk)f(ﬁ) Z m((§—=b/Qo = a1,s,/qsy — - = Qhsi [ Ah,s)/€);
bezd
for any s; € Zg) and ais, € Py, . Inequality (2.3) for ¢ is satisfied since Qo <

eNé,ql’Sl < NP and e < e N (recall that N > C, 5). Notice that the sum in the
right-hand side of (25) has 2¥ = Cs terms. By Lemma B, for (&) it suffices to
prove that for any set A = {j1,...,jx } C Z; we have

(4.4) > /d( oD fe P dn < Coslifll T

SipoeerSig 0'€Tea #EUA,Sjl ...... s,
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for any characteristic function of a finite set f. The notation is explained in Section
Since B(q1,s; * -+ Qr.s,) € {0,1}, we have

Y e

MEUA’SJ'l Sy

<|FLFE© Y D mlE-b/Qo—pn—0)/)](n)|

bezZd

(4.5)

for any (sj,,...,85,,) € Zg(j,) X ... X Zp(y;) and 0’ € Tes. We would like now to
replace the LP multiplier m with a smooth function. For this, we fix a smooth
function ¢, with ¢(§) =1 if maxj—1,. 4 |§| < 1 and (§) =0 if max;—1_._ 4 || > 2.
Clearly mp = m. The right-hand side of (&3] is equal to

Fa(fE+o) > > o€ b/Qo — p)/e)]

U bezd
HGUA,sjl,...,s,-k, €

oo S ml(€-b/Qo— w/e)n)l.
MGUA,SJI,...,SJH bezd
By Corollary A2 the multiplier
= > Y mlE-b/Qo - p)e)
#GﬁA,sjl,...,y bezd

Tt

defines a bounded operator on L (Z?), uniformly in s, , ..., s;,,. By the Marcinkie-
wicz—Zygmund theorem applied to the functions gy defined by

G (&) =fE+0) > > o€ = b/Qo — m)/e),

U bezd
MGUA,sjl ..... s

the left-hand side of ([&4]) is dominated by

Crs Z / dn
X zd

(> 1FdfErey Y Y o€ =b/Qo = w/)(m)P)".
0/ E€Tea nEUA s s, DEL!

It remains to prove the following bound:

Lemma 4.3. Let

O = D > e((n=b/Qo— p)/e).

U bezd
MGUA,sjl,...,sjk/

Then
[ O3 €0, (€~ 0D )P i < o1

(4.6) > )

841284, 0’ €Tey

for any characteristic function of a finite set f.
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Proof of Lemma 3l Notice first that in the case r = 1 the bound (£8) follows
from Plancherel’s theorem. Also, f is the characteristic function of a finite set.
Thus ||f||25, = ||f||32. Therefore, for (), it suffices to prove that for any
(5j17 .. .,Sjk,> (S Zﬁ(]&) X ... X Zﬁ(jl/c) and n € Zd

S L F©)Ps,, s, (E— NP < Co
0'€Tea
Since || f||r~ = 1, it suffices to prove that
: za (& — o Siy S (& Ly(zd) < s,
(4.7) 1724 (€ (6" L (E=0))] <C
6’ €Ten
for any complex numbers «(6’) with
(4.8) > (@) =1
6 €Ten

Let ¢(x) = [z ¢(£)e*™ ¢ d¢ denote the Euclidean inverse Fourier transform of the

function ¢. An easy calculation using the definition of <I>S].1w,5].k, shows that
Fp€— Y al0)®,, . (E=0))(n)
(4.9) 0'€Teq
: _ ( Z a(@/)eQTrm-H’> -Edw(é‘n) . ( Z Z e2m’n(b/Qo+u)).
0'€Tep “eUA’Sjl’“-’Sjk/ bez,

Consider first the sum over b and p in ([@9)). For any integer ' > 1 define the
function

500 (1) Q' if n/Q" € 74;

(n) =

@ 0if n/Q' ¢ 7.

Clearly, > ¢ za 2™ b/Q" — §5,,(n). By arguing as in Corollary B2, we see that
Q/

the sum over b and y in (&) can be written as a sum of 2¥ functions §g/. The

possible values of Q' are products of @y and p;l,sh or p?‘l’;jt, l=1,...,kK where

Girs;, = p?zl78jl. Thus, for (£.7), it suffices to prove that

1Y a@)e™) - chpen)ia ()l @ < Cs,

0'€Tea
for any Q' with
(4.10) Q' € Z ns and (Q',q;s) =1 for any j € A, s € Zg(;).
This is equivalent to proving that
(4.11) 102 a@)em ™) (@)™ (Q)n)ll 1 ze) < Cs,
0'cTey

provided that (X)) and (@I0) hold. Recall that ¢ < e=V . Thus Q' < 1. The
function 1) is a Schwartz function on R%; by Holder’s inequality it suffices to prove
that

(4.12) @) a(@)er™ @) (14 (Q'e)*nf?) | 2(zey < Ci
0'€Tea
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The left-hand side of ([£I2) is equal to

(4.13)
1/2

(@) 3 altha®) / (L4 (Qe)?nf?)Hetmim A0 gy
~ 7
07,05€Tcy

It remains to estimate the integrals over Z% in [@I3). If ) = 65, then
(4.14) ’/ (1 + (Ql€)2‘n|2)72d62m’n-Q'(9170§) dn| < C(le)—d.
7Zd

If ) # 605, then, by @I0), Q'(; — 04) ¢ Z¢. Let v = (71,...,74) denote the
fractional part of Q’(67 — 64). Since the denominators of 8] and 65 are bounded by
NC  thereis [ € {1,...,d} with the property that

(4.15) v € [e‘cé(lnN), 1-— e_c“(lnN)].

We are looking to estimate |, _4(1 + (Q'¢)?|n|?)~4e2™"7|. By summation by
parts in the variable n; corresponding to ~; in (£IH]), we have

(416) ‘/ (1+(QI€)2|n‘2)—2d627rin-Q'(91—9§) dn SCng(lnN)(Q/E)—(d—l)
7d

if 07 # 6,,. We substitute ([@I4)) and (£I6) in (ZI3). It follows that the left-hand
side of ([I2) is dominated by

CLY @)+ (Qe)e™ ™M Y7 |a(6))?)2.

0'cTey 0'€Tey
Since |Tta| < N% and Qe < e="*/2, the bound (IZ) follows from (@) and
Holder’s inequality. This completes the proof of Lemma [.3] O

5. A TRANSFERENCE PRINCIPLE

We turn now to the proof of Theorem [[LJI We may assume, without loss of
generality, that the kernel K in Theorem [[I] is compactly supported. In this
section we use the method of descent (cf. [I9, Chapter XI]) to reduce the proof of
Theorem [[LT] to a certain “universal” case.

Lemma 5.1. Assume that L : R™ — R" 4s a linear map, m : R"? — C is a
continuous function, and p € [1,00]. Define the function my, : R™ — C, mp(§) =
m(LE). Then the norm on LP(R™) of the operator defined by the Fourier multiplier
my, does not exceed the norm on LP(R™) of the operator defined by the Fourier
multiplier m,

lmrlam, ey < mllam, gez) -
For a proof, see [19, Chapter XI, p. 515] and [7].

In our case, assume that the polynomial P = (P, ..., P,) of degree A in ([3]) is
given by Pi(z) = 31 <|4j<a Braz® (we can clearly ignore the terms of order 0). Let

d denote the cardinality of the set {a € Z%* : 1 < |a| < A}. Define the “universal”
multiplier p: RY — C,

(5.1) u(§) = Z K(n)e*%izlg\a\SA”afﬂ,

nezZd
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where n® = n{*-.. .-ngldl . The multiplier p is continuous, by the a priori assumption
on the kernel K. Define the linear map L : R% — R? by the formula

da
(Ln)a = Z Bl,anl'
=1

It is easy to see that the multiplier on R% of the operator T is ur, with the notation
in Lemma Bl By Lemma B] it suffices to prove that the multiplier g in (&)
defines a bounded operator on LP(R9). Thus the proof of Theorem [[] is reduced
to the special case when P : R4 — RY is of the form [P(z)], = 2.

6. ESTIMATES FOR EXPONENTIAL SUMS

In this section we prove an explicit approximation formula for the multiplier
p. Our method is similar to the method of J. Bourgain [4]. As in [4], the main
ingredient is a basic lemma of H. Weyl (see, for example, [15], Chapter 4]):

Lemma 6.1. If g(z) = agz?+ ...+ ag is a polynomial with |ag —a/q| < 1/¢* and
(a,q) =1, then for any § > 0 there is a constant Cs such that

i 6727rig(m)

m=1

uniformly in n and q.

< Csn' gt + 4 gn 2

Recall that P(z) = [2%]1<|a|<a. We will need a d;-dimensional version of Lemma
6.1l For any R > 1let Bp = {xr € R4 : |3y < Rl =1,...,d;}. Assume that
k: Br — Cis a C! function with the property that

k()| + R - [Vk(z)| <1
for any = € Bp.

Lemma 6.2. Assume that e € (0,1/10) is fized and & € RY has the property that for
some o, 1 < |a| < A, there are integers a and q, with (a,q) = 1, q¢ € [R¢, Rl*I=¢],
and |€ —a/q| < 1/¢*. Then

| > e PMER(n) < CRM 0,6 >0,

neQnzZd
for any open, convex set  C Bgr. The constants C' and 6 may depend only on d,
A, and € but not on R, &, or the irreducible fraction a/q.

Lemma [6.2 follows from [22] Proposition 3]. Let 1 : R% — [0, 1] denote a smooth
function supported in {x : x| € [1/2,2]} with the property that >>7° (n(277z) = 1
for any « € R with |x| > 1. Let
(6.1) Kj(z) =n(27x)K(2),

and let T; denote the operator defined by the kernel K;. The multiplier of the
operator T is

(6.2) (€)= 37 K (n)e2miP e,

For later use we define the function

(6.3) D;(¢) = Kj(z)e 2™ P @€ gg,
R41
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By Diriclet’s principle, for any A > 1 and ¢ € R there are ¢ € Z, and a € Z
with (a,q) = 1, with the property that

I& —a/ql <1/(gqA).

Therefore, given A, we can partition the line R into periodic sets I(a/q), with

U m+a/qg— (2¢A) " m+a/q+ (2¢A)") € I(a/q)
mEZL

c Jm+a/g—(a0)"m+a/g+ (gh)71],
mEZ

parametrized over irreducible fractions a/q € [0,1) with ¢ € Z, (a Farey dissection
at level A). As in Section [ let ¢ denote a smooth function with ¢(§) = 1 if
maxj=1_ 4 /& <1 and ¢(§) = 0if max;=1 __4|&| > 2. For any ¢ € {1,2,...} and
a € 7% with (a,q) =1 let

1 )
(6.4) S(afq)=— Y e mbmale
T nelzgm

Our next proposition gives an explicit approximation of the multipliers p;.

Proposition 6.3. There is a large constant Cy with the property that for any
D1 > 2, we have

(6.5)
q<(j+1)“aP1 .
i (§) = Z Z S(a/q)®;(§ — G/Q)@([Q(‘a‘fl/@j (o — aa/@)]1<ja<a)
q=1 a€P,
+ E;(8)-

The functions ®; are defined in [63), and |E;(€)] < Cp, (5 + 1)~ P1.
Proof of Proposition [6.31 We may assume j > Cy p,. We define the “major arcs”
(6.6) Aja/q) = {€ € R : [ — an/q| < 27(0171/27),

parametrized over irreducible d-fractions (a/q), with ¢ € [1,27/10].
We show first that if & does not belong to the union over ¢ € [1,27/1°] of the
major arcs, then

(6.7) |1 (€)] = O(27%7), eq > 0.

This agrees well with the formula ([G.3]), since the main term in (6.5]) is supported
in the union of the major arcs. Let £ = (£,), and, for each «, consider a Farey
dissection at level A, = 2(21=1/2)7 Thus

|£a - aoz/‘]oz‘ < (QOz : 2(‘0471/2)].)71,

for some integers a, and g, with (aa,qe) = 1 and g, € [1,209171/2)7]. Since ¢
does not belong to the union over ¢ € [1, 2j/10] of the major arcs, at least one of
the denominators g, is > 2//(194) The bound (B.7) follows from Lemma 62 with
R =211k =C"124K; and € = 1/(20d).
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Assume now that ¢ belongs to the union over ¢ € [1,27/19] of the major arcs.
Since the major arcs are pairwise disjoint, £ € A;(a/q) for some irreducible d-
fractions (a/q), with ¢ € [1,29/19]. Let € = a/q + 3. Then

i (€) =Y Kj(m)e 2miPlme

- Z Z Kj(ng 4 1)e 2P 0)-a/ag=2miP(na+l)-5
n€Zd 1€[Z,]N
(6.8) =] Z e—zm'P(l)u/q] . Z Kj(nq)efmm‘P(nq).ﬁ] n O(2*j/4)
lelZan nezd

= S(a/q) / Kj(@)e ™8 4o 0(279/)
R%
= S8(a/q)®; (€ — a/q) + O(277/%),

where S(a/q) are defined in (64). In addition, by [24], Proposition 2.1]

(6.9) 0;(6) < Can(l+ > 2l =1e,

1<jal<A

Thus we can insert the cutoff function ¢:

(6.10) 155(&) = S(a/q)®;(§ — a/q) (217D (&0 — aa/@i<jaja) + OQ27),

for any £ € Aj(a/q). Finally, we claim that

(6.11) 1S(a/q)| < Cq~° if (a,q) =1,

for some constant ¢ = §(d) > 0. Assuming (6.IT)), the formula (G3]) follows imme-
diately from ([@3), (610), and the disjointness of the major arcs, with the constant
Cy4 equal to 1/6.

To prove the bound (GI0)), let @ = (a), and assume that a,/q = a.,/q.,, where
a,,/q;, is an irreducible 1-fraction. Since (a,q) = 1, we have ¢ <[], ¢,. If ¢, >
¢+ (194*) for some index o with || > 2, then Lemma applies directly with

R = 2¢q. Otherwise, we would have ¢/, < ql/(mdz) for any « with || > 2 and
——" ¢/ for some ag with |ag| = 1. In this case, it is easy to see that

S(a/q) = 0, by summing first the variable corresponding to the index ay. O

The large constant D; will depend on the parameter ¢; in Lemma [Z1] (thus on
the exponent p in Theorem [[[T]). We consider now sums over j. For any integer
k>0 and 3 € R let

o0

mi(8) = 0(8/2) > @;(B).

j=k+1

We may assume that the sum in the definition above is finite, since the kernel K in
Theorem [[LT] may be assumed to be compactly supported. The main result in this
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section is the following lemma:

Lemma 6.4. Given Cy and Dy > 2 as is Proposition [6.3], we have

(6.12)
00 q<deD1
>oow Z > Sla/aymi(€ - a/g)p(21*17 V¥ (6, — aa/@))1<ia1<a)
j=k+1 = acP,

+ Ex(¢)
for any integer k > 1, where |Ey(€)] < Cap, k= P1=1),

Proof of Lemma [64l We use formula (6.35]). The sum of the error terms F;(§), j >
k+1, can be incorporated into the error term Fj. Let x4 denote the characteristic
function of the set [0, 00). By (63,

S i) =>"3 S@/e) Y x+((i+ 1P —q)
(6~13) j=k+1 q=1a€P, j>k+1

- ®;(€ — a/q)p([2117 V(€ — a0 /@) 1<ja1<a) + Er(€)-
Assume first that ¢ < k94D, Then x4 ((j + 1)%4Pt — ¢) = 1. In addition,
®;(¢ — a/q)p(217 (0 — aa/i<jal<a)
= ®;(¢ — a/q)p(RUYY V(s — an /@) 1<jai<a) + 0277/ 1D),

by ([G3). Thus, the sum over ¢ < k%P1 in ([GI3) coincides with the main term in
(612), modulo acceptable errors.

We break up the sum over ¢ > k%P1 in ([6.13) into dyadic pieces, ¢ € [2%,2°T1)N
(kC4Pr 00) N Z. Since Cy = 1/6, it suffices to prove that

gst+1_1
Z > S(a/g) > x((G+ 1P —q)
(614) =25 a€P, Jj>k+1

- 0;(& — a/q)p(120°171 DI (g — an/q)]1<ja<a) = O(27%),

whenever 257! > kD1 We may assume j > Cp,. Then the support of the sum
over j in (G.I4) is contained in the set {£ : |€ —a/q| < (10¢?)~'}. These sets are
disjoint when ¢ runs over the integers in the dyadic interval [2¢, 25T —1]. By (6.11)),
S(a/q) = O(27%%). Therefore it remains to prove that

Do X+ (G DY = q);(E — a/a)p(120°7 VY (6 — aa/)]i<jai<a) = O(1)

Jj=>k+1
for any irreducible d-fraction a/q. This follows easily from (69) and Lemma
below with p = 2. O

Our last estimate in this section concerns the multipliers my.

Lemma 6.5. The operators defined by the multipliers my, are bounded on LP(RY),
€ (1,00), uniformly in k >0, i.e.,

M| am, rey < Bp.
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Proof of Lemma 6.5, This is equivalent to boundedness on LP(R%), p € (1,00), of
the translation invariant continuous singular Radon transform

S(f)(z) = y fle=P)( Y Ki(y)dy.
! F>k+1

Since ;. K; is a Calderén-Zygmund kernel that satisfies bounds similar to
(CT) and ([CZ), uniformly in k, it is known that the operator S extends to a bounded
operator on LP (Rd). A simple proof that applies in our translation invariant case
can be found in [I9, Chapter XI, p. 513]. O

7. PROOF OF THEOREM [L.]]

Theorem [I.1] will follow easily from the following lemma.

Lemma 7.1. Given e; € (0,1], for any A € (0,00) there are two linear operators
Axe, and By, withT = Ay, + Bag,,

(71) HA>\,<€1 ||L2*>L2 < CEl /)‘7
and
(7.2) ||B)\’51HLTHLT < C'T)El)\s1

for any r € [2,00).

We show first how to use Lemma [l to prove Theorem [[.Il A similar interpo-
lation argument was used in [I0]. By duality it suffices to prove the theorem for
p € [2,00). By general interpolation theory it suffices to prove that

||T||LP’1—>LP’°° S Cpa pE [4a OO);

where LP>® denote the Lorentz spaces on Z%. This is equivalent to proving that for
any u € (0,00) and any finite set F'

P n s [T(xer)(n)] > pt| < Gp|FY,

where xr denotes the characteristic function of the set F' and |F| denotes its car-
dinality. We use Lemma [T with A = u®=2)/2 » = 2p and ¢; = 1/(p — 2) > 0.
Since p € [4,00), we have

Hn | T(xr)(n)| > p}l
< Hns[Axe, (xp) ()| > p/2} + [{n: [Bae, (xp)(n)] > 1/2}]

4 27 )
< FHA/\)Q(XF)HZL? + ﬁlle,al(XF)ll’u
S OXPp7?|F| + Cre, N 7| F| < Cpu P |F,
as desired.

Proof of Lemma [[Jl By Lemmal6. 4 with £ = 1 and Lemma[6.5] the decomposition
is trivial in the case A < C,. Assume A > 1 and fix k the smallest integer > A\°'.

Let
k
1
B)\,El = Z Tj’
j=1
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where the operators T; are defined by the kernels K; in (GI). By (LI]), we have
1K j|za || L1 (ze1y < O therefore,

(7.3) 1By, lr—nr < CA®L

It remains to decompose the sum 7Tj over j > k + 1. For this we use Lemma @’
with D; = Efl + 1. Let Ai,al denote the operator defined by the error term Ej.
By Plancherel’s theorem

(7.4) AL floe < Cey /A

For the operator defined by the Fourier multiplier in the main term in the right-
hand side of (6IZ), let N denote the integer part of k%P1, Fix § = (4CyD;)~!
and let Yy = Yy ,s denote the set constructed in Theorem [[H, Zy C Yy C Z s -
Let Ai ., denote the operator defined by the Fourier multiplier

— Y > Sla/ema(é — a/g)p(201 VR (&l — aa/@))i<|ai<a)-
q€YN\ZN acP,
By (6I1)), Lemma [65] the fact that ¢ is small enough, and Plancherel’s theorem
(7.5) 1A% e, 12222 < Oy /A
It remains to decompose the operator R) ., defined by the Fourier multiplier
Y > Sa/gmi(€ — a/q)e(20 7V (Eq — aa/@)i<ja<a)-
quN aEPq

Let Uy denote the operator defined by the Fourier multiplier

Yo > mil€—a/a)p(RUNRE, — aa/a)]i<jai<a).

qgeYN G.GPq
By Theorem [[[5] with & = 10 - 27%%/ and Lemma [6.5]
(7.6) UN|zr—pr < Cpe, (INX)?/°,

The support hypothesis in Theorem is satisfied since § = (4CyD1)~"! is small
enough. Let J denote the smallest integer > 2¥/2 and V; the averaging operator

Vi@ = e S e P().
ne(Z 4

Let Bi,al = Uy oVj and A:;’\,El = Ry., — Uy oV;. By (T0)
(7.7) 183 e,

LT™—L" S Cr,sl AL,

The multiplier corresponding to the operator Aim is

€= > Y Sla/gymi(€ — a/q)p(20° DRy — aa/q))1<|ai<a)

qEY N ac Py

—0s(&) D Y mu(€ — a/@)p(21 YV — aa/@)i<ial<a);

quN CLqu

(7.8)

where v is the multiplier of the averaging operator V;. An estimate similar to
using the fact that J < C2¥/2 and ¢ < CeN‘S < Cekl/z, shows that if
) g q
|€a — aa/q] < 2-27Uel=1/DF then

vs(€) = S(a/q) + O(27"),c > 0.
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Therefore, the absolute value of the multiplier in (Z8) is bounded by C., 27,
¢ > 0. By Plancherel’s theorem

(79) HA§,51||L2—>L2 < C4€12idC < CEl/A'

We define Ay, = Ay + A3. + A3, and By., = By, + B}_ . Clearly,
T = Axe, +Bxe,. The bound (1) follows from (74), (CH), and (9). The bound
[T2) follows from (Z3) and (1. O
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