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Lp BOUNDEDNESS OF DISCRETE SINGULAR
RADON TRANSFORMS

ALEXANDRU D. IONESCU AND STEPHEN WAINGER

1. Introduction

Assume that d1 ≥ 1 is an integer and K ∈ C1(Rd1 \ {0}) satisfies the differential
inequalities

(1.1) |x|d1 |K(x)| + |x|d1+1|∇K(x)| ≤ 1

for any x ∈ Rd1 , |x| ≥ 1, and the cancellation condition

(1.2)

∣∣∣∣∣
∫
|x|∈[1,λ]

K(x) dx

∣∣∣∣∣ ≤ 1,

for any λ ≥ 1 (i.e., K is a Calderón–Zygmund kernel on Rd1 away from 0). Let
P = (P1, . . . , Pd2) : Rd1 → Rd2 denote a polynomial of degree A ≥ 1 with real
coefficients. We define the (translation invariant) discrete singular Radon transform
operator T by the formula

(1.3) T (f)(x) =
∑

n∈Zd1\{0}

f(x − P (n))K(n),

for any Schwartz function f : Rd2 → C. Our main theorem is the following:

Theorem 1.1. The operator T extends to a bounded operator on Lp(Rd2), p ∈
(1,∞), with

||T (f)||Lp(Rd2 ) ≤ Cp||f ||Lp(Rd2 ).

The constant Cp may depend only on the exponent p, the dimension d1, and the
degree A.

Boundedness properties of the corresponding continuous singular Radon trans-
forms

S(f)(x) =
∫

Rd1

f(x − γ(x, y))K(y) dy,

as well as boundedness of the associated maximal Radon transforms, have been
studied extensively, under very general finite-type conditions on the function γ :
Rd2 × Rd1 → Rd2 . See [8], [13], [20] for some results in the translation invariant
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358 ALEXANDRU D. IONESCU AND STEPHEN WAINGER

setting, as well as [14], [12], [5], [17], [6], [9] for the general case. For more references
in the continuous case, we refer the reader to the recent paper of M. Christ, A. Nagel,
E. M. Stein, and S. Wainger [6]. We will use the boundedness of the (translation
invariant) continuous singular Radon transforms in our proof of Theorem 1.1; see
Lemma 6.5 in Section 6. We emphasize, however, that the main difficulties in
proving Theorem 1.1 in the discrete setting are of a different nature than in the
continuous case.

To illustrate the difference between the discrete and the continuous singular
Radon transforms, consider for instance the case d1 = 1, d2 = 2, P (y) = (y, y2),
and K(y) = 1/y. For k ≥ 0 let

Sk(f)(x) =
∫

R

f(x − (y, y2))y−1η(2−ky) dy,

where η is a smooth function supported in the set {y : |y| ≥ 1} and equal to 1 in
the set {y : |y| ≥ 2}. Let mk denote the multiplier of the (translation invariant)
operator Sk, i.e., mk(ξ1, ξ2) =

∫
R

y−1η(2−ky)e−2πi(yξ1+y2ξ2) dy. It is well known
(see, for example, [19, Chapter XI]) that mk is a multiplier on Lp(R2), p ∈ (1,∞),
supported microlocally in the rectangle {(ξ1, ξ2) : |ξ1| ≤ 2−k, |ξ2| ≤ 2−2k}, more
precisely |mk(ξ)| ≤ C(1 + 2k|ξ1| + 22k|ξ2|)−1/2. For contrast, consider also the
discrete operator

Tk(f)(x) =
∑

n∈Z\{0}
f(x − (n, n2))n−1η(2−kn).

It is shown in [21], following ideas in [4], that the multiplier of the operator Tk is
approximated, modulo O(2−δk) errors, δ > 0, by∑

q,a

S(a/q)mk(ξ − a/q),

where the sum is taken over rational points in R2 with denominators q ≤ C2δ′k,
mk is the multiplier of the continuous singular Radon transform Sk, and S(a/q)
are Gauss sums. This approximation is enough to prove boundedness if p = 2 or
even when p is close to 2 by using the uniform decay of the Gauss sums. However,
when p is close to 1 or ∞, it is significantly more difficult to sum efficiently the
contributions of the multiplier corresponding to different denominators q. Our
main new idea is to exploit the “almost orthogonality” in Lp of the pieces of the
operator corresponding to different denominators q, when the exponent p is a large
even integer. By interpolating and taking adjoints, this yields the theorem in the
full range of exponents p ∈ (1,∞). In general, it is not known whether there is a
suitable L1 theory for singular Radon transforms, both continuous and discrete.

The systematic study of discrete singular Radon transforms was initiated by E.
M. Stein and S. Wainger [21], where they conjectured the bound in Theorem 1.1
and proved a result in the restricted range p ∈ (3/2, 3). Boundedness in the case
p = 2, d1 = 1 follows from the earlier work of G. I. Arkhipov and K. I. Oskolkov
[1]. The range of exponents was later expanded to p ∈ (4/3, 4) in the special case
d1 = d2 = 1 (E. M. Stein, personal communication) and used by E. M. Stein and S.
Wainger [25] in connection with sharp boundedness properties of certain discrete
fractional integral operators (see also [23] and [16]). E. M. Stein and S. Wainger
[22] also proved L2 bounds in a certain “quasi-translation invariant” case.
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As in the continuous case, a related question concerns boundedness of the
maximal operator

M(f)(n) = sup
N∈[1,∞)

1
N

∑
1≤m≤N

|f(n − P (m))|.

In this case, d1 = d2 = 1, and P is a polynomial with integer coefficients. J.
Bourgain [2], [3], [4] proved Lp boundedness of the maximal operator M in the full
range p ∈ (1,∞]. Some of the techniques in [4] have played a fundamental role in
the development of the subject; we will use these techniques implicitly in Section 6.
As in the case of singular Radon transforms, weak boundedness in the case p = 1
is an open problem.

If the polynomial P in Theorem 1.1 maps Zd1 to Zd2 , for instance if P has integer
coefficients, then boundedness of the operator T in Theorem 1.1 is equivalent to
boundedness of the corresponding discrete operator.

Corollary 1.2. Assume that P = (P1, . . . , Pd2) : Rd1 → Rd2 is a polynomial
of degree A ≥ 1 with the property that P (Zd1) ⊂ Zd2 , and assume that K is a
Calderón–Zygmund kernel as before. For compactly supported functions f let

Tdis(f)(m) =
∑

n∈Zd1\{0}

f(m − P (n))K(n).

The operator Tdis extends to a bounded operator on Lp(Zd2), p ∈ (1,∞), with

||Tdis(f)||Lp(Zd2 ) ≤ Cp||f ||Lp(Zd2 ).

The constant Cp may depend only on the exponent p, the dimension d1, and the
degree A.

The equivalence of Theorem 1.1 and Corollary 1.2 in the case of polynomials that
map Zd1 to Zd2 was noticed by E. M. Stein (personal communication). To see that
Theorem 1.1 implies Corollary 1.2, assume that f ∈ Lp(Zd2) is a given function
and define fext ∈ Lp(Rd2), fext(y) = f(�y	), where �y	 = (�y1	, . . . , �yd2	) denotes
the integer part of y. It is easy to verify that T (fext)(x) = Tdis(f)(�x	), which
shows that Theorem 1.1 implies Corollary 1.2. The proof of the reverse implication
is similar.

By interpolating between Corollary 1.2 and the bounds in [25], we prove optimal
boundedness properties of two discrete fractional integral operators. Partial results
on the boundedness of these discrete fractional integrals were proved by E. M. Stein
and S. Wainger [23] and [25] and D. Oberlin [16]. We remark, however, that, by
itself, Corollary 1.2 is not sufficient to prove optimal bounds for fractional integrals
in the case when the polynomials involved have higher degrees.

Corollary 1.3. Assume λ ∈ (0, 1) and p, q ∈ [1,∞]. Then the discrete fractional
integral operator

Iλ(f)(m) =
∞∑

n=1

f(m − n2)n−λ, f compactly supported,

extends to a bounded operator from Lp(Z) to Lq(Z) if and only if
(i) 1/q ≤ 1/p − (1 − λ)/2, and
(ii) p < 1/(1 − λ), q > 1/λ.
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Corollary 1.4. Assume λ ∈ (0, 1) and p, q ∈ [1,∞]. Then the discrete fractional
integral operator

Jλ(f)(m1, m2) =
∞∑

n=1

f(m1 − n, m2 − n2)n−λ, f compactly supported,

extends to a bounded operator from Lp(Z2) to Lq(Z2) if and only if
(i) 1/q ≤ 1/p − (1 − λ)/3, and
(ii) p < 1/(1 − λ), q > 1/λ.

The main new ingredient in the proof of Theorem 1.1 in the full range p ∈ (1,∞)
is Theorem 1.5 below, which is in fact the main result of this paper. We introduce
first some notation. Assume d ≥ 1 is an integer. For any µ ≥ 1 let Zµ = Z ∩ [1, µ].
If a = (a1, . . . , ad) ∈ Zd is a vector and q ≥ 1 is an integer, then we denote by
(a, q) the greatest common divisor of a and q, i.e., the largest integer q′ ≥ 1 that
divides q and all the components a1, . . . , ad. Clearly, any vector in Qd has a unique
representation in the form a/q, with q ∈ {1, 2, . . .}, a ∈ Zd, and (a, q) = 1; such a
vector a/q will be called an irreducible d-fraction.

Assume that m : Rd → C is a bounded function supported in the cube
[−1/2, 1/2]d, with the property that for any p ∈ (1,∞),

(1.4) ||F−1(m · F(g))||Lp(Rd) ≤ Bp||g||Lp(Rd)

for any Schwartz function g : Rd → C. Here F denotes the Euclidean Fourier
transform acting on distributions on Rd. In other words, m is an Lp multiplier on
Rd, p ∈ (1,∞), supported in the cube [−1/2, 1/2]d. For any finite set Y ⊂ {1, 2, . . .}
let

R(Y ) = {a/q : q ∈ Y, a ∈ Zd, (a, q) = 1}.
For any ε ∈ (0, 1] let

mε,Y (ξ) =
∑

a/q∈R(Y )

m((ξ − a/q)/ε).

A measurable function g : Rd → C will be called periodic if for any n ∈ Zd,
g(ξ +n) = g(ξ) a.e. ξ ∈ Rd. A set A ⊂ Rd will be called periodic if χA is a periodic
function. Notice that mε,Y is a periodic function.

Theorem 1.5. For any δ > 0 and p ∈ (1,∞) there are constants Aδ and Cp,δ with
the following property: for any N ≥ Aδ there is a set of integers YN = YN,δ,

(1.5) ZN ⊂ YN ⊂ ZeNδ ,

such that for any ε ≤ e−N2δ

, the operator TN = TN,ε defined by the Fourier multi-
plier mε,YN

extends to a bounded operator on Lp(Rd), with

(1.6) ||TN (f)||Lp(Rd) ≤ Cp,δ(lnN)2/δ||f ||Lp(Rd).

The constant Aδ may depend only on δ and d; the constant Cp,δ may depend only
on δ, d, the exponent p, and the constants Bp in (1.4).

Remarks. (1) Since the multiplier mε,YN
is periodic, the kernel of the operator TN

is supported (as a distribution) in Zd. Therefore, boundedness on Lp(Rd) of the
operator TN is equivalent to boundedness on Lp(Zd) of the discrete operator defined
by the same kernel (the equivalence discussed after Corollary 1.2). It will be more
convenient to prove boundedness on Lp(Zd) of this discrete operator.
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(2) Theorem 1.5 follows easily from Lemma 4.1 in Section 4 for δ > 1, simply by
taking YN = {Q : Q|N !}, R(YN ) = {a/N ! : a ∈ Zd}. However, to prove Theorem
1.1 in the full range of exponents p, we need to be able to let δ = δ(p) tend to 0.

(3) It seems natural to ask whether the operator defined by the Fourier multiplier
mε,ZN

, ε ≤ N−C , extends to a bounded operator on Lp(Rd), with bound, say,
Cp,δN

δ, 1 < p < ∞. Our orthogonality argument based on Lemma 2.1 in Section 2
does not seem sufficient, due to the interaction between denominators q with many
small distinct primes. It is possible, however, to prove variants of Theorem 1.5;
for instance one may replace the set ZeNδ in (1.5) with ZNC/δ at the expense of
replacing the bound Cp,δ(lnN)2/δ in (1.6) with Cp,δN

δ.
We prove first Theorem 1.5 in Sections 2, 3, and 4. The main ingredients are

the square function estimate in Lemma 2.1 and the partition of integers in Lemma
3.1. Using this partition of integers, we divide first the set YN into a controlled
number of disjoint subsets. Each of these subsets has a certain type of orthogonality
property, which is roughly related to the super-orthogonality (2.6) (orthogonality
in L2r, r ≥ 1 integer) needed in Lemma 2.2. This super-orthogonality allows us
to estimate our operator in terms of square functions, which we then control using
the Marcinkiewicz-Zygmund theorem and techniques inspired by [18]. Then we use
Theorem 1.5 and estimates on the multiplier of the operator T to prove Theorem
1.1 (Sections 5, 6 and 7).

2. Estimates using square functions

In this section we prove a square function estimate that will be used in the proof
of Theorem 1.5. The Fourier transform of a function f ∈ L1(Zd) is defined by the
formula

f̂(ξ) = FZd(f)(ξ) =
∑

n∈Zd

f(n)e−2πin·ξ, ξ ∈ Rd.

The function f̂ : Rd → C is periodic. The inverse Fourier transform is given by the
formula

F−1
Zd (h)(n) =

∫
[0,1]d

h(ξ)e2πin·ξ dξ,

for any periodic function h in, say, L2
loc(R

d). By Plancherel’s theorem, any bounded,
periodic function m : Rd → C defines a bounded operator on L2(Zd) by the formula

T (f) = F−1
Zd

(m · f̂).

Recall that for any integer µ ≥ 1, Zµ = {1, . . . , µ}. For any integer q ≥ 1 let

Pq = {a ∈ Zd : (a, q) = 1},

and let P̃q = Pq ∩ [Zq]d.
Let S1, S2, . . . , Sk denote sets of integers Sj = {qj,1, . . . , qj,β(j)}, j ∈ Zk. Assume

that for some Q̃

(2.1) qj,s ∈ [2, Q̃] ∩ Z, j ∈ Zk, s ∈ Zβ(j),

and

(2.2) (qj,s, qj′,s′) = 1

if (j, s) �= (j′, s′). For any j ∈ Zk let

T{j} = {aj,s/qj,s : s ∈ Zβ(j), aj,s ∈ Pqj,s
} ⊂ Qd
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denote the set of irreducible d-fractions with denominators in Sj . Furthermore, for
any set A = {j1, . . . , jk′} ⊂ Zk let

TA = {θj1 + . . . + θjk′ : θjl
∈ T{jl} for l ∈ Zk′}.

Finally, for any (sj1 , . . . , sjk′ ) ∈ Zβ(j1) × . . . × Zβ(jk′ ) let

UA,sj1 ,...,sjk′ = {aj1,sj1
/qj1,sj1

+ . . .+ajk′ ,sjk′ /qjk′ ,sjk′ : ajl,sjl
∈ Pqjl,sjl

for l ∈ Zk′},

that is, the subset of elements of TA with fixed denominators qj1,sj1
, . . . , qjk′ ,sjk′ .

If A = ∅, then, by definition, TA = UA = Zd. Notice that the sets TA and
UA,sj1 ,...,sj

k′
are periodic subsets of Qd. Let T̃A = TA ∩ [0, 1)d and ŨA,sj1 ,...,sj

k′
=

UA,sj1 ,...,sj
k′

∩ [0, 1)d.
Assume that r, Q ≥ 1 are integers and fix

(2.3) ε ≤ (8rQ2rQ̃2rk)−1,

where Q̃ is as in (2.1). Let Y denote an arbitrary set. For any σ ∈ Y fix an integer
Qσ ∈ ZQ with the property that

(2.4) (Qσ, qj,s) = 1, σ ∈ Y, j ∈ Zk, s ∈ Zβ(j).

For any θ ∈ TZk
and σ ∈ Y let fσ

θ ∈ L2(Zd) denote a function whose Fourier
transform is supported in an ε-neighborhood of the set {θ + a/Qσ : a ∈ Zd}, i.e.,
in the set ⋃

a∈Zd

θ + a/Qσ + B(ε),

where B(ε) = {ξ = (ξ1, . . . , ξd) : |ξl| ≤ ε}. We assume that fσ
θ = fσ

θ+n for any
n ∈ Zd. Let (Zd, dn) denote the set of integers with the counting measure. The
main estimate in this section is the following lemma.

Lemma 2.1. With the notation above we have

∫
Zd

(
∑
σ∈Y

|
∑

θ∈T̃Zk

fσ
θ (n)|2)r dn

≤ Ck,r

∑
A={j1,...,jk′}

∑
sj1 ,...,sj

k′

∫
Zd

(
∑
σ∈Y

∑
θ′∈T̃cA

|
∑

µ∈ŨA,sj1
,...,sjk′

fσ
µ+θ′(n)|2)r dn,

(2.5)

where the sum in the right-hand side is taken over all sets A = {j1, . . . , jk′} ⊂ Zk,
and all (sj1 , . . . , sjk′ ) ∈ Zβ(j1) × . . .×Zβ(jk′ ). The constant Ck,r may depend on k,
r, and d but not on Q̃, Q, |Y |, ε, qj,s, or the functions fσ

θ .

Remarks. (1) We only use the estimate (2.5) with |Y | = 1. The vector valued
version is needed to prove Lemma 2.1 by induction over k.

(2) The motivation for Lemma 2.1 is the following: the proof of Theorem 1.5 is
based on exploiting cancellation to add up the pieces corresponding to numerators
a and orthogonality (in L2r) to deal with addition over denominators q. Lemma
2.1 is the main building block in this proof, as it establishes the orthogonality of
the pieces corresponding to different denominators q, provided that (2.2) and (2.4)
hold. It is important to notice that the terms in the right-hand side of (2.5) do

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DISCRETE SINGULAR RADON TRANSFORMS 363

not contain any sums over denominators q inside the square function; for instance,
when A = ∅, the corresponding term in the right-hand side of (2.5) is∫

Zd

(
∑
σ∈Y

∑
θ∈T̃Zk

|fσ
θ (n)|2)r dn.

Such quadratic expressions may be controlled using standard Littlewood–Paley
theory (see [18]).

The rest of this section is concerned with proving Lemma 2.1. We investigate
first orthogonality conditions on families of functions fi : Zd → C that guarantee
that the quantities∫

Zd

|
∑

i

fi(n)|2r dn and
∫

Zd

(
∑

i

|fi(n)|2)r dn

are comparable, where r ≥ 1 is an integer.
By convention, we write (x1, x2, . . . , xm) to denote the sequence x1, . . . , xm

(with possible repetitions, the order is relevant) and {x1, x2, . . . , xm} to denote
the smallest set containing x1, x2, . . . , xm (no repetitions, irrelevant order). We
say that a finite sequence (x1, x2, . . . , xm) has the uniqueness property U if there is
k ∈ {1, 2, . . . , m} with the property that xi �= xk for any i ∈ {1, 2, . . . , m} \ {k}.

Lemma 2.2. Let X denote a finite set and fi,l ∈ L2(Zd), i ∈ X, l ∈ Zr, a set of
functions. Assume that

(2.6)
∫

Zd

fi(1),1(n)f j(1),1(n) · . . . · fi(r),r(n)f j(r),r(n) dn = 0

for any sequence (i(1), j(1), . . . , i(r), j(r)) in X with the uniqueness property U .
Then

(2.7)
∫

Zd

r∏
l=1

|
∑
i∈X

fi,l(n)|2 dn ≤ Cr

∫
Zd

r∏
l=1

(
∑
i∈X

|fi,l(n)|2) dn.

The constant Cr may depend on r and d but not on |X| or the functions fi,l.

Proof of Lemma 2.2. We have
r∏

l=1

|
∑
i∈X

fi,l(n)|2 =
∑

fi0(1),1(n)f i1(1),1(n) · . . . · fi0(r),r(n)f i1(r),r(n),

where the sum is taken over all possible choices of i0(1), i1(1), . . . , i0(r), i1(r) in X
(there are a total of |X|2r terms in the sum). For any set A ⊂ X with |A| ≤ 2r let

(2.8) SA(n) =
∑

fi0(1),1(n)f i1(1),1(n) · . . . · fi0(r),r(n)f i1(r),r(n),

where the sum is taken over the sequences (i0(1), i1(1), . . . , i0(r), i1(r)) which do
not have the uniqueness property U and, in addition, have the property that
{i0(1), i1(1), . . . , i0(r), i1(r)} = A as sets. By (2.6)

(2.9)
∫

Zd

r∏
l=1

|
∑
i∈X

fi,l(n)|2 dn =
∑
A

∫
Zd

SA(n) dn.

Notice that, by the definition of the uniqueness property U , we have SA ≡ 0 unless
|A| ≤ r. Thus the sum in (2.9) is taken over sets A ⊂ X with |A| ≤ r.
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By expanding the product in the right-hand side of (2.7), we have

(2.10)
∫

Zd

r∏
l=1

(
∑
i∈X

|fi,l(n)|2) dn =
∑
A

∫
Zd

TA(n) dn,

where

(2.11) TA(n) =
∑

{i(1),...,i(r)}=A

|fi(1),1(n)|2 · . . . · |fi(r),r(n)|2.

As before, the sum in (2.10) is taken over all sets A ⊂ X with |A| ≤ r. Thus, it
suffices to prove that ∫

Zd

|SA(n)| dn ≤ Cr

∫
Zd

TA(n) dn

for any A ⊂ X, |A| ≤ r. For any set A the sum SA in (2.8) contains at most Cr

terms. Thus it suffices to prove that

(2.12)
∫

Zd

|fi0(1),1(n)f i1(1),1(n) · . . . · fi0(r),r(n)f i1(r),r(n)| dn ≤ 2
∫

Zd

TA(n) dn

whenever the sequence (i0(1), i1(1), . . . , i0(r), i1(r)) does not have the uniqueness
property U and {i0(1), i1(1), . . . , i0(r), i1(r)} = A (as sets).

To prove (2.12), we claim that there are two functions β, γ : {1, . . . , r} → {0, 1},
γ(l) = 1 − β(l), with the property that

(2.13) {iβ(1)(1), iβ(2)(2), . . . , iβ(r)(r)} = {iγ(1)(1), iγ(2)(2), . . . , iγ(r)(r)} = A.

To clarify the role of the functions β and γ, assume that we write the sequences
(i0(1), i0(2), . . . , i0(r)) and (i1(1), i1(2), . . . , i1(r)) in a matrix with two rows and r
columns. Our goal is to partition the elements of this matrix into two sequences
with r elements, in such a way that each sequence contains exactly one entry from
each column of the matrix and the sets generated by the two sequences are both
equal to A. This guarantees the fact that the corresponding product is controlled
by two of the sums of the definition of TA (see (2.11)). Formally, assuming (2.13),
we would have∫

Zd

|fi0(1),1(n)f i1(1),1(n) · . . . · fi0(r),r(n)f i1(r),r(n)| dn

≤
∫

Zd

|fiβ(1)(1),1(n)|2 · . . . · |fiβ(r)(r),r(n)|2 dn

+
∫

Zd

|fiγ(1)(1),1(n)|2 · . . . · |fiγ(r)(r),r(n)|2 dn ≤ 2
∫

Zd

TA(n) dn,

which gives (2.12).
It remains to construct the functions β and γ. Assume first that |A| = r; since

the sequence (i0(1), i1(1), . . . , i0(r), i1(r)) does not have the uniqueness property
U , every element in this sequence appears exactly twice. We argue by induc-
tion over r to prove the following statement: if every element in the sequence
(i0(1), i1(1), . . . , i0(r), i1(r)) appears exactly twice, then there are two functions
β, γ : {1, . . . , r} → {0, 1}, γ(l) = 1 − β(l), with the property that

{iβ(1)(1), iβ(2)(2), . . . , iβ(r)(r)} = {iγ(1)(1), iγ(2)(2), . . . , iγ(r)(r)}
= {i0(1), i1(1), . . . , i0(r), i1(r)}.
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The case r = 1 is clear. For r ≥ 2 define l1 = 1, β(1) = 0 and γ(1) = 1. If i0(1) =
i1(1), then the induction hypothesis applies. Otherwise, there is a unique element
in the sequence (i0(1), i1(1), . . . , i0(r), i1(r)) \ (i0(1), i1(1)) equal to iγ(1)(1); this
element is, say, iσ(l2) = iγ(1)(1), for some l2 ∈ {1, . . . , r}\{1} and σ ∈ {0, 1}. Define
β(l2) = σ and γ(l2) = 1−σ. We can now proceed recursively: assume l1, . . . , lk are
distinct numbers in {1, . . . , r} and the functions β(l1), . . . , β(lk) and γ(l1), . . . , γ(lk)
are constructed in such a way that iβ(lj)(lj) = iγ(lj−1)(lj−1), j = 2, . . . , k. If
iβ(l1)(1) = iγ(lk)(lk), then we apply the induction hypothesis to the remaining
sequence with 2(r − k) terms (if k = r, there is nothing left to prove). Otherwise,
k ≤ r−1 and there is a unique element in the remaining sequence equal to iγ(lk)(lk).
We call this element iσ(lk+1) and define β(lk+1) = σ and γ(lk+1) = 1 − σ. At the
end of this process we have iβ(l1)(1) = iγ(lk)(lk). If k ≤ r−1, we apply the induction
hypothesis on the remaining sequence. If k = r, then we have already achieved the
required partition.

Assume now that |A| = r′ ≤ r − 1. In this case every element in the sequence
(i0(1), i1(1), . . . , i0(r), i1(r)) appears at least twice, and some elements appear at
least three times. In the sequence (i0(1), i1(1), . . . , i0(r), i1(r)) we replace every
element that appears for the third time with some element a /∈ X. The new
sequence will contain every element in A repeated twice and 2(r − r′) terms equal
to a. Then we pair the terms equal to a (in an arbitrary way) and replace them
with pairs of a1, . . . , ar−r′ , where a1, . . . , ar−r′ are arbitrary distinct elements not
in X. The resulting sequence will have every element appearing exactly twice, so
the construction in the previous paragraph applies. �

We also need the following elementary estimate:

Lemma 2.3. For any numbers a1, a2, . . . , aν ∈ [0,∞) and integer r ≥ 1

(2.14) (a1 + . . . + aν)r ≤ Cr(
∑

1≤i≤ν

ar
i +

∑
1≤i1<...<ir≤ν

ai1 · . . . · air
).

The constant Cr may depend on r but not on ν or the numbers ai.

Proof of Lemma 2.3. We may assume r ≥ 2. By expanding the products, we see
easily that

(2.15) (a1 + . . . + aν)r ≤ Ar[
∑

1≤i1<...<ir≤ν

ai1 · . . . · air
+ (

∑
1≤i≤ν

a2
i )(

∑
1≤i≤ν

ai)r−2].

We prove (2.14) with Cr = (4Ar + 1)r−1. If

(a1 + . . . + aν)r ≤ 2Ar

∑
1≤i1<...<ir≤ν

ai1 · . . . · air
,

then (2.14) is clearly verified. Otherwise, by (2.15)

(2.16) (a1 + . . . + aν)2 ≤ 2Ar(a2
1 + . . . + a2

ν).

Let m denote the smallest integer larger than 4Ar. We may assume that the
numbers a1, . . . , aν are ordered, i.e., a1 ≥ a2 ≥ . . . ≥ aν ≥ 0. By (2.16),

(a1 + . . . + aν)2 + (a1 + . . . + am)(am+1 + . . . + aν) ≤ 4Ar(a2
1 + . . . + a2

ν).

Since the numbers ai are in decreasing order and m ≥ 4Ar, we have

(a1 + . . . + am)(am+1 + . . . + aν) ≥ 4Ar(a2
m+1 + . . . + a2

ν).
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Thus
(a1 + . . . + aν)2 ≤ 4Ar(a2

1 + . . . + a2
m).

By the Hölder inequality

(a1 + . . . + aν)r ≤ (4Ar)r/2(a2
1 + . . . + a2

m)r/2 ≤ (4Ar)r/2mr/2−1(ar
1 + . . . + ar

m),

which proves (2.14). �

We turn now to the proof of Lemma 2.1. We argue by induction over k.
The case k = 1. In this case there is only one set of integers S1 = {q1,s = qs :

s ∈ Zβ(1)}. Let

F σ
s =

∑
as∈P̃qs

fσ
as/qs

.

The left-hand side of (2.5) is equal to∫
Zd

(
∑
σ∈Y

|
∑

s∈Zβ(1)

F σ
s (n)|2)r dn

=
∑

σ1,...,σr∈Y

∫
Zd

|
∑

s∈Zβ(1)

F σ1
s (n)|2 · . . . · |

∑
s∈Zβ(1)

F σr
s (n)|2 dn.

We would like to apply Lemma 2.2 for any σ1, . . . , σr fixed. We have to verify the
orthogonality property (2.6), i.e.,

(2.17)
∫

Zd

F σ1
s1

(n)F
σ1

t1 (n) · . . . · F σr
sr

(n)F
σr

tr
(n) dn = 0

for any sequence (s1, t1, . . . , sr, tr) with the uniqueness property U . By symmetry,
we may assume that s1 �= sl for any l ∈ Zr \ {1} and s1 �= tl for any l ∈ Zr. Then
the Fourier transform of F σ1

s1
is supported in the set⋃

a∈Zd,as1∈P̃qs1

as1/qs1 + a/Qσ1 + B(ε).

On the other hand, the Fourier transform of F
σ1

t1 · . . . · F σr
sr

· F
σr

tr
is supported in

the set obtained as the algebraic sum of the supports of each one of the functions
(notice that all the sets involved are symmetric under the map ξ → −ξ) . This set
is ⋃

µ,θ′

θ′ + µ + B((2r − 1)ε),

where θ′ is some number of the form at1/qt1 + . . . + asr
/qsr

+ atr
/qtr

and µ is some
number of the form a1/Qσ1 + . . . + ar/Qσr

. By (2.2), (2.4), and (2.3) the support
sets are disjoint, so (2.17) follows.

By Lemma 2.2, the left-hand side of (2.5) is dominated by

Cr

∑
σ1,...,σr∈Y

∫
Zd

(
∑

s∈Zβ(1)

|F σ1
s (n)|2) · . . . · (

∑
s∈Zβ(1)

|F σr
s (n)|2) dn

= Cr

∫
Zd

[
∑

s∈Zβ(1)

(
∑
σ∈Y

|F σ
s (n)|2)]r dn.
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We use now Lemma 2.3. Thus the left-hand side of (2.5) is dominated by

Cr

∑
s∈Zβ(1)

∫
Zd

(
∑
σ∈Y

|F σ
s (n)|2)r dn

+ Cr

∑
1≤s1<...<sr≤β(1)

∫
Zd

(
∑
σ∈Y

|F σ
s1

(n)|2) · . . . · (
∑
σ∈Y

|F σ
sr

(n)|2) dn.

(2.18)

Notice that the first term in (2.18) coincides with the term in the right-hand side
of (2.5) corresponding to A = {1}. We write the second term in (2.18) as

Cr

∑
σ1,...,σr∈Y

∑
1≤s1<...<sr≤β(1)

∫
Zd

|F σ1
s1

(n)|2 · . . . · |F σr
sr

(n)|2 dn

= Cr

∑
σ1,...,σr∈Y

∑
1≤s1<...<sr≤β(1)

∫
Zd

|
∑

as1∈P̃qs1

fσ1
as1/qs1

(n)|2

· . . . · |
∑

asr∈P̃qsr

fσr

asr /qsr
(n)|2 dn.

We would like to apply again Lemma 2.2, with the set X equal to the disjoint union
of the sets P̃qsl

. The orthogonality property (2.6) is satisfied for the same reason
as before, since the Fourier transform of fσl

asl
/qsl

is supported in the set

⋃
a∈Zd

asl
/qsl

+ a/Qσl
+ B(ε).

Then we use the fact that the numbers qsl
are pairwise relatively prime, since

s1 < . . . < sr. Thus the second term in (2.18) can be dominated by

Cr

∑
σ1,...,σr∈Y

∑
1≤s1<...<sr≤β(1)∫

Zd

(
∑

as1∈P̃qs1

|fσ1
as1/qs1

(n)|2) · . . . · (
∑

asr∈P̃qsr

|fσr

asr /qsr
(n)|2) dn

≤ Cr

∫
Zd

(
∑
σ∈Y

∑
1≤s≤β(1)

∑
as∈P̃qs

|fσ
as/qs

(n)|2)r dn.

This coincides with the term in the right-hand side of (2.5) corresponding to A = ∅.

The induction step. We regard Zk−1 as a subset of Zk. Let θ′ denote generic
elements in TZk−1 ; for any θ′ ∈ TZk−1 and s ∈ Zβ(k) let

F σ
θ′,s =

∑
as∈Pqk,s

fσ
θ′+as/qk,s

.
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We argue as before. The left-hand side of (2.5) is equal to∫
Zd

(
∑
σ∈Y

|
∑

s∈Zβ(k)

∑
θ′∈T̃Zk−1

F σ
θ′,s(n)|2)r dn

=
∑

σ1,...,σr∈Y

∫
Zd

|
∑

s∈Zβ(k)

(
∑

θ′∈T̃Zk−1

F σ1
θ′,s(n))|2 · . . . · |

∑
s∈Zβ(k)

(
∑

θ′∈T̃Zk−1

F σr

θ′,s(n))|2 dn.

We apply Lemma 2.2 for any σ1, . . . , σr fixed. The orthogonality property (2.6)
is verified as in the proof of (2.17), since the Fourier transform of the function∑

θ′∈T̃Zk−1
F σ

θ′,s is supported in the set⋃
θ′∈T̃Zk−1

⋃
a∈Zd,as∈P̃qk,s

as/qk,s + a/Qσ + θ′ + B(ε).

Thus the left-hand side of (2.5) is dominated by

Cr

∫
Zd

[
∑

s∈Zβ(k)

(
∑
σ∈Y

|
∑

θ′∈T̃Zk−1

F σ
θ′,s(n)|2)]r dn.

We use now Lemma 2.3. It follows that the left-hand side of (2.5) is dominated by

Cr

∑
s∈Zβ(k)

∫
Zd

(
∑
σ∈Y

|
∑

θ′∈T̃Zk−1

F σ
θ′,s(n)|2)r dn

+ Cr

∑
1≤s1<...<sr≤β(k)

∫
Zd

(
∑
σ∈Y

|
∑

θ′∈T̃Zk−1

F σ
θ′,s1

(n)|2)(2.19)

· . . . · (
∑
σ∈Y

|
∑

θ′∈T̃Zk−1

F σ
θ′,sr

(n)|2) dn.

For the first term in (2.19) we can apply the induction hypothesis for any fixed s,
with Q replaced by QQ̃. This is possible since the functions F σ

θ′,s are supported in
an ε-neighborhood of the set {θ′ + a/Qσqk,s : a ∈ Zd}. Also, the inequality (2.3)
remains valid if we replace k with k − 1 and Q with QQ̃. By induction, the first
term in (2.19) is controlled by the sum in the right-hand side of (2.5) corresponding
to sets A with k ∈ A.

For the second term in (2.19), we write it in the form

Cr

∑
σ1,...,σr∈Y

∑
1≤s1<...<sr≤β(k)

∫
Zd

|
∑

as1∈P̃qk,s1

∑
θ′∈T̃Zk−1

fσ1
θ′+as1/qk,s1

(n)|2

· . . . · |
∑

asr∈P̃qk,sr

∑
θ′∈T̃Zk−1

fσr

θ′+asr /qk,sr
(n)|2 dn.

As before, we apply again Lemma 2.2, with the set X equal to the disjoint union
of the sets P̃qk,sl

. The orthogonality property (2.6) is satisfied for the same reason
as before, since the Fourier transform of

∑
θ′∈T̃Zk−1

fσl

θ′+asl
/qk,sl

is supported in the
set ⋃

θ′∈T̃Zk−1

⋃
a∈Zd

asl
/qk,sl

+ a/Qσl
+ θ′ + B(ε).
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Then we use the fact that the numbers qk,sl
are pairwise relatively prime, since

s1 < . . . < sr. Thus the second term in (2.19) can be dominated by

Cr

∫
Zd

(
∑
σ∈Y

∑
1≤s≤β(k)

∑
as∈P̃qk,s

|
∑

θ′∈T̃Zk−1

fσ
θ′+as/qk,s

(n)|2)r dn.

For this last term we apply the induction hypothesis, with Y replaced by Y ×{s, as :
s ∈ Zβk

, as ∈ P̃qk,s
}, Q replaced by QQ̃, and functions f ′σ′

θ′ = fσ
θ′+as/qk,s

. It follows
that the second term in (2.19) is controlled by the sum in the right-hand side of
(2.5) corresponding to sets A with k /∈ A.

3. A partition of integers

We construct now the set YN in Theorem 1.5 and partition it in a way that
is suitable for applying Lemma 2.1. With the notation of Theorem 1.5 (assume
N ≥ 10), let N ′ denote the smallest integer ≥ Nδ/2 and V = {p1, p2, . . . , pν} the
set of prime numbers between N ′ + 1 and N . Let D denote the smallest integer
≥ 2/δ and Q0 = [N ′!]D. For any k ∈ ZD let

W k(V ) = {pαi1
i1

· . . . · pαik
ik

: pil
∈ V distinct, αil

∈ ZD, l = 1, . . . , k},

and let W (V ) =
⋃

k∈ZD
W k(V ) denote the set of products of up to D factors in

V , at powers between 1 and D. Notice that for any m ∈ ZN there is a unique
decomposition m = w · Q′, with w ∈ W (V ) ∪ {1} and Q′|Q0.

We say that a subset W ′ ⊂ W (V ) has the orthogonality property O if there is
k ∈ ZD and k sets S1, S2, . . . , Sk, Sj = {qj,1, . . . , qj,β(j)}, j ∈ Zk, with the following
properties:

(i) qj,s = p
αj

j,s for some pj,s ∈ V , αj ∈ ZD;
(ii) (qj,s, qj′,s′) = 1 if (j, s) �= (j′, s′);
(iii) for any w′ ∈ W ′ there are (unique) numbers q1,s1 ∈ S1, . . . , qk,sk

∈ Sk with
w′ = q1,s1 · . . . · qk,sk

.
For simplicity of notation, we say that the set W ′ = {1} has the orthogonality

property O with k = 0. The orthogonality property O is connected to Lemma 2.1.
Notice that if a set has the orthogonality property O, then all its elements have
the same number of prime factors. The main result in this section is the following
decomposition.

Lemma 3.1. W (V ) can be written as a disjoint union of at most CD(lnN)D−1

sets with the orthogonality property O.

We emphasize that all the constants in this section may depend on D or k ∈ ZD

(thus on δ) but not on N or ν, the number of primes in V .

Proof of Lemma 3.1. Notice that any subset of a set with the orthogonality prop-
erty O has the orthogonality property O as well. Therefore, for any k ∈ ZD, it
suffices to write W k(V ) as a union of at most CD(lnN)k−1 (not necessarily dis-
joint) sets with the orthogonality property O. Notice also that it suffices to write
the smaller set

W̃ k(V ) = {pi1 · . . . · pik
: pil

∈ V distinct}
as a union of at most CD(lnN)k−1 (not necessarily disjoint) sets with the or-
thogonality property O. This is because the number of the possible exponents
αi1 , . . . , αik

∈ ZD is Dk.
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We prove by induction over k that for any set V ′ ⊂ V , the set

W̃ k(V ′) = {pi1 · . . . · pik
: pil

∈ V ′ distinct}
can be written as a union of at most CD(lnN)k−1 (not necessarily disjoint) sets
with the orthogonality property O.

For k = 1 we simply define

W ′1
1 (V ′) = V ′,

which has the orthogonality property O and W ′1
1 (V ′) = W̃ 1(V ′).

For the general case we start with a dyadic decomposition of the set V :

V = V1,1 ∪ V1,2 = V2,1 ∪ V2,2 ∪ V2,3 ∪ V2,4 = . . . = Vm,1 ∪ . . . ∪ Vm,2m ,

where m is the smallest integer with the property that 2m ≥ ν, Vµ,s = Vµ+1,2s−1 ∪
Vµ+1,2s (disjoint union) for any µ ∈ Zm−1 and s ∈ Z2µ , and ||Vµ,2s−1| − |Vµ,2s|| ≤ 1
for any µ ∈ Zm and s ∈ Z2µ−1 . Then m ≤ C(lnN) and |Vm,s| ∈ {0, 1} for any
s ∈ Z2m . For µ ∈ Zm we define the sets{

Gµ =
⋃

s∈Z2µ−1
Vµ,2s−1;

Hµ =
⋃

s∈Z2µ−1
Vµ,2s.

Clearly, the sets Gµ and Hµ are disjoint, Gµ ∪ Hµ = V for any µ ∈ Zm, and, most
importantly, for any subset A of V with |A| ≥ 2 there is µ ∈ Zm with the property
that

(3.1) A ∩ Gµ �= ∅ and A ∩ Hµ �= ∅.
This last property is easy to verify using the definitions.

To complete the proof in the case k = 2, we simply define the sets

W ′2
µ (V ′) = (Gµ ∩ V ′) · (Hµ ∩ V ′) = {gh : g ∈ Gµ ∩ V ′, h ∈ Hµ ∩ V ′}, µ ∈ Zm.

These m sets have the orthogonality property O and, by (3.1),⋃
µ∈Zm

W ′2
µ (V ′) = W̃ 2(V ′).

For general k, we apply the induction hypothesis for the sets Gµ∩V ′ and Hµ∩V ′:
for any k1, k2 ∈ {1, . . . , k − 1} with k1 + k2 = k and µ ∈ Zm let

W̃ k1(Gµ ∩ V ′) =
⋃
s1

W ′k1
s1

(Gµ ∩ V ′), 1 ≤ s1 ≤ CD(lnN)k1−1

and
W̃ k2(Hµ ∩ V ′) =

⋃
s2

W ′k2
s2

(Hµ ∩ V ′), 1 ≤ s2 ≤ CD(lnN)k2−1

denote the decompositions in sets with the orthogonality property O of the sets
W̃ k1(Gµ ∩ V ′) and W̃ k2(Hµ ∩ V ′). Then, we consider the sets

W ′k1
s1

(Gµ ∩ V ′) · W ′k2
s2

(Hµ ∩ V ′) = {gh : g ∈ W ′k1
s1

(Gµ ∩ V ′), h ∈ W ′k2
s2

(Hµ ∩ V ′)},
for all possible choices of µ ∈ Zm, k1 + k2 = k, s1, and s2. There are at most
CD(lnN)k−1 such sets, by the induction hypothesis. Also, these sets have the
orthogonality property O (by the induction hypothesis) and their union is equal to
W̃ k(V ′), by (3.1). This completes the proof of the lemma. �
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4. Proof of Theorem 1.5

In this section we complete the proof of Theorem 1.5. With the notation in
Section 3, we define

YN = {w · Q′ : w ∈ W (V ) ∪ {1}, Q′|Q0 = [N ′!]D}.

Clearly, ZN ⊂ YN . Also, w · Q′ ≤ ND2
[N ′!]D ≤ eNδ

if N ≥ Aδ. Thus YN ⊂ Z
eNδ .

Using Lemma 3.1, we have the decomposition

W (V ) ∪ {1} =
⋃
s

W ′
s as a disjoint union,

where s belongs to a set of cardinality ≤ Cδ(lnN)2/δ and the sets W ′
s have the

orthogonality property O. We define

Y s
N = {w · Q′ : w ∈ W ′

s, Q
′|Q0}.

Then R(YN ) =
⋃

s R(Y s
N ) as a disjoint union. By Lemma 3.1 and Remark (1)

following Theorem 1.5, it suffices to prove that if W ′ ⊂ W (V )∪{1} has the orthog-
onality property O and Y ′ = {w′ · Q′ : w′ ∈ W ′, Q′|Q0}, then

(4.1) ||F−1
Zd (mε,Y ′ f̂)||Lp(Zd) ≤ Cp,δ||f ||Lp(Zd).

For this we start with a simpler lemma. As in Theorem 1.5, assume that m is a
multiplier on Lp(Rd), p ∈ (1,∞), supported in the cube [−1/2, 1/2]d, Q ≥ 1 is an
integer, and ε ≤ (4Q)−1.

Lemma 4.1. The operator SQ defined by the Fourier multiplier

mQ
ε (ξ) =

∑
a∈Zd

m((ξ − a/Q)/ε)

extends to a bounded operator on Lp(Zd), 1 < p < ∞, with

||SQ(f)||Lp(Zd) ≤ Cp||f ||Lp(Zd).

The constants Cp may depend on p and the constants Bp in (1.4) but not on Q or
ε.

Lemma 4.1 follows from [11, Corollary 2.1]. Lemma 4.1 proves (4.1) in the case
W ′ = {1}, R(Y ′) = a/Q0, a ∈ Zd. For the proof of (4.1) in general, we need a
stronger version. Assume that m is as before, Q ≥ 1 is an integer, q1 = pα1

1 , . . . , qk =
pαk

k are powers of primes, with (ql, ql′) = 1 if l, l′ ∈ Zk, l �= l′, and (Q, ql) = 1 if
l ∈ Zk. Assume that ε ≤ (4Qq1 · . . . · qk)−1.

Corollary 4.2. The operator SQ,q1,...,qk
defined by the Fourier multiplier

mQ,q1,...,qk
ε (ξ) =

∑
a∈Zd

∑
a1∈P̃q1

· · ·
∑

ak∈P̃qk

m((ξ − a/Q − a1/q1 − . . . − ak/qk)/ε)

extends to a bounded operator on Lp(Zd), 1 < p < ∞, with

||SQ,q1,...,qk
(f)||Lp(Zd) ≤ Cp,k||f ||Lp(Zd).

The constants Cp,k may depend on p, k, and the constants Bp in (1.4) but not on
Q, q1, . . . , qk, or ε.
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Proof of Corollary 4.2. A standard counting argument shows that if Q1 and Q2 are
integers ≥ 1 with (Q1, Q2) = 1 and if a ∈ Zd, then there are unique a1, a2 ∈ Zd

such that

(4.2) a/(Q1Q2) = a1/Q1 + a2/Q2(mod Zd) and a1/Q1, a2/Q2 ∈ [0, 1)d.

Since q1 = pα1
1 , this shows easily that

mQ,p
α1
1 ,q2,...,qk

ε = mQ·pα1
1 ,q2,...,qk

ε − mQ·pα1−1
1 ,q2,...,qk

ε .

The corollary follows from Lemma 4.1 and induction over k. �

We turn now to the proof of (4.1). By interpolation, it suffices to prove (4.1) for
p = 2r, where r ≥ 1 is an integer. Notice that we may assume that N ≥ Cr,δ. We
may also assume that f is the characteristic function of a finite set, i.e., f : Zd →
{0, 1}.

By (4.2), R(Y ′) = {b/Q0 + a′/w′ : b ∈ Zd, a′/w′ ∈ R̃(W ′) = R(W ′) ∩ [0, 1)d}.
Thus

mε,Y ′(ξ) =
∑

a′/w′∈R̃(W ′)

∑
b∈Zd

m((ξ − a′/w′ − b/Q0)/ε).

Recall that the set W ′ has the orthogonality property O. Thus there is k ≤ 2/δ +
1 and k sets S1, S2, . . . , Sk, Sj = {qj,1, . . . , qj,β(j)}, j ∈ Zk, with the properties
stated in the definition of the orthogonality property O (Section 3). For any s1 ∈
Zβ(1), . . . , sk ∈ Zβ(k) let β(q1,s1 · . . . · qk,sk

) = 1 if q1,s1 · . . . · qk,sk
∈ W ′ and

β(q1,s1 · . . . · qk,sk
) = 0 if q1,s1 · . . . · qk,sk

/∈ W ′.
By (4.2), any fraction a′/w′ ∈ R̃(W ′) can be written in a unique way in the form

a1,s1/q1,s1 +. . .+ak,sk
/qk,sk

(mod Zd), with ql,sl
∈ Sl and al,sl

∈ P̃ql,sl
, l ∈ {1, . . . , k}

(see the notation in Section 2). Conversely, if β(q1,s1 · . . . · qk,sk
) = 1, then any

sum of the form a1,s1/q1,s1 + . . . + ak,sk
/qk,sk

, with ql,sl
∈ Sl and al,sl

∈ Pql,sl
,

l = {1, . . . , k}, belongs to R(W ′). Therefore

mε,Y ′(ξ) =
∑

s1,a1,s1 ,...,sk,ak,sk

∑
b∈Zd

β(q1,s1 · . . . · qk,sk
)

× m((ξ − b/Q0 − a1,s1/q1,s1 − . . . − ak,sk
/qk,sk

)/ε),
(4.3)

where the sum is taken over all sl ∈ Zβ(l) and all al,sl
∈ P̃ql,sl

. We apply Lemma
2.1 with Y = {0} and define

f̂0
a1,s1/q1,s1+...+ak,sk

/qk,sk
(ξ)

= β(q1,s1 · . . . · qk,sk
)f̂(ξ)

∑
b∈Zd

m((ξ − b/Q0 − a1,s1/q1,s1 − . . . − ak,sk
/qk,sk

)/ε),

for any sl ∈ Zβ(l) and al,sl
∈ Pql,sl

. Inequality (2.3) for ε is satisfied since Q0 ≤
eNδ

, ql,sl
≤ ND, and ε ≤ e−N2δ

(recall that N ≥ Cr,δ). Notice that the sum in the
right-hand side of (2.5) has 2k = Cδ terms. By Lemma 2.1, for (4.1) it suffices to
prove that for any set A = {j1, . . . , jk′} ⊂ Zk we have

(4.4)
∑

sj1 ,...,sj
k′

∫
Zd

(
∑

θ′∈T̃cA

|
∑

µ∈ŨA,sj1
,...,sjk′

f0
µ+θ′(n)|2)r dn ≤ Cr,δ||f ||2r

L2r
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for any characteristic function of a finite set f . The notation is explained in Section
2. Since β(q1,s1 · . . . · qk,sk

) ∈ {0, 1}, we have

|
∑

µ∈ŨA,sj1
,...,sj

k′

f0
µ+θ′(n)|

≤ |F−1
Zd [f̂(ξ)

∑
µ∈ŨA,sj1

,...,sj
k′

∑
b∈Zd

m((ξ − b/Q0 − µ − θ′)/ε)](n)|
(4.5)

for any (sj1 , . . . , sjk′ ) ∈ Zβ(j1) × . . . × Zβ(j′
k) and θ′ ∈ T̃cA. We would like now to

replace the Lp multiplier m with a smooth function. For this, we fix a smooth
function ϕ, with ϕ(ξ) = 1 if maxl=1,...,d |ξl| ≤ 1 and ϕ(ξ) = 0 if maxl=1,...,d |ξl| ≥ 2.
Clearly mϕ = m. The right-hand side of (4.5) is equal to

|F−1
Zd ([f̂(ξ + θ′)

∑
µ∈ŨA,sj1

,...,sjk′

∑
b∈Zd

ϕ((ξ − b/Q0 − µ)/ε)]

·
∑

µ∈ŨA,sj1
,...,sjk′

∑
b∈Zd

m((ξ − b/Q0 − µ)/ε))(n)|.

By Corollary 4.2, the multiplier

ξ →
∑

µ∈ŨA,sj1
,...,sjk′

∑
b∈Zd

m((ξ − b/Q0 − µ)/ε)

defines a bounded operator on L2r(Zd), uniformly in sj1 , . . . , sjk′ . By the Marcinkie-
wicz–Zygmund theorem applied to the functions gθ′ defined by

ĝθ′(ξ) = f̂(ξ + θ′)
∑

µ∈ŨA,sj1
,...,sj

k′

∑
b∈Zd

ϕ((ξ − b/Q0 − µ)/ε),

the left-hand side of (4.4) is dominated by

Cr,δ

∑
sj1 ,...,sjk′

∫
Zd

dn

(
∑

θ′∈T̃cA

|F−1
Zd ([f̂(ξ + θ′)

∑
µ∈ŨA,sj1

,...,sjk′

∑
b∈Zd

ϕ((ξ − b/Q0 − µ)/ε)])(n)|2)r.

It remains to prove the following bound:

Lemma 4.3. Let

Φsj1 ,...,sjk′ (η) =
∑

µ∈ŨA,sj1
,...,sjk′

∑
b∈Zd

ϕ((η − b/Q0 − µ)/ε).

Then

(4.6)
∑

sj1 ,...,sjk′

∫
Zd

(
∑

θ′∈T̃cA

|F−1
Zd (f̂(ξ)Φsj1 ,...,sjk′ (ξ − θ′))(n)|2)r dn ≤ Cr,δ||f ||2r

L2r ,

for any characteristic function of a finite set f .
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Proof of Lemma 4.3. Notice first that in the case r = 1 the bound (4.6) follows
from Plancherel’s theorem. Also, f is the characteristic function of a finite set.
Thus ||f ||2r

L2r = ||f ||2L2 . Therefore, for (4.6), it suffices to prove that for any
(sj1 , . . . , sjk′ ) ∈ Zβ(j1) × . . . × Zβ(j′

k) and n ∈ Zd∑
θ′∈T̃cA

|F−1
Zd (f̂(ξ)Φsj1 ,...,sj

k′
(ξ − θ′))(n)|2 ≤ Cδ.

Since ||f ||L∞ = 1, it suffices to prove that

(4.7) ||F−1
Zd (ξ →

∑
θ′∈T̃cA

α(θ′)Φsj1 ,...,sj
k′

(ξ − θ′))||L1(Zd) ≤ Cδ,

for any complex numbers α(θ′) with

(4.8)
∑

θ′∈T̃cA

|α(θ′)|2 = 1.

Let ψ(x) =
∫

Rd ϕ(ξ)e2πix·ξ dξ denote the Euclidean inverse Fourier transform of the
function ϕ. An easy calculation using the definition of Φsj1 ,...,sj

k′
shows that

F−1
Zd (ξ →

∑
θ′∈T̃cA

α(θ′)Φsj1 ,...,sj
k′

(ξ − θ′))(n)

= (
∑

θ′∈T̃cA

α(θ′)e2πin·θ′
) · εdψ(εn) · (

∑
µ∈ŨA,sj1

,...,sjk′

∑
b∈Zd

Q0

e2πin(b/Q0+µ)).
(4.9)

Consider first the sum over b and µ in (4.9). For any integer Q′ ≥ 1 define the
function

δQ′(n) =

{
Q′d if n/Q′ ∈ Zd;
0 if n/Q′ /∈ Zd.

Clearly,
∑

b∈Zd
Q′

e2πin·b/Q′
= δQ′(n). By arguing as in Corollary 4.2, we see that

the sum over b and µ in (4.9) can be written as a sum of 2k′
functions δQ′ . The

possible values of Q′ are products of Q0 and pαl
jl,sjl

or pαl−1
jl,sjl

, l = 1, . . . , k′, where
qjl,sjl

= pαl
jl,sjl

. Thus, for (4.7), it suffices to prove that

||(
∑

θ′∈T̃cA

α(θ′)e2πin·θ′
) · εdψ(εn)δQ′(n)||L1(Zd) ≤ Cδ,

for any Q′ with

(4.10) Q′ ∈ ZeNδ and (Q′, qj,s) = 1 for any j ∈ cA, s ∈ Zβ(j).

This is equivalent to proving that

(4.11) ||(
∑

θ′∈T̃cA

α(θ′)e2πiQ′n·θ′
) · (Q′ε)dψ((Q′ε)n)||L1(Zd) ≤ Cδ,

provided that (4.8) and (4.10) hold. Recall that ε ≤ e−N2δ

. Thus εQ′ � 1. The
function ψ is a Schwartz function on Rd; by Hölder’s inequality it suffices to prove
that

(4.12) (Q′ε)d/2||(
∑

θ′∈T̃cA

α(θ′)e2πiQ′n·θ′
) · (1 + (Q′ε)2|n|2)−d||L2(Zd) ≤ Cδ.
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The left-hand side of (4.12) is equal to
(4.13)

(Q′ε)d/2

⎡⎣ ∑
θ′
1,θ′

2∈T̃cA

α(θ′1)α(θ′2)
∫

Zd

(1 + (Q′ε)2|n|2)−2de2πin·Q′(θ′
1−θ′

2) dn

⎤⎦1/2

.

It remains to estimate the integrals over Zd in (4.13). If θ′1 = θ′2, then

(4.14)
∣∣∣∣∫

Zd

(1 + (Q′ε)2|n|2)−2de2πin·Q′(θ′
1−θ′

2) dn

∣∣∣∣ ≤ C(Q′ε)−d.

If θ′1 �= θ′2, then, by (4.10), Q′(θ′1 − θ′2) /∈ Zd. Let γ = (γ1, . . . , γd) denote the
fractional part of Q′(θ′1 − θ′2). Since the denominators of θ′1 and θ′2 are bounded by
NCδ , there is l ∈ {1, . . . , d} with the property that

(4.15) γl ∈ [e−Cδ(ln N), 1 − e−Cδ(ln N)].

We are looking to estimate |
∑

n∈Zd(1 + (Q′ε)2|n|2)−2de2πin·γ |. By summation by
parts in the variable nl corresponding to γl in (4.15), we have

(4.16)
∣∣∣∣∫

Zd

(1 + (Q′ε)2|n|2)−2de2πin·Q′(θ′
1−θ′

2) dn

∣∣∣∣ ≤ CeCδ(ln N)(Q′ε)−(d−1)

if θ′1 �= θ′2. We substitute (4.14) and (4.16) in (4.13). It follows that the left-hand
side of (4.12) is dominated by

C[
∑

θ′∈T̃cA

|α(θ′)|2 + (Q′ε)eCδ(ln N)(
∑

θ′∈T̃cA

|α(θ′)|)2]1/2.

Since |T̃cA| ≤ NCδ and Q′ε ≤ e−N2δ/2, the bound (4.12) follows from (4.8) and
Hölder’s inequality. This completes the proof of Lemma 4.3. �

5. A transference principle

We turn now to the proof of Theorem 1.1. We may assume, without loss of
generality, that the kernel K in Theorem 1.1 is compactly supported. In this
section we use the method of descent (cf. [19, Chapter XI]) to reduce the proof of
Theorem 1.1 to a certain “universal” case.

Lemma 5.1. Assume that L : Rn1 → Rn2 is a linear map, m : Rn2 → C is a
continuous function, and p ∈ [1,∞]. Define the function mL : Rn1 → C, mL(ξ) =
m(Lξ). Then the norm on Lp(Rn1) of the operator defined by the Fourier multiplier
mL does not exceed the norm on Lp(Rn2) of the operator defined by the Fourier
multiplier m,

||mL||Mp(Rn1 ) ≤ ||m||Mp(Rn2 ).

For a proof, see [19, Chapter XI, p. 515] and [7].
In our case, assume that the polynomial P = (P1, . . . , Pd2) of degree A in (1.3) is

given by Pl(x) =
∑

1≤|α|≤A Bl,αxα (we can clearly ignore the terms of order 0). Let
d denote the cardinality of the set {α ∈ Z

d1
+ : 1 ≤ |α| ≤ A}. Define the “universal”

multiplier µ : Rd → C,

(5.1) µ(ξ) =
∑

n∈Zd1

K(n)e−2πi
∑

1≤|α|≤A nαξα ,
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where nα = nα1
1 ·. . .·nαd1

d1
. The multiplier µ is continuous, by the a priori assumption

on the kernel K. Define the linear map L : Rd2 → Rd by the formula

(Lη)α =
d2∑
l=1

Bl,αηl.

It is easy to see that the multiplier on Rd2 of the operator T is µL, with the notation
in Lemma 5.1. By Lemma 5.1, it suffices to prove that the multiplier µ in (5.1)
defines a bounded operator on Lp(Rd). Thus the proof of Theorem 1.1 is reduced
to the special case when P : Rd1 → Rd is of the form [P (x)]α = xα.

6. Estimates for exponential sums

In this section we prove an explicit approximation formula for the multiplier
µ. Our method is similar to the method of J. Bourgain [4]. As in [4], the main
ingredient is a basic lemma of H. Weyl (see, for example, [15, Chapter 4]):

Lemma 6.1. If g(x) = αdx
d + . . . + α0 is a polynomial with |αd − a/q| ≤ 1/q2 and

(a, q) = 1, then for any δ > 0 there is a constant Cδ such that∣∣∣∣∣
n∑

m=1

e−2πig(m)

∣∣∣∣∣ ≤ Cδn
1+δ[q−1 + n−1 + qn−d]1/2d−1

,

uniformly in n and q.

Recall that P (x) = [xα]1≤|α|≤A. We will need a d1-dimensional version of Lemma
6.1. For any R ≥ 1 let BR = {x ∈ Rd1 : |xl| < R, l = 1, . . . , d1}. Assume that
k : BR → C is a C1 function with the property that

|k(x)| + R · |∇k(x)| ≤ 1

for any x ∈ BR.

Lemma 6.2. Assume that ε ∈ (0, 1/10) is fixed and ξ ∈ Rd has the property that for
some α, 1 ≤ |α| ≤ A, there are integers a and q, with (a, q) = 1, q ∈ [Rε, R|α|−ε],
and |ξα − a/q| ≤ 1/q2. Then

|
∑

n∈Ω∩Zd1

e−2πiP (n)·ξk(n)| ≤ CRd1−δ, δ > 0,

for any open, convex set Ω ⊂ BR. The constants C and δ may depend only on d1,
A, and ε but not on R, ξ, or the irreducible fraction a/q.

Lemma 6.2 follows from [22, Proposition 3]. Let η : Rd1 → [0, 1] denote a smooth
function supported in {x : |x| ∈ [1/2, 2]} with the property that

∑∞
j=0 η(2−jx) = 1

for any x ∈ R with |x| ≥ 1. Let

(6.1) Kj(x) = η(2−jx)K(x),

and let Tj denote the operator defined by the kernel Kj . The multiplier of the
operator Tj is

(6.2) µj(ξ) =
∑

n

Kj(n)e−2πiP (n)·ξ.

For later use we define the function

(6.3) Φj(ξ) =
∫

Rd1

Kj(x)e−2πiP (x)·ξ dx.
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By Diriclet’s principle, for any Λ ≥ 1 and ξ ∈ R there are q ∈ ZΛ and a ∈ Z

with (a, q) = 1, with the property that

|ξ − a/q| ≤ 1/(qΛ).

Therefore, given Λ, we can partition the line R into periodic sets I(a/q), with⋃
m∈Z

(m + a/q − (2qΛ)−1,m + a/q + (2qΛ)−1) ⊂ I(a/q)

⊂
⋃

m∈Z

[m + a/q − (qΛ)−1, m + a/q + (qΛ)−1],

parametrized over irreducible fractions a/q ∈ [0, 1) with q ∈ ZΛ (a Farey dissection
at level Λ). As in Section 4, let ϕ denote a smooth function with ϕ(ξ) = 1 if
maxl=1,...,d |ξl| ≤ 1 and ϕ(ξ) = 0 if maxl=1,...,d |ξl| ≥ 2. For any q ∈ {1, 2, . . .} and
a ∈ Zd with (a, q) = 1 let

(6.4) S(a/q) =
1

qd1

∑
n∈[Zq ]d1

e−2πiP (n)·a/q.

Our next proposition gives an explicit approximation of the multipliers µj .

Proposition 6.3. There is a large constant Cd with the property that for any
D1 ≥ 2, we have

(6.5)

µj(ξ) =
q≤(j+1)CdD1∑

q=1

∑
a∈Pq

S(a/q)Φj(ξ − a/q)ϕ([2(|α|−1/4)j(ξα − aα/q)]1≤|α|≤A)

+ Ej(ξ).

The functions Φj are defined in (6.3), and |Ej(ξ)| ≤ CD1(j + 1)−D1 .

Proof of Proposition 6.3. We may assume j ≥ Cd,D1 . We define the “major arcs”

(6.6) Aj(a/q) = {ξ ∈ Rd : |ξα − aα/q| ≤ 2−(|α|−1/2)j},

parametrized over irreducible d-fractions (a/q), with q ∈ [1, 2j/10].
We show first that if ξ does not belong to the union over q ∈ [1, 2j/10] of the

major arcs, then

(6.7) |µj(ξ)| = O(2−cdj), cd > 0.

This agrees well with the formula (6.5), since the main term in (6.5) is supported
in the union of the major arcs. Let ξ = (ξα), and, for each α, consider a Farey
dissection at level Λα = 2(|α|−1/2)j . Thus

|ξα − aα/qα| ≤ (qα · 2(|α|−1/2)j)−1,

for some integers aα and qα, with (aα, qα) = 1 and qα ∈ [1, 2(|α|−1/2)j ]. Since ξ
does not belong to the union over q ∈ [1, 2j/10] of the major arcs, at least one of
the denominators qα is ≥ 2j/(10d). The bound (6.7) follows from Lemma 6.2 with
R = 2j+1, k = C−12d1jKj , and ε = 1/(20d).
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Assume now that ξ belongs to the union over q ∈ [1, 2j/10] of the major arcs.
Since the major arcs are pairwise disjoint, ξ ∈ Aj(a/q) for some irreducible d-
fractions (a/q), with q ∈ [1, 2j/10]. Let ξ = a/q + β. Then

µj(ξ) =
∑
m

Kj(m)e−2πiP (m)·ξ

=
∑

n∈Zd1

∑
l∈[Zq ]d1

Kj(nq + l)e−2πiP (l)·a/qe−2πiP (nq+l)·β

= [
∑

l∈[Zq ]d1

e−2πiP (l)·a/q] · [
∑

n∈Zd1

Kj(nq)e−2πiP (nq)·β] + O(2−j/4)

= S(a/q)
∫

Rd1

Kj(x)e−2πiP (x)·β dx + O(2−j/4)

= S(a/q)Φj(ξ − a/q) + O(2−j/4),

(6.8)

where S(a/q) are defined in (6.4). In addition, by [24, Proposition 2.1]

(6.9) Φj(ξ) ≤ Cd,A(1 +
∑

1≤|α|≤A

2|α|j |ξα|)−1/d.

Thus we can insert the cutoff function ϕ:

(6.10) µj(ξ) = S(a/q)Φj(ξ − a/q)ϕ([2(|α|−1/4)j(ξα − aα/q)]1≤|α|≤A) + O(2−cdj),

for any ξ ∈ Aj(a/q). Finally, we claim that

(6.11) |S(a/q)| ≤ Cq−δ if (a, q) = 1,

for some constant δ = δ(d) > 0. Assuming (6.11), the formula (6.5) follows imme-
diately from (6.9), (6.10), and the disjointness of the major arcs, with the constant
Cd equal to 1/δ.

To prove the bound (6.11), let a = (aα), and assume that aα/q = a′
α/q′α, where

a′
α/q′α is an irreducible 1-fraction. Since (a, q) = 1, we have q ≤

∏
α q′α. If q′α ≥

q1/(10d2) for some index α with |α| ≥ 2, then Lemma 6.2 applies directly with
R = 2q. Otherwise, we would have q′α ≤ q1/(10d2) for any α with |α| ≥ 2 and
q′α0

≥ q1/(2d) for some α0 with |α0| = 1. In this case, it is easy to see that
S(a/q) = 0, by summing first the variable corresponding to the index α0. �

The large constant D1 will depend on the parameter ε1 in Lemma 7.1 (thus on
the exponent p in Theorem 1.1). We consider now sums over j. For any integer
k ≥ 0 and β ∈ Rd let

mk(β) = ϕ(β/2)
∞∑

j=k+1

Φj(β).

We may assume that the sum in the definition above is finite, since the kernel K in
Theorem 1.1 may be assumed to be compactly supported. The main result in this
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section is the following lemma:

Lemma 6.4. Given Cd and D1 ≥ 2 as is Proposition 6.3, we have

(6.12)

∞∑
j=k+1

µj(ξ) =
q≤kCdD1∑

q=1

∑
a∈Pq

S(a/q)mk(ξ − a/q)ϕ([2(|α|−1/4)k(ξα − aα/q)]1≤|α|≤A)

+ Ẽk(ξ)

for any integer k ≥ 1, where |Ẽk(ξ)| ≤ Cd,D1k
−(D1−1).

Proof of Lemma 6.4. We use formula (6.5). The sum of the error terms Ej(ξ), j ≥
k +1, can be incorporated into the error term Ẽk. Let χ+ denote the characteristic
function of the set [0,∞). By (6.5),

∞∑
j=k+1

µj(ξ) =
∞∑

q=1

∑
a∈Pq

S(a/q)
∑

j≥k+1

χ+((j + 1)CdD1 − q)

· Φj(ξ − a/q)ϕ([2(|α|−1/4)j(ξα − aα/q)]1≤|α|≤A) + Ẽk(ξ).

(6.13)

Assume first that q ≤ kCdD1 . Then χ+((j + 1)CdD1 − q) = 1. In addition,

Φj(ξ − a/q)ϕ([2(|α|−1/4)j(ξα − aα/q)]1≤|α|≤A)

= Φj(ξ − a/q)ϕ([2(|α|−1/4)k(ξα − aα/q)]1≤|α|≤A) + O(2−j/(4d)),

by (6.9). Thus, the sum over q ≤ kCdD1 in (6.13) coincides with the main term in
(6.12), modulo acceptable errors.

We break up the sum over q > kCdD1 in (6.13) into dyadic pieces, q ∈ [2s, 2s+1)∩
(kCdD1 ,∞) ∩ Z. Since Cd = 1/δ, it suffices to prove that

2s+1−1∑
q=2s

∑
a∈Pq

S(a/q)
∑

j≥k+1

χ+((j + 1)CdD1 − q)

· Φj(ξ − a/q)ϕ([2(|α|−1/4)j(ξα − aα/q)]1≤|α|≤A) = O(2−δs),

(6.14)

whenever 2s+1 ≥ kCdD1 . We may assume j ≥ CD1 . Then the support of the sum
over j in (6.14) is contained in the set {ξ : |ξ − a/q| ≤ (10q2)−1}. These sets are
disjoint when q runs over the integers in the dyadic interval [2s, 2s+1−1]. By (6.11),
S(a/q) = O(2−δs). Therefore it remains to prove that∑

j≥k+1

χ+((j + 1)CdD1 − q)Φj(ξ − a/q)ϕ([2(|α|−1/4)j(ξα − aα/q)]1≤|α|≤A) = O(1)

for any irreducible d-fraction a/q. This follows easily from (6.9) and Lemma 6.5
below with p = 2. �

Our last estimate in this section concerns the multipliers mk.

Lemma 6.5. The operators defined by the multipliers mk are bounded on Lp(Rd),
p ∈ (1,∞), uniformly in k ≥ 0, i.e.,

||mk||Mp(Rd) ≤ Bp.
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Proof of Lemma 6.5. This is equivalent to boundedness on Lp(Rd), p ∈ (1,∞), of
the translation invariant continuous singular Radon transform

S(f)(x) =
∫

Rd1

f(x − P (y))(
∑

j≥k+1

Kj(y)) dy.

Since
∑

j≥k+1 Kj is a Calderón–Zygmund kernel that satisfies bounds similar to
(1.1) and (1.2), uniformly in k, it is known that the operator S extends to a bounded
operator on Lp(Rd). A simple proof that applies in our translation invariant case
can be found in [19, Chapter XI, p. 513]. �

7. Proof of Theorem 1.1

Theorem 1.1 will follow easily from the following lemma.

Lemma 7.1. Given ε1 ∈ (0, 1], for any λ ∈ (0,∞) there are two linear operators
Aλ,ε1 and Bλ,ε1 with T = Aλ,ε1 + Bλ,ε1 ,

(7.1) ||Aλ,ε1 ||L2→L2 ≤ Cε1/λ,

and

(7.2) ||Bλ,ε1 ||Lr→Lr ≤ Cr,ε1λ
ε1

for any r ∈ [2,∞).

We show first how to use Lemma 7.1 to prove Theorem 1.1. A similar interpo-
lation argument was used in [10]. By duality it suffices to prove the theorem for
p ∈ [2,∞). By general interpolation theory it suffices to prove that

||T ||Lp,1→Lp,∞ ≤ Cp, p ∈ [4,∞),

where Lp,α denote the Lorentz spaces on Zd. This is equivalent to proving that for
any µ ∈ (0,∞) and any finite set F

µp|{n : |T (χF )(n)| > µ}| ≤ Cp|F |,

where χF denotes the characteristic function of the set F and |F | denotes its car-
dinality. We use Lemma 7.1 with λ = µ(p−2)/2, r = 2p, and ε1 = 1/(p − 2) > 0.
Since p ∈ [4,∞), we have

|{n : |T (χF )(n)| > µ}|
≤ |{n : |Aλ,ε1(χF )(n)| > µ/2}| + |{n : |Bλ,ε1(χF )(n)| > µ/2}|

≤ 4
µ2

||Aλ,ε1(χF )||2L2 +
2r

µr
||Bλ,ε1(χF )||rLr

≤ Cλ−2µ−2|F | + Cr,ε1λ
rε1µ−r|F | ≤ Cpµ

−p|F |,

as desired.

Proof of Lemma 7.1. By Lemma 6.4 with k = 1 and Lemma 6.5, the decomposition
is trivial in the case λ ≤ Cε1 . Assume λ ≥ 1 and fix k the smallest integer ≥ λε1 .
Let

B1
λ,ε1

=
k∑

j=1

Tj ,
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where the operators Tj are defined by the kernels Kj in (6.1). By (1.1), we have
||Kj |Zd1 ||L1(Zd1 ) ≤ C; therefore,

(7.3) ||B1
λ,ε1

||Lr→Lr ≤ Cλε1 .

It remains to decompose the sum Tj over j ≥ k + 1. For this we use Lemma 6.4,
with D1 = ε−1

1 + 1. Let A1
λ,ε1

denote the operator defined by the error term Ẽk.
By Plancherel’s theorem

(7.4) ||A1
λ,ε1

||L2→L2 ≤ Cε1/λ.

For the operator defined by the Fourier multiplier in the main term in the right-
hand side of (6.12), let N denote the integer part of kCdD1 . Fix δ = (4CdD1)−1

and let YN = YN,δ denote the set constructed in Theorem 1.5, ZN ⊂ YN ⊂ ZeNδ .
Let A2

λ,ε1
denote the operator defined by the Fourier multiplier

−
∑

q∈YN\ZN

∑
a∈Pq

S(a/q)mk(ξ − a/q)ϕ([2(|α|−1/4)k(ξα − aα/q)]1≤|α|≤A).

By (6.11), Lemma 6.5, the fact that δ is small enough, and Plancherel’s theorem

(7.5) ||A2
λ,ε1

||L2→L2 ≤ Cε1/λ.

It remains to decompose the operator Rλ,ε1 defined by the Fourier multiplier∑
q∈YN

∑
a∈Pq

S(a/q)mk(ξ − a/q)ϕ([2(|α|−1/4)k(ξα − aα/q)]1≤|α|≤A).

Let UN denote the operator defined by the Fourier multiplier∑
q∈YN

∑
a∈Pq

mk(ξ − a/q)ϕ([2(|α|−1/4)k(ξα − aα/q)]1≤|α|≤A).

By Theorem 1.5 with ε = 10 · 2−3k/4 and Lemma 6.5,

(7.6) ||UN ||Lr→Lr ≤ Cr,ε1(lnλ)2/δ.

The support hypothesis in Theorem 1.5 is satisfied since δ = (4CdD1)−1 is small
enough. Let J denote the smallest integer ≥ 2k/2 and VJ the averaging operator

VJ (f)(x) =
1

Jd1

∑
n∈[ZJ ]d1

f(x − P (n)).

Let B2
λ,ε1

= UN ◦ VJ and A3
λ,ε1

= Rλ,ε1 − UN ◦ VJ . By (7.6)

(7.7) ||B2
λ,ε1

||Lr→Lr ≤ Cr,ε1λ
ε1 .

The multiplier corresponding to the operator A3
λ,ε1

is

ξ →
∑

q∈YN

∑
a∈Pq

S(a/q)mk(ξ − a/q)ϕ([2(|α|−1/4)k(ξα − aα/q)]1≤|α|≤A)

− vJ (ξ)
∑

q∈YN

∑
a∈Pq

mk(ξ − a/q)ϕ([2(|α|−1/4)k(ξα − aα/q)]1≤|α|≤A),
(7.8)

where vJ is the multiplier of the averaging operator VJ . An estimate similar to
(6.8), using the fact that J ≤ C2k/2 and q ≤ CeNδ ≤ Cek1/2

, shows that if
|ξα − aα/q| ≤ 2 · 2−(|α|−1/4)k, then

vJ (ξ) = S(a/q) + O(2−ck), c > 0.
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Therefore, the absolute value of the multiplier in (7.8) is bounded by Cε12
−ck,

c > 0. By Plancherel’s theorem

(7.9) ||A3
λ,ε1

||L2→L2 ≤ Cε12
−ck ≤ Cε1/λ.

We define Aλ,ε1 = A1
λ,ε1

+ A2
λ,ε1

+ A3
λ,ε1

and Bλ,ε1 = B1
λ,ε1

+ B2
λ,ε1

. Clearly,
T = Aλ,ε1 +Bλ,ε1 . The bound (7.1) follows from (7.4), (7.5), and (7.9). The bound
(7.2) follows from (7.3) and (7.7). �
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