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QUANTUM UNIQUE ERGODICITY AND THE NUMBER
OF NODAL DOMAINS OF EIGENFUNCTIONS

SEUNG UK JANG AND JUNEHYUK JUNG

1. INTRODUCTION

1.1. Nodal domains of eigenfunctions on a surface. Let (M, g) be a smooth
compact Riemannian surface without boundary, and let {u,} be an orthonormal
Laplacian eigenbasis ordered by the eigenvalue, i.e.,

—Agup, = )\iun,
<un7um>M = 6nmu
O=X <A <A<,

where A, is the Laplace-Beltrami operator on M. Here (f, h)y = [, fhdV,, where
dVy is the volume form of the metric g. We assume throughout the paper that every
eigenfunction is real valued. We denote by Z,,, the nodal set {x € M : u,(z) =0}
of u, and by N (uy) the number of nodal domains of u,, where nodal domains are
the connected components of M\Z,, .

The purpose of this paper is to understand the growth of A (u,) as n tends
to +00. Note that Courant’s nodal domain theorem [CH53] and Weyl law imply
that NV(u,) = O(\2). However, it is not true in general that the number of nodal
domains necessarily grows with the eigenvalue. For instance, when M = S? (the
standard sphere) or M = T? (the flat torus), there exists a sequence of eigenfunc-
tions {uy, } with \,, — oo that satisfy N (¢, ) < 3 [Ste25[Lew77,[TN99)].

We first state the main result of the paper.

Theorem 1.1. Let ¢ be a Hecke-Maass eigenform for an arithmetic triangle group
with eigenvalue X\. Then we have limy_, 1 oo N (¢) = +00.

Note that there are 76 arithmetic triangle groups [Tak77a] which are divided
into 18 commensurable classes [Tak77b].

Remark 1.2. This result in the stronger form of a lower bound of >, A7 for the
number of nodal domains is obtained in [GRS15], however, assuming the generalized
Lindel6f hypothesis for a certain family of L-functions.
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Remark 1.3. We refer the readers to Section 6 of [GRS15| for further examples;
Section 2.5 of [GRSI5] might be required in order to apply Theorem to those
examples.

Theorem [[1lis a consequence of Theorem given below which considers the
number of nodal domains when we have quantum unique ergodicity (QUE). Note
that the arithmetic quantum unique ergodicity theorem by Lindenstrauss [Lin06]
asserts that QUE holds for Maass-Hecke eigenforms on these triangles. In order to
state Theorem [[G we first fix a — a(z, hD), a quantization of a symbol a(x,§) €
C> (T*M), to a pseudo-differential operator. (We refer the readers to [Zwol2]
for detailed discussion on the subject.) We say QUE holds for the sequence of
eigenfunctions {uy, }n>1 if we have
(1.1) lim {(a(z,A,'D) Un, Un) y, :/ a(z,&)dp

5*M

n—oo

for any fixed symbol a € C* (T*M) of finite order. Here du is a normalized
Liouville measure on the unit cotangent bundle S*M. We often write Op(a) for an
operator that acts on an eigenfunction u with the eigenvalue A as a(z, \™1D).

Remark 1.4. The classical notions of equidistribution of these “Wigner measures”
[Sni74[CdV85Zel87) are concerned with (1)) for degree zero homogeneous symbols.
One can prove that if (II]) holds with degree zero homogeneous symbols, then (L)
holds with finite order symbols, by observing that any weak limit of these measures
is supported in S*M C T*M.

Remark 1.5. For a compact smooth negatively curved Riemannian manifold, it is
conjectured by Rudnick and Sarnak [RS94] that QUE holds for any given orthonor-
mal eigenbasis {u,}.

Theorem 1.6. Let M be a smooth compact Riemannian surface without boundary.
Assume that there exists an orientation-reversing isometric involution T : M — M
such that Fix(7) is separating. Let {u,} be an orthonormal basis of L?>(M) such
that each u, is a joint eigenfunction of the Laplacian and 7. Assume that QUE
holds for the sequence {u,}. Then

lim N (uy,) = +o0.

n—oo

We say a function f on M is even (resp. odd) if 7f = f (resp. 7f = —f).
In order to prove Theorem [[.G] we first use a topological argument to bound the
number of nodal domains of an even (resp. odd) eigenfunction from below by the
number of sign changes (resp. the number of singular points) of the eigenfunction
along Fix(7). Such an argument is first developed in [GRS13], and we review in
Section ] in terms of the nodal graphs and Euler’s inequality as in [JZ16]. We
then use Bochner’s theorem and a Rellich type identity to deduce from QUE that
even (resp. odd) eigenfunctions {u,} have a growing number of sign changes (resp.
singular points) along Fix(7) as n tends to +oo. This is the main contribution of
the paper, and we sketch the argument in the following section.

Remark 1.7. In [JZ16], the same assertion has been obtained when M is a negatively
curved surface, but for a density one subsequence of {u, }. The argument of [JZ16]
to detect a sign change of an eigenfunction wu,, on a curve 8 is to compare

/Bun(s)ds and //3 |tun(s)|ds.
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(See [GRS13,[Junl6l BRI5LITZ16, Magl5[GRS15], where such an idea is used to
prove a lower bound for the number of sign changes in various contexts.) In order to
bound ||u, || 11 (g) from below using Holder’s inequality, the authors use the quantum
ergodic restriction (QER) theorem [TZ13|DZ13] for the lower bound of |y z2(s)
and the point-wise Weyl law with an improved error term [Bér77] for the upper
bound of |[uy, ||z (gy. For the upper bound of the integral of u,, over 3, the authors
use the Kuznecov sum formulas [Zel92]. Note that the result of [Bér77] requires a
global assumption on the geometry of M that it does not have conjugate points,
which is satisfied if M is negatively curved. Also note that in order to bound
such quantities using QER theorem and Kuznecov sum formulas, it is necessary to
remove a density 0 subsequence.

1.2. Sketch of the proof: sign changes of even eigenfunctions. The main
step in the proof of Theorem is to show that all but finitely many u,, have at
least one sign change on any given fixed segment S of Fix(7).

To simplify the discussion, let {¢,} be a sequence of functions in C§°([0, 1]).
Assume that for any fixed integer m > 0 we have

9"y,
5am (5

2
ds = agm,

1

(1.2) lim

n— oo 0

for some positive real number as,,. Let by, (€) = g, (€)|?/|lgnl|3, where g, (&) is the
Fourier transform of v,,,

gn (&) = (QF)_%/O e, (s)ds.

Assume that there exists a unique probability measure du(€) whose 2mth moment
is agm/ao and whose (2m + 1)th moment is zero for any m > 0. Then ([2)) implies
that a sequence of probability measures h,(£)d¢ converges to du(€) in moments.

We claim that all but finitely many ,, have at least one sign change on (0,1)
under the assumption that du(€) is not positive-definite, i.e., not a Fourier trans-
form of a positive measure (Lemmal[L0]). Assume for contradiction that there exists
a subsequence {1, } of {¢,} such that 1),, does not change sign on (0,1) for all
k. Then by Bochner’s theorem, {h,, (£)} is a sequence of positive-definite func-
tions, and it cannot converge in moments to a measure that is not positive-definite,
contradicting the assumption that du(§) is not positive-definite.

Now let f € C§°(B) be a non-negative function. Our aim is to apply the above
argument to ¥, (s) = f(s)u,|g(s), when QUE holds for the sequence of eigenfunc-
tions {u, }. Note that it is not known whether the limit

lim /ﬂ [ (s)|?ds

n—roo

should exist. However, under the assumption that QUE holds for {u,}, we may
instead compute the limit (Theorem B.T])

n—oo

" 2
(13)  lim /B wwﬂ—%aasﬁ”(s) ds = 2(1 = boy) /B 12 (s)ds

for each fixed m > 0 with an explicit constant 0 < by, < 1 using the Rellich
identity, as in the proof of the quantum uniquely ergodic restriction theorem of
[CTZ13].
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We first deduce from (3] that (Corollary B.2))

lim inf / o (s)[2 ds > 2 / £2(s)ds,
B B

n—roo

and so

—1
limsup2/ f2(s)ds (/ thn ()] ds) <1

Assume for simplicity that, for some 0 < a < 1, we have

Jim 2 [ P ( / |wn<s>|2ds)1 —a.

Then (3] implies that

. 1 6mwn ? 2 o _
7Lh_}n;@/ﬁ ’/\T Sam (s)| ds (/6 [t (3)] ds) =(1—a)+ abapm,

and we may apply the argument to

moel (f |wn(s>|2ds)_1

to conclude that all but finitely many w,, have at least one sign change on [, by
verifying that the unique measure having (1 — a) + abs,, as the 2mth moment and
0 as the (2m 4+ 1)th moment is not positive-definite for any given 0 < a < 1. This
implies that the number of sign changes of u,, along Fix(c) tends to +00 as n — oo
(Theorem [3)).

hn(g) = A

2. LP ESTIMATES FOR THE RESTRICTION TO A CURVE OF DERIVATIVES
OF EIGENFUNCTIONS

Let u be a Laplacian eigenfunction with the eigenvalue A. Let L be a degree m
linear differential operator on M; i.e., for any coordinate patch (U, p) there exist
smooth functions a, € C*°(R™) (in which a, # 0 for some « with |a| = m) such
that for any ¢,y € C§°(U) and for each f € C*(M),

SL(Pf) =dp* Y aa(x)0” (p7)" (1)
|a|]<m
Recall that

(2.1) sup |Lu(z)| = O ()\m"’%) ,
xeM

which is a consequence of the generalization of remainder estimate for spectral
function by Avakumovic-Levitan-Hormander to that for the derivatives of spectral

function [Bin04]. Denoting by (f,g)s = fB f(s)g(s)ds, ) implies that
(2.2) |(Lu, u)s| <g sup [Lu(z)| sup |u(z)| = O (A1),
xeEM zeM

In the proof of Theorem [B1] we need an improvement over (2.2), and we achieve
an improvement by combining the L? eigenfunction restrictions estimates along
curves due to Burq, Gérard, and Tzvetkov [BGT07] and (2.1]).

Lemma 2.1. For any fized degree m differential operator L, we have

(Lu,u)g) = 0 (A" +H)).
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Proof. By Hélder’s inequality,

[(Lu, u)p| < sup [Lu(@)|[lu]|Lr(s)-
zeM
From [BGTQT7], we have ||ul|z25) = O ()\i); hence

1 1
o) < UB)H lull ey = O (M)
Therefore by ([210), we conclude
\(Lu,u>5|:O(Am+%). O

Since we only need any power saving over O (A™T!) in [Z2) in our proof, it is
unnecessary to optimize our bound in Lemma 2l The optimal upper bound for

| Lul| L2 gy is O ()\"”ri) which is sharp when L = 1 and M is the standard sphere

52. Note that when L corresponds to a normal derivative along 3, the bound can
be improved to O(1) using second-microlocalization techniques, due to [CHT15].

3. RELLICH TYPE ANALYSIS WHEN QUE HOLDS: EVEN EIGENFUNCTIONS

In this section, we prove (3] with explicit constants {ba,, }. The main idea is
to follow the computation involving the Rellich identity in [CTZ13], with a specific
choice of symbols.

Theorem 3.1. Assume that QUE holds for the sequence of even eigenfunctions
{un}. Fiz a segment B C Fix(7). For any fized real valued function f € C§°(B)
and for any fized non-negative integer m, we have

. 2 _y—2m m u 2
lim /ﬂ F(Oun(t)2dt — ; /ﬁ O (F (£)uun(£)) 2 dt

n—oo

=2 1—1/1 gm_ % /fQ(t)dt
T V1= Js '
Proof. We drop the subscript n in wu,, and \,, for simplicity.
Let (¢,n) be Fermi normal coordinates in a small tubular neighborhood U, of 3

near a point xy € 5. Let p : U. — R? be the coordinate chart. We may assume
that

U=Uc=p " ({(t,n) | teV, |n] <e})
in these coordinates, where V' C R is a coordinate chart that contains xy. Let
(t,n, &, &n) be the local coordinates of T*(U) under the identification
R2 - T;:(t,n)(U)v
(&t:&n) P> edt + Epdn.

We consider the standard quantization in these coordinates; i.e., for any given
symbol a(t, n, &, &y,) of finite order, we let

Op(a)u(to,no)
)\n

= G / o et (oMl g (1, ng, &, &n )ult, n)dtdnd,dé,.
™ p(U) xR2
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For example, if a(t,n, &, &,) = Z\@\SN ao(t,n)E €22, then

o @

Op(a)u = Z aq(t,n) (?—;\) 1 (?—;) 2 u.
lo]<N
Let U_ C U be given by
U_={(t,n) eU | n<0}.

For any pseudo-differential operator 7" on M, from Green’s formula, we have
(3.1) (AgTu,uyy_ = (Tu, Aguyy_ = (OnTulp, ulp)s — (Tuls, Onuls)s.

Since w is an eigenfunction, (T, Aju)y = (TAgzu,u)y_. Also since we are assum-
ing that u is even, (T'u|g, O,u|g)s = 0. Therefore we have the Rellich identity,

1 1
(32) =8, Tl w)u. = =5 {0 Tuls, uls)s,

where A~! is the normalizing factor.
Now fix x € C§°(R) such that

x(x)—{ 0 if 2] > 1,
- : 1
1 | < i

We define a symbol supported near 8 for 0 < § < €,

m—1
n .
asm(@,€) = x (5) FWign Y &
k=0
and let T'= Op(as,m). Observing that —(92 + 87)u = A\?u along 3, we may rewrite
the right-hand side (RHS) of [B2) as
(f? (1+ (=)™ 'A2mopm) u\g,u\5>5
We integrate by parts to further simplify the second term as follows:
(=1 A2 g+ A (O (Fuls) 95" (ful))
(=)™ A2 T, 02 ulg, ),
=Om s(A7%),

where we used Lemma . with L = f[f, 8?™] in the last estimate. So we have
(3.3)

5l uls)s = [ Ir@uo P =X [0 GOu) a0 (31).

Now let —Ag =37, 212 ba(n,1) (67) (%)az. Observe from (21) that if oy +
Qo = 1,

O\ (0, \ " — kﬁn&?k 1
e ()" (2)7 () A o
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and that if aq + as = 2,
1 On o Ot “ n 2 an(_l)kat%
3 [ba(”,t) (7 <7> ' X (—) FO—am |
@ n s
=Op (lea(n,t)x’ (5) FAemetr )
n _1

+Op (X (g) Rm,f,a(nvtagn7§t)) u+06,m,f()‘ )

for some symbol R,, ¢, of finite order depending only on m, f, . Therefore we
may reexpress the left-hand side (LHS) of ([B.2) as

Qg 02 m—1
<0p > S (5) 220 Y & u,u>

|a|=2 k=0

* <Op (X (%) Rm’f(n’t’fnaft)) u, u>U

+ Osm f(A77)

for some finite order symbol R,, ;.
We bound the second inner product using Cauchy-Schwartz inequality by

(00 (x (3) s 6.60) ), |
o0 (0 (2) st 0) o
o0 (0 (2) st 0) o

and from the assumption that the QUE holds, we may estimate the last quantity
as Om, £(0) 4+ 05.m,f(1) as A tends to +o0.

Now let xo € C§°(R) be given by xo(z) = x'(z) if < 0, and xo(z) = 0
otherwise. We then have

IA

L2(U-)

IA

L2y’

a1 o m—1
<Op > S (5) 720 Y € u,u>

|a|=2 k=0

e m—1
=<0p S I o (5) 2200 Y € uu>

|| =2

(3.4) :/S*U > %ba(n,tm (%) F2() kadM-f-Oémf(l)
|al=2

as A tends to 400 from the assumption that QUE holds.
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We therefore conclude from [B3) and [B.4]) that

/|f t)|?dt — )\‘2’"/|6’” u(t))? dt

)_.

m—

:/ Z%b (nth( ) &%y
S*U | g)=2 k:O
+ O (A7) + O s (6) + 05,m, (1),
and so
lim /|f 1)[2dt — A 2m/|am )| dt
A— o0
m—1
algnlg 2k
= —"—="—ba(n, )Xo dpp + O 5 (6).
Jow 2,55 o (5) 0 3 6

Note that no terms in the left-hand side depend on 4. Also note that by (0,t) =
bo2(0,t) = 1 and b11(0,¢t) = 0 since we are taking the Fermi normal coordinate.
Therefore by taking § — 0, we have

0415%;53 ba(n,t) xo( ) Z & d+ O, 5(5)

}im
—0 *
S*U =2

/SU > anba(0.0) 200 E Zf?kdu

| =2

. 2 d _ de
ﬁ/ﬁf(t)t/éw_l(l 2 dg

_ 1 ! 2m
_2<1—; _1 —1_€2>/f

This implies that
lim/|f t)|2dt — AQm/wm )] dt
A—00

—2(1— /52’" 1_§2>/f2 )dt + om £(1)

as & — 0, and since ¢ can be chosen arbitrarily small, we conclude that
lim/|f 1)2dt - A?m/mm ) dt
A—00
dg
2m 2
—2 ( K *§2> [ 7

As an immediate application of Theorem B.], we give a sharp lower bound for
the L? estimate of the restriction of eigenfunctions.

]
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Corollary 3.2. Assume that QUE holds for the sequence of even eigenfunctions
{un}. Then for any fized real valued function f € C§°(8), we have

. . 2 2 2
hmlnf/ﬂf ()| un (t)|*dt > 2//3f (t)dt.

n—oo

Proof. By the positivity of =™ [, o (f(t)u(t))|? dt,

1t d¢
liminf/ 2(W)|un(t)Pdt > 21— = mo = / 2(t)dt
mint [ 720l (0) e =) o
_ 2/ P(t)dt+O(1/m"?),
B
Since the limit does not depend on m, we conclude that

lim inf / F2(t)|un (t)|?dt > 2 / f2(t)at. O
Remark 3.3. A constant lower bound for the L? norm of the restriction of an
eigenfunction to a geodesic segment is first proven in [GRSI13|, when the geodesic
segment is sufficiently long, from the arithmetic QUE theorem [Lin06,[Soul0].

Remark 3.4. If the geodesic flow on M is ergodic, it is known that there exists a
density 1 subsequence {u,} of even eigenfunctions that satisfies

(3.5) T[22, = 20(8);

hence the lower bound in CorollaryB.2lis sharp. The existence of such a subsequence
is a consequence of results which are studied in [BurO5L[TZ13/[DZ13L[CTZ13].

Remark 3.5. If B is not a part of Fix(7) and satisfies a certain asymmetry condition
(see, for instance, [TZ13| Definition 1]), then

kli)ﬁ;o ||u7lkH%2(B) =1(B)

along a density 1 subsequence {uy, } of {u,}. When § is a segment of Fix(7), then
every odd eigenfunction vanishes identically on 3, hence explaining why we expect
the factor 2 in ([BH]).

4. THE NUMBER OF NODAL DOMAINS OF EVEN EIGENFUNCTIONS

4.1. Graph structure of the nodal set and Euler’s inequality. In this sec-
tion we briefly review the topological argument in [GRS13[JZ16] on bounding the
number of nodal domains from below by the number of zeros on Fix(7). We refer
the readers to [JZ16] for details.

First note that if there exists a segment of n C Fix(7) such that n C Z,, then
because the normal derivative of u vanishes along Fix(7), any point on 7 is a singular
point, contradicting the upper bound on the number of singular points in [Don92].
Therefore together with the following lemma on the local structure of the nodal
set, we conclude that Z, N Fix(7) is a finite set of points.

Lemma 4.1 (Section 6.1, [JZ16]). Assume that u vanishes to order N at xo.
Then there exists a small neighborhood U of xo such that the nodal set in U is C!
equivalent to 2N equi-angular rays emanating from xg.
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From Lemmal[4.J] we may view the nodal set as a graph (a nodal graph) embedded
on a surface as follows:

(1) For each connected component of Z,, that is homeomorphic to a circle and
that does not intersect Fix(7), we add a vertex.

(2) Each singular point is a vertex.

(3) Each intersection point in Fix(r) N Z, is a vertex.

(4) Edges are the arcs of Z,, UFix(7) that join the vertices listed above.

Let V(u) and E(u) be the finite set of vertices and the finite set of edges given

above, respectively. This way, we obtain a nodal graph V(u), E(u) of u embedded

into the surface M.

From the assumption that Fix(7) is separating, the nodal domains that intersect
Fix(7) are cut in two by Fix(7). Therefore the number of faces divided by two
bounds the number of nodal domains N (u) from below.

Observe from Lemma [£T] that every vertex of a nodal graph has a degree at least
2. Then by Euler’s inequality [JZ16l (6.1)],

V()| = [E()| + |F(u)] = m(u) > 1 - 2g,

we obtain a lower bound for the number of nodal domains by the number of zeros
on Fix(7). Here m(G) is the number of connected components of the nodal graph,
and g is the genus of the surface M.

Lemma 4.2 (Lemma 6.4, [JZ16]).
N(u) > %# (Z,NFix(1)) +1—g.

Therefore in order to prove Theorem [[.6] it is sufficient to prove the following
theorem.

Theorem 4.3. Assume that QUE holds for the sequence of even eigenfunctions
{un}n>1. Then
lim # (Z,, NFix(1)) = +o0.

n—roo

4.2. Lemmata from probability theory. In order to prove Theorem (3] we
first recall some facts about probability measures. We assume that all random
variables in this section are defined on the real line.

Lemma 4.4. Suppose a random variable X has moments ux = E[X*] that satisfies
the condition )
limsup 35 /2k = r < 0.
k—o0

Then, X has the unique distribution with moments (fi)k>1-
Proof. See [Durl(, Theorem 3.3.11]. O

Lemma 4.5. If X,, converges to X in moments and the distribution of X is
uniquely determined by its moments, then for each t € R, Ele**X»] converges to

]E[eitX] .

Proof. Suppose we have a counterexample of this lemma. That is, we have a se-
quence (X,) of random variables and X a random variable, such that E[X"] —
E[X™] for all m > 0, but E[exp(itgX,)] 4 Elexp(itgX)] for some ¢y € R.

Let F,(x) := Pr[X,, < z] be the cumulative distribution functions of random
variable X,,. By Helly’s selection theorem [Durl0, Theorem 3.2.6], together with
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the tightness of (X,,)’s [Durl0, Theorems 3.2.7 and 3.2.8] there exists a subsequence
(F,,) that converges to a cumulative distribution function G of some random vari-
able Y on the real line.

[Durl0, Theorem 3.2.2] implies that, by appropriately settling the probability
space © for X,,,’s and Y, we can have X, (w) — Y (w) almost surely for w € .
(For instance, we can set {2 = (0,1), Pr = (the Lebesgue measure), and X, (w) =
sup{z € R | F,,, () < w}, etc.) In particular, as exp(itoX,,) — exp(itgY’) almost
surely, together with |exp(itoX,,)| < 1 for all k implies that E[exp(itoX,,)] —
Elexp(itgY)] by the bounded convergence theorem.

From the assumption that X is the unique random variable with the sequence
of the moments (E[X™]), we claim X =Y by showing that E[X™] = E[Y"™] for all
m > 0. Equivalently, E[X]"] — E[Y"™] as k — oco. Denote by xas the indicator
function of [-M, M| for M > 0. We first estimate

[EX ] = EY™]] < E[| X, ™ (1 = xar (Xn, )] + E[[Y]™ (1 = xa (V)]
+ [ELX 7 xm (X)) = Y xar (Y]]
We bound the first term by Cauchy-Schwarz inequality and Markov inequality,
E[| X, ™ (1= Xt (X)) < E[| X ]2 E[(1 = X1 (X, ))?]2
= E[X}7]7 (Pr X, | > M])?
<E[X2MPE[XZ)ZM ' < KM,
where K = sup{E[X2™],E[X?2 ] | k} < co. We bound the second term by Fatou’s
lemma,

B[V ™ (1= xar (V)] < liminf B[| X, ™ (1= xar (X, ))] < KM,

where we used the estimate of the first term in the last inequality. Finally, observe
that the third term converges to 0, i.e., |[E[X]" xn(Xy,) — Y™ xm(Y)]] — 0 as
k — oo, by the bounded convergence theorem.
Therefore
limsup [E[X]'] —E[Y™]| = O(M™1),

k—o0
and since M can be chosen arbitrarily large, we conclude E[X"] — E[Y"™] which
implies that X = Y. Therefore E[exp(itoX,,)] — Elexp(itoY)] = Elexp(itoX)],
contradicting the initial assumption

Elexp(itoXn, )] # Elexp(itoX)]. O

We now present a new method for detecting sign changes of functions using
Lemma [£.4] Lemma (.5 and Bochner’s theorem.

Lemma 4.6. Let {f,} be a sequence of real valued functions in C5°([0,1]), and let
{an} be a sequence of positive reals such that for each fized non-negative integer m
we have

1
(4.1) lim a-2m / 07 (22 d = Doy
0

n—oo

for some positive real numbers ba,,. Assume that du(€) is the unique probability
distribution whose 2mth moment is bay, /by and whose (2m + 1)th moment is zero
for any m > 0. If du(&) is not positive-definite, then all but finitely many f, has
at least one sign change on (0,1).
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Proof. Assume for contradiction that there exists a subsequence {f,,} such that
fn,, does not change sign on (0,1) for all k¥ > 1. Let hy, be given by

1 2 1
Any, tan, {T 2
/0 Fu (@) ( / e (@)] dx)

or
lim /oo E7™ hye(€)dE = bagm /bo,

Then from [@I]), we have for each m > 0,
k—o0 oo

hi(§) = _

and since hg(§) is an even function in &, the sequence of probability distribution
{hi(&)d¢} converges in moments to du(€). We therefore conclude from Lemma 5]
that the sequence of characteristic functions of hg(£)d€ converges point-wise to the
characteristic function of du(§).

Now observe that since f,, does not change sign along (0, 1), hi(§) is a positive-
definite function in £ for each k& by Bochner’s theorem. Therefore the characteristic
function of h(£)d¢ is a non-negative function for each k. However, since we assumed
du(€) is not positive-definite, the characteristic function fix;o e du(€) is negative
for some t € R, which contradicts the point-wise convergence of characteristic
functions. We therefore conclude that all but finitely many f, has at least one sign
change on (0, 1). O

4.3. Sign changes of even eigenfunctions on fixed segments.

Lemma 4.7. Assume that QUE holds for the sequence of even eigenfunctions
{untn>1. For any fivred segment B C Fix(r), all but finitely many u, have at
least one sign change on [3.

Proof. Assume for contradiction that there exists a subsequence of even eigenfunc-
tions {un, }r>1 such that w,, does not change sign along 8 for all k¥ > 1. Fix a
non-negative function f € C§°(8).

First, by Corollary B2} we can find a subsequence {u;, }x>1 C {un, }x>1 such
that

. 2 -2 —
leH;OQ/ﬁf () dt]| fus ||z = a

for some 0 < a < 1. Then by Theorem B, we have that

Jim 1052 [ 000 O i e == & [

k—o0

We therefore have
im X527 [ 107 (£ )P |yt = (0~ 4 & [ g
koo H o fg Y i liz ) YT —1 V1i-¢2

-/ o; Mg (©)

= b2ma
where dpu,(€) is the probability measure given by
(1—a)

Apa(€) = 5 (6-1(8) + B1(ENE + ~Ti1,(©)

dg
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Here I;_; 1)(&) is the indicator function of [~1,1]. Observe that

0o 1
2m _ a dé. _
[ eram@sa-wsl [ oot

and 1
lim sup —bm =0 < 400,

m— oo 2m
so by Lemma 4] dpu,(€) is the only probability measure on R whose 2mth moment
is by, and whose (2m + 1)th moment is zero for any m > 0.
Note that the characteristic function of du,(€) is given by

/OO e dp, (&) = (1 — a) cos(t) + ady(t),

where Jy(t) is the Bessel function of the first kind and that
(1 —a)cos(m) + aJo(m) < Jo(m) = —0.3042... <0

which implies that du,(€) is not positive-definite.

It now follows from Lemma [0l that f(¢)u;, has at least one sign change along
B for all but finitely many %, which contradicts the assumption that u,, does not
change sign on g for all £ > 1. We therefore conclude that all but finitely many u,,
have at least one sign change on . O

We complete the proof of Theorem by proving Theorem (4.3l

Proof of Theorem B3l Fix N € N. Let f1,...,8y C Fix(7) be a set of disjoint
segments. Then by Lemma [£7] for all sufficiently large k, u,, has at least one sign
change on each curve f; for i = 1,..., N. Hence we have

likII_l)LI;f #(Z,, NFix(1)) > N,
and since N can be chosen arbitrarily large, we conclude that
klingo # (Z,, NFix(1)) = +o0. O
5. NODAL DOMAINS OF ODD EIGENFUNCTIONS

In this section we prove an analogy of Theorem for sequence odd eigenfunc-
tions assuming QUE. Recall from (3] that

(AgTu,upy = (Tu, Agujy_ = (OnTulg, ulg)s — (Tulg, Onulg)p-

From the assumption that u is an odd eigenfunction, we have the Rellich identity
for odd eigenfunctions

(5.1)
Let

([Ag, Tu, u)y_ =

> =

1
A
n
as m(xag) =X <_) 2(t)£t2m£na
and let T = Op(as ). For simplicity, let Nu = A~*d,u|s. Then the RHS of (5.1 is

1mp—2m / F2(t) (07 Nu(t)) Nu(t)dt

—AQm/\am u(®)? dt+0mf(>\ )



316 SEUNG UK JANG AND JUNEHYUK JUNG

and the LHS of (&1 is

1
2/)@Hﬁ—8%/ﬂwﬁ+%mﬂﬂ+@m@~
™ J_1 B

Therefore Theorem B.] for odd eigenfunctions assuming QUE is

Jim A 2m / |0 (f(t)Nun(t))|?dt = / f2(t)dt / £2m\/1 — £2d¢

= bam /ﬁ fA(t)dt

Let du(¢ —1/1 — £2d¢. Observe that
9 r1
bam = —/ eryi-@ag< 2 [ VT-eae-1,
™ 1 ™ -1

and
lim sup 2—&72m =0 < o0,

m—0o0
so by Lemma[L4] du(§) is the only probability measure on R whose 2mth moment
is bay, and whose (2m + 1)th moment is zero for any m > 0. Now note that

[ esaute) = noe,

and since J1(5)/5 = —0.0655 ... < 0, du() is not positive-definite, so we may apply
Lemma to conclude.

Lemma 5.1. Assume that QUE holds for a sequence of odd eigenfunctions {uy}.
For any fized segment 8 C Fix(7), all but finitely many Onuy|g has at least one sign
change on (3.

As in Theorem [£.3] Lemma [5.1] implies the following.

Theorem 5.2. Assume that QUE holds for a sequence of odd eigenfunctions {u,}.
Then
klim #{x € Fix(1) : (Opun)(z) =0} = +o0.
— 00

We now use the topological argument in [GRSI3IIJZ16] to conclude an analogy
of Theorem for odd eigenfunctions.

Theorem 5.3. Assume that QUE holds for a sequence of odd eigenfunctions {uy}.
Then

lim AN (uy,) — +oo.

k—o00

6. PROOF OoF THEOREM [I.1]

We now prove Theorem [[LT] using Theorem Let I" be an arithmetic triangle
group, and let X = T'\H. Let {¢;}; be the complete sequence of Hecke-Maass eigen-
forms on X; i.e., it is a joint eigenfunction of —A, and Hecke operators {7, },,>1. It
is shown in [GRS15] that there exists an orientation-reversing isometric involution
7 : X — X such that Fix(7) is separating and that 7 commutes with all 7;,. From
the multiplicity one theorem for Hecke eigenforms [AL70], the sequence of Hecke
eigenvalues {Ay(n)}n>1 of T, (i.e., Tn¢ = Ay(n)¢) determines ¢ uniquely. Hence
any Hecke-Maass eigenform ¢; on X is an eigenfunction of 7 so that we have either
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T¢; = ¢; or T¢; = —¢; for all j. Now from the arithmetic quantum unique ergod-
icity theorem by Lindenstrauss [Lin06], QUE holds for {¢;};—hence we conclude
that lim;_, 4 oo N (¢;) = +00 by Theorem [L.Gl
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