
Calculation of 7T to 100,000 Decimals

By Daniel Shanks and John W. Wrench, Jr.

1. Introduction. The following comparison of the previous calculations of x per-

formed on electronic computers shows the rapid increase in computational speeds

which has taken place.

Au thor

Reitwiesner [1]
Nicholson & Jeenel [2]
Felton [3]
Genuys [4]
Unpublished [5]

Machine

ENIAC
NORC
Pegasus
IBM 704
IBM 704

Date

1949
1954
1958
1958
1959

Precision

2037D
3089D

10000D
10000D
16167D

70 hours
13 min.
33 hours

100 min.
4.3 hours

All these computations, except Felton's, used Machin's formula :

(1) x = 16 tan-1 i - 4 tan-1 ^.

Other things being equal, that is, assuming the use of the same machine and the

same program, an increase in precision by a factor / requires / times as much

memory, and f times as much machine time. For example, a hypothetical com-

putation of x to 100,O00D using Genuys' program would require 167 hours on an

IBM 704 system and more than 38,000 words of core memory. However, since the

latter is not available, the program would require modification, and this would ex-

tend the running time. Further, since the probability of a machine error would be

more than 100 times that during Genuys' computation, prudence would require

still other program modifications, and, therefore, still more machine time.

2. A New Program. We discuss here a computation of x to more than 100,000D,

which required 8 hours 43 minutes on an IBM 7090 system. This increase in speed

by a factor of about 20 is largely due to the increased speed of the 7090 (it is about

7 times as fast as a 704), but substantial gains were also obtained by programming

changes.

The formula we used, namely,

(2) x = 24 tan ' £ + 8 tan " -fr + 4 tan ' ^,

is due to Stornier [6], and has not been previously used in high-precision computa-

tion. The computation time breaks down as follows:

8 tan-1 -¿i :   3 hours 7 minutes

4 tan-1 yj^: 2 hours 20 minutes

24 tan-1 $■:   2 hours 34 minutes
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Conversion (binary-to-decimal): 42 minutes.

To obtain these favorable times, two devices were used.

a) Instead of evaluating the Taylor series

(V\ A ton-1 l   - V      (-DhAm
[ó) AUn    m * tí (2fc + l)m*<*+»

term by term, one may compute two terms at a time by using

U) Ai    ->±   =Y ¿W(4fc + 3)m2 - (4fc + 1)]

tl m      ¿o      (16fc2 + 16A; + 3)m4<*+1)      '

This substitutes 2 (multi-precision) divisions, 1 multiplication, and 1 addition for

4 divisions, 1 subtraction, and 1 addition, and this eliminates 27% of the computa-

tion time. Further improvement in this direction, i.e., three terms at a time, is not

possible here, since the divisors in (4), m* and (16fc2 + 16k + 3), already tend to

fill a 7090 word, whose maximum numerical size is 235 — 1.

b) Since the 7090 is a binary machine, the (multi-precision) division by m4 and

the multiplication by [(4fc + 3)m2 — (4A; + 1)] may be replaced by a simple shift-

ing operation for the case m = 8 in 24 tan-1 £. Had this not been done the 2 hours

34 minutes listed above would be, instead, 6 hours 7 minutes with the double-term

formula, (4), or 8 hours 21 minutes with (3).

The program using (4) requires three blocks of storage, one for the current

Am/mi(k+1), one for the current term, and one for the partial sum. Since a 7090 word

is equivalent to 10.536 decimal digits, the working storage for an iV-place x is

3ÍV/10.536. Therefore, a core memory of 32,768 easily suffices for a computation

to more than 100,000D.

3. The Check. Inasmuch as such a computation requires billions of (arithmetical)

operations, it is clear that a check is necessary. This was obtained with Gauss's

formula [7]:

(5) x = 48 tan-1 tV + 32 tan-1 -fr - 20 tan-1 ^.

During the computation, using (2), the numbers

A = 8 tan- -£?

and
B = 8 tan-1 -^ + 4 tan-1 ?$?

were written on tape. At the start of the check A and B were read into memory

and 9^1 — 57? = 32 tan- ^V — 20 tan- ^^ was computed (in 1 second). To this

difference was added the new number 48 tan-1 xV, which was computed by (4) in

4 hours 22 minutes. The check, therefore, takes less time than the original run

(8 hours 1 minute), and is perfectly valid, since an error in any of the four arc-

tangents will lead to a discrepancy between the results of (2) and (5).

4. The Result. The run and the check were both made on July 29, 1961, and

such a discrepancy did in fact occur. The two values of x, in binary form, were com-

pared by the machine in £ second, and were found to agree to only 234,848 bits. This

is equivalent to 70,695 decimal places. Subsequently the error was   isolated. It
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was found to have occurred in the computation of 24 tan-1 £. The second value of

x, computed using (5), was therefore correct throughout. When 24 tan-1 \ was

recomputed, the two values of x agreed up to the last word. This comprised 333,075

bits, or 100,265 decimal places. The first 100,000 of these are given here.

The computation was of such a character that it was known a priori that the

term involving tan-1 ^4^ contains most of the round-off and truncation error, and

consequently that we have the inequalities:

x computed by (2) <x<x computed by (5).

Thus the check and the computation give upper and lower bounds respectively,

and, to the extent that they agree, x is determined absolutely.

Care has been taken in the output routines—in writing and printing—and, since

the reproduction here is photographic, we believe that this value is entirely free

from error.

5. A Million Decimals? Can x be computed to 1,000,000 decimals with the com-

puters of today? From the remarks in the first section we see that the program which

we have described would require times of the order of months. But since the memory

of a 7090 is too small, by a factor of ten, a modified program, which writes and reads

partial results, would take longer still. One would really want a computer 100 times

as fast, 100 times as reliable, and with a memory 10 times as large. No such machine

now exists.

There are, of course, many other formulas similar to (1), (2), and (5), and other

programming devices are also possible, but it seems unlikely that any such modifica-

tion can lead to more than a rather small improvement.

Are there entirely different procedures? This is, of course, possible. We cite the

following: compute 1/x and then take its reciprocal. This sounds fantastic, but,

in fact, it can be faster than the use of equation (2). One can compute 1/x by

Ramanujan's formula [8] :

(R) 1 = 1 A123 _ 22583 I    !l? i 44043 hi    i"3"5"7
W x     4\882        8823  2 '   42 8826  2-4'    42-82

The first factors here are given by ( —1)* (1123 + 21460&). A binary value of 1/x

equivalent to 100,000D, can be computed on a 7090 using equation (6) in 6 hours

instead of the 8 hours required for the application of equation (2).* To reciprocate

this value of 1/x would take about 1 hour. Thus, we can reduce the time required

by (2) by an hour. But unfortunately we lose our overlapping check, and, in any

case, this small gain is quite inadequate for the present question.

One could hope for a theoretical approach to this question of optimization—a

theory of the "depth" of numbers—but no such theory now exists. One can guess

that e is not as "deep" as x,t but try to prove it!

Such a theory would, of course, take years to develop. In the meantime—say,

in 5 to 7 years—such a computer as we suggested above (100 times as fast, 100

times as reliable, and with 10 times the memory) will, no doubt, become a reality.

At that time a computation of x to 1,000,000D will not be difficult.

* We have computed 1/ir by (6) to over 5000D in less than a minute.

t We have computed e on a 7090 to 100,265D by the obvious program. This takes 2.5

hours instead of the 8-hour run for t by (2).

■
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