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1. Introduction. It is well known that alternating direction implicit methods

(ADI -methods) often provide very powerful techniques for computing numerical

solutions to partial differential equations of elliptic type. The theoretical explana-

tion for this is incomplete. The theory is in fact so unsatisfactory that it is often

not possible to predict whether a suggested ADI-scheme is likely to converge or not.

Consider the following Dirichlet problem

— r— (ai(x) -M - — (oí(x) -^-) + c(x)u =/(x),       x € ß;
(11) àxi\ ô.Ti /      óxL \ dx2/

u(x) = g(x),       x on the boundary of ß,

where x = (xi, x2) and P is the interior of a compact region. The coefficients ai, 0%

and c are real valued sufficiently smooth functions, cti and a2 are strictly positive and

e is bounded from below by a sufficiently large lower bound c0. Let us introduce a

rectangular lattice of mesh points on the region. We approximate the boundary

of the region by nearby mesh points at which the solution is approximately known.

If we set up the standard five point difference approximation to ( 1.1 ) on this lattice,

we get a system of linear equations with as many equations as unknowns. It can

be shown that this system has a unique solution if c0 is sufficiently large. It is well

known that if the number of unknowns is very large it is often best to solve such a

system with some iterative method. In this paper we will consider an ADI-method

which for the case ai = a2 = 1 and c = 0 is identical with the original ADI-method

of Peaceman and Rachford [3]. It is known both from existing theory and numerical

experiments that this ADI-method, using a sequence of different iteration param-

eters, is often superior to other iterative methods. Cf. Birkhoff, Varga and Young

[2]. In practice one usually chooses the parameters in a cyclic way. In this paper we

will always suppose that this is done and we will call the number of parameters

m the cycle length. How to make the best choice for this number of steps, m, will

not be discussed in this paper.

Before we describe our new result we will give a short survey of certain aspects

of the theory for ADI-methods. For details we refer to Birkhoff, Varga and Young

[2], Varga [5] and Wachspress [6].

Let us thus first consider Laplace's equation with Dirichlet data given on the

boundary of a unit square. Suppose we use a uniform lattice of mesh points with

Received May 25, 1966.
* This paper represents results obtained at the Courant Institute of Mathematical

Sciences, New York University. It was sponsored by the Swedish Technical Research Coun-

cil and the Office of Naval Research, Contract Nonr-285(46).

Reproduction in whole or in part is permitted for any purpose of the United States Govern-

ment.

500



RATE  OF  CONVERGENCE  OF  AN  ADI-METHOD 501

mesh size A. It is then possible, for any given m, to construct a set of iteration

parameters for which the discrete L2-norm of the error function is reduced by at

least a factor

(i2) v -ll-(tajl w2»1/mY
U   ] Vm ~ \ 1 + (tan (»-A/2))»- /

for each full cycle of iterations. For the same problem the spectral radius of the

point successive over relaxation operator is equal to pi. The number of arithmetic

operations used to complete a step in the ADI-scheme is of the same order as for

the successive over relaxation method. These facts explain why ADI-methods can

be much more efficient than other iterative methods when A is small and m ¡t 2.

It has been shown that essentially the same rapid convergence is achieved in more

general cases provided certain operators commute. Birkhoff and Varga [1] have

however shown that these commutativity conditions impose very strong restric-

tions on both the coefficients and the region, which must then be rectangular.

Very little is known for noncommutative cases except when m = 1. In this one-

parameter case there exists a simple convergence proof which at the same time

gives an adequate estimate for the asymptotic rate of convergence. However, as we

have seen earlier, m = 1 is the least interesting case. Some weak results have also

been proved for the multi-parameter case. Thus Pearcy [4] has shown that we can

always get convergence for any given problem and any given mesh if we choose m

sufficiently large, have a mild restriction on the size of the iteration parameters and

use them in a certain order. Pearcy's technique is however not refined enough to

give more than a very weak estimate for the rate of convergence. But it is known

from numerical experiments that the same rapid convergence as in commutative

cases is possible even in noncommutative cases.

In this paper we will consider equations of type (1.1) in rectangular regions.

Our operators will then in general not commute. For any given m we will construct

iteration parameters which will make our scheme converge rapidly if the mesh

size is sufficiently small. We will also be able to show that our estimate for the

spectral radius of the operator which corresponds to a full cycle of iterations differs

from that in a comparable commutative case only by a lower order term. Our

technique would enable us to exhibit an estimate for this difference in terms of the

mesh size, the iteration parameters, the coefficients and certain of their derivatives.

Our iteration parameters will in general depend on the space variables. This de-

pendence is however quite simple and it therefore adds little to the programming

effort. Furthermore, a numerical experiment indicates that our theorems are not

true if we restrict our choice to parameters which do not vary with the space

variables. The result of this and other numerical experiments will be reported in a

separate paper.

2. Preliminaries and Statement of Results. To simplify the writing up of our

proofs we will suppose that our region is a unit square and that our lattice of mesh

points is uniform, i.e. Axi = Ax2 = A. The extension of our results to rectangular

regions and rectangular lattices is immediate. We suppose that A = \/N for some

integer JV and that A ^ A0 where A0 is a given constant. The interior of the lattice

is defined by the cartesian product
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ß(A) = ßt(A) X Aî(A),

where

ß,(A) = {xj I Xi = A, 2A, • • • , 1 — A}.

The boundary of the lattice is defined by

dR(h) = aßi(A) X ß2(A) U ßx(A) X dß2(A),

where

dRi(h) = {xí [xt = 0, 1}.

Our difference approximation to (1.1) is the standard five point approximation

-D-Xl(ai(x + (h/2)ei)D+x,u(x))

(2.1) -D_l2(a2(x  +   (h/2)ei)D+x,u(x))   +  c(x)u(x) = f(x),      x € ß(A),

u(x) = g(x),    x G dR(h),

where e¡ is the unit vector in the direction of the positive ith coordinate axis and

hD±Xiu(x) = áz(u(x ± he¡) — u(x)).

Introduce the operators Q» defined by

QiU(x) = -D_Xi(ai(x + (h/2)ei)D+Xiu(x)) + cdx)u(x), x <G R(h)

= 0, x G dß(A),

where ci(x) and c2(x) are real valued sufficiently smooth functions which fulfill

Ci(x) + c2(x) = c(x). If we consider u(x) to be a vector with a component cor-

responding to each point of R(h), we see easily that the centered difference struc-

ture implies that the operators Q¡, i = 1, 2, correspond to symmetric matrices and

that they thus only have real eigenvalues. We will always assume that these eigen-

values are bounded from below by a strictly positive constant for all A ^ A0.

We will refer to this condition as the eigenvalue condition.

We will discuss the eigenvalues of Q», i = 1, 2, in Section 3 and give a sufficient

condition in terms of the coefficients of Q¡ to ensure that the eigenvalue condition is

fulfilled. In the same section we will also show that (2.1) has a unique solution and

that the operators on the left-hand sides of our ADI-scheme

(p„(x, A)   +  A2Qi)m„+i/2  =   (pn(x, A)   —  h2Qi)un  + A2/,
2 2 2 -T   ̂    R(h">'

(pn(x,   A)    +    hQi)Un+l    =     (Pn(x,   A)    —    A Ql)w,1+l/2    +    A/,

(2.2)
Mi(x) = • • • = m„+i/2(x) = un+i(x) = g(x), x 6 dR(h)>

n = 1, 2, ■ • - ,    Mi(x) given,

have well defined inverses if pn(x, A) > 0. Here ui(x) is the initial approximation

to the solution of (2.1) and p„(x, A) are the iteration parameters. We will assume

that these parameters satisfy

Pi(x, A) > p2(x, A) >  ■ • • > pm(x, A),
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and

p„,(x, A) = pn(x, A)    if   ni = n mod (m).

We will also assume that the parameters pn(x, A) can be written as a product of a

fixed function of x and a function which depends on A and n. To simplify the nota-

tions later, we let p„(x, A) have the form

(2.3) Pn(x,h) = b2(x)h2(kn(h))~1

where fc„(A) > 0 and b(x) is a sufficiently smooth, strictly positive function.

Now suppose that Ui,ui, ■ ■ ■ converge to a limit. This limit must then be equal

to the solution of (2.1). This fact enables us to reduce our problem to the study of

the convergence to zero of the solution of the following error equation,

(p„(x, A)   +  A2Qi)eB+i/2   =   (p„(x, A)   —   A2Q2)e„ ,
(2.4) 2 2 n = 1,2, ■■■ ,

(p»(x, A)   +  hQ2)en+i  =   (pn(x, h)   —   AQi)e„+i/2,

with

where u is the solution of (2. 1).

In the following we shall work almost exclusively with mesh functions which

are zero for x € dR(h). We therefore introduce the space

U0 = \u\u(x) = 0, x € dR(h)},

with an inner product and a norm defined by

(u,v) =    X   h2û(x)v(x),        |( u ||2 = (w, m).

By Í2(A) we denote the spectral radius of the operator A. It is well known that

(2.5) 0(A) á ||A||.

For p ^ q we will write Hf Av for ApA^ ■ ■ ■ Aa ■ We also define YLt! * A, = 7 =
the identity operator.

Consider (2.4). To decide the convergence of our method we want to estimate

0™ = ß JIT (p, + A2Q2)-1(P„ - A2Q0(p, + tfQ,)-1^ - A2&)

Using (2.3) we see that

,2

P, - h2Qi = j-— 6(x)(l - k,Qi')b(x)    and

(2.G)

(p. + au-)-1 = ̂ 2 (fcc-ora + iw/r^ôCic))-1,

where

Q,' = (b(x)y1Qi(b(x))-1, i= 1,2.
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(2.6) tells us that

Q. = nUb(x))-1 (fi (1 + hQi)-\i - KQi)(i + KQir1

X (1 - fc,Q*')Va

By a similarity transformation we get

(2.7) Um = iîjn (1 + MfeV'Ü - fc,Qi')(l + fc^')_1(l - KQi)\

The spectral radius ttm will eventually be estimated by using (2.5). Before this is

done we will however carry out still another similarity transformation. Thus let us

introduce

S, = (1 + *„<?,')(1 + KQi)~l(l - k,Qi)(l + KQir1

X (1 - KQ2')(l + kmQ¿)-\

It is easily seen that

(  m "N m

(2.8) «m = n|n&^ n^

We will write IJï1 S, as the sum of two terms,

m mm

(2.9) n& = n^iiir* + ßi      íi
where

T,i = (1 + kvQirl(\ - k„Qi)

and the remainder ß is defined by (2.9). In commutative cases ß = 0. From (2.8)

and (2.9) we obtain,

(2.10) fi„, ^ nr- nr. + Il R II.

We will show in Section 4 how to choose the ku to make the first of these terms small

and in Sections 5 and 6 how to choose b(x) to make || ß || very small. The first

term in (2.10) can be treated just as if our problem were commutative.

As will be shown in Section 3, Q¡ as well as Q, are selfadjoint operators and they

therefore only have real eigenvalues. The bounds which we can get for || [Jî* Tri ||

depend on lower and upper bounds for these eigenvalues. Suppose that we know

that the eigenvalues of Q,, i = 1,2, lie between a and ß where 0 < a < ß. We are

then able to state our main result.

Theorem 1. Ifb'(x) = ai(x) and we choose ky conveniently we have

We give estimates for a and ß in Section 3. There we will also show that

(2.12) a/ß = 0(A2)
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if the eigenvalue condition is fulfilled. From (2.11) and (2.12) follows

where 0 < q(h)  = 0(hllm). Compare (1.2).

The case a¡ = a2 is of course of particular interest in many applications. In

that case we can prove a somewhat stronger theorem.

Theorem 2. Suppose that oi(x) = Oi(x). Then if b2(x) = ai(x) and k, are

chosen conveniently we have

" ̂  » * {(iwJ + °{hWm)) I' bei »■

Remark. If we consider equations of type (1.1) for which the coefficients can

be extended to be periodic (of period 2 in xi and x2), even, sufficiently smooth

functions for all values of x it can be shown that we do not necessarily need to

choose b2(x) = ai(x) to achieve rapid convergence. In fact it suffices to make

max | d/dx2(ai/b2) | sufficiently small. The proof of this result is quite involved and

we do not give it in this paper. Numerical experiments indicate that an upper bound

for | d/dx2(ai/b ) | is needed to guarantee convergence for small values of m.

3. The Eigenvalues of Q, and QÍ. We begin this section by proving

Proposition 3.1. Qi and Qi ,i = 1, 2, are self adjoint operators, i.e.

(QiU, v) = (u, Qív),       (Qi'u, v) = (u, Qi'v),

for all u, v € Ua. Qi and Q¡ thus have only real eigenvalues.

Proof. That (Q,u, v) = (u, Q¡v) follows immediately from the definitions of

the inner product and Qi, the fact that u, v Ç Uo and a summation by parts. The

fact that (Q/u, v) = (Qib^u, b~\) and (u, Q/v) = (b'lu, Qib~\) = (Q,b~\ b~\>)
proves the second statement of the theorem.

We next give an estimate of the eigenvalues of Q,-, .

Proposition 3.2. Suppose that X is an eigenvalue ofQifor a fixed value of x¡ 6 R3 ,

j 9e i. Then

min o,(x)4 sin   (irh/2)/h  -\-   min c¡(x) ^ X

^   max a¡(x)4 cos2 (wh/2)/h2 +   max c<(x).

Before we give a proof we state a corollary to Proposition 3.2.

Corollary. The eigenvalue condition is fulfilled if

c,(x) > — min di(x)4 sin2 (irA0/2)/A02, i = 1, 2.

In this inequality the min are taken for all values of x in the closed unit square.

Proof of the proposition. We will use the following notation

(U, V)i:r,.  =        22 hü(x)v(x),
rh^xi ¿ sh

|| U \\i-r,,   =    (U, U)i;r,s,
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where 0 ^ r < s ^ V and u and v are mesh functions defined on ßi(A) U dR¡(h).

Let ip(xi) € Uo be an eigenfunction of Qi for which || <f> ||*:i,w—i =  1 and

Qi<b = \<b, Xj (E Rj fixed,   j 9e i.

Then

X =  (\(¡>, 4>)i:i,2f-i =   (—D-Xiai(x +  (h/2)ei)D+Xi<b, <t>)i:1,x-i +  (c¿<¿>, <p)i:i,nr_i.

Writing out the sums it is easy to see that

(— D_Xiai(x + (h/2)ei)D+Xi<b, 4>)í-.i.n-i =  (a4(x + (h/2)ei)D+Xi<p, D+Xi(b)i:0,N-i ■

Thus

min  a, | D+x,</) ||i:o,w-i  +    min c,   ^   X   ^    max a,-|| D+i,.0 ¡|¿:o,w-i +    max c¡ .
OíljSl OáijSl OSrc.sjl Oâ^i'S1

To finish our proof, we show that

(3.1) 4 sin2(7rA/2)/A2   ^   || D+Xi<b \\l.a,N-i   á   4 cos2  (ttA/2)/A2.

To do this we develop 4>(x¿) in a discrete Fourier series

0(x.) =  zl av sin xx.-j».

It is easy to show that (sin irXiV, sin irx,/u)i:i,Ar_i = \bvll if 1 ^ v, p ^ N — 1. We

know that

AT-l

|| <t> ||«:1,AT-1   =   è Z_r  I «» I     =   I-
v=l

Furthermore

II D+Xi4>  || i:0.JV—1    =     — (<t>,   D-.XiD+Xi<j>)i;l,N-l

=   |¿4 sin2  (irvh/2)/h2\ar\2,
»=i

which proves (3.1).

The eigenvalues of Qi  can be estimated in terms of the eigenvalues of Qt.

Proposition 3.3. Suppose that for a given x, , j ^ i, the eigenvalues of Q, fulfill

0 < a(Xj) ^ X ^ ß(xj).

Then the eigenvalues X of Qi satisfy

0 < a(Xj)/ max b2(x) gx'^ ß(x3-)/ min  b2(x).

Proof. Let

Q/<*> = x'0

where  || <p ||<:i,*_i   =   1. Since Qi is a self adjoint operator a(xy)|| SP [|*¡i,w_i  á=

(Q&, ¥)i:i,ir-i á /S(Xj) || ■* ||2:i,jv-i , for all ^ Ç f/0. By the definition of Qi we get

X      =     (X0,   <¿>)¡:1,.V-1    =     (Qi4>,   4>)i:l,N-l

= (Q,(bTl<j>, (6)-V)¿:i.a'-i.
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Thus

(a(xj)/ max 62(x)"\ g a(xj)\\b~1(b\\i:i,N-i

â (Qib'% 6"V).:i.iv-i è ß(xj)\\ 6"V ||2:i,a--i

á f>(xy)/ min     62(x)Y
\ d S i¡ S 1 /

which completes the proof.

We may use Propositions 3.2 and 3.3 to estimate the quantities a and ß which

were introduced in Section 2. These propositions also tell us that if the eigenvalue

condition is fulfilled we always have a/ß = 0(h). It should however be pointed

out that the values of a and ß which can be computed from Propositions 3.2 and 3.3

often are rather pessimistic and that it is sometimes advisable to try to get better

bounds by some other method since the error estimates are then improved. It is

also known from experience that the efficiency of the ADI-scheme depends very

much on the choice of a and ß.

We next show some simple consequences of the eigenvalue condition.

Proposition 3.4. Equation (2.1) Aas a unique solution.

Proof. (2.1) corresponds to a system of linear equations with as many equations

as unknowns. We therefore only have to show that u = 0 is the only solution to

(2.1) for/(x) = g(x) = 0. Suppose that v(x) ^ 0 and

(Qi + Qi)v = 0.

This is not possible, since the Qi are self adjoint operators with strictly positive

eigenvalues. That is, there is a c > 0 such that

((Qi + Q2)v,v) ^ c\\v\\2,

for all v £ Uo ■

This contradiction establishes the proposition.

Proposition 3.5.

(p„(x, A) + h2Qi)u(Xi) = f(xi), Xi € Ri(h),

U(0)   = Wo , w(l)   = Ml

Aas a unique solution.

Proof. Observe that by (2.6)
,2

Pn(x,h) + h2Qi = ——-b(x)(l + kn Qi)b(x).
kn(h)

By Proposition 3.3 the eigenvalues of Q,   are positive, hence this operator has a

unique inverse.

Proposition 3.5 shows that m3/2 , w2, • • • , defined by (2.2) are all well defined.

The following lemmas will be used later.

Lemma 3.1. For any k > 0

ii(1 + fcQ/rl!^nL^<1>

na+ *Q/rw u ̂ r^<i>

,1(1 + fcQ/r(1 _ fcQ/)|| <: max(l^,g^|) < 1.
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Proof. Qi   are selfadjoint operators and they therefore have complete sets of

orthonormal eigenfunctions. Develop u £ U0 in series of eigenfunctions of Q/.

iV-l

»•=1

Now

=    2 Ciy(Xj)faXi),      j   F¿   Í, (<b, ,  fai:l,K-l   =   b,a .

Ctp(Xj)
(1 +kQi'y1u = £ <t>ÁXi)

,=1     1    +    k\y(Xj)

where X„(xy) is the eigenvalue corresponding to fax,). Thus

¡| (1 + kQir'u f = ¿   || «,/(! + fcX,) ||5ajM

= (rTte) S " * ||î:ijm = (nhs)
The other inequalities follow in the same way.

Lemma 3.2.

IT TV ^   max ]
a¿*á3     1

1 - fc,X
1 + kv\

Proof. Cf. the proof of Lemma 3.1.

4. The Choice of fc„. It is obvious from Lemma 3.2 why we are interested in

making

max  IX
a<\<ß     1

1 fc„X
1 + k,\

small. This problem has been extensively treated in the literature and hence we

will give it only a brief treatment. We refer the reader to [2], [5] or [6] for details.

The optimal as well as several other good choices of k, are known. The perhaps

simplest choice is

iZ/sV2*-»'2- , 9
v=ß\ä) ' , = 1,2, ...,m,

which corresponds to the parameters suggested in the original paper by Peaceman

and Rachford [3].

With this choice we get

(4.1)

Ilr* £|   max  H
«íxsj   i

1 - fc,\
1   +   fcvX

^ 1 - (a/ßi'2"'

- 1 + (a/ß)1'2"'

1 ç(A)
1 + q(h)

,    where   0 < q(h)  = 0(hllm).

The last equality follows from the fact that a/ß = 0(h). Using the results of

Section 3 we see that

(4.2) k„ = 0(hmm^)+1)ln), v = 1, 2, • • • m.
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It is easy to show that (4.1) and (4.2) are true also for the optimal parameters

due to Jordan. Cf. Wachspress [6]. In the proof of our theorems we will suppose that

the k, are chosen so that (4.1) and (4.2) hold. But we could by our technique prove

convergence when A —> 0 for all sets of k, for which

|2

max  YL
aaXg0     1

1   -   h\
1 4- k,\

(1 - c(a, ß)Y

-\l +c(a,ß))

where 0 < c(a, ß) < 1,

h(km)m/c(a, ß) -+0    when    A -> 0,

and for v = 1, 2, • • • , m — 1

(h)ll2/c(a, ß) -> 0    when    A -» 0.

5. A Fundamental Inequality. In this section we will derive an inequality for

the operators

K,ß = kMl + k.Qiy1(QÍQÍ - QiQi)(l + KQ¿)~1

which will play an important part in the proofs of our theorems.

Lemma 5.1.

K„ || ^ 2(kli)11-    max
0gn.ij.gl

b(x)a^\^-(ai(x)/b\x))
ai(x) dx2

X I 4     min   aÁl-T-ku    min     (b 2c2) ) )
\     0gl!,j;2gl     \ 0gxi,x2gl //

+ 2(fc„)1/2    max    \b(x)a^\-^-(ai(x)/b2(x))\
ogi1,i2si I a2(x) dxi

X (4    min    ail + k,    min    (fe~2Ci) ))
\     OSli.iägl       \ 0gii,i2Sl //

+ fc„    max       —p-^--—(a2(x) —- (ai(x)/62(x)) )
oiii.ijsi [ ai(x) dX2\ ax2 / |

+ fa   max      —-r-r-^— (ai(x) —- (a2(x)/b2(x)) j
ogzi.zjâ1   o,2(x) dxi \ dxi I |

+ 0(h(ki)m + h(k,)m + (K)mk, + (k,)v\).

The following corollary follows immediately from the lemma.

Corollary. If b   = ai we have

lll&JI = 0((/c,)1/2 + A(/c„)I/2.

If furthermore ai — a2 we have

|| £,„ || = 0(h(K)m + A(fc„)1/2 + kXK)1'2 + k»(K)m).

Proof of the lemma. We first consider the operator Qi Qi — Q2 Qi which maps

f/o into i/o • For x € ß(A) this operator is defined as the commutator of two second

order difference operators and it can therefore be expressed as a third order differ-
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ence operator. Using discrete counterparts of Leibnitz's rule we may write

(Q1Q2 - Qt'Qi')* =

Qi(Ati(x, ^0+^+ Añ(x, A)D_I2&_1 + A20(x, h))u

+ (b~'D+XlAt2(x, A) + b-'D^AT^x, A) + A02(x, h))Q2'u

(5.1) + b'lD+XlAtt(x, h)D+xJTlu + b~lD_XlAit(x, h)D+xJb~lu

+ b"lD+XlAÍT(x, A)D^t6-1« + b~1D^XlA17(x, h)D_xJb~ lu

+ b~lD+XlAio(x, h)u + b-1i)_XlAIö(x, h)u + A¡Ji(x, A)Z)+l2o_1w

+ Ab~i(x, A)D_l26_1« 4- A00(x, A)w,

for x G ß(A) and u d Un ■ Formulas for the coefficients A^x, A) etc. can be given

in terms of ai, a2, b, ci and c2 and certain of their divided differences. Because of our

assumptions on the smoothness of ai, etc. we see that all the coefficients in (5.1 ) are

uniformly bounded functions of x and A. It can be shown that

Ati(x, A) = -b(x) °^\ ■ A (ai(x)/b2(x)) 4- 0(A),
ai(x)    dx2

A¡i(x,A) = Ati(x,h) + 0(A),

AUx, A) = b(x) ^ A (O2(x)/o2(x)) + 0(A),
a2(x) dxi

Ai2(x,h) = At2(x,h) +0(h),

A20(x,h)-^ A (a2(x) A (ai(x)/b2(x))) + 0(h),
ai(x) dx2 \ dx2 /

Am(x,h) = - A- A L(x) A (a2(x)/62(x))) + 0(A).
a2(x) dxi \ dxi /

We can extend the formula (5.1) to be valid even for x € dR(h) if we replace

D±Xi by D±Xi in (5.1), where

D±Xiu = D±X(u, x G ß(A),

= 0, x 6 dß(A).

The D±Xi are thus mappings of U0 into f70 • We extend our coefficients, when needed,

by defining them to be zero for x £ dR(h). Our formula (5.1) will then not only

give a correct representation for (QiQ2 — Q2 Qi)u in the interior of our mesh but

will also give a representation of Qi Q2 — Q2 Qi as the sum of operators which

have the form

T1A(x,h)T2

where the 2\-, i = 1, 2, map U0 into t/0, T£ only operates in the .redirection and

A(x, h) is a uniformly bounded function. Now

|| kMl + KQiy1T1A(x, h)T2(l + k.Qir1 ||

rg max | A(x, A)|-||(l + k&'rXTt || • || k,T2(l + k„Qs'' )~l ||.
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To finish the proof of Lemma 5.1 we only have to use Lemma 3.1 and the following

lemma on the different terms of Kvli.

Lemma 5.2. For k > 0

lid + kQ/r'kb-'D^ ii = ii kDTXib~\i + ko/y1 ii

èkll2(4     min     ar(l + k     min     b^cÄY112.
\     Ogxj.xj.gl \ 0gi1,x2Sl //

Proof of Lemma 5.2. It is easy to see that — T)-Xi is the adjoint operator of D+Xi .

Using Proposition 3.1 and the fact that adjoint operators have the same norm we

are able to prove the equality in the lemma. Next define

j=(l + kQiy'k^b^D-^u, u € U0

so that

(1 4- kQi)v = kwb"lt)-Xiu.

Form the scalar products of both sides with v

(v, (1 -f kQi)v)i:i,N-i = (v,kmb~1L)-Xiu)i:i,N-i.

Observe that v £ Uo- Hence from considerations very similar to those in Section 3

(v, (1   4-  fcQj'Mi:l,.sr-l   =   ||  V  ||  2:1.A-1

— k(v, b~lD-Xiai(x + (h/2)ei)D+Xib~lv)i:i,N-i

4- k(v, b~2Civ)i:i,N-i

= || v \\li.N-i + k(D+Xib"lv, a,(x + (A/2)e1)JD+xl6-1y)i:o.iV-i

+  k(v,  b"2CiV)i:liN-l

^  (1 + k     min     (o-'ciAll v ||2:ilJV_i

4-     min     a,k \\ D+^b^v ||2:o,iv-i •
0gxi,x2ál

Next we show that

(v, /["Vö-^üji^jv-i = (v, /c1/2o_1D_i¿m)¡:i,ív = — kV2(p+Xib~lv, u)i:o.ii-i

^ k1'21| D+Xib~lv ||i:o,jr-i || u [|i:o,jv—i

^ fc(C/2)|| D^ib-'v ||l:o,iv-i + (1/2C)|| u ||Utf-i

for all C > 0. If we choose 0 = 2 min0gxi,x2gi a¡ we get

||(1 -f- kQiy^^b^ß-^u ||2:i,w-i

^ Í4     min     arfl -\-k     min     (6~2c¡)~|\~l || u |1¿:i,jv—x ■

If we sum this inequality over ßy, j ^ i, we get one of the inequalities in (5.2). The

case with D+Xi instead of D-Xi can be treated in a quite similar way.

6. Proofs of the Theorems. We will now estimate the norm of the remainder ß

which was defined by (2.9).
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Lemma 6.1.

m—l

(6.1) || Ä|| á 11(1 + ||Ä,||) - 1 + EIIä/
v=l

where

m-l

E.»i

(6.2) || R, l| g 2{|| X„ ||/(1 - || K„ ||) 4- || K« ||/(1 - || Kvm \\)\,

and

(6.3) B/|| á4E II Ky,r+i ||/(1 - ||K7„+,||).
7=1

Combining this lemma with (4.1) and Lemma 5.1 it is easy to finish the proof

of Theorem 1.

Proof of the lemma. The remainder ß was defined by

m m

i      ii

where

S, = (1 + kmQi)(l + KQÍyl(\ - KQi) (1 4- KQi)-\l - KQ2')(1 +kmQ2'y

and

Tri = (14- fc,Q/)_1(l - fc,Q/).

ß can be written as

(m m \ /  m m m \

n&-n TflTaj + m r,iTv2 -nn.il r„2J.

Introduce

ß,. = o„ — TV\T,2.

Observe that Rm = 0. Obviously for m = 2

J[l*Sj — \_\_ TV\Tv2 — T2iT22Ri

whence by Lemma 3.1

Il -s, - II tat* á II ßl II.

For m = 3,

II S, — il TyiTy2 = T<nT%2(T2\T22Ri 4- R2TnTi2 4- R2-Ri)

whence

Il S, - Ë T«T«
1 1

f£ IIÄ.II + ||ß2|| 4- || Bill-IIÄ»

= lï(l + ||B.||)-1.
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In exactly the same way we can show that

513

(6.5) n s, - n tat,.
m—1

u
1

^n (i + iib,id -1.

Next consider the second term in (6.4). We easily get

(6.6) A TAT« -lÍr„n T* = T2i(TnTn - TnT22)Tl2.

In the same way

n TrlT* - n Trl n t«
i        ii

= T31r32 (Û T,iT* - n T*II O + T3l (Ti2 II Ta - II T«Tn\ fl TA .

By (6.6)

3 3 3

W T„iTy2 — J_J_ Tri II Tr2 — TziTi2T2i(T22Tn — TnT22)T\2

4" TsiiTssTn — T2iFzi)Ti\ H Tr2 4- Tz\T2i(T-i2Tu — TuTzi) II?',.2
i i

Proceeding in this fashion we can show that

m mm m—1

(6.7) n TriTr* - n Tri n t* = z b/
1 11 N=l

where

m y.       (       n 7—1 ^       )¿

ß^  —   Il   TriTri-Tp+1,1 ¿_,  .  1.L   Tn (Tp+ijTyi — TyiTu+i,2) II Tw II 7\2 ■
v=(i+2 7=1    (« = 7+1 P=l J    »—1

To prove (6.1), we use (6.4), (6.5) and (6.7).

We now prove (6.2). It can be shown by elementary calculations that

R, = -2(1 - (K/km))

(6.8)        X {(1 4- fc,Qi')_1(l + KQi)-1 - (1 4- WiT'il 4- MJiVi

+ 2(km/K)(l - (kr/km)2){(l + fcQi')-1(l + U?/)"1

- (1 4- krQ2'rl(l + krQiyl\(l + kmQ2'y\

We now show how to estimate the norm of the first term in terms of the norm of

Krr ■ Define Pv and P„„ by

mi 4- fc,ei')_1(i + krQir1 - (i + krQiyl(i + k&'r1

¡:2(QÍQ2' — Q2'Qi)

(1   +   krQirl(l   +   krQ2'rl\    =    (14-   krQ2'rlPrr .

(6.9) =  (1 - krQirHa + krQirlki(QiQ2' - Q2'Qi)
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But

P„ = (1 + krQiTlki-(QiQi - Q2'Qi')(l + k,Qi)-\l + krQ2Tl

= (1 + krQÎTlk2(QiQi - QiQi)(l + krQ2'T\l + KQi)'1

+ (14- hQÍy1kr2(QÍQÍ - Q2'Qi){(l + krQir\l 4- KQ2)~l

- (1 + ^Q2')"1(1 +kvQÍy1)

=    Krr-(1   +KQÍ)-1   +   Krr'Prr

where we used (6.9) to obtain the last identity. Thus by using Lemma 3.1

||P,|| è HP,, H è \\K„\\ + ||K„||-||P„||.

Hence

||ß, || Ú ||ß„|| Ú || K„ ||/(1- UK,, ||).

The estimation of the norm of the second term in (6.8) requires some special care-

We use P,' and P„n defined by

Pi   m    (kjkr)i(l   +   krQi)-\l   +   krQir1

- (i + krQir\i + KQiy'ia + kj&'r1

= (1 + KQiy'Kl + krQiy\km(QiQi - QiQi)(l + krQir1

x (i 4- fcmQ/r'Ki + krQir1

= (14- krQiy'-PrM + KQir1.

P,m can now be treated as P„ above. We get

||P,' II   ̂    ||P« ||   ̂    ||X,-||/(1   -   || Km ||).

To finish our proof of (6.2) we use the definition of B, and remember that

kv < km , v — 1, 2, • • • , m — 1.

The proof of (6.3) is quite similar. Using the definition of Rj and Lemma 3.1

we get

II Rß II á X II TyiTu+1,2 — Tß+i,iTyl ||.
7=1

We can treat these terms almost exactly as we did the terms in B, after having

observed that

TyiTp+i,i — Tp+i¡2Tyi

= 4|(14 kyQi)~\l + ka+iQÍT1 - (1 + ¿WiQsVU + h&)~\

This finishes the proof of Lemma 6.1 and thus also the proof of Theorem 1.

We now indicate how to modify the proof above to get a proof of Theorem 2.

Our first modification consists in not carrying out the last similarity transformation

in Section 2. We instead define our remainder as

m m m

B' =  11(1 + fc,Q2')_1(l - krQi)(l + krQiy\l - hQi) -  n^iil^-
1 1 1
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By carrying out an analysis of this remainder analogous to that of B in the proof

of Theorem 1, we can prove a lemma corresponding to Lemma 6.1. The main differ-

ence in these two lemmas is that the estimate of || B || will contain terms propor-

tional to || Kmm ||. However as the corollary to Lemma 5.1 shows us this is not

dangerous if ai = a2.

To finish our proof we only have to note that

bem+l   =   bJl(Pr   +   h2Q2y\pr   +   h2Ql)(Pr   +   A^'ip,    ~    A*«?,)«!

=    II   (1    +    krQ2r\l    -    krQl')(l    +   krQi)-\l    -    krQi)bei

=     IlTrlUTrtbtl    +    R'bei.
1 1
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