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On Thabit ibn Kurrah's Formula for
Amicable Numbers

By Walter Borho

Abstract. This note describes some methods for deriving explicit formulas for amicable

numbers which are similar to Thabit's famous rule. The search for new amicable pairs
by such'rules consists merely in primality tests for certain big numbers. Only two new

pairs are actually given, demonstrating the usefulness of the results and simultaneously

illustrating the quite strange form of pairs obtained by this new method. It is proposed to

use a computer in order to get more solutions.

1. The numbers 220, 284 seem to have been known already to Pythagoras as the

smallest pair of amicable numbers. They represent the case n = 2 of the following

formula due to Thabit ibn Kurrah, an Arabian mathematician of the 9th century:

Jfp = 3-2""1 - 1, q - 3-2" - 1, andr = 9-22""1 - 1 are primes and n ^ 2, then
Tpq and Tr are amicable numbers [4].

This theorem was rediscovered by Fermat (1636) and Descartes (1638) and gen-

eralized by Euler: Tpq and Tr are amicable numbers, if the three integers p = 2"""/ — 1

q = Tj - 1, andr = 22n~m/2 - 1 are primes, where n > m ^ 1 andj = 2m 4- 1.

Thabit's rule yields amicable numbers for n = 2, 4, 7, but for no other value n <

200. With Euler's generalization, there is still one more solution: m = 7, n = 8

(Legendre, Tchebychev). Whether there are any further solutions is not known.* In

particular, it is an open question, whether there is an infinity of amicable pairs of

numbers, each having at most three distinct prime divisors (but cf. [6]).

Apparently it has not been noticed up to now, that various rules can be found

which are quite analogous to Thabit's. They arise naturally on considering the question

whether there exists an infinity of amicable pairs with a given number of distinct prime

divisors (cf. also [2]).

Notation. a(n) denotes the sum of all, t(h) the sum of all proper divisors of n,

i.e., o-(ri) = n + r(n).

2. By a "Thabit-ibn-Kurrah-rule" or "Thabit-rule" T(bu b2, p,' Fu F2), with

given natural numbers bu b2, a prime p, and polynomials F^X), F2(X) £ Z[X], we

mean a statement of the form:

The following Lemma yields the key for the consideration of such "rules":
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* In a letter, E. J. Lee pointed out that it can be seen from H. Riesel's tables in Math. Comp.,

v. 23, 1969, pp. 869-875, that there is no further solution for 200 g n S 1000.

pnb1Fl(j>n) and p"b2F2(p") are amicable numbers, if

F,(p") is prime and prime to btp for i« 1,2.
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Lemma. Let bu b2 be positive integers, p a prime not dividing bu b2. Let 2)x denote

the set of amicable pairs (mu m2) of the form m< = p'btq, (/ = 1, 2), with qu q2 prime

and n natural. Then, a necessary condition for 3Ji to be infinite is

CD ^t = t^ +p — 1      <r(6,) c(b2)

Proof. First, we note that, for {mu m3) G 9K. from

cr(m,) = m, + m2 = z>n(&i<7i + b2q2),

ff(mi) = tr(r>n)cr(M,)   if a, ^ p,

= <r(pn+1Mbi)   if öi = p,

it follows that always

(2) *(£>,■ o<) «■ 0 (mod p")

for i = I, 2.
We claim that for all but at most finitely many pairs (m„ wa) G <7i ̂  fc^p for

/ = 1,2. Indeed, if qx or q2 is one of the (finitely many) prime divisors of bxb2p, then

the possible values for n are bounded by (2), and one of the g,, together with n, deter-

mines the pair (mu m2).

Now, we have, for almost all (m„ m2) £ SR,

(3) <r(m,) = trCp'biXqi + 1) = /»"Mi + p"i>2o2 =      + m,      (i = 1, 2),

which, for given n, is a nonsingular linear equation system determining qlt q3 uniquely.

From (2), it follows that q((n) —> oo if « —> <». Now, the equation

. _   nti    ,    m2 bj    pn_qi_

er(m,)     a(m2)     »frTa ff(*<) <r0»") 9; + 1

yields (1), if we take the limits n —» » on the right side. Q.E.D.
Conversely, we now suppose that bu b2 and p are any numbers given as in the

Lemma and satisfying condition (1). We ask for the amicable pairs in 9K with q, X b,p

(/ = I, 2). They can be found by merely solving the system (3) for qu q2. This yields

Theorem 1. Let bu b2 be natural numbers and p X bxb2 a prime with property (1).

If for some n — 1, both numbers

(4) q< = Pn(p - 1Kb, + b,)Mb<) - I, 1=1,2,

are prime integers not dividing b,p, then m, = pnbiqt (/ = 1, 2) are amicables.

Remark. Let bu b2 be given as in Theorem 1, and suppose that the theorem yields

any amicable pair with these given values of bu b2. Then, bx and b2 must contain the

prime 2 in the same power. This is easy to prove (cf. [2] for a more general statement).

3. The following examples will demonstrate how we can deduce Thabit-rules

from this theorem.

In this section, we start from a pair bu b2 of the special form by = au, b2 = a with

(a, u) = 1. We have to choose a and u such that (1) determines a prime, p. Eqs. (1) and

(4) now read:
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p a  u 4- tr(«)

^ P — 1      <r(a) <t(u)

<7l = P (P - 1) -TT —TT-1 = P i      , . - 1.

If, for instance, (w + 1, u 4- a(u)) = 1, then, g, is an integer if and only if p

u + a(u). Hence, by (5), <r(a)/a = (p — 1)/<t(m), and

öl = p> + l) - l,     flj = pV(«)(« + 1) - 1.

So we arrive at

Theorem 2. Choose a positive number u such that

(6) p = M 4- cr(tt)

becomes a prime. Determine a positive number a prime to up as a solution of

(7) <r(a)/a = (p - 1)M«).

TVjen, J(aw, a,/?, (« + 1)Z - 1, (u + \)a(u)X - 1) is a Thabit-rule.

Now, we must find solutions of the system (6), (7). Of course, we can do this by

testing small values of u. With u = 1, we have p = 2, a = 1, and the theorem becomes

the well-known rule of Euclid for even perfect numbers.

Observe that Theorem 2 cannot yield any amicable pair, if u is even, or a square

>l,or prime, or three times a prime, or if(u, cr(«)) j± 1. That u cannot be even follows

from the remark in Section 2. If u is a square, then both u and <r(u) are odd. Then, p

must be even by (6). Hence,/? = 2 and u = 1. If u is a prime, then it follows from (6)

and (7) that a(au) = <r(o)(w 4- 1) = 2au. This means that au is a perfect number. If

now mi = aupnqx and m2 = ap"q2 are amicable and (pqu au) = 1, then au evidently

divides m2. Hence, both mx and m2 are abundant numbers, which is a contradiction,

since they are amicable.—If 3 | «, then necessarily o-(u) = 1(3), since otherwise one

of p, qu q2 becomes divisible by 3 and hence is not prime. If, furthermore, u = 3r,

r a prime >3, we deduce from <r(«) = 1(3) the contradiction 3 | r.—Finally, (u, cr(w))

= 1 holds, since p = u 4- o-(u) is prime.—According to these observations, the least

values of u which we have to test are u = 5 • 7 = 35 and « = 511 = 55.

Example. Putting u = 5-11, we have p = 5-11 + 6-12 = 127 and <r(a)/a = 7/4

by (6) and (7). The equation for a has the (unique) solution a = 22. Hence, the rule

F(22-5-ll, 22, 127, 56X - 1, 56-72* - 1) holds. In other words, 22-127"-5-11-g,
and 22- 127"-g2 are amicable, if qx = 56-127" - 1 and g2 = 56-72-127" - 1 are prime.

—With n = 2, we obtain the new amicable pair

(8) 22-1272-5-11-90 3223   and   22-1272-65032127.

Note that one of these numbers is divisible by 220, the smaller member of Pythagoras'

pair mentioned in the introduction. As we shall see soon, this is by no means an ac-

cident.

4. Now, we shall show how to solve Eqs. (6) and (7) of Theorem 2 in a more

elegant way than by trial and error. Eliminating p and putting s = <r(w) — 1, we obtain

(9) a(au) = o(a)<t(u) = <r(a)(s 4- 1) = au 4- as.
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If we suppose that s is a prime not dividing a, then (9) is just the statement that au

and as are amicable numbers. So we make the striking observation that we can gain

Thabit-rules starting from certain already known amicable numbers.

Theorem 3. Let au, as be an amicable pair with (us, a) = 1 and s a prime. If p =

u + (t(u) is a prime not in a, then the following Thabit-rule holds:

mi = aupnqx and m2 = ap"q2 are amicable if qx = p\u + 1) — 1

and q2 = p"(u + IM«) — 1 are primes not dividing a.

If we take, for au, as, Pythagoras' pair 220, 284, the theorem is applicable and we

reobtain the example of Section 3.

There are at least 64 known amicable pairs au, as of the form needed in Theorem

3. An inspection of the smaller of these pairs produced primes p = u + a(u) =

u + s -f- 1 in 15 cases and hence 15 Thabit-rules. They are listed in Table 1. The last

Table 1

Thabit-ibn-Kurrah-rules T(au, a,p, (« + l)X - 1, (u + l)a(u)X - 1)

obtained by applying Theorem 3

rule is obtained

No. a up a(u)        from pair No.

22

32

32

32

32

34

32

32

3"'
32

32

32

33

2-7

•7-13
•5-13
•73-13

•72-13-97

•5-11
•7-13-41-163
•5-19-37
•7-11-29
•5-13-19
•72-13

-52-13.31

•5M3

19-23
34-5-ll-59

5
5

11
5
5

29
5
7

13
29
5

149
149
11
89

•11
•17
•19
•41
•193
•89
•977
•887
•521
•569
•53-97
•449
•449
• 13523
•5309

127
193
449
457

2129
5281

10753
13313
14081
33601
57457

134401
134401
311041
950401

72
108
240
252

1164
2700
5868
7104
7308

17100
31752
67500
67500

162288
477900

(1) of [4]
(10) of [4]
(7) of [4]

(13) of [4]
(14) of [4]
(15) of [4]
(11) of [4]
(9) of [4]
(3) of[l],
(8) of [4]

(37) of [4]
(21) of [4]
(22) of [4]
(3) of [5]

(23) of [4]

Wulf

column of the table gives the number of the pair au, as in the numeration of Escott

[4] or others.—Theorem 3 is applicable to any amicable pair resulting from its applica-

tion. But this is of purely theoretical interest, since the arising values of qx, q2 become

too large for the available primality tests.

Now we return to Eq. (9) and note that it is actually irrelevant for our purposes

whether s is prime (and hence au and as amicable) or not. Should we restrict ourselves

to Theorem 3, then we should not get those Thabit-rules of Theorem 2 for which only

p = u + <j(u) and not s = a(u) — 1 is a prime.

But these cases may yield to some of the known methods for constructing amicable
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pairs. For instance, put u = Drtr,, assume a and o are given, and ask for suitable values

for the primes ru r2. Then, apply E. J. Lee's bilinear diophantine equation method

(BDE method for short) [7], which may be stated as follows: With given naturals

ax, a2,form

F .= r(a2Mfll),       G .= a2o-(a2),

D .= axa2 — t(a,)t(a2),

and take any decomposition of (F + D)F + DG = DXD2 into two natural factors

Du D2. If then

r,; = (Di + F)/D (f=l,2)

and

s = a-~\ fri + D(r2 + 1) - 1

are primes and (ru r2) = (rxr2, ax) = (s, a2) = 1, then the numbers axrxr2 and a2s are

amicable.

Now, for our purposes, we put ax = av and a2 = a, and check only whether two

numbers rx,r2 formed as in the above procedure are prime, distinct, and prime to a,.

Regardless of s being prime or not, we test whether

p = u + a(u) = vrxr2 + o-(v)(rx + l)(r2 + 1)

is a prime and p X a. If such is the case, then we have found a Thabit-rule of the form

treated in Theorem 2.

As an application of the method just described, we put V m \, that is u = rxr2,

fi 5^ r2. (We have seen in Section 3, that this is the simplest possibility for the prime

decomposition of u.) It then follows that Eq. (7) of Theorem 2 is satisfied if and only if

(10) rt = (d< + t(«))/(« - r(a))     (i - I, 2),

where dxd2 = a2. So we get the following:

Theorem 4. Choose any natural a and a factorization dxd2 = a2 of a2, such that

rx, r2, determined by (10), are distinct primes not dividing a. If p = 2rxr2 + rx + r2 •+- 1

is a prime, p X a, then the following rule holds:

mx = apnrxr2qx   and   m2 = apnq2

are amicable if

9i = Cnr2 + l)p' - 1   and   q2 = (r,r2 + l)(r, + l)(r2 +        - 1

are primes not dividing a.

Putting a = 2™, we obtain the special case:

Theorem 5. Let k, m, n be naturals, k < m, and put f = 2* + 1, g m 2m~kf. If

all the following five numbers

rx = i-2m-k - 1, r2 = j-2m - 1,

p = g(2m+1 -1)4-1,      a, = p'HT - Ds + 2] - 1,

Q2 = 2V*[(2" - l)g + 2] - 1
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are primes, then

/Hi = 2mpnr1r2qi   and   m2 = 2mp"q2

are amicable numbers.

With k = 1, m = 2, n = 2, the above five numbers are indeed primes. The resulting

amicable numbers are pair (8) again. With k = \, m = 2 and with k = I, m = 3,

Theorem 5 yields Thabit-rules. The first is of the type considered in Theorem 3, the

second is not (since s = 287 is not a prime).

5. Returning to Theorem 1, we now leave the restrictions made at the beginning

of Section 3, and put, more generally, bL = au, b2 = ao with (a, uc) = 1. Then condition

(1) can be given the form

(ID ^«+-H-.
a   p — 1     <t(u) ff(v)

To solve this equation by trial and error, it is convenient to proceed as follows:

Choose special small values for u and v. Then, since p X o,p must be one of the prime

divisors of the numerator on the right side of (11). Take one of these values for p,

and, if possible, solve the remaining equation for a. Finally, look whether the solution

of (1) thus found yields a Thabit-rule with Theorem 1.

Three of the rules in Table 2 have been found in this way.

Table 2

Thabit-ibn-Kurrah-rules T(bu b2, p, Fu F2) as defined in Section 2,

which are not obtained by Theorem 3

No.      a bi b2        p        Fi F2 obtained by

16 32-5-13 a-29 a-11 113 80X-1 200Z-1 Section 5
17 2-7 a-5-13 a-17 433 246AT-1 1148^-1 Section 5
18 2-5 a-23-29 a-7 1297 674^-1 60660Z-1 Section 5
19 2* ' a-11-23 a 541 254Z-1 73152X-1 Theorem 5
20 32-5-13-19 a-37-113 a 8513 4182X-1 18116424X—1 Theorem 4

One remark is in order: If one has found any Thabit-rule T(bu b2, p, Fu F2), then

it may happen that one of the congruences

Fiip") = 0 (mod r),

for i = 1 or 2, is satisfied identically for a prime, r. Such rules have, of course, been

deleted from our list, since it is evident that they cannot produce more than (at most)

one amicable pair.

6. In the last two sections, we leave the Thabit-rules in the narrow sense of

Section 2 and demonstrate how to use the above ideas for two other purposes. In

Section 6, we shall combine the Thabit-rule method with Lee's BDE method to get a

new method for the constructive search for amicable pairs, while, in Section 7, we
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shall deal with analogues of Thabit-rules in the case of amicable 4-cycles. For short-

ness, we only calculate representative examples and omit the details.

We ask for amicable pairs of the form mx = pnbxq, m2 = pnb2rxr2 with bu b2 given,

n variable, and p, q, ru r2 unknown primes. This means that we replace the prime qt

of our former considerations by the product of two primes ru r2. We demand that

bu b2 and p satisfy condition (1). If we put bx = au, b2 = av with (a, uv) = 1, then

(1) becomes (11).

Example 1. Take w = 53, v = 5. Then,

a(a)    p - 1 72

a p 3

It follows that p = 7, and then that a = 32-13. So we look for amicables

zw, = 32-7"-13-53-o,      m2 = 32-7"-13-5-r,r2      (« = 1, 2, 3, • • •).

Applying the BDE method as stated in Section 4, we find that mu m2 are amicable if

(and only if)

r. = Wi + 45•7"-1) - 1      (i=l, 2)

and

Q = Un + D(r2 + 1) - 1

are prime integers, where

dxd2 = 33-7"-1(75-7n_1 -f- 32).

With n = 2, this yields the new amicable pair

mx = 32-72-13-53-49727,      m2 = 32-72-13-5-167-2663.

Example 2. /«[ = 2-5B-7-o and m2 = 2-5"-^^ are amicable, if n is natural, the

three numbers

r,. = |(8-5n + *) - 1      (/ = 1, 2),

<7 = i(r, + D(r2 + 1) - 1

are integer and prime, and

dxd2 = 24-5"(4-5" + 9).

7. Let r'k) denote the fc-fold iteration of t. If rw(n) = n and rW)(j|) ^ « for

1 <j f < fc, then t(m), • • • , tu)(m) is called an amicable (or "sociable") fe-cycle. This

is an old generalization of amicable numbers (k = 2) recently treated again in [1]

and [3]. In [1], the following method for constructing amicable 4-cycles is given;

Theorem. Let au di (/ = 1, 2) be given naturals with ax ^ a2, axa2 = dxa\. Let

D = axa2 - r(a,)r(a2),

/>,-, = D_l[t(a<+,Ma<) + fl>(ai + 1)],

r, = aTrifliPuPai),

where i, j = 1,2 and a3: = ax. If then the six numbers pH, r{ are primes andpti \ a,,

r< X aoPu 7* Pix for i, j = 1, 2, then the four numbers

Wx-i = aipup2i,      n3i = a,ri      (i = 1, 2)
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form an amicable 4-cycle. For the pit to be integer, a necessary condition is

(12) (a, - a2)(<r(ai)> <r(a2)) = 0 (mod D).

For our present intention, we take a, in the form a, = pnb, (z = 1, 2) with a triple

b\, b2, p (p prime and prime to bj}2), solving Eq. (1) with n variable. We check condi-

tion (12) and then try to apply the theorem. ((12) is automatically satisfied if, for in-

stance, bx = au, b2 = a, with a, u as in Theorem 2.)

Example. ax — 2-5-7", a2 = 2-11-7" satisfy all of our conditions. The theorem

yields: The four numbers

nx = 2-5-7"-pnp21,        n2 = 2-5-7"-^,

/j3 = 2-11 -7"-p21p22,      «4 = 2 • 11 - 7" - r2

form an amicable A~cycle, if the six numbers

Pn - |(7X + 5-7") - 1,        p21 = y(ll-72-x + 7") - 1,

Pi, - \ (7X + n-T) - 1,      p22 = y (5-72""x + 7") - 1,

r, = — rGfo-O      (i = I, 2)

ore primes. Here, X is an integer with 0 g X ̂  2«. The author does not know, whether

this example actually yields a new amicable 4-cycle.

Note that the point of our method is that the denominators D of Sections 6-7

can be made independent of p" by use of condition (1). Many examples similar to

those given in Sections 6 and 7 can be found easily.

For a Thabit-rule like formula for amicable 3-cycles, the interested reader is re-

ferred to [1].
Added in proof. E. J. Lee tested by computer several of the rules given in Tables 1

and 2 for some small values of the exponent n. In a letter dated August 20, 1971,

he announced primality of qx, q2 in the case n = 1 of rule no. 6. This means discovery

of the new amicable pair

34-5-11•5281-29-89-13635541   and   34-5-11•5281•36815963399.
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