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The Minimum Root Separation of a Polynomial*

By George E. Collins and Ellis Horowitz

Abstract. The minimum root separation of a complex polynomial A is defined as the

minimum of the distances between distinct roots of A. For polynomials with Gaussian

integer coefficients and no multiple roots, three lower bounds are derived for the root

separation. In each case, the bound is a function of the degree n of A and the sum d of the

absolute values of the coefficients of A. The notion of a seminorm for a commutative ring

is defined, and it is shown how any seminorm can be extended to polynomial rings and

matrix rings, obtaining a very general analogue of Hadamard's determinant theorem.

1. Introduction. Let A(x) be a polynomial of degree n > 0 with complex

coefficients a¿ and complex roots a„ so that

n n

(i) Aix) = y «.*■' = a» n c* - «.)•
i-0 Í-1

We define sepiA), the minimum root separation of A, by

(2) sepiA) =   min  \a¡ — ak\,
a i*ak

with the convention that sep(A) = °° in case A has only one distinct root.

The computing times required by known algorithms for isolating the zeros of A

depend inversely on sep(A). Hence, we are interested in easily computable functions

f(a0, ■ ■ ■ , a„) of the coefficients such that

(3) 0 < fiao, ••• ,*)£ sep(A).

Heindel [3], in analyzing the computing time of an algorithm based on Sturm's

theorem for isolating the real zeros of any polynomial with integer coefficients, used

a weak lower bound for sep(/l) due to Collins. Pinkert [9], presents an analogous

algorithm for isolating all zeros, real and complex, of any polynomial with Gaussian

integer coefficients. His algorithm is based on Sturm's theorem and the Routh-

Hurwitz theorem and uses a stronger lower bound for sepiA), obtained more recently

by Collins. Horowitz, using another simpler approach, has recently obtained a third

lower bound, intermediate in strength, but just slightly weaker than the stronger

bound of Collins. In the following, these three bounds are all derived, with the hope

of stimulating further research on the problem.
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If A(x) has rational complex coefficients, we can easily compute another poly-

nomial, having the same roots, with Gaussian integer coefficients. Further, if A(x)

has Gaussian integer coefficients, we can easily compute another polynomial A*(x)

with Gaussian integer coefficients, having the same roots as A(x) and having only

simple roots, namely

(4) A*ix) =   Aix)/gcdiAix), A'ix)),

where A'ix) is the derivative of Aix) and "gcd" denotes the greatest common divisor.

Hence, in the following, A is assumed to have Gaussian integer coefficients and no

multiple roots.

Also, the three lower bounds to be obtained will all be of the form

(5) 0 < gin, d) g sepiA),

where n = deg(/l), the degree of A, and d = A.A), where v is some "seminorm".

In the next section, we introduce the notion of a seminorm for a ring and then derive

some lemmas which will be used in deriving the root separation theorems.

2. Seminorms and Resultants. If (R is any commutative ring, a seminorm for

(R is any function v from (R into the nonnegative real numbers satisfying the following

three conditions for all a, b G <R:

(6a) via) = 0    if and only if a = 0,

(6b) via - b) ^ via) + v'b),

(6c) viab) g vid)v'b).

These conditions imply also

(6d) vi-a) = via),

(6e) via + b) g via) + vib).

A norm for (R is a seminorm for (R such that

(7) viab) = via)vib).

For the ring G of the Gaussian integers, a familiar norm is via + bi) = \a + bi\ =

(a2 + b2)1/2. A seminorm for G which is not a norm is v(a + bi) = \a + bi\x =

\a\ + \b\.
Any seminorm v on a commutative ring (R can be extended to a seminorm on the

polynomial ring <R[x] by the definition

(8) "(£«.*') = È"O.).
\7-0 / 7-0

By induction on r, repeated application of (8) extends v to a seminorm on

(R[xi, • • • , xT], which is easily seen to be independent of the order in which the in-

determinates s, are adjoined.

As a special case, (8) defines \A\ and |v4|i for any Gaussian polynomial A(xx, ■ ■ ■ ,xr)

G G[xx, ■ ■ ■ , xT] as extensions of the seminorms for G defined above. For integral

polynomials Aixx, • • • , xr) with rational integer coefficients, the norm \A\X has been
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used extensively for the analysis of algebraic algorithms. See, for example, [1], [2], [7]

and [8]. Its extension to Gaussian polynomials, however, is new.

If M is an arbitrary matrix (or vector) over (R, we define

(9) viM) =   Y Ya »(Mi),
i i

where the summation extends over all entries of M. It is easy to verify that the con-

ditions (6a)-(6c) hold for matrices over (R whenever the operations are defined. In

particular, this extends v to a seminorm for the ring of all n by n square matrices

over (R.

By combining the seminorm extensions for polynomials and matrices, we obtain

the following general analogue of Hadamard's determinant theorem [6, p. 208].

Theorem 1. Let Si be a commutative ring, v a seminorm for (St, M an n by n

matrix over (R. Then

n

(10) e(det(M)) g  II "(A/,)
i-X

where Mi is the ith row of M and detIM) is the determinant of M.

Proof. By induction on n, the case n = 1 being trivial. We denote by M¡,, the

element of M in the rth row and jth column of M, by Af<,/ the submatrix of M

obtained by deletion of the rth row and jth column. By Laplace expansion,

71+1

(11) det(M) =  Y (-l)'+1A/i, det(M,',).
i-i

By (6) and (11),

n+l

(12) Kdet(M)) S  Y viMuHdetiM'u)).
i-X

The rth row of MXj' is a subrow of Mi+X, so

77+1

(13) videtiM'u)) g  UviMi)

by the induction hypothesis. By (12) and (13),

(14) videtiM)) g I]! KM.)} Y "(M,,).
I. i-2 J      i-X

Since Yl-x V(MX¡) = viMx), this completes the induction. D

A corollary of Theorem 1, needed in Section 3, will now be obtained by con-

sideration of certain submatrices of the Sylvester matrix of two polynomials, A and

B, over (R. Let m = deg(^), n = deg(£). The Sylvester matrix of A and B is the m + n

by m + n matrix S whose successive rows are the coefficients of the polynomials

x"~M(x), ■■■ , xAix), A(x), xm'lB(x), ■■■ , xB(x), B(x). Diagrammatically, if

m n

Mx) =  Z^ QiXl    and    B(x) =  ^ b{x\
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(15) 5 =

am     flm-l

am

K    b„-x

b.

a0

a0

a„       am-x     ■ ■

■■■        bo

b„-x bo

a0

b„        bn-x     ■ ■ ■ bo

in which all missing entries are zero. By definition, the resultant of A and B, res(<4, B),

is the determinant of S.

Theorem 2.   Let A and B be polynomials over a commutative ring (R with seminorm

v. Let m = de%(A) > 0, n = deg(B) > 0, c = res(A, B). Then

(16) v(c) g v(AfviB)m.

Also, there exist polynomials U and V over <R such that AU + BV = c, deg(t/) < «,

deg(K) < m,

(17) viU) g miA)n-\iB)m,

and

(18) viV) g mviAfviB)m~l.

Proof. If 5, is the rth row of 5 then A\S,) = v(A) for 1 ¿ i á » and v(Si) = v(B)
for n + 1 g î g m + n, and (16) follows from Theorem 1. Now consider the matrix

S* which is obtained by adding to the last column of S xm+"~ ' times the rth column

of S, for 1 g i < m + n. det(5*) = det(S) = c and the last column of S* contains

the entries xn~ 1A(x), ■ ■ • , xA(x), A(x), xm~ 1B(x), ■ ■ ■ , xB(x), Bix). Applying the

Laplace determinant expansion theorem to the last column of S*, we obtain AU +

BV = c with deg(i/) Sn- 1 and degiV) ¡S m — 1, where the coefficients of U and

V are the cofactors of the last column of S*. Each coefficient of U is the determinant

of a matrix obtained from 5 by deleting one row of coefficients of A and the last

column, and so Theorem 1 yields (17), and, similarly, (18) holds. D

3. Root Separation Bounds. For each of the first two root separation bounds,

we will use the following well-known upper bound on the roots of a polynomial.

Theorem 3. Let A be any nonzero Gaussian polynomial, and let abe a root of A.

Then

(19) H < \A\/\an\

where an = ldcf(y4).

Proof. \A\ ^ \an\, so (19) holds for |«| < 1. Let Aix) = Yi-o aix' and assume

\a\ ^ 1. Then a„an = — Yî-o °.a\ so

(20) H-M'á Z I«*I-M'.
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Dividing (20) by |a|n"\

(21) k|-|«l = Y kl-l«r*+l = Y kl < Ml.
i-0 7-0

from which (19) is immediate. D

Theorem 4 (Collins, 1970).   Let A be a Gaussian polynomial of degree ni 2

with only simple roots, and d = \A\. Then

(22) sepiA) > ildynin~1)/2.

Proof.   Let ax, ■ ■ ■ ,an be the zeros of A and X = sep(A). We may choose notation

so that X = |a, — a2\. Let D be the discriminant of A, so that

(23) D = a2-2 II («. - «*)2.
i<k

and [10, Section 28], D is a Gaussian integer. Since the a, are distinct, 0^0 and

hence |Z>| è 1. Combining this with (23), we have

(24) i ú kr2 n k - <**\2-
i<k

Dividing by X2,

(25) x-2 g kr2    n    k - «*i2-
f<t!(f,i)H(l,l)

There are (n2 — n — 2)/2 factors |a, — e**!2 in (25) and \a¡ — ak\ g |a,| + \ak\ <

ld/\an\ by Theorem 3. Hence,

(26) X-2 g (2í/)n,-n-2/|a„ra-3n.

Now, n2 - 3n + 2 è 0 and |a„| ^ 1 so

(27) X"2 è ildf-"-2 \an\2 < ildf-n,

from which (22) is immediate. D

Theorem 5 (Horowitz, 1973).   Let A be a Gaussian polynomial of degree n ^ 2

with only simple roots, and d = \A\. Then

(28) sepM) ^ ind)~4n+\

Proof.   Let ax, ■ ■ ■ , an be the zeros of A and X = sepiA). We may suppose that

X = k — a2|. By Theorem 2, there exist Gaussian polynomials U and V such that

(29) AU + A'V = c,

deg(£7) g n — 2 and deg(K) S » - 1, where c =  resiA, A'). Since ^(x) =

a» II"-1 (* - «.). we flave

(30) ¿'(je) - an Y     II     (x - «*)•
Í-1  lStS»;.Vi

Evaluating (30) at x = «i, we obtain

n

(31) A'(ax) = a„ II («i ~ «.)•
i-2

Hence, evaluating (29) at x = t*i and using (31),



594 GEORGE E. COLLINS AND ELLIS HOROWITZ

(32) \anIL{on-ai)jV(ai) = c.

By [10, Section 28], c = anD, where D is the discriminant of A, a nonzero Gaussian

integer. Hence, Viax) ¿¿ 0 and, by (32),

It

(33) sepM) =  D/ Viax) J[ iax - a{).
7-3

\A'\ g n\A\ so

(34) | V\ Ú nd2n~2

by Theorem 2. Since degiV) g n — 1 and k| < d,

(35) \Viax)\ g  \V\-d"-1 g «V3""3.

From (33) and (35), using \D\ ^ 1 and \ax — a,| < 2c?,

(36) sepM) è 2-"+V"er4n+\

The proof is completed by observing that nä2. D

In order to obtain the third root separation bound, we construct a Gaussian

polynomial B* whose roots are all the differences a, — a, with / 9e j. The idea of

constructing B* as a resultant was suggested by some current research of R. Loos

[5]. After obtaining upper bounds for the coefficients of B*, we will apply the following

well-known theorem to obtain a lower bound for the roots of B*, and hence for

sepiA).

Theorem 6. Let Aix) = Yî-o aix' oe a complex polynomial of degree n > 0,

with a0 9e 0. If a is any root of A, then

(37) H > \     min      \ao/a{\t/4.

Proof. Let A*ix) = xnA(x~x) = Yi-o ßw-tX*. A* is a polynomial of degree n

whose roots are the reciprocals of the roots of A, for

n n

A*ix) = anx" II (*~l - «.) = a« II O ~ «••*)
7-1 i-X

= ia» n (_«.)n n (*— a^n= «»k/«») n (* - «r1) = a0 n ix — «-1).
k i-l )    \i-X ) 7-1 i-1

Hence, A*(a~1) = 0 and, from [4, Exercise 4.6.2.20], we have

(38) \al\ < 1 max k/flo|V<,
ISiSn

from which (37) is immediate. D

Theorem 7 (Collins, 1973). Let A be a Gaussian polynomial of degree n ^ 2

with only simple roots and d = \A\. Then

(39) sep(^) > W/2n/2dyn,

where e is the base of the natural logarithm.

Proof. Let 5(s) be the resultant of A(y) and Aix + y). If the coefficients and

roots of A are given by (1), then,
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(40) Aix + y) = a„tl(y - («, - x)).
i-X

Expressing the resultant B(x) as a symmetric function of the roots of A(y) and Aix + y)

by the theorem of van der Waerden [10, Section 28],

(41) B'x) = a2nn    II    (* - («< ~ «,))•
X Si.i in

Since a, = a, if and only if i = j, Bix) = x"B(s), where

(42) Six) = a2nn Uix - (ex, - a,)),
irH

is a polynomial of degree n(« — 1) with 5(0) ?± 0. Also, (42) can be written in the

form

(43) B'x) - a2: II (*2 - (<*i - <*i)2),
i<i

so that, if Bix) = 32S3T" biX\ then 5, = 0 for i odd.
Expanding A(x + y) in a Taylor series,

(44) ¿(* +jO = £ u(i,oo/i!}*\
t-0

where Aix) is the rth derivative of A. Let

n

(45) /l*(s, y) =  { ¿(s + y) -  A(y)}/x =  £ { ¿"»(jO/II)*"1.
7-1

Let Af be the Sylvester matrix of /4(j) and ^4(s + j). If we subtract the rth row of M

from the (n + i)th row and then divide the latter by x, for 1 ¿ / ¿ n, we obtain a

matrix M such that det(Af) = xn det(M). The first column of M contains an in the

first row and zeros elsewhere. Hence, det{M) = an det(M*), where M* results from

M upon deletion of its first row and column. But M* is the Sylvester matrix of A(y)

and A*(x, y), so

(46) Bix) = anB*ix)

where B*ix) is the resultant of A(j) and A*ix, y).

We now proceed to obtain bounds for the coefficients of B*. Let

t+i

(47) Ai'x.y) =  Y U'W/'I)*'"'.
i-l

so that Ak* is the result of deleting from A* all terms of degree k + 1 or greater

in x. Since A* and ^4t* are both of degree n — 1 in >>, 5*(s) = Bk*(x) (modulo xk+1)

for /c ^ 0. Hence, the coefficients of xk in B*(x) and 5fc*(x) are identical, and, if

B*(x) = ¿&-u &,*x', then

(48) lôjfl g |flf|.

Now, M(°0)/i!| ^ CK so, by (47),

(49) \AHx,y)\ á ïi("Vge«*+k
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By Theorem 2 and (49),

(50) |Bf | ^ ennu+1)"d2n-1.

By (48) and (50), together with |V| ^ L

/C1\ lfc*/J,*  l1/2t   ■>   „-»/2„-3n/2 J-7.+ 1/2
(51) \bo/b2k\       ^ e      n       d

for k è 1. Since b{* = 0 for / odd, by Theorem 6,

(52) k - «,| > W"n/2dy\

completing the proof. D

The computing time of Pinkert's algorithm in [9] for isolating the zeros of a

Gaussian polynomial A is dominated (in the sense of [2]) by a polynomial function

of n = degiA), log d where d = \A\, and log X-1 where X = sep(,4). Specifically,
n7(log ¿X_1)(log ndX'1)2 is derived by Pinkert as a dominating function. If u'rJ"

denotes codominance of functions as in [2] and if Ci(w, d), Hin, d) and C2(«, d) are

the bounds on sepiA) given by Theorems 4, 5 and 7, then we have

(53) log Cxin, d)~l ~ n   log d,

whereas

(54) log H'n, d)'1 ~ log C2(«, e/)-1 ~ n log ne/.

Thus, although C2(n, d) is generally a much sharper bound than H(n, d), the use of

either yields n10 (log ndf as a dominating function for the computing time of Pinkert's

algorithm.

When n = 2, sep(/l) can be given explicitly. If A(x) = ax2 + bx + c has two

distinct roots, then

(55) sep(^) =  \b2 - 4ac\W2/\a\.

Also, by Theorem 4, sep(^) > l/ld. Let a = k, b = Ik — 1 and c = /c — 1 with

fc 2 1. Then d = \A\ = 4k - 1 and sep(/l) = 1/fe < 4/(4fc - 2) = 4/d.
Define

(56) ¿(n, <0 = min{sep(/4) : deg(^) = n & \A\ ^ </}.

Then, we have just shown,

(57) L(2, d)~d-\

It does not seem unreasonable to ask for an explicit relation such as (57) for L(3, d),

but we have thus far not succeeded with this apparently simple problem. We know

only, by Theorem 7 and some obvious examples, that

(58) <T3 < L(3, d) < <T\

where "<" is the dominance relation.
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