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A Least Squares Procedure for the Wave Equation

By Alfred Carasso *

Abstract. We develop and analyze a least squares procedure for approximating the homoge-

neous Dirichlet problem for the wave equation in a bounded domain SI in R . This pro-

cedure is based on the pure implicit scheme for time differencing. Surprisingly, it is the

normal derivative of u rather than u itself which must be included in the boundary func-

tional. This normal derivative is an unknown quantity. We show that it may be set equal to

zero while retaining the O(k) accuracy of the pure implicit scheme. The penalty is that

one must use smoother trial functions to obtain this accuracy.

1. Introduction. In a recent paper [4], Bramble and Thomée describe least

squares methods for the heat equation in a bounded domain ß in RN, under

Dirichlet boundary conditions. The importance of such a procedure, in the context

of the numerical computation of time dependent problems by variational methods,

is clear. Unlike the usual Galerkin methods, the trial functions need not satisfy the

boundary conditions, and hence one can handle problems in a general domain.

Moreover, the ideas developed in [4] would seem to have application to other

evolution equations. In the present note, we develop the corresponding theory for

the wave equation. We hope to consider other time dependent problems in a later

report. Since the discussion in [4] is very transparent, we have adhered closely to the

notation and organization of [4]. For the sake of brevity, we will only consider a

least squares procedure based on the "pure implicit" scheme. However, the

discussion is easily extended to the Crank-Nicolson scheme. It would be interesting

to construct least squares methods based on explicit schemes, since, for hyperbolic

problems, the requisite stability conditions are tolerable.

2. The Analytic Problem. Let Ö be a bounded domain in RN with a smooth

boundary 3ß. We seek to approximate the solution of the mixed problem

u„ = Aw, x e ß,   t > 0,

u{x, 0) = f{x),       x £ n,
(2.1)

u,{x, 0) = gix),       x G ß,

u = 0, x G 3ß,    t > 0.

It is convenient to make use of the spaces H', s > 0, introduced in [4]. Let {Am}m=i

be the (positive) eigenvalues of the negative Laplacian in ß, with zero Dirichlet data

on 3ß, and let {rfm}„=i be the corresponding orthonormal sequence of eigenfunc-

tions. For a given v G L2(ß), let {ßm}m=x be the sequence of Fourier coefficients of

v relative to the {<pm}. For s > 0, the Hilbert space Hs is defined to be the subspace
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of L2(ß) consisting of all i/'s for which the norm

/   oo \l/2

(2-2) Ml, =( ,2 Ai|ft,|2J

is finite. Since 3ß is assumed well-behaved, it follows that if s > 1 and v G H', then

v = 0 on 3ß. Hx = C\s>0 Hs is dense in every Hs, and if 5 is a nonnegative integer,

and v G Hx, then the j-norm (2.2) is equivalent to the usual Sobolev norm, ||f|U<.

Expanding in the eigenfunctions of A, in (2.1), one immediately obtains the

following results concerning the well-posedness of problem (2.1).

Theorem 2.1. Let I > 0. For eachf{x) G HM, g{x) G H1, problem (2.1) has a

unique solution, and the following holds:

(2.3) {M;t)\[\x + Ik0,/)ll,2}1/2 = {11/11?+, + Ibrll2}'72-

As indicated by Theorem 2.1, we may as well consider the first order system

equivalent to (2.1). Let G be the 2 X 2 matrix

(2.4) G =

and let U{x, t) be the 2 component vector

0    /

A   0

(2.5) U{x,t) = [u{x,t),v{x,t)]T.

Putting v{x, t) = u,{x,t) in (2.1), we obtain the equivalent problem

(2.6) U = GU,       U{x,0) = [f{x),g{x)]T.

Defining the norm ||t/(i)l|j by

(2-7) HCWIL = {||kM!I2+1 + M-,/)||,T2,      s > 0,

(2.3) becomes

(2-8) \\U{t)l = II I/(0)||„       s>0,,>0.

If i is a nonnegative integer, then by the equivalence of norms, we have

(2-9) \\U{t)\\H. < C,\\U{0)\\H.,       t>0,

for some positive constant Cs depending only on s.

With \m, (¡om the characteristic pairs of -A as above, the characteristic pairs of

G are given by

(2-10) lL±m   =   ±Íy/K,,      $±m   =   Wm,\L±mVmY,

and the $m's  constitute an orthogonal basis in the Hubert space Hs+X X Hs for each

s > 0. If {am)Z_oo is the sequence of Fourier coefficients of the vector V relative to

the $m's,  we note that the s-norm of V defined by (2.7) is also given by

(2-11) IIH|2 = 2 2  kl2l+2k|«m|    •
m= —oo
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3. The Semi-Discrete Problem. Let k > 0 be a small increment in the time

variable. Leaving the space variables continuous, we discretize the time in (2.6),

using the pure implicit scheme, to obtain

(3.1) iI-kG)Wn + l = W,      n = 0,1,2,...

(3.2) W° = [f,g]T.

Expanding in the eigenvectors of G, it is easily seen that one can uniquely solve (3.1)

for each n. For t = nk, let Ek{t) denote the solution operator at time t associated

with the initial-value problem (3.1), (3.2). We then have
Theorem 3.1. Let s > 0 and let IVo G Hs+i x HZ Then Ek{t)W° G Hs+l x Hs

and

(3-3) \\Ek{t)W°\\s < \\W°l.

Proof. Put W° = 2m am^m. Then,

(3-4) Ek{t)W° = 2 \     .nam $m.
m   (1   - kjlm)

Hence,

(3.5) \\Ek(t)w>\£ = 2 2 kl2j+2kl7|i - *mJ2" < 2 2 kl2s+2kl2 = IIw°ll2.
m m

We also have

Theorem 3.2. Let E{t) be the solution operator at time t associated with the analytic

problem (2.6). Then, for all 0 < / = nk < T and all 0 < s < 2,

(3.6) WEkiñW0 - £(0^°||o < Max(2,2T)ks'2\\Wç>||,.

Proof. To begin with, we note that with a real

(3.7) 11/(1 -iko)-e*a\ < 2k2a2.

Since,

1 C       \ ~\ »-• 1
(3.8)-¿«k" = <\-Î-¿k« \ y-e-e-\-w°
V     '       il-ika)" 1(1-,Tea) Jjeoil-ikaY

we have

(3.9) _ _   -ink a
\n *- < 2k2a2 2 \-n < 2«fcV < 2Tka2.

y-o   1 - ikay1(1 -ika)

Putting ia = «m in (3.9), we see that, for s = 2,

(3.10)      |1/(1 - k^T - d*'\ < 2Z"(^l^|2)V2 < Max(2,2D(^kl2)s/2.

The last inequality is also valid when s = 0. Hence, it is valid for 0 < s < 2. Now,

with W° = 2m am<&m, we have E{t)W° = 2 ame""'$m, while Ek{t)W° is given by

(3.4). Therefore,

(3.11) \\E{t)W« - Ek{t)W% = 2 2U/(1 - kp.m)n - e*'|2k|2|« 2
m I   »
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and from (3.10), for 0 < s < 2,

(3.12)     \\E(t)W° - Ek{t)W% < max(2,2r)/cs/2.|2 2 k|2s+2k|2}' *.

This proves the theorem.

4. A Priori Estimates. Equations (3.1), (3.2) define a convergent "method of

lines" for the approximate solution of (2.6). To actually implement this method, one

must be able to approximately solve (3.1) at each time step. We shall construct a

least squares procedure for this latter problem and eventually obtain a fully-discrete

scheme for (2.6). As is well known, the stability of the semi-discrete scheme (3.1),

(3.2) depends entirely on the dissipative character of the operator G when applied

to smooth functions satisfying the boundary conditions. In fact, backward time

differencing is a classical device in proving the Hille-Yosida theorem [5, p. 479].

With certain finite difference analogs for the Laplacian, and with the usual Galerkin

methods using trial functions satisfying the boundary conditions, this semibounded-

ness of G is preserved. Hence, the resulting fully-discrete scheme is automatically

stable. In the present methods, the trial functions do not satisfy the boundary

conditions. It turns out to be an intriguing game to decide how to formulate the

fully-discrete scheme so as to obtain stability. The construction hinges on certain a

priori estimates which we develop in the present section.

We will be dealing with arbitrary elements of the Sobolev spaces HS{Q), s a

nonnegative integer. Such functions will not usually belong to HZ Accordingly, we

use the notation («, v)H>, \\u\\H', for scalar products and norms in HZ For two

component vectors U = [u, v]T, we define

(4.1) l|i/|U. = {||«||^. + ||*}1/2.

We will need the following trace theorem. See [1, p. 38] for the proof.

Lemma 4.1. Let u G //'(ß) and let e > 0. Then there exists a constant y,

independent of u and e and depending only on ß, such that

(4-2) fäau2ds<y{e\\u\\2HI + ±\\u\\2H0y

Let D{v, w) denote the Dirichlet integral

If v is the exterior normal to 3ß and if v and w are smooth functions, we have by

Green's formula

(4.4) f VL\wdx = [  v^ds- D{v,w).
Ja Jda    dv v     '

Let Lk denote the operator I - kG of Section 3. The following lemma is the basis

of our procedure.

Lemma 4.2. Let U = [u,v]T be an arbitrary element in //2(ß) X Hl{ti). Then,

(4.5) (1 - k)\\UfHo < \\LkU\\2Ho + p/afl v2ds + k4fd
du

dv

2

ds.
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Proof. We have

(4.6) LkU = U - kGU = [u- kv,v- kAu]T,

so that

HL* U\\2Ho = (u — kv,u — kv)H\ + {v — ki\u,v — k&u)Ho

(4.7)
= \\u\\2H, - 2k{u,v)„, - 2k{v,àu)Ho + \\v\\2Ho + k2\\v\\2H¡ + A;21|AwH^o.

Hence,

/ \\U\\2Ho-\\LkU\\2Ho = 2k{u,v)H1-k2\\v\\2Hl + 2k{v,Au)Ho-k2\\àu\\2Ho

(4.8)
< 2k(u,v)H, + 2k{v,i\u)Ho.

Now, by (4.4),

(4.9 ) 2k (y, àu)Ho = 2kfwv-^ds-2kD{u,v)

while

(4.10)   2k{u,v)H, = 2k{u,v)„0 + 2kD{u,v) < k\\u\\2H, + k\\v\\2Ho + 2kD{u,v).

Hence, from (4.8), (4.9), (4.10),

(4.11) \\U\\2H0 - \\LkU\\2Ho < /ell«!!2,, + k\\v\\2H0 + ±-2fm v2ds + k4fd¡
3w

ds.

Remembering (4.1), the lemma follows from (4.11).

5. The Fully-Discrete Problem. For the approximate solution of (3.1) at each

time step, we shall employ a finite-dimensional subspace Sk of H2{Q) X //'(ß). This

subspace will have the property that given any two-component vector V G H2+s

X H'+s C H2X Hl, there is a vector ^ in S% such that

(5.1) UK- ¥||a#< Ch'+l-'\\V\\J+x,       1 = 0,1,

for all 0 < s < q. Here, C is a constant independent of V and h. The construction

of such spaces is discussed in [2], [3], [4], [8] and their references. Computational

investigations of least squares procedures for elliptic boundary-value problems are

reported in [7]. From (5.1), we deduce that

(5.2) Inf {||* - V\\„o + A||0» - K||„,} < Ch^ || V\\s+x , s < q.

At each time step in (3.1), one must approximate the solution of

(5.3) LkW = V   inß,

(5.4) wl = 0   on 3ß,

where w1 is the first component of W, and V is obtained from the preceding time

step. We now introduce the bilinear form
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(5.5) (*,*), = (Z*4>,Z**)„o + k*Jn ̂  ^ds + TftajL fco*

where ^ = [«í'i,^]7'. and yw > 1/&2 is a weight which will be chosen later. The

above form is defined for all $, ^ in H2 X H[, and ( , )A defines an additional inner-

product on H2X H\ i.e.,

(5.6) M2 =(*,*)A

is a proper norm on H2 X Hl. To see this, we note that ||$||A = 0 implies

(5.7) <pi - k(p2 = 0   in ß,

(5.8) (p2 - JfcAtpi = 0   in ß,

(5.9) dqn/to = 0   on 30.

Eliminating <p2 from (5.8), we get

(5.10) <p, - Ä:2A<p, = 0   in ß.

(5.9), (5.10) imply <p, = 0. Hence, from (5.7), <p2 = 0. Thus, ||0||A = 0 implies

$ = 0.
Lemma 5.l.Let V G H2+s X Hl+S and let W be the corresponding solution of {5.3),

(5.4). Then there is a unique element Ü in Sk. minimizing ||i> — W||A over all $ in S¡¡.

It is given by

dwx 3/i
ds(MO (o,n-Kwi,+i'/.f|

for all F in S¡¡, where wt, fx are the first components of W and F respectively.

Proof. By Pythagoras' theorem, the unique Ü minimizing ||4> — W\\i satisfies

(5.12) {0,F)A = {W,F)A    for all Fin S¡.

Now, if V G H1+s X H,+s, so is W, by Theorem 3.1. Hence, both components

of W vanish on 3ß. Therefore,

(5.13) {W,F\ = {V,LkF)H« + k4¡J^fvds,

which proves the lemma.

We will now describe a family of fully-discrete schemes for solving (2.6). The

schemes differ from one another only in the choice of the weight ykh. Letp be a real

number greater than or equal to 2 and let ykh in (5.5) satisfy

(5.14) 1/A:2 < ykh < Ck2h~>,

where C is a constant as k, h -> 0. Note that (5.14) implies that

(5.15) h < Ck4'"   ask, h -> 0.

For each choice of p, the algorithm is as follows. Given any initial data W° in

Hx+S X Hs, s > 0, we define a sequence of approximate solutions {W") of (3.1) by

means of
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(5.16) (W"+i,F)A = {W\LkF)Ho,   for all Fin Si,

(5.17) W° = W°,

Wn+l being sought in S¡¡. Thus, given a basis for S¡¡, finding fVn+l from W"

necessitates solving a system of linear equations. This system always has a unique

solution because Sg is finite dimensional and || ||A is a norm on S¡¡. It should be

noted that the scheme is defined for any initial data in //0'(ß) X L2(ß). The above

scheme is conceptually different from that described in [4] for the heat equation. For

instance, finding Wx from W° by means of (5.16), is not the same as minimizing

||$ - W\\l over S¡¡ where Wis the exact solution of Lk W = W°. Indeed, according

to (5.11) in Lemma 5.1, the unique element Ul in S%, which minimizes H^-WH^,

satisfies a different linear system, the right-hand side of which involves dw./dv. In

(5.16), we have effectively replaced this unknown normal derivative by zero. The scheme

(5.16), (5.17) is a combination of least squares and penalty methods. At this point, we

wish to make the following observation. Given V in H2 + s x H1+s, let U be defined

by (5.11), and let   W  be defined by

(5.18) {W,F\ = {V,LkF)H„   for all Fin Sg.

Then,

3wi 3/i
(5.19) (0 - w, F)A = k4 f ?P- pds   for all F in S,

Hence,

(5.20)        „O - wl < *-{£, |^| *} '{/» \Î«' - *')í'i•}l !'

From (5.5), we see that

(5-2,)      ki{^(*-+)\2*y<\\ü-*k-

Hence,

(5-22) l^-*IU<*'{jL|^|a*}Va.

Next, by Theorem 3.1, if F is in H2+s X H,+s, so is W, the solution of (5.3), (5.4), and

(5-23) \\W\\ < ||K||,.

Since

(5-24) fjd-ë\2ds < C\\wx\\2Ha,

we get, from (5.22), (5.23),

dp

(5.25) ||¿7- ¡V\\a< Ck2\\V\[

The idea behind the scheme (5.16), (5.17) lies in this last inequality, which shows
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that using the wrong value for the normal derivative in (5.16) leads to an error of

order k2. As will be seen below in Lemma 5.4, this means that the scheme (5.16),

(5.17) is still consistent with the analytic problem (2.6).

With W" as in (5.16), put Wl = Ekh W°, W" = Ekh Wn~x = Enkh W°. The family

of discrete solution operators {Ekh} is bounded uniformly in the Hl X H° norm as

k, h -» 0, n —> oo, nk < T. Thus, the fully-discrete scheme (5.16) is unconditionally

stable. This is the content of

Lemma 5.2.For all W° in H0l X H° and all 0 < nk < T, we have, independently of

h,

(5.26) \\Ei\W0\\H, < CeT'2\\W°\\Ht.

Proof. By (5.16) and Schwarz's inequality,

(5.27) HÑ-'lli < \\W"\U\LkW^\\H, < \\W"\\Ho\\W^\\A.

Hence, \\Ek\+i ̂ °||a < \\Enkh W°\\Ho.

By Lemma 4.2, the definition of the A norm, and the fact that ykh > l/k2,

(5.28) WEkMV0^ < y^jWE^wX < -p^ll^T1 fV°\\W

The lemma follows from (5.28).
Lemma 5.3. Let 0 < i < q, and let W G H2+s X Hl+S. Fix p > 2 in (5.14). Then

there is a constant C independent of W and h such that

(5.29) Inf ||4> - »lU < Ckhf-2^-"l2\\W\\x+s.

Proof. For any U = [ux,u2]T e H2 X Hx, we have

IIt/Iß = II«. Hi. - 2k{ux,u2)H¡ - 2k{u2,Aux)Ho + \\u2\\2Ho + k2\\u2\\2H¡ + *2||Ak,||Í,.

(5.30) +Y«/8nkr^ + A:4/90
3w,12

ds
9k

< Cdlmlfe. + ||M2||2wo) + Ck2{\\ux\\2Hl + \\u2\\l) + ykhfda \u2\2ds

where we have used (5.24). Hence,

1MB  <  Ck2{y2\\Ui\\2H, +¿||«2||2,. + p/M \u2\2ds + \\ux\\2H* +  \\U2\\2H^

< Ck2{k2h'"\\U\\2„o + \\U\\2Hl + K' fM \u2\2ds)

where we have used (5.14), (5.15). To estimate the boundary integral in the last

inequality, we use Lemma 4.1 with e   = h. We obtain

,    ^   \\u\\l < ck2{k2h-"\\u\\2Ho + h-^nuwb + llt/||2„, + h-^\\u\\U
(5.32)

<Ck2h-^{\\U\\2H» + h2\\U\U

so that

(5.33) ||i/||A< Ckh-^'2{\\U\\H, + h\\U\\HZ.



A LEAST SQUARES PROCEDURE FOR THE WAVE EQUATION 765

Consequently, using (5.33) and (5.2),

(5.34) Inf ||$ - »1|a < Ckh^+i-^2\\W\\l+s

as required.

Recall that E{t) is the solution operator for the analytic problem (2.6), Ek{t) that

for the semi-discrete problem (3.1), (3.2), and Ekh{t) = Ekh is the fully-discrete

solution operator. In Lemma 5.2, the stability of the fully-discrete scheme was

proved. The next lemma shows that the scheme is consistent with (2.6) whenever q

in (5.1) is chosen greater than {p - l)/2.

Lemma 5.4. Fix a p > 2, in (5.14) and let V G H"+1 X H"+l. Then

(5.35) ||£tt V - Ek{k)V\\Ho < Ck{hto«-*l*\\v%+v + k\\V\\x).

Proof. By Lemma 4.2 and ykh > l/k2,

(5.36) \\Ekh V - Ek{k)V\\Ho < a/y^ II3» V - Ek{k)V\\A.

Since V G H2+s X Hl+S, s > 0, Ü defined by (5.11) minimizes ||4> - Ek{k)V\\A over

SU. Hence, using Lemma 5.3 and Theorem 3.1,

(5.37) \\Ü - Ek{k)V\\A < Ckhto+l->>V2\\Ek(k)VW+x < O***1^* || *%+,.

Next, W = Ekh V defined by (5.18) satisfies (5.25). Hence, by the triangle inequality

and (5.36),

(5.38) \\Ekh V - Ek{k)V\\H0 < Ck{h^-»V2\\V\l+x + k\\V\[),

as required.

Using the Lax Equivalence Theorem, it follows from Lemmas 5.2 and 5.4 that

the scheme (5.16), (5.17) converges to the exact solution ef the analytic problem

(2.6) ask,h^ 0, nk < T, for all initial data W° in H<¡{Q) X L2(ß). For such data,

the theory does not provide any information on the rate of convergence. On the

other hand, for smooth W°, we have the following

Theorem 5.1. Let a = Ma\{q + 1,2) and let W° G H°+l X H"; then there is a

constant, CT, depending only on T, such that, for 0 < t = nk < T,

(5.39) \\Ekh{t)W0 - E{t)lV0\\H0 < Cr^^-^WW^x + k\\W%).

Proof. We use the identity

Ekh{t)W° - Ek{t)W° = Enkh W° - Ek{nk)W°

(5.40)

= 2 E^~'{Ekh - Ek{k))Ek{jk)W°
j-0

and Lemma 5.2 to obtain

(5.41)       \\Ekh{t)W° - Ek(t)W°\\Ho < cle^2Uax\\{Ekh - Ek{k))Ek{jk)WQ\\Ho.
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Using Lemma 5.4 and Theorem 3.1,

\\{Ekn-Ek{k))Ek{jk)W0\\Ho

(5.42) < Ck{k\\Ek{jk)W°\\x + h^^-^WE.U^W^x)

< OtÍA(2í+,-')/2||W0IU, + k\\W°\\x).

Hence,

(5.43)   \\Ekh{t)iv0 - Ek{t)w°\\Ho < CTe^ft^-^Ww0^ + *||h"1}.

Next, by Theorem 3.2,

(5.44) \\E(t)W° - Ek{t)W°\\Ho < CTk\\W°\l.

The result follows from (5.43) and (5.44).

Remarks. As a consequence of (5.15), the error bound (5.39) has the form

(5.45) \\Ekh{t)W° - E(t)W°\\H. < CrM|^°||2 + *«*+2-2'>/'||W°||1+,}.

Hence, the smallest possible error is 0{k) and it occurs when q and p are such that

(5.46) P = {4q + 2)/3.

Let the initial data W° be sufficiently smooth. Then, given any positive integer value

of q in (5.1), we obtain 0{k) accuracy by choosing/? to satisfy (5.46). If we choose

q = 1 and take for S¡¡, for example, the space of two component vectors where the

first component is a quadratic spline and the second component is piecewise linear,

we obtain 0{k) accuracy in the Ho X L2 norm, by choosing p = 2 in (5.14).

However, this requires

(5.47) h < Ck2   ask,h^ 0.

Such a constraint on h is not practical. By using higher values of q, i.e., smoother

trial functions, we can obtain 0{k) accuracy with a more favorable mesh inequality.

For example, using quintic and quartic splines, i.e., q = A, we have 0{k) accuracy,

with h < C/c2/3. Other choices of p and q yielding 0{k) accuracy are summarized

in Table I below.

The above remarks concerning 0{k) accuracy assume that W° G H>+" X H"

with a = Max(^ + 1,2). More generally, we have

Theorem 5.2. Let W° G Hs+l X Hs,s > 0. Choose a positive integer q in (5.1)

and let p in  (5.14) satisfy (5.46). Then, for 0 < / = nk < T,

(5.48) \\Eu,(t)W° - E{t)W°\\Ho < CrA:Mta<1',/<,+«»||W'0||s.

Proof. For arbitrary W° G Hà X L2, we have from Theorem 2.1, Lemma 5.2 and

the triangle inequality,

(5.49) \\E{t)rV° - Ekh{t)W°\\Ho < Cr||W0||wo.

If W° G Hq+2 X Hi+", we have, from (5.45) and (5.46),

(5.50) \\E{t)W° - Ekll{t)W°\\H0 < CTk\\W°\\x+q.
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Table I

Degree of

Splines in  S^ q p Mesh Inequality

2x1 1 2 h<Ck2

3x2 2 10/3 h < Ck6,s

4x3 3 14/3 h < Ck6'7

5x4 4 6 h < CÄ;2/3

6x5 5 22/3 h<Ck6/11

7x6 6 26/3 h<Ck6113

8x7 7 10 /! <Cfc2/5

9x8 8 34/3 h<Ck6111

10x9 9 38/3 h<Ck6/19

11 x 10 10 14 h<Ck211

Next, the spaces //s+1 X //s with the norm (2.7) have the interpolation property

discussed in [4,Lemma 2.2]. Hence, the result follows from (5.49), (5.50).
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