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Estimates Near Plane Portions of the Boundary

for Discrete Elliptic Boundary Problems

By C. G. L. Johnson

Abstract.   We consider an elliptic difference operator together with certain boundary

difference operators near a plane portion of the boundary parallel to some coordinate

direction.   We prove discrete analogues of known estimates in   L     and Schauder norms

for elliptic boundary problems.   The discrete estimates are then used to prove results

about convergence near plane portions of the boundary of difference quotients of so-

lutions   u„   of a discrete elliptic problem to the derivatives of the solution   u   of the

corresponding continuous problem, when it is known that   un   converges to   u   in the

maximum norm or in a discrete   L„   norm as   h   tends to zero.

0.   Introduction.  Denote the coordinates in Ed+l   by x = (x0,x') =

(x0, Jtj, • • • , xd), let  a = (ct0, oí), a' = (a,, • • • , ad)  be multi-indices  (a,-  non-

negative integers), loci = z£ «;> la'l= 2f a/> and set °a ~ (9/9*of° * ' ' te>/dxdfd

and D01' = (d/dxyf1 • • • (b/dxdfd.

Let Í2 be a bounded domain in the half space Hd+1 = {x: x0 > 0} such that

9£2 n {x0 = 0} contains an open set T in the plane x0 = 0. Consider the boundary

problem

(0.1)
Au = f      in  Í2,

Bku - gk    on  T for k = 1, • • • , m,

where A = 2|a|_2m aaDa   and Bk = 2|a|=m   bk<aLf  are differential operators

with constant coefficients and no lower order terms.  If (0.1) is elliptic, i.e., if A  is

properly elliptic and the  Bk  satisfy a certain complementary condition, then one can

prove the so-called "Schauder estimates up to the boundary" (see Agmon-Douglis-

Nirenberg [1]):

Proposition 0.1. For any domain  £2' CC Í2 and any noninteger s >

max(2/rz, mt, • • • , mm), one has
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(0.2)  IIIhIII^. < C(s, £2')    IIU«IIL_2ffI,n + Z   »l^«(0, • )lll4  _   r + ll«ln

Here, we write  £2' CC £2   to denote   £2' C £2  and   £2' C £2 U T.   Furthermore,

Il • lln   denotes the maximum norm over  £2, and   III • llls a    and    III • III r, for   s

a positive honinteger, are Holder norms as usual given by

. \Dau(x) - Dau(y)\
lllulK,a = llu\s\ ,n +   max        SUP       -——'

|a|=[s] x,yGil;x*y \x-yf'[s'

where   lli/ll^,^ = maX|a|<rj]  ll-DaHllu, and analogously for   lll"llljr.

Now let  «  be a positive parameter and introduce the set of mesh points Edn+ '

= {x = (z0h, ' • ' , zdh): z, integers}.  We denote by  £2^   the mesh points in  £2.

Consider a consistent difference approximation of (0.1) in  £2' CC £2,

Ahu = f     on  {xn > mh} n £2L

(0.3)
Bk hu = gk    on  {x0 = 0} n £2^,   for  k = 1, • • • , m,

where Ah   and Bk n   are difference operators of the form

Ahu(x) = h-2m]Tcvu(x + vh),
V

Bkhu(x) = h~mktTdkvu(x + vh),
v

with constant coefficients and a finite number of terms.

The purpose of this paper is to prove discrete analogues of the Schauder esti-

mates (0.2) and similar estimates in discrete  L    norms  (X < p <°°)  for the problem

(0.3) under the assumption that An   and the  Bk n   satisfy conditions which are

analogous to the conditions in the continuous case.  Such estimates can then be used

to prove results about convergence up to the plane boundary   T  of difference quo-

tients of solutions un   of (0.3) to derivatives of solutions  u of (0.1) when it is known

that  un   converges to  u  in the maximum norm or in a discrete L    norm as h

tends to  0.

Note that we assume that the number of boundary conditions in the difference

approximation (0.3) is exactly  m.  This means that we do not consider very accurate

difference operators An   involving many mesh points and requiring extra boundary

conditions.  Discrete Schauder and L    estimates for such more general problems can

be found in [8] from which the material of this paper is taken.

The basic work is concerned with the discrete problem

Ahu = /     on   {xn>mh},(0.4) h °

Bk,hu =8k    on   i*o = °)   for  k = I,- - • ,m,
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in the half space Hh = {x E £^+1 : x0 > 0}   in the case h = 1.  In Section 1, we

give a definition of an elliptic discrete boundary problem in a half space which is

modelled after the corresponding definition in the continuous case.  If (0.4) is elliptic

in this sense and u  is a solution of (0.4) such that  u(x)  is sufficiently small for   \x\

large, then, as shown in Section 3 one can construct a representation formula expres-

sing difference quotients  9"u  of u  for   \a\>2m  in terms of Anu  and

Bk nu(0, ' ) = gk, k = 1, • • • , m.  Let us describe this construction in some detail

and, for simplicity, let us then assume that Anu = 0. The general case is handled by

using a discrete fundamental solution corresponding to An. We introduce a discrete

Fourier transform defined by

Fü(|') = Í(|')=   £   u(x'>-i<íV>,     ü'eEd,

x'eEd

where   ^x^Ed \u(x')\< °°.   For  w G LAß1), where  Ôd = {£' ££"*: Ifyl < ff}, we

also introduce an inverse Fourier transform,

F_1W = w(x') = (277)""   f      vv(£V'<£V> <#,       *' C Ed.
JQ

We recall that, if w G i^ô^), then  (wv)v can be written as a convolution

(wu )"(*') = w * v(x') =    £   w(x'-y')v(y').
y'^Ed

Taking discrete Fourier transforms in (0.4) (with h = 1 and / = 0) with respect to

x we obtain, for fixed %', a boundary problem for certain ordinary difference oper-

ators. Under our ellipticity assumptions, this problem has a unique bounded solution

given by

m

"(*o> ?') = Z Mk(x0, %')gk(%'),
fc=i

where the Mk   are certain functions given in Section 2.  In principle, we then obtain

the desired representation by inverse Fourier transformation.  For technical reasons, we

shall use a representation of the form

m   _ m v

(0.5) 9«M = £ £ F"1 [M«. gk¡] = ZLK* %>
fc=l   / k=X   j

where the M^-  are certain functions constructed starting with the Mk  and the gk •

are certain difference quotients of the gk.  We note that the Mkj  act as Fourier

multipliers.

In Section 4, we prove some basic estimates for convolution transforms of the
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form (0.5) taking functions defined on Ed into functions defined on Hy.  We then

use some discrete Besov spaces equipped with seminorms analogous to the seminorms

for the homogeneous Besov spaces given in Peetre [11]. In Section 2, we prove estimates

for the Mk which allow us to apply the results of Section 4 to the representation (0.5)

to prove discrete Schauder and L    estimates in the case of a half space.

The discrete Schauder estimates are proved in Section 5 where we also give complete

analogues of the continuous estimates (0.2), the proofs of which are based on a weighted

norm technique. The discrete L    estimates are given in Section 6. Finally, in Section 7,

we prove results about convergence of difference quotients and we also give some examples.

The results of this paper are related to earlier results by Bondesson [3] and Thome'e

and Westergren [15], who obtained interior discrete L    estimates, and to results by

Thome'e [14] who proved interior Schauder estimates. L2 estimates near plane portions

of the boundary for certain difference operators approximating second order differential

operators under Dirichlet boundary conditions were derived by Thome'e [14], and

Grigorieff [6] proved similar estimates for certain difference operators under general

boundary conditions. For some results in the case when the boundary plane is not parallel

to the grid, see Schaeffer [12].

Let us also remark that the results can be extended to the case of smoothly varying

coefficients and operators with lower order terms.

I want to thank Professor Vidar Thome'e for suggesting the problem treated in this

paper and for his encouragement and criticism during its preparation. I also want to thank

Professor Jöran Friberg for critically reading an early version of the manuscript.

1. The Discrete Boundary Problem. Preliminaries. We recall the definition of an

elliptic boundary problem in the special case of a half space and differential operators

with constant coefficients and no lower order terms (cf. [1], [2], [9] for example).

Definition 1.1. The boundary problem

Au=    £    aaDau=f    inHd+1,

(1.1) M=2m

Bku=    T.     bk,aD°C=gk   on  {x0=0} for k= I,--',m,
\a\=mk

is said to be elliptic if the following conditions are satisfied:

(a) ellipticity of A :

A(X)=    H     a¿a*0  &»£ = «„,••• Jd)€£d+1\{0}.
\a\=2m

Here f = £° • • • fdd.

(b) root condition:   The equation Atfr) = ^\a\=2m «a(/^')a T ° = 0  has  m

roots Ti, ' • • ,TP with negative real part (counted with multiplicity) for  |' =

(*!>••-, ?<*) € Ed\ {0}.   Here   $*  = fxl • ■ ■ fdd.
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(c)  complementary condition:   The polynomials

BkX(r)=    Ta    bka(n'fra°, k=l,---,m,
\ot\=mk

are linearly independent modulo A~¡-(r) = IT?L, (r - 7|.)  for  £ GEd\ {0}, i.e., if

B'kX(T) = Bkç(r)   (mod A-,(t)),

m-t

B'k,fte)=   Z  Bks(t')Ts,
s=0

then

det(Bks(t')) ± 0    for  £'G £d\ {0}.

Remark 1.1.  A differential operator A = 2|a|=2m aot^a  is sai(* to oe properly

elliptic if A   satisfies conditions (a) and (b).

We now turn to the formulation of a discrete analogue of the boundary problem

(1.1).  For complex-valued mesh functions we introduce the translation operator   T%

defined by  T¡¡u(x) - u(x + vh), where  v = (v0, ■/) = (v0, vit • • • , vd), v¡  in-

tegers, and the forward difference quotients,

ónju = h-l(Ten> - I)u    for / = 0, • • • , d,

where / is the identity operator and e,  the unit vector in the direction of x.. We

also set, for an arbitrary multi-index  a,

K» = K°o---<>   and   V°u = bah]. •■■oanddu.

In the sequel, we frequently omit the index « and write  T",ba and 9a   instead of

We shall consider difference operators of the form

(1.2) Ph=h~"T.q»Tf>'  n a Positive integer>
V

with constant coefficients and a finite number of terms.  Such a difference operator

Ph   is said to be consistent with the differential operator P if for all  iíEC"^1)

and xGEd+1,

Pnu(x) = Pu(x) + o(l) as h —> 0.

The following proposition gives an alternative way of expressing the consistency

of Ph   with  P.

Proposition 1.1(cf.[15]). The difference operator Pn = h~nT,v qvT¡¡ is con-
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sistent with the differential operator P = 2| a|=n aa Da if and only if there are con-

stants av„  such that

Ph- t z<«>
a

where   S„ a^ = aa for   la I = «.

Consider now a discrete analogue of the boundary problem (1.1) of the form

Ahu=f      on   {x0>mh} r\Hn,

Bknu = gk    on   {x0 = 0} n Hn   for  fc = 1, • • m,

where Ah = «-2"%c„ 7£   and Bkh = h  mkY,vdkv Tvn, k = 1, • • • , m, are

difference operators of the form (1.2) consistent with A   and  Bk, k = 1, • • • , m,

respectively.  We shall assume that  cv = 0  if vQ < - m  and dk v = 0  if v0 < 0,

so that no points with x0 < 0  enters in the formulation of (1.3).

According to Proposition 1.1, there are constants a£   and  b\ a   such that

An= t z<«,
\a\ = 2m v

Bk,h =    T    Tbvk,aTvnbl    for *=1, •-,«,
|a|=mk   i>

and

Z   aa   = aa for    'a' = 2m>

Tbvk¡a=bka    for   Ial = n2k,fc = 1, • • • ,m.
V

Using the notation

ba'(£) = (e'il - if1 • • • (etd - if,    CU', tv'> = Z %,*,,
i

we introduce the following functions of the complex variable  t:

«t'Oo=i>,y <tv>a + oyo

=    Z    E<i,<t''',,(l+r)V(|')r8'',
\a.\ = 2m   v

Kxte) = Tdk,ven%'y)(\+r)^
V

=    Z    Z^,a^'y>0+T/°9a'(r)^0    for Jfe = l,-..,m..
\a\ = mk  v

Further, we introduce the symbol of the difference operator An,

«GO = £c,/<*■">,    where  (%,v)  = £  %»,-
v j=0
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We now give our definition of an elliptic discrete boundary problem in a half

space.   Heve,È" = E"\E!¡n  for n =d,d+ I.

Definition 1.2.  The discrete boundary problem (1.3) is said to be elliptic  if the

following conditions are satisfied:

(a') ellipticity of Ah:   a(?)^0for   %GEd+1.

(b') root condition:  The equation  (1 + r)mfl^(r) = 0  has exactly  m  roots

t\, • • • , t^  such that   11 + r \< 1   for  £' G Èd.

(c) complementary condition:   The polynomials bk t'(r), k = 1, • • • , m, are

linearly independent modulo a~(r) = U^=1(t - tL)  for  %' G Èd, i.e., if\d

b'kXte) = bkX(r)   (modat-(T)),       b'kX(T)=   Z  ¿^'V,
i=0

then  det(bks(£)) # 0  for  ij'E/K

Remark 1.2.  Using only the assumption about ellipticity of /lft, we obtain that

the number of roots of the equation  (1 + T)ma^'(T) =0   in the disc  {|1 + r |< 1}

is constant for  £' G Ed.  This holds because, by the ellipticity, there are no roots with

|1 + t\ = 1   for  %' G Ed.  Assume now that the coefficients cv  of An   satisfy the

following condition:

(1.5) cv = 0   if  li>0|>m.

Then there are at most   2«z   roots of the equation  (1 + T)mat'(r) = 0.  Since Ah   is

consistent with the properly elliptic differential operator A   of order  2m, there are

(cf. the proof of (ii) in Lemma 3.2) m  roots of the equation  (1 + T)ma^(r) = 0 in

the half plane   {Re r > 0}   and  m   roots in the disc   {Il +tI< 1}   if   l|'l   is small.

It follows that there are exactly  m   roots in   {Il +tI< 1}   if   l|'l is small.  Thus,

if (1.5) is valid, then the root condition is a consequence of the ellipticity of An   and

the consistency of An  with the properly elliptic operator A.

We assume that the continuous problem (1.1) and the corresponding discrete

problem (1.3) are elliptic.

Let us conclude this section with the introduction of some discrete (semi) norms.

For  £2 C Ed+l, let   Fh(£2)  be the set of complex valued mesh functions defined on

Slh = £lC\Ed+1   and, for x, y G Ed+1, let   [x, y]   be the set of mesh points z  in

E¡f+1   suchthat xj<zJ<yi  for / = 0, • • • , d.  For  0<#<1,   l<p<°°  and

/'  a nonnegative integer, we then define

j \b"u(x) - bau(y)\
luli+d,nh =max]-■-: \a\=j,xi=y,

(       Ix - y I

[x, x + ah] U [y, y + ah] C £2 '

l"l,l.P.ah = max (hd+l Y |9<*i/(x)lp)1/p,
lal=/
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where we sum over x  such that   [x, x + ah] C £2^   with the usual modification if

p = °°.  If / = 0, we shall frequently write   II«II   n     instead of  \u\0    n     and, in

particular for the maximum norm, Ilulln     instead of   l«l0oon  .  We also introduce

corresponding norms for mesh functions defined on subsets of Eh = Ed = {x' -

(zxh, • • • , zdh): z¡  integers}.  We define  /p(£2ft) = {u G Fft(£2): ll«llP)iî   < °°},

1 <p < °°.

Throughout this paper, C and  c  will denote large and small positive constants,

respectively, not necessarily the same at each occurrence.

2.  Estimates for a Boundary Problem for Ordinary Difference Operators.  Con-

sider the elliptic discrete boundary problem (1.3) in the case  « = 1   and /= 0.

Formally, taking discrete Fourier transforms with respect to x , we get

ai.û(x0,H') = Tcveni;'y)TVoeoÛ(x0,ii') = 0    for x0 > m,

(2.1)
bk,%^^)=TdKvei^''v')TV°^u(0,^)= gk(Í)    for  * = 1, — , m,

V

where, for fixed  %', a^ and the   bk »■   are difference operators in the single variable

x0.  We have the following lemma concerning existence and uniqueness of solutions of

(2.1).  Here  efc(£'), k = 0, • • • , m, are defined by

m m

«F(r)=II (r-r{.)= £ '»«V"*,
/= 1 fc= o

and

«/"«'« = £   **ßV""*    for / = 0, • • • , m.
fe=0

Lemma 2.1. For give« complex numbers  ck, k = 1, • • • , m, a«d a«y   £' G Ed,

there is a unique bounded solution of the problem

at-w(x0,£)=0    for x0 > m,

(2.2) %

°k,t.' w(°> £') = cfc   /or fc = 1, • • • , m.

77ze solution is given by

i    r m-i <C_._i £'(r)
(2.3) w(*0,O = ¿/r  £  as(ï) '       (l+rforfr,

¿'" î=0 aç' w

w«ere   {i?/?')}^1   is the solution of the system of equations

m-\

(2-4) £   **,«')«,«') = C/t,      *=1,--,»H,
i=0

and  T is a«_y closed rectifiable Jordan curve in the complex plane enclosing the roots

t\'t ' ' ' > TT'-   The functions  bks(%') are given in Definition 1.2.



DISCRETE ELLIPTIC BOUNDARY PROBLEMS 917

Proof.   By the complementary condition (c'), it follows that (2.4) has a unique

solution.  The verification of the fact that (2.3) gives the unique bounded solution of

(2.2) can be found in [9, p. 143] where the corresponding result for the continuous

problem was proved.

Let now M-(x0,i-'),j = 1, • • • , m, denote the solution of (2.2) in the special

case when  ck = bkj, k = 1, • • • , m.  Here  ôfe- = 0  if k+]  and  6fc- = 1   if

k = /'.   Then   £™=1 Mk(xQ, %')gk(%') is the unique bounded solution of (2.1) for

£' GEd.  We shall need the following estimates for the functions Mk.  Here  Qd =

Qd\{0}   and N is the set of natural numbers.

Lemma 2.2. For any  a = (a0, a'), there are constants C and c such that

coifc'|ao-|a \-mk
\ba0°Da'Mk(x0A')\<C(l-c\^\T0^

® for k = 1, • • • , m, x0 G N, $' E Qd.

\ba0°D"'Mk(x0, ?') - dao°D«Mk(y0, |')l < C\x0 - y0\ \ffr**-l*'l-"*t

(") for k= I,--- ,m, x0,y0GN, ?'G Qd.

To prove this lemma we need estimates for the derivatives of the functions

efc(|')  and the functions qs(£)  associated with the Mk.  We start with the following:

Lemma 2.3. (i)  efc(£'), k = 1, • • • , m, are analytic functions of £' in Ed,

(ii)  there is a constant  S  and an open disc  A  with   AC {t: Re r < 0}  such

that

t{,G Ig'lA   for  0< \$'\<8, /= 1, ••' ,m,

(iii) with a suitable numbering, one has

r[. = T[. + o(l|' I)   as   |{'I —*• 0 for j = 1, • • • , m,

(iv)       IZ^OKCVIÉ,'!*-10'1   /or  ?'Gßd,fc=l,..- ,m.

Proo/ Let A be an open disc with AC {t: Re t < 0} such that the m roots

T\-, ••' ,Tf of the equation At-(r) = 2|(3,= 2m aß(i£)ßTßo = 0 belong to A if

•||'l=l   and let   Tj   be the boundary of A.   Let us now write

l?'h2m(l +T)ma%fT)

-   Z   I/(i+T/o+70'>^lftf^
00

101=2«.
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where

rß = tßte, ?') = £a£(i + T)vo+me^y>bß'^)Kny.
V

By consistency, we then have for   \ß\ = 2m

aß(T,H')-+aß    as   Irl + l«'l —► 0,

so that if ô   is sufficiently small,

l2'fi7lï.|fr/iri)-i4e7lC'|(^l«'l)l<^7ie.,(T/iri)

for  r/l|'leri,0< |£'l<6.

By Rouché's theorem,we may now conclude that equation  (1 + jf^a^yf) = 0 has

exactly  m  roots in the disc   I?'IA  for  0<l?'l<5.  Since   l£'lA C {Il + rl< 1}

for  0 < \%'\< ô   if S  is sufficiently small, these roots must be the roots rh, • • • ,

TÎ7    and (ii) of the lemma is proved.  Further, since the   Tb   depend continuously on

the coefficients aß  and â"„(T',, £')—*■ a»  as   l£'l—► 0, we obtain (iii).

To prove (iv) note that, by the residue theorem, we have

m                                            (dldT)At-,[tu(T)

£ (Tiller = (27T0-1 j_  -^ 7'dT

for  0< |?'K5,s= 1,2, ••• .

Since

\Da'[aß(T\i'\,^m'/\i'\/]Tßo KCl?'!-'01'1    if rer,,

we therefore obtain by routine computations that

<C(s, cv')l|T-|a''    for  s= 1, 2, ••• ,0< i£'l<5.
,  «i

Da £ (r'.y

/=!

But  efc(|')  can be written as a sum of terms of the form

k

C
s-

hit (t0s)Ps
s=l \/=i /

for  k = I, ' • • ,m, where the ps  ate natural numbers such that   £*_, sps = k.   It

follows that (iv) is valid for   l£'l small.

To prove (i), we argue as follows:   For any given small positive number  e > 0,

we may choose a contour   Te   in the disc   {11 + tl< 1}   enclosing the roots  ih,

' ' ' ,t"J    for   l£' I > e,  £' G Qd.  By the residue theorem, we then have for   Ij-'l >

e,  t'GQd,

(d/dT) (1 + T)ma^(r)

£ (A,)" = (2m)-1   J       -T°dT.
;=i e "¿(r)
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This proves that   2,^Lí(tLjs  is analytic in Ed  and (i) follows as above.   Finally, (i)

obviously implies that (iv) is valid for   l£'l bounded away from  0, £' G Qd, and the
i

proof is complete.

We next have

Lemma 2.4.   Let   {¿7 -(§' )}^=T¿x   be the solution of the system of equations

m-\

(2-5) £   bks<£)qiß,) = 6kj,      fe=l,---,m,
s=0

Then there is a constant C such that

(2.6)     l/^/O.')! < C\iff~ml  for / = 1, • • • , m, s = 0, • • • , m - 1, £' G Qd.

Proof.   By the division algorithm we obtain that if

m-l

?k= £   '»/«V   (moda-,(T)),
i=o

then each rkA%') is a sum of terms of the form  CII" , e^') *, where

2£Lj sps = k - j.   Using this fact and Lemma 2.3(iv) for each term in the sum

bk,s>(r) =     £    £ blttt (1 + rfOfW'-'V'«')^0,
\a\=mk   v

it follows that

i¿>a'«')i< cB.irr*—laí|

(2-7) for  /c = l,---,m, s = 0,---,m-l,g'Gßd.

To estimate the modulus of det(ftfei(£'))  from below, we recall the complemen-

tary condition (c) in the continuous case.  The functions Bks(£) given there are

homogeneous of degree  mk - s  and we thus have for some positive constant  c  that

(2.8) \det(Bks(£))\>c\%'\H     for  %'GEd,

where   H = 2£=1 mfe -(£).

Using the consistency of the  ßfe h   with the 5fc   and Lemma 2.3(iii), we may

conclude that

bks(%') = Bks(%') + o(\%'\m*-s)    as   iri — O.

It then follows from (2.8) that there are positive constants c  and  5   such that

(2-9) \det(bks(£))\>c\£\H

for  0<lí'KS.  By the complementary condition (c'), it is clear that (2.9) holds,

possibly with a smaller constant c, also for   £' G Qd,   |£'l>6.

Solving the system of equations (2.5) with Cramer's rule, we finally obtain (2.6)

by combination of (2.7) and (2.9).
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We now can give:

Proof of Lemma 1.1.  Let   A' be a disc such that Ä C A' C Ä' C {Re r < 0}, where

A  is the disc given in Lemma 2.3.   Let   T'  be the boundary of A', pick  S > 0  such

that   l£'lr'c {Il +tI<1} if 0<|£'l<25   and take  T=\^'\Y'  in (2.3).  By Lem-

ma 2.3, we then have for  0< |£'KS,tG l|'lr', x0 GN,

\Da'ajx(r)\ <Ca'l?'l/""la'1    for / = 0, • • • , m,

k--(T)\>c\Ç\m,

|3«o(1 +T)*0| = |T"o(1 +T)3Co|<(c||'|)aO(i -C|Ç'I)*°.

Combination of these estimates, Lemma 2.4 and the fact that  /|t'|r' d\r\ = 0(1?'I)

as   l£'l—► 0  now proves that (i) of Lemma 2.2 is valid for  0<l£'l<5.   Further,

choosing a fixed contour in   {|1 + rl < 1}   enclosing the roots  rh, • • • , r?7    for

I?'I bounded away from  0, %' G Qd, we conclude that (i) is valid also for such  £'.

Finally, to see that (ii) is satisfied, it is sufficient to make the additional observa-

tion that if xQ >y0   and   11 + r| < 1, then

1(1 +t)x°-(1 +r)7ol<|(l +T)x°~y° - l\<W\(x0-y0).

This completes the proof.

3.   A Representation Formula.   Let   Vn   denote the set of functions defined on

Hn   with finite support.  Assume that  u G p,   and that

A,u = f     for xft > m,
(3.1)

Bk xu — gk    for x0 = 0, k = 1, • • • , m.

For a given integer  S > max(2m, m,, • • • , mm), we shall give in this section a

representation of bau   for   la I = S  in terms of / and the gk.

The following uniqueness lemma will be needed.

Lemma 3.1. Assume that w is a solution of (3.1) with /=0 and gk = 0,

k = I, • • • ,m, such that   \\w(x0, ')!,»   < C for x0 GN.   Then  w = 0  in  Hx.

Proof. Taking discrete Fourier transforms with respect to x', we obtain from

Lemma 2.1 that w(-,£') = 0 for %GEd. Since w(x0, • ) = (w(x0, • ))", this

proves the lemma.

We shall further need the discrete fundamental solution corresponding to the

difference operator An   which was given in [13].  We collect some results from [13].

Proposition 3.1.  There is a function  G defined on E?+l   with the following

properties:

(a) baG(x) = (2Tr)-(d+1)fQd+l Ha(%)a(%rl^-x)d% for \a\ = 2m, where

9<*(£) = (e^o _ yfo . . . (J^d _ yfd  and ar^  is tne symDOi 0f Ah.
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(b) Al(G*f) = f if f has finite support.

(c) For any multi-index a with   \a\ > 2m - (d + 1), there is a constant C

such that

(3.2) \baG(x)\<C(l + \x\)2m'id+1)-la]   for xGEd+l.

Remark 3.1.  Let / have finite support in Ed+i. Then (3.2) is valid, possibly

with another constant  C, if G is replaced by  G * f.

We also need to extend f - Ahu  to a function /0  defined on Ed+l in such

a way that /0  has finite support and

(33> l/olfc+^,^+1 <Ckíu\f(meQ + -)\k+v,Hí,

<3-4) l/ol*,P,*?+1 <Ck,p\f(™o + 'Wry

As in the continuous case (cf. [1]), this can be achieved by setting

/„(*)=/(*)   if xo>m>

(3-5) k+1
/O00 = T   X//(/(»» - *o) + m- * )   if *o < m>

7=1

where the  Xy  are constants such that

£  (-/)"*;= 1    for " = 0, 1, ••• ,k.

7=1

Let us now define  v = G * f0  and wfc = ßk t u(0, • ) for k = I, • • ' ,m.   By

(3.1) and Proposition 3.1, we then have

Ax(u - v)= 0 for x0 >0,

Bk,Áu -v)=8k~wk    for x0 = 0, fc = 1, • • • , m..

By the construction of the functions Mk   in Section 2, we thus have formally,

m

9> - u) = 9a £   F"1 [Mfc(x0, • )(gfc - wk)],
k=\

for any multi-index a.   However, the expression on the right-hand side may be unde-

fined and, in order to obtain a well defined expression, we do the following:   For a

given integer S > max(2m, m,, • • • , mm) let  2«  be the smallest even number not

less than  S.  We may then choose constants ck •, multi-indices ß'k •  and  yL  with

(3.6) \ß'kj\ = 2n-S + mk,    Wk¡\~S-mk,

and, finally, ci-vectors v'k- with integer components, such that

Tck)e WvtftfVQt) = f £  2(1 - cos ipl" = co2„(0.
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Now set

<3-7) gk¡ = ^k'(gk - wfc),

<3'8)        MSfa. ?') = b°'(ï')ba0oMk(x0, £)u2n(ïY\/*'yk^Sn

and define for   lai = 5,

«i m v

K « £ F-'fëM«.^/] = £ ZKi*g*r
tc=i      L / fc=i /

Note that, by Lemma 2.2, vie have

(3.9)       \Dy'M^(x0,^')\<C(l -c\^\)x°\i'\M-s-^'1    for  ?'G ßd, x0G7V,

so that in particular Mkj(x0, £') is bounded on N x Qd  if  lal>5.   Further, by

Remark 3.1, we have

|3TW(wt(x'))KC(l + lx'l)-d-1-s + 2m    for x'GE,.

Since gfc  has finite support, it follows that gkjGll(El). Thus, «a  is well defined if

la I = S and it is clear that we have formally, bau = bav + ha.

Lemma 3.2 (The Representation Lemma). // the mesh function  uGf)x   is a

solution of the discrete problem (3.1) and S > max(2w, mx, • • • , mm), then

bau = 9ai; + ha   for   lal = S.

Proof.   If a + ß = ä + ß,   lal = läl = S, then  bßM^ = b %fy so that

b<íha = b^h_. As in the continuous case, these compatibility relations imply that there
a

is a function  h   defined on  H^   such that   bah = ha   if   lal = S.

Let now  y' = (y¡, • • • , yd) be any multi-index with   l-y'l = S + 2.  We shall

apply Lemma 3.1 on  by (u - v - h).  It is then easy to prove the full result:

ba(u - v - «) = 0  for   lal = S.  First, 97 (u - v - «) is a solution of the problem

(3.1) with /= 0  and gk = 0.  By Remark 3.1 and the fact that  u  has finite support,

it is further clear that   ||97(« - v)(x0, ')\\ljE   < C for x0 GN.  To prove that

9T (u - v - h) = 0, it is thus sufficient to verify that  II97 h(x0, • )llj E   < C for x0 GN.

Writing y = a + ß' with  1/3' I = 2, we have since Af 7 = bßM".
Kj kj

m v    ,

w'h= ££m7 *gkj,
fc=i /

where as noted above, gkj G 1¿E¿). By (3.9) and Proposition 4.3 below, one easily

verifies that

^-lm¡(x0,-))\\ltEi<C    for x0GN

Since   IIWj *u2\\lE   <^1\\^E ll«2"i,/j , this completes the verification.
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Finally, to prove that  ba(u - v - h) = 0 if  lal = S, we note that, since

M^(x0, ■ ) G l2(Ex) and gkj G l^EJ, we have  bah(x0, ■ ) G l2(Ex), so that, by

Remark 3.1, ba(u - v - h)(x0, • ) G l2(E1)  for x0 G N.   But, by the first part of

the proof, b^'ba(u - v - h) = 0 if  l-y'l = S + 1 and therefore  ba(u - v - h) = 0

if   lal = S. This completes the proof.

4.  Basic Estimates in Discrete L    and Holder Norms. We shall use the following

well-known partition of unity (cf. [10]).  Let   * G C~(Ed),  *(|') > 0  if M<

l£'l < 2, and  $(£') = 0 otherwise.  Define  $(%') = QQi'yiZ.. *(2*£')  and

ífca') = ?(2*|') for k= 1,2, ••• ,  %'GQd,

£o(S') = 1 -Zi*«')   for f G Öd\{0}, í0(0) = 0.
i

Then  supp $k = {l'*'1 < l|'l < 2~k + 1}   for  k > 0,  £„(£') = 1   if   l£'l> 1,

|'GÖd,and  ío(S') = 0 if  I?'I<Î4.

We now introduce discrete analogues (see Löfström [10]) of the seminorms for

the Besov spaces Bp'p   given in Peetre [11].   For  s  positive, 1 <p < °°  and  u G

lp(Ei), we define with ipk = (ikY,

\1/P

l«l,=f¿  (2-fcíH"*^llp,£,)p) if P<«,
bp \k=0

and
lui , = sup 2"fcillw * ipk\\F .

Öoo      fc>o t

We also introduce discrete analogues of the seminorms for the homogeneous  Sobolev

spaces Hp.  For  s > 0,   1 < p < °°  and  u G lx(Ex), we define

lwlftS= l(«,fi)vlPfÄl,

where
w Ï.    2    s/2

"/*')= (£  (îrin-y))

The aim of this section is to prove, under pertinent assumptions on a function  b

defined on N x Ed, the following two inequalities:

A. For a given  t? with  0 < i? < 1,

v

\b*u\$H    <C\u\dE      for  uGlx(Ef).

B. For a given p  with   1 < p < °°,

lift* «II <Clul   ,_1/p    for  »G/ (f,).
P

Here, ¿ * u(x) = (b(x0, • ))   * u(x ).

We start with the Holder case.  We shall then rely on the following four results.
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Proposition 4.1. For any  d with  0 < û < 1, there are constants  C and c

such that, for u G /,(£"]),

clwl^ <\u\t)iEi <C\u\b0.

Proposition 4.2. Let aGLl(Qd) and let  #,   and d2  be any numbers such

that  0 < i?j < i?2 < 1. Assume that there is a constant  C such that, for u G

lx(Ex), /= 1,2,

\a*u\\E   <C*'ImI &_.
1 h   '

Then, if tij < i? < d2, there is a constant  C,   independent of C such that for u

lia *«y_   <C,C*I«I 9.
*-. 1 1 h1

The continuous versions of these two results are well known (cf. [10], [11]).

The proofs in the discrete cases are essentially the same.

We say that a function is 2?r-periodic if it is periodic with period 2tt in each

variable.

Proposition 4.3 (cf. Löfström [10]).   Let a be a In-periodic function de-

fined on Ed  such that the derivatives D01 a exist for any  a   with   la'l<[d/2] +

1 = d.   Then there is a constant C independent of a such that

■«I, -   <C!a|li-d/22Ymax„ WDa'a\\r   )d,2d,
1 2 \ltt'l=d L2/

where   M^ = (fQ<¡ laß')l2d|')%.

Let   C2     be the set of 2nr-periodic functions / defined on  Ed   such that for

any  a'  with   la'l<c/ the derivative Da f is continuous on Ed.

Corollary of Proposition 4.3.   Let a G Cdn and assume that there are

constants  Ck  and  X such that

\0*'atf)\<Ck\l?\*mi*'1   for  |'Gsupp£fc,  %' G Qd,   \a'\<d,  kGN.

Then there is a constant  C such that

^k*"h,E   =Kiïka)"\\x,El<CCk2~kX   for kGN

Proposition 4.4 (cf. [11]).   Let a G C2n and assume that there is a constant

C such that for  %' G Qd,   la'l < d,

\D«'aQi')\<C\i:'rUx'K

Then, for any   û  with  0 < i? < 1, there is a constant  Ct   such that for u G

i1!(£-,),   \a *u\ 0 <Cx\u\  ö.

In the proof of inequality A, we shall also refer to the following lemma.
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Lemma 4.1. Let b  be a function defined on N x Ed such that b(s, • ) G

C2v for s GN.  Assume that there is a constant C such that for £' G Qd, la'l <

d, s G N,

\Da'b(s, OI<Cl£'lHa,|min(l,sl£'l).

Then, for any  û  with  0 < û < 1, there is a constant  Ct   such that for s GN,

i(b(s,>)o>ri)l\iE<clS°.

Proof.    By routine computations, we obtain for  {•' G Qd,   la'l < d,  s GN,

\Da'(b(s, Ç')^1)! < C\fr1*'1"* min(l, f .$'.),

so that by Proposition 4.3, for  s, k GN,

(4.1) \\(b(s, •)«?1í*)rli,íI <Cmxn(lk\s2-k^'^).

For a given  s G N,  s > 0, we now choose J G N such that 1J~ ' < s < 217.  Using

(4.1) we then obtain

»*fc  •)^1)V|ll,7?1   <   £    <(*(».  •)W?1?fc)V»ll£l   +£II(6(S. -)cVífc)V|ll 5,
0 / '

<c(T ik» +Ta-k(1-*) = c(d)sô,

which proves the lemma.

We can now prove:

Lemma 4.2 (The Holder Multiplier Lemma). Let b be a function defined

on N x Ed such that b(x0, • )G C2n for x0 GN. Assume that there is a constant

C such that for   la'l < 5,  x0,y0GN,  %'G Qd,

0) \Da'b(x0,a')\<c\¿\-^\

(ii)   \Da'(b(x0,^)-b(y0,^))\<C\x0-y0\\^\i-^K

Then, for any  d  with  0 < â < I, there is a constant  C,   such that for u G

/,(£,),   \b *u\ôtHi <Ci\tí\#Ei.

Proof.   It is sufficient to prove that

1(6 *u)(x0, -)U,£,  <Cl«|*dtB      for x0GiV,

and

\(b *u)(x0,x')-(b *u)(y0,x')\/\x0 -y0{d <C\u\ttE,

for  x0,y0GN,  x0 j=yQ, x G Ex.

The first inequality follows from Propositions 4.4 and 4.1.  In order to prove the

second inequality, we take any two numbers  #,   and  #2   such that  0 < t?, < & <

d2 < 1.  We then obtain, for / = 1,2, x0,y0 GN,
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\\(b*u)(x0, -)-(b*u)(y0,-)\\Ei

= \\([b(x0, ■ ) - b(y0, • )] co^Sc^ )1
1 i      ii

<ll([^0.-)-K>'o'-)]^.1)vll1;£ill("^.)v|l£i

<C\x0 -70l*'liil #.,

by Lemma 4.1. Application of Propositions 4.1 and 4.2 then finishes the proof.

We now turn to the  /    case.  The following discrete variant of the Ho'rmander-

Mikhlin theorem will be needed.

Proposition 4.5 (Bondesson [31 ).   Let the function a satisfy the hypothesis

of Proposition 4.4.  Then, for any  p  with   1 < p < °°, there is a constant  C,   such

that for any uGlp(Ex),

fa *u\\n F   <CC, Il m IL F .
Pr E I X P, *-* I

Our /    result is then the following:

Lemma 4.3 (The /   Multiplier Lemma).   Let b  be a function defined on

N x E    such that b(x0, • ) G C2n for x0 G N  Assume that there is a constant C

cosuch that, for   la'l < d,  x0G N, %' G Qd,

(4.2) I^Hxo.O^Cl^-'^minOri.Cto + l)-1).

77ze«, for any  p  with   1 < p < °°, there is a constant  Cj   such that for u G I (Ef),

Ú*uip>Hl<C.\u\bí_llp.

Proof.   Since  l^Ef)  is dense in  1(E1 ), it is sufficient to prove the inequality

for u G /,(£",).  We shall use basic interpolation theory arguments and introduce

(cf. [10], [11]),

K(x0,u)=      inf       (HwqHp.tî, +xoluilnï)>
u=Uq+Uj P

where  u, w,   and  u0  belong to  /^(¿Tj).  We note that

/ oe \ oil

(4.3) K(x0, u) = K[x0,T  " * ^    < Z  *(*o. " * **)•
\        k=0 I        k=0

By the discrete Hörmander-Mikhlin theorem (Proposition 4.5) and (4.2), we have,

if u = u0 + u1,
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«¿c*«.-)* u\,ex < »*(*o. •) * uoK,ex + "(*(*o. •)«r1"i"i)v»P,£,

<C[(jc0 + 1)-1B«oiip.£1 + '»iLil
p

= C(x0 + l)-I(««ollP,fiI +(x0 + l)l»i'  i).
p

so that by taking infimum,

(4.4) fb(x0, •) * «llp>i?i < C(*0 + îr^Cxo + 1,«)   for x0 GN.

Below we will use the following simple consequence of (4.4):

(4.5) \\b(x0, • ) * u\\pEi < C2-<K(2>, u)   if 2> -Kx0< 2>+l - 2, ¡GN

We will also need the following inequality:

(4.6) K(l>,u *ipk)<Cmm(l,l'~k)\\u *tpk\\pE      fox j,kGN.

This follows easily if we observe that by Proposition 4.3,

\u * ipk\   i
k hP

7= + l

u*k Z ^+iwi
7=-l P,EX

/= + !
< £    IIm*^IIp,£,I|(^+i"i) lli,El<Cl-k\\u*ipk\\pEi.

7=-l

Here  ip_l =0.

We can now prove the lemma.  Using (4.3), (4.5) and (4.6), we find

2'+1-2

u*uK,h = T  »*(*«»•)*«iipV =T    £    iik^o.-)*««^
7=0 v   = ,7Xn=2'-1

<

<C

C £ 2>[2->K(2', u)]p <C £    Pr«1"1/» £   K(l', u * ̂ )]'
/=0 7=0    L fc=0 J

o©   r* œ i r

£     Z  2-«1-1''>mta(l,2'-*)l«../fclPiÄ
;=0  |_/c=0 J

¿T £  2-^'-Ä)(1-1/P>min(l,2^fc)2-k(1-1/p)ll"*^Hp,E1

/=o|   k=0

oo [~    oo "1 P

Z      £  F(/-*)G(*)     ,
/=0  \_k = 0 J

: Fo--*)G(/f)

with obvious notations.  We clearly have
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lF(/)l<2"l/lmin(1~1/p'1/í')    for jGZ = E¡.

Extending  G  to  Z by setting  G(k) = 0  if 7c < 0, we therefore obtain

(T \i F(j-k)G(k)\P\IP <(Z ¡T F(j - k)G(k)Y\IP
y/=0Lfc = 0 J     J \/eZ [_7cGZ j

<£   \F(i)\(L G(k)p)1,p = Cl\u\  ,_1/p,
/ez \ ¡tez / °P

which completes the proof.

For later use, we also note the following consequences of Propositions 4.4 and

4.5.  Here   G  is the discrete fundamental solution of Section 3.

Proposition 4.6. For any noninteger s > Im, integer S> Im and p  with

1 < p < °°, there exists a constant C such that for any mesh function f with finite

support,

\G*f\    d+1<Cl/l w+1,
s,Ed+1 s-2m,EaiL

IG*/I     Fd+i<C]fls 2mDEä+vS,p,E¡ ■>— 2m,p,c. j

5.  Discrete Schauder Estimates.   By combination of the results of Sections 2, 3

and 4, we can now prove discrete Schauder estimates.  We start with estimates for mesh

functions with finite support.   For  £2 C Hd+1, we define   £2ft      = {x G £2ft: x0 >

«7«}.

Theorem 5.1.  Fot- a«j noninteger s > max(2m, mp • • • , mm), there is a

constant C such that for any mesh function  u G Vn, « > 0,

(5.1) \»K,Hh<c{AHu[S-2m,Hh¡m+ ^f    l^,/,"(°.-)U-mfc,£ft}-

Proof. Inequality (5.1) is homogeneous in «. We may therefore take « = 1 in the

proof. Let now uGVx and let a be a multi-index with 101 = 5= [x]. By Lemma 3.2,

we have the representation bau = bav + ha, where

K =   £  £ K * [^ki(Bk>lu(0, -)-Bk ,U(0, . ))],
fc=l    /

and  l7LI = 5 - «zfc. Further,u = G * L4,w)0, where (v4jî7)0 is the extension of Axu,

x0 > m, obtained by taking k = S - Im in (3.5).

By Proposition 4.6 and (3.3), we have

(5.2) l»l    Fd+l   <C^l")o' ^<CUl"Um.H1>w
st h, i ^    *'«iEj

so that in particular,

(5-3) \BkAv(0,-)\s_mk:Ex<C\Alu\s_2mtHim

Now, by the estimates for the Mk given in Lemma 2.2, one easily verifies that the

Mkj satisfy the hypothesis of the Holder Multiplier Lemma (Lemma 4.2) and so, using
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also (5.3)and setting 9 = s - [s],

m

K\,.H<CL T 19 ki(BkAu$,-)-BkAv(0,-)\eE
fc=l /

(5.4)

<
im .

C\lA1uK-2m,H1>m + Zí   lBk,A^-)\s-mk,E^

Together, (5.2) and (5.4) prove the theorem.

Using a weighted norm technique following the arguments in [13], where interior

estimates were proved, it is now possible to prove the following discrete analogue of the

continuous Schauder estimates given in Proposition 1.1. We omit the proof (see [8] for

details). Here, for /, k nonnegative integers, 0 < 9 < 1,

iuK+e,ah = ™*luli,nn + ImI*+o,íV

where

lul/>n   = max {| bau(x)\ : lal = /,   [jc, x + ah] C £2„}

and  lll«lllfc+e r    is defined similarly.

Theorem 5.2. Fot- any noninteger s > max(2T«, m t, • • • , mm ) and any domain

£2' CC £2, there are positive constants C and h0 such that, for any u G Fft(£2), « <7î0,

*»hah<c{Ukuii-*m.aKm+'ti Mk>hu(0>-A^mk,nh + """a,} •

6. Discrete L    Estimates. In this section, we shall prove discrete analogues of some

Lp estimates (l<p<°°) for the elliptic boundary problem (1.1) given by  {A,By,

"' , Bm}, the basic form of which is given in the following proposition. Here

l«l/p>n = max   Mn \D«u(x)\pdx\      ,

j nonnegative integer, 1 <p<°°.

Proposition (cf. [1], [2]). For any integer S with

S>max(lm, mx + 1, •• • ,mm + 1),

there is a constant C such that, for any infinitely differentiable function u with com-

pact support in the closed half space {x: x0 > 0}, one has

(6.1)    lui d+.<ci\Au\ d+i + £   \Bku(0,-)\ A.
S,p,Hd+1 \ S-2m,p,Hd+1        £,        k S-mk-llp,p,Edj

For two equivalent definitions of the seminorm   I • | ri  for s positive, see [1]
s,p,E

and [2].  In the discrete analogue of (6.1), we will use the discrete Besov seminorms

I • I s  introduced in Section 2; for  u G lp(En),  0 < s < 1,   l<p<°°  and  « > 0,

we set, with  uh(x') = u(hx)  for x' G E^,
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«L.p.*fc = r £ Q-ksh-s*uh**jP,El)

1/p
p\

7c=0

and, for s  noninteger, s > 1,

luïs,P,E= t max     13a "L_(,i ,„,*?„■

Remark.  If 0 < x < 1   and « = 1, then   l«L „ e   = \u\x.  Also, one can
s<P'r-h Op

show that, for s  noninteger, x > 1, there are positive constants c  and  C suchthat

cIbI.,p,h1<I»Ií1<cI«W1   for "G/p(£i)-

The following result of trace type will be refered to (cf. [11]).  A proof can be

found in [8].

Proposition 6.1.   For any p with   1 < p < °°, there is a constant C such

that, if  \u\l     H  < °° and u(x) = 0(\x\~d) as   \x\—* °°, then

(6-2) l"(°'-)ll-l/p,P,£h<Cl"ll,P,Hft-

We can now prove discrete L    estimates for functions with finite support.

Theorem 6.1.  Fot* any integer S > max(2m, mi + 1, • • • , mm + 1) and any

p  with   1 < p < o«, there is a constant  C such that, for u G Vn, h > 0,

(6•3)       lulS,P,Hn<C{\Ahu\s_2mpHhm +   £    \Bk,H»(0>-)\S-mk-llp,P.Ehl-

Proof.  Since (6.3) is homogeneous in h, we may take « = 1   in the proof.  For

u G Vi   and   lal = S, we have, by Lemma 4.2, the representation (cf. the proof of

Theorem 5.1)  bau = bav + ha.  Using Proposition 4.6 and (3.4), we find

(6-4) I"«        d+x<C\Axu\s_2mpH      .
S,p.Ex i >m

V y'    .

Consider now ha = ZkjMkj * b  k'(gk - wk), where gk = Bk tu(0, • ),  wk =

Bkl v(0, •)  and   \y'k/\ = S - mk> 1.  Writing  y'kj = akj + ß'kj  with   Ict^l =

S - mk - 1,1 j3Ll = 1   and y = a + ß'k)-, we obtain by summation by parts

Ki * 3T¿/'te* - w7c) = K * ^ki(Sk - »"*)■

Proposition 6.1 and (6.4) yield

(6-5) ^'SA-i/p.p.s, <CUlMls_2ra,p,i/um.

By Lemma 2.2 (ii) we have

iz)^/(x0,-s')Kc(J.(i-cirif0ii'rl^l+1

<CCfl.(x0 + l)-1!?'!-"3'1    forx0G7V,   |' G Qd.
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Thus, M¡Zj satisfies the hypothesis of the  I    Multiplier Lemma and therefore using

also (6.5),

üq, * za'"i(gk - wfc)Hp,Hl <c\ba*i(gk - wfc)i1_1/P;Pii?i

(6'6) <C{\gk\s_mk_llP>PiEi + \A.u\s_2m>PiHum}.

The theorem now foüows from (6.4) and (6.6).

Using again a weighted norm technique (cf. [3], [15]), it is possible to prove a

localized version of Theorem 6.1 similar to Theorem 5.2 for arbitrary mesh functions.

See [8] for details.

7.   Convergence of Difference Quotients.  Consider solutions u  of the elliptic

boundary problem

Au = f      in  £2,
(7.1)

Bku = gk    on   T  for  k = 1, • • • , m,

and for  £2' CC £2  solutions uh   of the discrete elliptic boundary problem

Ahuh =Mnf on  £2ftm,

(7.2)
Bk,huh ~ Gk,h(f' Sk)    on  "t, n {*o = °>   for * = L • • • , m,

where Mh  is a difference operator consistent with the identity operator and with

respect to the examples given below, we assume that  Gk n(f gk) = gk + Ckh kfi

Ck   constant.  In this-section, we shall apply the results of Sections 5 and 6 to examine

convergence in the maximum norm near the plane boundary portion  T of difference

quotients of uh   to the derivatives of u  when it is known that un   converges to u

in the maximum norm or in a discrete  L    norm as h  tends to zero.  Below we

follow the arguments employed by Thome'e and Westergren [15] in the case of in-

terior estimates.

We say that (7.2) approximates (7.1) with order of accuracy N, if for any

smooth function  v  and xGEd+1,

Anv(x) - MhAv(x) = 0(hN)    as h —> 0,

(7-3)
Bkhv(x) - Gkh(Av, Bkv)(x) = 0(hN)    as « —» 0, k = 1, • ■ ■ , m.

It is clear by Taylor's expansion that (7.3) implies that, for any noninteger  s > 0,

£2" CC £2'

iAH» - MhAv\.¡alm <ChN\\\v\\\2m+s+N^,

lBk,h" - Gk,rt(Av, Bkv)\sJ,„<ChN\\\v\\\mk+s+N^,

for h < h0, where   T" = 9£2" n {xQ = 0}.

Further, a difference operator  Qn  is said to approximate the differential oper-

ator  Q with order of accuracy N if, for any smooth function  v  and any * G
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Ed+1, one has  Q„v(x) - Qv(x) = 0(hN) as h —> 0.

We have the following convergence results.

Theorem 7.1.  Let (7.2) approximate (7.1) with order of accuracy N and

assume that u  is a solution of (7.1) and that un  is a solution of (7.2).  Let  Qn   be

a difference operator approximating the differential operator Q of order n  with

order of accuracy N, and choose u so that  Tfi Qn v(x) is determined by the values

of v  in  Hh  if x G Hh.  If £2" CC £2' CC £2  we then have the following:

(i) for any noninteger s > max(2m, «)  there exist positive constants h0  and

C independent of u  and un  such that for «<«0,

\\n(Qu - Qnuh)\\n,k <C{hN\\\u\\\s+N^ + II" - ujnj,

(ii) for any  p  with   1 < p < °° and any integer

S > max(2m, [(d + l)lp] + 1 + «),

there exists positive constants h0 and C independent of u and un  such that for

h<h0,

*TP(Qu - Qhuh)Wnl<C{hN\\u\\s+N^ + iu-uJPiSl.h}.

Proof.   Let us prove (i).  Since  Qn   is accurate of order N we have

WTZ(Qu - ßfc«A)8n» < 117^(0 - Qh)ula% + lTPQh(u - «Ä)in»

<Cn»Mn+NtSl. + lTPQh(u-uh)la.k.

For the last term, we have by Theorem 5.2 and (7.4), for  £2" CC £2(1) CC £2<2> CC

tt',«<«0,

\\TPQh(u-uh)\\n'^\\\U-un\\\     (1)
s,a

h

<c\\\\Ahu - MhAu\\\ (2)
\      h h s-2mM(2l

m

+ £   \\\Bkihu(0,')-Gkn(Au,Bku)(0,-)\\\ r(2)+ll"-"„lln(2)
fc=l s-mk'lh Si7i

<{hN\\\u\\\s+N^ +11«"«^},

thus completing the proof of (i).

The proof of (ii) which we omit is based on a localized version of Theorem 6.1.

A discrete Sobolev inequality is used to pass from the discrete L    estimates to the

maximum norm estimates (cf. [8] ).

We now exemplify the application of Theorem 7.1 on some special difference

approximations for which estimates of II u - uh II n ■ are known as « tends to 0.

We define   bf =«-'(/- T~ei).
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Example 7.1.  There are many results in the literature (cf. [5]) for difference

approximations of the Dirichlet problem in a plane domain  £2,

(7 5~\ Au = f   in  £2,      u = g   on  9 £2,

which near  F  reduce to the following difference approximation:

Ahuh =Mhf       for xo>h'

(7'6) Blnuh=uh =g   for x0 = 0.

Here, either An   is the five point operator  AJ^ = 9Q90 + 9^   and  Mn= I so

that (7.6) approximates (7.5) with order of accuracy 2, or An   is the nine point "box

operator"

Al9) =(l/6)[(5/+^7ei + %T-ei)b0b0

+ (5/+ ttT*0 + 1ÁT~e°)blb]]

and Mn = I + h2ùSns)lll  so that (7.6) is accurate of order 4.  If the boundary  9£2

is sufficiently smooth, one can set up the difference equations in the rest of the region

so that, if An = A(h5),

Il u - wftlln    =0(h2)   as «—>0

and, if An = A<,9>, II« - wjln   = 6>(«4) as « —> 0.

We now check that (7.6) defines a discrete elliptic boundary problem.  First, Ah

is elliptic in either case and by Remark 1.2 the root condition is then satisfied.  Second,

since here  blL->(T) = b\ ^(t) = 1, the complementary condition is also satisfied.  If

Q  is an arbitrary differential operator and  Qn   approximates  Q  with order of

accuracy 2, we may therefore conclude from Theorem 7.1 that

II Tt(Qu - Qhuh)\\nh = 0(h2)   as « -► 0,

if An = AJ,5\ and make an analogous statement if An = A^9\

Example 7.2.  Bramble and Hubbard [4] have studied a difference approximation

of the Neumann problem in a plane domain   £2

(7.7) Au=f   in  £2,      bu/bn = g   on  9£2,

u  suitably normalized, which has the following form near  T:

A(„5)w„ =/ for x0>h,

(7.8)

*l,n«h ^O^1'-1' + KTVM - I)un =g-\f   for  x0 = 0.

It was proved in   [4] that if the boundary   9£2  is sufficiently smooth the difference

equations can be set up in the rest of the region so that
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(7.9) \\u-uh\\n   = 0(«2llog«l)   as A —► 0.

Now, (7.8) approximates (7.7) with order of accuracy 2. Further, in this case we have

(1 + T)a¡: (t) = r2 - 2(1 + t)(1 - cos ^) and bx% (r) = r cos |t - (1 - cos £j)

so that

b\,ï^T) - ôio(U = T\l cos Si - (1 - cos tj),

where

TÎ   = 1 - cos g. - v7(l - cos ?j)2 + 2(1 - cos Ht).
?1 '

It is an elementary task to show that  ¿>10(£.) < 0  for £t GF1. We may thus apply

Theorem 7.1 to prove that the rate of convergence in (7.9) holds also for difference

quotients.

Example 7.3.  Zlámal [17] has proposed a difference approximation of the

Dirichlet problem for the biharmonic operator

A2w = /   in  £2,

u = gx on 9£2,

9«/9« = g2 on  9 £2,

where   £2  is a region composed of rectangles.  This difference scheme involves mesh

points outside   £2  of distance  «   from  9£2.   For convenience, we therefore assume

that  T is contained in the plane x0 = h.   The difference scheme of accuracy 2 con-

sidered by Zlámal then has the following form near  T,

Ai5)A„5)"«=/ forx0>2«,

Bi,huh =Te°uh =Sx for x0 =0,

B2,h "« = ^(9o + 30) Te*uh = S2    for xo = 0.

Zlámal proved that   lit/ — ah\\   « = 0(h3'2)  as h—► 0, where  u  is a smooth ex-

tension of the exact solution  u  to the region  Q," = [x: dist(x, £2) < «}.

The difference operator  AJ^A^5)   is elliptic and satisfies the root condition.

Further, an easy computation gives

1 1

-1   „2
det(èfc,ai)) =

t\   T2   ¡Il  + H(T1     + T2   )
*i «i çi      *r

= ^[(l+rp(l+r2i)+l].

Since   11 + TÏ  l< 1   for  £j GF1,  k = 1, 2, the complementary condition is ful-

filled and Theorem 7.1 applies.
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