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Odd Integers N With Five Distinct Prime Factors

for Which 2 -1012 <o(N)/N< 2 + 1012

By Masao Kishore*

Abstract. We make a table of odd integers N with five distinct prime factors for which

2 - 10-12 < a(N)/N < 2 + 10-12, and show that for such N \a(N)/N - 2 I > 10-14.

Using this inequality, we prove that there are no odd perfect numbers, no quasiperfect

numbers and no odd almost perfect numbers with five distinct prime factors. We also

make a table of odd primitive abundant numbers N with five distinct prime factors for

which 2 < a(N)/N < 2 + 2/1010.

1. A positive integer N is called perfect, quasiperfect (QP), or almost perfect

according as a(N) = 27V, 2N + 1, or 2N - 1, respectively, where a(N) is the sum of

the positive divisors of TV. While twenty-four even perfect numbers are known, no odd

perfect (OP) numbers, no QP numbers, and no almost perfect numbers except a power

of 2 are known.

In this paper we make a table of odd integers N with five distinct prime factors

for which

(1) 2- 10-12 <a(N)/N<2 + 10-12,

and we show that for such N

\a(N)lN- 2I>10-14.

Using this inequality, we prove that there are no OP, QP, or odd almost perfect (OAP)

numbers with five distinct prime factors.

N is called primitive abundant if N is abundant (a(N) > 2N) and every proper

divisor M of N is deficient (a(M) < 2M).  In 1913 Dickson [4] published a table of

odd primitive abundant numbers with less than five distinct prime factors.   In this

paper we also make a table of odd primitive abundant numbers N with five distinct

prime factors for which

(2) 2<a(N)IN< 2 + 2/1010.

2. Throughout this paper we let N = nj_, pa¡' where 3 <px < ■ ■ • < pr are

primes and a,-'s are positive integers, p"' is called a component of N.

We define

a(p) = min{alpa+1 > 1012},

"(AO = r,

S(N) = a(N)IN = J] (PÏ+1 - O/tf'G», ~ 0,
i=i
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^(ao = [ n st>?oir n ^^i,
\_aj<a(Pi) J   [^»¡.(p,) J

b(n) = \ n wir n pm-d],
La,<a(p/) J \_ai>a(Pi) J

I [1012 log S(pa)] HO12    iXa<a(p),
L(pa) =

( [1012logp/(p-l)]/1012    if a >aip),

where [ ] is the greatest integer function.  We note that if p, q are primes with p >

q and a, b are positive integers then

Sip-) = (pa+1 - l)/paip - l)<p/ip - 1) = hm S(pa) < iq + l)lq < Sfo6),
a-*~

and so L(pa) < Liqb) and ,4(7V) < S(7V) < B(N).  Hence, we have

Lemma 1.  (a) If AiN) > 2 - 10"12 antf 73(7V) < 2 + 10-12, TV sarw/zes (1).

(b) //.4(A0 < 2 - 10-12 < 7?(7V) < 2 + 10~12, some TV saris/?es (1).

(c) 7/2- 10-12 <y4(7V)<2 + 10-12 < B(N), some N satisfies (I).

id) If AiN) < 2 - 10"12 and 2 + 10"12 < £(7V), some N may satisfy (1).

(e) If 2 + 10"12 < AiN) or BiN) < 2 - 10"12, TV does not satisfy (1).

In Lemmas 2 through 5 we assume that TV satisfies (1) and coiTV) = 5.

Lemma 2.

5

(3)        0.6931471805544 < £ ¿(p?') < 0.6931471805655,
i=i

where b¡ = mm{a¡, a(p¡)}.

Proof.   Suppose p" is a component of TV.   If a <a(p), then

Hog S(pa)-Z,(pa) I < 10-12.

If a >a(p), thenpa + 1 > 1012 and

lO"12 > log pl(p - 1) - L(p") > log S(pa) - L(p") > log S(p") - log p/(p - 1)

,-12= iog(i-i/pa+l) = - £ i//(pa+ly>-i/(pa+1 -1)>- io

/=i

Hence

llogSOa)-L(pa)l<10-12.

Since (1) holds,

0.6931471805544 <log(2- 10-12)- 5/1012

<£ log5(pa')-5/1012<£ KpfO
i= 1 i= 1

5

< £ logS(pa/) + 5/1012 <log(2 + 10-12) + 5/1012
i=i

< 0.6931471805655.    Q.E.D.
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Lemma 3.   p, = 3, p2 < 11 and p3 < 41.

Proof.   Lemma 3 follows from the following inequalities:

5 7U13 17 12

4 6 10 12 16 '

3 13 17 19 23 12

2 12 16 18 22

i44ig|<-'°-'2- «*■

Lemma 4. p4 < 5000.

Proof.   Suppose TV satisfies (1) and p4 > 5003.  Then

0 < L(pb55) < ¿(p*4) < log 5(p*4) + 10"12

< log P4/O4 - O + 10-12 < l/(p4 - 1) + 10"12

< 0.0002.

Hence by (3)

3

(4) 0.69274 < £ £(p?0 < 0.69315.
1=1

A computer (PDP11 at the University of Toledo) was used to find n3_ x p¡> satisfying

(4), but there were none.  Q.E.D.

Similarly, we can prove

Lemma 5. ps < 3000000,or IT4,, pf* = 375*172233 and 36549767 <ps <

36551083.

The computer was used to find TV = Xlf= x pa' satisfying a¡ < a(p¡), Lemmas 3,4,

5, and Lemma 2 or Lemma 1(b), (c), (d), with the result given in Table 1.

Lemma 6.  Suppose TV = lIjLj pa/ and M = Ilf=, pf' where &( = min {a,., a(p,)}.

7/7li= 323512176257465521, \S(N)-2\ >5/1013;

if M = 3851417325H884529, I5(7V) - 2l > 2/1014;

i/Af= 385917325M579769, l5(TV) - 21 > 3/1013;

if M = 3858179269441533, I5(TV) - 21 > 4/1014;

//n4=1 pf' = 3756172233, I5(TV)- 21 > 10-14.

7« all other cases \S(N) - 21 > 10-13.

TVoo/   The first part of Lemma 6 follows from the following inequalities:

5(323512176257465521) < 2 - 5/1013,

5(323512176257565521) > 2 + 1/1012,

5(38514173251) 1884529/1884528 < 2 - 2/1014,

5(3859173251-1579769) < 2 - 4/1013,

S(3859173251-15797692) > 2 + 3/1013,

5(38582694) 17/16-4153/4152 < 2 - 4/1014,

5(3858179269s41533)>2 + 3/1013,

5(3756172233-36550379) > 2 + 5/1014,
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and

S(3756172233) 36550429/36550428 < 2 - 10"14.

Suppose I5(TV) - 21 < 10_13. Then (1) holds, and so TV is given in Table 1 ; however,

for every TV in Table 1 except for those given above 5(TV) < 7?(TV) < 2 - 10_13, or

SiN)>AiN)>2 + 10~13.    Q.E.D.

We have proved

Theorem.   7/TV« an odd integer with to(TV) = 5, la(TV)/TV - 21 > 10-14.

3. We used a similar method to find odd primitive abundant numbers TV =

n?=1 pa' for which (2) holds, with the result given in Table 2 in the microfiche.

Table 2 includes odd primitive abundant numbers N with co(TV) = 5 one of whose

component pa is greater than 1010; for, letting M = N/pa, we have

2 < o(TV)/TV = oiM)o(pa)IMpa = oityipoip"-1) + l)/Mpa

= a(TMpa_1)/Mpa_1 + aiM)/Mpa < 2 + 2/1010,

showing that (2) holds.

4. Suppose TV is an odd integer such that a(TV) = 2TV + A.  If \A/N\ < 10~14,

then by our Theorem co(TV) > 6. We give three examples of such TV.

Suppose TV is OP.  Sylvester (1888), Dickson (1913), and Kanold (1949) proved

that to(TV) > 5.   From our Theorem we have

Proposition 1.   7/TV is OP, oxTV) > 6.

This fact was also proved by Gradsteih (1925), Kiihnel (1949) and Webber

(1951). Pomerance [1] (1972) and Robbins (1972) proved that co(TV) > 7, and

Hagis [2] proved that co(TV) > 8.

Proposition 2.   7/TV is QP, co(TV) > 6.

Proof.   By [3] if TV is QP, then TV is an odd perfect square, to(TV) > 5 and TV >

1020.  Hence 2 < S(TV) = 2 + 1/TV< 2 + 10-20, and so by Theorem w(7V) > 6.

Q.E.D.
Lemma 7. 7/TV is OAP, pN is primitive abundant for some p\N.

Proof.   Suppose TV = Xlri=, pa' is OAP, and choose / so that oip°i) > a(j>1')

for every i.  Letting p = p., a = a;- and L = TV/pa, we have

2paZ, - 1 = a(N) = a(p")a(L)

= (1 + patp'-'MZ,) = a(L) + po-O^ML).

Hence pla(X) + 1.  If p = a(L) + 1, then

"f1 p'" = a(pa)p = o(pa)a(L) + o(pa)
i=i

= a(N) + a(pa) = 2paL - 1 + o(pa) = 2paL + ¿ p'',

or pa + x = 2pa7-, showing that TV = 2a.  Since TV is OAP, p ¥= a(7,) + 1, and so p <

a(L) because p I o(¿) + 1.  Then

aipN) = aipa+1)oiL) = (1 + paipa))aiL)

= a(L) + pa(TV) = a(7.) + 2pTV - p > 2pTV,

showing that pTV is abundant.
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Suppose M is a proper divisor of pN.   If pa+1 T M, then M is a divisor of TV,

and M is deficient because

SiM) < 5(TV) = 2- 1/TV<2.

Suppose pa + ' IAÍ.  Then for some k, pkk -f M.   Letting q = pk and b = ak, we have

aip") > oiq»), or

b a a+1

I«'<Z p''< Z p''-
1=1 1=1 1=1

Hence

(Upa+* )Zq-'< (Uqb) t P~'>
1 = 0 1=0

and by adding 2a=0 p~' S?T¿ q~l to both sides we obtain

a+l ¿i-l a b

E p-'L í-'<Ep-'Z <T'.
i = 0 ¿=0 1 = 0 1=0

or S(pa + l)S(qb-1) < S(pa)S(qb).  Then

S(M)<S(pa+1)S(qb~1) FI   Sip?)
ii=j,k

<Sip")Siqb)  n   5(pa0 = 5(TV) < 2,

showing that M is deficient.    Q.E.D.

Lemma 8. 7/TV = lTi=x pa'' is OAP, a, is even. Ifpx = 3, a, > 12.

Proof.   Suppose TV is OAP, pa is a component of TV, <7 is a prime and <? Ia(pa).

Since a(TV) = 2TV - 1 is odd and a(pa) I a(TV), a(pa) = 2a=0 p7' is odd. Hence a is even.

Since q\2aiN) = 4TV- 2 and 4TV is a perfect square, i2\q) = 1, where (2It?) is the

Legendre symbol, and so q = 1 or 7 (mod 8) because (2I17) = (-1)^ _1)/8.  Also

aip") = 1 or 7 (mod 8), for, otherwise, aip") would have a prime factor = 3 or 5

(mod 8).

Suppose p = 3 and a = 2e. Then a(32e) = 1 + 4e = 1 or 7 (mod 8), or e =

0 (mod 2). Hence a = 4, 8, 12, ... ; however, a # 4 or 8 because 11 la(34), 11 =

3 (mod 8), 13la(38) and 13 = 5 (mod 8).    Q.E.D.

Proposition 4. 7/TV is OAP, w(TV) > 6.

Proof.   Suppose TV = II¿_, is OAP.  Then by Lemma 7 pTV is primitive abundant

for some plTV.   If 3 1 TV, co(TV) > 7, for, otherwise,

2<5(pTV)<n_Zi_<5 7 1113 17 19
,-Li p,. - 1     4 6 10 12 16 18       '

Suppose 3lTV.   Then 312 IpTV by Lemma 8.  According to the table of odd primitive

abundant numbers M with fewer than five distinct prime factors in [4] 312 f M.
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Hence co(TV) > 5, and N> 3125272112132 > 1013.  Then 2 > 5(TV) = 2- 1/TV>

2 - 10_13, and by Lemma 6 co(TV) > 6.    Q.ED.

For other results on QP and OAP see [3], [5], [6], [7] and [8].

Computer time for Tables 1 and 2 was over four hours.

Table 1

TV = nf=, pa/ for which 2 - 10-12 < a(TV)/TV < 2 + 10_12(a)

PÎ1                P\2               PÏ3 PbS Pbs5

325                5s                  177 251 570407(b)

323                512                176 2574 65521(c)

322               5s                 176 251 5Ó96592

32i               59                 179 2574 650992(b)

5s                  17s 251 557273

320               514               175 2574 65357(b)

319                53                  173 181 571492

318                5s                  175 251 5570172

174 251 40681l2
316                5s                  178 251 5679432

312               5s                 17s 251 4129432

311                512                179 2573 58337(c)

3io                510                179 2573 477912<c>

39                  73                  13s 192 1009643(b)

38                  5i6                178 25?4 151372<c>

514                 173 251 1884527<c)

1884529

513                173 251 1884061(c>

5"                173 251 1870207

59                 173 251 1579769

58                 n9 2694 41533<d>

53                 199 836 493277

198 833 4882032

197 834 493201

37                  56                  172 233 (e)

Note:   (a)   If b¡ = a(p¡) and c > 0, Np? also satisfies (1).   See Lemma 1(a).

(b)   See Lemma 1(b). (c) See Lemma 1(c).   (d)   See Lemma 1(d).

(e)   36549767 « p5 < 36551083.
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