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LINEAR ELLIPTIC DIFFERENCE INEQUALITIES
WITH RANDOM COEFFICIENTS

HUNG-JU KUO AND NEIL S. TRUDINGER

Abstract. We prove various pointwise estimates for solutions of linear ellip-

tic difference inequalities with random coefficients. These estimates include

discrete versions of the maximum principle of Aleksandrov and Harnack in-

equalities and Holder estimates of Krylov and Safonov for elliptic differential

operators with bounded coefficients.

1. Introduction

The purpose of this work is to establish analogues for difference opera-

tors of certain pointwise estimates for linear elliptic differential operators with

bounded, measurable coefficients. In particular we derive discrete versions of

the Aleksandrov and Bakel'man maximum principle [1,2], the Holder esti-

mates and Harnack inequality of Krylov and Safonov [8], and the local maxi-

mum principle and weak Harnack inequalities in Trudinger [14]. Our estimates

shall be formulated in such a way that their continuous versions follow via

Taylor's formula. In a subsequent paper [9] we apply the Holder estimate to

deduce the convergence of discrete numerical schemes for fully nonlinear ellip-

tic differential equations under very general structure conditions [15]. In fact,

the approximation of viscosity solutions of nonlinear elliptic equations provided

the motivation for the present study.

The difference operators encompassed are of positive type. To describe them,

we let h be a (small) positive parameter and let

1nh = {x = (mx, ... , mn)h\ml el, i = 1,... , n}

denote the orthogonal lattice or mesh, with mesh length h, in Euclidean n-

space Rn . A real-valued function u on Z"h is called a mesh function, and for

fixed y (,¿ 0) e lfh we define the following difference operators, acting on the
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linear space of mesh functions

1.1)

^u(x) = -~{u(x + y)-u(x)),

S~u(x) = t-Au(x) - u(x - y)},

Syu(x) = j(ôy +S~)u(x) = —{u(x + y)-u(x-y)},

ôyu(x) = ôyây u(x) = —2{u(x + y) -2u(x) + u(x -y)}.

2\y\

J
\y\

We consider second-order difference operators of the form

(1.2) Lhu(x) = ^a(x, y)S]u(x) + ]T b(x, y)ôyu(x) + c{x)u(x),

y y

with real coefficients a, b, c satisfying (at least)

(1.3) a(x,y)-\\y\\b(x,y)\>0,       c(x)<0

for all x, y e Z"h . Such operators are of positive type, as defined by Motzkin

and Wasow [11], and satisfy a maximum principle [11, Theorem 3, 4]. More-

over, for any linear, uniformly elliptic, second-order differential operators

(1.4) Lu^ a'JDi u + b'D^ + cu

with bounded coefficients a'1, b', c, satisfying

(1.5) ¿'Zfij >A|£|2,        c<0

for all i e K" and some positive constant X, there exist difference operators

Lh satisfying (1.3), which are consistent with L [11, Theorem 2]. We shall

supply a proof of this assertion in §6. The coefficients a(x, y) will also have

compact support in y but the reader may even assume for technical simplicity,

without losing any basic ideas, that a(x, y) vanishes except when y = he{,

i = 1, ... , n, where ex, ... ,en are the coordinate vectors. This situation

corresponds to a diagonal coefficient matrix [a'J].

We conclude this introduction with some brief historical remarks. In the

special case of two dimensions, a local Holder (in fact Lipschitz) estimate for

solutions of general elliptic difference equations with random coefficients was

obtained by Brandt [5]. Elliptic difference operators on graphs, corresponding

to divergence form differential operators,

(1.6) Lu = Dj(aiJDjU),

were considered by Merkov [10], who derived Holder and Harnack inequalities

analogous to those of De Giorgi and Moser; see [7, Chapter 8]. The methods in

[5, 10] are necessarily totally different from ours. Earlier work in the 1960's dealt

with extensions of L and Schauder estimates to elliptic difference equations;

see for example [3, 4, 13], also [6] for a more modern treatment. Unlike the
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hypotheses of the latter theories, our coefficients are random in the sense that

their values at neighboring mesh points are independent of the mesh length.

2. The discrete maximum principle

In this section, we prove discrete versions of the maximum principles of Alek-

sandrov [1] and Bakel'man [2]. Our technique adapts the geometric argument

of Aleksandrov, as presented for example in [7], to the discrete case. To formu-

late our result, we let fi denote a bounded domain in Euclidean «-space Kn

and let £lh — Q. n lfh be the set of mesh points lying in £i. We shall consider

operators of the form (1.2) defined for points x e Qh and satisfying, together

with (1.3), a nondegeneracy condition, namely for each point x e Q/(, there

exists an orthogonal set of vectors y , ... , y" eZ"h such that

(2.1) a(x,y')-2-\y,\\b(x,y')\>Xl(x)>0.

Furthermore, we assume the coefficients a(x, y) vanish whenever \y\ = \y\2 >

Nh for some N eZ and write
n

2t =2i(x) = ]\Xi(x),       2*=2fx,n,

(2.2) '='
b(x) = Y^\b(x,y)\, ¿ = diamQ + /V«.

y
Our maximum principles provide bounds for solutions in terms of integral

norms over certain subsets. If u is a mesh function on a set ScZj, we

define the upper contact set of u in 5, F+ = T* , to be the subset of S where

u is concave, that is Y+ consists of those points x for which there exists a

hyperplane P — P(x) in E"+ passing through x and lying above the graph of

« in 5. Denoting Lp norms of mesh functions u over sets S by

(2.3) IMI,;S=(£/I>(*)|P
\x€S

we then have the following discrete analogue of [7, Theorem 9.1].

Theorem 2.1. Let u be a mesh function satisfying the difference inequality

(2.4) Lhu > f

in £lh. Then,

(2.5) maxw< max u+ + CÔN\\f/3*\\nT+ ,

where C depends on n and N\\b/2}*\\n r+, u+ = max{w, 0}, and T+ is the

upper contact set of u in Q.h.

The proof of Theorem 2.1 is based upon the notion of normal (or supergra-

dient) mapping, the normal mapping of a mesh function u on a set S, at a

point x e S, being defined by

(2.6) x(x) = Xu(x) = {peM."\u(z) < u(x) + p ■ (z - x) for all z eS}.

'ii'
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The upper contact set T+ of u on S is thus the subset of S where x is

nonempty. If S' is any subset of S, we further define

X(S') = U X(x).
X€S'

Defining the boundary dS of a subset ScZj to be the set of points in S
o

which have a neighbor outside S and the interior S = S - dS, we then have

as a preliminary estimate:

Lemma 2.2. Let u be a mesh function on S c Z"h satisfying u = 0 on dS,

maxs u > 0. Then,

(2.7) BR = {peRn\\p\<R}cX/s)

for R = max5 u/diamS.

Proof. The proof of (2.7) corresponds to that in the nondiscrete case as given,

for example, in [7, p. 222].  Suppose that u takes a positive maximum at a
o

point y e S, and let u   be the mesh function on dS u {y} given by

[ u(y)   if x = y,

yK '     I 0       iïxedS.
o

Then xu (y) C Xy(S), since for each hyperplane passing through (y, u(y)) and

lying above dS x {0}, there will exist a parallel hyperplane passing through
o

some point in the graph of a on 5 and lying above u on S. Letting k be

the function on R" whose graph is the cone K with vertex (y, u(y)) and base

Bd(y), where d = diamQ, we then have (as in [7, p. 222])

BR = xk{y)cxu(y)cxß).  □

Proof of Theorem 2.1. We first treat the case b = 0. Setting

S = {x + y\xeCih, \y\< Nh},

we can assume, by replacing u with u - max5iJ u+ , that u < 0 on dS

and maxs u > 0 (otherwise (2.5) is trivial). Writing v = u+ , we then have

r^ c Qh n r^ , with u - v on T+ . Consequently, for x eT* and \y\ < Nh ,

we have

u(x ±y) < u(x) ±p -y

for some p e K" , whence by addition

(2.8) Syu(x) < 0.

Hence, for (2.4) and (1.3),

0 < a(x, y)[2v(x) - v(x + y) - v(x - y)]

< a(x, y)[2u(x) - u(x + y) - u(x - y)]

< \y\2Y^a(x,y')ô2ylu(x) < \y\2(cu(x)-f(x)) < \y\2\f(x)\.
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In particular, for y = y', we have

(2.10) [v(x) - v(x - y')] - [v(x + y') - v(x)] < \yi\2\f(x)\ßi,

so that, if p e xv(x), then p , = p ■ y'/\y'\ lies between the numbers Sy,v(x)

and SyiV(x) + \y'\ \f(x)\/Xj. Accordingly, the «-dimensional Lebesgue measure

of xv(x) is estimated by

Thus, by Lemma 2.2, with con denoting the volume of the unit ball in K" ,

whence we obtain the special case of (2.5),

J? AT /*

(2.12) max u < max u+ +
a>lJn

n,r+

To treat the general case, we introduce the function

(2.13) *(p) = (M"/("-I, + //("-I))1""

for pel" and some p > 0 to be fixed later. By Lemma 2.2, we have for

R — j maxs v the estimate

(2.14) f  g< [       g<Yl {™xg)\xv(x)\< £ g(v)\xv(x)\,

where p = p(x) e Xv(*) is chosen so that g(p) = max ,. g, which is possible

since xv(x) is a closed set. Now, since p = p-y/\y\ lies between Syu(x) and

S~u(x), there exists a number r = r e [0, 1] such that

Vy = (1 - r)ôyu(x) + rô~u(x).

Consequently, using the differential inequality (2.4), we have (for x e T^)

- J2 a(x. y)S]u(x) <J2b(x, y)ôyu(x) + c(x)u(x) - f(x)
y y

< föb(x, y)(ô+yu(x) + ôyu(x)) - f(x)
y

= Y,b(x, y){vy + (r- {2)\y\ô2yu(x)} - f(x).
y

Hence, defining new coefficients

ä(x, y) = a(x, y) - \\y\ \b(x, y)\,
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we therefore obtain in place of (2.9),

a(x, y)[2v(x) - v(x + y) - v(x - y)]

(2'15) <^b{m + mm<^K±QiTr
8     (P)

by Holder's inequality. We thus obtain, in place of (2.11), the estimate

(,16) ,,,,„, s rnnw^w.

Thus, by (2.14),

I g< £g(p)iz),(x)i<(iv«)"^(ier+/i-"i/r)/^
(2.17) Jb*        xer; *er:

<{N\\b/&*\\nJ.+ }" + l = b,

with the choice p = N\\f/3t*\\n r+ for / ^ 0.
Using the proof of [6, Theorem 9.1], we then obtain the estimate

(2.18) maxü< jexpi^-M-ll     ÔN\\f/&*\\nr,

and the proof of Theorem 2.1 is thus complete.   D

Remarks, (i) We need only assume the vectors y , ... , y" are linearly inde-

pendent in condition (2.1), in which case we replace 2 in (2.2) by

(2.19) ^=(nAJ.(x)J|det[>>;/|y|]|.

(ii) The constants in estimates (2.12) and (2.18) may be improved. In par-

ticular, using in place of (2.10) the sum

n

(2.20) £xt{ó-¡v{x)-Spv{x)} < Nh\f(x)\,
i=\

we obtain, instead of (2.11),

(Nh\f(x)\)n
(2.21) l/„W|< nn3f(x)

so that 3¡* can be replaced by n2¡* in (2.12) and (2.18).

3. The discrete local maximum principle

In this section, we prove a discrete version of the local maximum principle

(or mean value inequality) in [14, Theorem 1]. Although our method is inspired

by that in [14], the manipulation of the cutoff functions in the discrete case is
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far more intricate. We shall maintain the same operator hypotheses as in the

preceding section but now write, instead of (2.2),

X(x) = infXi(x),        a(x) = Y^a(x,y),

(3.1)
a0 = supa/X,    b0 = supb/X,    c0 = sup|c|/A.

Theorem 3.1. Let u be a mesh function satisfying the difference inequality (2.4)

in £lh. Then for any ball B = BR(x0) C Q with center x0 e Clh, Nh < R,

concentric subball Ba = BaR(x0), 0 < a < I, and exponent p > 0, we have the

estimate

(3.2) max u < C <
h_"
R B"+3

1/p

+ R
n;Bu

where Bh = B n Clh , Bah = B° C\Bh, and the constant C depends on « , N, a,

p, aQ, and bQR.

Proof. Without loss of generality, we can assume x0 = 0. Similarly to [14], we

shall consider a function of the form

(3.3) v = nu,

where « is an appropriate cutoff function for the ball B with n > 0 in B and

w = 0 otherwise. First, we observe that if x is a point in the upper contact set

of v in Bh , then there exists a vector p e Xv(x) such that

(3.4) \p\<v(x)/(R-\x\J.

Furthermore, for any y eZnh - {0} (with a(x, y) ^ 0 ), we can write

n . i;

(3.5) Py = ^ = ryS;v(x) + (l-ry)Syv(x)

for some r = r (x) e[0, 1]. By rewriting

-r (Ôy\   y s;)v + s;v = (i-ry)(s; Sy)v+Ôyv,

we then obtain

{ryn(x + y) + (I - ry)n(x - y)}(Sy

= [nix + y)- n(x - y)]py + n(x - y)S~v(x) - n(x + y)ôyv(x)

Ïô:)v(x)

(3.6)
-2\y\ôyn(x)py + n(x)u(x)[n(x + y) + n(x - y)]

- n(x + y)n(x - y)[u(x + y) + u(x - y)]

= -2\y\ôyn(x)py - n(x + y)n(x - y)[u(x + y) + u(x - y) - 2u(x)]

+ u(x){n(x)[n(x + y) + n(x - y)] - 2n(x + y)n(x - y)}.

Consequently, we have the formula

(3.7)

{ryn(x+y) + ( 1 - ry)n(x - y)}Syv(x)

= 2p S n(x) - rj(x + y)t](x - y)Su(x)

[2ôy n(x)Sv n(x) n(x)Syn(x)]u(x).
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By a similar argument, we also have

- \y\{ryri(x + y) - (1 - ry)n(x - y)}ô2yv(x)

(3.8) = [n(x + y) + n(x - y)]py + 2n(x + y)n(x - y)6yu(x)

+ 2n(x)u(x)Syn(x).

To proceed further, we assume «(x + y)n(x - y) > 0, so that, combining (3.7)

and (3.8) with (2.4) and writing, as before,

ä(x,y) = a(x,y)-\\y\\b(x,y)\,

we obtain the following difference inequality for v :

+ (i-O'-E^'^i^TT^ + ̂ -^r^^

(3.9) <£>(*, y)

-}Zb(x,y)

-f(x).

We now fix n by setting

rj(x + y)    nix-y)^

2pyôyn(x) + [2ô+n(x)ô-n(x) - n(x)ô2n(x)]u(x)

n(x + y)n(x-y)

I
+

1 Pyv      »ix)u(x)ôn(x)
+

riix + y)     n(x-y)\   2      n(x+y)n(x-y)

(3.10)
x

a\P

"w=I'-j.» x eB,

for some ß > 2 to be chosen later. Then, provided

(3.11)

we have the inequalities

R2 -\x\2 >4RNh.

ß<n(x±y)       ,

-   nix)   -    '

\syn\<-ß-n      ix),

lsK^ßiß-\)2ßj-2/ßi^
\àyn\<——2—n      ix),

so that, using these inequalities together with (3.4) in (3.9), we obtain

-Lv(x) = -^2'd(x,y)ôyv(x)

(3.12) ,1-2/0

< c 10(x)i_lM(x) + è(x)!L__M(x) + „|/(x)| I,
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where C depends only on ß and N.  If the restriction (3.11) on the point
+

x is not satisfied, we first observe that, by replacing u by u , we can assume

u > 0, whence

.2 , v . 2t](x)u(x) ^ 32N2      ,  1-2/0,  ,
Syv(x) <        ,2     ; < ——u(x)n    IP(x),

« R

using « < (4Nh/R) , so that (3.12) continues to hold. The remainder of

the proof now follows along the lines of [14]. Applying the discrete maximum

principle, Theorem 2.1, to the function v , we obtain

(3.13) mut; < C   ^iM^/ß^^^ + R
n\Bh

where C depends on «, N, and /? ; with the choice ß = 2n/p (assuming

p < n ) we finally arrive at the estimate (3.2).   D

Remarks, (i) There is no need to require c < 0 in (1.3); the constant C in

(3.2) then depends also on c0R .

(ii) When / = 0, p - 1, and u > 0 in (3.2), we obtain the mean value

inequality

(3.14) u(Xo)<Cj2uix),

where C depends on «, Ar, a0, and bQR, and [ßA] denotes the number

of mesh points in Bh . The estimate (3.14) is well known in the special case

y' = he¡, a(x,y') = l, a(x, y) = 0 for y ¿ y', i = 1,... ,n, b(x, y) = 0,

c = 0, when Lh is the discrete Laplacian.

4.  HARNACK AND HOLDER ESTIMATES

In this section, we proceed from the local maximum principle, Theorem 3.1,

to derive interior Harnack and Holder estimates for solutions of elliptic dif-

ference equations. Our approach is modelled on that suggested in [7, Problem

9.11], with a discrete version of the fundamental Krylov-Safonov covering ar-

gument playing a key role. First we require some lower estimates for positive

supersolutions, and for these we continue the same hypotheses and notation as

in the preceding section.

Lemma 4.1. Let u be a mesh function satisfying the difference inequality

(4.1) Lhu<f

in Q.h, with u > 0 on Bh, where B = BR(x0) c Cl, x0 e Clh. Then, for any

concentric subballs Ba = BaR(x0), Br = BrR(x0), a < r < 1, and sufficiently

small h , we have the estimate

(4.2) min « > yminu - CR
n;Bk
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where y and C are positive constants depending on n, o, x, N, aQ, b0R, and

c0R<

¡2\ßProof. Again, we may assume x0 = 0. Setting n(x) = (R -\x\ y for \x\<R,

ß > 2, and « = 0 for \x\ > R , we have by differentiation,

Dn = -2ßx(R2 -\x\2f~[,

Dur,(x) = -2ßou(R2 - \x\2)ß-X + 4ß(ß - l)x¡Xj(R2 - \x\2)ß~2

for \x\< R, so that

Lnix) = J2
ajx,y)

\y\2

Ey.y^ + ̂ Ey^À+cn
i,j i )

(4.3) > {4ß(ß - l)X\x\2 - 2ß(a + b\x\)(R2 - \x\2) + cR2(R2 - \x\2)}

iR2-\x\2)ß~2

>0

2\ i   2
for aR < \x\ < R and ß > (a0 + bQR + c0R )/a     (= ß0).   Now, writing

m = min „a u and

(4.4) w = mR      n - u,

we have w(x) < 0 for |x| < aR, \x\ > R, and

(4.5) Lhw>mR-2ß(Lhr,-Lr,)-f

in Bh -B°h . Consequently, by the maximum principle, Theorem 2.1, we obtain

(4.6)
mh~R~w<C0-E- + C(R + Nh)N

n;Bk

where  C0  is a constant depending only on  n, ß, a0, b0R, and yV, and C

depends on « and b0R . Hence it follows that in BTh ,

(4.7) u>   (1-T)'

which implies (4.2) for

(4.8)

C0h

R
m-C(R + Nh)N

n;B.

^<y = \d-S)ß.  u

Using Theorem 3.1, we now improve Lemma 4.1. For convenience we shall

take c = 0, but the general case may be recovered in the final Holder estimates

by replacing / by f - cu.

Lemma 4.2. Under the hypotheses of Lemma 4.1, there exists a constant S < 1,

depending on n, N, a0, and bQR, such that, if T c Bah  satisfies

(4.9) [T]>ô[Bah],
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then

(4.10) min u > y min u - CR
Bl r n;B.

where y, «, a«í/ C are controlled by the same quantities as in (4.2).

Proof. Setting m = minr u, we apply Theorem 3.1 to the function v = m - u

in the balls Ba/2, Ba to obtain

max
B°J2 {[Bh]B. n;Bk

< C{(1 -ô)ma\v + R
n;Bk

where C depends on n, N, a0, b0R. Consequently,

m - min u<Cl(\-ô)\m- min u 1 + R
,»/:

n;Bu

so that for

(4.11)

we have

(4.12)

1-1/2C,

m
min u > — - CR

„1/2 n:B.

whence (4.10) follows from Lemma 4.1.   D

We can now proceed to the derivation of a weak Harnack inequality for non-

negative supersolutions, which constitutes yet a further improvement of Lemma

4.1. In order to remove the restriction (4.8) on the mesh length « in Lemmas

4.1 and 4.2, we need to assume that mesh points are effectively related by the

operator Lh , and this is readily accomplished by requiring, as we do hence-

forth, that the vectors y in condition (2.1) be given by y' = het, where ei,

i = 1,...,«, are the coordinate vectors.

Theorem 4.3. Let u be a mesh function satisfying the difference inequality (4.1)

in QA, with u > 0 in Bh, where B - BR(x0) c Q, xQ e Qh. Then there

exists a constant p > 0, depending on n, N, a0, b0R, such that, for any r < 1,

Nh < ( 1 - t)R , we have

f\
(4.13) i  XV <C I min u + R

Bl
K n;B.

where C depends on n, N, a0, b0R, x.

Proof. Let us first observe that the restriction (4.8) can be replaced by the condi-

tion Nh < ( l-x)R . To see this, we fix any point z in B\, so that u(x) > 0 for
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\x - z\ < Nh , whence by virtue of the difference inequality (4.1) and condition

(2.1) with y* = he¡,

(4.14) 2a(z)u(z) > Xtu(z ± hef) - h f(x), i = I, ... , n.

Consequently, if R < CQh/y , the result of Lemma 4.1 follows by a finite itera-

tion (depending only on «, C0, x ).

To complete the proof of Theorem 4.3, we follow an argument analogous to

the original measure-theoretic argument of Krylov and Safonov [8]. We shall

denote the cube of side length 2R and center x0 e K" , parallel to the coordinate

axes, by QR(xQ), that is

QrÍXq) = {xe x-x, Oloo
<R}-

Let us now fix a cube Q = Q,*Jx0) satisfying

( x0-(h/2,h/2,...,h/2)ez¡,      ken,

\ Nh< 2kh < dist(x0, dCl)/3^ß.

Defining Yt = {x e Qh\u(x) > t} for / > 0, we then obtain from Lemma

4.2, with judicious choice of a, x, that for any parallel subcube Q' = Qr(z),

z e Znh,2, satisfying

(4.15)

we have

(4.16)

[rfnö']>a[ß:],

u(x) >yt-CR
n;Bh

in QhnQ3r(z), where y and C are positive constants depending on n, N,aQ,

bQR . We next invoke the following discrete covering lemma, whose proof is a

replica of the continuous case [14, Lemma 3]. Note that our choice of x0 is

significant here.

Lemma 4.4. For Y c Qh and 0 < ô < 1, set

(4.17) rs = [J{Q3r(z)nQh\[rnQ']>ô[Q'h]},
Q'

where Q' = Qr(z), z e Z¡/2. Then either rs = Qh or [Ts] > S~l[T].

From Lemma 4.4, it follows by induction that, if [T,] > Ss[Qh], s e N, then

/
X

u(x) >y t-CR
n:Bk

5-1
for all x e Qh. Choosing 5 so that <f < [r,]/[Qh] < S     , that is

5 >
logó

log
[Qh]

>s-l,
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we then have

/ ip ] \ logy/logá

(4'18) V't'-W     ■

For fixed p < loga/ logy , we thus obtain

«■■»i      {¿xx} sc(t""+Äli
where C depends on «, N, aQ, and b0R. The weak Harnack inequality,

(4.13), now follows directly from (4.19), provided x is sufficiently small. But

then the general case may be deduced by a standard chaining argument.   D

By combining Theorems 3.1 and 4.3 we obtain the Harnack inequality for

nonnegative solutions.

Corollary 4.5. Let u be a mesh function satisfying the difference equation

(4.20) Lhu = f

in Q.h, with u > 0 in Bh, where B = BR(x0) C fi. Then for any x < I,

Nh < (1 - x)R, we have

(4.21) maxu < C lminu +R
Bl \   Bl

where C is a positive constant depending on n, N, x, a0, and b0R.

Remark. The proof of Theorem 4.3, Corollary 4.5 can be extended to permit

c t¿ 0, in which case the constants C also depend on c0R .

Finally, we arrive at an interior Holder estimate for solutions, which can be

deduced from Theorem 4.3 or Corollary 4.5, as in the continuous case [7].

Corollary 4.6. Let u be a mesh function satisfying (4.20) in Qh . Then for any

ball B = BR(xQ) c Q and 0 < x < 1 , we have

(4.22) osc W<CT"((l+c0/?2)max|W| + JR||//A||n;B } ,
B¡ I Bh h )

where a and C are positive constants depending on n, N, a0, bQR.

Remark. By means of a covering argument, we can remove the dependence of

p, a on bQR in Theorem 4.3, Corollary 4.6.

5. Boundary estimates

The extensions of the local estimates of the preceding sections to the bound-

ary dÇlh of the set ilh proceed analogously to the continuous case [7, §9.9].

In particular, writing for any mesh function u and ball B cM.",

M = max u, m = min u,
(5.1) s*~"* B'~íl«

u+M = ma\{u,M},       um = min{u,m),
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we find that Theorems 3.1 and 4.3 continue to hold with u replaced by u+M and

u~m , respectively, and / extended to vanish outside QA . From the extended

weak Harnack inequality, we can deduce an oscillation estimate in neighbor-

hoods of boundary points; To formulate this, we assume that Q satisfies a

uniform exterior cone condition, that is, at every point z e dQ. there exists a

finite right circular cone V2 with vertex z, congruent to a fixed cone V and

satisfying Vz n Q = z. It follows then that there exists a positive number 6

(independent of « ) such that

(5.2) '^^^
lBhi

for any ball B - BR(x0), with center x0 € d£lh. We then have the following

estimate.

Theorem 5.1. Let u be a solution of the difference equation (4.20) in QA and

B = BR(x0) be a ball in Rn with center x0 e £ih. Then for any 0 < x < 1, we

have the estimate

(5.3) osc u<C lxa  (I+c()R2)max\u\ + R\\f/X\\n.rinR    +co(^/xR)\,
nhnB* (     [ Bh "■"*' ID*J J

where a and C are positive constants depending on n, N, a0, è0diam Ci, and

8, and to(R) = oscB _n u.
h h

Note that (5.3) reduces to the interior estimate (4.22) when B c Q..

6. Differential operators

Let L be a linear, second-order differential operator of the form

(6.1) Lu = a'1Diju + b'Dtu + cu,

with real coefficient a'J (— aJ!), b', c, i, j = 1,...,«, on the domain Í2 c

E" . The family of difference operators {Lh\0 < « < «0}, given by (1.2), is

called consistent with L if

(6.2) lim Lhu(x) = Lu(x)

for all u e C (Q) and x e Uo<a<a ^a • Suppose that L is uniformly elliptic

in Q with bounded coefficients satisfying

(6.3) A|i|2 < fl''^. <A|£|2,        \b\<p,        c<0

for all i^el" and given positive constants X, A, p . Then we have the follow-

ing result of Motzkin and Wasow [11].

Lemma 6.1. There exists a family of positive-type difference operators [Lh\0 <

« < «0} of the form (1.2), consistent with L, satisfying (1.3), (2.1) for y' = «<?.
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and a(x, y) = 0 for \y\ > Nh, where N, a0, b0, «0 depend only on «, A/X,

and p/X.

The proof of Lemma 6.1 follows by decomposition of the coefficient matrix

a = [a'J] into a sum of dyadic matrices,

(6.4) a= J2 aiy)y®y>     y = y/\y\,
\y\oc="

with nonnegative coefficients a(y) = a(y). This enables us to write the differ-

ential operator L in terms of pure second-order derivatives,

(6.5) Lu = ^2a(y)D.yu + b'Diu + cu,
y

yielding the consistent family,

(6.6) Lhu(x) = Y^aix,y)o2yu(x) + b'(x)oy¡u(x) + c(x)u(x)       (/ = he¡).

y

Let us therefore prove (6.4). In the special case when a is diagonally dominant,

that is,

(6.7) £>u|<fl"-A0,        /=1,...,«,

¥J

for some constant X0 > 0, we can write

a= J2 \a" -J2\a'J\
i=i v      w

(6-8) + i £(|a'7| + aiJ){et + eß ® (e, + eß
i¥j

+ W(\aii\-aii)(ei-ej)<S>(ei-ej),
4

¥J

thus obtaining (6.4) with N — 1 and a(e¡) > X0 . For general a, we first observe

that there exists an orthogonal set y , ... , y" with ly'l^ = N such that

if-Vl^^lßN,

where tp , ... , tp" is an orthonormal set of eigenvectors of a corresponding to

eigenvalues Xx, ... , Xn . Consequently,

n

(6-9) *:'   k  k   „
= Y,*k(y ®y ) + Ylkki(p ®v -y ®y )

k=\ k=\
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will be diagonally dominant with respect to the coordinate system y , ... , y"

if

(6.10) X-n2A/N>X0>0,

and the representation (6.4) follows, with

(6.11) a(y!)>Xj-n2A/N>X0.

Note that we can always ensure condition (2.1) for y' — he¡ (with Xi > A/2),

by first replacing a by a - XI/2.   D

Using Lemma 6.1, we can pass from Theorems 2.1, 3.1, 4.3, Corollaries 4.5,

4.6, and Theorem 5.1 to their continuous analogues [7, Theorems 9.1, 9.20, 9.22,

Corollaries 9.25, 9.24, 9.28, respectively]. To accomplish this, we approximate

the differential inequalities

(6.12) Lu> (<)f

2 o —
for a function ueC (Q.) n C (Q) by difference inequalities,

(6.13) Lhu>  (<) f + (Lhu - Lu)

(also approximating Q if necessary by a smooth subdomain), and use the fact

that the convergence in (6.2) will be uniform in compact subsets of Q.

The discrete approach thus yields new proofs of these fundamental estimates

for differential equations, which are independent of any measure or integration

theory. Because of the dependence on yV , we do not recover the Aleksandrov

maximum principle [7, Theorem 9.1] for nonuniformly elliptic operators, but

this can be achieved by a refinement of the discrete approach.
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