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SUPERCONVERGENCE AND EXTRAPOLATION FOR MIXED
FINITE ELEMENT METHODS ON RECTANGULAR DOMAINS

JUNPING WANG

Abstract. Asymptotic expansions for the RT (Raviart-Thomas) mixed finite

element approximation by the lowest-order rectangular element associated with

a second-order elliptic equation on a rectangular domain are derived. Super-

convergence for the vector field along the Gauss lines is obtained as a result of

the expansion. A procedure of postprocessed extrapolation is presented for the

scalar field, as well as procedures of pure Richardson extrapolation for both the

vector and the scalar fields.

1. Introduction

The aim of this paper is to discuss the asymptotic behavior of the mixed

finite element approximation associated with a second-order elliptic equation.

We take as our model the Dirichlet boundary value problem

-div(a(x)Vw(x)) = /(x)        inn,

u = -g(\)     on dSl,

where SI is an open bounded domain in R2 and dSl the boundary of SI. a(\)

is a positive, continuous function on SI = SI U dSl. For the sake of simplicity

of analysis, we shall take the domain SI to be a rectangle in this paper. The

results can be extended easily to Neumann boundary value problems.

A mixed form of the problem (1.1) seeks (q, u) such that

ßq + Vu = 0       in SI,

(1.2) divq = /      in«,

u = -g   on oil,

where ß = ß(\) = oT (x) is the reciprocal of the coefficient a(x).

Let H(div) be the Hubert space

H(

with norm defined by

H(div) = {v: veL2(n), divveL2(n)}

lvllH = IMIo,2 + lldivvllo,2
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where L (n) = L (SI) x L (Si) and || • ||0 2 indicates the L -norm of either

a scalar-or a vector-valued function. Denote by Wm'p(Si) the usual Sobolev

space containing functions whose partial derivatives are Lp -integrable up to

order m. Let \\<t>\\m p indicate the norm in W/W'i'(n) for any function </3(x) e

Wm'p(Si). Then a weak form of the problem (1.2) seeks (q, u) e H(div) x

L2(n) such that

(ßq,\)-(div\,u) = (g,\-n),        v€H(div),

(divq, w) = (f, w), weL2(Si),
2 2

where (•, •) denotes the inner product in L (Si) or L (n) and (•, •) that in

L (dSi). n denotes the outward normal direction of dSi. In what follows, the

two components q and u of the solution (q, u) axe referred to as the vector

and the scalar field, respectively.

A mixed finite element method for (1.1) is based on the formula (1.3) and

on finding a pair of finite element spaces V x M c H(div) x L (Si) associated

with a polygonalization !RA of n which satisfy the inf-sup stability condition

of Brezzi and Babuska (cf. [4, 1]). In this paper, we shall consider rectangular

partitions for n instead of a general polygonalization. Some spaces have been

constructed and analyzed for rectangular elements. Among these, we would like

to mention those of Raviart and Thomas [22], Brezzi, Douglas, and Marini [6],

and Brezzi, Douglas, Fortin, and Marini [5]; they are referred to as RT, BDM,

and BDFM spaces, respectively.

Some superconvergence results for the RT method on rectangular domains

have been derived by Nakata, Weiser, and Wheeler [21] in which a discrete L -

norm of the error arising from the Gauss points on each element is considered.
One of the main objects of this paper is to discuss superconvergence of the

approximation along the Gauss lines for the vector field q associated with the

lowest-order RT method. Extensions to RT or BDFM methods of any order are

given in forthcoming papers (cf. [11, 9]).

Our second aim is to discuss the asymptotic behavior of the approximation

associated with the RT method of lowest order. We intend to establish an

asymptotic expansion for this method. The idea of deriving an asymptotic ex-

pansion for finite element methods is not new. The earliest work, to the author's

knowledge, is the one presented in Marchuk's book [20], where an expansion

for the Galerkin approximation of the one-dimensional Laplace equation is de-

rived. However, it is not clear whether the idea in [20] can be generalized to the

Laplace equation in higher dimensions. Recently, Lin and Lu [15] presented

an expansion for the Galerkin approximation for the two-dimensional Laplace

equation under the assumption of uniform triangulation. The crucial idea in

[15] is the use of the discrete Green's function in the representation of the

Galerkin approximation. Many results have been obtained following this idea,

but few of them made any essential improvement on relaxing the uniformity

assumption for the triangulation. For more detailed discussions we refer to [ 16,

15, 17, 18, 19, 2, etc.] and references cited therein.
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An analysis of Richardson extrapolation has been given for the mixed finite

element approximation in [23]. It was proved that one can extrapolate the scalar

field for the mixed finite element approximation without using any uniformity

on the triangulation. Continuing [23], we shall further disscuss the extrapolation

for the RT approximation in this paper. We shall illustrate that the uniformity

condition is still required in extrapolating the vector field. The estimates es-

tablished for the discrete Green's functions in [23] will play an important role

in the forthcoming analysis. We derive asymptotic expansions and also present

and analyze some procedures of extrapolation and postprocessed extrapolation;

they all yield approximations of higher order to the original problem.

The idea behind the postprocessed extrapolation in this paper is the same

as the postprocessing procedure presented in [23] for the lowest-order BDM

method. A general local postprocessing technique (cf. [3]) was proposed by

Bramble and Xu independent of [23]. The idea behind these procedures is the

same; one tries to use the approximation of the vector field, which is propor-

tional to the gradient of the scalar field, to get a better approximation of the

scalar field via Taylor expansion.

The paper is organized as follows. In §2 we study the asymptotic behavior

of a projection operator Ylh and then establish a general asymptotic expansion.

In §3 we present a superconvergence result as the first application of the expan-

sion. A procedure of postprocessed extrapolation for the scalar field is presented

and analyzed in §4. Finally, in §5 we present and analyze procedures of pure

extrapolation for both the vector and the scalar fields.

2. Preliminaries and asymptotic expansions

We shall assume throughout this paper that the domain isß = (0, l)x(0,l).

Let AY and A   be partitions of [0, 1],
x y

A.x:    0 = Xq < x*x < x*2 < ■ ■ ■ < x*N = 1,

and

V  Q = yl<y\<yl< — <y]i = i>
Denote by l'x and IJy the subintervals (x*_x,x*) and (y*_l, y*), respec-

tively. Let hi or t• be the half-lengths of l'x and V , and let

h = max{2/z , 2t.}.
i,j }

Set

7>; = [0,l]x7;   and   DX = IX* [0,1].

Let $lh = Ax x Ay = {R} be a finite element partition for the domain n, where

the element R is a rectangle of the form l'x x V for some l'x e A^ and IJV e A .

A shape regularity is required for 5ïA ; i.e., the ratio of the side lengths of R is

assumed to be bounded by a constant independent of R and h .
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e2

e4

Figure 1

Illustration of rectangular element in 1h

Let us recall the definition of the RT space of the lowest order:

Va = {v : v e H(div), v|7, x/, e Px(I'x) x Pl (IJy)},

Mn
{w: w\IíxIjeP0(IxxlÍ,)},

where Pm(S) denotes polynomials of degree m on the set S. Let Hr(div) be

the Banach space

Hr(div) = {v : v e L2(n), diw e Lr(Si)}

equipped with a natural norm

n» = ||v||02 + ||divv||0    ,

where r is any number larger than 2 .

Assume (x¡, >> ) to be the center of gravity of the element R = l'x x I1 e dth .

A projection operator, denoted by Uh, is defined as a linear mapping from

Hr(div) to V   for some r > 2 such that on each element R e ïtA

(2.1) Uhyf -nds=      yz-nds,        ip € Hr(div)
Je, Je,

for i = 1, ... , 4, where ei are the four edges of the rectangle R and n the

outward normal direction on the e¡ (see Figure 1).

It can be shown that this operator Hh is well defined and satisfies the fol-

lowing commutativity property:

(2.2) div-n, = 7>u-div,

where P% is the local L2-projection operator from L2(n) to M   (cf. [22, 8]).

For any y/ e Hr(div), let Ylh y/ be represented on R = l'xx I1 by

(2.3) nA y = (ax + a2(x - xt), bx + b2(y - yj)).

The coefficients ai and bx■, i = 1, 2, can be found through the relation (2.1).
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Lemma 2.1. Let y/ e [ Wi 'l (Si)]2 n Hr(div). Then the coefficients in the projec-

tion Uh yr , as defined by (2.3), are given by

(2.4) ax=P°h(ipx+(Ç-xi)dsipx),

(2.5) a2 = P°h(diipx),

(2.6) bx=P°h(w2 + (n-yj)d„¥2),

(2.7) b2 = P¡(dnip2).

Proof. It suffices to check that (2.4)-(2.7) solve (2.1). Substituting (2.4), (2.5),
(2.6), and (2.7) into (2.3) gives

nAv = (P¡(vx + « - *^r,) + ̂  W (x - xt),

P°h(¥2 + (ri-yj)dri¥2) + P0h(dri¥2)(y-yj)).

We want to verify (2.1) for Tlh yi given by (2.8). It follows from (2.8) that

/ Uhy, • nds = f [P°h(Wx + (i-x,)^) + T»;^^) (x -*,.)]ds
Je, Je,

= I^Vi + (Í - ^)ö^i) + h/^d^)}

= \ex\P°n{di[(Ç-xAvl] + hid(ipx}

(2-9) =k,|/,>í[((í-^)+AI)v,]}

W Jr

2ht\ex\ r r
= —r^f- /  y/xds=     y/xds,

which implies that

(2.10) / Ylhyt -nds= Í yi   nds.
Je, Je,

The same argument can be applied for the other three edges to verify the

conclusion of the lemma.   D

It follows from Lemma 2.1 that Ylh y/ is defined componentwise. Thus, we

can define the projection of each component of any vector-valued function and

shall denote by l~lh \pi the ith component of the projection of y/ .

We are now in a position to derive an asymptotic expansion for the error of

the mixed finite element approximation of (1.3) using an RT space of the lowest

order.

Lemma 2.2. Let q e [P2(R)f with R = l[x IJy e »A. Then,

1 h2 t2
(2.11) nhqx(x, y) = qx(x,y}) - -(x -xfdfa + -fd2xqx + A\d]qx
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and

l-        A*2„ Ja¿„ ^Íx2
(2.12) nhq2(x, y) = q2(X¡, y) - ^(y - y.fdfa + ^yq2 + -fdxq2.

Proof. By Lemma 2.1,

Since

nhai = p°h(Qi + (Í - xi)diai) + Pfofr) (x -xA   on R.

P¡((Z - xs) d(qx) = ¿j jT« - *,)«<«! dÇdr,

= j^jR(Z- xfdfa dÇdn = ̂ d2qx,

we have

*?,:
(2.13) Uhqx = P;qx + (x - xJP^q,) + -fdxqx.

Further, by a Taylor expansion,

PUx = Trï/ «i(f > rtdZd1

= Qx(x, yj) + TRAj(Z-x) didn dxqx(x, y¡)

(2-14) +^(jR(c:-x)2dÇdnd2xqx+jR(n-yj)2dc:dndy2qx^

= Qx(x, yj) + (xt - x)dxqx(x, yß

Thus, substituting (2.14) into (2.13) gives

1 - s2„2        .   h)    i
nAc7, = qx(x, y.) + (x¡ - x)dxqx(x, y¡) + ^(x - xt) dxqx + -±dxq

A h2
+ -Ld2yqx + (x-xi)P¡(diqx) + ^d2xqx

2

= Qx(x, y¡) + (x¡ - x)dxqx(x, y¡) + ^(x - xfd2qx + -j-dxq

+ ^dyqx + (x-xi)dxqx(xi,yj)

1 h2 t2
= qx(x, y.) -(x- X¡)2d2xqx +-(x - xfdfa + -fd2qx + ±d]qx

1 2   2 h2    2 ¿2    2
= «,(*, yj) - 5(* - xf) dxqx + -fdxqx + ±dy qx,

so that (2.11) holds. The same arguments can be applied to verify (2.12).   D
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Theorem 2.1. Let q e Hr(div).   Let SRA  be the partition of Si given at the

beginning of this section. Let ß eW '°°(Si). Then, for any v = (vx, v2) e V ,

1  N      r
(ß(q - nhq), v) = - £ h) / _ (dxßdxq2v2 - ßd2qxvx)dxdy

1=1 D'x

{2A5) i»     r
+ 3 El) Jjdyßdyqxvx - ßd]q2v2) dxdy + R(y),

;=.     ^

where

(2.16) Wv)|<C/z3||q||3>/,||v||y,

provided that q e [W/3,p]2 with p>l and l/p + l/p' = 1.

TVoo/. Since

(2.17) (ß(q-nhq),y) = Yli      ß(q-Tlhq)-ydxdy,

it is sufficient to analyze

(2.18) /      ß(q-Ylhq)-ydxdy = [ ß(q-Ylhq)-xdxdy = Ux +U2,
Ji'xxPy Jr.

where

(2.19) Ux=  Í ß(qx-Uhqx)vxdxdy,
Jr

(2.20) U2=  [ ß(q2-Ylhq2)v2dxdy.
Jr

We may assume, without loss of generality, that q,(i = 1, 2) are polynomials

of degree not exceeding two on each R . Then, by (2.11),

ui=l ß(<ll(x,y)-qx(x,yJ))vxdxdy

If 2   2
+ 2 / ß i*- x¡) dxqxvx dxdy

- y y rVi ¿^ - f y /HVi rfxí/j;

(2.21)

= /1+/2-/3-/4.

Set

(2.22)

äm(vi) = /V - ß) I J&i +«i(x> Vj) -Qi(x,y)\ vx dxdy

+ jJRdy(ßI-ß)dyqxvxdxdy,
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(2.23) RÏ2(vx) = \jR(ß-~ß) Ux-xf-k] d2qxvxdxdy,

and

v\ =co + c\(x-xi),

where ß and ß1 denote the average and the bilinear interpolant of ß on R,

respectively. Note that

7,

(2.24)

/ ß\qx(x,y)~ qx(x, yA)vx dxdy
Jr

+ Í(ß - ß') (Qx(x,y)- qx(x, yj))vx dxdy.
J R

Since for any fixed x , the function ß'(qx (x, •) - qx (x, y A) is a polynomial of

degree 3 in y , it is easy to see that

/ ß\qx(x,y)-qx(x,y.))vxdxdy
Jr

= I [I     'ßI(4x(x,y)-qx(x,yj))vxdy\dx
(2.25) j     yr'J

t     f    2     I
= 3 / dy^ Ü¿x>y)-Cl¿x,yj))'»x)(x,yj)dx

t2

\ j ß'dyqxvx dxdy + ^ f d/dyqxvx dxdy.

Combining (2.24) with (2.25) and (2.22) gives

t2   f t2   r
h = i j ß'dyCixvx dxdy +^J d/dyqxvx dxdy

(2.26) + [ (ß - ß!)(qx(x, y) - qx(x, yj))vxdxdy
•J R.

.2 2

L j ßd]qxvx dxdy + jj dyßdyqxvx dxdy + *£,(«,).
t2

6

As to 72 , we observe

/ ß(x - xfdxqxvx dxdy =     (x - xf(c0 + cx(x- xt))dxdy ßdxq
Jr Jr

(2.27) = j (x - x,)2c0dxdyßd2xqx = -j- j c0~ßd2qx dxdy

= y / R2?i(co + cx(x- xA)dxdy = -j- j ~ßd2xqxvx dxdy,
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which together with (2.23) yields

If— 22
h = 21 ß (x~x¿ dxa\v\ dxdy

+ \j(ß-~ß)(x-Xi)2d2xqxvxdxdy

= \j ~ßd2xqxvx dxdy + \jR(ß- ß) (x ~ *,) Wi dxdy

2    f
i- JRßd2xqxvxdxdy + Rl2(vx).

(2.28) h2

h2

6

Thus, combining (2.21) with (2.26) and (2.28) gives

rî r_       .  .    h2
(2.29) Ux = jjRdyßdyqxvxdxdy-flRßd2qxvxdxdy+Rll(vl)+Rl2(vx).

The same argument leads to

h2  f
U2 = -fJ dxßdxq2v2dxdy

A  r
-jj ßd2q2v2 dxdy + R'JA(v2) + R'j2(v2),

(2.30)

where

(2.31)

and

R'i.K) = /V - ß) (ydxa2 + f2(*< - y) - «2(*> Vi) v2 dxdy

+ \ j dx(ßl - ß)dxq2v2dxdy

(2.32) R\j2(v2) =X-jR(ß-ß)Uy-y.)2 - l± J d)q2v2dxdy.

Let

(2.33) 7<6(v)=x; eKm+*?>i».
fc=i i,y

It follows from (2.17) together with (2.18), (2.29), and (2.30) that

M1 /*

(/?(q - nAq), ▼) = j ¡Ei) _/(0^«,«, - /?^V2) ¿*¿y

1   ^        /"
+ IE Ä« yo, ( W«2V2 - RVi )dxdy + R6(y)

with

(2.35) |Ä6(v)|<CA3||q||2p||v||p,
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Now, the conclusion of Theorem 2.1 follows from (2.34), (2.35), and the

Bramble-Hilbert lemma.   D

Remark 2.1. Assume that q e [W ,p] with p > 1. From the proof of Theo-

rem 2.1 it is not difficult to see that

(2.36) \(ß(q - n„q), v)| < CA2||q||2JML,,,        v € V*,

where p' = p/(p - 1) is the conjugate of p .

Two particular choices of v and p will yield asymptotic expansions for either

the scalar or the vector field of the mixed finite element approximation of (1.3).

Therefore, (2.15) can be viewed as a general error expansion for lowest-order

RT mixed finite element approximations.

3. Superconvergence

In this section, we apply the asymptotic error expansion (2.15) to obtain

superconvergence for the approximation of the vector field along the Gauss lines,

rather than only at the Gauss points, as in [21]. We begin with the following

result.

Theorem 3.1. Let (q , u ) be the mixed finite element approximation of (1.3)

lying in the RT space of lowest order. Assume that qe[W 'p(Si)] with p > 1.

Then

(3.1) ||qA-nAq||0)2<CAT||q||2>J,,

where x = min{2, 1 + 2/p'} and p = p/(p -I) is the conjugate of p.

Proof. Set v = q - n^q and recall that divv = 0. Thus, by relation (2.2) and

the inverse inequality,

l|qA - nAq|¿2 < C(ßy, v) = C(ßy, q - Ilnq)

(3-2) <C/z2||q||2>||oy

<CA2+min(°'1-2^||q||2>p||qA-nAq||0!2,

where we have used (2.36) in the second line. Thus, (3.1) follows from (3.2).   D

As an immediate consequence of (3.1), we have the following result.

Drollary3.1. In

for p > 2. Then

Corollary 3.1. Inaddition to the assumptions of Theorem 3.1, let q G [^''^(n)]

2

(3-3) ||q-qA||0oo<     C(P)/27|lq"2^ X<P<^
V ' H^ ^     H(J,00    —     I        -,;   ,,,      i, . , ~

l CA(||q||1>00 + ||q||2i/,), p>2.

Proof. Clearly,

(3.4) ||q - qh\\0^ < \\q - n,q||0jOo + ||nAq - qA||0>oo.
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By the standard inverse inequality and (3.1),

(3 5) ^ " qA"0'°° ~ CA_1||n*q " q/!|lo>2

< CA"1 AT||q||2>p < CA'-'llqlla,,.

Interpolation theory and the Sobolev inequality imply that

/ CA^||q||,   », Kp<2,llfl-n^llo.oc^    _„      ,ft
(36) I CA||q||loo, p>2,

ÍCCp)A^||q||2jP, 1<P<2,

:iCA||q||Uoo, p>2.

Thus, (3.3) follows from (3.4) combined with (3.5) and (3.6).   D

With the help of (2.36) we are able to obtain a superconvergence result in

the maximum norm for the vector field of the lowest-order mixed finite element

approximation. It should be noted that all these analyses make strong use of

the Lx-error estimates for the regularized Green's functions (see Theorem 2 of

the Appendix).

Lemma 3.1. Let (q , u ) be the mixed finite element approximation of (1.3)

in the RT space of the lowest order. Assume that q e [W 'p(Si)] with p > 1.

Then

Chp log¿||q||2iP, p>2,

CA^||q||2i|7, 1<P<2,

where p = p/(p - 1).

Proof. By (A. 13),

(3.8) l|q*-nAq||OiM<|(0(q-IVl),G;)|.

(3.7)       ll^-n^H^^     4

Further, by (2.36),

(3.9)

Thus, it follows from (A.9) that

(3.9) |(^(q-nAq),G;)|<CA2||q||2^||G;||0!

h        [ CA^logi||q||, „, p>2,
(3.10) |(^(q-nAq),G;)|< ■W*.*'

{Ch7\\q\\2^p, l<p<2,

which, along with (3.8), implies (3.7).   D

To see how q approximates q, it suffices to observe the approximation

property of Ylh. We already know that nAq approximates q globally to an

order of 0(h). However, from (2.11) it is easy to see that the error between
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nhqx and qx has an order of 0(A2) along the Gauss lines [0, 1] x y. on the

element 7' x P . Let
X y

(3.11) rhn = [0,l]x{y.; j = 1,2, ... , M),

(3.12) rhx2 = [0,l]x{y*j; j = 1,2, ... , M - 1},

(3.13) 1^, = {*,.;  i=l,2,...,N}x[0, 1],

(3.14) rh22 = {x*; i=l,2,...,N-l}x[0, 1].

Set

(3.15) r* = r?,ur*2,     1 = 1,2.

For any v = (vx, v2) e H(div), v* = (v*, v2) is defined on T  = Thx U I^ as

follows: Define v* on Ij by

(3.16) v*x(x,y) = vx(x,y),        fx,y)eT*n,

and

(3.17) v;(x,yj) = —±—[tjvï(x,fj) + tj+lv;(x,yj)],       (x, y*) e T*l2,
lj + V+i

where

vx(x,y*)= limvx(x,y),
J       y\y¡

and f^x, y*A is defined similarly; a function v2 can be defined analogously

on l\.
Denote by ||| yt ¡^ a seminorm for piecewise continuous vector-valued func-

tion yt such that

¡=i
Now we are ready to establish the superconvergence result along the Gauss lines.

Theorem 3.2. Assume the hypotheses of Lemma 3.1. Then

ht f Chhog^ ||q||2 p>2,
(3.18) |q-(qVlL<{        ,

lCA?||q||2p, 1<P<2.
Proof. By (3.7) and the definition of v*, it suffices to check that

(3.19) llffi-(nti<)lo.op.i*a^||ffl2i,,       ï = l,2.

The following result can be proved easily through an application of (2.11):

(3.20) nhql(x,y) = ql(x,yj) + 0(hf)\\ql\\2p       on R = IixxIiy.

Thus, it follows from (3.20) that

(3.21) ^-(n^Xoc.rî, <C^IM2,,>

since, by (3.16), (flhqx)* = Ylhqx holds on 1^,.
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Let (x,y*) e rj2. By (3.20) and (3.17),

(Uhqx)*(x, y]) = [tjqx(x,yj+x) + tj+xqx(x, y.)]
A T lj+\

(3-22) +0(A^)||9l||2i/,

= qx(x,y*) + 0(hï)\\qx\\2p,

so that (3.19) holds on r^2, and the theorem is proved.   D

4. POSTPROCESSED EXTRAPOLATION FOR THE PRESSURE

We now investigate the validity of the technique of extrapolation for the

approximation of the scalar field. We first derive an asymptotic error expansion

for the approximation by using the general expansion (2.15), and then define

and analyze a procedure of postprocessed extrapolation.

To derive an asymptotic error expansion for the scalar field, let Uh be the

partition defined at the beginning of §2. Let (q , u ) be the mixed finite element

approximation of the problem (1.3) in the lowest-order RT space.

Lemma 4.1. Let p be any number in (1, 2] and assume that q e [W3'p(Sï)]2

for p < 2 and q e [I^3'2(n)]2 n [W2'°°(Si)]2 for p = 2. Then there exists a

function Ex (x) such that

(4.1) u"(x) = P°hu(x)+J2h2 / ; DxqGx dxdy+J^t) /   D.qG, dxdy+Ehx(x)
i=X        "»x j=X

with

(4-2) Kllo,oc<<¡ /v.^¿u
CA3log^(||q||2>oo + ||q||3i2),       p = 2,

C(/7)A2+^log¿||q||3jP, Kp<2,

where

(4.3) Dxq=l-(ßd2xqx,-dxßdxq2)

and

(4.4) D2q=X-(ßd2yq2,-dyßdyqx)

are two vector-valued functions. (G,, Xx) is the regularized Green's function of

the first kind in mixed form.
L A

Proof. Since both u and Ph u axe constants on each element R e !ftA , we need

only establish (4.1) for x = (x, y) being the centers of the elements in SRA . Let

(Xj, y A be the center of gravity of the element l\ x V . It follows from (A.l)
i       j x        y

that

(4.5) u(xi, yß - P^u(xt, yj) = (u - P¡¡u ,SX),
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h h
where ôx   is the regularized Dirac ¿-function associated with the space M

and the point (xi, y A . By the identity (A. 10),

(4.6) uh(X¡, yj) = P¡u(xt, y}) + (ß(Uhq - q), g\) ,

where G, is the mixed finite element approximation of Gx (see the Appendix

for its definition). Thus, an application of (2.15), with v replaced by Gx, leads

to

w/,(x¡.,y7.) = PA0M(x¡,^.)

(4-7) + i E *î ¡D, wl^ (Gî)i - w»x«i&\h) dxdy

M -

Y,t) /   (ßd2yq2(Ghx)2-dyßdyqx(Ghx)x)dxdy-R(Ghx),
1

where

(4.8) |7?(G;)|<CA3||q||3i;,||G;||oy.

By using (4.3) and (4.5) we rewrite (4.7) as follows:

N

(4.9)

A*,-» yj) = Ph^(Xi, y¡) + J2h) I ̂  Dxq• g{dxdy
i=x     Jd'x

M ç.

+ E/2/   D2q-Ghxdxdy-R(Gf¡)
TA    Jdj„
7 = 1

with

(4.10) |tf(Gf)|<CA2+7|logA|*||q||3^, Kp<2;

here we have used (A.5) to estimate  ||G,||0   /  in (4.8).   To get the relation
h h

(4.1), replace G[  by G,  in (4.9) and let Ex(xt, v.) denote the collection of
L

remainders and other terms. Clearly, it suffices to estimate E{ (x¡, y A . By the

Holder inequality we have

(4.11) \E\(xt, y})\ < Ch2\\Gx - G{||oy ||q||2>i + |A(GÎ)|,

where 5 = j^- and s   is the conjugate of s .

Thus, it follows from (A.3), (A.4), and the Sobolev inequality that

f CAlog¿ ||q||2 p = 2,

(4.12) ||G,-G;0i, ||q||2s< '      ,
'       I C(C(p) + log¿)A7||q||3/),        l<p<2.

Now, combining (4.11) with (4.12) and (4.10) yields (4.2).   D

The relation (4.1) along with (4.2) is actually the asymptotic error expansion

desired for the approximation of the scalar field. It should be noted that u   was
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expanded with respect to Ph u rather than the function u itself. We are then

forced to take appropriate refinements in order to carry out the Richardson ex-

trapolation process for this problem. This section will be devoted to an analysis

of a procedure that uses less expensive refinements. The procedure is effectively

a combination of extrapolation with local postprocessing. In other words, we

shall derive a better approximation by using the superconvergence results for

the vector field along with the technique of extrapolation for the scalar field.

A procedure of pure extrapolation for the approximate scalar field will be con-

sidered later in §5, where different refined grids are needed. But we emphasize

that all the results for the scalar field are valid for nonuniform grids, since the

Green's function (Gx, Xx) has less singularity in comparison with (G2, A2).

Let A2 x and A2     be two partitions defined by

A2 x:    0 = Xq < xx < x*x < x2 < x*2 < • • • < xN < x*N = 1

and

A2,y :  ° = vl <yx <y*x <y2<y¡<■ • • <yM<y*M =l>

where x¡, y ■ are the centers of l'x and V , respectively.

Denote by Oí, h and 5î2 h the two refinements for KA given by A2 x x A
h h

and Ax x A2    , respectively.   Let V; x Mi   be the RT space of the lowest

order associated with the partition 9Î, h, and let n; h and Pf h , 2 = 1,2,
i   h i   h

be the corresponding projection operators. Let (q '  , u ' ) be the mixed finite
h h

element approximations of (1.3) lying in V. x Mi  for i = 1, 2.

For any (x¡ ,yA, center of the element ïxxljye$ih, denote by (GKx'h, kKx'h)

the mixed finite element approximations of the regularized Green's function

(Gx, Xx) at (x¡, y A in the spaces \K x MK , k = 1,2, respectively. The

following analogue of (A.3) still holds:

(4.13) ¿||G^A -G,||0>1 <CAlogjk
7C=1

The proof of (4.13) can be accomplished by employing the same arguments as

those used to prove (A.3).

For any R = l'x x I1 e îîA , there exist two elements RkX and Rk2 in îî^ n

such that R = RkX U Rk2 (see Figure 2).

Set

Eh = i(x,-, Vj) ;     l<i<N,   l<j<M};

i.e., Eh is the collection of centers of gravity of elements in $lh . Let us define

a new approximation, denoted by uh , on Eh to the scalar field u by

uh(x¡, y A = -i(4(ül'h +ü2'h)- Su)(xl, y A

(4.14) i
+ Z(h-dx(ßqx) + t2dy(ßqh2))(xi,yj),
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Figure 2

Illustration of refinement in the x-direction

where
—K,h       1 ,   K,h i
U        = x(«        |-

K ,h ,      N+"      IjJ. K=l,2.

Theorem 4.1. Let uh be defined on HA by (4.14). Let p be any number in

(1,2] and p   its conjugate number. Then

(4.15)       ll«-«¡llo,oc,=,<
CA3log¿(||q||2i(X)-Hlql^j),

,2+4C(p)A'Vlog¿||q||3ip,

P = 2,

1 </><2,

provided that q e [W3,í']2 for p<2 and q e [W3'2]2 n [IT2,00]2 for p = 2.

Proof. For any (x;, jO 6 3A, let R e 5RA be the element centered at (jc, ,y¡).

It follows from Lemma 4.1 that the approximate solution u   can be expanded

at (x¡, y A with respect to P®u in the form (4.1). Let us derive an expansion
J      L

for the average of the approximate scalar field u '    analogous to (4.1). By the

definition of 8i '
-l,h

xi > y¡) - phu(xi. yj) = (u''h - pi,hu. ¿f) » / = 1, 2.(4.16) u

Thus, by (4.16) and (A. 10),

(4.17) «/'A(xl.,y;.) = PA°«(xi,y;.) + (i8(n/>Äq-q),G/1'A),        / = 1, 2.

The relation (4.17) for uI'h , I = 1, 2, is actually an analogue of (4.6) for u

Thus, by applying arguments similar to those used to prove (4.1), we obtain

u'h(xifyj) = P°hu(X¡,yj) + ^ ¿A2 / D.q-G, dxdy
1=1 JD'x

(4.18) 7-3/Ä 2 f  n     ~   ,   .
-Hh\¿D*'^dxdy+

7=1

+ £/(1 (*,.,>>,•),        /=1,2,

where Ts, ,, / = 1, 2, are the corresponding remainders, which satisfy

u  t m      rCA3log¿(||q||2i00 + ||q||3,2),       p = 2,
\E, ^-.jO  < ^ 2       ,

lc(p)A2Vlog¿||q||3iP, Kp<2.
(4.19)
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Thus, it follows from (4.14) together with (4.1) and (4.18) that there exists a

function 7i2 such that

(4 20) U#hiX' ' yj) = P°hU{Xi' y¡) + V^9*^ + &(*£»<*'' *1>

+ E2(xi,yj),

where

,«*/ ^iC/23l°^(Nl2,oo + llall3,2)> 7^ = 2,
\E2(x¿, v.)|< i ,

lC(p)A2+7log|||q||3p, Ki<2,

Further, by the superconvergence result (3.18) we can find a function 7?3 such

that

ihfaißft + faißqimxt.yj),
(4.21) = (h]dx(ßqx) + t2dy(ßq2))(Xi, yj) + E¡(xt, y¡)

= ~(h] d2u(X¡, yß +1) d2u(Xi, yj)) + E¡(X¡, y¡),

where, by the Sobolev inequality,

,A.
\E,(xl,yj)\<\ ^2+4

(4.22)

Ch log¿ ||q||2 oo, p = 2,

CA^riogi||q||2>Ä>       Kp<2.

CA3log^ ||q||2>00, P = 2,

C(p)A2+^log¿||q||3;,,        Kp<2.

Thus, combining (4.20) with (4.21) gives

(4.23) ulix,, yj) = P0hu(xt, yj) - i(A20> + t2d2u)(Xi, y¡) + Eh(X¡, y¡),

where the remainder E   can be bounded by the right-hand side of (4.2).

It is not difficult to verify that

(4.24) P¡u(Xi, yj) = u(X¡, y}) + \(h2d2xu + t2d2u)(Xi, yß + 0(A2+^)|M|3;P.

Hence, (4.15) follows from (4.23) and (4.24).   □

Remark 4.1. It is clear from the definition of the regularized Green's function

that the so-called regularized Green's functions contain the mesh size A as

a parameter. However, this dependence does not affect the estimate in the

extrapolation, since we can always choose the same regularized Dirac ¿-function

for the approximations used in the extrapolation. One may want to use the true

Green's function in doing the expansion rather than the regularized one. The

difficulty of doing so is that one has to deal with the singularity caused by

the ¿-function. Doing the estimates for the regularized Green's function is

much easier than for the true Green's function. This idea can be applied to the

expansion for the standard Galerkin approximation for the Laplace equation.

This remark is also applicable to the vector field in §5.
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As in [20] and [3], a local postprocessing procedure can be applied to produce

an approximation defined globally, which has the same accuracy as uh on Eh.

This result is stated as follows. For any x e R = l'x x V , let x = (x¡, y A be

the center of gravity of R. Define u*(x) by

(4 25) M*(X) = "*® ~ ^ q/!® '(X ~ ^

-4(x-x)V(0q*)(x)(x-x)',    xeR,2

where yi ' indicates the transpose of the vector yt .

Theorem 4.2. Under the assumptions of Theorem 4.1,

rCA3log¿(||q||2oo + ||q||32), p = 2,
(4.26)   iu;-«0iOO<]       *    ,o°

lc(/j)A2+^log¿||q||3^, 1<P<2,

wAere // = pKp - 1).

The superconvergence result of Theorem 3.2 plays an important role in de-

riving (4.26). As the proof of Theorem 4.2 is quite simple, we omit the details.

5. Extrapolation for the velocity

It is well known that the technique of extrapolation is contingent upon the

existence of an adequate asymptotic error expansion for the approximation

considered. Therefore, we begin with the derivation of an asymptotic error

expansion for the RT approximation of the vector field.

Let ÍRA = Ax x A be the rectangular partition of n. We shall assume

throughout this section that Ax and A are two uniform partitions of (0, 1).

In order to describe two sets of points on which the approximate vector field can

be extrapolated, let l? = (-l,l)x(-l,l) be a reference element. Introduce

two sets of points on R by setting

Ê, = {(-1.0),(-I,0),(0,0),(i,0),(l,0)}

and

S2 = {(0,-1), (0,-1), (0,0), (0, i),(0, 1)}.

For each element R = Ix x Vy e $th , let F be the affine mapping

7-:   R^R.

Then we can introduce two sets of points on each element by setting

S'i'.WA)   and   e!2{ = F(È2).

Let H1 h and E2 h be the collection of E\Jh and E2Jh , respectively; i.e.,

Zx,h = {z\'!h->  !<*■<#> i<;'<^}

and

s2A = {H2',i; !<*'<#. \<j<m).
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i(x)

We shall extrapolate the approximations of two components of the vector field

on the sets Ex h and E2 h, respectively. For the sake of simplicity of analysis,

we shall confine ourselves to the treatment of the first component of the vector

field, as the analysis of the second component is similar.

Lemma 5.1. Let (q , u ) be the mixed finite element approximation of(1 .3) in

the RT space of the lowest order. Let q e [W3'p(Si)]2 with 1 < p < oo. Then,

(5.1)    qx(x) = U.qx(x)-h2 I Dxq-Gh2dxdy-t] I D2q■ G2dxdy + R
Ja Jo.

with

,«-, „„/,„ . Í CA3-'log|||q||3;), 2<p<oc,
(5-2) H^lllo.oo^i        ,3_2

I CA3 ̂ ||q||3/,, 1<P<2,
where Dxq and D2q are two vector-valued functions defined by (4.3) and (4.4),

respectively.

Remark 5.1. Since the partitions Av and A„ are uniform, we can denote by
■X y

hx and tx the mesh sizes in the x- and y-directions, respectively. Moreover,

the terms of second order in the expansion can be represented as single integrals

rather than sums of integrals over elements.

Proof of Lemma 5.1. For any point x e n, it is easy to see that

(5.3) qhx(x)-Unqx(x) = (qh-nnq,Sh2),

where S 2 is a regularized Dirac ¿-function at x. Let (G2, k2) be the mixed

finite element approximation of the regularized Green's function (G2, k2) as-

sociated with S 2. By (A.l 1),

(5.4) (qh-Ilhq,Sh2) = (ß(q-Ilhq),Gh2).

It follows from (5.3) and (5.4) that

(5.5) qhx(x)-nnqx(x) = (ß(q-nhq),Gh2).

Thus, applying (2.15), with v replaced by G2, leads to

(5.6) qx(x)-nhqx(x) = -h2 [ D2q■ G2 dxdy - t\ [ D22q-G2dxdy + Rhx(x)
Ja. Ja

with

(5-7) |^(x)|<CA3||q||3iP||G;||0pi,

where Dxq and D2q axe two vector-valued functions defined in (4.3) and (4.4),

respectively. To estimate (5.7), we apply (A.9) to obtain

h { Ch    "log¿||q||, „, 2<p < oo,
(5.8) \R\(x)\<\ V^3'p

lCA3-'||q||3>|,, 1<P<2.

Thus, it follows from (5.6) and (5.8) that (5.1) and (5.2) hold.   □

If we restrict the point x to vary along the Gauss lines in the x-direction,

we shall obtain an asymptotic error expansion of the following form.



496 JUNPING WANG

Lemma 5.2. Let q e [W3'p(Si)]    with 2 < p < oc.   Then for any (x,yß e
h

y , there exists a function R2I  x I1, there exists a function R2 such that

1 t2
Qhx(x,yj) = qx(x,yß + j[h\ - (x - xA2]d2xqx(x ,yß + j-dyqx(x,yß

- hx     Dxq-G2dxdy - tx / D2q-G2dxdy + R2(x, y )
Ja Ja

|q| 3,p-

with

(5.10) \Rh2(x,yj)\ < C (c(p) + log jr) A3-'

Prao/. Since the point (x, y A lies on the Gauss lines of the element l'x x I1,

it follows from the assumption and the expansion (2.11) that

nAî,(*, yj) = qx(x, yj) + x[A2 -(x- xf]dxqx(x, y¿)

(5.11) 2

+ -Ld2yql(x,yj) + 0(h'-l>)\W\3,p.

Here, A, and í¡ represent the mesh sizes in the x- and y-directions, respec-

tively. Note that the partition is uniform in both directions. Thus, combining

(5.1) with (5.11) yields

1 t2
qHx(x, yj) = qx(x, y¡) + ¿[h] -(x- xA2]d2xqx(x, yß + j¡dyqx(x, yß

-h\\ Dxq • Gh2 dxdy - t] f D2q ■ G2 dxdy + Rh3(x, y A,
Ja Ja

where

(5.13) Rh3(x, yß = Rh2(x, yß + 0(A3-')||q||3í,.

To deal with the integral terms in the right-hand side of (5.12), we observe that

/ Dxq ■ G2 dxdy = f Dxq ■ G2 dxdy + [ 7),q • (G2 - G2) dxdy.
Ja Ja Ja

Thus, by (5.23) below,

(5.14) [ Dxq-G2dxdy= [ Dxq-G2dxdy + 0(hi-')(C(p) + \logh\^)\\q\\3p.
Ja Ja

Similarly,

(5.15) f D2q-Gh2dxdy= [ D2q-G2dxdy + 0(hi-')(C(p) + \loeh\")\\qh „•
Ja Ja

Thus, it follows from (5.12) together with (5.14) and (5.15) that there exists

R2(x,yß satisfying (5.9) and (5.10).   G

The relation (5.9) is in fact the asymptotic error expansion for the approx-

imation of the first component of the vector field. It should be noted that the
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Figure 3

Illustration of refinement in the x-direction

point (x, yß can vary along the Gauss lines in the x-direction. But we shall be

interested in those points on which the terms of second order in the expansion

(5.9) can be extrapolated out.  It will be seen that these points form the set

"l,A ■

Before presenting any procedure of extrapolation for the vector field, we

describe two different refinements for the original partition îiA = A x A . Let us

subdivide each interval of Ax into three equally sized subintervals, and denote

by A3 x the corresponding refinement of Ax . Then a refinement of $th can be

defined to be K3 h = A3 x x Ay . Similarly, if A3 is an analogous refinement

for Ay, then 5R4 h = Ax x A3 y can be defined as another refinement to Uh.

Let R be any element in KA ; then there must be three elements RkX , Rk2 ,

and Rk3 in U2+K h such that R = RkX u Rk2 U 7?k3 , k = 1, 2 (see Figure 3).

Let VK x MK be the RT spaces of the lowest order associated with the parti-

tions %lK h, k = 3,4, respectively. Denote by (qK'h ,uK'h) the corresponding

finite element approximations of (1.3) lying in \hK x MhK , k = Z,4. An extrap-

olation procedure for the first component of the vector field can be described

as follows. Let x € Ex h, and define a new approximate solution to qx(x) by

X/c,,   3,A 4,A,
¿(9(9,     +q\    )(5.16) í1(x) = ¿(9(íl"'-r-íl",)-10í;,)(x).

The following theorem provides an error estimate for this new approximation.

Theorem 5.1. Let qx   be defined on E{ h  by (5.16), and assume that q G

[^'"(n)]2 with 2<p<oc. Then

(5-17) Ili.-^llo.oc.H.^cic^ + logilA3- 3,p-

Proof. Since any point x e S, h is on the Gauss lines of the partitions lSth,

5R3 h, and 3Î4 h , we can expand ^f(x), q\'h(x) and qx'h(x) in terms of qx(x)

and powers of the corresponding mesh sizes. The main purpose of the procedure

(5.16) is to eliminate the terms of second order from the asymptotic expansion

for the error. More precisely, let x be any point in Ex h. According to the

definition of the set S, h , we can have the following configurations for x :

(1) x = F[(0,0)],'

(2) x = F[(-l,0)] or F[(l,0)],
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(3) x = F[(-\,0)} or 7-[(I,0)].

Here, F is the affine mapping from the reference element onto elements in KA .

Let us deal with the first case; the second and third can be analyzed similarly.

Thus, the point x is the center of an element in îîA . Assume, without loss

of generality, that x = (x¡, yß is the center of the element l'x x V e SRÄ .

Applying the asymptotic error expansion (5.9) at (x{,yß to qx , qx' , and

qx '  , respectively, yields

h A2    2 t2    2
qx (x¡, yß = qx(Xi, yß + -jdxqx(xi, yß + ■jdyqx(x¡, yß

(5-18) -A2 f Dxq-G2dxdy-t] f D2q• G2dxdy
Ja Ja

+ Rh2(xi,yß,

3,A/ x / .   ,   Ä, _2
2 <2

1
qx ' (x,, yß = qx(xt, yß + ^dxqx(X¡, yß + -±dy qx(xt, Vj

(5.19) Ah2  r r
-£■ I Dxq-G2dxdy-t\ ¡ D2q-G2dxdy
9 Ja Ja
,3, h

+ R2  (Xi,yß..

and

(5.20)

4,/!. , , ,   ,   A,     2     , ,   ,    t.     2í
?i ' (x¡, yß = qx(x¡, yß + Ydx<*i(x7 ' yj) + 54ôyQ\(xi » Vj)

2

-h\\ Dxq • G2 dxdy - A\ \ D2qG2 dxdy
Ja 9 Jn

+ R2h(xi,yß,

where R32 and R2' axe the corresponding remainders. It is obvious that

their maximum norms can be bounded uniformly from above by the right-hand

side of (5.10).  Thus, combining (5.16) with the relations (5.18), (5.19), and

(5.20) yields

\q#x(xi,yß-qx(xi,yj)\<c(c(p) + log^jh3-lA\q\\hp,

which establishes Theorem 5.1 in the case (1).   O

A similar result can be derived for the second component of the approximate

vector field. To do so, let us define a new approximation to q2 on the set E2 h

by setting

(5.21) q*2(x, y) = \(%ql'h + q¡'h) - I0qh2)(x),        x e E2h.

Theorem 5.2. Let q* be defined on E2 n by (5.21), and assume that q €

[^'"(n)]2 with 2<p<oo. Then

(5.22) \\q2-qX¡O0,32,h<c(C(P) + ^l)h3-Í\\q\\3p.
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To complete the proof of Theorem 5.1, we still need to establish the following

lemma.

Lemma 5.3. Let   (G2, k2)   be the mixed finite element approximation of

(G2, A2). Then

(5.23) |(s,G2-G;)| <C(C(p)+ |logA|^)A1-'||S||lp,

provided that sefl?1 'p(n)]2 with p>2.

Proof. Let ( a , x) be a vector-valued function defined by the equations

ßa + Vt = s      in n,

(5.24) div<x = 0      inn,

t = 0      on dSi.
L

Let nA a be the projection of a into the finite element space V . It is easy

to see that

(5.25) (ß Ylk a , G2 - Gh2) = (div(üA a),X2-Xh2) = 0.

Thus, by (5.24) and the fact that divG2 = divG2 = 0,

(5.26) (s,G2-Gh2) = (ß a,G2-Gh2).

Combining (5.26) with (5.25) gives

(s,G2-Gh2) = (ß(a -Uha),G2-Gh2).

Thus,

,,~ \(s,G2-Gh2)\<C\\a-nha\\Q>p\\G2-Gh2\\0<p,

<CA||ff||1>p||G2-G2||0y,

where p = p/(p - 1) is the conjugate of p. An a priori estimate in Lp (cf.

[14]) implies that

(5.28) l|ff|li,„<C(p)||S||lip.

Thus, combining (5.27) with (5.28) and the estimate (A.8) gives

\(S,G2-Gh2)\<C(C(p) + \logh\^)hi-1A\s\\XtP,

which verifies the conclusion of the lemma.   G

We conclude with a result on the approximation of the scalar field. In §4, we

have presented a procedure of postprocessed extrapolation for the scalar field.

It is clear that the refinements given in §4 are cheaper than those stated in this

section, since fewer unknowns are possible there. However, if one is interested

in the refinements of this section (this is the case for extrapolating the vector

field), a procedure of pure Richardson extrapolation can be obtained for the

approximate scalar field.
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Define on Eh a new approximate solution to the scalar field as follows:

(5.29) uh(x) = \(9(u3'h + u4'")- 10uh)(x),       xeEh,

where Eh is the collection of centers of elements in $th . An error estimate for

this new approximate solution is given in the following theorem.

Theorem 5.3. Let u*h be defined as in (5.29). For some real number p with

1 < p < 2, assume that q € [W3'p(Si)]2 for p < 2 and q € [W3'2(Si)]2 n

[W2>00(Si)]2 for p = 2. Then

(KW       „ ... ÍCA3l0g¿(||q||2iO0 + ||q||3!2),       p = 2,
(5.30) I|m-«*IIo,oo,h^1 2+4      ,

»      {C(p)h2+t log j¡\\q\\ip, Kp<2,

where p = -^ is the conjugate of p .

The proof of Theorem 5.3 is a consequence of the expansion (4.1) combined

with the expansion (4.24). It should be noticed that any point in Eh is also a

center point of two elements in SR3 h and 9i4 h , respectively. This allows us

to use the expansions (4.1) and (4.24) directly to extrapolate out the terms of

second order from the expansion.

Appendix

To make the paper self-contained, we present here the definitions and some

basic estimates for the so-called regularized Green's functions. A more detailed

treatment can be found in [23].

Let Uh be the given rectangular partition of the domain n. For any point

x € n let R = Ix x V e SRA be the element containing x. Denote by ôx a

function defined by

(A.i) ôhxa,x) = \^r      *e/>7^
[  0, otherwise.

It is obvious that the function Sx is a smoothed Dirac ¿-function associated

with the point x. Thus, a regularized Green's function (G,, Aß of the first

kind can be defined as the solution of the following linear system:

ßGx + VAx=0       in n,

(A.2) divG1-¿¡1       inn,

Ax = 0       on dSi.

Let (G,, Ax) be the mixed finite element approximation of (Gx, Ax) using

the RT methods. Then the following results can be established (cf. [23]).

Theorem 1. Let (Gx, Ax) and (Ghx, Ahx) be the solution and the mixed finite

element approximation of (A.2), respectively. Let p  be any number in (1, oo).
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Then

(A.3)        H^-Gjllo^CAlogp

(A.4)       t|G1 - GÎ||0!pi < C (c(p) + log¿) A1-',        Kp<oo,

(A.5) IIGÎll0,y. < CAmtai0'^"lî|IogA|*,       Kp'<oo,

where p = -P—[- is the conjugate of p .

Similarly, a second regularized Green's function can be defined by a different

use of a smoothed Dirac ¿-function in the differential equation. This can be

done as follows: Let ¿2 be a smoothed Dirac ¿-function at the point x. Define

a second regularized Green's function (G2({ , x), A2(( , x)) as the solution of

the following linear system:

ßG2 + VA2 =&\        in n,

(A.6) divG2 = 0 inn,

¿2 = o       on an,

where S 2 = S 2(Ç , x) is either (¿2, 0) or (0, ¿2) ; ¿2 can be suitably adjusted

to meet various needs of the analysis in §5. Assume also that the vector-valued

function S 2 € H(div) has compact support in n. Let (G2 , A2) be the mixed

finite element approximation of (G2, Aß in an RT space. Then the following

theorem is valid.

Theorem 2. Let p  be any number in [1, oo]. Then

(A.7) HG.-G^lo^CllogAI*,

(A.8)        ||G2-G2||0i// <C(C(p) + |logA|*)A-%        Kp'<oc,

Ch~hog}¡,       l<p'<2,

Ch~K P>2,

where p is the conjugate of p .

It follows from the definitions of the regularized Green's functions that the

following identities are true:

(A.10) (uh-P°hu,ohx) = (ß(Uhq-q), g"x)

and

(A.11) (qÄ-n„q,   Sh2) = (ß(q-Ilnq), gJ).

Thus, it follows from (A. 10) and (A.l 1) that the following relations are valid:

(A.12) l|wA-7'A0M||0,oo<l(^(nAq-£),G;)|,

(A.13) ||qA -nAq||0oo < \(ß(q- Ilhq), Gh2)\.

(A.9) lo.y <



502 JUNPING WANG

Acknowledgment

This work contains a part of the author's doctoral thesis. The author would

like to thank his advisor, Professor Jim Douglas, Jr., for his guidance and many

helpful suggestions pertaining to this work. The author also thanks an anony-

mous referee and the managing editor for their valuable help and suggestions.

The research was supported in part by the U.S. Army Research Office through

the Mathematical Sciences Institute of Cornell University.

Bibliography

1. I. Babuska, The finite element method with Lagrangian multipliers, Numer. Math. 20 ( 1973),

179-192.

2. H. Blum, Q. Lin, and R. Rannacher, Asymptotic error expansion and Richardson extrapo-

lation for linear finite elements, Numer. Math. 49 (1986), 11-37.

3. J. H. Bramble and J. Xu, A local post-processing technique for improving the accuracy in

mixed finite element approximations, Cornell University, Math. Sei. Inst., Technical Report

88-1.

4. F. Brezzi, On the existence, uniqueness, and approximation of saddle point problems arising

from Lagrangian multipliers, RAIRO Anal. Numer. 2 (1974), 129-151.

5. F. Brezzi, J. Douglas, Jr., M. Fortin, and L. D. Marini, Efficient rectangular mixed finite

elements in two and three space variables, RAIRO Anal. Numér. 21 (1987), 581-604.

6. F. Brezzi, J. Douglas, Jr., and L. D. Marini, Two families of mixed finite elements for second

order elliptic problems, Numer. Math. 47 (1985), 217-235.

7. J. Douglas, Jr., T. Dupont, and M. F. Wheeler, An L°° estimate and a superconvergence

result for a Galerkin method for elliptic equations based on tensor products of piecewise

polynomials, RAIRO Anal. Numér. 8 (1974), 61-66.

8. J. Douglas, Jr. and J. E. Roberts, Global estimates for mixed methods for second order elliptic
equations, Math. Comp. 44 (1985), 39-52.

9. J. Douglas, Jr. and J. Wang, Superconvergence for mixed finite element methods on rectan-

gular domains, Calcólo 26 (1989), 121-134.

10. R. Duran, Error analysis in Lp , 1 < p < oo , for mixed finite element methods for linear
and quasi-linear elliptic problems, RAIRO Anal. Numér. 22 (1988), 371-387.

11. R.E. Ewing, R. Lazarov, and J. Wang, Superconvergence of the velocity along the Gauss lines

in mixed finite element methods, in SIAM J. Numer. Anal, (to appear).

12. R.S. Falk and J.E. Osborn, Error estimates for mixed methods, RAIRO Anal. Numér. 14

(1980), 249-277.

13. M. Fortin, An analysis of the convergence of mixed finite element methods, RAIRO Anal.

Numér. 11 (1977), 341-354.

14. P. Grisvard, Elliptic problems in nonsmooth domains, Pitman Advanced Publishing Pro-

gram, London, 1985.

15. Q. Lin and T. Lu, Asymptotic expansion for finite element approximation of elliptic problems

on polygonal domains, Proc. Sixth Internat. Conf. Comput. Math. Appl. Sei. Eng., Versailles,

1983.

16. Q. Lin, T. Lu, and S. Shen, Maximum norm estimate, extrapolation and optimal point

of stresses for the finite element methods on the strongly regular triangulation, J. Comput.

Math. 1 (1983), 376-383.

17. Q. Lin and J. Wang, Some expansions of the finite element approximation, Research Report

IMS 15, Chengdu Branch of Academia Sinica, 1984.

18. Q. Lin and J. Xu, Linear finite elements with high accuracy, J. Comput. Math. 3 (1985),

115-133.



MIXED FINITE ELEMENT METHODS ON RECTANGULAR DOMAINS 503

19. Q. Lin and Q. Zhu, Asymptotic expansion for the derivative of finite elements, J. Comput.

Math. 2(1984), 361-363.

20. G. I. Marchuk, Methods of numerical mathematics, 2nd ed., Springer-Verlag, New York,

Heidelberg, Berlin, 1982.

21. M. Nakata, A. Weiser, and M. F. Wheeler, Some superconvergence results for mixed finite

element methods for elliptic problems on rectangular domains, The Mathematics of Finite

Elements and Applications V (J. R. Whiteman, ed.), Academic Press, London, 1985, pp.

367-389.

22. P. A. Raviart and J. M. Thomas, A mixed finite element method for 2nd order elliptic

problems, Mathematical Aspects of Finite Element Methods (I. Galligani and E. Magenes,

eds.), Lecture Notes in Math., vol. 606, Springer-Verlag, Berlin and New York, 1977, pp.

292-315.

23. J. Wang, Asymptotic expansions and L00-error estimates for mixed finite element methods

for second order elliptic problems, Numer. Math. 55 (1989), 401-430.

Department of Mathematics, The University of Wyoming, Laramie, Wyoming 82071

E-mail address: junping@outlaw.uwyo.edu


