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ON PERTURBATIONS OF MATRIX PENCILS
WITH REAL SPECTRA

REN-CANG LI

Abstract. Perturbation bounds for the generalized eigenvalue problem of a di-

agonalizable matrix pencil A-ÀB with real spectrum are developed. It is shown

how the chordal distances between the generalized eigenvalues and the angular

distances between the generalized eigenspaces can be bounded in terms of the

angular distances between the matrices. The applications of these bounds to

the spectral variations of definite pencils are conducted in such a way that extra

attention is paid to their peculiarities so as to derive more sophisticated pertur-

bation bounds. Our results for generalized eigenvalues are counterparts of some

celebrated theorems for the spectral variations of Hermitian matrices such as the

Weyl-Lidskii theorem and the Hoffman-Wielandt theorem; and those for gener-

alized eigenspaces are counterparts of the celebrated Davis-Kahan sin 6, sin 20

theorems for the eigenspace variations of Hermitian matrices.

The paper consists of two parts. Part I is for generalized eigenvalue pertur-

bations, while Part II deals with generalized eigenspace perturbations.

1. Introduction

The study of perturbations of eigenvalues and eigenspaces of a matrix always

demands a great deal of attention not only by operator theorists, but also by nu-
merical analysts. During the past few years significant advances have been made

in the perturbation theory for the generalized eigenvalue problem Ax = XBx.

By now, almost all the celebrated perturbation theorems for the standard eigen-

value problem Ax = Xx have been generalized to the generalized eigenvalue
problem by several authors, e.g., [3, 5, 6, 11-18, 21-22, 24, and 25-29]. Stew-
art's and Sun's book [25] is a very well-written comprehensive review for both
the development of perturbation theory for the standard eigenvalue problem

and that for the generalized eigenvalue problem.

As to the perturbation of eigenvalues of the standard eigenvalue problem

Ax = Xx, we have the following well-known result due to several mathemati-

cians. Let A and A be two nx n Hermitian matrices, and let Xx, ... , X„ and

Xx, ... ,Xn be their eigenvalues arranged in ascending order, respectively. Then

for any unitarily invariant norm ||| • ||| (for definition see §2 below),

(1.1) III diag(Ai-Ài,...,A„-1,0111 < IP-Íj||.
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It is worth mentioning that if the norm used in (1.1) is the Frobenius norm,

then, and only then, (1.1) even holds for normal matrices A and A with their

eigenvalues arranged properly [8].

As to the perturbation of eigenspaces of the standard eigenvalue problem

Ax = Xx, Davis and Kahan [4] studied the case for a Hermitian matrix (opera-

tor); their results are now known as sin 9, sin 29, tan 9, tan 29 theorems, and

have influenced much later work on the same topic, e.g., Sun [29] and Stewart

[24]. The case for a general matrix was studied by Stewart [22], and his method

has a simple extension which can be used to deal with the generalized eigenvalue

problem Ax = XBx .
The above-mentioned results are playing important roles in the perturbation

theory for the standard eigenvalue problem; therefore it is of great importance

to generalize them to the generalized eigenvalue problem.

A few generalizations of ( 1.1 ) to definite pencils were made by Stewart [24]

and Sun [28]. Sun [29] extended the Davis and Kahan theorems [4] to definite

pencils as well. Our generalizations in this paper are applicable not only to

definite pencils, but also to a wider class of matrix pencils.

The paper is organized as follows. Preliminaries necessary to our presentation

are outlined in §2. The main results for generalized eigenvalue perturbations

are presented and proved in §3. Applications to definite pencils are given in §4.

Section 5 contains the main results for generalized eigenspace perturbations,

whose applications are given in §6. We conclude our paper with miscellaneous

remarks in §7.

2. Preliminaries

Throughout the paper, capital letters are for matrices, lowercase Latin letters

for column vectors or scalars, and lowercase Greek letters for scalars; Cmxn

denotes the set of mxn complex matrices, % c C"x" the set of nxn unitary
matrices, Cm = Cmxl , C = C1 , and E is the real number set. The symbol

/(") stands for the nxn unit matrix (also we just write / for convenience

when no confusion arises). A > 0 iA > 0) means that A is a positive definite

(positive semidefinite) Hermitian matrix, and A > B (A > B) means A, B

Hermitian and A-B > 0 iA-B > 0). The matrix Ax/2 is the unique positive

definite (semidirect) square root of A > 0, and A~xl2 = iAx/2)~x for A >

0. The matrices AT, AH , and A+ denote the transpose, conjugate transpose,

and Moore-Penrose inverse of A, respectively. 31 iX) is the column space,

the subspace spanned by the column vectors of X, and Px is the orthogonal

projection onto the column space 31 iX). It is easy to verify that

Px = XX+ ,        Pxh = X+X.

We will consider unitarily invariant norms |||-||| of matrices. In this we

follow Mirsky [20] and [25]. To say that the norm is unitarily invariant on
£mxn means it satisfies besides the usual properties of any norm, also

(1) |||LMK||| = |||¿||| for any U £&m and Ks%;
(2) IpHI = \\A\\2 for any A e Cmxn , rankA = 1 .

Two unitarily invariant norms used frequently are the spectral norm || • H2 and

the Frobenius norm || • ||^ . It is well known that any unitarily invariant norm

HI-||| on Cmx" corresponds to a symmetric gauge function 0(c^i, ... , ¿|/v),

where N = min{m, «}, and vice versa. By extension according to this property,
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we define a unitarily invariant norm |||-||| on C'"1*"1 imx < n , nx < n) consis-

tent with the original one as |p||| = $((7,, ... , aN¡, 0, ... , 0) if A e Cm,x"1

with singular values ox , ... , o\l {Nx = min{m\ , «i}). In the second half of

this paper, very often matrices with different dimensions enter our arguments

together, so we make the following agreements: assume we first have a matrix

space with sufficiently large dimension M x N and with a unitarily invariant

norm ||| -1|| on it; then by the extension mentioned, on every matrix space with

smaller dimension there exists the extended unitarily invariant norm denoted

also by ||| • ¡||. In this way, we have (see [25, Chapter 2, §3])

(2.1)      ll|CD|ll-{S'S   foranyCeCWX"> °er'.

Consider the pencil A-XB with A, B e Cnxn arbitrary constant matrices.

The pencil is said to be regular if det(^l - XB) ̂  0. Denote by

Gx,2 = {ia,ß)^iO,0):a,ß£C}.

The pair (a,j5) eGi^ is called a generalized eigenvalue of a regular pencil

A-XB if detißA - aB) = 0. Nonzero vectors x, y 6 C" are termed the

generalized eigenvector (the right generalized eigenvector, sometimes) and the

left generalized eigenvector corresponding to {a, ß), respectively, if ßAx =

cxBx, ßyHA = ayHB . It is easy to see that if (a, ß) € Gx ¡2 is a generalized

eigenvalue of A-XB, so is (¿;a, £/?) for any complex number £, ̂  0. The pair

(a, ß) G Gi,2 is said to be real if there exists O^eC such that ¿¡a, £/? e

R; for an instance, (/, i) is real. The spectrum of a regular pencil A-XB

consists of its all generalized eigenvalues (counted according to their algebraic

multiplicities), and is denoted by X{A, B). (And similarly, XiA) denotes the

spectrum of the square matrix A .)
Roughly speaking, the class of matric pencils treated here is that of diagonal-

izable pencils with real spectra.

Definition 2.1. A regular matrix pencil A-XB of order n is diagonalizable, or

normalizable, if there exist invertible matrices X, Y e Cnxn such that

f YHAX = A = diagiax,...,an),

[ ' ' l YHBX = Q = diagißx,...,ßn).

We denote by Ds(n) the set of n x n diagonalizable pencils of order n .

To study the perturbation of generalized eigenvalues, we need metrics on

Gi;2 and on the space of matrix pencils. Let (a, ß), (y, S) £ Gx,2. G. W.
Stewart [21 ] was the first one who used the chordal metric on the Riemannian

sphere,

(2.3) püa,ß),iy,o))^ ^~f

to measure the difference between the two points. We shall adopt the chordal

metric, too. To measure the difference between two regular pencils A - XB and

A-XB of order n, Sun [27] was the first one who realized that metrics on

the Grassmann manifold of all n x2n matrices having full row rank are more
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suitable than any other natural metrics such as ||(/1-^, B-B)\\2. In this paper,

we will employ

(2.4)
d2(Z , Z) =f || siner(Z , Z)||2 = ||/ - ZxZ^Z^Wf

= \\pz" --f^z/lb,

dFiZ , Z) =f || sinGr(Z , Z)\\F = ||/ - ZxZHZxZxH\\f

(2.5) i
_ p DM

~~7= \\"ZH ~  "th\\F >
vT1 Z

where

(2.6) Z = {A,B),        Z = iÄ,B),

and the angular matrix 6r(F, Y) between two matrices Y and Y e Cmxq

(1 < m < q), both having full row rank, is defined by

(2.7) er(Y, Y) d=aTccosi{YYH)-x'2YYHiYYH)-[YYH(YYH)-x/2)-x/2 > 0.

One must note that rank Z = rank Z = n, which can be easily verified by

the regularity of A-XB and that of A - XB. For a detailed discussion of

the above definitions and results, the reader is referred to [25, Chapter 2,§4].

In the literature, several pseudometrics on Gi?2 also entered the study for

perturbations of generalized eigenvalues at whiles (see Eisner and Lancaster

[5], Li [11, 13]). Although these pseudometrics are not metrics, they are all

equivalent to the chordal metric.

The perturbation of generalized eigenspaces in Part II requires the definition

of the angles between two subspaces with the same dimension. Let Xx, Xx £

C"xl Jl < / < n - 1) have full column rank. The angle between %[=31{XX)

and %?x=3l{Xx) is defined by

(2.8) e^.^^diagiÖ,,...,^),

where 9\, ... , 9¡ are the eigenvalues of QriXxH, Xx). Two different choices

of the bases of S¡\ and J^ may result in two different angular matrices, which

differ one from the other only by a unitary similarity transformation. Hence,

Q{äfx,äfx) is well defined.

Lemma 2.1. Let XX,XX 6 C"x/ (1 < / < n - I) with Xx"Xx = XXHXX = I,

and let 3?x = 3?iXx) and Sfx = 3?(XX). If X = iXXjß2) e %n, then for any

unitarily invariant norm |||-||| we have ||| sin8(^1, ^1)||| = IHX^XilH .

For a proof of this lemma, the reader is referred to, e.g., [25, Chapter 1].

Lemma 2.2. Let Xx,Xxç. Cnxl (1 < / < n-1) have full column rank. Suppose

that X = iXx, X2) eCnx" is a nonsingular matrix with

(WH\ ~
X-X = [~x\, WxGCnxl.
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Set ä?x = 3¿iXx) and %?x = 3¡¡iXx).   Then for any unitarily invariant norm

111 • 111 we have

(2.9) \\\úne[^x,^x)\\\ = \\W1HW2)-xl2W2HXxiXxHXx)-xl2\\\.

Proof. We have

/<-> = x-xx = ß")iXx, X2) = ß"*}    l"ß) + W»XX = 0.

Let J^ = iXx{XxHXx)-x'2, W2{W2HW2yxl2). One can verify easily with the help

of W2HXx = 0 that YHY = 1 implies Y e %n . Now (2.9) is a consequence of

Lemma 2.1.   D

Lemma 2.3 (Sun [29]). Suppose Ax g Cmxn>, A2 e Cmx"2, m < n{ + n2 and

AxAf + A2A^ = I ; then there exist U e%m, Vx G Wnx and V2 G %2 such that

Ax = UlxVxH,        A2 = UZ2V2H,

where lx = diag(c*i, a2, ...) and E2 = diag(/?i, ß2, ...) satisfying a,■ > 0,

ßi > 0 and \a,\2 + \ßi\2 = 1 for i =1,2,... .

Part I. Perturbation bounds for generalized eigenvalues

This part is composed of three sections. In §3, we prove several perturbation

theorems in each of which || • ||2 or || • \\F is used. To this end, we also give a

detailed analysis of a geometric representation of real generalized eigenvalues,

which serves as an essential tool in our proofs, as well as a basic one in Part II
below. The applications of the theorems in §3 to definite pencils seem rather

straightforward since definite pencils not only are diagonalizable but also have
real spectra. However, extra attention has to be paid for exploiting the spe-

ciality of definite pencils. We consider such applications in §4. The theorems

in this part are generalizations of some well-known perturbation theorems for
the standard eigenvalue problem of Hermitian matrices, as is easily seen from

Remarks 7.1-7.3 in the last section, §7, of this paper. It is shown that under
perturbations, the generalized eigenvalues of a diagonalizable pencil with real

spectrum behave just like the eigenvalues of a diagonalizable matrix with real

spectrum in the sense that there is a one-one pairing of the generalized eigen-

values with the perturbed eigenvalues and uniform bounds for their differences

(in the sense of the chorda! metric).

Throughout the rest of this paper, A - XB and A - XB are always reserved

for two regular matrix pencils, and Z , Z e Cnx2n are defined by (2.6).

3. Eigenvalue perturbation of a diagonalizable pencil

The following theorems are two of our main results. They deal with the most

general case treated in this paper.

Theorem 3.1. Suppose A - XB G Ds(n) and Ä- XB g D?(m) both have only
real generalized eigenvalues, and let

XiA,B) = {iai,ßi),  i=l,2,...,n},

X{A,B) = {(aj,ßj), ; = 1,2,...,«}
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with a,, ß,, àj, ßj G

lions

i, j = l ,2,..., n. Assume they admit decomposi-

(3.1a)
YHAX = A,

Y"BX = Q,
and

Y" AX = A,

YHBX = Ù,

where X, Y, X, Y £ Cnxn are nonsingular matrices, and

(3.1b)
A = diag(ai , ... , an),

Çl = diag(ßx, ... , ß„),
and

Then there exists a permutation a of {1,2,

Í A = diag(àj, .

1 Ù. = diag(À , .
. , n} such that

à„).

ßn)

max p[{aj, ßj), (äaU),ßaU)))

(3.2) <\\X2
X

ÍPZII    -   PyH) \\x-ll
X-xjy."     -ZHjy        x

< KiX)K{X)d2iZ , Z),

where k{X) = \\X\\2\\X~X\\2 is the spectral condition number of X.

Theorem 3.2. Under the conditions of Theorem 3.1, there exists a permutation

x of {1,2, ... , n} such that

(3.3) Ni
zZ[piiaj,ßj),iäTU),ßTU)))]2

<max{\\X-x\\2,\\X\\2ymax{\\X-x\\2,\\X\\2ydFÍZ,Z).

To prove the above theorems, we need the help of results developed in §§3.1 —
3.2 below.

3.1. Geometric representation of a real generalized eigenvalue. We have already

noted that a generalized eigenvalue is invariant under a nonzero factor; hence

for a given real (a, ß) G Gi ,2 , without loss of generality, we may assume

(3.4)        a,ß£R,     ß>0,     a2 + ß2=\,     and   a« 1 if 1 = 0.

Thus, there is a 1-1 correspondence between the set of real generalized eigenval-

ues and the upper half T of the unit circle, containing (1,0) but not (-1,0),

in the following way. The pair (a, ß) satisfying (3.4) corresponds to a point

z G T as shown in Figure 3.1. In the other direction, every zeT determines

an element of Gi,2 satisfying (3.4) by its coordinates. For convenience, in the

following, we treat z and (a, ß) equally and write z = (a, ß). The symbol

r is always reserved for the upper half of the unit circle.

If z, w G T correspond to (a, ß) and (y, ô), respectively, they have only

four different relative positions. By treating z and w symmetrically, we con-

sider the two cases described by Figures 3.2 and 3.3.

We define

zw =  the circular arc corresponding to angle 9,

2

wz = [J{the circular arc corresponding to angle 0,-}

1=1
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Figure 3.1. Geometric representation: z = (a, ß)

Figure 3.2. The case 0 < 90° Figure 3.3. The case 0 > 90°

and define the anticlockwise angles between z and w by

9iz,w) = 9= 180°-(0i+02),        6(w, z) = 0, + 02 = 180°-0.

The notation z < w means 0(z, w) < 90° ; therefore, z -< w in Figure 3.2

and in -< z in Figure 3.3. The distance on T is given by

diz,w)={pHa,ß),iy,ö)).

It is easy to prove that (T, d) is a complete metric space (see Proposition 3.1

below).

We will use the notation izwv) to mean that the points z,w,veT appear

in counterclockwise cyclic order on T, as shown by Figure 3.4 (next page). Note
that this order relation can also be described by one of iwvz) and ivzw). We

deal with more than three points in a similar way.

Proposition 3.1. Let z, w be as described in Figure 3.2 or Figure 3.3; then

püa,ß),iy,a)) = sm9 = smi9x+92).
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Figure 3.4. Ordering

Proof. Because of 0 < 0 < 180°, we have sin0 > 0. Thus,

i0 = \]sm2 0 = \/l-cos20 = ^Jl-iay + ßo)2sin i

= yJiSa-yß)2 = \6a-yß\
\öa-yß\

VW+W^/W+W,
as claimed,   n

Two connected circular arcs Ti and Y2, which are separated from each

other, have also only four different relative positions. By treating them sym-

metrically, we consider the following two cases described by Figures 3.5 and

3.6. To understand the connectedness of T2 in Figure 3.6, one must regard the

two points (-1,0) and (1,0) as a single one. This view is much the same

as for quotient space in topology. The separation between Tx and Y2 may be

described by one of the following description. (The first "=" in (3.5a) below

can be verified easily.)

(i)

(3.5a)
def

min d(z, w) = min{sin9X, sir\92} = n,
z€T|
u>er2

where 02 = 021 + 022 in the case described by Figure 3.5.

(ii) There exist a eT, a>0, S > 0, a + ô <l, such that

(3.5b)

or

(3.5c)

maxd(z,a)<a   and    mindiw , a) > a + ô,
zer, «;6r2

miridiz, a) > a + ô   and    maxd{w , a) < a.

Description (ii) has already been used in Sun [29] to develop perturbation

bounds for eigenspaces of a definite pencil. We claim that the two descriptions

are equivalent. A geometric interpretation of (3.5a) is clearly seen from Figure

3.5 and/or Figure 3.6, whereas that of (3.5b) is clearly seen from Figure 3.7
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Figure 3.5. Ti is separated Figure 3.6. T, is separated
from T2 from T2

below, where sin</> = a, sin(0 + tfi) = a + S , and 0 = min{0i, 02} ; similarly

for (3.5c).
It is easy to prove

Proposition 3.2. //(3.5b) or (3.5c) holds, then (3.5a) holds with

(3.6) n > (a + S)y/l - a2 - a^/l - (a + Ô)2 .

On the other hand, if (3.5a) holds, it is not difficult to find a G T, a > 0,
ô > 0, a + S<l, such that (3.5b) and/or (3.5c) holds.

Given a set K consisting of several generalized eigenvalues, hereafter we

prefer to use the notation Kcr, (or K c T2) which means that all points in
T corresponding to elements of K belong to Tx (or to T2).

3.2.   Auxiliary propositions.

Proposition 3.3. Let a,, /?,, à;, ß} e R and

|a,f + \ßi\2 = \áj\2 + \ßj\2 = 1   fori,j=l,2,...,n.

Figure 3.7. A geometric interpretation of (3.5b)
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Define A, Q, A, and Q by (3.1b) in terms of these numbers. Let Ki be a set

containing k of the (a,-,/?,-) a«c/ K2 a set containing I of the (à,, /?;) w/7/z

k + I > n . Assume also that Tx and T2 are as described in one of the Figures

3.5 and 3.6. // Ki c T, a«d K2 C T2, or vice versa, then

(3.7) ||Ö-Ml2||Aßf2-ßßA||2>W,

where n is defined by (3.5a), and Q G Cxn is nonsingular.

Proof. Without loss of generality, assume that Kx = {(a,, /?,), i = 1,2, ... , k)

and K2 = {{àj, ßj), j = 1,2,...,/}, since for suitable n x n permutation

matrices P and P, the first k diagonal elements of the diagonal matrices

PTAP and PTQ,P and the first / diagonal elements of the diagonal matrices

PTAP and PTÚP correspond to the elements of Ki and K2 in order, respec-

tively^ Now replace Q, A, Q., A, and Í2 by PTQP, PTAP, PTJIP, PTAP,

and PTQP, respectively. Having done so, we shall still have ||(/>rß/>)-1||2 =

IIÔ"'ll2 and

\\PTÄPPTQPPTQP - PTñPPTQPPTAP\\2 = \\ÀQQ - QßA||2

by a simple verification. Set

f Ai = diag(ai, ... ,ak), ( A2 = diag(afc+1, ... ,an),

1 Q, = diag(j&, ,...,ßk),        I fl2 = diag(^+1 ,...,ßn),

( Ax = diag(oi, ... ,a¡), í A2 = diag(a/+1, ... ,àn),

\ß, =diag(Â,...,Â), \Q2 = diag(Ä+1,...,y?„);

then A = diag(A[, A2), £1 = diag(Qj, Q2), and A = diag(Ai, A2), £2 =

diag(ßi, ñ2). Partition ß as ß = (g¡ gj) with ßn 6 Clxk . Then

E = Àon- Ù.OA = f ÄiönQi - 9'ß'iAi  ^iöi2fl2 - ßißi2A2
VA2Ö21ÖI-Ö2Ö21A,      A2ß22Q2 - Ü2ß22A2

SO

(3.8) ||-E||>||Äißiii2i-nißiiA,||2.

To estimate further a lower bound for ||ii||2 , we consider the case of Ki c

Tx, K2 c T2, and moreover the midpoint of arc Ti = rw coincides with

(0,1) (refer to Figures 3.5 or 3.6). Assume that the angle between the /?-axis

and the ray Oz or Ow is <f>, and let 0 = min{0t, 02} ; then

(3.9) ^
HA-'llr1 = min |àj| > sin(0 + 0), f HQr'H,1 = min |j3,| > cos</>,

\<i<l I l<i<k

IIQ1II2 = max \ßj\ < cos(0 + <f>), I  l|Ai||2 = max \a¡\ < smcf>.

Figure 3.8 shows a geometric interpretation of the inequalities in (3.9). Hence,

it follows from (3.8) and Hßnlb > llß"1!^1 » °y Corollary 2.2 of Li [17], that

||^||2>||Aißiifli||2-||ÖlßllAi||2

(3-10) > IIAr'lli'lIßiilblinr'lli1 - HöilHIßnlHIAjik
> Ilßnll2(sin(0 +- cp)cos(f> - cos(0 + (¡))sm<f>)

= \\Qxx\\2sm9>n\\Q-x\\2x,
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Figure 3.8. An interpretation of the inequalities (3.9)

which leads to the inequality (3.7) for the present case.

Now, consider the case when the midpoint m of Tx = zw does not co-

incide with (0, 1), i.e., m = {Ç, ¿¡) ^ (0, 1). We apply a plane rotation in

anticlockwise direction as

def
Ai =<fA-Çn, = diagiôi, ..

deffí,=CA,+íni =diag(A,
~ ~    def

Ai = fAi -fflj = diagía !(
def

. àk),

Jk),

, à[),

Jl),

(àj) = iä,ß)£Y2\cr.

Qx = CAl+^Çlx = diag(/J,,

and let

f, = {(â J) = iaZ-ßC,aZ + ßC):ia,ß)erl}cr,

' («i - ßc, âc + H)      ifàc + H>o,
i-à£, + ß(, -àÇ - ß£)   otherwise,

It is easily verified that

(i) the midpoint of Tx is m = (0, 1) ;

(ii) (3.5a) remains valid with Tx and T2 replaced by Tx and by f2, respec-

tively;

(iii) (â,, ß{) G Y\ , i = 1, 2, ... , k, and for suitable dj = ±1 we have

djßj > 0  {dj = -1 ^if ßj = 0), and thus (</,<*;, djßj) eY2, j = 1, 2, ... , I ;

(iv) AxQxxñx - ßißnA, = XißnQi - QißnA,.
So from (3.9) we get

\\E\\2 > \\AxQxxñx-ñxQixAx\\2 = \\{DAx)Qxxäx - (Dax)QiXÄx\\2,

where D = diag(í/i, ... , d¡). The rest of our proof is a repeat of the last part

of the foregoing proof for the case when the midpoint of Ti  is just (0, 1 ).

The case for Ki c T2, K2 c Tx is clearly true by symmetry. The proof is

completed.   D
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Proposition 3.4. Let a¡, /?,, q; , ß}■ e R and

|q,|2 + \ßi\2 = \äj\2 + \ßj\2 =1   fori,j=l,2,...,n.

Define A, ß, A and ß by (3.1b) in terms of these numbers. Then there is a

permutation a of {1,2, ... , n} such that

(3.11) max p{{aj,ßj), (àa(J), ßa{j))) < Hß-'WIAßß - ßßA||2,
\<j<n

where Q G C"x" is nonsingular.

Proof. Let the (a,-,/?,-) and (ô, , ßj) correspondió z¡ and z¡, respectively.

We assume also, for convenience, that all the z, and z; are distinct, all the

d{zj, ¿j) are distinct, and all d(z¡, zf) < 1. By a density argument, it suffices

to prove the theorem in this special case. In fact, for the moment suppose it is

true in this special case. Let {z\ *}£~ an<3 {¿j '}£^ be two sequences falling

into this special case for each k such that z\ ' —► z,, z) ' —» z¡ as k —> +oo.

Then there is a permutation ak corresponding to each {z\ ' and zjfc)}. Because

the number of different permutations of {1, 2,...,«} is n\, a finite number,

iak}kTx contains a subsequence, say {0*,}/=? , so that ak¡ = okl = ■ ■ ■ . Taking
the limit for such a subsequence, we will eventually see that the theorem is also

true for z, and z¡. Hereafter, indices will be understood to repeat cyclically,

e.g., z„+x = zx .

We do not deal explicitly with the case n = 2 since it is very simple.

We number the z, cyclically, i.e., we require {zxz2 ••• z„) (cf. §3.1 for nota-

tion). We define

def "*
(3.12) n = min max d{z¡, za(i)) = min max />((a,-, /?,), {àa(j), ßa(j))) •

The numbering of the z¡ is determined so that

maxd{z,, z¡) < maxd{z¡, z^n) holds for any
(3.13) /eir ,e^

y c {1, 2, ...,«} and for any permutation a of !F.

Clearly, we now have n = maxi<,<„ úf(z,, z¡). Without loss of generality,

assume this maximum is attained for i = 1 and (in the notation introduced in

§3.1) zx<zx.
The following four claims are quite similar to Steps 1, 2, and 3 in [1, pp.

72-73], the influence of which the author wishes to acknowledge.

Claim 1. For any i, if z, -< z,, then neither (z,z,zi) nor (ziz,zi).

This follows by applying (3.13) to the indices 1, /.
Claim 2. If z, -< z¡, then for any j ^ i, neither (z¡ZjZjZí) nor {zí'¿jZjZ¡) ;

if z, -< z,, then for any j ¿ i, neither {z-,ZjZjZi) nor {¿¡ZjZjZi).

These follow by applying (3.13) to the indices i, j.
Claim 3. There is a t such that d{z,+ l, z,) > n and izxzxztzt+x).

As a matter of fact, for every j = 1,2, ..., n , had we d{zj+x , Zj) < n , then

we could pair each z¡ with z¡+\ and reduce the maximum distance in (3.12);

but this contradicts the definition of n . For such t, {z\ZXztzt+x) follows from

an application of Claim 1 to the index t, together with the inequalities imposed.

Claim 4. For 1 < i < t we have izxz¡zt).
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This can be easily verified in case z, -< z,, so in what follows we assume

¿t -< z,. By Claim 3 and d{z\, zx) > d{zt, zt), we see (zizizrz,zi+i). Now if

z, -< z,, then unless (¿[¿¿i,) we can get a contradiction to (3.13) for these two

indices. So we need to consider the case z, -< z,. Now {zxz,zx) is impossible

by Claim 1; {ztZjZt) is false by applying Claim 2 to the indices i,t; and

{ztZiZ\) can be ruled out, for otherwise, if {ZjZjZ,), then by z, -< z,, we would

have d{z¡■, z¡) > d{zx, zx) = r\, a contradiction, and if {zxz¡zx), our applying

Claim 2 to the indices 1, i would also lead to a contradiction. The remaining

alternative is {zxz¡zt), so the verification of Claim 4 is completed.

Now, let Tx = z¡+~x~zx , Kx = {(a,,/?,); z,• G Yx , i = t + 1, ... , n, 1}, and

let T2 = zxz¡, K2 = {(àj, ßj) : ¿j gY2 , j = 1, 2, ... , t}. Obviously, we have

min d{z, w) = d{zx, zx) = n
zer,
wer2

by (3.5a). By noting that Ki contains n - t + 1 of the (a,, ß{), that K2

contains t of the (à,, ßj), and that (« - t + 1) +■ / = n + 1 > n , we see that

Ki, K2, Ti, and Y2 satisfy the conditions of Proposition 3.3. Now applying

this proposition leads to the inequality (3.11).   D

3.3. Proof of Theorem 3.1. Without loss of generality, we may assume that all

the (a,, ßj) and all the (a;, ßj) satisfy (3.4). Otherwise, set

D = diag (di/y/a* + ß2,..., dn/yja2 + ß2) ,

D = diag (dxlyjà\ + ß2,..., dn/y/àl + ß2} .

By choosing dj = ±1  and dj = ±1   suitably, and replacing  Y, A, ß, and

Y, À, ß by  YD, DA, DQ, and  YD,DA,DQ, respectively, we will get a
decomposition with the needed properties.

It follows from (3.1) that

AXXHBH - BXXHAH = Y-HAÇlY~l - Y~HQAY = 0

=► Z+{AXXHBH - BXXHAH) = 0;

hence

- Z+{AXXHBH - BXXHA")

= -Z+{ÄXXHBH - BXXHAH) + Z+{AXXHBH - BXXHAH)

Z+iA,B)(XXH   XXH)(B"AH)

7+1À    ̂ fXX" \{   B"-Z + iA,B)  ( WH   )[        AH

\ XXH)\-A

= iPz„-P~H)\^ XXH)\-A")-

Since rank Z = n,  ZZ+ = Pn), premultiplying the two sides of the above

equation by Z leads to

(3.14a) AXXHBH-BXXHAH = -Z{PZH-P~H)(XX"   X]{H^ (H¿h) ■
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With the help of (3.1), we have

AX-XXQ.-Q.X-XXA

(3.14b) ~   ~   (x-i
= -(A,ß)l ~_, iPz"-PyH)

X
X

ß  \ def
-A

So by Proposition 3.4, we see that there exists a permutation o of {1, 2,

such that

max p({aj,ßj),{aaU),ßalj))) < \\iX-xX)-x\\2\\AX-xXQ-ñx-xXA\\2
\<)<n

n)

<||X||2||(A,ß)||2
X

X
-i {PZH  - PZH)

X

X

ß
-A II*-

= 11*1 Y-X   j (PZH ~ PZn) X
\x-ll

The last "=" is true because ||(A, ß)||2 = maxi<;-<„ ^a2 + ßj = 1 and ||(^)||2

maxi<j<i J01) + ßj = 1 by Li [11, Lemma 2.1].   D

3.4. Proof of Theorem 3.2. Without loss of generality, we assume that (3.4)

holds for all (a,-,/?,-) and (ö,-, ßj). By treating A-XB and Ä-XB equally,
one easily obtains the following identity from (3.14b):

(3.15) AX-xX£l-Q.X-xXA = -iAX-x ,£IX-x)ÍP~h-Pzh) ( X¿\ ) =f^.

To complete our proof, we need

Lemma 3.1 (Sun [30]). Let

(3.16) I = diag(ci,..., e„),       e, > Oforj = I, 2,..., n,

and let M, N be two n x n normal matrices with X{M) = {Xx, ... , X„} and

X{N) = {ß\, ... , pn). Then there exists a permutation x of {1,2, ... , n)

such that _

min £,■
\<j<n   J\

¿Z^J-ßrU^^Wl-lNWF.

Lemma 3.2. Suppose that A, ß, A, and ß are defined by (3.1b) with a,, ßj,

a},ßj  G  R  and  |a,f + |ß|2  =  |à,f + \ßj\2  =   1,   i,j  =   1,2,...,«,
and suppose X G Cnxn  is nonsingular; then there exists a permutation x of

{1,2,...,«} such that

(3.17)

V
¿[/>((a,-, ßj), (ât(y), ßxU)))]2 < II*-1 ||2||ÄXß - QXA\\F .

Proof Let T = AXQ - QXA and (here i 1)

/    il
il    I

A

ß

/     il
il    I
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We claim that the diagonal matrices Ä, ß, À, and Qê%. In fact, AAW =

(A + iO){AH - iQ.H) = A2 + ß2 = / and ßß" = /. Similarly for Ä and ß.
Hence, we have

(3.18) AX£l-QXA = 2T^Q AX - *Aß" = 2ß   TO." .

Let * = ULVH be the singular value decomposition of X with Í7, V g %

and I defined by (3.16) with the singular values £, of X ; then from (3.18) it
follows that

UHQ. AU1-1VHAQHV = 2UHQ  TQHV.
■**. M -~*

It is easy to verify that Û = UHÜ AU and V = VHAD.HV are normal
matrices with

XiV) = \xk = f±ih, k=l,2,...,n),
{ iotk + ßk J

XiÛ) = LJ = ^à,j = l,2,...,n]
iáj + ßj

and

Qfc + ißk      àj + iß j

j Í0Lk + ßk      iáj + ßj

So by Lemma 3.1, we have

2\ßj<*k -ajßk\

V\<*k\2 + \ßk\2\/\aj\2 + \ßj\2

~H

2\\T\\F = \\2UHCl  TÇlHV\\F> min ej
i<J<n     y.

¿Z^J-^u)\2

= 2\\X-%X

Ni
¿Z[p(^j,ßj),{a,u)JT(j)))]2

This establishes (3.17).   D

Now, we return to the proof of Theorem 3.2. Lemma 3.2, (3.14b) and (3.15)

yield that there exists a permutation t of {1,2, ...,«} such that

(3.19a) £>((«;, ßj), {äx(j), ßxU)))]2 < \\X~X X\\2\\E\\2F ,

j=i

(3.19b) ¿Zlpiiaj^j), (áTU)JTU)))]2 < \\X-l\\22\\F\\F.
;=i

On the other hand,

(3.20)

\\E\\2F + \\F\\2F = ?H

< (AX~X    ßJH \(p        p   ,( XQ.    X-"A\
\ñxH   -AXH)Kz"     z"'\-XA   xHn J
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We claim that

(3.21a)
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(AX~l ßX"1

V ñx" -AX"

XQ. X~"A
-XA X"Q.

<max{\\X-x\\2,\\X\\2},

(3.21b)

In fact, it is easy to verify that

< max{||^_ l*IU} -

H
(AXjx    ß/"1 \ (AXjx    ßl-1 \

V nx"   -ax" ) \ ax"   -ax" )
( A2 X~XX-"A2 + Çl2X-xX-"Çl2

0
0

A2*//*A2 + il2X"XQ.2

and

XD.    X~HA\H f XSi    X~"A\
-xa   x"n )   \-xa   x"n )

AxX"XA[+QxX"XQ[ 0
0 AlX-"X-]Ax+nxX-"X-lQx

Thus, (3.21) follows from

Aß"ßA + ßß"ßß < ||ß||2(AA + ßß) = ||ß||2/,

Äß"ßÄ + ßß7/ßß < ||ß||2(AÄ + ßß) = \\Q\\\I,

where ß = X~" , X, X, or X~l. Now, by (3.19)-(3.21), we have

'¿[piiaj, ßj), iarU),ßTÜ)))}2

\u
< -^maxill^-'Xlb, WX-'XU^WEWl + WFWl

< max{\\X-x\\2, ||X||2}2max{||X-1||2, \\X\\2}2±=\\PZ„ - P~H\\F .
vT

This establishes (3.3).    D

3.5. More bounds. It may be unsatisfactory to some readers that our bounds

are expressed by means of metrics on the Grassmann manifold of all nx2n ma-

trices having full row rank, rather than our familiar metrics such as ||Z - Z||2.

So in this subsection, we show how to deduce perturbation bounds containing

only metrics such as \\Z - Z\\2 of \\Z - Z\\F from our previous bounds. Also,
we will illustrate how to establish more bounds along the lines of our proofs of

Theorems 3.1, 3.2.

Lemma 3.3. Let M, N g Cqx!   iq > t) have full column rank; then

PJHiN - M)iN"N)-]/2 , PfriN - M)iM"M)-]'2,

and sin 0(^#, ¿V) have the same nonzero singular values, where J£ = 3¿(M),

yV = 3?{N),  PjL = I - pM, and Pfc = I - PN.   Moreover, if their nonzero



ON PERTURBATIONS OF MATRIX PENCILS 247

singular values are ax,a2,..., the nonzero singular values of PN - PM are

G\,ax,a2,o2,... . Therefore,

\\Pn - Pm\\2 = \\PÙ(N - M)iN"N)-xl2\\2 = \\P¿(N - M){M"M)-{l2\\2

= iisine(^r,^")i|2,

■j=\\Pn - PmWf = \\Ph(N - M)(N"N)-X'2\\F = \\PJi(N - M)iMHM)-l'2\\F

= \\smeiJ?,yf)\\F.

The reader is referred to Li [16, Lemma 3.1] for a proof of this lemma, due

originally to Sun.
The trivial combinations of this lemma with Theorems 3.1 and 3.2 produce

some new bounds containing ||Z - Z||2 or \\Z - Z\\p immediately. To keep
the paper reasonably short, we dispense with giving them explicitly.

Recall that identities such as (3.14) and (3.15) play an exclusive role in our

proofs. In a similar way, one can get the following ones. The relation

(3.22a)       AXX"B" - BXX" A" = -(Z - Z) Í xx„^

yields

(3.22b) AX-lXa-QX-xXA = -Y"{Z-Z) (

By treating A - XB and A-XB equally, (3.22b) produces

(3.23) AX-lXQ-QX-xXA = -Y"{Z-Z) (X    ~] ( Q~

Now, one can easily prove the following theorem along the lines in the proofs

of Theorems 3.1 and 3.2.

Theorem 3.3. To the hypotheses of Theorem 3.1 add these:

\al\2 + \ßi\2 = \aj\2 + \~ßJ\2=\, i,j=l,2,...,n.

Then there exist permutations o and x of {1,2, ... ,n) such that

(3.24)

and

max piiatj, ßj), (äaU), ßaU)))
\<j<n

< min{KW|W|2||y"||2, K(*)||A:||2||y"||2}||Z - Z\

(3.25)       y}
z2[p((aJ,ßj),iäxU),ßrU)))]2

= i

<min{KiX)\\X\\2\\Y"\\2, K(M\XMYHh}\\Z - Z\\F .

It is very difficult to give a thorough comparison of (3.24) with (3.2), and of

(3.25) with (3.3). However, we claim that the right-hand sides of (3.24) and
(3.2) are both bounded by

K{X)K(X)min{\\Z+\\2, ||Z+||2}||Z-Z||2.

As to (3.2), according to Lemma 3.3 and (2.4), this is evident; and as to (3.24),

it is guaranteed by
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Lemma3.4. Suppose that A-XB is as described in Theorem 3.1. If\ctj\2 + \ßj\2 =

1, i=l,2,...,n,then \\Y"\\2 <\\Z+\\2\\X-X\\2.

Proof. We have

z = y_H(A, ß)
X

-I

x-1

^iiyi^iKA^ihii*-1

as required.   G

rH
(A,ß)

x-
x-

|2||Z + ||2 = ||X-1||2||Z + | 2 ,

Another way of deriving perturbation bounds from the above bounds is de-

scribed in the following subsection.

3.6. Dual theorems. It follows from Definition 2.1 that A - XB £ Dg(«) is

equivalent to A"-XB" G Dg(«). Moreover, if A-XB has only real generalized

eigenvalues, so has A" - XB" , and vice versa. A consequence of Theorem 3.1

is:

Theorem 3.4. Under the conditions of Theorem 3.1, there exists a permutation

a of {1,2, ... , n} such that

max püaj, ßj), (àaU), ~ßau)))

< im Y-x

< KiY)K(Y)d2iZd", Zd"),

(pz<-pzä) |[Y-

where

Zd =

We refer to the above theorem as the dual theorem of Theorem 3.1. In much

the same way, we can derive theorems from other theorems such as Theorem

3.2, etc. We omit the details here.
Other perturbation theorems, e.g., Bauer and Fike-type theorems (Eisner and

Sun [6], Li [11]) and Hoffman and Wielandt-type theorem (Sun [27]), for the
generalized eigenvalue problem also have their own dual theorems just like The-

orem 3.4 here. Readers who are interested in these are referred to Li [15].

4. Applications to definite pencils

Definition 4.1 ([3, 24]). Let A, B £ Cnxn be Hermitian matrices. The matrix

A-XB is said to be a definite pencil of order n , if

(4.1) ciA,B)d=   min   \xHiA + yfÄB)x\>0.
xec"
IWh=i

The number c{A, B) is called the Crawford number of the definite pencil A -

XB. We will denote by D(«) the set of all definite pencils of order n .

Lemma 4.1. Let A- XB £ D(«). Then there is a nonsingular matrix X £ Cxn

such that

(4.2)   X"AX = A = diag(a,.a,),        XHBX = ß = diag(yff, ,...,ßn).
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In Lemma 4.1, it is easily verified that a,-, /?, g E, and by an appropriate

choice of X, we can make |a,|2 + |/?,|2 = 1. This lemma is then well known,

and a proof of it can be found in Stewart [24] or in [25].

Lemma 4.2. In Lemma 4.1, if \a¡\2 + \ßj\2 = 1, i = 1, 2, ... , n, then

(4.3) ||*||2<    t\    wx, ||*-'||2<
y/c{A,BY "       y/ciA,B)'

This lemma is implied in Eisner and Sun [6].

Theorem 4.1. Suppose A-XB £ D(«) and A - XB £ D(«), and let

XiA,B) = {iai,ßi),  i= 1,2,...,«},

XiA,B) = {iäj,ßj), 7 = 1,2,...,«},

where a¡, ßj, a¡, ßj £R, i, j = 1, 2, ... , n . Then there exists a permutation

o of {1, 2, ...,«} such that

(4.4a)    max />((<*/, ßj), (¿Mi) , &(/))) <      '™f|2 ~rf2(Z, Z),

/. i, , ,,       /> \   /. ñ     vN     mini Z ? i   Z 2í„™     ^;,,
(4.4b)    max p((aj , ßj), (aa{j), ßa{j))) <       ]"   \2'¡   " J||Z - Z||2 .

Proo/. By Lemma 4.1, we know that A-XB and A-XB admit decompositions

.... f^I = A, \X"ÄX = A,
(45) ii'M-o,   and  iMT-â.

where 1,1 eC"x" are nonsingular matrices, and A, ß, A, and ß are of

the form (3.1b) with a¡, ßj, äj, ßj £ R and |a,|2 + \ßj\2 = \äj\2 + \ßj\2 = 1,
i, j = l, 2, ... , n. So from Theorems 3.1 and 3.3 it follows that there exists

a permutation o of {1,2,...,«} such that

max piictj, ßj), iàa(j), ßa{J))) < KiX)KiX)d2iZ , Z),

max püaj, ßj), iàaU), ~ßa(j))) < mm{KiX)\\X\\2, kíX)\\X\\2}\\Z - Z\\2.

The assertions (4.4a) and (4.4b) now follow from Lemma 4.2.   D

Analogously, Theorems 3.2 and 3.3, and Lemma 4.2, produce

Theorem 4.2. Under the conditions of Theorem 4.1, there exists a permutation

x of {1,2, ... ,n} such that

(4.6a) Ni
I>((»;.ft).(ä,0)J,U>))P

= 1

<max{l,||Z||l}max{i,||Z||l} ~

ciA,B)ciA,B)

(4.6b) ,  ¿JPiiotj . ßj) » ("te/). ßr(j))>r < DX    ~   -    HZ - Z||f .
\J  =1 c04,ßc^,ß
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Now, we are obliged to say something about the existing perturbation bounds

for definite pencils in comparison with our bounds. Our conclusion is that our

bounds and the bound in Stewart [24] and its improvement in Sun [28] are

independent. Sometimes ours are much sharper than those in [24], as we will

show, and sometimes they are weaker. The following is a slightly improved ver-

sion, due to Li [18], of Stewart's bound [24] (see Sun [28] for another improved

version).

Theorem 4.3. Let A-XB £ Din) and A, B £ Cnx" be two Hermitian matrices.

If \\Z - Z\\2 < ciA, B), then A - XB £ D(«), and moreover, there exists a

permutation o of {1, 2, ...,«} such that

(4.7) max p((aj, ßj), iàa{j), ßa{j))) < "^"^j2 .

Example (Sun [28]). Let A - XB £ D(«). Consider A- XB = (1 + r){A - XB)
with r > 0 such that

rJ\\A\\2 + \\B\\2 rJ\\A\\l + \\B\\l
< 1 , —-————-« 1 .

ciA,B) ' c{A,B)

Obviously A - XB £ D(«) and XiA, B) = XiA, B), and the right-hand side of

(4.4a) is 0, whereas the right-hand side of (4.7) is rJ\\A\\\ + \\B\\\lciA, B) « 1.

This example shows that sometimes (4.4a) is much sharper than (4.7) (and than

(4.4b) as well). The improved bound of [24] from Sun [28] also provides a best

estimate for this example, just like ours.

The following observations, on the other hand, show that sometimes (4.4a)

may be weaker than (4.7). By Lemma 3.3 and (2.4),

(4.8) d2{Z , Z) < mm{\\iZZ")-xl2\\2, \\{ZZH)-X'2\\2}\\Z - Z\\2

and

(4.9a)

(zz«)-l/2||-l _    / min (xhA2x + XHB2X)
\   xec"

>   / min \x"Ax + \/^ïxHBx\2 = ciA, B),
\   xeC
V lkl|2=i

(4.9b) \\{ZZ")-X'2\\2X >c{A,B).

The ">" in the inequality (4.9a) holds because y2 is a convex function. As a

matter of fact, suppose A = U diag(A], ... , X„)U" , U £%„ . (This is possible,

since A is Hermitian.) We write Ux = (£i, ... , £n)T ; then

x"A2x = ¿ UX) > (J2 \Zi\2*,)   = (xHAx)2.
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With the help of (4.8) and (4.9), we weaken the inequality (4.4a) by

(4.10)

max p{{atj , ßj), (àaU), ßaU)))
\<j<n

WZhWZh \\z-z\

ciA, B)c{A, B) max{c(yl, B), ciA, B)}

Now a rough comparison of (4.4a) with (4.7) may be done through the compar-

ison of (4.10) with (4.7). First, we see that the difference between

liz-zib liz-zii,
and

c(A,B) max{ciA, B), ciA, B)}

is negligible if A-XB is close enough to A-XB; hence we ignore their contri-

butions, since we are interested only in a rough comparison. Second, we note

that the factor

(4.11)
c(A, B)c{A,B)

appearing in the right-hand side of (4.10) is, generally, greater than 1. This

is because ||Z||2 = \\iZZ")x'2\\2 > \\{ZZH)-XI%X > c(A,B) and \\Z\\2 >

ciA, B) for the same reason. Thus, this factor allows us to conclude that (4.4a)

is less sharp, especially when (4.11) is very large.

Also, it is very troublesome to compare other bounds, e.g., (4.4b) with (4.4a),

(4.4b) with (4.10), and (4.4b) with (4.7), although a rough comparison can be
made in a way similar as above.

Part II. Perturbation bounds for generalized eigenspaces

In this part, we prove several sin0 and sin 20 theorems for diagonalizable

pencils with real spectra in §5. Then in §6, we apply them to definite pen-

cils, which lead to more perturbation bounds for definite pencils. This part is

related to Davis and Kahan [4] and Sun [29]. All theorems in this part are gener-

alizations of well-known perturbation theorems [4] for the standard eigenvalue

problem of Hermitian matrices.

5. Eigenspace perturbation of a diagonalizable pencil

Suppose that A - XB £ Dg{n) and A - XB £ Dg(n) admit decompositions

. {AX = A, f Y"AX = A,5.1a) < ..„_„    „      and
i   Y";

I Y"lY"BX = Q, {Y"BX = n,

where



252 REN-CANG LI

(5-lb)

(X = (Xx,X2),     X = (Xx,X2),     Y = iYx,Y2),

X-l = {w»)>   *"'
wx"

y-1 =
s?
s2"

Y = (Yx,Y2),

[Xx,Xx,Yx,Yx,Wx,Wx,Sx,Sxe

(5.2a)

(5.2b)

••nxl

def
A = diag(a,, ... ,an) = diag(A[, A2),

ß = diag(/?1,...,/?„)d=diag(ß1,ß2),

A,, ß, g C/x/, A2, ß2 g &*-n*(n-r),

~" def ~       ~
A = diag(ói, ... ,â„) = diag(A,, A2),

ß = diag(/}, ,...,/}„) =fdiag(ß,,ß2),

Àx, Ùx G C'x/, A2, ß2 G C("-D*("-D.

It is easy to see that two subspaces spanned by the first / column vectors of X

and y are a (right) eigenspace (left) eigenspace of A-XB corresponding to

(a,■, ßj), i = 1, 2,...,/, respectively. Set

(5.3) ^1=^(*i),        J1=^'(X1).

5.1. sin 0 theorems. The following theorem is one of our main results in this

part.

Theorem 5.1. Suppose A- XB £ D^(«) and A - XB £ D¿(«) both have only
real generalized eigenvalues and admit decompositions (5.1)—(5.2). Let Ki =

{(q, , ßj), i = 1, 2, ... , 1}, K.2 = {iâj, ßj), j = I + I, ... , n} . Assume that
Yx and Y2 are as described by one of Figures 3.5 and 3.6, and n is defined by

(3.5a). If K] cTi and K2 C T2, or vice versa, then for any unitarily invariant
norm 111 • 111 there holds

(5.4)

sin6(<r,#ï)|||

Il*íll2||^2+||2< (W*
X,

*,

Remark 5.1. From (5.4) it follows in a straightforward manner that

(5.4')
HI sin e(£ï, Jí)|||

<

'   KJXx)KJW2)

n

|    KJX)K(X)
I 1

w"^20

w"
iPZH - P~„)

X10

w"

w"^20 ,
{Pzh - P~H

*10

10

■10

where Xl0 = XX{XXHXx)~xl2, W20 = W2{W2"W2yxl2, and k{Xj) = 11^,||2||JT+1|2

is the spectral condition number of Xx , and similarly for k{W2) , etc.
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Proof of Theorem 5.1. Without loss of generality, assume that (3.4) holds for

all the (q, , ßj) and (à;, ßj) ; otherwise, let

D = diag U/yJ\ax\2 + \ßx\2,..., dn/^\an\2 + \ßn\2^j ,

D = diag (dx/y/\äx\2 + \ßx\2, ..., dn/^\än\2 + \ßn\2^ ,

and choose d¡, d¡ with |í/,| = \d¡\ = 1 appropriately, so that the decomposi-

tions obtained by replacing Y, A, ß, and Y, A, ß in (5.1)—(5.2) by YD",

DA, DQ., and YD",DA,DQ, have the desired property.
Now (3.14) is obviously true. In what follows, we present another proof of

(3.14b), which has the advantage that it is valid even for complex generalized

eigenvalues, although all generalized eigenvalues encountered here are real.

From (5.1) it follows that

AXY"B - BXY"A = Y-"ACIX-X - Y~"QAX-X = 0

=> Z+(AXY"B - BXY"A) = 0;

hence

- Z+iÄXY"B - BXY" A)

= -Z+iAXYHB - BXY" A) + Z+{AXY"B - BXY"A)

= Z+iA,B)(XY"   XYH)(BA)-Z+iÀ,B)(XYH   XYH)(BA

(Pz»-P¿H){  '     xy")\-a)

Since rankZ = «,  ZZ+ = P"\ premultiplying the two sides of the above

equation by Z leads to

(5.5a)      ÄXY"B - BXY"A = -Z(PZ„ - P~„) (*y"    xyH^ (j^

Substituting (5.1) into this equation, we get

Äx-xxn-nx~xxA

^    =-(x,ö,(*-' ^, )<*•-*> (t*)(-a

This is nothing but (3.14b). On the other hand, by (5.1b) and (5.2), the right-
hand side is

Ax-xxn-ñx~xxA

- ( Ai^*ißi - ßi^^iA,    AXWX"X2Q2 - àxWx"X2A2\

' \Ä2W2"XXQX - Û2W2"XXAX   A2W2"X2Çl2 - Ù2W2"X2A2) '

So by (5.5b), we have

A2W2"XxÇlx -Cl2W2"XxAx

~&.a,>(* ^)^MXl *){%)"■
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Now we bound \\\A2W2"Xx£l{ - Û2W2"XXAX\\\ from below. This can be
done in the same way as we did in the proof of Proposition 3.3. In fact, we

have (refer to (3.10) for the first ">")

|||£||| > II W2"Xx || sin 0

= \\\iW2"W2)xl2iW2"W2yxl2W{i XxiXx" Xx)-xl2{Xx" Xx)xl2\\\ún9
(5.7)

>>/||(H/2"I

= «l|ir2+l|-1l|x1+||2-1|||sine(Ji, sfx

>'/ii(^2//^2)-i/2ii2-1iii^*.oiiiii(*r*i)-i/2iir1

Besides Lemma 2.2, we have also employed the fact that  \\{W2"W2yxl2\\2x

equals the smallest singular value of W2 , which is || W^HJ1, and similarly for
||(*i/*i)-1/2||2-1 -

On the other hand, from (5.6) it follows that

< f"  *)«-*>(*  x.)
since A2 + ß2 = /, A2 + ß2 = /. This inequality together with (5.7) leads to

(5.4).    D

For || • ll/r, the inequality (5.4) holds even under a weaker condition imposed

on the separation of Ki and K2, and holds for complex generalized eigenvalues,

as indicated in the following theorem.

Theorem 5.2. Suppose A-XB £ D?(«) and A-XB £ Ds(«) admit the decom-
positions (5.1 )—(5.2), but it is not necessary for them to have only real generalized

eigenvalues. Set

n=    min    p{(a, ,£?,), (¿7, ßj)).

M<j<n

If r] > 0, then (5.4) holds for the unitarily invariant norm \\ ■ \\p .

Proof. We have argued that (5.5b) is true even for complex generalized eigen-

values; so is (5.6), from which it follows (denote  W2"X\ = (î%) g C("_/)x/)

that

\\E\\2F = \\A2W2"Xx^lx -ñ2W2HXxAx\\2F

n-l   I

= ¿Z ¿2 \äj+iß> - h+i<*i\>u\2 >»2¿2 \™ij\2 = n2\\w2Hxx\\2F,
;=l i=i /,/

implying

EWpynWW+W-'WXlWyWsin&ißfx,^)^,'2  112    11^1

as claimed.    G

The upper bounds in Theorems 5.1 and 5.2 contain Pzh - P~H rather than

Z - Z explicitly. However, the following theorems, obtained along the lines of

the proofs of Theorem 5.1 and Theorem 5.2, have a different feature.
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Theorem 5.3. To the hypotheses of Theorem 5.1 add these:

\aj\2 + \ßj\2 = \äj\2 + \ßj\2=l, i,j= 1,2,...,«.

Then

Il*ril2||^2+ll2 Y2"iZ-Z)(^x    XJ(5.8)        |||sine(<g1,^)|||<

Remark 5.2. More bounds may be deduced from (5.8) by using the following

elementary inequalities: ||*+||2 < \\X'X\\2, \\ÍV+\\2 < \\X\\2, \\Y2\\2 < \\Y\\2
and

y"z[^   ~) =iA,ñ)^Y-" = (A,ñ)(f_\^z"(zz"yx

^\\Y\\2<\\x-x\\2\\z"(zz"yx\\2.

As an example, one gets from (5.8)

HI sin6(^5, 2[)\\\ < *WH*li2ll*l2|||z - Z|||.
n

Proof of Theorem 5.3. By the proof of Theorem 5.1, it suffices to note that (refer

to (3.22) and (3.23))

(5.10a) ÂXY"B-BXY"A = iZ-Z)(XYH    XyA{-a)

(5.10b) ^AX-XXÇI-ÇIX-XXA=Y"{Z-Z)(X   ^j ( QA ,

which, just like (5.5), are both true, even for complex generalized eigenval-

ues.   D

Theorem 5.4. To the hypotheses of Theorem 5.2 add these:

\ai\2 + \ß,\2 = \äj\2 + \ßj\2 = 1,        i,j=\,2,...,n.

Then (5.8) holds for the unitarily invariant norm ||| • ||| =  || • \\F .

5.2. sin 20 theorem. As pointed out by Davis and Kahan [4], sin2Q{3?x , %\)

is also a measure of the difference between the subspaces 3¿iXx) and 31 (xx).

Theorem 5.5. Suppose A - XB £ Dg(n) and A - XB £ Dg(«) both have only
real generalized eigenvalues and admit decompositions (5.1 )—(5.2) with

\<xi\2 + \ßi\2 = \aj\2 + \~ßj\2 = i,       i,j =1,2,...,«.

Let K, = {iàjjj), i = 1,2,...,/}, K2 = {iäjjj), j = 1+ 1,...,«}.
Assume that Yx and Y2 are described by one of the Figures 3.5 and 3.6, and

n is defined by (3.5a). // K¡ c Y\ and K2 c Y2, or vice versa, then for any

unitarily invariant norm ||| • |||, there holds

HI sin2e(J1,^)|||-2w||X1||2||^i||2||| sin0(^ , i=[)|||2

(5-H) < KiX)iKjX)[l + KJY)K(X)]\\X\\2\\Y\\21||¿    Z||K

where œ = \\{Wx"Wx)-^2WxHW2iW2"W2y^2\\2.
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Remark 5.3. More bounds may be deduced from (5.11) by using (5.9) and the

following elementary inequalities:

ll*l||2 < 11*112, ||»i||2 < II*"'||2 =► ||*l||2||^l||2 < K{X),

\\iwx"wxyxi2wx"w2{w2"w2yxi2\\2 < 1,

Fib < \\x-x\\2\\z"izz"yx\\2,      \\y-% < \\x\\2\\z\\2,

since
-H_7(X       \(A"\

X)\n")■

Proof of Theorem 5.5. Set

( P'] \    -1 (w\"\
(5.12a) Rx = Xy _;(„-/) J*     = iXx,-X2) \^w„ )

= XXWX"- X2W2" ,

(5.12b)
Ry = y(i{')  _/r/))y-1 = (y,,-y2)y-1,

from which we have

(5.13) R2x = R2y = lW,     \\Rx\\2<KiX),     ||Äy||2<K(y).

It follows from (5.1)-(5.2) that

YH{A + R$iÄ-A)Rx)X

= A + iYx,-Y2)"(À-A)iXx,-X2)

= (y, , -Y2)"Á~iXi , -X2)    (since (y , -Y2)HA{XX, -X2) = A)

= iRYY)HY~"AX-x RXX,

which implies

Â =f A + R§iÀ- A)RX = R?f-"ÀX-XRX .

Similarly, we define B d= B + R%iB-B)Rx = R^Y-"AX~xRx . We see easily

that A-XB £ Dg(n). Hence by our hypotheses, the conditions of Theorem 5.3

are satisfied for the pencils A-XB and A - XB. Let X = RxlX = RxX =

iXx, X2), where Xx £ Cnxl, and let Sf = 3¿iXx). By Lemma 2.2, we have

(5.14) nisine^,^)!!^!!!^,^)-1/2^!!^^,)-1/2!!!.

We attempt now to obtain an upper bound for the right-hand side of equation

(5.14). Using Xx = RXXX, (5.12a), and

W2"iXx Wx" + X2W2")XX = w2"xx~xxx

= 0 => W2"X2W2"Xx = -W2HXx WX"XX,

we get

(5.15)      W2"XX = W2"RxXx = W2"iXx Wx" - X2 W2")XX = 2W2"Xx WX"XX.
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On the other hand, {XX{XXHXxyxl2, W2iW2"W2yxl2) £ %n ; therefore,

wx = [Xxixx"wxyxxx" + w2{w2"w2yxw2"]wx

= XxiXx"Xxyx + W2iW2"W2yx W2"Wx    (since XX"WX = I).

Substituting the above equation into (5.15), we obtain

(5.16)    W2"XX =2W2"Xx{Xx"XiyxXx" + 2W2"XxWx"W2iW2"W2yxW2"Xx.

Then, combining (5.14), (5.16) and (5.13) leads to

HI sin6(Í1\ÍT)|||
= lll(^2//^2)-'/2H;2//*l(*W^*l)-1/2|||

^IIK^^)-1/2^^^*.)-^2!!!!!^!!
-i
2

= ||/?x||2-1|||^*10*fo*10+ ^20*1 rVx"rV20WiXl0\\\;

hence,

(5.17)

KiX)\\\smei^x,^x)\\\

>2\\\W2pCxoXx"0Xx0\\\

-2|||^*,o|||||(*,H*i)1/2||2||(^^i)1/2||2ll<^2o||2|||^*.oll|,

where Xl0 = XjiX»Xxyxl2^Wl0 = W^W^W^I2, W20 = W2(W2"W2y1/2,

Xx0 = XxiX^Xx)-112 , and W20 = W2iW2"W2yxl2. The following fact is used

for the first ">": for any matrix M with suitable dimension,

XX"R"XRxXx < WRxWlXfXx

=* ixx"R"xRxxxyx > \\Rx\\22(xx"xxyx

=* M{X?Rx'RxX{)-lMH > \\Rx\\22MiXx"XxyxM"

=* |||M(^^Ä*i)-1/2lll > p^'lll^*."*!)"172!!!.

Now, we are able to embed sin28(J1, 3?x) into the right-hand side of (5.17).

It is easy to verify that (Xio, W2Xj), (Xio, W2q) are unitary matrices, and so is

«.,^)»(i,»,^(^f»   £§f»);
therefore, from Lemma 2.3 it follows that there exist unitary matrices with

suitable dimensions U, Vx, V2, V, Ux, and U2 such that

(5 18) Xl"0Xxo = UTVx", X1H0W20 = U1VH,

XX"0XXQ = VTTUX" ,        X?0W20 = V1TU2",

where T = diag(yi, y2, ...), I = diag((Xi, o2,...), y¡= cos0,, o¡ = sin0, for

i=l,2, ... , and § > 9X > 92 > ■■■ > 0. From (5.18) we get IH^H^olll =

IPIII = |||*/o^2o|||- Therefore,

(5.19) |||sine(^î, $?x)\\\ = |||*/o^20||| = lll^ß^olll,
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and

(5 20)  2IH^20*io*,^*iolll = 2|||K,TrIK2"|||== ||| diag(sin20,, sin202, ...;

= 1118^29(^1,^)111.

On the other hand, Theorem 5.3 tells us that (see Remark 5.2)

HI sin 9(*ï,*ï)|||

<l-K(RxX)\\X\\2\\Y\\2\\\(Â-Â,B-B)\\\

< ±K(*)2K(X)||X||2||y||2

1     <^2.

iZ-Z)-RY1(Z-Z)(Rx   R^

< -/c(^/c(Z)||X||2||y||2(i + py||2||/?x||2)|||z - z|||

< lKiX)2KiX)[i + K(x)K(y)]im|2||y||2|||z -z\\\.

Now substituting (5.19), (5.20), and (5.21) into (5.17) leads to (5.11).   D

The following theorem indicates that the conditions of Theorem 5.5 can be

weakened for || • ||f .

Theorem 5.6. Suppose A - XB £ D?(«) and A - XB £ Dg(«) admit decompo-
sitions (5.1)—(5.2) with

\a¡\2 + \ßi\2 = \àj\2 + \ßj\2 = 1,        i, ; = 1, 2,... , n.

(It is not necessary for them to have only real generalized eigenvalues.) Set

n =    min    /?((q, , /?,), (Ô,- , ßj)).
i<(</

l+\<j<n

If rj>0, then (5.11) holds with |||-|||  =  || • ||f .

A proof of Theorem 5.6 can be given along the lines of our proof of Theorem

5.5, with the help of Theorem 5.4.

5.3. Dual theorems. What we studied above is for the perturbation of a (right)

eigenspace. As its dual case, we may study the perturbation of a left eigenspace

by simply applying the above results to A" - XB" . We omit the details here.

6. Applications to definite pencils

Suppose A - XB £ D(«) and A - XB £ D(«) admit the decompositions

,,.  v ( X"AX = A, \X"AX = A,(6.1a) <     „ _      and   <   ~   _ ~
\X"BX = Q, \X"BX = Q,

where A,Q, ... , àx, ßx, ...  are of the form (5.2),

(X = (X{,X2),     X = iXx,X2),     Xx,Xx£C"xl,

(6.1b)
*- = i^),  *-'«(-*)•   m-nev*'.
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Theorem 6.1. Besides the hypotheses of Theorem 5.1, we assume further that

A- XB £ D(«) and A - XB £ D(«) and that they admit the decompositions
|||, there holds(6.1). Then for any unitarily invariant norm

|||sin9(^,^)|||<      '™Zjl2
r( A      R\r( A

(6.2a)
c(A,B)c(A,B)

W"^20

w"

where

(6.3) A-10 = *i(*r*ir1/2
2

W\20

// in addition, |a,-|2 + |/?,j2 =

HI sinG(ß?x, 2\)\\\<

(6.2b)

+ \ßj\2 = \, i,j=l

v^TB)c{A,B

1

(PZ»-%J

= W2(W2"W2)

.2,

n

x 10

A'10

-1/2

«, then

fW2"

w2"
)(pz»~pZH)(Xl    Xi)

\w2+\ < 11*11:

//ere, S?x and Sf\ are as defined in (5.3).

Proof. From Theorem 5.1, Remark 5.1, and

(6.4) ||*ÍI|2<||*-1||2,

together with Lemma 4.2, one gets the inequalities (6.2).   D

Theorem 6.2. Besides the hypotheses of Theorem 5.2, we assume further that

A - XB £ D(«) and A - XB £ D(«) and that they admit the decompositions
(6.1). Then (6.2) holds for the unitarily invariant norm \\ • \\F .

Notice that one of the hypotheses of Theorem 5.2 which allows the pencils

considered to have complex generalized eigenvalues is immaterial now, because

definite pencils always have only real generalized eigenvalues. Therefore, the

only difference between the conditions of Theorem 6.2, as well as Theorems

6.5 and 6.6 below, and those of other theorems in this section is the separation

hypothesis imposed on the subsets of generalized eigenvalues of the two pencils.

Theorem 6.3. To the hypotheses of the first part of Theorem 6.1 add these:

\Otj\ + \ßi\2 = + \ßj\ 1

Then for any unitarily invariant norm

(6.5)
l|Z||2

¿,7 = 1,2,..

, we have

n.

sin6(^1, Sf\) <
yJc{A,B)ciÄ,B)

>1
X2"{Z-Z)

A',
A,

Proof. The assertion (6.5) is a consequence of Theorem 5.3, (6.4), and Lemma

4.2.    D

Theorem 6.4. Under the conditions described in the first part of Theorem 6.1, we

have, for any unitarilv invariant norm ||| • |||,

(6.6)

sin6(^, â?x) <
ciA,B)c(A, B)

*2"o(Z - Z)
X10

A10
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1/2

where Xxo is defined by (6.3), and

(6.7) x20 = x2(x2"x2y

Proof. Without loss of generality, we may assume that |q,|2 + |y?,|2 = |q;|2 +

\ßj\2 = 1,  i, j = 1,2, ... , n.   Since postmultiplying A, A by nonsingular

matrices does not change the singular values of sin6(^ ,Sfx), we have that

(6.5) holds. Now, combining (6.5) with

A-,
X?{A -A,B-B) A, < Il*ll2ll*l|2

*2/0(Z Z)
-10

A10

and Lemma 4.2 leads to (6.6).   D

Similarly, we have

Theorem 6.5. To the hypotheses of Theorem 6.2 add these:

\a¡\2 + \ßi\2 = \äj\2 + \ßj\2 = 1,        ¿,7 = 1,2,...,«.

Then (6.5) holds for the unitarily invariant norm \\ • \\F .

Theorem 6.6. Under the conditions of Theorem 6.2, the estimate (6.6) holds for

the unitarily invariant norm || • \\f ■

Remark 6.1. We omit the statement of the sin 20 theorem for definite pencils

to save space.

Now, we give a simple comparison of our bounds with those in Sun [29]. We

have already noted the description (3.5b) and (3.5c), adopted by [29], for the

separation of generalized eigenvalues, and have proved that they are equivalent

to the description (3.5a). By adopting (3.5a) instead of (3.5b) and/or (3.5c),
the main result of Sun [29] may be restated as: under the conditions of the first
part of Theorem 6.1, there holds, for any unitarily invariant norm ||| • |||,

\\Z\\i

(6.8)

¡sine(^,^)||| <q
ciA,B)ciA,B)

-•\\\i(A-A)Xxo,iB-B)Xxo) ISun :

where the constant q satisfies 1 < q < %/2, XXo is as defined in (6.3), and

\\\iiA- A)XX0, (B - 5)X10)|||sun =f (111(1- ̂ )*io|||2 + lll(¿ - £)*>o|||2)1/2

Here the subscript Sun is used to distinguish the norm from

X2H(A~-A,B-B)(Xx
A,

It is difficult to compare (6.8) with (6.2a) in a straightforward way. However,

two indirect methods may be employed. One is to weaken (6.2a) just like we

did at the end of §4. This leads us to the impression that (6.2a) is less sharp

than (6.8). The other is to construct examples. Here is an example from Sun

[28]. Let A-XB £ Din). Consider A- XB = (1 +■ r)iA - XB) with r > 0
such that the right-hand side of (6.8) is less than 1 but almost 1. We assume

that the spectrum of A-XB consists of two parts with suitable properties such

that (6.8) and (6.2a) hold. It is easy to see that the right-hand side of (6.2a) is
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0, whereas the right-hand side of (6.8) is approximately 1. This example shows

that sometimes (6.2a) is much sharper than (6.8).

As to (6.8) and (6.6), we may roughly regard them to differ only by a constant

factor. To see this, we weaken (6.4) somewhat by writing

|sin9(^,a1)|||<

(6.9)
c{A,B)c(A,B)

1

V
(A-A,B-B)

X10

Ignoring the constant q > 1, we note that 4j|||C7||| <

*io.

Sun   <   V^IIIGIH,
def

where G = HA - A)XXQ, (5 - B)XX0). So (6.6) is sharper1.

7. Concluding remarks

Starting with our theorems in both parts above, we can deduce some known

results in the perturbation theory for the standard eigenvalue problem.

7.1.   Suppose A, A £ Cxn are both similar to Hermitian matrices, i.e., there

exist nonsingular matrices X, X £ C"xn such that

(7.1) X  XAX = diagiax, ... ,ä„),        X  x AX = diag(ai , ... , an),

so that XiA) = {a,■■, ¿=1,2,...,«}, XiA) = {à,, 7 = 1,2,...,«} with all

the a,, äj £ R. For / > 0 sufficiently large, both A - Xtl and A - Xtl belong
to D^(«), and moreover, we have XiA, tl) = {(a,, t), ¿=1,2,...,«} and

XiÄ, tl) = {iàj,t), j = 1,2,...,«}. Set Z, = iA,tI) and Z, = {Ä, //).
From Theorem 3.1 it follows that there exists a fixed permutation a and a

sequence of increasing positive numbers t\,t2, ... tending to +oo such that

piicLj, tj), (äa(j). ti)) < K(X)KÍX)d2iZt¡ ,Zt¡) for ¿=1,2,..., i.e.,

\aj-àaU)\tj

\l*j + t2^(.ÄJ)

< KÍX)KÍX)

+ tf

A"
t,I

íaa" + t2iyx{A, t¡i)

A"
(¡I

iAA" + t2iyxiA,tlI)

Multiplying the two sides by t¡ and letting i tend to +oo gives

~     /     0 a" - A"
max aj - àa{j) < kíX)k{X)      ,     r n

(7.2a) !</<« \A-A 0

= KiX)K(X)\\A-À\\2.

Now if A is Hermitian, then X G % ; thus (7.2a) becomes

(7.2b) max |q¡ - äaij\\ < k{X)\\A - A\\2,
\<j<n u'

'It is worth mentioning that Sun's proof of (6.8) can be refined to get (6.9).
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This is a theorem of Kahan [9]. If, in addition, A is also Hermitian, i.e.,

X £ i/n , then (7.2a) becomes

(7.2c) max \a¡ - äa(j)\ < \\A - Á~\\2.

This is nothing but the celebrated Weyl-Lidskii theorem. Inequalities (7.2) can

also be obtained by similar arguments starting with Theorem 3.4 instead of

Theorem 3.1.

7.2. The Weyl-Lidskii theorem is also a consequence of Theorem 4.1. Let

A, A £ Cnxn be two Hermitian matrices with X(A) = {a,, ¿=1,2,...,«},

XiÀ) = {àj, j = 1,2,...,«}, with all the a¡, ä,£ R. For t > 0 suf-

ficiently large, both A - Xtl and A - Xtl belong to D(«), and moreover,

we have X(A,tI) = {{a¡,t), i = 1,2,...,«} and X{A,tI) = {{äj, t),

j = 1,2,...,«}. Let Zt, Zt be as above. By Theorem 4.1 it follows that
there exists a fixed permutation o and a sequence of increasing positive num-

bers tx, t2, ...  tending to +oo such that

PÜOLj, tj), iàaU), U)) <      '|Z',ll2l|Z~112     d2{Ztl, Z,),
c(A, Ul)c{A, tj)

for i = 1,2,.... Note that all the ||Z,,.||2, \\Zt¡\\2,c{A, t¡I),ciA, t¡I) can
grow like ¿,(1 + 0(1/7,-)). This shows

l|Z,l|2||Z,||2      =1+0i/l

c(A,tjI)c(A,tjI) \U

Now repeating the arguments similar to those in §7.1, we finally get il.2c).

7.3. Sun [30] proved that if A, A £ C"x" are both similar to normal matrices,

i.e., formally we have (7.1) but with a,, äj £ C, then there is a permutation x

of {1, 2, ... , «} such that

£ |ay - àr[j)\2 < kíX)k(X)\\A - Ä\\F .
\j;=i

This is, obviously, a generalization of ( 1.1 ) to the case of the Frobenius norm.

Sun [27] also proved that if A-XB and A-XB are two normal pencils

with X(A, B) = {(a,-, ßi), i = 1, 2, ..., «} and k{Ä,B) = {{äj, ßj), j =
1,2,...,«} (it is not necessary that all (a,-, ßj), (â;, ßj) be real), then

(7.3) £[/>((a; , ßj), {äxU), ßrU)))]2 < dF{Z , Z).

\ ;=i

Therefore, it may be of interest to establish an inequality like (7.3) for diago-

nalizable pencils. Our inequality (3.3) is developed for this purpose. However,

the right side of (3.3) does not have the desired form. We suspect that (3.3)

might be true with its right-hand replaced by KÍX)K{X)dF{Z , Z), but we are
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unable to prove it. Liu [ 19] attempted to investigate this problem, but was not

successful.

7.4. An interesting result on the Hadamard product of matrices can be deduced

from Proposition 3.4. The conclusion is as follows.

Proposition. Let a,-, ßj, äj, ßj G R, |a,|2 + \ßj\2 = \äj\2 + \ßj\2 = 1, for all
¿,7 = 1,2,...,«; then

min || 17 o G||2 = min max />((a,, ßj), {äa{j), ßaU))),
ue% "    l<j<n

def def
where G = {gjj) = {äjßj - /?,«,) G Cnxn, and "o" denotes the Hadamard

product, i.e., U o G = {Ujjgjj).

In fact, U o G = AC/ß - ÚUA, where A, ß, A, and ß are of the form
(3.1b). It is easy to see from Proposition 3.4 that

min \\U o G||2 > min max />((a,-, ßj), (âffW , ßa[j))).
(76% a     X<j<n

On the other hand, the same obviously holds with "> "reversed, since permu-

tation matrices are also unitary matrices.

7.5. Also, by a special limiting procedure like that in §§7.1 and 7.2, some

known perturbation results for eigenspaces, such as the Davis-Kahan sin 0 and

sin 20 theorems on the standard eigenvalue problem, can be deduced from our

results in Part II. We omit the details here.

7.6. The most essential hypothesis throughout this paper is that matrix pencils

considered are, generally, required to have only real generalized eigenvalues.

However, it is worth mentioning that in a few theorems in Part II involving the

Frobenius norm, this hypothesis can be removed. The reader is referred to Sun

[29] for details.

7.7. Readers may wonder about the ad hoc example A-XB (unperturbed)

and (1 -I- r)A - X{1 + r)B (perturbed), used in §§4 and 6 for our comparisons.

Our choosing this example is no accident. In fact, according to Sun's useful

suggestion that all nxn regular matrix pencils be embedded into the Grassmann

manifold of all « x 2« matrices having full row rank, A-XB and ( 1 + r)A -

X{ 1 + r)B represent the same point on the manifold. Therefore, all bounds

related to metrics on it (or PZh-P~h in Part II) should yield the best estimation,

i.e., 0, for this kind of perturbations.

7.8. This paper deals with generalizations of well-known perturbation results

for eigenvalues and eigenspaces of the standard eigenvalue problem. In Li [16],

some known results for standard singular value variations are successfully gen-

eralized to perturbations of the generalized singular value problem.
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