
mathematics of computation
volume 62, number 206
april 1994, pages 581-599

ITERATED COLLOCATION METHODS FOR VOLTERRA INTEGRAL

EQUATIONS WITH DELAY ARGUMENTS

HERMANN BRUNNER

Abstract. In this paper we give a complete analysis of the global convergence

and local superconvergence properties of piecewise polynomial collocation for

Volterra integral equations with constant delay. This analysis includes contin-

uous collocation-based Volterra-Runge-Kutta methods as well as iterated collo-

cation methods and their discretizations.

1. Introduction

In this paper we analyze the numerical discretization of Volterra integral

equations with (constant) delay x > 0,

(1.1)

y(t)=g(t)+ Í kxit,s,yis))ds
Jo

+ [     k2it,s,yis))ds,        t£l:=[0,T],
Jo

with

(1.2) y(t) = <t>(t),      t£[-x,o),

by collocation methods in certain (nonsmooth) piecewise polynomial spaces.

Equation (1.1) encompasses an important particular delay equation frequently
encountered in physical and biological modelling processes [13], namely

(1.3) y(t) = g(t)+       k(t,s,y(s))ds,       tel;
Jt-T

it corresponds to setting k2 = -kx (= k) in (1.1).

It will be assumed that the given functions, </>: [-x, 0] —> R, g: I —► R,

kx: S xR —► R iS := {(r,s): 0 < s < t < T}), and k2: Sx x R —» R
( ST := I x [-x, T - x]) are (at least) continuous on their domains; additional

conditions will be imposed later when needed. In order to exclude "classical"

Volterra integral equations (which were considered in [6, 8]) we also assume
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582 HERMANN BRUNNER

that ac2(í, s, y) does not vanish identically. Existence and uniqueness results

for (1.1) and for related Volterra integral equations with finite delay (e.g.,

(1.4) yit) = g{t)+ i kit,s,yis), y{a{s)))ds,        tel,
Jo

with a(s) < s) can be found, for example, in [3, 7, 12, 13, 14].
In recent years, various aspects of numerical methods for (1.1), (1.3), or

( 1.4) have been studied. Results dealing with convergence properties are given

in [17] (Euler's method, trapezoidal and midpoint method for (1.4) with pure

delay and ais) = s - x); [14] (Hermite-type collocation for (1.4)); [12] (direct

quadrature methods for (1.4) with state-dependent delay: a = a(y(j))); [1]

(extension of ODE Runge-Kutta methods to (1.3)); and [19] (general Runge-

Kutta methods and their natural extensions for (1.1)). The stability analyses

for Runge-Kutta-type methods [2, 19] and (/?, cr)-reducible quadrature meth-

ods [11] are restricted to (1.1) with kxit, s, y) = a, k2it,s,y) = b (a, b
constants), with \b\ < -Re(a). Note that in this case (1.1) can be reduced to a

delay differential equation with constant coefficients,

y'it) = ayit) + byit-x),        tel,

(assuming that git) = yo = const).

In [19] the stability of collocation methods is briefly discussed. However,

an analysis of the global convergence and the local superconvergence properties
of collocation methods for (1.1) is essentially still lacking. (However, in [14]

Hermite-type collocation in the space S^zW^n) (piecewise polynomials of

degree 2m - 1 which are in Cm_1(7) ; see §2 for details on notation) is studied

and shown to yield global 0(/z2m)-convergence.) It is the aim of this paper
to show that 0(h2m)-convergence at the mesh points n# can be attained by

using the iterated collocation solution corresponding to collocation in S^~x\ iflN)

(piecewise polynomials of degree m - 1 possessing jump discontinuities on

n^v); on the interval / itself, the order of convergence will turn out to be

p = m.

2. Collocation and iterated collocation

Let t„ := nh in = 0, ... , N - I; tN = T) define a uniform partition for

/ = [0, T], and set n^ := {t0, ... , tN], IQ := [t0, tx], I„ := it„, tn+x] (1 <
n < N - 1). The mesh n^ is assumed to be constrained, i.e.,

x
(2.1) h = -   for some r £ N.

r

For given integers d>-l and m>l the piecewise polynomial space S^j^rLy)

is defined by

u<ZlAt„) = Ukv)it„), u = 0,... ,d},
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where nm+d denotes the set of (real) polynomials of degree not exceeding

m + d . The dimension of this vector space is obviously given by

dimS(£hdiUN) = Nm + d + l.

This shows, in the context of collocation, that the natural choice of d in (2.2)

will be governed by the nature of the functional equation to be solved: if the

equation under consideration is a differential or integro-differential equation of

order k , then d = k — 1 ; when solving integral equations like (1.1) we choose

d = -l.
For given real numbers {cj} with 0 < cx < ■■■ < cm < 1, define the set

Xn '■= {tnj} of collocation points by

(2.3) tnJ:=tn + Cjh       U= 1,... , m; n = 0,... , N - I).

The collocation solution u £ S^~}\iUN) to (1.1) is then given by the equation

(2-4)

"(0 = ¿?W + / kxit, s, uis))ds + k2it, s, uis))ds,        t £ XN,
Jo Jo

with

(2.5) u{t) = <f>{t)   on [-t,0).

If t = t„j is such that tnj - x (= tn-rj) < 0 (recall that, by (2.1), x = rh =
tr), then (2.4) becomes

(2.6) uit) = git)+ [ kxit,s,uis))ds-<t>it),       t = t„j
Jo

ij = I,... , m; n = 0, ... , r - 1), where

(2.7) <D(i):= /   k2it,s,(f>is))ds.
Jt-x

In contrast to classical Volterra integral equations corresponding to k2 = 0

(where no initial condition is present), or delay differential equations (where

collocation requires the evaluation of the given initial function at certain points),

the occurrence of the term <P(r) in the collocation equation (2.6) reveals that,

for t = t„j < x ,v/e have to evaluate (or approximate) a functional containing

the given initial function </>(r). As will be shown in §3, this represents a further
potential source of error.

The iterated collocation solution, uit, based on the collocation solution u
defined by (2.4), (2.5) is given by

(2.8)

unit) := git) + / kxit, s, w(s))ds + /c2(r, s, uis))ds,        tel.
Jo Jo

It has the property that

Unit) = uit)   whenever / e X^.
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In order to put (2.4) and (2.8) into a form amenable to numerical computa-

tion, let t £ I„ , and define

F„it):= /   kxit, s, uis))ds
Jo

(2.9) „_,    ,
= h V] /   kxit, tj + vh, uit¡ + vh))dv .

i=o Jo

Moreover, set

(2.10) Dit):= f     k2it,s,uis))ds
Jo

(with Dit) = -O(r) if t < x). Since u £ 7im_i on /„ , we may write

m

(2.11) uitn + vh) = Y,Lk(v)Un¡k,        tn+vh£l„,
k=\

where Un¡k := uitnk) and

UkCk    q

Thus, (2.4) assumes the form

U„j=git„,j) + FnitnJ) + D{tnj)

(*}    1 O \ /*C; / "^ 1

+ h  /   /c, f i„,7, fB-i-t;A,$^ !*(«)[/,,,*) dv,

j = 1, ... , m. For each « = 0, ... , m, (2.12) represents a system of m

nonlinear algebraic equations for Un := (£/„,i,... , t/„ m)r 6 Rm . For í =

t„ + zh £ In , the iterated collocation equation (2.8) becomes

(2.13)
+ A   i kx it, t„ + vh,^Lk{v)UHik\ dv .

Consider now (2.12): in general, the integrals on the right-hand side (including
those in Fn{t„j) and D{tnj)) cannot be evaluated analytically but have to be

approximated by suitable quadrature formulas. We choose interpolatory m-

point quadrature formulas whose abscissas are given by the collocation points.

Specifically,

/   kxitn j, tn + vh, u{tn +vh))dv
Jo

will be replaced by

m

^2 Wjjkiitnj, t„ + cjCjh, u{tn + CjC[h)) ,

1=0



VOLTERRA INTEGRAL EQUATIONS WITH DELAY ARGUMENTS 585

with Wjj := CjW¡, Wj = J0 Liiv) dv , and m(í„ + CjC¡h) given by (2.11), with
V = CjC¡ .

The resulting fully discretized collocation equation corresponding to (2.12)

is thus given by

Un,j =gitn,j) + F„itnj) + Ditnj)

(2.14) ™ / " \
+ hCj¿2wlkl [tnj, tn + CjCih, Y^Lk(CjCl)Û„,k\    ,

/=i       V k=\ '

ij= 1, ... , m), with

n— 1   m

(2.15) £)(í):=A£;£>1(MM,#/)/) ,
1=0 /=i

and

(2.16)
n-r-1   m

DitnJ):=h Y, J2k2{tnj,t¡,i,Uif¡)
i=0    /=1

m / m \

+ hcj¿2wik2   t„j, tn-r + CjCjh, Y^LkiCjCi)Ûn-r,k    ,
1=1 \ k=\ I

provided that n - r > 0. If n - r < 0, then D{t„j) is given either by the

exact value of -<P(i„ j) (recall (2.7)),

DitnJ)=DitnJ) = -h [ k2itnJ,tn-r + vh,<f){tn-r + vh))
Jcj

(2-17) -.      fx
-A   Y]    /  k2(tn j, tj + vh, cpitj + vh))dv ,

,_rí,, ^o

</u

i'=«-r+l,/0

or by a suitable quadrature approximation to -<î>(r„ j), e.g., by

m

Dit„j) = -h¿2wjjk2itnJ, tn-, + {,,/A, 4>itn-r + tj,/A))
(2.18) /=1 .
v ' -1 m

i=/!-r+l  /=1

where

{./,/:= c/ + (l-c/)C|,    *&,,/:= (l-c,)u;/      (;',/= 1,..., m).

The fully discretized collocation scheme generates a collocation solution û e

S'l^Iljv), with e := u - û ^ 0 in general.
Equations (2.14)-(2.16), together with (2.11) (v = 1),

m

(2.19) yn+x:=ûitn+x) = Y,Lkil)Ûntk ,
k=\
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represent an implicit m-stage Volterra-Runge-Kutta (DVRK) method for the de-

lay integral equation (1.1). This class of collocation-based Runge-Kutta methods

forms an important subset of the general DVRK methods discussed in [19].

The fully discretized version of the iterated collocation equation (2.13) be-

comes, for t = tn+x,

ûjtitn+x) =gitn+l) + F„itn+X) + Ditn+X)

(2.20) w

+ A JTiu/fci(*»+i> tn>l, UnJ) ;
l=i

for arbitrary values of t = tn + zh £ I„ , it is defined by an expresssion similar

to the right-hand side of (2.14), with z replacing Cj.

3. Global convergence

Let u £ S^liTlx) denote the (exact) collocation solution to (1.1) defined by

(2.4)-(2.6). For ease of exposition we will focus on the linear version of (1.1),

(3.1) y{t) = g(t)+ [ Kxit,s)yis)ds+ [   *K2it, s)yis)ds,       tel,
Jo Jo

where Kx G C(5), K2 £ C(5T). A comment on the extension of the con-

vergence results to the nonlinear equation (1.1) can be found at the end of the

section.

Theorem 3.1. Assume that the given functions in (3.1) and (1.2) satisfy g £
Cmil), Kx £ CmiS), K2 £ CmiSx), <t> £ Cm[-x, 0], and that, for t £ [0, t],

the integral (2.7),

<D(i):=/    K2it, s)4>is) ds
Jt-T

is known exactly. Then for all sufficiently small h = x/r (r e N) the constrained-

mesh collocation solution u £ S^~_\ to (3.1) satisfies

(3.2) ILv-«||oo<CAw

for some finite C not depending on h . This estimate holds for all collocation

parameters {c¡} with 0 < cx < ■ ■ ■ < cm < 1.

The iterated collocation solution corresponding to u exhibits the same global

order of convergence,

(3.3) ||v-w¡í||oo<CA"!.

Proof. Assume for simplicity, and without any loss of generality, that T = Mx

for some M £ N. In each interval Jß := ipx, ip + l)x), the exact solu-
tion v of (3.1) is m times continuously differentiable. This follows from the

smoothness hypotheses we have imposed on cf>, g, Kx, and K2 , and from

the expressions for y^v\t) obtained by successively differentiating (3.1) with

respect to t. From this it is readily seen that both the left and right limits
of y(l/)(i) iv = 0, ... , m), as t tends to px, exist and are finite. Thus, let
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t = t„ + vh £ In and set

m

(3.4) eitn + vh) = hmY,ßn,ivl~l + hmR„iv) ,

1=1

where

m

y(tn + vh) = Y, Vn,,vl-X + hmR„iv),        ynJ := hl~xy^x\tn)/H - l)\

i=i

(with R„{v) denoting the remainder term in the above application of Taylor's
formula),

m

uit„+vh) = ^2anjv'-x ,

l=i

and

hmßn,r-=7n,l-(Xn,l (/ = 1, ■••  , m).

It follows from the above observation on the smoothness of the exact solution
that at each breakpoint t„ = px (// = 0, ... , M - 1),

/l-x\tn):=limy«-x\t) ,        1=1,... ,m,
t\.tn

exists and is finite.

The collocation error, e := y - u, satisfies

(3.5) eitnJ)= I   ''Kxitnj, s)eis) ds + [    '' K2{tnJ, s)eis)ds ,
Jo Jo

j = I,... , m in = 0,... , N - 1). If t„ < t (= tT), then tn-r j = t„ + cjh -
x < 0. Since w(i) = <j>{t) on [-t, 0), equation (3.5) reduces to

eit„j) = /      KxitnJ, s)eis)ds ,
Jo

which may be written as

eitnJ) = h /   KxitnJ,t„+vh)eit„+vh)dv
Jo

n-\    .1

+hY]      Kx(r„ ;•, tj + vh)eit¡ + vh)dv .
i=o Jo

Using the expression (3.4), and setting ßn :=(/?„, i, ... , ßn,m)T £ Rm , and

Qn :={Qn,\, ■•■ ,i»,/eR™, with

rCi

qnJ:=-RniCj) + h /   KxitnJ,t„ + vh)R„iv)dv
Jo

n-X    .x

+AV /   Kxitnj, tj + vh)Rjiv)dv ,
TZ Jo/=o Jo
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we obtain a recurrence relation for the vectors ßn of the form

n-l

(3.6) iV-hQnljn)ß„ = hYlQ„ljßi + Qn       (0<n<r-l),
i=0

where V is the Vandermonde matrix V = {cl~x), and where the matrices oje-

are given by

Q(n}n := ( f' Kxitnj,tn+Vh)vl-X dv\

and

Qnj ■■= ( / Kiitnj, tj + vh)v'~x dv\        (i < n).

Since by assumption, Kx £ C(S), we have ||A(2Í1,)«lli < 1 f°r a^ sufficiently

small A > 0, and so V - hQnx}„ is nonsingular. It thus follows from (3.6) that

n-X

(3.7) ||Ä,||i<AC0£llßHi + Ci.
;=0

A well-known result on discrete Gronwall inequalities (see, e.g., [10, p. 41])

leads to

(3.8) llalli <C,.exp(C0T)=:fi

in = 0, ... , r - 1) uniformly as A —► 0 (where rA = t). This implies, by

(3.4), that
\eitn+vh)\<hmiB + R)=:Chm ,

for ve[0, 1], n = 0,... ,r-l.
Now let t„ > tr (= t) . Starting with (3.5), and using again the expression

(3.4) for the collocation error on /„ , we find, in complete analogy to the above,

(3.9) iV - hQnx]n)ßn = A £ Q^ßi + hJ2 Qn2)Jj + qn
i=0 1=0

( n > r). Here, the matrices Qn2)j are defined similarly to the matrices QnX)j

introduced in (3.6), where now 0 < i < n - r. Moreover, the expression for qn

now contains additional terms involving the kernel K2 . We omit these obvious

details.
For all sufficiently small A > 0, equation (3.9) once more yields a discrete

Gronwall inequality,

n—\ n—r

llalli <ACo5] IIAlli+AA)EHA-Ili + Ci ,
;=0 1=0

where now r < n < N - 1 . The estimate (3.8) and the result [10, p. 41] then

imply that
|IA.IIi<*       (r<n<N-l)

uniformly as A -> 0 (with Nh = T). Hence, by (3.4), the statement (3.2) of
Theorem 3.1 follows.
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The error e¡t := y - un associated with the iterated collocation solution in-

troduced in (2.8) is given (for the linear case (3.1)) by

eit{t)= / Kx{t, s)eis)ds+ /     K2{t, s)eis)ds,        tel,
Jo Jo

with e{t) = 0 on [-t, 0]. Hence, for t e [0, x], we obtain

INIoo<lklloo- max  / \Kxit,s)\ds<C0hm,
0<t<T Jq

while for t £ [x, T] we find

lki/||oo< Iklloo • ( max /  \Kxit,s)\ds+ max /     \K2it,s)\ds)
\0<t<T Jo 0<t<TJ0 J

< Cxhm .

This completes the proof of Theorem 3.1.   D

We now turn to the case where the integral O(0 in (2.7) (see also (2.17))

cannot be found analytically but has to be approximated by suitable numerical

quadrature.

Theorem 3.2. Let the assumptions of Theorem 3.1 hold, except that the integrals

,o
O(0=/    K2it,s)4>is)ds,        t = tnJin = 0,... ,r-l),

Jt-T

are now approximated by quadrature formulas 0(0, with corresponding quadra-

ture errors £o(0 := 0(0 - 0(0 such that

(3.10) \Eoit)\ < Qoh",        t = tnJ i0< n<r),

for some q > 0.  Then the collocation solution u £ SJ^^LLy) satisfies, for all

sufficiently small A > 0,

(3.11) \\e\\oc<Chp,     with p := min{m, q) .

The same convergence estimate holds for the iterated collocation solution u¡t,

provided (3.10) is valid for all t £ [-x, 0].

Proof. Recall the collocation equation (2.12), and assume that 0 < n < r. If
we subtract this equation from (3.1) (with t = tnj), we find

eitnJ)= /     Kiit„j,s)eis)ds-i<l>it„j)-9it„j)) ,
Jo

where <D(/) - 0(0 = £b(0 - Instead of (3.4), write

m

eitn + vh) = hPj2ßn,ivl~l + hmRniv) ,

1=1

with suitable p > 0 to be determined, and with

h"ßnj:=ynj-otnj       (/= 1, ... ,m) ,
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in analogy to the expressions introduced in the proof of Theorem 3.1. Substi-

tution of this expression for the collocation error in the above error equation

yields (after division by hp)

m m „c¡

Y,ßn,lClJ-l=hYJßn,l   /     Kxit„j,tn+Vh)v'-Xdv
1=1 1=1 J°

n-X   m p\

+ÄEE&./ /   KxitnJ,tj + vh)vl-xdv
1=% i=x       Jo

+hm-pqnj-h-"E0itnJ)       U=l,... ,m).

Proceeding as in the proof of Theorem 3.1, we readily derive, in analogy to

(3.7), the discrete Gronwall inequality

H-l

llalli <ACo J] H/f/lh + Q       (0 </i<r),
¿=0

where Cx := hm-pCx+h9~pQx. This implies that ||^„||, < Cx -exp(C0T) , 0 <

n < r. Hence, \\ßn\\x will remain uniformly bounded as A —» 0 {rh = x) if,

and only if, p < min{m, q) .
The case r < n < N - 1 is treated in a similar manner; we omit these details,

as well as the ones relating to the derivation of the estimate

Halloo < Chp ,        p = mm{m,q).   D

Remark. If we employ the (interpolatory) quadrature formulas given in (2.18)

to approximate the delay integrals -0(r„ ; j), we have q > m , and hence p = m

in (3.11). In other words, in this case the order of convergence of u and uit is

given by (3.2) and (3.3) in Theorem 3.1.

As we mentioned before, the computational form of the collocation method
is given by (2.14)-(2.16), with (2.18) for the approximation of the delay integral

-0(i„j)   (« < r), and with

m

(3.12) ûitn+vh) = J2Lkiv)Ûntk,        tn+vh£ln.
k=l

The global convergence property of this continuous implicit m-stage DVRK

method is described in the following theorem.

Theorem 3.3. Let the assumptions of Theorem 3.2 hold, and assume that the

approximations 0(0 at t = t„j (0 < n < r) are given by the interpolatory

quadrature formulas (2.18). Then the error ê := y - û associated with the

collocation solution û £ S(~}\ idefined by (2.14)-(2.16), (2.18), and (3.12))
satisfies, for all sufficiently small h = x/r,

ll<5||    < Chm

Proof. Since ê = y - û = (y - u) + (m - û), we have to show that \\u - û||oo =

0(Am).   Consider the integrals occurring in the (exact) collocation equation
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(2.12) (for the linear case (3.1)): using m-point interpolatory quadrature for-

mulas based on the collocation points, we have

-1 m

/   Kiit„j, tj + vh)uitj + vh)dv = Y^WiKxitnJ, titl)Uitl + E?J ,
Jo i=x

if 0 < i < n , and

/   Kxitn j,tn + vh)uit„+vh)dv
Jo

m

= Cj^WjKxitnj, tn + CjC¡h)uitn + CjCjh) + EZ'}  ,
1=1

where

uitn+CjCih) = ^LkiCjCi)Un>k .

k=\

Since the quadrature formulas are of interpolatory type, the corresponding

quadrature errors E"'}(0 < i < n) satisfy

(3.13) \E?J\<Qhm.

Subtracting (2.14) from (2.12) and using the above quadrature processes, we

find, setting e„j := Unj-Unj,

m m

en,j = hCj Y, W¡KX itnj , tn + CjCjh) ̂ ¿¿(tyC/)«*,*
1=1 k=X

n—X   m

+ h'Y'52WlKl(tnJ> '/,/)«/,/
1=0 /=1

+ Qitnj) + hY,E¡''J + fif2ErJ       U=U... ,m),
i=0 1=0

with

m m

Qitnj) := hCjJ2wiK2Ítn,j , tn-r + CjC¡h) ^ Z*(C/C/)ß„_r>*
l=\ k=X

n—r—X   m

+ h   Y   ̂ 2wlK2(t«,j> U,l)£i,l-
1=0   /=1

If we define e„ £ Rm by e„ := («B) i,... , e„ t m)T, it is then straightforward to

show that the norms ||e„||i satisfy a discrete Gronwall inequality of the form

n-\

Ei
;=0 i=0

|e»||i < AD0^||e,||i +AZ)i 5^ He/Hi+Z)2 ,
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where D2 = 0(Am), because of (3.13). Hence, ||e„||i = 0(Am), and so

m

|w(í„ + vh) - ûitn + vh)\ < Y \Lkiv)\\en>k\ < A\\en\\x -■ Chm ,
k=\

where tn + vh £ In in = 0, ... , N - l).   Here,  A denotes the Lebesgue

constant associated with the points {cj} .   n

We conclude this section with a comment regarding the extension of the re-

sults in Theorems 3.1-3.3 to the nonlinear delay integral equation (1.1). Under

the assumption of the existence of a (unique) solution y it) on /, the nonlinear

analogue of the error equation (3.5) is

(3.14)

f'n.J
'(tnj)= /      {kx{tnJ,s,yis))-kxitnJ,s, uis))} ds

Jo
f'n-r.J

+ /        {k2itn<J, s, yis)) - k2it„j, s, uis))} ds
Jo

ij = I,... , m). If the partial derivatives dk¡it, s, y)/dy (/ =1,2) are
continous and bounded on S x D and Sxx Dx, respectively (with D := {y £ R :

\y-yis)\<Y, s£l} and DT := {y £ R : \y - yis)\ < Y, S£[-x,T-x]},
for some Y < oo), and if A > 0 is sufficiently small (assuring the existence of

a unique collocation solution u), then (3.14) may again be written in the form

(3.5); the roles of the K¡ are now assumed by

k¡l\t,s):=^it,s,Ziis))      H =1,2),

with Ziis) := d¡yis) + (1 - 8¡)uis), 0 < 6¡ = 6¡is) < 1. Hence, the above
proofs are readily adapted to deal with the nonlinear case (1.1), and so the con-
vergence results of Theorems 3.1-3.3 remain valid for nonlinear delay integral

equations.

4. Local superconvergence on n^

It was shown in [4, 18] that if the initial value problem for a delay differential

equation,

y'it) = fit,yit),yit-x)),        t £ I (r > 0),

is solved by collocation in S^ÍUn) , with constrained mesh n#, and if the

collocation points are given by the Gauss i-Legendre) points (i.e., if the {c,-}

are the zeros of the Legendre polynomial Pmi2s - 1)), then

(4.1) max \yitn)-uitn)\<Ch2m ,
\<n<N

provided the exact solution y has continuous derivatives of order 2m on each

subinterval (i„ , t„+x). In other words, the Gauss collocation solution for con-
strained meshes exhibits local superconvergence of order p* = 2m at the mesh

points (while the global convergence order is p = m). (The result remains valid

for nonconstant delays.)
This superconvergence result does not carry over to the Gauss collocation

solution u £ S{~}\iYlN) for the delay Volterra integral equation (1.1): instead
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of (4.1) we only have

max \yitn) - uitn)\ = Oihm) .
X<n<N

The best possible local superconvergence result is p* = 2m - 1. However, for

the corresponding iterated collocation solution u¡t, the result (4.1 ) is again true.

The following theorem makes this more precise. Without loss of generality we
will assume T = fy = Mx for some M £ N.

Theorem 4.1. Assume that the given functions in (3.1) and (1.2) are smooth:
g £ Cm+dil), Kx £ Cm+diS), K2 £ Cm+diSr), and <j> £ Cm+d[-x,0], for

some igiven) integer d with 0 < d < m. Suppose that the delay integral 0(0

icf (2.7)) can be evaluated analytically.

If h = x/r is sufficiently small, if the collocation parameters {Cj} have the
orthogonality property

¡■X        m

(4.2) Jk:= /  skT[(s-Cj)ds = 0,       k = 0,... , d - 1 ; Jd # 0,
Jo       j=X

and if cm = I , then the collocation solution u £ Sl^j]\iYlN) defined by (2.11),
(2.12), (2.17) is locally superconvergent at the mesh points whenever d > 0 :

(4.3) max \y(tn) - w(f„)| < C*hm+d.
X<n<N

If d = m ii.e., if the {cj} are the Gauss points, for which cm < 1), then

(4.4) max \yitn)-uitn)\<Chm,
X<n<N

but

*u2m(4.5) max |y(r„) - «/f(r„)| < C*A
\<n<N

Here, the iterated collocation solution w,¡ is determined by (2.13).

Remark. For "classical" Volterra integral equations (i.e., for (1.1) with k2 = 0),

local superconvergence results for the cases d = m, d = m - 1 (Radau II

points), and d = m - 2 (Lobatto points) were derived in [8, 6, 10]. In [6] these

local superconvergence properties were used as the basis for error and stepsize

control in a code for such nonlinear integral equations. As will be seen below,

the techniques for deriving local superconvergence results for the delay Volterra

integral equations (3.1) and ( 1.1 ) in many ways closely resemble those employed

in the nondelay case [8, 10, 9]; the crucial new element is a generalization of

the standard resolvent representation to an analogous one for the solution of

(4.7) which takes into account the delay term Fit) (see Lemma 4.3).

Proof of Theorem 4.1. The collocation equation (2.4) (applied to the linear delay

equation (3.1)) may be written in the "continuous" form

uit) = -Sit) + git) + I Kxit, s)uis)ds+ [     K2it, s)uis)ds,        t £ I,
Jo Jo
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where the defect ô vanishes on XN :

(4.6) Sitn,j) = 0,        j=l,... ,m; n = 0,... , N-l;

we also have <5(0 = 0 for t < 0. Moreover, for 0 < v < m + d, we have

that (J(")(0 is piecewise continuous, with finite jumps at t = px ip = 0, ... ,

M - 1). The collocation error e := y - u solves the integral equation

(4.7) eit) = Sit)+ f Kiit, s)eis) ds + Fit),        tel,
Jo

where

(4.8) F{t):= [     K2it,s)eis)ds   iff€[t, 71
Jo

For t £ [0, x], we have (by our assumption on 0(0) F(0 = 0. The error for

the iterated collocation solution w„ is related to e by

(4.9) eit(t) = eit)-ôit),       tel.

Lemma 4.2. Let i£[0, x] (= [0, tr]). If

,o
0(0= /    K2it,s)(j){s)ds

Jt-r

is known exactly, then

(4.10) eit) = ¿it) + I Rxit,s)Sis)ds .
Jo

Here, Rx denotes the resolvent kernel associated with the given kernel Kx :

Rxit, s) = Kxit, s) + f Kxit,v)Rxiv,s)dv,        it,s)eS.
Js

Proof For t £ [0, x] we have Fit) = 0, and so the error equation (4.7) reduces

to a classical Volterra equation whose (unique) solution is given by (4.10) (see,

e.g., [10, pp. 11-13]).   D

The next lemma contains the central element for the proof of the local super-

convergence results of Theorem 4.1 ; the result may be viewed as a generalization

of the resolvent representation of the collocation error (in terms of the defect

function ¿(0) for the nondelay case (see, e.g., [9]). Recall that T = Mx for

some positive integer M, and set ¿^ := px ip = 0,... , M).

Lemma 4.3. Let 0(0 satisfy the condition imposed in Lemma 4.2. Then for
t £ [Ç[t, Cß+x] (1 < P < M - 1) the collocation error eit) governed by (4.7) can

be expressed in the form

(4.11) eit) = Sit) + J2 f lTQtl,iit,s)Sis)ds,

where the functions Qnjit, s) depend on the given kernel functions K¡it, s)

(1 = 1,2), and their degree of smoothness is determined by that of Kx and K2 .
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Proof Consider first the interval [t, 2t] (= [£i, £2] : p = 1). Using the result

(4.10) of Lemma 4.2 (with Sis) replaced by S{s) + Fis)), we can write the
error equation (4.7) as

eit) = Sit)+ f Rxit,s)Sis)ds + Fit)+ [ Rxit,s)Fis)ds ,
Jo Jo

with Fit) given by (4.8). Since t - x is in [0, t] , we find

Fit) = f     K2it, s) • ¡Sis) + ! Rxis,v)Siv)dv\ ds

= i     K2it,s)Sis)ds+ !     (f     K2it,s)Rxis,v)ds\siv)dv.

Set
rt-X

Fit):= Í   TGx,xit,s)Sis)ds ,
Jo

where
rt-x

GXAit,s):=K2it,s)+ í     K2it,v)R¡iv,s)dv.
Js

(Note that the resolvent kernel Rxit, s) inherits the smoothness properties of

Kxit, s).) Therefore, since Fit) = 0 on [0, t] ,

f Rxit, s)Fis)ds =  Í Rxit, s) ( I     Gx,x{s, v)Siv)dv) ds

= j   T (f   Rxit,s)Gx,xis,v)ds\siv)dv

=: i     Gx 2it,s)Sis)ds .
Jo

Hence, (4.11) follows with

Qi,iit,3):=Gitlit,s) + Glt2Ít,s).

For t £ [px, {p + 1)t] (2 < p < M - 1), the result (4.11) is established in
a similar manner by a simple induction step, using the equations (4.7), (4.8),

and (4.11) in Up - l)x, px]. Since ¿(u) = 0 for v < 0, we have the identity

(using Dirichlet's formula)

I    K2it,s)ljS     QllJis,v)Siv)dv\ds

= I' TK2it,s)ljS nQu,iis,v)Siv)dv) ds

= / /     K2it,s)QliJis,v)ds)Siv)dv.
Jo \Jv+ix /

Details are left to the reader,   d
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The results of Lemma 4.2 and Lemma 4.3 and the companion expression for

the iterated collocation error (which follows from (4.9)),

0       ft-iX

(4.12) eit(t) = Y QflJit,s)Sis)ds,        t e [ÇM, fox],
,=o Jo

form the basis for the local superconvergence results in Theorem 4.1. Let t =

tn e K/i + A, Çft+x] ■ Observing that t„ - ix = t„ - irh = (« - ir)h , we obtain

^       ftn-ixr        /T„-ÍT

eitn) = Sitn) + 22 Qp,iit»,s)Sis)ds
1=tJ°

= sitn)+hJ2 E f^]i(tk+vh)dv,
i=0    k=0    J°

with

^"¿C* + Vh) := QßAtn , tk + vh)Sitk + Vh) .

If we now replace each of the integrals in the above expression by the sum

of its interpolatory m-point quadrature formula (with the abscissas coinciding

with the collocation points tk + Cjh, j = I, ... , m) and the corresponding

quadrature error E^\, we obtain, since Sit) = 0 for t £ XN (cf. (4.6))

implies ¥j¡]iitk + Cjh) = 0,

H   n-ir-X

(4.13)    e(fB) = <$(*„) +A £   Yl   Ef,i       (0<P<n<p+l<M),
;'=0    k=0

where Mx = T. The orthogonality condition (4.2) implies that these (interpo-
latory) m-point quadrature formulas all possess the degree of precision m + d .

Thus, since the integrands ^^¡itk + vh) are smooth for v £ [0, 1], the quadra-

ture errors in (4.13) can be bounded by l-EJ^-l < Chm+d with some finite con-

stant C not depending on A . Finally, noting that Mx = M • rh = T = Nh
and that therefore the number of terms in the above sums is ¿?iN), we arrive

at the estimates |<?(f„)| < |á(r„)| + chm+d, and, by (4.12), |e/,(r„)| < Chm+d

in = l,... ,N).
If cm = 1, then tn-x + cmh = tn £ X^, and thus Sit„) = 0, 1 < n < N.

This proves (4.3). Note that under this constraint on cm we have d < m - 1,

with d = m - 1 if, and only if, the {Cj} are the Radau II points, i.e., the zeros

of Pmi2s - 1) - Pm-Xi2s - 1). For continuous u (corresponding to the choice

cx = 0, cm = 1 ; m > 2), the optimal value of d in (4.3) is d = m - 2.
The maximum value of d in the orthogonality condition (4.2), d = m,

occurs if, and only if, the collocation parameters are the Gauss (-Legendre)

points in (0,1). For these points we have 0 < cx < ■■■ < cm < I, and hence

Sit„) t¿ 0. It is easily seen from the definition of the defect S that, in general,

we can do no better than Sit) = 0(Am) for / g XN. (Consider (3.1) with

Kj = const, <p = const ; in this case S £ SJ^ILy), i.e., is piecewise continuous

of degree m , vanishing on XN J> YlN .) This yields (4.4). The estimate (4.5)
for the iterated collocation solution follows from (4.9) (or (4.12)).   D
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The proofs of Theorems 3.2, 3.3, and 4.1 readily suggest that the local super-

convergence results of Theorem 4.1 are also true for the discretized collocation

solution û £ S{~}\iUN) defined by (2.14)-(2.16), (2.18), and (3.12), and for
the corresponding iterated collocation solution un (cf. (2.20)), provided the

quadrature approximations to the delay integrals

,o

0(r„) = -/    k2itn,s,4>is))ds
Jt„-r

"I ,1

= -A Y^       k2{t„,tj + vh,cpitj-\-vh))dv
i=n—r

are given by

-1     m

(4.14)       Ô(?„) = -A Y E^C"' ti.i'Wu))       (0<n<r).
i=n-r l=X

We leave the details of the proof to the reader, but summarize these results in

Theorem 4.4. Let the assumptions of Theorem 4.1 hold, and assume that the

approximations to the delay integrals 0(r„ j) and 0(i„) iwhere 0 < n < r) are

given by the quadrature processes (2.18) and (4.14), respectively.

If h = x/r is sufficiently small and if the orthogonality condition (4.2) holds,
then the solution û given by the continuous implicit DVRK method {(2.14)—

(2.16), (3.12)} has the property

max \yitn) - w(r„)| < C*hm+d ,
X<n<N

provided that cm = 1 iand thus d < m - 1 ).
If the {Cj} are the Gauss points in (0, 1), then

max \yitn) - û(r„)| < Chm ,
Kb<íí

while

max \yit„)-ûjtitn)\<C*h
X<n<N

2m

Finally, we remark that Theorems 4.1 and 4.4 can be extended to the non-

linear Volterra equation (1.1), as follows. Instead of (4.7), the equation for the

collocation error e now has the form

eit) = Sit)+ f ikxit,s,yis))-kxit,s,uis)))ds + Fit) ,
Jo

where

Fit):= [     ik2it,s,yis))-k2it,s,uis)))ds .
Jo
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Under appropriate differentiability and boundedness conditions for kx and k2

we then find, setting uis) = y is) - eis),

dk
kj{t, s, yis)) - kjit, s, u(s)) = -^(i, s, y is)) • eis)

+2-Qjè(t,s,Ziis))-e2is) ,

where z, is between y and u. Since the global convergence of u (and it) has

already been established, we know that

lk2||oo = Oih2m)   for any {Cj} .

The remaining part of the proofs (both for u and û) once more makes use of

the techniques described before.

5. Concluding remarks

It should be possible to combine the techniques used in [4, 5, 18] for delay
differential equations with the ones employed in this paper in order to extend the

above results to Volterra integral equations with variable delays (e.g., to (1.4))

or with multiple delays ([7]; see also [16] for delay differential equations with

multiple (constant) delays). Volterra integral equations with state-dependent

delays appear to be much more complex to deal with (compare [12]).

In [19] Vermiglio considered, among other things, the P-stability of collo-

cation methods for Volterra integral equations with delay. In particular, it

was shown that if the collocation parameters {c¡} are such that they yield an

^-stable collocation method for an ordinary differential equation, then the cor-

reponding (discretized) collocation method for the delay integral equation (1.1)
is P-stable. As we have seen, for delay integral equations collocation at the

Gauss points does not lead to local superconvergence at t = t„ ; it is the corre-

sponding iterated collocation solution that exhibits 0(A2m)-eonvergence at the

mesh points. Is the iterated collocation solution «,¡ corresponding to the Gauss

collocation solution w also P-stable? This question will be studied in a sequel

to the present paper.
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