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RATE OF CONVERGENCE OF A STOCHASTIC PARTICLE METHOD
FOR THE KOLMOGOROV EQUATION

WITH VARIABLE COEFFICIENTS

PIERRE BERNARD, DENIS TALAY, AND LUCIANO TUBARO

Abstract. In a recent paper, E. G. Puckett proposed a stochastic particle

method for the nonlinear diffusion-reaction PDE in [0, T]xR (the so-called

"KPP" (Kolmogorov-Petrovskii-Piskunov) equation):

%=Au = Au + f(u),

u(0, •) = «(,(•),

where 1 - Mr, is the cumulative function, supposed to be smooth enough, of

a probability distribution, and / is a function describing the reaction. His
justification of the method and his analysis of the error were based on a splitting

of the operator A . He proved that, if h is the time discretization step and N

the number of particles used in the algorithm, one can obtain an upper bound

of the norm of the random error on u(T, x) in L'(^XK) of order l/TV1/4,

provided h = ¿^(l/JV1/4), but conjectured, from numerical experiments, that

it should be of order tf (h) + cf (l/y/Ñ), without any relation between h and

N.

We prove that conjecture.  We also construct a similar stochastic particle

method for more general nonlinear diffusion-reaction-convection PDEs

ft=Lu + f(u),
u(0, •) = "<)(•),

where L is a strongly elliptic second-order operator with smooth coefficients,

and prove that the preceding rate of convergence still holds when the coefficients

of L are constant, and in the other case is cf(yfh) + cf (l/y/Ñ).

The construction of the method and the analysis of the error are based on a

stochastic representation formula of the exact solution u .

1. Introduction

1.1. Setting of the problem. In a recent paper [12], E. G. Puckett proposed a

stochastic particle method for the nonlinear PDE in [0, T]xR:

r $t=Au = au + f(u),

\ m(0, •) = «o(')>

where 1 - Uq is the cumulative function, supposed to be smooth enough, of a

probability distribution, and / is a function satisfying properties ensuring, in
particular, that the solution u(t, x) takes values in [0, 1].
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His justification of the method and his analysis of the error were based on

a splitting of the operator A ; a rough presentation of the algorithm is the
following:

(A) Initialization: One locates N particles on the real axis at positions x¿

with weights co'0 (i = 1, ... , N) of order -^ , such that the function1 w(0, x) —

Y,f=x WqHÍXq - x) is a good approximation of Uq in LX(R).
(B) Approximation of the reaction: One numerically solves the ODE

if =/(«)>
\v(0,-) = u(0,-)

on a time interval of length h (this operation changes the weights of the parti-

cles).
(C) Approximation of the diffusion: One numerically solves

\w(0,.) = v(h,-)

by randomly and independently moving the particles, considered as independent

Brownian particles, during a time interval equal to h , each particle keeping its
own weight.

(D) Computation of the approximate solution: The value at time h and point

x of the approximate solution, w(A, x), is obtained by adding the weights of

all the particles which are at the right-hand side of x.
(E) Iteration: At each time step, one performs the operations (B) (using

ü(ph, •) instead of w(0, •)), (C), and (D).
The upper bound of the random error on u(T, x) in Lx(Çl x R) is shown

to be of order 1/JV1/4, provided h = (9(1/W1/4).
In the last section of the paper, Puckett presents numerical results which

obviously show that this estimation is very pessimistic and conjectures that the

rate of convergence should be of order tf (h) + cf(l/y/Ñ), without any relation

between h and N.
We tried to prove this conjecture by keeping the idea of the splitting but

changing the technique used by Puckett to obtain some of his estimations. We

could obtain a better rate of convergence than 1/W1/4 (we got 1/W2/7 pro-

vided h is of order 1/W2/7), but we could neither get the right one, nor avoid
a relation between h and N, mainly because we had to sum up the approxi-

mation errors made at each step on the solution of the following PDE, where

the initial condition Ti(ph, •)  is the approximate solution computed at step

p = i.I-

I w(0, -) = u{ph, •),

and these local errors appear to be of order ^= .

Besides, the notion of splitting does not represent the basic operation of the
algorithm, which is the approximation of the measure -§¿u(t,x)dx by a linear
combination of Dirac measures at points defined by the current positions of the

particles, and coefficients in the combination equal to the respective weights.

'In the sequel, H will denote the Heaviside function: H(y) = 0 for y < 0, H (y) = 1 for

y >0.

^-Aw,
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Thus, we were led to change our point of view.

Our objective was also to extend the algorithm to more general nonlinear
reaction-diffusion-convection PDEs, namely,

fin (% = Au = Lu + f(u),
\«(0,-) = "o(0,

where L is a strongly elliptic second-order operator with smooth coefficients.

A natural question is then: what must be the law of the motion of the particles'?
A natural attempt is to move the particles according to the law of a diffusion

process whose infinitesimal generator is L, but then one can see the computed

solution (considered as a wave) propagate in the opposite direction to the prop-

agation direction of the exact solution!

The answers to this question and to the determination of the rate of con-

vergence of the algorithm that we will construct (which reduces to the Puckett

algorithm when L — A) are based upon an interpretation of the method com-

pletely different from the splitting of A in (1.1), and an analysis of the error

completely different from Puckett's one. The main tool will be a probabilistic

representation formula of the exact solution, which will be used to get estimates

on the rate of convergence. We emphasize that, applied to the Puckett algorithm

for the KPP equation, our estimates below prove Puckett's conjecture.

We also stress that the stochastic particle algorithm we analyze is not the only

one that can be developed for nonlinear reaction-convection-diffusion equations.

In particular, Sherman and Peskin have proposed a numerical method (without
proving convergence) in [14], based upon the simulation of branching Brownian

motions; the term /(«) is used to describe the law of the branching. For

the convergence and the analysis of this algorithm, see the papers of Chauvin
and Rouault [5, 4, 3]. The main difference between the two algorithms is the

following: the Sherman-Peskin particles have constant weights, but are highly

dependent (they are the living particles of the branching process); the Puckett

particles are independent, but the weights are dependent. For a finite horizon

problem, the Puckett method seems to be simpler to implement and easier to

use on a parallel computer; but if the problem is, for example, to study the

asymptotic propagation velocity of a wave, then the Puckett algorithm cannot

be efficient, because there is no reason at all for it to be stable (see our results

on the rate of convergence); in that case, the Sherman-Peskin method must

be preferred, since it is naturally related to the evolution of the solution, the

particles concentration being large where the gradient of the solution is large.
Our paper is organized as follows: in §2, we state our hypotheses and we

present a collection of elementary results, which are frequently used in the

sequel; then, in §3, we establish an original stochastic representation of the

solution of the above nonlinear PDE; this formula permits us to construct a

stochastic particle method, which reduces to the splitting method of Puckett
when the coefficients of L are constant; in §4, we state our result on the rate of

convergence; before proving it (§§6 and 7), we need to study in a precise way how

dependent the weights of the particles are: this is done in §5. Finally (§8), we

consider the special case of constant coefficients. The Supplement contains some

of the proofs (§10) and an Appendix devoted to reaction-diffusion-convection

PDEs.
Our numerical experiments for nonconstant-coefficient examples do not add
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information to the excellent last section of the paper of Puckett (devoted to the

KPP equation), so that we refer to it.

1.2. Notation, conventions. In the sequel, C will denote any deterministic

strictly positive constant independent of the time discretization step h and the

number of particles N (but, most often, it will depend on T).

We will always assume A G (0, 1), of the form j¡ , where M is an integer.

When a stochastic process (Xt) is such that XQ = y a.s. for some real number
y , we will often write (Xt(y)).

When we write cf(h) or <f{jj), etc., it must be understood that the quantity

involved (which may be random) can be bounded, uniformly in co if it is

random, by, respectively, Ch or ^, the constant C being deterministic and

uniform with respect to h and N.

2. Hypotheses and elementary results

2.1.   Hypotheses.  We make the following assumptions:

(HI) / is a C2 function on [0,1] such that /(0) = /(1-) = 0, f{u) > 0

for u 6 [0, 1] (therefore, ^ is bounded in (0, 1] and continuous in 0) ;

(H2) b, o are two bounded C°° functions; any derivative of any order is
assumed to be a bounded function; a is bounded below by a strictly positive

constant;
(H3) 1 - «o is the cumulative function of a probability distribution.
In the Appendix (see the Supplement), we recall that, under (HI), (H2), (H3),

for any T > 0, there exists a unique classical solution in (0, T] x R, taking

values in [0, 1], to the problem

f %=Lu + f(u),

\ lim,_o u(t, •) = «o(-)   at every continuity point of u0,
(2.1)

where

L = b(x)— + ^cr2(x)-
'dx     2    v  'dx1'

In the sequel, we will often need an additional assumption on uq :

(H4) «o is of class 8^°° (R), and there exist strictly positive constants Cx, C2

such that, for any x in R, \u'0(x)\ < Cxe~ClX , or

(H5) «o is of the form

N

uo{x) = Y^ ^o#(xo - x),
1=1

where the co'0 's are positive and such that

N

£4 = 1-
i=i

2.2.   Elementary results.  In this subsection, we will state easy consequences of

quite classical results, needed in the sequel.

We begin with the obvious (but useful) inequality:

/•+00

(2.2) Vx>0,      /      e~y2dy<Ce~x\
Jx
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We derive some consequences of (H2).
Let (Ci) be a diffusion process whose infinitesimal generator has bounded

and C£°(R) coefficients b0 and oq , and is strictly elliptic.
We have the well-known property (see, for instance, Friedman [6]): under

(H2), there exist C > 0, X > 0 such that, for the density pt(y, z) of the law

of Ct(y)  (y, z e R, 0 < t < T), we have

Therefore (for (iii) we apply (2.2)):

Corollary 2.1. Let (Q be a diffusion process whose infinitesimal generator has

bounded and C£°(R) coefficients, and is strictly elliptic. Then there exist C > 0
and X > 0 such that for all t with 0 < t <T and for all x, y e R, we have

(i)

p(-^2iT-)

(Ü)

(iii)

ntt(y)<x)<^jyp(-^)dz,

P(C^)>x)<^/;00exp(-^)i/z,

P(íí(3')<*)P(Cí0')>x)<Cexp

Besides, we observe that, under the above hypotheses, there exists a constant

C > 0 such that

(2.4) V0<í<7\    VyeR,    E|{,(y)-y|<Cv/i

and2

(2.5) Vi>0,      lim Çt(y) = +oc a.s.
y—*+oo

because the function y -» &(}>) is a.s. increasing since its derivative is an ex-

ponential.

Lemma 2.2. Under the above hypotheses on (&), there exists a C > 0 such that

for any T > t > 0, the probability density pt(x, y) of the law of Çt(x) satisfies

/ pt(x,y)dx- 1
\Jr

<Ct

for any y e

The proof is in the Supplement.
We recall that we denote by ¿>o(*) and (To(-), respectively, the drift and the

diffusion coefficients of (£,). Let (Bt) be a standard real Brownian motion.

The Euler scheme is defined by

(2.6) CP+i =CP + bo(CP)h + <to(C„)(ZW - BPh)

2See Kunita [8, Chapter 2], e.g., for the diffeomorphism property of stochastic flows associated

with stochastic differential equations.
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and the Milshtein scheme is defined by

Cp+i =CP + bo(Çp)h + ao(Cp)(B(p+x)h - Bph)

(2-7) i     _
+ 2ao(CPK(CP)((B{p+X)h-Bph)2-h).

We now recall a result on the convergence rate (the first part is easy to show;

the second is due to Milshtein [9]).

Proposition 2.3. Suppose that the functions bo and oq are of class C°°, and
that any derivative is uniformly bounded. For the Milshtein scheme, we have

(i) For any k eW and for any initial condition Co such that ElCo|2/c < °°»

there exists a strictly positive constant C (depending only on T, and the bounds

of bo, Co, and their two first derivatives) such that

(2.8) VM€N*'    ** = »■    *"'."•
ÜICP+Eig21 <C(1+E|í„|2t).

(ii) There exists a positive constant C such that, for any initial condition y,

(2.9) E|CA-Ci|2<CÄ3

and, for any p = 1, ... , M = j,

(2.10) E\Cpn-Xp\2<Ch2.

Remark 2.4. When o0 is not a constant function, for the Euler scheme, one

generically has

(2.11) ncPh-cP\2<ch.

When bo and an are constant functions, there is no approximation error.
We now state some consequences of the hypotheses (H4) or (H5).

Remark 2.5. Under (H3), (H4), one has

/•+oo p0

/      u0(x)dx+       (l-uo(x))dx
JO J-oo

f+oo /-O

(2.12) =_/      xdu0(x)+        xduo(x)
JO J-oo

= / \x\d{l - Uo)(x) < +00.
./R

The hypothesis (H5) instead of (H4) implies

r+°° r° .   N     .
/      uo{x)dx+       (l-uo(x))dx<    sup   |<y0|V^ lxól-

.A) ./-oo i=l,..., # ~[

Lemma 2.6. Assume that Uq satisfies hypotheses (H3), (H4); then there exists

C > 0 such that

/      u(t,x)dx+       (1 -u(t, x))dx < C
Jo J-oo

for any te[0,T].
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If «o satisfies (H5), then

r+oo /.o / N       \

¡      u(t,x)dx+       [l-u(t,x))dx<C   1 +    sup    |<a0| V* |x¿|   .
Jo J-oo \ i=l,...,N ~[ )

The proof is in the Supplement.

The next lemma gives a control of the error due to the permutation of the ex-

pectation and a nonlinear function, and simply follows from a Taylor expansion

of g(x) - g(EX).

Lemma 2.7. Let g be a function of class C2 with bounded second derivative;

then for any square integrable random variable X we have

(2.13) \Eg(X)-g(EX)\<CE(X-EX)2.

Finally, the next equality will be useful in several subsequent computations:

for any y, z e R, there holds

(2.14) / \H(y -x)- H(z - x)\ dx = \y- z\.
Jr

3. Representation of the solution of (1.1) and
construction of the algorithm

3.1. A probabilistic representation of the solution. We introduce a probability

space (fl, 9~, P) equipped with a Brownian motion (B(t)) ; for 0 < 5 < t < T,

^' will denote the least complete a-field for which all the Bv - Bu (s <u <

v < t) are measurable.

Theorem 3.1. Under (H1)-(H3), if w0 is of class C£°(R), we have the following
representation:

H(Xt - x) exp (j f o u(s, Xs) ds)(3.1) u(t,x)=E

where (Xt) is the solution to

(3.2) dXt = o{Xt) dB, - {b(Xt) - o{Xt)o'(Xt)} dt.

Here, the law of Xo has a density equal to -u'0,and (Bt) is a standard Brownian

motion.

Proof. The function v(t, x) := ff (£, x) satisfies the following equation:

' f (t, x) = \o2(x)^(t, x) + (b(x) + o(x)o'(x))^x(t,x)

+ (b'(x) + f'cu(t,x))v{t,x),

. v(0, x) = u'0(x).

By applying the Feynman-Kac formula, we obtain

(3.3) v(t,x)=E u'o(Yt(x))expíí [b'(Ys(x))+f'ou(t-s,Ys(x))]ds\   ,

where (Y,) is the solution to

(3.4) dYt = (b(Yt) + o(Yt)a'{Yt))dt + a(Yt) dBt.
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Consequently, recalling that 1 - «o is increasing and that u(t, x) —► 1 as
x —► -oo (see Lemma 2.6), we have

u(t,x) = -EJ+™u,0{Yt(y))exp{j^b'{Ys{y)) + fou(t-s, Ys(y))]ds} dy.

As we will see below, the particles algorithm is based on approximating the

measure u'0(y) dy by a measure of type Y,f=i wo^x¡ '■>tnat suggests one performs

the change of variable z = £o,t(y)> where Co,í(0 is the flow associated with the

stochastic differential equation (3.4). Hence, we set y — £,ö\(z) •

Using results of the second chapter of Kunita [8], we have, for 6 < t,

£,-6\{z) = z- fo(¿:-)(z))aBs- fb(t-\{z))ds,
Je Je

where dBe denotes the "backward" stochastic integral.3
One infers that

§&» = l-f ^«r>))£5>> te* - f b'(^t{z))j-zd-xt(z) de,

from which

d ._,
^o~>) = exP {[ {-*'«*>)) - 5»"«*>))} de-j\'{^xt{z))dBB^ .

Hence, taking into account (2.5), we have

/•+00

/       u'o(z)u{t,x)= -E

exp i j (¿>'(io,,(aO) + f'°u{t-s, Co,.(a)))ds

<*=io~>)J

expa: i
-b\c;-xt(z))--o'2(c:-\(z))\ds

-£a'(Z-\(z))dBs}dz\.

One now uses Lemma 6.2 of Chapter II of Kunita [8]: for any continuous
function g(s, x) we have

0) ds
-O*)

= fg(s,tr,\
Jo

(z))ds.f   g{s,Zo,s{ot)
Jo

Thus,

u(í,x) = -e\Í     H(-Ço,,(x) + z)

• exp |jí' f'ou(t-s, £}(*))ds} M<(z)u'0(z)dz   ,

3For a definition, cf. Kunita [8, end of Chapter I].
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where (M'e(z))g<t is the exponential (backward) (^'^^-martingale defined

by

M¿(z) = exp{-i^ía'2(C-1í(z))í/í-^a'(C-}U))^}-

The application x —► Co,/(x) is a.s. increasing (its derivative is an exponen-

tial); thus H(-io,t(x) + z) = H(^xt(z) - x).

Hence,

u(t ,x) = E \J+°° H(^t(z) - x) exp | jf f o u(s, £¿t,(z)) ds} M^z) dz .

We observe that the law of the process {£~}g ,)o<e<t> on (Q., 9~, P, &¡¿), is

identical to the law of the process (Xe)o<e<t > solution to

dXg = <T(Xo)dBo-b(Xe)d6.

Hence, En denoting the expectation under the law P0 for which the initial

law of the process (X6) has a density equal to -Wq(z) , and (Mt) denoting the

exponential martingale defined by

Mt = expl-U o'2(Xs)ds + J o'(Xs)dBs\ ,

we have

u(t,x) = E0 \H(X, - x) exp I j f oU(t-s, Xs)ds\Mt .

On (Í2, &, P0, ^T), one performs the Girsanov transformation defined by

P(A) :=E0[1 AMT],        Ae#-0T;

then, for t < T,

u(t,x) = E H(Xt - x) exp iff'ou(s, Xs)ds\  .

Under P, the process (Xt) solves

dX, = a(Xt) dB, - {b(Xt) - o(X,)a'(Xt)} dt.

Here, (Be) defined by
fe

Bg = Bg-      a'(Xs)ds
Jo

is a Brownian motion under P. Obviously, the above representation of u is

identical to (3.1).   D

One can deduce a result of the same type as the preceding one for a piecewise
constant initial data Mo :

Proposition 3.2. // w0 is of the form £,-„i co'0H(Xq - x), then we have

(3.5)      u(t, x) = ¿ co0E H{Xt{4) - x) exp if f o u(s, Xs(x0)) ds\\ .

The proof (based upon an approximation argument) is in the Supplement.
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3.2.   Principle of the algorithm.  Let T > 0 be fixed, and h a time discretiza-
X
Mtion step of type -£ , for some integer M. We want to approximate u(T, x)

Approximating -u'0(z)dz by ¿Z,¡=\ ̂ 'o^x' » one 8ets tne following approxi-

mation formula:
N

M(t,x)~J]4e
i=i

H(XT(4) - x) exp \l  f'ou(s, X,(4)) ds

Now, on (Í2, &, P), we are given N independent Brownian motions {{B'e),

i = 1, ..., N} with respect to the filtration (&r]e)g>o . simply denoted by (^)

in the sequel.
Let (X'g) be the (independent) solutions to the following SDEs (in forward

time):
f dXg = a(X'g) dBg - {b(X>) - a(Xig)o'(Xig)} d6,

{ X'0 = xQ.

The particle algorithm replaces the expectation by a point estimation:

u(T, x) a ¿ co0H(XT - x) exp U  f'ou(s, X}) ds 1.

Then we approximate

expi£fou(s,X')ds\    by    exp ih ¿ / o u(ph, X'ph) 1 ,

and if we define by induction

Po = 0io>       P(k+i)h = Pkh exp{A/' o w(/cA, X¿A)},

we get, for any p = 0, 1,..., M = T/h ,

u(ph,x)^YjpphH(Xiph-x).
i=l

In fact, the (X'h) 's will be, in turn, approximated by the Milshtein scheme

(2.7) applied to (3.2):

X'p+i =X'p- (b(X'p) - o(Xp)o'(Xp))h + o(X'p)(Bi(p+X)h - B'ph)

+ \o(Xp)o'{Xp)((B<{p+l)h- Bph)2 -A).
(3-6) 1   t^y ,n>

Thus, if we define

To = wo.       f(k+i)h = Pkh exp{A/' o U{kh, Tk)},

we have
N

u(ph, x) ~ ^2p'phH(X'p - x).
¡=i

Actually, one considers the weights in a slightly different way in order that

the sum of the weights is equal to 1 (this fact will be used in the sequel):

-p[h exp{A/' o u(kh ,Xk}~pkh + hf o u(kh, Xlk)-pkh

ctpU + Kfouikh.Tj-fouikh,!?®)),
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where nk{i) denotes the label number of the particle just to the right of the par-
ticle of label / at the time kh (if the considered particle is at the rightmost posi-

tion at time kh , we just have p'kh exp{hf'ou(kh, x'k} ~ p'kh+hfou(kh, Xk)).
That transformation of the weights corresponds to the step " Rk£it " of the split-

ting method of Puckett (cf. [12]).

3.3. The algorithm. Finally, the algorithm will be the following: we define the
initial weights and the initial approximation by

1 N
eo¿ = —    fori=l, ... ,N;        u0(x) = J^a>0H(x0 -x),

/=i

where

(3.7) \/i<N:    x¿ = Mo-1(l-^),        x^u^fj^.

Evidently,  wn(-)  is a piecewise constant approximation to the initial datum

"o(0 •
Recall that we define the approximating process by (3.6).

We now define, in a recursive way (and using the same convention for the
particle at the rightmost position as previously):

%-x

N

0.8)      «t = <, ( i+>/"-irr.);/° Mgf w>

and

(3.9) üp(x) = Y,<o'PH(Xp-x)
i=i

forp=l,2,...,Jl/=r/A.

Remark 3.3. All the weights, for some constant C uniform in h, N, i, and

k, are bounded by

(3.10) o<<4<|

and, for any k — 1, ... , M = T/h , the weights co'k(i = 1, ... , N) are ^-im-
measurable (this will play an important role in the sequel). Moreover, it is easy
to check from the definition (3.8) that, for any p = 1, ... , M = T/h ,

N

(3.11) E^ = 1-
1=1

By using the fact that /' and /" are bounded, and that the wph 's are bounded

by C/N, we have

(3.12) <op = <4_,(1 +hfoüp.l(Xip_l)) +<f(h)0 (Jp) .

Proposition 3.4. Under the hypotheses (H1)-(H4), we have

(3.13) jjE\xo\2<C
i=i
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In addition,

(3.14)

N

N J2nK\2<c-
1=1

The proof (which uses (2.8)) is in the Supplement.

4. The main result

The main result of the paper is the following theorem.

Theorem 4.1. (i) Under the hypotheses (H1)-(H4), there exist strictly positive

constants C and ho < 1 such that, for any A < An and any N > 1,

\u(T,-)-u(T, Il2(Rx£2) < C ^+4
(ii) When the functions b and a are constant, then the rate of convergence is

given by

\\u(T, -)-u(T, .)Hl.(rxO) < C (J= + h

The same estimates hold for the standard deviation of \\u(T, •) - ü(T, -)||z,i(R) •

When / = 0, the estimate (i) can be improved. Indeed, if po denotes
the probability measure whose 1 - uq is the cumulative function, and (X,) is

defined by
dXt = a(Xt) dB, - {b(Xt) - a(X,)o'(X,)} dt,

then, from (3.1), u(t, x) = EMoH(X, - x) and to the error

||w(7\ •) - «(7^, OllxMRxii)

contribute a statistical error

u{T, •)
\_

ÑH(XT - ■)
L'(RxQ)

which is of order l/vW\ and an approximation error

H(XT-.) J^tá - •)
IL'(RxQ)

which generically is of order A when the Milshtein scheme is used. The non-

linearity of the PDE induced by / changes the order of convergence, at least in
our proofs. Our numerical experiments have not permitted us to check whether

yfh is the best estimate: typically, the algorithm was extremely sensitive to A ;
when A was small, it was difficult to isolate the error due to the discretization

from the statistical error (we could not choose N so large as it would have

been necessary), and for different, but not small A, some numerical instabili-

ties produced statistical and discretization errors of comparable magnitude. In
any case, the important point seems to us that the behavior of the error can be

described without assuming a relation between A and N.

The gain in accuracy, when b and a are constant, is not mysterious: to give

a feeling of what happens, suppose b = 0 and a = 1 ; in that case, the particles

are Brownian, and the law of the XL+l,h - Xlph 's can be simulated exactly (one
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just has to simulate independent Gaussian variables), whereas, when a is not

constant, one has to approximate the processes (X¡) ; the passage from A to

y/h is due to this approximation (see Proposition 2.3).

We also remark that, when the coefficients are not constant, we obtained the
above estimates after having used the Milshtein scheme, not the Euler scheme

(compare Remark 2.11 and inequality (2.10)). Finally, we stress that the Euler

and Milshtein schemes are the only schemes reasonable from the point of view

of numerical efficiency (see Talay [16]).

The next three sections are devoted to the proof of part (i) of this theorem.

In §8, we will explain what must be changed in the proof in order to obtain

the better estimate in part (ii). Similar computations permit us to obtain the

estimates for the standard deviation.

5. The weights are not far from being independent

The colp 's are not independent, but we can choose other weights that are

independent and approximate the œp 's in order to get, in the sequel, useful

estimates.
We define p'p by

(5.1) p0 = (o'0,       pp = pp_x(l + hf o u((p - 1)A, 4_1)A)).

The p'p 's (i — I, ... , N) are independent, and it is easy to show there exists

a C > 0 such that \p'p\ < % .

Set a'p :— E\œ'p - pp\2, and ap := sup, a'p .

The objective of this section is to prove (cf. Proposition 5.8)

T Ch_     C_
h:    ap-N2+Ni-

Remark 5.1. We observe

o)P+1 - pp+x =(0P-p'p + ho3p{f o üp(Xp) - f o u{ph, X'p)}

+ h(œp-pip)fou(ph,Xip)

+ hpp{f'ou(ph,Xp)-f'ou(ph,XÍh)}+cf(Jr^.

As f o u is Lipschitz, and as X is defined by the Milshtein scheme (cf.

Proposition 2.3), we get

(5.2) ap+l <aP + ^x¡¿pjE\üp(Xp) - u(ph,Tp)\2 + Cha'p + C^ + C^.

We now need to get a precise estimate of y E\üp(X'p) - u(ph, Xlp)\2 . Having

defined
N

u;(x) = Y,PÍHi<xÍh-x)>

we have

VA,    Vp=l,...,M=ir:    ap<^ +
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An upper bound for the first term of the right-hand side will be given in §5.1

below, an upper bound for the second term in §5.2, and finally we will come

back to the inequality (5.2) in §5.3.

5.1.   An upper bound for E\üp(Xp) - u*p(X'p)\2 .

Propositoin 5.2. There holds

(5.4) ElïïpiX) - K(X)\2 £ 2A% + ̂  + CA.

Proof. We have

e|ïïp(x;)-m;(x;)|2

<2E
N

Y,\coJp-pp\H(XJp-Xp)
;'=i

+ 2E

N

n2

¿^|/7(X;-4)-/7(X¿-4)|
7=1

C
N

'\\2
<2 ¿  ^p + ^^2E\H(XJp-X'p)-H(Xlh-X'p)\

j,k=l 7=1

c N

+ ÑI   £   W(Xp-X,,)-H{X>pk-Xp)\N2
j,k=l

,-=*     Tzi t*\,     C
•\H(X;-Xp)-H{Xkph-Xp)\ + -

<2 ¿ ^Jc4c¿p +
j,k=\

C

N

+ 1Û2    E   E\H(Xp-Xlp)-H(X>ph-Xp)\

j,k=\
j*k

yk      =='
\H(X;-Xp)-H(Xkph-X'p)\.

Therefore, to get the conclusion it remains to prove

Lemma 5.3. For i ^ j 7¿ k one has

E\H(XJp - tp) - H(X>ph - Xp)\ ■ \H(Xkp - X'p) - H(X% -tp)\< Ch.

The proof is in the Supplement.

5.2.   An upper bound for E\u*(Xp) - u(ph, Xp)\2 .   For brevity, we will denote

U¡,:=E\u;(Xp)-u(ph,Xp)\2.

The objective of this subsection is to prove (see (10.4) in the Supplement)
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Proposition 5.4. There holds

(5.5) U'< ^ + Ch2.

Proof. Let uN{t, x) := £?, coJ0E[H(XÍ - x) exp(/„' /' o u(s, X¡) ds)]. Then

f7;<CE|M(pA,z;)-M^A,x;)|2

ff>*   SI
N

.7=1

<o>0eKf'°*>^ds-pJ+ CElY¡H(X¡>h-X'p)

(   N

+ CE \ ¿ (u¿ EH(Xjph - Tp)eC f'°u{s 'Xi)ds

ds

Each of the three following lemmas will deal with a term of the right-hand
side of the preceding inequality. The proofs are in the Supplement.

Lemma 5.5. There exists a C > 0 such that for any t e [0, T] we have

\\u(t,-)-uN(t,.)\\L~m<^.

Lemma 5.6. There holds
2

<CA2.7/ := E ¿y7(X¿-X;)|w¿exp^ f ou(s, X¡)ds - pA

Lemma 5.7. There holds

S$ :=E uN(ph, Tp) - E <H(XJph - Xp) exp f f o u(s, Xj) ds
j=i Jo 4-

5.3.   An upper bound for ap .   From the two previous subsections, we obtain,

considering (5.2), (5.3), (5.4), and (5.5),

ch  r—{„ r—      1        /t\     ^l        Ch2     Ch
ap+i <ap + -jj-y/b- [Nx/bTp + -j= + Vhj+ Chap + ^T + Jp-

Proposition 5.8. We have, for all p,

Ch      C
(5.6) ap< jp + -p.

Proof. We have

W1     _,,        CA  __/  1        n\     Ch2    Ch
ap+x < (1 + Ch)ap + -jfy/b- \^= + VAj + -p- + jp.

We define by induction to = qq and

t„+i = (1 + CA)tn + -rrv^ (
N \\ÍÑ

+v^ +
CA2     CA
/V2   + #3'
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We observe that, for any p , there holds ap < xp .

If, for any p, we have xfxp' < ^ + ^=, then we have obtained (5.6);

otherwise, there exists a j such that

Vh

tP+i < (1 + CA)tp + Chxp + -1ST + -^ ,

V/T>+1 >   N   + nJÑ '

VT7 ^   JV   + Nrff-

As (xp) is increasing, we would then have that, for any p > j, y/Tp~ > & +

-r-K^ ; then, for any p > j, we would also have

CA2     CA

N2   + N3

from which we deduce that

^ /,    ^uyM-i       fCh2     Ch\{l + Ch)M~J -1     CA      C

Hence, (5.6) is true for any p .   O

6. Local expansion of the solution u(t, x)

For the sequel we need to compare the solution u(t, x) to problem (2.1)

with the solution v(t, x) to the problem

Í 757 = Lv,
(6.1) \  dt
K     ' I v(0, •) = "<,(•)

for small values of t. We can represent

v(t,x) = E{u0(Z,(x))),

where (Z,(x)) is the solution to the following equation:

(6.2) dZ, = b(Z,) dt + o(Zt) dB,,        Z0(x) = x.

Let Pg{x, dy) be the transition probability associated with (Z,).

Theorem 6.1. Assume the hypotheses (H1)-(H3); then for any 0 < A < 1 and

any x €. R, we have

u(h, x) = Euo(Zh(x)) + hf(Euo(Zh(x))) + Rh(x)

with the following estimate:

• if «o satisfies (H4), then

(6.3) \\Rh(-)\\vm<ch2>

• if wn belongs to a family of functions satisfying (H5) with weights bounded

by jj, the constant C being uniform on the family, then

h2 N
(6.4) ll*A(0Hz.'(R) < ChVh + c^Yl \4\-

i=i
The proof is obtained by combining the propositions of this section and

Remark 6.6: Proposition 6.3 expands u(h, x), the others give estimates of the

norm of the remaining terms in LX(R).
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Remark 6.2. The proof will make it clear that the constant in (6.4) can be made
more explicit (see the footnotes in the sequel):

(6.5) V iJ'i<j       V
h2 JL

1=1

This will be used to treat the special case of constant b and a (see §8).

Proposition 6.3. Assume the hypotheses (H1)-(H3); then for any 0 < A < 1 and

any x e R we have

u(h, x) = Eu0(Zn(x)) + hf{Euo{Zh{x))) + Rn(x)

with the following estimate:

'  Ch   fnuth - c    7Jy\\

\Rh(x)\<CE{uo(Zh(x))
f o u(h - s, Zs{x)) drnfou(h-i

Jo     u(h-s, Zs(x))

r* r°fou(8 zhe(x))ddds
Jo Jo     u(d,Zn_e(x))

+ C f   f E[mo(Z,ü;)) - Eu0(Zs(y))]2Ph_s(x, dy) ds
Jo Jr

+ ChE[u0(Zn(x)) - EMo(Za(jc))]2.

For the proof of this proposition we need the following lemma.

Lemma 6.4. There holds

f f(Eu0(Zs(y)))Ph_s(x, dy) = f(Eu0(Zh(x))) + R
JR

with

\R\<C f E[uo(Zs(y)) - Eu0(Zs(y))]2Ph_s(x,dy)
Jr

+ CE[u0(Zh(x)) - Eu0(Zh(x))]2.

Proof of Lemma 6.4. Using Lemma 2.7, we have

/ f(Euo(Zs(y)))Ph_5(x, dy) = / E/o u0(Zs(y))P^s(x, dy) + Rx
Jr Jr

with

\Ri\ < C f E[u0(Zs(y)) - Eu0(Zs(y))]2Ph_s(x,dy).
Jr

We now note that

¡Ef°uo(Zs(y))Ph_s{x, dy)=Efou0(Zh(x)),
Jr

from which, by applying once again Lemma 2.7, we get the conclusion.   D

Proof of Proposition 6.3. Hypothesis (HI) implies that  \f(y)/y\ < C for a
suitable C and 0 < y < 1 ; moreover, f{y)/y is continuous in 0.
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By the Feynman-Kac formula, we have

(6.6) u(h, x) = E uo(Zh(x))exV'
f o u(h - s, Zs(x))

o     u(h-s,Zs(x))

= Euo(Zh(x))-rEu0(Zh(x))

■h f o u(h - s, Zs(x))

ds

exp
/o     u(h-s, Zs(x))

(6.7) =:Eu0(Zn(x)) + Ah.

By applying the Taylor formula, we can write

rh f o u(h - s, Zs(x]

/o

ds,-l

Ah = Eu0(Zn(x)) f  ^
Jo     u

ds

(6.8) + -Eu0(Zh(x))

(h-s,Zs(x))

h fou(h-s,Zs(x))

Zs(x))

f fou(h-i
Jo     u(h-s,

ds

exp
Hf-ifou(h-s, Zs(x))

(h-s,Zs(x))
ds

from which we have An-Bh + R.9 with

|üg| < CEu0(Zh(x))
h fou(h-s,Zs(x))

(h-s,Zs(x))
f  ¿1
Jo     w

i2

ds

and

Bh=Eu0(Zh(x))
Jo      "(

fou(h-s,Zs(x))

i(h-s, Zs(x))
ds

= Efhu0(Zh(x))fou{sLZh-ÁX))d
Jo

=11
Jo Jr

Eu0(Zs(y))

u(s,Zh_s(x))

f°u(s,y)
Ph_s(x,dy)ds,

u(s,y)

where, in the last steps, we used the transition property of Pg(x, dy).

On the other hand, by the same argument used to obtain (6.6), we have

Eu0(Zs(y)) = u(s, y) + D(s, y)

with, for some C > 0 large enough,

(6.9,        w.y^wwf/X'.-,'^«.
Hence, we can write

Bh - /   f f°u(s, y)Ph-s(x, dy)ds + Eh
Jo Jr

with (remembering that ^ js uniformly bounded in [0, 1])

(6.10)

\Eh\ < C f f Euo(Zs(y)) ffl^S-d7Z(e^dePh_s{x,dy)ds
Jo Jr Jo     u(s -V, ¿g(y))

= C fHEuo(Zh(x))fl^-
Jo Jo    u(s -

zg(y))

f°u(s - e, zg+h_s(x))

S > Zg+h-s(x))
dOds.
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Finally, by collecting (6.7), (6.8), (6.10), we have

u(h,x) = Eu0(Zh(x))+ f   f foU(s,y)Ph_s(x,dy)ds + Rlh
Jo Jr

with

\Rlh\ < CEu0(Zn(x))

fh fou{h-s,Zs(x))d^

Jo     u(h-s,Zs(x))

r" t^ foujs-ez^hr(x))deds
Jo Jo     u(s - 6, Zg+h_s(x))

Therefore, it remains to treat J0 /R/° u(s, y)Pn_s(x, dy)ds. We observe

that

/       f o u{s, y)Pn_s{x, dy) ds
Jo Jr

= I   f f(Eu0(Zs(y))-D(s,y))Ph_s(x,dy)ds
Jo Jr

= (   f f(Eu0(Zs(y)))Ph_s(x, dy) ds + Ch
Jo Jr

with (using (6.9))

rh

\Ch\<C f   f\D(s,y)\Ph_s(x,dy)
Jo Jr

<cf f Eu0(Zs(y)) f /°f-/7^)) d6Ph_s(x, dy) ds
Jo Jr Jo    u(s-v, ¿g(y))

Jo Jo     u(s-U, zg+h_s(x))

rh
C

We conclude by applying Lemma 6.4.   □

Proposition 6.5. (i) Assume that (H1 )-(H3) hold, and that Mn belongs to a family

of functions satisfying (H5) with weights bounded by j¡, the constant C being

uniform on the family, then, for any 0 < s < A, we have

I f E[u0(Zs(y)) -Eu0(Zs(y))]2Ph_s(x, dy)dx < C\fh,
JrJr

where the constant C depends only on T and the coefficients of the differential

operator L.
(ii) If Mo satisfies (H4) instead of the above condition, then we have

f f E[u0(Zs(y)) - Eu0(Zs(y))]2Ph_s(x, dy) dx
JrJr

<Ch\\au'4L2m + Ch2\\Luo\\mil).
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Proof. In the case of Hypothesis (H5) we have

E[u0(Zs(y))-Euo(Zs(y))]2

N

= £ E{co'0H(4 - Zs(y)) - E[o)0H(x0 - Zs(y)))}2
1=1

+ 2£E[{4i7(x¿ - Zs(y)) - EK//(4 - Zs(y))]}
i<j

• {œ0H(xJ0 - Zs(y)) - E[coiH(xJ0 - Zs(y))]}]

=: SN(y) + 2TN(y).

Thus, using (3.10) and Corollary 2.1(iii), we have

N

SN(y) = £(4)2(P(x¿ > Zs(y)) - [?(4 > Zs(y))]2)7
i=i
N

(6.11) = $><)2P(x< > Zs(y))V(4 < Zs(y))
¡=i

i=i

Therefore,

<MMJ-^f'

f SN(y)Pn_s(x, dy)
Jr

s W^l"* (—25"-) W=s™\-W>^7)) *>
1=1

from which

/ f SN(y)Pn_s(x,dy)dx<^Jh.
t/R ./R ■* *

With similar arguments, one can show that

TN{y) < Csfh

(see the details in the Supplement).
In the case of Hypothesis (H4), we can apply the Itô formula

(6.12) ,0

/o

u0(Zs(y)) - Eu0(Zs(y))

fS[Lu0(Zg(y))-ELuo(Zg(y))]dd
Jo

f a(Ze(y))u'0(Zg(y))dWg;
Jo
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/ E[u0(Zs(y)) - Eu0(Zs(y))]2Ph_s(x, dy)
Jr

< 2 f E \ fS[Luo(Zg(y)) - ELu0(Zg(y))]dd\   Ph_s(x, dy)
Jr    Uo

575

2 Je^JS o2(Zg(y))u'2(Zg(y))dd+

=: 2A + 2B.

We estimate A in the following way:

Ph_s(x,dy)

A< f s f E[LMo(Ze(>;))]2dePh_s(x, dy) = s f    E[LuQ(Ze(x))]2d6.
Jr  Jo Jh-s

rig again (2.3), we get

LAdx<-cLsLLXLuMfre"p{Js2^rdzdddx

dz.= Cs2 f[Lu0(z)]2
Jr

In the same way we have

B<Cs f o2(z)u'o2(z)dx.   a
Jr

Remark 6.6. From (6.11) and (10.5) (see the Supplement) in the preceding

proof, we have also shown that in the case (H5) we have

/ E[u0(Zh(x)) - Eu0(Zh(x))]2 dx < Cy/h
Jr

or, more precisely,4

j£ E[u0(Zh(x)) - Eu0(Zh(x))]2 dx < Csfh Í 1 + ^ £ exp (-

From (6.12), in the case of Hypothesis (H4), we have

/ E[uo(Zh(x))-Eu0(Zh(x))]2dx < Ch.
Jr

Proposition 6.7. For 6 e [0, A], define

Jo u(6, Zh_g(x))

\x0      xp)

%Xh

Wh,e(x):=E u0(Zh(x)Y-
u(9,Zh_g(x))

Then, under (H1)-(H3):

(i) if uo satisfies (H4), there exists a C > 0 such that for all h < 1 and for
all 6 e (0, A), we have

\\¥h,e(')\\L'(R)<C;

4See Remark 6.2.
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(ii) if Uo belongs to a family of functions satisfying (H5) with weights bounded

by j¿, the constant C being uniform on the family, there exists a C > 0 such

that for all A < 1 and for all 6 e (0, A), we have

N

\\Vh,e(-)ÏÏL>(R) ^ c + lvl2\xo\
i=i

C
N

The result is an easy consequence of Lemma 2.6: see the Supplement.

We remark that
|2

/o u(h - s, Zs(x))f f°u(h-,
Jo     u{h-s,

ds <Ch
f o u(h - s, Zs(x))

Zs(x))

r fou(h-,
Jo     u{h-s,Zs(x))

Like the preceding proposition, one can show

Proposition 6.8. Define

rh f o U(h - s, Zs(x))

ds.

iph(x):=E{u0(Zh(x)) f  ¿1
Jo     uo     u(h-s,Zs(x))

ds

Then, under the hypotheses of Proposition 6.5,
(i) if «o satisfies (H4), there exists a C > 0 such that for all h < 1

\\¥h{-)\\v(R)<Ch2;

(ii) // Mo belongs to a family of functions satisfying (H5) with weights bounded

by %, the constant C being uniform on the family, there exists a C > 0 such

that for all A < 1

ll^(-)llL.(R)<CA2h + lÇ|X0|j.

7. Estimate of the global error

We recall the notation M = T/h .
We are now in a position to prove the first part of our main Theorem 4.1.

First, we write

||m(T, •)- «M-)IIli(Rxíi) < \\Eüm(')- ûm(-)\\l'(RxQ) + \\u(T, O-EÏÏA/OlbfR).

In §7.1, we will bound the first term of the right-hand side by S= + Cyfh;

in §7.3, the second term will be bounded by ^ + Cyfh , so that the announced

convergence rate (for general functions b and a) will be established.

7.1.   Estimate of ||Ema/(-) - Wa/(-)||/j(rx£î) •  Our objective is to show

Proposition 7.1. There exists a constant C > 0 such that, for any A = ^, any

p < M, and any N,

Proof. Define

\\Eüp(-) - Up(-)\\V{Rxa) < -     +Csfh.

N

c_
y/Ñ

ûp{x) = YJOJipH{Xiph-x).
¡=i
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Using (2.14) and (2.10), we have

(7.1) ||mp(.) - Emp(.) - mp(.) + Eûp(.)||L.(Rxn) = <?(h).

Therefore, it is sufficient to prove

Lemma 7.2. There exists a C > 0 such that, for any N, h < 1, and p < M =

T/h,

110,(0 - EU„(0||Li(Rxn) < -j= + CsTh.

Proof of Lemma 7.2. We have (using the fact that the sum of the weights is

equal to 1)

/Jr

N

5>a>¿/f (*;A - x) - tfpH(Xp\ - x))
i=i

dx

/•+00      "

= /      \£{EwPH(Xph -x)- <4H{X'ph - x))

+L
i=i

N

Yj&opHy'x - Xp\) - œpH(x - Xp\))

dx

dx.
1=1

We will only consider the first term on the right, the second being treated in
the same way. We use the independent weights of §5. We have

ÍJo
£(E^7Y(*;A - x) - <oPH{Xp\ - x))

<

i=i

fJo

dx

N

¡ = 1

+ I

Y,(npPH(Xp\ - x)] - ppH(Xph - x))
i
N

Y,moiip-pip)H(xiph-x)]

dx

i=i
D    N

dx

i-t-oo   "

+ /   EK-z'ii^;*^)^j°   i=i

Using the independence of the p' 's and of the (X1) 's, and bounding the

variance by the second moment, one gets

EfJo

N

J2(MH(xPh -*)- <opn(x'Ph - x))

<-L
i=i

+oo

dx

\1
'£E(pp)2H(X'h-x)dx + 2'£E\coip-pip\\Xph\

i=i
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Now we observe that the first term of the right-hand side can be bounded from

above by

\     AT   /  j   I
\"   i=X Jix-X^/y/W

For x e [0, +00) the function

ÄjT\»c£lWsi"pK}"*t-

1      r+°°

V27t J(x-u~ {-$}*
exp

l(x-U-\s))lyßPl

is decreasing from (0, 1) to (0, 1); therefore, the definition of the x¿ implies

N    r+00 (   „2 'J
2N ,= 1  J{x-X'0)lyfkph I       L   )

< f   f exv{~) dyds
JO    J(x-U-](s))/y/IPl I       L   )

= -// expi-^i dyu'0(z)dz
jRj(x-z)/y/JPh I      L )

<-F u'o(z) f expi-lÀdydz-C f ™ u'0(z)d:
J-OO J(x-z)/y/JPh I        L   ) Jx-OO

r+oof+0° (    (x - z)21
<-J      M0(z)exp|-V        '   \dz + Cuo(x).

Using (H4), we deduce for suitable Xq > 0

^ Í r2
_ ÎXD < - -

,= 1 hx-xß/y/Yph

so that, by (2.12),

j     W     .+00 j-     yl -y / x2 \

Wo
c

NfEp(^>^)^^7^-vW"

Now, by (5.6),

Cy/h        C^E^Íí^ + ̂ jD'+^p)
But (see (2.8))

^tnKn\2<^hl + \xô\2)<C + jjt\xô\2-
1=1 1=1 1=1

Then we apply (3.13).   D

7.2.   A corollary.   As a corollary to the previous subsection, we have the fol-

lowing result:
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Lemma 7.3. Define

|2

Ahp(N) := f E \ f (üp(y) - Eüp{y))ph(x, y) dy
Jr    Ur

dx.

There exists a C > 0 such that

Ahp(N)<^- + CVh

for any N, h < 1, and p < M = T/h.

Proof. First we observe that

Ahp{N) < f f E[üp(y) - Eüp(y)]2ph(x,y)dydx
JrJr

and by Lemma 2.2

Ahp(N)<(l + Ch) ÍE[üp(y)-Eüp(y)]2dy,
Jr

from which, by the boundedness of the function üp ,

Ahp(N)<C [E\üp(y)-Eüp(y)\dy.
Jr

We then apply Lemma 7.2.   D

7.3.   Estimate of ||m(T, 0 - Ema/(0Hl'(r) •    F°r any P = I, ■■• , M, define
vp(t, x) as the solution to

[ Ê£L = Lvp+fovp,

\ vp(0,x)=üp-x(x)

and consider

&:=||M(pA,0-Eïïp(0||£.(R)

(7.2) < \\u(ph , 0 - EVp(h , 0||L.(R) + \\Ei7p(h, •) - Emp(0||l.(r) •
>-v-'      v-«-'

rp Sp

We will show (cf. Proposition 7.6 below) that

vp,   ßp<c(Vh + j^

We first treat

/• + CXD

Sp= \E17p(h, x) - Emp(x)| dx

(7-3) h  .o

+ /     \E(i-Vp(h,x))-E(l-üp(x))\dx.
J—oo

Our objective is to show
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Proposition 7.4. For all p, there holds

(7.4) <5p<c(a3/2 + A).

Proof. We will only consider the first term on the right of (7.3).

Consider (Bg), a (,fe)-Brownian motion (see the beginning of §3.2), and

(ne(y)) > the solution to

(7 5)        i dr}e = a^d^BPh+e ~ BPh) ~ Wtà ~ a<<ne)o'{r¡g)} dd,

l m = y.
We stress that, for each 9 > 0, ng(y) is independent of S?pn .

We will denote by rjh(y) the approximation of nh(y) obtained by applying
the Milshtein scheme (2.7) to the stochastic differential equation (7.5).

We first note, using (3.12) and the conventions described in (1.2), that

N

Eüp+X(x) = EY,o)ip+xH(Xp+x -x)
¡=i

(7.6) =EJ2\œip(l+hf'oûp(Xip))+0(h)ef (±)
¡=i L ^     '
N N

= EY/OJlpH(rjh(Tp)-x) + hEY/<oipf'oüp(x'p)H(Xp-x)
i=i i=i

(7.7) + Ecf(h)cf (jL) ¿H{r¡h(Xp) ~ x)
^     ' i=i

N

+ hE^oipf o ûp(X'p){H(r}h(X'p) -x)- H(Xp - x)).
i=i

Therefore,

N

Eûp+X(x) = Ej2KH(r}h(Xp) - x)

(7-8)

+ hEYi(ûPfoûp(Xip)H(XP-x) + R(h,p,x)
i=i

with (we apply (2.4) and (2.8))

h   N
\\R(h, p , 0IIl.(r+) < chVh + cW2Y,nñk<Xp)\

1=1

N

<Chy/h + Cjp¿2E\XP\
i=i

< CWÏ+C^¿(l + |x¿|).
i=i
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Applying (3.13), we deduce5

A
(7.9) \\R(h,p,-)\\V{R+)<ChVh + C

AT

Now, we perform a similar expansion of Eup+X(h, x).

Using the representation (3.5), we can also write

N

(7.10) Ei7p+x(h,x) = EY,o)pW(Xp,x),
1=1

where

y/(y,x) = EH(nh(y)-x)explj   f oj7p+x(s, ns(y))ds\ .

Using again (2.14) and the estimate (2.9), one can check that

y/{y,x) = EH(tjh(y)-x)expi J   f ovp+x(s, ns(y))ds\ +y/0(h,y,x)

with

3O0,    VyeR,    ||^(A,y,0llL.(R)<CA3/2.

Therefore,

N

Evp+X(h,x) = EYí(oipH(r¡h(X'p)-x)
i=i

(7.11) J^    .   fh
+ E¿ca¿ ! f'oT7p+x(s, nsix'^dsHiXp-x)

i=i      J°

+ R(h,p,x)

with

(7.12) ||Ä(A,p,OI|i.(R+)<CAv/Ä.

Therefore, combining (7.11) and (7.8), in view of (7.12) and (7.9), we see

that it remains to treat

0(A,x):=E¿WpÍa/'omp(T;)-^V'°^+i(í,^(^))^J^-^)

and to show that its norm in L1 (R+) can be bounded by Chy/h + ^ .

5 When / = 0, this term is absent; this permits us to justify a remark we made in §4.
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But

\mh,-)\\v(R+)<vÍ2«>p\K
¡=i

E^f* hfoüp(Xp)-f f'oi7p+x(s,ns(Xp))ds
Jo

Furthermore,

(7.13)     E?*foVp+l(s, ns(Xp)) = f'(E^Vp+x(s, ns(Tp))) + rx(i,p,h,s)

with

Vui2rx(i,p,h,s)\ < CE^\VP+X(s, ns(Xp))-E^vp+x(s, ns(Xp))\

We now expand f'{E^vp+x(s, ns{Xlp))).

Let (n's) be N independent copies of the process (ns). The representation

(3.5) permits us to write

_. (        N _t _■   N

f'(E^J7p+x(s, ns(Xp)))=f'(E^Y,™p:H^(XP>-«sXK))
\       k=i /

+cf(h)+cf^y

Then, if we define

r2(i,p,h,s) := f (E^ X>£//(^(Zp) - ni(tp)))
k=i

-f'UjrrfHrt-xl)],

we get

f{E^Vp+x(s,ns(Xp)))

f(^œp:H(Xp:-Xp)]+&(h) + r2(i,p,h,s) + c?^

= f o Up(X') +cf(h) + r2(i, p, A, s) +< GO
Thus, we have obtained

N

II0(a,OIIl.(r+)<E¿wp|X;|ÍCA2 + ̂  \rx(i,p,h,6)\dd

+ joh\r2(i,p,h,d)\de + c^\
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As above (see (3.14)), we deduce

U(h,-)\\LHK+)

N      —   ( r*
<CÄ2 + CE^4|Z;|     /   \r2(i,p,h,6)\d6

1=1 Vo

■ f tfp^v
Jo

<CÄ2 + CE^4|X;iy   \r2(i,p,h,0)\

583

H /   ^p^\Vp+x(s,ns(Xip))-lFp^p+x(s,ns(Xip))\2ds + C^
N

\d0

+ CE
.i •'0

A'

E ^{(ETYM^) - y))y=i(j(Ti} - E^*(£//(*(**) - tfL^-,} rfi

N

+ c^EEmi-
i=i

For v4 we have

TV

^<CE
N      _•   rh

:, JO

E^Y.°iïH^xp)-^xlP))

k=l

-EY,cokpH(Xkp-Xp)

k=l

ds

N _.      fh   N

<cey,k\K\   J2œPAkds'
i=i       J° k=i

where

Ak := E^\H(XKp - X'p) - H(nks(XKp) - r,'s(X'p))\.

The next steps to prove A < Ch\/h + ^ are given in the Supplement.

For the term B we observe, using the independence of the particles,

Es'h
N

£ œkp{(EH(ns(Xkp) - y)^  - E*(Etf (*(*,) - *»„,<*,}

k=l

= E^ ¿2(cokp)2\(EH(ns(Xp)-y))y=riÁlk) - E^(EH(ns(Xp) - y))
k=i
kiii

y=%(x'y

Hence, using (3.14),

B<%E±œ'p\X>\<^.
i=i

N

We now treat yp
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Proposition 7.5. For all p, there holds

(7.14) yp+x < (1 + Ch)ßp + Ch'l2 + £|.

Proof. We use the local expansion of u(ph, •) and vp{') deduced from The-

orem 6.1. Here, Hypothesis (H2) implies that Pt(x, dy) - p,(x,y)dy. In
addition, we apply Proposition 6.1 twice:

• We substitute u(ph, •) to uq ; then we are in the case where the initial

condition satisfies (H4) (from (3.3), (2.3), and (H4), it is easy to obtain the

condition on the spatial derivative), and we have

u((p + l)h,x) = Eu(ph,Zn(x)) + hf(Eu(ph, Zh(x))) + Rh{plX)h(x)

with ||^1)a(0IIl.(R)_^CA2-
• We substitute up(-) to Mo ; then we are in the case where the initial con-

dition satisfies (H5), and we have

vp+x(x) = J üp(y)Ph{-,y)dy + hf (J üp(y)Ph{-, y)dy) + *J;+i)aM

with

II<+21)ä(0IIl.(r) < cavTi + CA2i £ \Xp\,
i=i

so that, using (3.14), E||a*¿1)A(0I|l1(r) < ChVh.

Thus, using again (2.13), we get

7P+i -    / u(ph,y)pn(-,y)dy + hf( / u{ph, y)ph(-, y) dy)
\\Jr vr /

-EJüp(y)ph(-,y)dy - hEf (j üp(y)ph(-, y) dy)

+ <V)-K;+V-)

<   f \u(ph,y)-EUp(y)\ f ph(x, y)dxdy + Ch3'2
Jr Jr

+ Ch f \u(ph,y)-EUp(y)\ f ph(x,y)dxdy
Jr Jr

+ Ch [e( f ûp(y)Ph(x ,y)dy-E f üP(y)ph{x, y) dy)   dx.
Jr    \Jr Jr J

Applying Lemmas 2.2 and 7.3, one obtains

L'(R)

yp+1<(l + CA)/3p + CA3/2 + -^|.   D

Finally, we can prove

Proposition 7.6. For all p, there holds

''SC(A+^)'
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Proof. We use the definition (7.2) and the estimates (7.14) and (7.4) to get

ßp+x<(l + Ch)ßp + Ch3/2 + ^.

In the proof of Lemma 5.5, we remarked that yx = \\u(h, •) - vN(h, OIIl'(R)

can be bounded by C||E|(w0 - mo)(Za(0)| \\v(r) ; as «o > m0 for x < x^-1 <

C(l + x/log N), using u(x) = - /x+oc u'(y) dy, (2.2), and (H4), we get, for some

C > 0 large enough,

7i<C I (uo{x) - Uo{x))dx
J\x\<C+Cy/lo%N

+ C (1 -uo(x))dx + C / u0(x)dx
Jx<-C-Cy/logN Jx>C+Cy/loeN

^Cy/loJÑ       C
N N'

Thus, ßx < C(-L + A3/2 + ^), and we can proceed by induction to end the

proof.   D

8. The case of constant coefficients

In this section, we explain what must be changed in the proof to get the better

estimate -Ç= + Ch for the error when the coefficients of L are constant.

Without loss of generality, we can assume that b = 0 and a = 1. In that

case we have that Xp - X'p - x¿ + W'h .

First, one remarks that the expansion in Remark 5.1 can then be changed to

(oP+l-pP+l=œP-pp + hcop{foûp(Tp)-fou(ph,X)}

+ h(œP- pP)f ou(ph,Xp)+<? (JLy

so that the inequality (5.2) can be modified to

a'p+x <(1 + Ch)ap + ^y^E|ïïp(TP)-M(pA,Xp)|2

+ C^E|MP(XP) - u(ph , tp)\2 + C A

One can readily show that (5.4) can be reduced to

E|Mp(TP)-«p(TP)|2<yV2ap.

Therefore, with the same arguments as in the proof of Proposition 5.8, one can
show that the inequality (5.6) can be modified to

(8-D vp>   "tilF + W

This remark permits us to change the last lines of the proof of Lemma 7.2, so
that one gets

\\ûp(-) -EÛp(-)\\V{Rxa) < -jL + Ch.
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Consequently, the conclusion of Lemma 7.3 becomes: there exists a constant

C > 0 such that

Ahp(N)<^= + Ch

for any N, A < 1, and p < M = T/h .
Now, we recall the inequality (6.5). This permits us to modify the beginning

of the proof of Proposition 7.5 in the following way:

7P+i =    / u(ph, y)ph{- ,y)dy + hf(    u(ph, y)ph(-, y) dy
\\Jr \Jr

-EJûp(y)ph(-,y)dy - hEf (Jüp(y)pn(-, y)dy)

+<V(-)+E<+y-)

<   f \u(ph,y)-EUp(y)\ f ph(x, y)dxdy + Ch2 + C^
Jr Jr iy

+ Ch     \u(ph,y)-EUp(y)\    ph(x,y)dxdy
Jr Jr

Ch / E ( / ûp(y)Ph(x,y)dy-E    ûp(y)ph(x,y)dy)   dx.
Jr    \Jr Jr J

+

Thus, it remains to check that we can improve the estimate for ôp . Namely,

instead of (7.4), we have

vp, ¿p<c(a2 + A)

Actually, one just has to consider (7.6) and (7.10): now nh(Xp) and nh(Xp)
are equal, thus the conclusion is straightforward.

9. Conclusion

We have constructed a stochastic particle algorithm for general one-dimen-

sional reaction-diffusion-convection PDEs, by establishing a convenient proba-

bilistic representation of the solution and discretizing it in space and time.
We have given its rate of convergence, which also proves a conjecture of

Puckett concerning this method for the KPP equation.
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10.    Complementary proofs

Proof of Lemma 2.2. Let L be the infinitesimal generator of (£,); then the function

9('i2/)= /  Pt(x,y)dx
JR

satisfies the equation (cf. the Problem 10 of Ch.6 in [6])

ft^y) = L'a(t,y) = \^0(y)o(t,y))-ly

Jim ?(*.!/)= 1-

Denote by (at{y)) the diffusion issued from y with infinitesimal generator (o~o(x)o'0(x)

6o(x))Jj + í<7q(x)^2. We have, denoting a0(x) = (Tq(x) (see again the Ch.6 in [6], e.g.'

q(t,y) = Eexp (J* (i<(a,(y)) - b'0(a,(y))} ds) . |

Proof of Lemma 2.6. We will only treat the first case; the (H5) case just calls for local

and easy modifications.

We introduce the process (Z<(.r)), solution to

dZt = b(Z,) dt + a(Zt) dBt    ,        Z0(.r) = x. (10.1)

Since ^ is bounded, the Fevnman-Kac formula

u(t,x) = Eu0(Zt(.v))exP[ /  í-(s,Z,(x))d
\Jo     u

i 1994 American Mathematical Society

0025-5718/94 $ 1.00 + $.25 per page
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