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PSEUDORANDOM VECTOR GENERATION
BY THE COMPOUND INVERSIVE METHOD

FRANK EMMERICH

ABSTRACT. Pseudorandom vectors are of importance for parallelized simula-
tion methods. In this paper a detailed analysis of the compound inversive
method for the generation of k-dimensional uniform pseudorandom vectors, a
vector analog of the compound inversive method for pseudorandom number
generation, is carried out. In particular, periodicity properties and statisti-
cal independence properties of the generated sequences are studied based on
the discrete discrepancy of s-tuples of successive terms in the sequence. The
results show that the generated sequences have attractive statistical indepen-
dence properties for pseudorandom vectors of dimensions k < 4.

1. INTRODUCTION

The generation of uniform pseudorandom numbers in the interval [0,1) and of
uniform pseudorandom vectors in the interval [0,1)% is a basic and crucial task in
any stochastic simulation. A review of several methods is given in Niederreiter’s
monograph [12]. Since the simple nature of the classical linear congruential method
for the generation of pseudorandom numbers and of the matrix method for the gen-
eration of pseudorandom vectors implies undesirable regularities (cf. [1]), several
nonlinear methods for the generation of pseudorandom numbers and of pseudoran-
dom vectors have been introduced [1, 2, 4, 5, 10, 11, 13]. A particularly attractive
nonlinear approach is the inversive congruential method for the generation of pseu-
dorandom numbers (cf. [1, 2, 5]) and the inversive method for the generation of
pseudorandom vectors, which was introduced in [9] and is analyzed in detail in [14].
In [3] a compound version of the inversive congruential method for the generation
of pseudorandom numbers was introduced in order to achieve a very long period
length and an algorithm which allows a simple parallelized implementation. The
analog of this approach for the generation of pseudorandom vectors, the compound
inversive method, will be introduced and studied in this paper.

First, the generation of pseudorandom vectors by the (ordinary) inversive method
is described, which is due to Niederreiter [14]. Let Z,, = {0,1,...,n—1} for integers
n > 1. Further, let k¥ > 1 be an integer, the given dimension of the vectors to be
generated. Choose a (large) prime p, and put ¢ = p¥. Denote by Fy and Fy
the finite field with ¢ elements and its multiplicative group of nonzero elements,
respectively. For v € Fy define ¥ € Fy by 7 = v~ ie., ¥ is the multiplicative
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750 FRANK EMMERICH

inverse of v in Fy, and put 0 = 0. Now, parameters o, 3 € F, with a # 0 are
selected and a sequence g, 71,... of elements of F, is generated by choosing an
initial value o and using the recursion

Tn+1 = ain + 6

for n > 0. Note that F, can be viewed as a k-dimensional vector space over F), (cf.
[7, Chapter 1.4]). Let B be an ordered basis of F, over F), and denote by c,, € Flf
for n > 0 the coordinate vector of v, € Fy relative to B. Since F), = Z/pZ can
be identified with the set Z, = {0,1,...,p — 1} of integers, each vector c,, can be
viewed as an element of Z’;. Then

1
u, = —c, €[0,1)"
p

for n > 0 defines an inversive sequence (u,)n>o of pseudorandom vectors.

Now, the compound inversive method for the generation of pseudorandom vectors
is introduced. Let m = []._, p; for an integer r > 1 and arbitrary distinct primes
P1,---,pr. Let m; = m/p; and ¢; = pF for 1 <4 < r. Then for 1 <4 < r sequences
(’Yr(zi))nzo of elements of Fy, are generated by choosing an initial value *yéi) and using
the recursion

@ _ =0 .
’yn-i-l = Qi + ﬁl
for n > 0, where a; € F; and ; € Fy, are the parameters of the ith generator.
Again, let ch ) be the coordinate vector of 'y,(,i) relative to an ordered basis B; of Fy,
over Fj,, and let

. 1

ul) = —cl e[0,1)k
bi

for n > 0. Then a compound inversive sequence (uy)n>o of pseudorandom vectors

of [0,1)* is defined by
w, =ul) + -+ u (mod1).

For r = 1 one has the (ordinary) inversive method, which is due to Niederreiter [14].
If k£ = 1, the compound inversive congruential method of Eichenauer-Herrmann [3]
for the generation of pseudorandom numbers is obtained.

In §2 a criterion for the sequence (u,,),>o having the maximum possible period
length m”* will be established. A very important property that should be asked of
pseudorandom numbers and of pseudorandom vectors for stochastic simulations is
the statistical independence of successive terms in the generated sequence. A reli-
able theoretical approach for assessing statistical independence properties is based
on the notion of discrepancy of s-tuples of successive terms in the sequence. Unfortu-
nately, for k& > 3 the discrepancy of an inversive sequence of pseudorandom vectors
is dominated by the discretization error. So the discrete discrepancy and the dis-
crete star discrepancy are introduced. These discrete versions of the corresponding
ordinary discrepancies are natural quantities, since the considered pseudorandom
vectors are rational points with fixed denominator m (cf. [14]). The definition of
the discrete discrepancy and of the discrete star discrepancy, as well as general dis-
crepancy estimates, are stated in §3. In §§5 and 6 upper and lower bounds for the
discrete (star) discrepancy are established. These results rely heavily on bounds
for certain rational exponential sums which are stated in §4.
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PSEUDORANDOM VECTOR GENERATION 751

2. PERIOD LENGTH

In order to obtain a criterion for the maximum possible period length mF of a
compound inversive sequence of pseudorandom vectors, a corresponding result for
the underlying inversive sequences is recalled from [14]. For 1 < i < r a key role is
played by the polynomial

Gi(r) = 2° — Biz — a; € F,[]

associated with the underlying recursion in the inversive method. This polynomial
has the factorization

Gi(z) = (z —03)(z — 1)
with nonzero roots o;, 7; € Fy2, and the quotient 01-7'1-_1 of these roots is decisive in
the criterion below, which is due to Niederreiter [14, Theorem 1].

Lemma 1. Let 1 < i < r. The sequence uéi),ugi), ... of pseudorandom vectors
generated by the inversive method has period length q; = p¥ if and only if the order

of Uﬂ[l i the multiplicative group Fq*2 is equal to q; + 1.

In order to establish a criterion for the period length of a sequence of pseudo-
random vectors generated by the compound inversive method, a sequence (¢, )n>0
of vectors in ZF, is defined by

cn =mict) +.- +m.c” (modm),

ie., u, = ¢,/m for n > 0. Then the sequences (c,)n>0 and (u,)n>0 have the
same period length. Obviously, the sequence (¢, ), >0 has maximum possible period
length m* if and only if the sequences (CSZ'))”ZO have maximum possible period
length ¢; for 1 < i < r. Since for 1 < ¢ < r the recursion 77(31 = aﬁ,(f) + B; is
bijective in Fy,, the sequence (u,(f ))nZO and also the sequence (uy),>0 are always
purely periodic. Theorem 1 summarizes these properties.

Theorem 1. The sequence ug,uy,... of pseudorandom vectors generated by the
compound inversive method is always purely periodic and has period length m* if
and only if the underlying inversive sequences (u,(f))nzo of pseudorandom vectors
have period length q; for 1 <i <r.

In this paper it will always be assumed that the compound inversive sequence
(4n)n>0 has the maximum possible period length m”. This standing hypothesis
will not be mentioned explicitly in the results below.

3. GENERAL ESTIMATES FOR DISCRETE DISCREPANCIES

As mentioned above, a reliable theoretical approach for assessing the statistical
independence properties of a sequence of pseudorandom vectors is based on the
discrete (star) discrepancy of s-tuples of successive terms in the sequence. Let
X, = M‘lyn € [0, 1)d for 0 < n < N, where d > 1 and M > 2 are integers and
Y0,¥1,---,¥YN—1 € Z‘]’lw are N arbitrary lattice points. For any subinterval J of
[0,1)%, denote by L(.J) the number of points among X¢,X1, ..., Xxy_1 falling into .J
and let Vol(J) be the d-dimensional volume of J. Then the discrete discrepancy

En,u of the points Xg,X1,...,Xny—_1 is defined by
L(J
EN,M = EN)M(X(),Xl, . 7XN—1) = Ssup Q — VOl(J)' ,
JeTm
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where 7y is the family of all subintervals J of [0,1)? of the form

d . .
=135

with integers 0 < a; < ¢; < M for 1 < j <d. The discrete star discrepancy EY;
of the points xg,x1,...,Xy_1 is defined by

L) _ Vol(.J)

* *
EN v = BN (X0, X1, .., XN—1) = sup N

JeTy

)

where J}; is the family of all subintervals J of [0,1)? of the form

=110 5)
j=1

with integers 0 < ¢; < M for 1 < j < d. It is obvious that E}*\,’M < En M.

Before general upper and lower estimates for the discrete (star) discrepancy can
be stated, some further notation is necessary. Let Cy(M) be the set of points h =
(hi,...,hq) with integer coordinates satisfying —M/2 < h; < M/2 for 1 < j < d,
and let Cj(M) = C4(M)\{0}. Further, let

M sin(n|h|/M) for h € CF(M),

r(h, M) =
1 for h =0,

and
d
r(h, M) =[] r(h;, M)
j=1

for h = (hq,...,hq) € Cq(M). For real t the abbreviation e(t) = 2™ is used, and
x -y stands for the standard inner product of x,y € R

In the following, three general results for estimating discrete (star) discrepancies
are stated. Lemmas 2 and 3 follow from [14, Lemmas 1 and 3], and Lemma 4 is
due to Niederreiter [8, Lemma 2.3].

Lemma 2. Let M > 2 be an integer and yo,¥1,---,YN—1 € Zﬁ\lm Then the discrete
discrepancy Ex v of the points x, = M1y, € [0,1)%, 0 <n < N, satisfies

N-—1
1|1
Exus Y —— |3 e(h-x,)|.
N.M = (b, M) | N e(h - xn)
heCs (M) n=0

Lemma 3. Let M > 2 be an integer and yo,¥1,---,YN—1 € Z%/I. Then the discrete
star discrepancy EY; \ of the points x, = M~'y, €10,1)% 0 <n < N, satisfies

N-1 o
h-x,)| <-— 27| h; 1)—-1| NEj
nz:;e( X)_ﬂ, H(ﬂ il +1) N,M

for any h = (hq,...,hq) € Z4 for which not all coordinates are divisible by M.
Lemma 4. Let M > 2 be an integer. Then

D

heC (M)

2 2
< —logM + —.
T

r(h, M) 5
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PSEUDORANDOM VECTOR GENERATION 753

4. EXPONENTIAL SUMS

Lemmas 2 and 3 show that a crucial role for estimating the discrete (star) dis-
crepancy of s-tuples of successive terms in a compound inversive sequence (Uy)n>0
is played by certain exponential sums which are defined below. Subsequently, the
ks-dimensional points

Vn = (un7 ceey un-‘rs—l) € [07 1)ks

for n > 0 and

v = (u® oul ) € [0, 1)"s

n n7 n+s—1

for n > 0 and 1 < i < r are considered, and the abbreviations

mF—1
S(h) = Z e(h-vy)
n=0
and
ph—1
Sith) = 3 e(h-vi)
n=0

for 1 < i < r and h € ZF* will be used. Some properties of these exponential
sums are collected in the following two results. Lemma 6 follows from [14, Proof of
Theorem 2].

Lemma 5. Let h € ZF5. Then
h) = H Si(h)
i=1

Proof. First, it follows from v,, = >_, v (mod 1) for n > 0 that
mF—1 mF—1 r
SURD SR 0 SIE) B o)  CE
n=0 i=1 n=0 i=1

Now, the Chinese Remainder Theorem implies that
S(h) = > [[em-v).
(nl,...,’ﬂT)EZp)f X"'XZZDI; i=1

n=n; (modpf),lgigr

Since the sequence (V,(f )

obtains

)n>0 has period length ¢; = p¥ for 1 < i < r, one finally

S(h) = > [[em-v) H > el v@):l‘[&(h). O

(n1yesnr) €L,k X XL g 1=1 i=1n€Z
1 T Py

Lemma 6. Let h € Z* and 1 <i <r. Then |S;(h)| = p¥ for h =0 (modp;) and

1Si(h)] < (s — 1)(2p* +1)
for h 2 0 (mod p;).
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754 FRANK EMMERICH

5. UPPER BOUNDS FOR THE DISCRETE DISCREPANCY

Theorem 2. The discrete discrepancy Ef:,f)m = Ek (V0 V1, oo, Ve 1) Satis-

fies

ks T
2 — —
Er(:f)m < m*k/Q (_ logm + g) (H((S B 1)(2 +p; k/2>+p5k 4)/2)m(k4)/2>
? s
=1

for any sequence of k-dimensional pseudorandom vectors generated by the compound
inversive method and all s > 2.

Proof. First, Lemma, 2 is applied with M = m, N = mF, d = ks, and x,, = v,, for
0 <n < mF. This yields

(ks) < i 71
B S X S0

I
??‘}—l
-
2
=
G

Y Y sl

Ic{1,...,r} heC; (m)
[I|<r h=0(modp;),icl
h#0(mod p;),i¢ 1

where in the second step Lemma 5 has been used. Now, denote by A(h) the number
of nonzero coordinates of h € Z*5. Observe that always A(h) > 1 for h € C} (m)
and that S(h) = 0 for A(h) = 1. Hence, it follows that

1 1
i SaE 2 2y LS
vvvv ks
[I|<r h=0(modp;),icl
h#0(mod p;),i¢ 1
A(h)>2

Now, Lemma 6 can be applied in order to obtain

(ks) 1 k k/2 1
Emkymﬁm Z my H (s =1)(2p;"" +1) Z r(l,m)

Ic{1,...,r} ie{l,...,r} heC; (m)
[T]<r igl h=0(modp;),i€l
h#£0(mod p;),i¢ 1

A(h)>2
1 k k/2 1

<— > mi [T -ver”+ny > =Tt

Ic{1,...,r} ie{l,...,r} heC} (m)

[Il<r i¢1 h=0(modmy)

A(h)>2
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PSEUDORANDOM VECTOR GENERATION 755

where my = [[;c; pi for subsets I of {1,...,r}. Straightforward calculations show
that
ks
1 1 1
= +1 — ks -1
hecg,:im) r(b,m) hegf:(m) rh,m) heczf:(m rh,m)
h=0 (modmy) h=0 (modmy) h=0 (modmy)
A(h)>2
ks
1 1 ks 1
(£ S ) Ry
M i gy "9 M) M eoimpmy "9/ M)
D DR ) (N pee S
Zui\n )\, 2= rlgommn)
ks "
1 ks 1
<X 2
=3
mi n=2 n geCT (m/m1) T(gu m/mf)
ks
1 1
he Yy
i \' " et g

Hence, Lemma 4 implies that

heCs, (m)
h=0 (modmy)
A(h)>2

Altogether, one obtains

ks
ks 1 (2 7 _ k/2
Efnk)m < <;10gm+ g) E mh—2 H (s — 1)(2pi/ +1)

Ic{1,...,r} ie{l,...,r}
[I)<r i1
1 (2 logm + ! N Z mh2 H (s — 1)(2p]-g/2 +1) —mh=2
mk \ 7 5 r v
Ic{1,...,r} ie{l,...,r}
ig 1
~ 1 (2 logm + ! - ﬁ((s — 1)(21)]-6/2 +1) +pf?) —mk?
mk \ 7 5 palen ' '

2 7 ks r B B
_ k2 [ 2 ’ B - k/2 (k 4)/2 (k—4)/2
=m (Wlogm+5) (”((s D@2+p, ") +p; )—m ),

=1

which is the desired result. O

For a fixed number r of prime factors of m, Theorem 2 shows that ET(:: )m
O(m~*/2(logm)**) for k < 4 or r = 1. For k > 5 and r > 2 the order of magni-
—k/2 (k—4)/2

tude increases, since [[/_,((s — 1)(2+p; /") + p; ) — m=4/2 has an order
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(k—4)/2

of magnitude m; in this case, where my; = m/p1 and p1 = mini<;<, p; is as-
sumed. Then it follows that Eﬁf,f)m = O(m{F"?m=k/2(logm)**). Lower bounds

for E(ks)m, which will be established in the next section, show that the result of

mk,
Theorem 2 is best possible up to the logarithmic factor. Further, it should be ob-
served that this bound is independent of the specific choice of the parameters «;
and (; in the underlying recursions provided the parameters are chosen in such a
way that the quotient airi_l has order ¢; + 1 in the multiplicative group F;_z. It
should also be observed that the bound is independent of the ordered basis Bl of

F,, over F,,, which is used for the representation of the sequence (c£f>)n20.

6. LOWER BOUNDS FOR THE DISCRETE DISCREPANCY

Theorem 1 shows that a sequence of pseudorandom vectors generated by the
compound inversive method has the maximum possible period length m* if and
only if all underlying (ordinary) inversive sequences of pseudorandom vectors have
maximum possible period length ¢;, which depends on the quotient of the roots o3,
T; € qu of the polynomial

Gi(r) =2 - Bix —a; = (x — 03)(x — 73)

according to Lemma 1. Since o; + 7, = (; and 0;7; = —aqy, an easy calculation

shows that
. - 2
(x—ﬁ) (x—ﬁ) =22+ <B—1+2>x+1.
Ti 0; Q;

Therefore, the desired property that Uirfl has order ¢; + 1 in F;2 just depends on

the value of 32a;* € F,,. Now, put 3; a; = ¢; and let P,, be the set of ¢;’s for
which the desired property is satisfied, i.e., for which x2 + (Cl-_l +2)x + 1 has roots
of order ¢; + 1 in F;_Q. Further, for a fixed nontrivial additive character n; of Fy,

and any [3;, (; € Fy, lput
Ki(Bi, ) = Z ni(Biy + BiCi7)-
vEFy;

The following result, which is due to Niederreiter [14, Lemma 6], will be used in
the proof of a lower bound for the discrete star discrepancy in Theorem 3 below.
To avoid trivial cases, it will be assumed that ¢; = pf >4forl1 <i<r.

Lemma 7. Let 1 < i < r and n; be a nontrivial additive character of F,,. Then
forany G € F, and 0 <t < gi:?, there exist more than Hy, (t)(q;i — 1) values of
Bi € Fy, such that

\Ki(Bi, &) > tqr?,
where
1—t2—2(q— 1)1

—1/2

H, (1) = .
! A—t2+4dq; T+ gt

Theorem 3. (i) Let k <4. For1 <i<rlet(; € Py, and0 < t; < ZZ:?, and let

H,,(t;) be defined as in Lemma 7. Then for fized underlying ordered bases of Fy,
over Fy, there exist more than [];_, Hy, (t;)(qi — 1) values of (B1,...,8,) € Fj X

-+ xX F¥ such that the discrete star discrepancy Xk — pr (VO, Viye e oy Vipk_1)

k k
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for any compound inversive sequence of k-dimensional pseudorandom vectors with

a; = (2¢; satisfies

E*(k:s) t:
mk,m - 8 (m+1) (H )
for all s > 2.

(ii) Let k > 5 and suppose that p1 = mini<,<,p;. Let (4 € Py, and 0 <
t < q —, and let Hy, (t) be defined as in Lemma 7. Then for a fived underlying

ordered baszs of Fy, over Fy, there exist more than Hy, (t)(q1 — 1) values of B € Fy,
*(k:s) E*

such that the discrete star dzscrepancy E m(VO, Vi, Vs _q) for any

compound inversive sequence of k- dzmenswnal pseudomndam vectors with o =

B3¢y satisfies

t
P I S Sy
mbm = 87 + l)ml m

for all s > 2.

Proof. First, Lemma 3 is applied with M = m, N = mF, d = ks, x,, = v,, for
0<n< mk, and

h = (hg,...,h, 1) € Z*,

where hl = (}”717 .. .,hl,k) c Zk for 0 S l S s — 1 with hO,l = h1’1 =my = Hie[pi
for an arbitrary subset I of {1,...,7} with |I| < r and all other h;; = 0. This

yields
2 s—1 k
. H l I 2m|h ) +1) =1 mkE;ffsgl = 8(7T+m;1)m mkE*(ksrz«L'
7T 9
=0 j=1

Thus, it follows from Lemma 5 that

E*(k:s) > S S
mEm = 8 (4 my mkH| |_8ﬂ'+1 mkH|

Since p; divides hg1 = hi1,1 = my for i € I and all other h;; = 0, it follows that
|S;(h)| = ¢; for i € I according to Lemma 6. This yields

*(ks 1 —
E,,ff,zl > Wml; 2. H 1S (h)].
ie{l,...,r}
igl
Now, let ¢ € {1,...,r} with i ¢ I be fixed. Let ¢; € P, and let a; = B2¢;.
Subsequently, a lower bound for |S;(h)| with ho 1 = h11 = m; and all other h; ; =0
will be established. Let (6.”,...,8{") be the dual basis B of the fixed underlying
ordered basis B; of Fy, over F,. Further, let oy, 5; € F; be the parameters of the
ith recursion. Define a nontrivial additive character x; of Fy, by xi(v) = e(piiTr(’y))
for v € Fy,, where Tr denotes the trace function from Fj, in F,,. Then

qi—1
Z Xi (Z I vn+l> :
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758 FRANK EMMERICH

where uli) = Z?Zl hl,jégi) € F,, for 0 <1 <s—1 (cf. [14, Proof of Theorem 2]).
Since ho,1 = h1,1 = my and all other h;; = 0, it follows that u((f) = ugi)

and ul(i) =0 for 2 <[ < s— 1. Hence, one obtains

gi—1

Si(h) = 3 xi(mrsi "D+ mrs 1)
n=0

gi—1

S Xi(mrsP4 + mrs? (i vD + 6:))
n=0

= 3 X6y + mrs? (a7 + i),
YEFy,

With n;(v) = xi(mfégi)v) for v € Fy, it follows that

1Si) = | D mly+aFd+ 8| =| Y mly+ad)|.

YEFy; vEFy,;

Since a; = ($2¢;, one obtains

Si(h)| = | > mily+ B7¢)]| -

VEF,

Now, by changing 3; '~ into 4/ in the summation, one sees that

1Sih)| = | > m(BA + BiGT)| = |1Ki(Bi, G-

V' EFy,

Now, let 0 < ¢; < 1/32:?, and let Hy, (t;) be defined as in Lemma 7. Then there

exist more than Hy, (t;)(g; — 1) values of 3; € F; with
1Si(h)| = |K:(Bi, Gi)| > tig;

according to Lemma 7. Therefore, one obtains more than [[;c¢; 4\ 1 He, (t:)(¢i—1)
values of (3;)icq1,....r\1 € Hie{l,...,r}\l o With
1
prks) 5 2 k=2 ts 1/2
mkom — 8(7T+ 1)mkm1 - H 4q;
ie{l,...,r}
i

1 (k—4)/2 —k/2
8(m+1) 1 ie{g.,r}

igl
(i) For k < 4 the choice I = @, i.e., m; = 1, implies that there exist more than
[1i—; Hq,(ti)(qi — 1) values of (B1,...,0,) € F, x --- x Fy with

(k) 1 T\ k2
B 2 511 <]:[lt> m=k/2,
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(ii) For k > 5 the choice I = {2,...,r}, i.e., m; = mq, implies that there exist
more than Hy, (t)(q1 — 1) values of 4 € Fy;, with

w(ks t - _
B k=2, k2 -
mtm = 8(w 4+ 1)

Corollary 1. (i) Let k < 4. Then for fized underlying ordered bases of F,, over
Fp, for1 < i <7 and any (C1,...,¢) € Py, X -+ X P, there exists a value of
(Bi,...,Br) € Fy x --- X Fy such that the discrete star discrepancy E (ks)

*
mkom T
E' v (V0. V1, ..., Vi) for the sequence of k-dimensional pseudorandom vectors

generated by the compound inversive method with o; = B2(; satisfies

1 - qi — 3 _
k) S i k/2
w2 s \LLya=1)
for all s > 2.

(i) Let k > 5 and suppose that p1 = mini<;<,p;. Then for a fixed underlying
ordered basis of Fy, over Fy,, and any (1 € Py, there exists a value 1 € Fy, such that

the discrete star discrepancy E;ff 5721 =
k-dimensional pseudorandom vectors generated by the compound inversive method

with a1 = B2¢y satisfies
#(ks 1 G —3 (k-a)/2 _
grks) S k/2
mm =gy V1"

For a fixed number r of prime factors of m, Theorem 3 and Corollary 1 imply
that for any underlying ordered basis of F, over F},, and any (; € F,, there exist

E;‘nk,m(vo, Vi,...,Vik_1) for the sequence of

for all s > 2.

compound inversive generators with discrete star discrepancy E:n(,lf “21 of the order

of magnitude at least m~%/2 for k < 4 and of the order of magnitude at least

mgk_4)/2m*k/2 for k > 5, where m; = m/p; and p1 = mini<;<, p;. This shows
that the order of magnitude of the upper bounds for the discrete discrepancy Eﬁf,f )m

in Theorem 2 is best possible up to the logarithmic factor. The law of the iterated
logarithm for discrepancies [6] implies that the discrepancy of M independent and
uniformly distributed points from [0, 1)¢ is almost always of an order of magnitude
M~12(loglog M)'/?. A law of the iterated logarithm for discrete discrepancies
is not yet known, but it is tempting to conjecture that such a result holds for
the discrete discrepancy, too. In that case the lower and upper bounds for the
discrete discrepancy in the compound inversive method for pseudorandom vector
generation with k£ < 4 are in good accordance with such a result. On the other
hand, for £ > 5 (and r > 2) the lower bound for the discrete discrepancy is already
too large compared with such a result.

Note, that in the cases k = 1 and k = 2 similar results for the (star) discrepancy
instead of the discrete (star) discrepancy can be established, since the order of the
discretization error is small enough.
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