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ANALYSIS OF A CLASS OF NONCONFORMING FINITE
ELEMENTS FOR CRYSTALLINE MICROSTRUCTURES

PETR KLOUCEK, BO LI AND MITCHELL LUSKIN

ABSTRACT. An analysis is given for a class of nonconforming Lagrange-type
finite elements which have been successfully utilized to approximate the solu-
tion of a variational problem modeling the deformation of martensitic crystals
with microstructure. These elements were first proposed and analyzed in 1992
by Rannacher and Turek for the Stokes equation. Our analysis highlights the
features of these elements which make them effective for the computation of
microstructure. New results for superconvergence and numerical quadrature
are also given.

1. INTRODUCTION

Recent years have seen the development of a continuum theory for martensitic
crystals based on the minimization of the Ericksen-James elastic energy [2, 3, 13, 14,
17, 19]. The elastic energy density attains a minimum value at several symmetry-
related deformation gradients. Thus, the deformations of energy-minimizing se-
quences often exhibit a microstructure—the simplest of which are fine-scale layers
in which the deformation gradient is nearly constant and across which the deforma-
tion gradient oscillates between the energy wells—to allow the effective energy of
a deformation to be that of a macroscopic or relaxed energy. Further, the parallel
planes defining the layering in the microstructure are constrained by the symmetry
of the energy density to be a member of a finite family of parallel planes.

If the deformation is constrained on the boundary, then the deformation can-
not generally attain a minimum energy by forming a microstructure with layers
of nonzero thickness [3]. Rather, minimizing sequences of deformations must be
constructed from layers with a thickness which converges to zero. Such minimizing
sequences define the solution to the variational problems. They can be described
physically by the notion of microstructure and mathematically by the Young mea-
sure [2, 3, 17, 19].

When an energy minimizing deformation is sought in a finite element space, the
fineness of the layers is limited not only by the mesh size, but also by the nature of
the finite element used. The most accurate finite element spaces will be those which
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1112 PETR KLOUCEK, BO LI AND MITCHELL LUSKIN

can approximate microstructures with the most fine-scale layers possible on meshes
which are oriented arbitrarily with respect to the layers defining the microstructure.

Several approaches have been developed for the finite element approximation of
microstructure. The most commonly used finite element spaces are the conforming
spaces with continuous deformations which are either piecewise linear or multi-
linear with respect to some mesh. Although these spaces can approximate well
microstructure with layers which are oriented with respect to the mesh, we have
had difficulty approximating microstructure with these conforming spaces when the
layers are not oriented with respect to the mesh. We have not generally been able
to obtain solutions with conforming spaces which have a layer thickness of less than
three elements if the grid is not oriented so that the planes across which the gra-
dients of the deformations in the conforming finite element space are allowed to be
discontinuous are not parallel to the layers.

Two alternative methods have been developed to allow microstructure to be ap-
proximated on meshes which are not aligned with the microstructure. The first
method was that of reduced integration of the multilinear element [8, 9, 12]. This
method has been effectively used to compute microstructure with fine-scale layers
on meshes which are not oriented with respect to the microstructure. For Laplace’s
equation on a uniform grid, the deformation computed with this method can be
shown to converge strongly, but the deformation gradients do not converge strongly.
This would not be an effective method for the minimization of a quasi-convex energy,
however this method can be used effectively with the nonconvex Ericksen-James
energy since its energy-minimizing deformations converge strongly while its gradi-
ents do not converge strongly. Most importantly, numerical experiments indicate
the convergence of the microstructure or Young measure for the piecewise constant
projection of the gradients of the deformation.

The approach analyzed here is that given by a family of nonconforming finite
elements. The use of nonconforming finite elements is intuitively appealing for
problems with microstructure because the admissible deformations have more flex-
ibility to approximate oscillatory functions. The nonconforming elements that we
study in this paper were first proposed and analyzed by Rannacher and Turek for
solving the Stokes problem [24]. Recently, we have used these finite elements to
simulate the deformation of martensitic crystals with microstructure [18], and we
found that with a suitable numerical quadrature they produce a very robust approx-
imation method. Our analysis demonstrates that the deformation, as well as the
deformation gradient, converges strongly for second-order, linear elliptic problems.

The first version of the considered elements is a finite element defined on rect-
angles (respectively, rectangular parallelepipeds) with degrees of freedom given by
the values at midpoints of edges of the rectangles (respectively, the centers of the
faces of the rectangular parallelepipeds). The second version is a finite element
defined on rectangles (respectively, rectangular parallelepipeds) with the degrees of
freedom given by the averages over the four edges of the rectangles (respectively,
the six faces of the rectangular parallelepipeds).

Unlike most other nonconforming finite elements, these elements do not have
any conforming counterparts. Consequently, the error analysis is nontrivial. We
prove error estimates for these finite element approximations in both the H' and
the L2 norms. Our analysis contributes to the understanding of these elements by
emphasizing their relation to the conforming multilinear elements. We also give new
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NONCONFORMING ELEMENTS FOR MICROSTRUCTURES 1113

superconvergence estimates for the error of the deformation gradient. In view of
practical computations, especially for the computation of material microstructures,
we also give an analysis of the effect of the numerical integration.

The convergence of the approximation of the microstructure of the deformation
gradient of a crystal by continuous, piecewise linear finite element methods has
been proven in [10, 11] for one-dimensional model problems for norms which mea-
sure the weak convergence of nonlinear functions of the deformation gradient, and
the convergence of the three-dimensional approximation of the microstructure of
the magnetization in the micromagnetics model for ferromagnetics has been proven
for related norms [22]. These norms are stronger than the L? norm, which does
not control oscillations in the gradient, and are weaker than the H'! norm, which
does not allow oscillations in the gradient for convergent sequences. The above
analyses and the multidimensional analysis in [5, 6] proceed by demonstrating that
the deformation gradient (or magnetization in the micromagnetics problem) con-
verges weakly and that the approximate deformation gradient (or magnetization)
must lie in arbitrarily small neighborhoods of the minima of the energy density.
Thus far, these techniques have not yet made possible the rigorous analysis of the
numerical approximation of microstructure for realistic, multidimensional models
for the deformation of crystals [2, 3, 9].

Throughout this paper we will mostly focus on the three-dimensional approx-
imations, although similar results hold in two dimensions. For simplicity, let
2 = (0,L1) x (0,L2) x (0,L3) be a rectangular parallelepiped with faces paral-
lel to the coordinate planes. The points of {2 will be denoted by (x,y,z) or by
(z1,22,23) as appropriate. Results similar to those presented in this paper are
valid for domains which are the union of rectangular parallelepipeds except that
the rate of convergence in the L? norm may be reduced since the regularity of the
solution of the dual problem with L? data may be reduced.

We consider the following divergence-type second-order elliptic boundary value
problem,

PR O A O A O T U
(1.1) Y=z \"or Oy a28y 92 \ "9z cu=r s

u =0, on 02,

where ay,as, a3 € WH(£), a1,az2,a3 > ag = constant > 0, a.e. 2, ¢ € L>(12),
c>0, ae 2, f € L*(£2). We define a(-,-): H(2) x H(2) — R by

a(vw)Z/ a@a—w—l—a@a—w—i—a@a—w—i—cvw dxdydz
T o\ oz oz >y Oy 29z 0z yaz.

It is obvious that a(-, ) is symmetric, continuous and bilinear. Furthermore, by the
Poincaré inequality, a(-,-) is Ha(£2)-elliptic. We denote by (-,-) the L?(£2) inner
product. The existence and uniqueness of the solution to the problem (1.1) follow
from the Lax-Milgram lemma. The following theorem gives the regularity of the
solution [15, 16].

Theorem 1.1. For any f € L?({2), there exists a unique uw € HE(2)NH?($2) such
that

(1.2) a(u,v) = (f,v),  Vve HL(R).
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1114 PETR KLOUCEK, BO LI AND MITCHELL LUSKIN

Furthermore, there holds the a priori estimate

(1.3) [[ul

2.0 < C|f|

0,02,

where C = C(aq, a2, as, ¢, 2) > 0 is a constant.

The rest of this paper is organized as follows. In §2 we define the finite elements
and their corresponding finite element spaces based on a rectangular partition of
£2. We then prove a Poincaré-type inequality for the test functions. In §3 we give
the error estimates in both the H! and the L? norms. In §4, we discuss the relation
of the considered finite elements to multilinear finite elements. In §5, we give a
superconvergence estimate for the gradients based on cubic partitions. Finally, in
86, we apply numerical quadrature to the finite element approximations, and we
study the rates of convergence for several resulting schemes.

2. THE FINITE ELEMENTS

The first finite element is defined by the triple (Q, Pg, E’é), where Q = [a — T,
a+r] x[b—s,b+s] x[c—t c+t]is arectangular parallelepiped with its center at
(a,b,c) and the lengths of its edges 2r, 2s, 2t, where 7, s,t > 0,

e remsm e (- (- ()

(2.2) S = {g(M;) i=1,...,6},

where M;, ¢ = 1,...,6, are the centers of the faces of (). This Lagrange-type
element is well defined since it is easy to verify that Z% is Pp-unisolvent, i.e., for
any given a; € R, i =1,...,6, there exists a unique ¢ € Pg such that

q(Mi):Oéi, Z:L,6
We define ¢; = ¢;(x,y,2) € Pg, i =1,...,6, such that
(23) (pi(Mj):(Sij, i,jzl,...,G,

by permuting the terms (z —a)/r, (y — b)/s and (z — ¢)/t in the polynomial

1gc—a2ly—b21z—c2 z—c 1
(24) 80(157%2)— 6( r ) 6( s >+3< M >+6 ot +67
where € = £1. Thus, it follows that {¢;}¢_, is the standard basis for the finite
element (Q, Pg, Eg). We then define the affine family of finite elements (R, Pg, X4,),
where R is a rectangular parallelepiped. We note that in general V - V¢ # 0 for
¢ € Ppunlessr =s=1.
Next, we define the averaged version of the preceding finite element to be the

triple (Q, Pg,%4). The polynomial space P is the same as defined in (2.1) and
the set of degrees of freedom is defined by

(2.5) g:{][ qu:izl,...,G},
F;
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NONCONFORMING ELEMENTS FOR MICROSTRUCTURES 1115

where F;, i =1,...,6, are the faces of the rectangular parallelepiped ) and

f=ml

for faces F' C 0Q, where |F'| denotes the area of the face F. This finite element is
well defined since 2§ is Pg-unisolvent. This can be easily checked by considering
the six polynomials ¥; = ¥;(z,y,2), i = 1,...,6, obtained by permuting the terms
(x —a)/r, (y —b)/s and (z — ¢)/t in the polynomial

1/z—a\® 1 y—2>b 2 1 /z—c\? z—c 1
2.6 =—- - = - -
(2.6)  P(x,y,2) 4<T> 4<S)+2<t)+62t + 5
where € = £1. It is obvious that i; € Pg,i =1,...,6, and it is easily checked that
with a suitable labeling of the indices,

(2.7) ]é vy dS = 8.

Thus, {1/11-}?:1 is the standard basis for the finite element (Q, Po,¥¢). Again, we
define the affine family of finite elements (R, Pr,¥%), where R is a rectangular
parallelepiped.

To construct a rectangular partition 7, of {2, we define one-dimensional partitions
of [0, Ly], for k=1,2,3, by

0=a) <z < <ap™ = Ly,

where my, are positive integers. We then define the rectangular parallelepipeds

a1 1 NP ) .
Riyinis = (277 2 | x a7 e x 257 28], 1<ii <ma,..., 1 <iz <mg,
and the rectangular partition

Th ={ Riyinis 0 1 <i1<mq,...,1<iz<ms}

with the mesh size parameter h defined by h = max{h; : 1 < k < 3}, where
hyx = max{z} — x?c_l : 1 < i < my} is the maximal discretization size in the kth
coordinate direction for £ = 1,2, 3.

For the first finite element, we define the set of nodal points Nj, to be the set
of all the centers of faces of elements in 7. The finite element spaces over the
partition 7, are then defined respectively to be

V,f ={u, € LQ(.Q) PR € Pg, VR e T ; adjoining vy, have the same
values at shared nodal points, i.e., vp, is continuous on Np, },

Vit ={v, € L*(N) : vn|, € Pr, VR e m;

Un| dS = Un| ds, Y faces F = OR' N OR" #0, R,R" € }.
F R/ F R//
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1116 PETR KLOUCEK, BO LI AND MITCHELL LUSKIN
To solve the Dirichlet problem (1.1), we define
Vi, ={vneVl:v,=00n N,NoN},

Voh = {vheV,{l: / vhdSzo,VfacesFC8RHBQ7E(Z),R€Th}.
F

It is obvious that all of the spaces V,f , Voph7 V¢ and Vjj, are finite-dimensional
subspaces of L?(£2). They are also affine finite element spaces [7]. For v, € V' (or
VE, V2, V), we have in general that vj, ¢ C(£2) since vy, is continuous necessarily
only at centers (or at some other points in the case of the V;!-approximation) of
faces of adjacent elements. Therefore, V¥ (or V,, V%, Vi) € C(£2), and, hence,
VP (or VB, V2, VE) € H'(2). Thus, in view of solvmg a second-order elliptic
boundary value problem, the finite elements are nonconforming.

For convenience, we define for an integer & > 0 and p € [1, oo] the space

Wy (2) = {ve LP(@) : v|, e WH(R), VR e},

and equip W,f P(£2) with the following seminorm and norm:

1
j4 P .
- bopn = (Zrem | Bor)” if 1< p< oo,
maxgrer, | * ko0, R if p = o0
1
P .
I llep.n = (ZREW I |£7P7R> ’ iflsp<oo,
maxger, | - if p = o0,
where, for R € 7, | - |kp,r and || - ||x,p,r are the usual seminorm and norm on the

Sobolev space W*P(R) [1]. If p = 2 we write H}(£2) for W,’f’p(Q) and omit p in all
the above seminorm and norm expressions.

Now it is obvious that | - |1, defines a norm on Vj, and Vij,. We next prove
a Poincaré-type inequality for functions in the finite element spaces VJ, and
This inequality leads to the uniform V{ - and Vi -ellipticity, which is required in
deriving the second Strang lemma [7, 25].

Theorem 2.1. For any vy, € V}, UV}, we have

(%h

(2.8) lonllo.z < V6 hlonlin + V2L | 55

. k=1,2,3.
0,h

Proof. Let us fix v = vy, € Vi, UV, For any Z = (71,Z ) € 12, where &' = (%2, T3),

let R=[z}'7! 2] x R, where R’ = [z 7!, 2] x [25 7!, 2], be such that Z € R.
Without loss of generahty7 we assume i1 > 2. Denote by v; the restriction of v on
(27 2] x R, for j=1,...,my. If v € V&, we have

71 —1

/ vy (29, 2" )dx' + Z [/ V41 xl,x)d:l:'—/ vj(x{,x')dm'} =0.
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NONCONFORMING ELEMENTS FOR MICROSTRUCTURES 1117

Consequently, there exists 2’ = (25, 25) € R’ so that

i1—1

(2.9) v (29,2') + Z {Uj+1(${,z/) —vi(e],2)| = 0.

j=1

Observe that on each element in 7,

(2.10) dv € Span{1, z}, k=1,2,3.
Bxk

By (2.9) and (2.10), we have

i1—1
V(@) = iy (@1, 7) = v, (@7 72 + Y [i(ad,2) vl 7))

J

[OR SN

(2.11)

11—1 I

B 81111 Ov;(x)
_Z/ ) s +Z/ L,

where 2 = x{* ", This is also true for v € V, if we choose 2’ € R’ so that (29, 2’)
is the center of the face {29} x R’ of the element [2{,21] x R’. It then follows from
(2.11), (2.10) and the Cauchy-Schwarz inequality that

(2.12) Bk <6hZ/ d k+2L12/

Integrating (2.12) over R and summing up the integrals over R € 7,, we thus obtain
(2.8) for k = 1. The same argument applies to k = 2, 3. O

avn ij

dilil.

3. H} AND L? ERROR ESTIMATES

We define ap(+,-) : HL(2) x H} (2) — R by

811811) Ov Ow ov Ow
(v, w) R;/( 5 B Qa_ya_y"' 92 02 +cvw>dmdydz.

We also denote Vj, = VP or V) and Vy, =V, or Vi, respectively. It is clear that
an(-,-) is symmetric, continuous and bilinear. By Theorem 2.1, it is also uniform
Von-elliptic, i.e., there exists a constant oo > 0, independent of h, such that

(3.1) an(vn,v) = allon i, Yon, € Von.

Therefore, by the Lax-Milgram lemma, there exists a unique finite element approx-
imation uy € Vg, such that

(3.2) an(un,vn) = (f,vn), Yon € Von.

In the sequel, the rectangular partitions 73, are always assumed to be quasi-
uniform, i.e., there exists a constant ¢ > 0, independent of h, such that

min{x} —x, ' :i=1,...,my, k=1,2,3} > oh.
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1118 PETR KLOUCEK, BO LI AND MITCHELL LUSKIN

We denote the Lagrange interpolation operator I, : C(£2) — Vj, to be either

I : C(2) — VP or I : C(£2) — V2, which are defined respectively for I'v € V/P
and Ij'v € Vi by

IPo(M) = v(M), VM e Ny,

/IﬁvdSz/vdS, Y faces F C OR where R € 7y,
F F

for any v € C(£2). We also use the same notation I, I} and I to denote the
restrictions of these operators over an element of the partition 7y,.

We use the symbol C to denote a generic constant varying with the context. This
constant is always assumed to be independent of all the trial and test functions,
the solution u to (1.2) and the mesh size parameter h unless the dependence is
otherwise stated.

Let us recall the following well-known results on the estimates for interpolation
errors and the inverse estimates for later use [7].

Theorem 3.1. For k =0,1,2, we have

[ Iwo — vllk.r < Ch2 *vlor,  VRem, Yve HX(R),
||Ih'U—UHk,h SCh2_k|’U|27h, \V/UEH,%(.Q)

Theorem 3.2. Let k and l be two integers such that 0 < k <1< 2. Then for any
R € 1, and any vy, € Vi, we have

lvnli,r < ChF ! opk, g,
lonlin < CR* o |kn,
[vnli00,r < Chk_l_%|vh|k7Ra
[vnli,00,n < Chk_l_%lvhlk,h-

Our main results in this section are the error estimates for the finite element
approximations in the H} (£2) and the L?({2) norms.

Theorem 3.3. Let u € HE(2)NH?(2) and uy, € Vop, be the solutions to (1.2) and
(3.2), respectively. We have

(3.3) lu — un|lm,n < Chz_m||u||2,g, m =0, 1.

To prove the theorem, we need some auxiliary lemmas.

Lemma 3.4. Let R € 1, and F C OR be a face of R and let Py € R be an arbitrary
point. Then the following estimates hold:

(3.4) ‘ w(Py) — ][ wdzdydz | < Ch|w co,R, Vw e Wh(R),
R

(3.5) /Fw—jiwdS

c
(3.6) /aR w?dS < = |uwl} n + Chluf o Vw e H'(R).

p
dS < CW 5wl 5, Vwe H'(R),p=1,2

3 )
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NONCONFORMING ELEMENTS FOR MICROSTRUCTURES 1119

Proof. The inequality (3.4) follows easily from the estimate

‘w(Po) - ][ w dxdydz
R

_ \ F o) = wle.y, ) dedydz
R

< ][ w(Py) — w(z, y, 2)| dedydz
R

< ][ IPo — (2, 2) w100 derdydz
R

for w € WL>°(R).

Next, let R = [a —r,a + 7] x [b —s,b+ s] X [c — t,c+ ¢] and assume without
loss of generality that F = {a 4+ 7} x [b — s,b+ s] x [¢ — t,¢ + t]. Denote R =
[—1,1] x [-1,1] x [=1,1] and F = {1} x [=1,1] x [=1,1], and define the affine

mapping K : R — R by K(§,n,¢) = (z,y, z), where
(3.7) x=7r€+a, y=sn+b, z=1t(+ec.

For any function w = w(P), P € R, set 0 = w o Kr. Now by the quasi-uniformity
of 7, and the trace theorem [1] we get that
W — ][ wdS
F

(3.8) /Fw—]éwdS’pdS’:st/F

Replacing w by w+ ¢ in (3.8) with ¢ any constant, we have by the Bramble-Hilbert
lemma [7, Theorem 4.1.3] that

/ w—][wdS’
F F

This proves (3.5).
Finally, by the transformation (3.7), the quasi-uniformity of 7, and the trace
theorem, we have

p

G 21(1,5|P
dS < Ch Hw||17R.

P
. ~ ~ ~ _P
dS < Ch*> inf |+ CHI;)R < Ch2|w|’1’7R < Ch? 2 |w|f)R.

¢é=constant

/ w?dS < ChQ/AﬁJQ dS < Ch? [/ deﬁdndC+/ | V| dfdnd(}
AR AR R R
< COh? [h_?’/ w? d:z:dydz+h_1/ |Vw|2d:1:dydz},
R R

leading to (3.6). O

In what follows, for R € 75, and a face F' C OR, we define the functional T by
either Tp(w) = w(Mp) for w € C(F), where Mp is the center of the face F', when
considering the V-approximation, or by Tr(w) = f,wdS for w € L*(F) when
considering the V,*-approximation.

Lemma 3.5. For any R € 7, and any face F C OR, we have

/ [Uh — TF(’Uh)]2dS < Ch|Uh|%,R7 Vvh € V.
F
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Proof. Without loss of generality, we assume that F = {a + r} X [b — s,b + 5] X
[c —t,c+1t]. Let Pr = (a+1,7,2) € F be such that Tp(v) = vh(PF) Now, by
the Cauchy-Schwarz inequality, the fact (2.10) that M (respectlvely, %2 ) depends
only on y (respectively, z), and the qua81-un1f0rm1ty of the partitions Th, we have

b+s c+t
Jlon=tePds = [ [ oo ) - onla-t rg 2] dyds
F b
b+s c+t Yy z — 2
_ / / |:/ avh a + ’:’ y Z) dyl + / 8vh(a’ + ’f’) y? z ) dzl:| dydz
b c— g ay z 0z
b+s c+ Yy 2
/ / 2 |:/ avh(a’—i_t‘?y 7Z) dy/:|

b c—t g 8y
/ th(a + 7,7,z }dydz

3 0z

b+s c+t 2
/ / {2 ly — 9l / dy’
b—s Je—t g
+2]z — Z| /Z )‘2dz’
5 0z
b+s b+s c+t
/ / / Ol 4 gt /

b c—t
b+s 2 e+t
4st (45/ dy + 4t/
b—s c—t

completing the proof. O

IN

+ 2

ovp(a+r9y,2)
8 !

IN

8Uh(a +, gv 2

} dydz
2
dz} dydz

dz) < Chlvpl3 g,

a’Uh

IN

th

Y

2
(%h

IN

Lemma 3.6. Let R € 1, and let F C OR be a face of R. Then, for any trilinear
function w = w(zx,y, z) on R, we have

(3.9) /F (w—TIhw)dS =0 and  Tp(w— Ihyw)=0.

Proof. Without loss of generality, let R € 7, and F' C OR be the same as in the
proof of Lemma 3.5. If w = 1, z, y or z, then I,w = w. Hence, (3.9) holds trivially.
Now if w is not linear but multilinear with respect to the variables x — a, y — b, and
z — ¢, then a simple calculation shows that Iw = 0, Tr(w) = 0, and (3.9) is true as
well. Our proof is complete since all the trilinear functions are linear combinations
of those functions tested above. O

Now we are in a position to prove our theorem.

Proof of the H} error estimate. By Theorem 2.1, ap,(-,-) is uniformly Vpp-elliptic.
Hence, by the second Strang lemma [7, 25], we have

. dh U, Up,
(3.10) lu—wunlli,n <C | inf [lu—woplli,n+ sup ld o 0n))
v €Von 0#vp €Von thHl,h
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NONCONFORMING ELEMENTS FOR MICROSTRUCTURES 1121

where dj, : H?(£2) x H}(£2) — R is the nonconforming error functional defined by
(311) dh((p,’U) = CLh(QO,’U) - (L(,O,’U), pE HQ(“Q)v v e Hé(g)a

and where £ is the differential operator defined in (1.1). Since u = 0 on 9{2, and
u € H?(2) — C(£2), we have that Iyu € Vo,. Thus, Theorem 3.1 leads to the
estimate

(3.12) inf lu—onllin < [lu—Ihulli,n < Chjjull2,e.
v €Von

To estimate the error functional dp(-, ), we fix an arbitrary function v = v, € Vpp,.
Since u € Hg(£2) N H?(2) is the solution to (1.2), by integration by parts, we get

ou Ov Ou Ov ou Ov
dp(u,v) —R%: /R (algg + a28_y8_y + ag%& + cuv — fv) drdydz
Th
(3.13)
ou ou ou
= Z /8Ra1%1m1 dS—l—Hg;h /5Ra23_yvn2ds+ Z /aRag&UngdS’

ReTy, ReTy,

=L+ 1+ Is,

where n = (n1, ne,n3) is the unit outer normal to the boundary R of an element
Rem,.
By virtue of the definition of the VP~ and V%-approximations, we have

ou
I = Z /aRal%vnldS

ReT),

Y /Falg—Z[v—TF(v)]nldS

ReTy, face FCOR

(3.14) = Z Z /F <a1 - ]éaldxdydz) g—z [v —Tr(v)]n1dS

ReT), face FCOR

+ Z Z (ﬁaldzdydz)/lmg—Z[v—TF(v)] n1dS

ReTy, face FCOR
= I+ Is.

It follows from the Cauchy-Schwarz inequality, Lemma 3.4 and Lemma 3.5 that

>y /F <a1 - ]ialdxdydz) % v — Te(v)] n1dS

ReTy, face FCOR
< Chllullz,ellv]ly,p-

|4] =

(3.15)

To estimate I, we first consider the V,*-approximation. In this case, since Tr(v) =
fF vdS, by the Cauchy-Schwarz inequality and Lemma 3.4, we have

Z Z <]€%a1d$dyd2) /F % [v—Tr(v)]n1dS

ReTy, face FCOR

> > (ﬁaldwdydz)/lw%—m%)] [v — Tr(v)] n1dS

ReTp, FCOR

5] =

(3.16)

IN

Chlull2,el[vll1,n-
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In the case of the V’-approximation, we fix an element R = [a — r,a + ] X
[b—s,b+s] x[c—t,c+1t] €7, and consider its two opposite faces Fiy = {a £ r}

X [b—s,b+s] x [c—t,c+t] with ny = ny = £1. We then have by (2.10), by the
Cauchy-Schwarz inequality, and by the quasi-uniformity of the partitions 75, that

/F % ['U — TF+ ('U)} n+dS +‘/I; g—z [’U — T (’U)} n_dS

b+s c+t(i)
/ / ua—i—T’ Y, )[ (a_i_r?y’z)—U(a+r7b70)]dydz
b c—

bbs rett gu(a —r,y, 2
(3.17) /b /C Sula —1,y,2) v(a —ry,z) —v(a—rb,c) dydz

/b+s/ 8ua—|—ry, )_8u(a—r,y,z)
b ox

Y z /
_ {/ dv(a+ry ’Z)dy’—i—/ Bv(a—l—r,b,z)dz,} dyds
b ay c 0z

< Ch~

Consequently, by rearranging the terms in the summation I5, we obtain the estimate
for the VP-approximation

(3.18) (15| < Chllullz,el[v]1,n:
It follows from (3.14)—(3.18) that
[11| < Chllullz,el[v]l1,n:

Similar estimates hold for I; and I3. We then obtain by (3.11) and (3.13) the
following estimate

(3.19) |dn(u, vn)| = lan(u,vp) — (Lu, vp)|
' Vvh € Von.

This, together with (3.10) and (3.12), leads to (3.3) with m = 1. The first part of
the proof of the theorem is finished.

Proof of the L? error estimate. We follow the nonconforming version of the Aubin-
Nitsche argument [21, 23]. Let g € L?(£2). By Theorem 1.1, there exists a unique
g € H}(£2) N H?(£2) such that

Loy =g, in £2,

(3.20) u =0, on 012,

which by Theorem 1.1 satisfies

(3.21) Ieglla, o < Cligllo.o-

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



NONCONFORMING ELEMENTS FOR MICROSTRUCTURES 1123

It is easy to verify, for any ¢, € Vo, that

(u—un,g) = an(u —un, og — ¥n) — dn(u, pg — ) — dn(@g, u — up).

Consequently,
(3.22)

lu—unlon= sup (u—up,g)
0#£geL2(£2) HQHOﬂ

< sup

inf  [[an(u—un, oy — ¥n)|
0#£9€L2(R) K

+ |dn(u, g — Vi) + dn (g, u — un)| ]

Fix g € L*(2). Let Wy, C C(£2) N HE(£2) be the trilinear finite element space
over the partition 75,. Denote by Qj : C(£2) — Wy, the corresponding trilinear
interpolation operator. We choose ¢, = I,(Qnpy) € Von. By the H,% error estimate,
Theorem 3.1, the well-known interpolation properties of the operator @, [7], and
(3.21), we have

Jan(u —un, g = 9Yn)l < Cllu—unlly 5, g — vl
(I = @l o + 1Q2s — 11 (@il )
(Ieals.c + 1@npglls) < CB2

Since Qrpy € Hg(£2) and u € Hg (2)NH?($2) is the solution to (1.2), by denoting
Xn = Qnpy — Yn, we have

dn (u, g — Yn) = dp (v, Qrg — Vn)

ou ou
(3.24) => /BR |:al_th1 + @275, Xh12 +asg- th:z] ds

ReTh
=Ji+ Jo + J3.

(3.23) < Ch?

On a face F' C OR for an element R € 75,, we have by (3.9) that f, xndS = 0.
Hence, since Qpp, € C(£2), by the same argument as in the proof of the H} error
estimate (cf. (3.14), (3.16)) we have

Z/ ala thldS— Z

ReTy, Re'rh face FCOR

Z Z / —thl dsS

ReTy, face FCOR

+> > /( F dS)thldS

ReTy, face FCOR

-y v / ( ][thS>n1dS

ReTy, face FCOR

+Y Y /(—— —dS)(Xh— thS)nldS

ReTy, face FCOR

J1 / ax Gu xnn1 dS
F 81’
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where
C_L{% = ][ a1dzdydz.
R

Therefore, by Lemma 3.4, the Cauchy-Schwarz inequality, Theorem 3.1, the prop-
erties of the operator @, and (3.21), we get

ou ou
|1 < C Z Z <h||Vu|0,F+ Ha— - ][ a—dS ) ‘Xh — ][ xndS
ReTy, face FEOR x FOT 0,F F 0,F
(3.25)
< Chllullz,0llxnllin < CR?[|ullz,0ll ¢glly.o < Ch?|lull2,qllgllo,o-
Similarly,
(3.26) | Jo| + |J3] < Ch?||ull2,2]l9ll0,0-

Now it follows from the fact Qpu € H}(£2) that

(3.27) dp (g, u —up) = dn (©g, Qru — InQnu) + dp (¢g, InQru — up) = Jo+ Js.

By the same argument used in estimating dp, (u, ¢q — ¥n) (cf. (3.24)-(3.26)), we
obtain

|Ja| = |dn (g, Quu — I,Qnu)|

(3.28)
Ch? [lgglly o 1Qnully , < CR? igllg o llul

IN

2,0

Denote v = I,Qnu — up, € Vpi. Replacing u by ¢4 in (3.19), by the H,i error
estimate, Theorem 3.1, the known properties of the operator @, and (3.21), we
then have

| J5] = |dn (0g,v)| < Chlloglly o IVl
(3.29) < Chllgllo.e ([1nQnru — Qnull1n + |Qnru — ull1,0 + [|u — un|l1n)
Ch® HUH2Q HgHQQ :

INIA

Finally, the L? error estimate (3.3) with m = 0 is a direct consequence of (3.22)-
(3.29). O

4. CONNECTION WITH MULTILINEAR FINITE ELEMENTS

In the previous proof, we made use of the piecewise linear function I, @ u several
times as an approximation function of u. This makes some connection between the
considered nonconforming elements and the conforming multilinear elements. Fur-
thermore, it is in fact true that all the piecewise linear functions in V{;, approximate
the solution u well enough.

To be more precise, let Wo, C C(2)NHE(£2) be again the trilinear finite element
space over the mesh 7. By the proof of Lemma 3.6, we know that all the functions
in the subspace IpWy, C Vi, are piecewise linear functions. Furthermore, by
taking the boundary condition into account, it is easy to see that the operator
Iy, : Wop, — I Wy, is in fact one-to-one and onto. Thus, the subspace I, Wy, C Vi,
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has the same number of degrees of freedom as the trilinear finite element space Wy,
does. Now by the Lax-Milgram lemma, there exists a unique u, € I, Wy, such that

(4.1) an (Un,vr) = (f,vn), Yon € IWop.

We realize that uy, is in fact the projection of the finite element solution u; € Vo
into the subspace I, Wy, since by (3.2) and (4.1), we have

(4.2) ap, (up, — ap,vp) =0, \V/vh e InWoyy,.
Now let us write the error
(4.3) u—tp = (u—Ipup) + (Inuj, — un),
where u € Wy, is the trilinear finite element approximation of u, i.e.,
(4.4) a (uf,, wy) = (f,wn), Yy, € Wo.
By the known results on this approximation u}, [7], and by Theorem 3.1, we get
(4.5) |lu — Ihu';1||17h < Hu — UZHLQ + ||u’,5Z — Ihu}iHLh < Chllull2,50-

Notice that A\, = Inu!, — up € I,Won C Vo By (3.1), (4.5), (3.19) and the known
results on u}, we have

(16) a||)\h|\%)h < ap(Mn, An) = ap (Ihu’,fl - u,)\h) + ap (u — Up, Ap)
< C ||, —ull, , Pwllin + du, M)] < Chlul

It follows from (4.3)—(4.6) that

(4.7) lu—anlly , < Chljullz,q-

Now, by the definition of dj (-, ) (cf. (3.11)) and (4.2), we have for any g € L?({2)
and any Yy € I Wy, that

(’U, - ah?.g) :(U - 'U/h7g) + (Uh - ﬂh?.g)

=(u — un, g) + an (un — Un, g — ¥n) — dn (g, un — Un) -
Setting 1/Jh = IthgOg € IpyWop in (48), we have
(4.9) lan(un — @n, 09 — ¥n)| < Cllun — anlly p llg — InQugll;

< C (Jlun = ully + lu=nlln ) (s = Qneglly s+ 1@y = 1nQupylly 1)

< CRlullz.a (g0 + 1@nglls,0) < OB ull2.allglo.o,

where we used the known properties of Qp, Theorem 3.1, Theorem 3.3, (4.7) and
(3.21). Replacing u by ¢4 in (3.19), we then get by (3.21), Theorem 3.1 and (4.7)
that

2,0/ Anll1,h-

(4.8)

|dn (pg, un — )| SChllgglly g lun — unl

(4.10) < Chllgllo,2 ([lun — u]
<CR?|lull2,0llgllo.c-

We have in fact proved, by (4.7)—(4.10) and Theorem 3.3, the following

Theorem 4.1. Let u € H}(£2) N H?(2) and 1y, € I,Woy, be the solutions to (1.2)
and (4.1), respectively. Then,

1,h

1n+ [lu—@nll1,n)

lu = tnllo,0 + hllu — nll1n < Ch?|Jull2,0.
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5. A SUPERCONVERGENCE ESTIMATE

We first give a superconvergence estimate for the interpolation error gradients.
Denote by Cr the center of a rectangular element R € 7.

Lemma 5.1. For any R € 1, we have

(5.1) V(v — I,0)(Cr)| < Ch?|v|3.00.R, Vv e WH=(R).

Proof. Let R =[—1,1] x [-1,1] x [~1,1]. Define: F': W3*(R) — R by

F(0) = 8¢(0 — 10)(0), e W»®(R),

where O = (0,0,0) and I is the interpolation operator over R for the considered
elements. By the imbedding W3 (R) — C'(R), we have

(5.2) ‘F(@)

< Clillg s €W (R).

Now the basis functions for our elements over R can be easily obtained by setting
a=b=c=0andr =s=1t=11in (2.4) and (2.6), respectively. By their properties
(cf. (2.3), (2.7)) and by the Taylor expansion, a series of calculations then lead to

(5.3) F(p)=0, VpePy(R),

where P, (R) is the set of all polynomials over R with degrees at most 2. It follows
from (5.2), (5.3) and the Bramble-Hilbert lemma that

‘F(f;)

< Clbls s  DEWHS(R).
This, together with the affine transformation from R to R (cf. (3.7)), leads to

10, (v — Iho)(CR)| < Ch! ‘F(a)

< Ch? |v|3)oo)R.

Similar estimates hold for 0y (v — Iv) and 0. (v — Iv). O

In the rest of this section, we will only consider the V,*-approximation, i.e., the
averaged element approximation, to the solution of the model problem

—Au = f, in £2,

(5:4) u =0, on 912

The following result shows that the nonconforming error functional dj (-, ), as de-
fined in (3.11), is of one order higher than usual. Hence the nonconformity, in this
case, is weak.
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Lemma 5.2. Let u € H}(2) N W3°°(£2) be the solution to (5.4). Then,
(5.5) [dn(,00)| < CRfulls oo 0llvnlln, Vo € Vi,

Proof. Fix v = vy, € Vjj;,. We have as before that

0
(5.6)  dp(u,v) Z / <—vn1+ uvng-f- uvng) dS = K; + Ks + K.
Rery, Y OR dy 0z
Th
By virtue of the %‘ﬁl—approximation, we can further write

K, = Z/ —U’rleS
AR

ReTh

> X [ |5 2 - rewimas,

ReT) face FEOR
where M is the center of a face F. Fix R = [a—r, a+7]x[b—s, b+s] X [c—t, c+t] € T,
and consider its two opposite faces Fy = {a£r} X [b—s,b+ 5] X [c —t, c+ t] with
n1 = n4 = x1. An application of the Bramble-Hilbert lemma leads to the estimate

0?u(z,y,z)  0*u(w,b,c) 2
5.8 s — | dzdydz < Ch°|ull3 o &
6y [T 0O drdydz < CHulf}
It then follows from (2.10), the Cauchy-Schwarz inequality, (5.8) and Lemma 3.5,
that

/ [au ou(Mp, )

(5.7)

} [0~ Tp, ()] n1dS

Ox Ox
* /F BZ %} [v—Tr_(v)] n_dS

_ /bb+s/ {[3ua+ry, )_3U(aj9—xr,b,c)}

_ [ u(a 8?‘ 'Y >_BU(G_T7b7C>}}[U(a-f—?“,y,z)—T&(u)} dyd

T ox

— /b+5/0+t /‘1” Pu(z,y,z)  u(,b,c) dx
B b c—t a—r 8132 8172

vla+ry,2) — Tr, (v)] dydz

e
< Ch2|ulls,c0.2llv]1,5-
Consequently, by a rearrangement of the terms in the summation K;, we have
e
|K1| < Ch|ulls.e, Y 0llr < CR?[lulls,00.l[v]l1,0,
ReTy
where we also used the Cauchy-Schwarz inequality and the fact that
(5.9) Iml= > 1< Ch™5
ReTy

In the two-dimensional case, k3 should be replaced by h~2. Similar estimates hold
for K9 and K3 as well. Hence, (5.5) follows. d
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Lemma 5.3. Let u € H}(£2) N W3°°(82) be the solution to (5.4) and uy, € VG, its
Vi, -approzimation. Assume that all the elements in 7, are cubes. Then

(5.10) | Tnu — unll1,n < Ch?||ul|3,00,0-

Proof. Denote v, = Inu — up € Vjj,. Since each element in 75, is assumed to be

a cube, it is easy to see that -, is piecewise harmonic. On the other hand, since
I, = I} is the interpolation operator for the V-approximation, we have

/(Ihu—u)dSzo, Vfaces F C R, VR € 7.
F
It then follows from (2.10) that

ap(Ipu — u, ) = Z / V(Ipu — u)Vypdedydz
ReTy, R

Z Z [/F(Ihu—u)%nldS

ReTy, face FEOR

87h 87h o
+ /F(Ihu - u)a—yngdS’ + /F(Ihu - u)angdS’ =0.

Now, by (3.1), (5.11) and Lemma 5.2, we have

(5.11)

allvullfn < an(yh, ) = an(Tnu — un, 1)

= an(u—un, ) = dn(u, ) < Ch2||ull3,00, 2l l1,1s

leading to (5.10). O
Now we present the main result in this section.

Theorem 5.4. With the same assumption as in Lemma 5.3, we have

2

(5.12) [Z |V(u—uh)(CR)|2h3] < Ch2||ul|3,00,0-
ReTp,

Proof. By Lemma 5.1, Theorem 3.2 and Lemma 5.3, we have

[Z |V (u = un) (Cr)* h?’]

ReTy,

N|=

<C [Z IV (u— Thu)(Cr)* h* + |V(Ihu—uh)(CR)|2h3]

ReT, ReTy
1
512
1,R>

<c [h4|u|§,m,g+h3 S (h i - w]
ReTh
< OF?|lulls 0,0,

completing the proof. O
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Now let us turn back to both the V’- and V%-approximations with general
partitions of the solution to the general problem (1.1). Recall that Qp, : C(2) —
Wop, is the interpolation operator for the trilinear finite element. We can easily
obtain, if the solution u is smooth, that

(5.13) |V (u - Qhu) (CR)| + |V (u — Ithu)(CRH =0 (h2) .

As discussed in §4, the considered elements are connected with the conforming
multilinear finite elements through the subspace I, Wy,. Thus, the estimate (5.13),
Lemma 5.1 and the known superconvergence results (cf. [20]) on the multilinear
elements naturally lead to a conjecture on the pointwise superconvergence estimates
for the error of the gradient: if the solution u is smooth enough and the partitions
T, are suitably regular, then

(5.14) max |V (u —un) (Cr)| = O (k?).

In its discrete average form, the superconvergence estimate (5.12) for the simplest
case makes the estimate (5.14) believable somewhat. However, compared with a
recent work on higher-order error estimates on the nonconforming Wilson finite
element [4], the proof or disproof of (5.14) will be more difficult since our elements

do not have any conforming counterparts, though there is some connection between
our elements and the conforming multilinear elements.

6. EFFECT OF NUMERICAL INTEGRATION

We define on the reference element R = [~1,1] x [~1,1] x [~1,1] the numerical
integration scheme

I
(6.1) [ iten.0)dedndc = 3" 013(@). g <)

where &; > 0, Q; = (&,mi Gi) € R,i=1,...,1, and I is a positive integer. Let us
denote

P = Span{ 1757 m, Cv 52 - 7727 52 - C2 }

We shall assume that the quadrature scheme is exact on P, i.e.,
T

(6.2) [ e demic =Y @), peP.
i=1

and that the set of quadrature points
(6.3) {Qi}L_, in (6.1) contains a P;(R)-unisolvent subset,

where Py (R) is the set of all linear polynomials over R.
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The conditions (6.2) and (6.3) are satisfied by the quadrature schemes
{ Scheme 1: I =6, allw; = 3, {Qi¥o_, = {(£4,0,0), (0,%4,0), (0,0, £4)};

Scheme 2: T =8, alli; =1, {Q:}5, = {(&,1,0) : &n,¢ = +4},
where 0 < § < 1. The computations for the dynamics of martensitic microstructure

reported in [18] used Scheme 1 with § = 1, in which case the nodes of the quadrature
scheme are identical to the nodes of the finite element with respect to the V}'-

approximation. Scheme 2 with § =1/ V3 is the Gaussian quadrature over R with
eight nodes of quadrature.

Now, for an element R = [a —r,a + 7] x [b — 5,0+ s] x [c — t,c+ 1] € T,
let Kr : R — R be the invertible affine mapping given by (3.7). Then, the
quadrature scheme (6.1) induces automatically the following quadrature scheme
over the element R € 1,

I
(64) / g(.’L’,y,Z) dZCdde = Zwi7R g(Qi7R)7 g € C(R)7
R i=1
where
(65) wi)R :det(VKR)ﬁ)i, Qi7R:KR(Qi)7 1= 1,...,].

To apply the numerical quadrature to the finite element formulation (3.2), in
what follows we assume that in (1.1) ¢ € C(£2) and f € C(§2). Let us now define
ay(-) Vi xVp, — R by

8vh 8wh> ( Ovp, 3wh)
3 (Vn, wp) w;, (Qi,r) + ( a2———— | (Qi,r)

Ovp, 0
< a'Uh (;Uh> (Qz R) (thwh)(Qi7R)] , v, Wy, € Vh,
and define f; : V, — R by
(6.7) fr(op) = Z Zwl & (for)(Qi.r), S
ReT), i=1

Obviously, aj(-,-) and f/(-) are discrete approximations for as(-,-) and fi(-) =
(f,"), respectively.

By the uniform Vp-ellipticity of ap,(-,-) given by (3.1) and the conditions (6.2)
and (6.3), we have the following uniform Vy,-ellipticity of a7 (-, ) (cf. Theorem 4.1.2
in [7]).

Lemma 6.1. There exists a constant a® > 0, independent of h, such that
(6.8) ai(onson) > @ flonllf s Vo € Von.

It is now a direct consequence of the Lax-Milgram lemma that there exists a
unique uj € Vpp, the discrete solution to (1.2), such that

(6.9) ai(ul,vn) = fi(vn), Vo € Von

Our main result in this section is that, with a certain smoothness of the co-
efficients in (1.1), the discrete solution uj € Vy, converges to the exact solution
u € HE(2) N H?(2) with the same rates as the solution uj, € Vo, does.
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Theorem 6.2. Assume that in (1.1), in addition, c € WH () and f € WH°(0).
Let w € Hi(2) N H?(2) and u} € Vor, be the solutions to (1.2) and (6.9), respec-
tively. Then,

(6.10) lu = uglly , < Chlf]l1,00,0-

Theorem 6.3. If the coefficients a1, az, az, and c, and the term f are all in
W?20(£2), then

(6.11) lu—upllo,o < Ch?[[f]l2,00,-

To prove these two theorems, we need to estimate the errors induced by the
quadrature schemes (6.1) and (6.4). Thus, we first define the quadrature error
functionals

I

(6.12) E(g) = /Réd&lndé —> @ig(Qi), §eC(R)

i=1
and
(6.13) Er(g9) = / g dxdydz — sz r9(Qir), g€C(R), Rem,.

i=1
Obviously,
(6.14) Er(g) = det(VKR)E(j), §=goKgreC(R).
Recall that Pg is the finite element polynomial space over the element R € 7,

(cf. (2.1)).

Lemma 6.4. Let a1, as,a3 and c be given in (1.1). Suppose c € Wh>°(2). Then,

for any R € 1, and any v,w € Pr, we have
v Ow v Ow Ov dw
E — Egr — E — E
R<a18xax) + (azayay) + R(agazaz)‘+| R (cvw)]

< Chlvllzrlwli,z-
Proof. Let R=[a—7r,a+7r]x[b—s,b+ 5| X [c—t,c+1t]. As before, let the mapping
Kpr: R — R be defined by (3.7). Write $ = ¢ o K for ¢ € W1>°(R). Since the
L and L? norms are equivalent on the finite-dimensional space Py, we have that

(6.15)

(6.16)  |E@D)| < Clgl s pllbllon. VoW (R), pe Py

Replacing ¢ in (6. 16) by ¢ + ¢ with ¢ an arbitrary constant, by (6.2) we obtain
B¢ inf o +ell; oz l15llo.5

(617) ‘ ¢é=constant 1,00,R 0,R

< ClRlyoilblos,  VeeWhS(R), pe Py

Now let a € {a1,a2,as,c}, q € {v, g—;, g—Z} and p € {w, g—f, %—Iy” , where v, w € Pg.

Note that 22, %z’ € Pg if w € Pg. Setting ¢ = a¢ in (6.17), by (6.14), (3.7) and
Theorem 3.2, we get

|Er(agp)| < Ch® ‘E

|d(1|1 0o, R ||p||o IS Ch2|

(6.18) Ch? lqll1,00,2llpllo.r < Chllgll,rlplo.r < Chllvl\z,Rllel,R
This proves (6.15). O

IN
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Lemma 6.5. Suppose f € Wh>(§2). Then, for any R € 1, and any v € Pr, we
have

(6.19) |Er(fv)| < Ch3||f]l1,00,R]0]

1,R-

Proof. Since E‘(gb) = 0 for any constant polynomial ¢, by the Bramble-Hilbert
lemma we have

E@)|<Clehen VoW =(h).
Taking ¢ = fo, by (6.14) and Theorem 3.2 we have

|En(fv)| < C*| B (f0)

< Ch*| fllvc0,r 0]

< chS‘fb

4
P < Ch |f”|1,oo,R

1,00

Loor < ChE||f|

1,00,/[v[|1,R;
completing the proof. O

Lemma 6.6. Let R € 7, and a € W>°°(R). Then for any v,w € Pr we have

(6.20) | Er(av)| < O [al|2,c0,r]|0]l2,,
(6.21) | Er(avw)| < Ch?|lall2,c0,rl1v]

2.r||w||2,-

Proof. By (6.12) and the imbedding H2(R) — C(R), we have

(6.22) |B(@a0)| < C b, .

By (6.14), (6.2), the Bramble-Hilbert lemma, and (3.7), we thus get

(6.23) |Er(av)| < Ch? [ad], 5 < ChE|av]a,r < ChE|la2,00,r Y]

2,R»
obtaining (6.20). Now, replacing a in (6.20) by aw, we have, by Theorem 3.2, that

z z
|Er(avw)| < Ch? [|aw]|2,00,r[[v]l2,r < Ch?||all2,00,rllw]

< Ch?||al

2.00,R||V||2,R

2,r[|w|2,r,

2,00, ||V

leading to (6.21). O

Notice that in the two-dimensional case, the orders h? in (6.19) and hZ in (6.20)
should be replaced by h? and h3, respectively.

Proof of Theorem 6.2. By (6.8), (3.2), (6.9), Lemma 6.4, and Lemma 6.5, we have

a*[lup, — uplli 5 < aj (un — ufy, un — uj)
= [ah (un,un — up,) — an (wn, un — up)] + [fn (wn = ug,) = fi (wn = up)]
5
<Ch Y unllz,r llun = ujlly g+ Ch2 Y || fllvee,r llun —ujlly 4

ReTy, ReTy,
<Ch (||lunll2,n + || f]

1,00,9) l|un — UZHLh )
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where we also used the Cauchy-Schwarz inequality and (5.9). It then follows from
Theorem 3.1-Theorem 3.3 and Theorem 1.1 that

= il < e = wnlly  + lun = w1y
< Chllullz.0+ Ch (Jlun = Inullyy, + Mo = ully + 1£11 .0

< Ch (lullzo + 1l ) < CBIS 100,60
which is the result of Theorem 6.2. O

Proof of Theorem 6.3. For any g € L*(£2), by (3.2) and (6.9), the following identity
holds,

(un — ufy, g) = an (un — uy, @g;, — ¥n) — lan (uh, n) — aj, (uh, )]

6.24
(624 U (n) = fr (@n)], Vb, € Von,

where g4, € Vo satisfies

an ((Pghyvh) = (gvvh)v \V/’Uh € VOha
and ¢, € H}(2) N H?(2) satisfies (3.20) and (3.21). Consequently,

. f _ * _
OigSELIZ(.Q) Hg”O,!Z 1/JhlgV0h [ |ah (Uh o Poh wh)|

(6.25) +lan (upy, ¥Yn) — ap (up, on)| + | fr (Pn) = fr; (Wn)l].

Now let us fix g € L?(£2) and choose ¢, = I,py. By Theorem 3.1, Theorem 6.2,
Theorem 3.3 and (3.21), we get

lan (un —up, 0g, — )| < Cllun —ujlly , [|@g, — 1/’hH17h

< Cn* ||fH1,oo,n HQHO,Q :
It follows from the definitions of an(-,-), a;(-,-), and Eg(-) that

Jan (ufn) — i, ()| < 3 [NER <a au;§@@3>'4_MER (a Buﬁé%ez)‘

lu = uhllo, < llu—unllg ) +

(6.26)

15 2
el Or Ox dy 0Oy
Ouj, O .
+|n (0GR 20 ) |+ 1En ]

Notice that ('“)u;;|R, 8wh|R € Pg, for R € 73, where 0 = 0;,0, or 0,. Therefore, by
Lemma 6.6, the Cauchy-Schwarz inequality, Theorem 6.2, (3.21) and (1.3), we have

lan (wh n) — af, (wh ¥n)l < CR* Y [ully, g I14on

2R S Cn® HuZHQh ||Ih‘P9||2,h

ReT),
< OR? (|[ullyo + 111y e.) 9o,
(6.27) < COW | flly .2 Ilo.c-

By Lemma 6.6, (5.9), Theorem 3.1 and (3.21), we have
[ (n) = i ()l < C D |Br (fn)] < CRE Y |If
(6.28) ReTy, ReTy,

< CW?||fllzc.2 [¥nlla, < CR?[[fll2.00.2 ll9llo,c -

Now (6.11) is a direct consequence of the combination of (6.24)—(6.28) and Theorem
3.3. The proof is complete. O

2,00,R HwhHQ,R
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