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TWO-LEVEL ADDITIVE SCHWARZ PRECONDITIONERS
FOR NONCONFORMING FINITE ELEMENT METHODS

SUSANNE C. BRENNER

ABSTRACT. Two-level additive Schwarz preconditioners are developed for the
nonconforming P1 finite element approximation of scalar second-order sym-
metric positive definite elliptic boundary value problems, the Morley finite
element approximation of the biharmonic equation, and the divergence-free
nonconforming P1 finite element approximation of the stationary Stokes equa-
tions. The condition numbers of the preconditioned systems are shown to be
bounded independent of mesh sizes and the number of subdomains in the case
of generous overlap.

1. INTRODUCTION

In this paper we develop two-level additive Schwarz preconditioners for the sys-
tems of linear equations resulting from nonconforming finite element approxima-
tions of elliptic boundary value problems. We obtain results with optimal conver-
gence rate (i.e., the condition numbers of the preconditioned systems are uniformly
bounded) when the overlap between subdomains is generous for the following three
cases: (I) the P1 nonconforming finite element for the Laplace equation, (II) the
Morley finite element for the biharmonic equation, and (III) the divergence-free P1
nonconforming finite element for the stationary Stokes equations. Our precondi-
tioner is a variant of Dryja and Widlund’s (cf. [10]) preconditioner for conforming
finite element methods (cf. also [14]).

There is some recent work in this area for scalar second-order equations. Sarkis
(cf. [15]) has developed a two-level additive Schwarz method using P1 nonconform-
ing finite elements on both grids, which is insensitive to the jumps in coefficients
but converges in a suboptimal rate. Cowsar (cf. [8]) has obtained the optimal
convergence rate for a two-level additive Schwarz method using P1 nonconforming
finite elements on the fine grid, but P1 conforming finite elements on the coarser
grid.

In our approach, both the fine-grid and the coarse-grid spaces are nonconform-
ing. The critical step is therefore the construction of intergrid transfer operators
with certain properties. Our construction is based on the connection between the
nonconforming finite element space and an appropriate conforming finite element
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898 SUSANNE C. BRENNER

space. For problems (I) and (IT) we use the P2 conforming Lagrange finite element
and the P5 Argyris finite element, respectively. Problem (III) is treated through
the connection between the Morley finite element and the divergence-free P1 non-
conforming finite element. The results in this paper were first announced in [3].

The rest of this paper is organized as follows. The abstract theory for scalar
elliptic problems is developed in §2. We show in §§3 and 4 that the abstract
theory is applicable to problems (I) and (II) by constructing the intergrid transfer
operators and verifying the assumptions of the abstract theory. In §5 the theory for
scalar problems is modified and applied to the elliptic system of stationary Stokes
equations.

Throughout the paper we use the following conventions for Sobolev norms and
semi-norms of a function v defined on an open set G:

1/2
ol == / S (0% d
G
[a]<m
and
1/2
[v] (@) = /G Z |0%v| dx

We shall also denote the space of polynomials of degree less than or equal to £ on

G by Pe(G).

2. ABSTRACT THEORY

Here we will develop a theory for scalar elliptic equations which satisfy homo-
geneous Dirichlet boundary conditions. Let 2 be a bounded polygonal domain in
R2. We assume that Q = U;.Izl ), where (2; are open subdomains of ). Let Ty
be a quasi-uniform triangulation of 2 and 7; be a subdivision of 7y such that 7},
is aligned with each 0€;. The parameters H and h represent the mesh sizes. We

assume that there exist nonnegative C* functions 61, 6., -- - ,0; in R? such that
(21) Hj =0 on Q\Qj7
J
(2.2) Y 0;=1 onQ,
j=1
C C
(23) 190l < 5. IVl < 55

where V20 is the Hessian, C is a universal constant and § is a parameter, 0 < h <
C16, 0 < § < CoH. The constructions of ; and 6; are standard (cf. [10]). The
parameter 6 measures the amount of overlap among the subdomains ;. From now
on, C' (with or without subscripts) will denote a generic positive constant indepen-
dent of h, H, §, and J. We assume that there exists an integer N, independent of
h, H, 6, and J such that any point in  can belong to at most N, subregions. We
shall also assign the value 1 to the parameter k for second-order problems, and the
value 2 for fourth-order problems.
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NONCONFORMING TWO-LEVEL SCHWARZ PRECONDITIONERS 899
Let V}, be a finite element space associated with 7, whose members vanish at the
boundary nodes, and V; be the subspace of V}, whose members vanish at all nodes

that are not interior to €2;. The existence of the partition of unity 6y, 02,---,0;
implies that

J
(2.4) Vi =) Vi
j=1

Also let Vg be a finite element space associated with the triangulation 7y whose
members vanish at the boundary nodes of 2. The members of V;, and Vg are
piecewise polynomials of degree less than or equal to k.

The discretized problem is:
Find u € V}, such that

(2.5) ap(u,v) = F(v) Yv eV,

where ap(-,-) is a positive definite symmetric bilinear form on Vj, and F € V. We
assume that there is also a related positive definite bilinear form ag (-, -) defined on
Vi.

For the description of the preconditioner we adopt the notation in [18]. Let (-, )
and (-, )y be two inner products on V3, and Vi respectively.

We define Ay, : Vi — Vi, A; 1 V; — Vj and Ag : Vg — Vg by

(2.6) (Apv,w)p = ap(v,w) Yo,w €V,
(2.7) (Ajv,w)p, = ap(v,w) Yov,weVj,

(Agv,w)g = ag(v,w) Yov,w € Vy.

The operators Q; : Vj, — Vj, 1 < j < J, are defined by
(2.9) (Qjv,w)p, = (v,w), YveVyweV.
The operators P; : V, — V;, 1 < j < J, are defined by
(2.10) an(Pjv,w) = ap(v,w) VveVy,weV,.
It can be easily proved that
(2.11) AjP; = QjAn, 1<5<

We assume that there is an intergrid transfer operator I I’ZI : Vg — V};, such that

(A.1a) |II}}{’U|Hk(Th) §C|’U|Hk(TH) Vv e Vg,
(Alb) |IZU—U|HE(77L)§CH]€_Z |U|Hk(TH) VoeVy, 0<l<k-1,
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900 SUSANNE C. BRENNER

where the (possibly) nonconforming norms |- [gm 7,y and |- |gm(7,,) are defined by

[0 grm (1) = Z |U|?{m(T) Vv € Vy,
TeT),

|U|Hm,(TH) = Z |’U|2 m(T) Yov e VH.
TeTy

We also assume that
(A.2a) an(v,v) (resp.,\/am(v,v)) is equivalent to |v|gx (7, (resp.,|v|gr (7))
for v € V}, (resp., v € V), and
(A.2b) an(v,w) < C'llge(z, ) [Wlar(T,)

for all v € Vj,, w € V;, where

1/2
[olarzy = | D olfmerny
TCQ;
TeT),
The operators [, f , P,f{ : Vi, — Vi are defined by
(2.12) (Iv,w)g = (v, Iw), Yo € Vi, w € Vi,
(2.13) ag(PHv,w) = ap(v, Ihw) Vv e Vi,w e Vy.
In terms of operators, we can also express (2.13) as
(2.14) APl =18 4,,.
Also, (A.1a), (A.2a) and (2.13) imply that
(2.15) |P}{{'U|Hk(TH) < C|U|Hk(7h) Vv e V.

The two-level additive Schwarz preconditioner B : Vj, — V}, is defined by
J
(2.16) B:=I4Rulf’ +) R;Q;,
j=1

where Ry (resp., R;) is an approximate solver of Ay (resp., A;) which is symmetric
positive definite with respect to (-,-)g (resp., (-, *)n)-
The discretized problem (2.5) can be written as:

(2.17) Apu = f,

where F(v) = (f,v), Vv eV,
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NONCONFORMING TWO-LEVEL SCHWARZ PRECONDITIONERS 901
The preconditioned system is:
(2.18) BAuu = BY.
The operator BAj, is symmetric positive definite with respect to a(+, ) because of

the defining properties of the various operators and (2.4), and hence has positive
eigenvalues 0 < Apin(BApR) < -+ < Amax(BAp). Our goal is to show that

Amax(BAh)
2.1 —= < (.
( 9) )\min(BAh> - ¢
By (2.11) and (2.14) we have
J
(2.20) BA = I RuIff Ay + > R;Q; A
j=1

J
= II}}RHAHP;{{ + ZRjAij'
j=1

Note that in the case where Ry = A" and R; = Aj_l, (2.20) can be simplified
to

J J
(2.21) BA, =IpPE +> P = (IR AR I ) Ay + > Py

J=1 J=1

Comparing (2.21) with equation (13) in [15], we see that the two preconditioners
are slightly different.

The techniques we use to bound the eigenvalues are based on the ideas of Dryja
and Widlund in [10] and [11] (see also [18]). Their theory has also been extended by
Zhang (cf. [19]) to fourth-order problems in the case of conforming finite elements.
We begin with the upper bound for the eigenvalues of BAy,.

Lemma 2.1. The following inequality holds:

J
(2.22) Zah(PjU,Pjv) < CNcap(v,v) Yv eV,
j=1

Proof. By (A.2) and (2.10) we have

an(Pjv, Pjv) = an(v, Pjv)
< Cllgr(, ) |1 Pjolar ()

<C |'U|Hk(7h’j) an(Pjv, Pjv).

Therefore,
an(Pjv, Pju) < C |”|§{k(Th,j)'
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902 SUSANNE C. BRENNER

Summing over 1 < j < .J, we find by (A.2a) and the definition of N, that

J
Zah(PjU,Pjv) <C N, |”|§{k(Th) < CNcap(v,v). O
j=1

Lemma 2.2. The following upper bound for the eigenvalues of BAy, holds:
)\max(BAh) S CVWI N07

where wy := max(p(RyAp), p(R141), - ,p(RsAs)) and p(-) denotes the spectral
radius.

Proof. By (2.20), (2.13), (2.15), (2.22) and (A.2a) we have

J
(2.23) an(BApv,v)=an (I} Ry Ap Po, v)—|—z an(R;A;Pjv,v)

J=1

J
ZGH(RHAHP;?U,P}?U)ﬁ-zah(RjAijU,PjU)
j=1
J
<wi aH(P,fIv,P,fIv)—FZah(Pjv,Pjv)
j=1
<wi[Cap(v,v) + C Neap(v,v)]
<Cuwy Neap(v,v).

In this derivation we have also used the fact that Ry Ay (resp., R;A;) is symmetric
positive definite with respect to am(:,-) (resp., an(:,-)|v;). The lemma follows
immediately from (2.23). O

We now turn our attention to the lower bound for the eigenvalues of BA;,. We
assume that there exists an operator .J, ,fl : Vi, — Vg with the following properties:

(A.3a) |J}€—I’U|Hk(TH)§C|’U|Hk(Th) Vv € Vg,

(A.3b) T v—v|ge(r) SCH vl gn(g,y VvEVS, 0<0<k—1.

Note that in our theory, the finite element spaces V}, and Vp are connected by the

operators I, JH (A.1) and (A.3), but only I% appears in the preconditioner.
Let II;, be the nodal interpolation operator associated with 7,. We assume that

(A4a) |Hh()\v)|Hk(T) S C |)\U|Hk(T) VT € 77“ v E Pk;(T), AE Pk—l(T)

and

(A.4D) T (go)llz2(r) < C (Igllpoecry + (k= 1) h|IVgllpery) Iv]l 2cr)

VT €Ty, vePe(T), g C®(T), where C only depends on the minimum angle in
Th.
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NONCONFORMING TWO-LEVEL SCHWARZ PRECONDITIONERS 903

Lemma 2.3. Given any v € V},, there exists vo € Vi, v; € V; (1 < j < J) such
that

J

(2.24) v = Ihvy + Zvj
j=1

and

J 2%k
(2.25) ap(vo, vo) —|—Zah(vj,vj) < CN, (1 + (%) ) ap(v,v).

j=1

Proof. Let vg = JHv and v; = I, (6;(v — I}3vo)), where IIj, is the nodal variable
interpolation operator associated with V;,. Clearly, (2.24) holds.

We treat the cases k = 1 and k = 2 separately. For k = 1, let 6, 7 = ﬁ Jp b dx
for all T' € 7;,. Then we have by a straightforward computation that

(2.26) 105 — 05,7 Lo (1) < || VO] oo (1)

Letw=v—-1 I’;UO. Then by the triangle inequality, a standard inverse estimate
(cf. [7,6]), (A.4), (2.26), (2.2) and (2.3) we have

(2.27) [vj |7y = [Wp(05w)| 1 ()
<0 7wl vy + (05 — 0, 7)w][ e (1)
< wl g1 (ry + C B HL[(0; — 0, 7)w]| L2 (1)
< |wlgrery + Ch™H|0; — 00| Loo(ry 1wl 2y

C
< |w|gr) + g”me(T).

Summing the square of (2.27) over T in Q;, we find by (A.2b) that

1
(2.28) en3e07) < (Julh + g0l )

Summing (2.28) for 1 < j < J, we obtain

J
1
(2.29) Zah(vj,vj) < CN, (ah(w,w) + §||w|iz(ﬂ)) )
j=1

By (A.la) and (A.3a) we have

lwler (7)) = [v = Ifvol (73,
< ol + 1 Evol e ()
< la ez + Clvol (i)
= ol (7)) + C I 0] (7w
< Cvlm (),
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904 SUSANNE C. BRENNER
which together with (A.2a) imply that
(2.30) ap(w,w) < Cap(v,v).
On the other hand, by (A.3b), (A.1b), (A.3a) and (A.2a),
(2.31) lwllzz@) = llv— IIZJfUHm(Q)
< o= Jivll ez + 1950 = I Tyt o]l 2o

< CH vl (z,) + C H | Tl g (1)
<CH |U|H1(Th)

< CH+/ap(v,v).
Similarly, by (A.2a) and (A.3a),
(2.32) apg(vo,vo) < Cap(v,v).

Inequality (2.25) now follows from (2.29)(2.32). )
For k = 2, let 0; v be the linear interpolant of 6; on T, i.e., ;7 € Pi1(T) and

0; 7 = 0; at the vertices of 1. It is clear that
(2.33) 10,71l ey < 105l ooy and V01l pe(ry < CIIVO; | Lo (ry,

where C' depends only on the minimum angle of the triangulation 7.
By a simple homogeneity (scaling) argument we also have

(2.34) 10; — 0.7l Low(ry + B IV (05 — 05.7) || oo (1)
< CR?(|V20; | Lo (1),

where C again depends only on the minimum angle of the triangulation 7j,.
Letw=v—-1 I’ZIUO. Then by the triangle inequality, a standard inverse estimate,
(A4), (2.33), (2.34) and (2.3) we have

(2.35)
vjlr2(ry = M (0;w)] 2 (1)
< [ (6;.00) | 2y + TA[(6; — 6. 0)w]| g2 1)
< C0; 0wl (ry + C B2 [Ta[(6; — 6. 0)w] L2

< C (1852l ey ol a2 zy + 198l oy Lol en )

+ Ch_2 (Hej - éj,T”LOO(T) +h HV(QJ — éj7T>||Loo(T)> Hw||L2(T)
1 1
< O wlmzer) + slwlm ) + gz lwlea) ) -

Summing up the square of (2.35) over 7" in Q;, we find by (A.2b) that

1 1
230 anluy) < C (Il + grlolcn + el )
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NONCONFORMING TWO-LEVEL SCHWARZ PRECONDITIONERS 905

Summing up (2.36) for 1 < j < J, we obtain

J
1 1
(2.37) > an(vj,v;) < C N, (ah(w,w) + 6—2|w|§pm) + 6—4|w||i2(9)) .

As in the previous case we deduce from (A.la), (A.2), and (A.3a) that

(2.38) ap(w,w) < Cap(v,v)
and
(2.39) ap(vo,vo) < Cap(v,v).

Also, analogous to (2.31), we have by (A.1), (A.2) and (A.3) that
(2.40) w]L2) + H w7,y < C H? \/an(v,v).

Inequality (2.25) now follows by combining (2.37)—(2.40). O
Lemma 2.4. The following lower bound for the eigenvalues of BAy holds:

wo

(2.41) Amin(BAy) > C No(Lt (Hyy’

where wg = Min(Amin(RgAn), Amin(R141), -+, Amin(RJAJ)).

Proof. Let 3 := Nc(1+ (4£)?%). Given any v € Vj, by Lemma 2.3 there exists
vo € Vg, v; € V; (1< S J) such that (2.24) and (2.25) hold. It follows from
(2.25) that

J
(2.42) C Bap(v,v) > ag(ve,vo) + Zah(vj, vj)

j=1

J
= (R_lRHAH’Uo,’UO Z R-_lR'A'Uj,Uj)h
7j=1

J
> wo | (R vo,v0)u E R V5, V5)h |

where we have used the fact that Ry Ag : Vg — Vi (resp., R;jA; : V; — V}) is
positive definite with respect to (Ry;'-,-)u (resp., (Rj_1~, n)-

Let Ty = I RyAuPl and T; := R;A;P;. In other words, we can rewrite
(2.20) as
J
(2.43) BA, =Ty + > _T;.
=1

Using (2.24), (2.13), (2.10), the Cauchy-Schwarz inequality, (2.42) and (2.43), we
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906 SUSANNE C. BRENNER

have

ap(v,v) = ap( IHUO, +E ap(vj,v
=ay ’Uo,PhU E ap ’UJ,PU

= (R *vo, RY/*Ap P H+Z Ry Y0, RY? 4, Pyo)s

< (R5'vo, vo) 2 (AgPHo, RHAth Hy)L2
+XJ:(R}1%%> (A;Pjv, RjA; Py),”
j=1
= (Ry"vo, v0) ¥ 2ap (P v, Ry A PHv)/>
+ XJ:(ijlyj, vj)}ll/2ah(Pj’U, RjAijv)1/2

j=1

J
(Riz"vo, v0) it “an (v, Trrv)/ + > (R vy, v5), an (v, Tyo) />

j=1
J J
< (Rﬁlvo,vo)H—FZ(Rj_lvj,vj)h 1/2 ah(v,THv)—FZah(v,ij) 1/2
=1 =1
C 1/2
< 61/2 an(v,v)? ay, (v, BAv)'/2,
“o
which implies that
C
(2.44) ap(v,v) < w—ﬂah(v,BAhv).
0
Inequality (2.41) now follows immediately from (2.44). O

In summary, we have the following theorem.

Theorem 2.1. Under the geometric assumptions (2.1)—(2.3) and the assumptions
(A.1)—(A.4) on the finite element spaces we have

Amax(BAR) _ w1 o H\*
/S C=N?|1 — .
)\min(BAh) - wo ¢ + I}

Therefore, if the approximate solvers Ry and R; are accurate enough so that
w1 is bounded and wy is bounded away from zero, and if the overlap between
subregions is generous enough so that % is bounded, then the condition number of
the preconditioned system is bounded independent of h, §, H and J.

Remark. If we are more careful about the definition of {}; and 6, then the factor

1+ (%)Qk of Theorem 2.1 can be reduced to 1+ (%)Qk_l. This is done by using a
trace theorem type argument in [17], which can be applied to nonconforming finite
elements after a slight modification (cf. [4]).
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NONCONFORMING TWO-LEVEL SCHWARZ PRECONDITIONERS 907

3. SCALAR P1 NONCONFORMING FINITE ELEMENT

In this section we apply the abstract theory to the P1 nonconforming finite
element (cf. [9]) approximation of the Laplace equation. The finite element space
V}, is defined by

Vii={v e L*(Q):v e P (T)VT € Tp,,v is continuous at the
midpoints of interelement boundaries, and v vanishes

at the midpoints along 9}.

Vi is defined the same way with respect to 7. Members of Vj, (resp., Vi) are
completely determined by their values at the midpoints of 7}, (resp., Tp).
The symmetric positive definite bilinear forms a(-,-) and ag/(-,-) are given by

(3.1) ap(v1,v2) 1= Z / Vuy - Vuodr Vi, v € Vy,
TeT, T

and

(32) CLH(’Ul,Ug) = Z / Vv - Vg dr Vv, ve € V.
TeTy T

The inner products (-,-), and (-,-)y are just the L2-inner products restricted to
Vi, and Vp, respectively. Note that the natural nodal basis functions in V}, are
L?-orthogonal, so that the constructions of the Q; are trivial.

Assumptions (A.2) and (A.4a) are trivially satisfied, while (A.4b) follows from
the following quadrature formula:

IR 0 fomn)? + wma))? + wima))?] vo e PuT)

where m1, mgo, and m3 are the midpoints of the three sides of the triangle T'.

It only remains to define the operators Iy and JH | and to verify assumptions
(A.1la), (A.1b), (A.3a), and (A.3b). We introduce two other finite element spaces
W), and Wy, where

W= {w e C(Q) : w|r € Po(T) VYT € T;, and w = 0 on 9Q},

and Wy is defined similarly with respect to 7. The members of W}, (resp., Wg)
are completely determined by their values at the vertices and midpoints of 7;, (resp.,
Tu). Note that Wy C W), since 7j, is a subdivision of 7g.

We define Fy, : Vi, — W}, and Fy, : W), — V3, by

(3.3) { (Epv)(m) = v(m) for all internal midpoints m € Tj,

(Env)(p) = average ofv;(p) for all internal vertices p € Ty,

where v; = v|r, and T; € 7, contains p as a vertex, and

(3.4) (Frw)(m) = w(m) for all midpoints m € 7j,.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



908 SUSANNE C. BRENNER
The operators Ey : Vg — Wy and Fy : Wy — Vg are defined similarly with
respect to 7.
The intergrid transfer operator [ 1}3 : Vg — Vp is given by
(3.5) It .= Fj, 0 Ey.
The operator J,{{ : Vi — Vi is given by
(3.6) J = FyoQf o Ey,
where QF : W), — Wy is the L%-orthogonal projection operator. The relations

of these operators are illustrated by the commutative diagrams in Fig. 1 (where i
stands for natural injection).

Vh Fy, Wh Vh Ep, Wh
a | 5| e
Vo —— Wg Vg «——— Wg
EH FH
FIGURE 1

Note that I I’ZI is represented by a sparse, banded matrix with respect to the
natural nodal bases of V}, and V.

The estimates (A.1) and (A.3) are established through a sequence of lemmas.
The next lemma follows from the result of Bramble and Xu in [2].

Lemma 3.1. The following estimates on QI hold:

(3.7) |Q}I;I'UJ|H1(Q) <C |w|H1(Q) Yw e Wy,
(3.8) [w— Qi w2y < CH |wlgi) Ywe W

Lemma 3.2. The following estimates on Fy and Fgy hold:

(3.9a) |[Frwlg () < Clwlgio) Yw e W,
(3.9b) |Frw|g () < Clwlgiq) Ywe Wy,
(3.10a) |lw— Frwl||r2) < Chlwlgiq) Ywe W,
(3.10D) lw = Frwl 20y < C H|wlm @) Yw e W

Proof. Tt suffices to establish (3.9a) and (3.10a). On a reference triangle 7', |- s ()
defines a norm on the quotient space Py(1)/Po(T). Given any w € Po(T), let

w' € Py(T) be defined by w'(m;) = w(m;) at the midpoints m; (i = 1,2,3) of
T. Since w' = w if w € Py(T), w — w — w’ is a well-defined linear map from

Po(T)/Po(T) into Pa(T). Therefore we have

(3.11) ||w — w’|\L2(T) S Clwlgpy Ywe Po(T).
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NONCONFORMING TWO-LEVEL SCHWARZ PRECONDITIONERS 909

M=

N\

FIGURE 2
The estimate (3.11) together with a homogeneity argument yields
(3.12) ||w—Fhw||L2(Q) < Ch|w|H1(Q) Yw e Wy,

where C depends only on the minimum angle of 7j,.
By a standard inverse estimate and (3.12), we obtain

[Ehwla () < lw = Fywlg (g + [wlm )
< Ch™ lw = Fawl 2, + [0l (7,
<Clwlme. O

Lemma 3.3. The following estimates on Eyn and Ey hold:

( ) |Eh’U|H1(Q) < C|U|H1(Th) Yo eV,

(3.13b) |EHU|H1(Q) < C|U|H1(TH) Vv e Vy,
( ) ||U—EhUHL2(Q) Ch|’U|H1(7h) Vv e Vi,
(3.14b) )

<
<CH |U|H1(TH) Vv e Vy.

[v— Env|lz2@

Proof. Tt suffices to establish (3.13a) and (3.14a). Observe that Fj,oE}, = Id. Hence
by (3.9a) we have
(3.15) HU — EhU”LZ(Q) = ||Fh(EhU) — Eh’UHLz(Q)

< Ch |EhU|H1(Q).

In view of (3.15), the whole problem is reduced to proving (3.13a).

Let T € 7, be a triangle away from 0f2, and G be the union of all triangles
in 75, sharing a vertex with T' (cf. Fig. 2). (The triangle T is itself in G.) Let
Vo ={ve L*G):vlr € PL(T) VT C G,v is continuous at the midpoints of the
interelement boundaries}.

Given v € Vi, let v' € P(T") be defined by

{ v'(m;) = v(my) fori=1,2,3,
v'(p;) = average ofv;; at p; fori=1,2,3,

where v;; = v|Tj and T; C G contains p; as a vertex.
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FIGURE 3

Let | - |g1 (@) be defined by

1/2
|'U|H>1(G) = (Z |U|%11(T)> Vv e Vg

TCG

Observe that

(3.16) |'U|H,}(G) =0= v e Py(G)
—=v =v onT
— |UI|H1(T) = 0.

It follows from (3.16) and a homogeneity argument using reference triangles that
(3.17) |'U/|H1(T) < Cl|U|H,}(G) Vo e Vg,

where C' depends on the number of triangles in G and the shape of the triangles in
G. Since 7}, is quasi-uniform, C; ultimately depends on the minimum angle in 7j,.

The same estimate holds if the triangle T is close to 02, in which case the
members of Vi will vanish at certain midpoints (cf. Fig. 3).

Summing up the square of (3.17) over all triangles T' € 75, we obtain
(3.13a). O

Proposition 3.1. Assumptions (A.1) and (A.3) hold for Ity and JH defined by
(3.5) and (3.6), respectively.

Proof. The estimates (A.la) and (A.3a) follow immediately from the estimates
(3.7), (3.9) and (3.13).
Using (3.10a), (3.14a), and (3.13b), we have

1170 = vll L2y = [ Fa(Brv) — v 20
S NFu(Erv) — Egvllp2) + |Egv — vl L2(q)
<Ch |EHU|H1(Q) +CH |U|H1(TH)
< CH |vlg(y)-
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Similarly, using (3.10b), (3.8), (3.14a), (3.7), and (3.13a), we obtain

1T 0 — vl 20y = 1Fa(QF (Eav)) — vl 120
< |IFu(QF (Env)) — Q1 (Env)| L2(q)
+ QK (Env) = Envll2@) + | Bro = vl 20
< CH|Q(BEw)|mi () + CH|Ew|mi ) + Ch|v|m
<CH|lgyzy). U

Therefore, the abstract theory in §2 is applicable to the case of the scalar P1
nonconforming finite element approximation of the Laplace equation. The gener-
alization to more general symmetric positive definite second-order scalar elliptic
problems is straightforward.

Remark. We can also use the P1 conforming finite element space on the coarser
grid. Let

Vi ={ve C(Q):v|r e Pi(T) VT € Ty and v|pg = 0}.

Since VH C Vg we can define i [ f/H — V}, to be the natural injection. Assump-
tions (A.la) and (A.1Db) then become trivial for .
Let the operator FH Wy — VH be defined by

(Fgw)(p) = w(p) for all vertices p € Tg.

The estimates (3.9b) and (3.10b) with Fy replaced by EF can be established by
arguments analogous to those in the proof of Lemma 3.2. Hence, if we define
j,{{ V, — VH by

Ji = Fg o Qf o Ey,

then assumptions (A.3a) and (A.3b) hold for JX. Therefore, our theory is also
applicable for these choices and we recover the results in [8].

4. THE MORLEY FINITE ELEMENT

In this section we apply the abstract theory to the Morley finite element ap-
proximation of the biharmonic equation. Let V}, be the Morley finite element space
associated with 7;,. Then v € V}, if and only if it has the following three properties:

(i) v|r is quadratic for all T € Ty,

(ii) v is continuous at the vertices and vanishes at the vertices along 92
(iii) 5 ‘9“ is continuous at the midpoints of interelement boundaries and vanishes at
the midpoints along 0.
Vi is defined the same way with respect to 7y. Members of V}, (resp., Vi) are
completely determined by their values at vertices of 7, (resp., 7y ) and the values of
their normal derivatives at the midpoints of 7j, (resp., Tzr). The symmetric positive
definite bilinear forms ap(-,-) and ag(-,-) are defined by

(92’1}1 (921}2
(4.1) n(vr,v2) ; Z Z 0z;0x; Ox;0x; dr Vo2 €V

TeT), zg 1
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and

2 (92’1}1 (921}2
(42) aH(’Ul,UQ) = Z / Z 9 dx Ywvi,ve € Vg.

r;0x; 0x;0T;
TeTy ’ Tigj=1 """ T

The inner product (-, )y, is defined by

81}1 81}2

(4.3) (v1,v2)p = h? Z v1(p)v2(p) + h* Z B_n(m)%

V4 m

(m) Yovi,ve €V,

where the summation is over all vertices p and midpoints m of the triangulation
71. The inner product (-, )y is defined analogously with respect to 7. It follows
from a standard calculation using reference elements and a homogeneity argument
for almost affine elements (cf. [7]) that

3 3 2
v
(4.4) Cr ol Fary < 1T (w@)* +ITP> (@(W)) < Co[lvll72er)
=1 1=1

for all v € Po(T), where Cy, C2 depend on the shape of T'. Hence we have

(4.50) Clol3a@y < @000 < Cllol3ag VveVh
and
(4:5b) Cllol3a(0) < (0,00 < C Joll3aqy Vo€ Vi,

Assumption (A.2) is trivially satisfied. Let 7" € 7;, and II be the Morley nodal
variable interpolation operator from C*(T) into Po(T). For g € CY(T) and v €
P2(T') we have by (4.4)

(4.6)

I11(go) ) < € <|T| > lotpetol + 1 Y (25 ) )

3
<C (IIgliw<T>||v|iz<T> +ITPIV gL U(mi)2> :
i=1
A homogeneity argument shows that
3
(4.7) 71 v(mi)? < Cs||oll7z(r) Vo € Po(T),
i=1

where C3 depends only on the shape of T'. Assumption (A.4b) now follows from
(4.6) and (4.7).
Next, we verify assumption (A.4a). Let 7" be a reference triangle. Since ||z )

is a norm on the space P3(T)/P1(T), and { — TI¢ — ¢ is a well-defined linear map

from P3(T")/P1(T) into Ps(T), we have

IT¢ = Clpe iy < Calllyzry V€ € Pa(T),
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where Cy depends only on the shape of the triangle T'. Therefore,
(4.8) 1| g2y < (14 Ca) [Clygay V¢ € Ps(T).

Assumption (A.4a) now follows from (4.8) and a homogeneity argument for almost
affine elements.

It remains to define the operators I and JH and to verify assumptions (A.1)
and (A.3). As in the case of P1 nonconforming finite elements, we introduce two
spaces W; and Wy, where

Wy, = {wEC’l(Q) cwlp € Ps(T) VT €Ty andw = g—: —001189}

and Wy is defined similarly with respect to 7. Note that W}, (resp., Wy ) contains
the Argyris finite element space Wj, (resp., Wx) whose members are completely
determined by the values of their derivatives up to second order at the vertices of
Ty, (resp., Ty) and their normal derivatives at the midpoints of 7, (resp., 7g) (cf.
[1]). Note also that Wy C W}, since 7}, is a subdivision of 7, but Wu & Wh.

As in the case of P1 nonconforming finite elements, the operators I and JH are
defined through the commutative diagrams in Fig. 1, where Ej : V), — Wh CcC Wy
(vesp., By : Vg — Wy C Wg) and Fy, : W), — V}, (vesp., Fy : Wy — Vg ) are
defined as follows:

(4'9(Ehv)(p) =v(p) for all internal vertices p € Ty,
(0“Epv)(p) = average of (9%v;)(p), |a| =1 for all internal vertices p € Ty,
(0*ERv)(p) = 0,|a| = for all internal vertices p € 7y,
(£ Epv) (m) = 8%(m) for all internal midpoints m € 7y,

where v; = v|7, and T; contains p as a vertex, and

(4.10) { (Frw)(p) = w(p) for all internal vertices p € 7p,
' ((%(Fhw)) (m) = 2%(m) for all internal midpoints m € 7j,.

The nodal values of Ejv are zero along 0. The definitions of Fy and Fj, are the
same with respect to 7g.

The operators I I’ZI Vg — V3, and J,{{ : Vi, — Vg are then defined by

(4.11) Il = F,oEy
and
(4.12) JH = FyoQE o By,

where Q,IL{ : W), — Wy is the L?-orthogonal projection operator.
Again, note that I} is represented by a sparse, banded matrix with respect to
the natural nodal bases of V}, and Vj.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



914 SUSANNE C. BRENNER
Lemma 4.1. The following estimates on QX hold:

(4.13) 1Q w20y < Clw|m2(),

(4.14) lw — QK wllr2) + H |w — Qf w|m ) < C H? |w]g2(0),

for all w € Wy,.

Proof. Let w € Wy. By Theorem 4.1.2 in [19], there exits w’ € Wy such that

(4.15) lw—w'|ge ) < CH*® [w|g2), s=0,1,2.

Let Qu : L*(Q) — Wy be the L?-orthogonal projection operator (hence QF =
Q H}W By (4.15) and standard inverse estimates, we have for s =0, 1,2,

(4.16) lw— Q=) < lw — w'| + |Qu(w —w)|g= ()
<CH*™*w|p2)+CH*||Qu(w' —w)| 20
<COH**|w|g2(o)+CH (0’ — w)| 12(q)
SCH?*|w|m (o) -

The estimates (4.13) and (4.14) follow immediately from (4.16). O

The proof of the following lemma is similar to the proof of Lemma 3.2 and is
therefore omitted.

Lemma 4.2. The following estimates on Fy and Fgy hold:

(4.17a) |[Fhw|m2(7,) < C|wlm2(9),
(4.17b) |[Fad| g2 (1) < Cl0]a2(0),
(4.18a) |lw— Fpwlr20) + b |w — Fyw|mi () < Ch |w|g2),
(4.18b) | @ —Fu| 120y +H |0 — Fgd| g (1) < C H? [0 g2,

for allw e Wy, and w € Wgy.

Lemma 4.3. The following estimates on Ey and Ey hold:

(4.19a) |Erv|m2) < Clvlg2r,),

(4.19b) |Ert|m2) < Cl0|a2(1y),

(4.20a) lv — Eh’UHL2(Q) +hlv— EhU|H1(Th) < Ch? |U|H2(Th)7
(4.20b) 0= Erd| )+ H [0— Egd| g (1) <C H? 0] g2 (1),

for allveVy and v € V.

Proof. 1t suffices to establish (4.19a) and (4.20a). Let v € V},, T € T3, w = v|p and
w = (Epv)|r. The two functions w,w € Ps(T') are related by

(4.21) Z Y Oalw —@)(pi)ras,

al=1,2
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FIGURE 4

where the points p; are the vertices of T, and the functions r,; are the nodal
basis functions corresponding to the nodal variables (9,v)(p;) of the Argyris finite
element. The following estimates are obtained by the standard techniques of almost
affine family of finite elements (cf. [7]):

(4.22) 17a,ill L2(r) < C(T)hy  for || =1,
(4.23) 17a,ill L2(r) < C(T)hi  for |a| =2,

where hy = diam T, and C(T) represents a generic positive constant which de-
pends continuously on the minimum angle of the triangle T'. By a standard inverse
estimate and (4.9) we have

(4.24) |00 (w — w)(pi)| = |0aw(p:)
<|vlwz (1)
< C(T)hg ol g2 1y,

for |a] = 2.

Recall from (4.9) that for |a| = 1, [0a(Erv)|(p) = average of dqv;(p), where
vj = v|7; and Tj contains p as a vertex. Suppose 77 and T are two triangles in 7y,
sharing the common edge e which contains p as an endpoint. Since v|r, and v|r,
agree at the two endpoints of e, the difference of ds(v|r,) and 9s(v|1,) (s is the arc
length along e) at p is bounded by (le|/2)[[v[wz2 (1) + [vIw2 (1))

Similarly, since the normal derivatives of v|r, and v|z, at the midpoint m of e
agree, the difference of 8, (v|r,) and 9, (v|r,) (n is a normal of e) at p is bounded
by (lel/2)[[vlwz (1y) + [vlwz (1)]-

Therefore, we have the following estimate:

3
(4.25) SN 10a(w = @) (i)l < kY ha|(w]r)lwz )
o

i=1 |a|=1

IN

kp Z C(TH| (| )| a2y,
T/

where the summation is over all the triangles T’ which share at least one vertex
with T' (cf. Fig. 4), and kp is a constant which depends only on the total number
of such T".
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Combining (4.21)—(4.25) and using the quasi-uniformity of 75, we have

(426) ||’U — Ehv||L2(T) S Oh2 Z |’U|H2(T/).
T/

Note that estimate (4.26) also holds if some of the vertices of T' belong to 0.
Summing up the square of (4.26) over all the triangles T" in 73, we obtain

(4.27) ||U—EhUHL2(Q) < Ch2|U|H2(7h).
The rest of the estimates in (4.19a) and (4.20a) now follow from standard inverse

estimates and the triangle inequality. O

The following proposition follows from Lemmas 4.1-4.3, just as Proposition 3.1
followed from Lemmas 3.1-3.3.

Proposition 4.1. Assumptions (A.1) and (A.3) hold for Ity and J defined by
(4.11) and (4.12), respectively.

5. DIVERGENCE-FREE P1 NONCONFORMING FINITE ELEMENT

In this section we adapt the abstract theory to the divergence-free P1 noncon-
forming finite element approximation of the stationary Stokes equations. We as-
sume that € is simply connected (i.e., flow without obstacle). The case where there
are obstacles is more complicated and is discussed elsewhere (cf. [5]). Throughout
this section we use undertildes to denote vector-valued functions and operators.
The operators curl and div are given by

-~ Op/0xa
C}\ljrlp o (—8])/8%1 ’
. 8111 (9’02
d =— 4+ —.
v y Bxl + (91]2
The finite element space V}, is defined by
Vii=A{v e 52(9) tv€Pi(T) VT €7Tp,vis continuous
at the midpoints of interelement boundaries, v vanishes at the

midpoints along 99, and div(v|r) =0 VT € Tp}.

Vi is defined the same way with respect to 7g.
The symmetric positive definite bilinear forms ay, (-, ) and ag(-,-) are given by

ov; 8w1
(5.1) Z/Z 9z, Oz, dr Vo,w eV,

TeT), i,j5=1

(5.2) Z / Bvi Oui dr Vov,w € Vy.

7, — Oz Ox;
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FIGURE 5

In order to define the inner products (-, ), and (-, ), we must first describe the
bases of V}, and Vy.

Let e be an edge in 7. Denote by ¢, the piecewise linear function on  (with
respect to 7;) that takes the value 1 at the midpoint of the edge e and 0 at all
other midpoints.

The first kind of basis function is associated with internal edges. Let

(5.3) fe = Pete,

where e is an internal edge and ¢, is a unit vector tangential to e (cf. Fig. 5).
The second kind of basis function is associated with internal vertices. Let p be an

internal vertex and let e, e, - , e be the edges in 7}, that have p as an endpoint.
Let
¢
(54) Vp 1= Z |6i|_1 d’ei Te;,
i=1

where 7, is a unit vector normal to e; pointing in the clockwise direction (cf. Fig.
5). Then Bp:={pe: e is an internal edge of 7, JU{v,,: p is an internal vertex of 7, }
is a basis of V}, (cf. [16]). The basis By (resp., Bj) of Vi (resp., V;) is defined
similarly.

Let v =3 aipte, + > bjvp, and w = Y ayjie, + Y By, be two members of Vj,,
where the summations are taken over all internal edgeg and all internal vertices.
Then (v, w)y, is defined by

(5.5) (v, w)n =12 a0 + > b

The inner product (-, )y is defined similarly.

The theory developed in §2 cannot be directly applied to the problem here be-
cause of the divergence-free constraint. To be more specific, the v;’s defined in the
proof of Lemma 2.3 do not satisfy the divergence-free constraint.

We will modify the theory in the following manner. We establish assumptions
(A.la) and (A.2), and then Lemmas 2.1 and 2.2 remain valid. We will then prove
Lemma 2.3 directly by exploiting the connection between the divergence-free P1
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nonconforming finite element and the Morley finite element. Since Lemma 2.4
remains unchanged, Theorem 2.1 then holds.

Assumption (A.2) is trivially true. In order to define I} and verify assumptions
(A.la) and (A.1b), we need to consider the connection between V3 (resp., Vj, Vi)
and the Morley finite element spaces defined in §4, which we denote by M}, (resp.,
M;, M) here.

There is an isomorphism between M}, and Vj, (cf. [12]) given by the operator
cgrlh, where

(5.6) (curlpyy))|r = cwrl (Y[r) VT € Tp.

The isomorphism ct&rl g : My — Vg is defined similarly. Note that ct&rlh| M, is an
isomorphism from M, onto V;. The inverse of Cl/Lrlh (resp., cgrlH) will be denoted
by curl;* (rvesp., curl;').

InNterms of the b:;sis By, of V},, we have a simple description of curly,. Let ¥ € Mj,.
Then we have -

(5.7) curlpy = Z Qifle; + ijgpj,

where a; = %(mi), m; is the midpoint of edge e;, t., is obtained by rotating ne,
clockwise through a right angle, and b; = ¥ (p;).

We are now ready to define the operator I};. Let I} be the intergrid transfer
operator between the Morley spaces My and M}, defined in §4. The operator

II’ZI : Vg — Vj, is defined by

(5.8) Iy = curly, o It o ct&rlﬁl.

The relations between these operators are illustrated by the commutative diagram
in Fig. 6.

curly,
~Y
Vi, «—— M,

I}}IT Tf};
Vg —— My
—1
R

FIGURE 6

In view of (5.7), I 1}3 is represented by a sparse banded matrix with respect to the
bases By, and Bpgy.
Note that we have the trivial identities

(5.92) lewrlp ¥ () = [¥la2(z),  llewlhdllL2@) = [¥]a (7))
and
(5.9b) lewrlyg @l (1) = |9lm2(7i)s  [lcurladll 2oy = (6] (72),
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where 1) (resp., ¢) is piecewise C'! with respect to 7, (resp., 7).
Lemma 5.1. Assumption (A.1a) (for k = 1) holds for 1% defined by (5.8).
Proof. It was established in Proposition 4.1 that I 1}3 has the following property
(5.10) 1Tl < Clelux g,y Y € Mu.
Assumption (A.la) follows immediately from (5.8), (5.9) and (5.10). O
Finally, we establish Lemma 2.3 in the present context.

Lemma 5.2. Given any v € Vy, there exists vo € Vi, v; € Vj (1 <j<J) such
that

J
(5.11) v=T}vo+ > v
j=1
and
J 7\4
(5.12) ap (vo,vo) —|—Zah(yj,yj) <CN, <1+ (3) ) an(v,v).
j=1

Proof. Let ¢ = cgrlglg € M;,. It follows from Proposition 4.1 that Lemma 2.3 holds

for the Morley finite element spaces. Therefore, there exists 99 € Mg, ¥; € M;
(1 <j < J) such that

J
(5.13) b= Ifpo+ > 1
j=1
and
J o 4
618 Wl + 3 Waltm, < ON. (1 (%) ) [Vl
j=1

Let vg = curlytpo and v; = curlpyp; for 1 < j < J. Then, using (5.8) and (5.13),
we obtain

v= cgrlhw

J
CH}AI’Z jﬁrwo + Z Y

Jj=1

J
= curly [ I curl;tog + E curl; o,
~ H>J H S Wy Yy
=1

<

T+ v
j=1

The estimate (5.14) can be rewritten, using (5.9), as

J 4
H
|EO|%11(TH) + Z |yj|§{1(7’h) <CN. (1 + (F) ) |Q~}|§{1(Th)’

j=1
which is equivalent to (5.14) by (A.2). O

As was pointed out earlier, Lemmas 5.1 and 5.2 yield the following theorem.
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Theorem 5.1. The two-level additive Schwarz preconditioner B for the divergence-
free P1 nonconforming finite element method defined by (2.16) satisfies

Amax(BAR) w1 o H\"
/I C =N (1 —
)\min (BAh) a ¢ wo © * 0 ’

where Ay, is the operator respresenting the discretized stationary Stokes equations.
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