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ON SOME INEQUALITIES FOR THE INCOMPLETE
GAMMA FUNCTION

HORST ALZER

ABSTRACT. Let p # 1 be a positive real number. We determine all real num-
bers a = a(p) and B = B(p) such that the inequalities

1 /r —¢P —azPi1/
—_— e dt < 1 — € oz P
T+ 1/p) Jo : )

are valid for all z > 0. And, we determine all real numbers a and b such that

[1- e—ﬁzp]l/p <

00 =t
—log(l—e %) < / - dt < —log(1 — e~%)

T

hold for all z > 0.

1. INTRODUCTION

In 1955, J. T. Chu [1] presented sharp upper and lower bounds for the error
function erf(r) = % [ et dt. He proved that the inequalities

(1.1) [1—e ™ )V2 < erf(z) < [1 — e |1/
are valid for all > 0 if and only if 0 < r < 1 and s > 4/7. The right-hand
inequality of (1.1) (with s = 4/7) was proved independently by J. D. Williams
(1946) and G. Pdlya (1949); see [1].

An interesting survey on inequalities involving the complementary error function

erfe(z) = 2 [ et dt and related functions is given in [4, pp. 177-181]. In
f \/2; et

particular, one can find inequalities for Mills’ ratio e®’/2 f;o e=t’/2 dt, derived by
several authors.

In 1959, W. Gautschi [3] provided upper and lower bounds for the more general
expression

(1.2) Iy(z) = e$p/ e dt.
He established that the double-inequality
1
(1.3) 5[(xp + VP —g] < L(x) < ¢p[(2P + 1/cp) VP — 1]

(with ¢, = [['(1 + 1/p)]P/P=V) holds for all real numbers p > 1 and = > 0. Tt has
been pointed out in [3] that the integral in (1.2) for p = 3 occurs in heat transfer
problems, and for p = 4 in the study of electrical discharge through gases. We note
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772 HORST ALZER

that the integral f;o e~t" dt can be expressed in terms of the incomplete gamma
function

I‘(a,x)z/ t* et dt,

e 1 1
/ e dt =-T (—,xp) .
x p p

Gautschi [3] showed that the inequalities (1.3) can be used to derive bounds for the
exponential integral E(z) =I'(0,z). Indeed, if p tends to oo, then (1.3) leads to

namely,

(1.4) %log (1 + %) < e*Eq(z) <log (1 + é) (0 <z < 0).

It is the main purpose of this paper to establish new inequalities for [ e~ dt and
f;o et dt. In Section 2 we present sharp upper and lower bounds for

1 /$ o 1 /°° o
—— | e"dt and —— | et
L(1+1/p) Jo r(1+1/p) J,

which are valid not only for p > 1, but also for p € (0,1). In particular, we obtain an
extension of Chu’s double-inequality (1.1). Moreover, we provide sharp inequalities
for the exponential integral E(z). Finally, in Section 3 we compare our bounds
with those given in (1.3) and (1.4).

2. MAIN RESULTS

First, we generalize the inequalities (1.1).

Theorem 1. Let p # 1 be a positive real number, and let « = a(p) and 8 = ((p)
be given by

a=1, B=[+1/p]™ if0<p<l,
and
a=[1+1/p)]? B=1, ifp>1

Then we have for all positive real x:

1 /w P —axPil/
—_— e dt <[l —e P,
LA +1/p) Jo | |

Proof. We have to show that the functions

Fy(z) = /Om et dt — r1+4+1/p)1 - e_wp]l/p

(2.1) [1—eAe"l/P <

and
Gp(z) = - /Ow e dt+T(1+1/p)l—e " (a=[C(1+1/p)]?)

are both positive on (0, 00), if p > 1, and are both negative on (0,00), if 0 < p < 1.
First, we determine the sign of Fj,(x). Differentiation yields

mpﬂF (z) =1 —T(1 4 1/p)[L(z(x))] PP,

e
oxr ?

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON SOME INEQUALITIES FOR THE INCOMPLETE GAMMA FUNCTION 773

where
L(z) = (z —1)/log(z) and z(z)=e"*".
Setting f,(z) = e"w’p%Fp(ac)7 we obtain

9 _p-l —241/p 4 &
2D o hle) = AT U)o 0) L) e
Since
diZL(z) = [log(z) — 1+ 1/2]/(log(2))* > 0 0<z#1)
and
d
%z(x) <0,
we conclude from (2.2) that
0 :
gfp(x) <0, ifp>1,
and
2f( )>0, if0<p<l1
5P , 1 p<l1.

If p > 1, then we have
f[p(0)=1-T(1+1/p)>0 and lim f,(z)= —o0,

which implies that there exists a number x¢ > 0 such that f,(z) > 0 for z € (0, z)
and fp(z) <0 for z € (zg,0). Hence, the function x — F,(x) is strictly increasing
on [0, zo] and strictly decreasing on [zg,00). Since F,(0) = limy_,o0 Fp(z) = 0, we
obtain F,(x) > 0 for all x > 0.

If 0 < p <1, then we have

fp0)=1-T(1+4+1/p) <0 and wh_)rrgo fp(x) =1.

This implies that there exists a number z; > 0 such that = — F,(x) is strictly de-
creasing on [0, z1] and strictly increasing on [x1, 00). From Fj,(0) = lim,_,o Fp(x) =
0 we conclude that F,(z) < 0 for all z > 0.

Next, we consider Gp(x). Differentiation leads to
o 0

(2.3) e 92 C?

(x) = =1+ (y(=))" " [L(y(2)) P77,
where

L(y)=(y—1)/log(y) and y(z)= o—az?

with @ = a(p) = [['(1 + 1/p)]P. To determine the sign of 2 G,(z) we need the
inequalities

1 P 1
2.4 0<|l———=)——< =z forO<p#1.
24) ( a(p)>p—1 2 *

The left-hand inequality of (2.4) is obviously true. A simple calculation reveals
that the second inequality of (2.4) is equivalent to

(2.5) (1-2) [F(w—i— 1) — <w+1

>}>0 for 0 < x # 1.
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To establish (2.5) we define for z > 0:

1
g(x) =logT(z+1) —xlogx;_ .

Then we have
d? x+2 s 1 1

d
@g(a@):%w(m—f—l)— (x+1)2 :;(x—i-n)z ]

</°° dt 1 i
1 (1?2 1

Thus, g is strictly concave on [0, 00). Since g(0) = g(1) = 0, we conclude that g is
positive on (0,1) and negative on (1, 00). This implies (2.5).
Let 0 < r < 1/2; we define for y € (0, 1):

he(y) = y"log(y)/(y —1).

Then we get

(y — 1)2y1‘ra%hr(y) =[(r—1)y—r]log(y) +y—1

= r(y), say.

Since

0? r—1 r
a—ygﬁpr(y)— Y2 Yy=1-,1"
it follows that ¢, is strictly convex on (0, =) and strictly concave on ({*,1).
From limy_.o ¢, (y) = 0o,
0 02

or(1) = a—ywr(y)lyzl =0 and 8—y2§0r(y>|y:1 =2r—1<0,

we conclude that there exists a number yo € (0, 1) such that ,. is positive on (0, yo)
and negative on (yp, 1). This implies that y — h,.(y) is strictly increasing on (0, yo)
and strictly decreasing on (yo,1). Since lim,_o hy(y) = 0 and limy_; h,(y) = 1, we
conclude that there exists a number y; € (0,1) such that h,(y) < 1 for y € (0,41)
and h,.(y) > 1 for y € (y1,1). The function y(x) = e~®®" is strictly decreasing on
[0,00). Since y(0) = 1 and lim, o y(x) = 0, there exists a number z* > 0 such
that

y <ylx) <1 forxe (0,2%),
and
0<y(z) <ys forze (z*, 00).

Hence, we have:
If 0 < z < x*, then h,.(y(x)) > 1, and, if 2* < z, then h,(y(z)) < 1. We set
r= (1 — ;3y) 327 then we obtain from (2.3) that
o» 0
o) = 1+ 3Gyl

Therefore, if p > 1, then

:|P/(P—1)

Gp(x) >0 forz e (0,2") and 3Gp(x) <0 forze (z* 00);

oz ox
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and, if 0 < p < 1, then
0 . 0 .
%Gp(x) <0 forz e (0,2%) and ng(x) >0 forz e (z¥,00).
Since G,(0) = limy .o Gp(z) = 0, we conclude that
Gp(z) >0 for z € (0,00), if p > 1,
and
Gp(z) <0 for z € (0,00), f 0 <p < 1.
This completes the proof of Theorem 1. O
Remark. Tt is natural to ask whether the double-inequality (2.1) can be refined by
replacing a by a positive number which is smaller than
1 ifo<p<l1
max{1,[T(1+1/p)] P} =<~ ’
R Lm1+umra itp> 1.

or by replacing 8 by a number which is greater than

Ta+1/p) P, if0o<p<l,

min{1, [['(1+1/p)] 7} = {1 if p> 1.

We show that the answer is “no”! Let o > 0 be a real number such that the
right-hand inequality of (2.1) holds for all > 0. This implies that the function

Fp(z) = /Ow e dt —T(1+1/p)[1 — e 2="]M/P

is negative on (0, 00). Since f'p(O) =0, we obtain

0

dx

which leads to o > [I'(1 4+ 1/p)]P. If @ € (0,1), then we conclude from
0

wh_)rxgo emp%ﬁp(x) = —00

ﬁp(x)leO =1- al/pr(l +1/p) <0,

that there exists a number T > 0 such that z — f'p(x) is negative and strictly

decreasing on [T,00). This contradicts lim,_.o Fp(z) = 0. Thus, we have a@ >
max{1, [['(1+1/p)] P}.

Next, we suppose that § > 0 is a real number such that the first inequality of
(2.1) is valid for all > 0. This implies

G, (x) = _/O e dt +T(1 +1/p)[1 — e 5" ]1/7 < 0

for all > 0. Since G,(0) = 0, we obtain
9
Ox
which yields 8 < [['(1 4+ 1/p)]~P. If 8 > 1, then we get

Gp()|omo = BYPT(1 4+ 1/p) — 1 <0,

lim eﬂiép(x) =—1
x

xr—00
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This implies that there exists a number > 0 such that x — C:',, (x) is negative and

strictly decreasing on [#,00). This contradicts lim,_,o, Gp(z) = 0. Hence, we get
6 < min{L,[[(1+ 1/p)] 7},

As an immediate consequence of Theorem 1, the Remark, and the representation
[ e dt=T(1+1/p)— [, e~*" dt, we obtain the following sharp bounds for the
ratio [~ e~ at/ [ et dt.

Corollary. Let p # 1 be a positive real number. The inequalities

1 e tP P
_ At <1 —[1— e PP
I'(1+1/p) /$ ‘ <i-ft=el
are valid for all positive x if and only if

a>max{L,[I(1+1/p)]7?} and 0<g <min{l, [['(1+1/p)]~P}.

(2.6) 1—[1—eo®/r <

Now, we provide new upper and lower bounds for the exponential integral
Ei(z) = [& &~ dt.
Theorem 2. The inequalities
(2.7) —log(1 —e %) < By(z) < —log(1 — e~b7)
are valid for all positive real x if and only if
aZeC and 0<b<1,
where C' = 0.5772 ... is Euler’s constant.

Proof. The function ¢t — —log(l — e™'*) (z > 0) is strictly decreasing on (0, 00).
Therefore, it suffices to prove (2.7) with a = ¢© and b = 1. Let p > 1; from (2.6)
with a = [['(1 + 1/p)] 7P, 8 = 1, and z instead of 2P, we obtain

D(1/p)[1 — (1 — e 2")1/P] < /Oo t~IHYPet dt < T(1/p)[1 — (1 — e ®)/P).

If p tends to oo, then we get

—log(1—e ™) < Ey(z) < —log(l —e™™)
with @ = €.
We assume that there exists a real number b > 1 such that
Ei(z) < —log(1l — e ")

holds for all > 0. Since

e Bi(z) =Y (D" 'k =Dl F 4 ra(x)  (2>0)

k=1
with
[rn(z)| < nlaz™""!
(see [2, pp. 673-674]), we obtain
(2.8) e“rlog(l — e %) < —1 — ar ().
If we let x tend to oo, then inequality (2.8) implies 0 < —1. Hence, we have b < 1.
Using the representation

Ey(x) = —C —log(a) — 3 (~1)"

n=1

n

(z > 0)

T
nln
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(see [2, p. 674]), we conclude from the left-hand inequality of (2.7) that
T = "
log — 2 < - S (~1)n 2.
Bl e = nz_:l( ) nln
If = tends to 0, then we obtain
log(1/a) < —C or a>e°.

The proof of Theorem 2 is complete. O

3. CONCLUDING REMARKS

In the final part of this paper we want to compare the bounds for the integrals
[Zedt (p>1)and [ £ dt which are given in (1.3), (2.6) and (1.4), (2.7),

t
respectively. First, we consider the bounds for [° e~ " dt. We define

Ryla) = T(1+1/p) {1~ [1 = = ]V7} = S [(a? +2)!/7 — 2]
with
a=[T1+1/p)™? and p>1.
Then we have
Ry(0) =T(1+1/p) —271/7 >0,

lim R,(x) =0 and lim empﬂRp(x) =1

T—00 xT—00 ox
This implies
R,(z) >0 for all sufficiently small z > 0,

and
Ry(z) <0 for all sufficiently large x.
Let
Sy(x) =T(1+1/p){1 = [1 — e ™ )M/P} — ce " [(aP + 1/c)"/P — 2]
with

c=[TA+1/p)P/®P Y and p>1.
From S,(0) =0,

lim 25, (2) = [C(1+ 1/p)P/ @D — (1 +1/p) <0,

=0 0z ¥
. . a0 O
lim Sp(z) =0 and lim e %Sp(x) = —00,

we conclude
Sp(xz) <0 for all sufficiently small z > 0,
and
Sp(xz) >0 for all sufficiently large .

Hence, for small z > 0 the bounds for [~ e~ dt (p > 1) which are given in (2.6)
are better than those presented in (1.3), whereas for large values of x the opposite
is true.
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778 HORST ALZER

Next, we compare the bounds for the exponential integral Ey(z). First, we show
that for all > 0 the upper bound given in (1.4) is better than the upper bound
given in (2.7). This means, we have to prove that

(3.1) e "log(l+1/x) < —log(l —e™™)
for all x > 0. Using the extended Bernoulli inequality
(14+2)'>1+tz (t>1;2>-1)

(see [4, p. 34]), and the elementary inequality e/ > 1 +¢ (¢ # 0), we obtain for
x> 0:

1\ @ 1 1
1+ S14 S 1S4,
et —1 er —1 l—e* T

which leads immediately to (3.1).
Finally, we compare the lower bounds for F1(z) given in (2.7) and (1.4). Let

—T

T(z) = 67 log(1 + 2/z) + log(1 — e %)
with a = e“. Since lim, o7 (z) = —oo, we obtain T'(x) < 0 for all sufficiently
small z. And, from
d
lim T(x) =0 and lim e“%T(x) = —00,

we conclude that T'(x) > 0 for all sufficiently large x. Thus, for small z > 0 the
lower bound for Ej(x) which is given in (2.7) is better than the bound given in
(1.4), while for large values of = the latter is better.
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