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CONVERGENCE OF A NON-STIFF BOUNDARY INTEGRAL
METHOD FOR INTERFACIAL FLOWS
WITH SURFACE TENSION

HECTOR. D. CENICEROS AND THOMAS Y. HOU

ABSTRACT. Boundary integral methods to simulate interfacial flows are very
sensitive to numerical instabilities. In addition, surface tension introduces
nonlinear terms with high order spatial derivatives into the interface dynamics.
This makes the spatial discretization even more difficult and, at the same
time, imposes a severe time step constraint for stable explicit time integration
methods.

A proof of the convergence of a reformulated boundary integral method
for two-density fluid interfaces with surface tension is presented. The method
is based on a scheme introduced by Hou, Lowengrub and Shelley [ J. Comp.
Phys. 114 (1994), pp. 312-338] to remove the high order stability constraint
or stiffness. Some numerical filtering is applied carefully at certain places in
the discretization to guarantee stability. The key of the proof is to identify
the most singular terms of the method and to show, through energy estimates,
that these terms balance one another.

The analysis is at a time continuous-space discrete level but a fully discrete
case for a simple Hele-Shaw interface is also studied. The time discrete analysis
shows that the high order stiffness is removed and also provides an estimate
of how the CFL constraint depends on the curvature and regularity of the
solution.

The robustness of the method is illustrated with several numerical exam-
ples. A numerical simulation of an unstably stratified two-density interfacial
flow shows the roll-up of the interface; the computations proceed up to a time
where the interface is about to pinch off and trapped bubbles of fluid are
formed. The method remains stable even in the full nonlinear regime of mo-
tion. Another application of the method shows the process of drop formation
in a falling single fluid.

1. INTRODUCTION

Boundary integral methods are a popular choice for simulations of interfacial
flows and have been used extensively to compute nonlinear surface wave [6], [19],
[30], [35], [37], vortex sheet (no density difference) motion [3], [23], [26], [27], [36],
[38], Rayleigh-Taylor instability [5], [35], [44], interfaces in Hele-Shaw cells [17], [24],
and crystal growth and solidification [29], [40]. The advantage of boundary integral
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138 H. D. CENICEROS AND T. Y. HOU

methods is that they reduce the dimension of the problem by involving quantities
along the interface only [34]. However, boundary integral methods designed for
computing interface motion are very sensitive to numerical instabilities because
the underlying problem is fairly singular. If left uncontrolled, these instabilities
usually destroy the accuracy of the computations.

Numerical instabilities have been observed by Longuet-Higgins and Cokelet [30],
Baker, Meiron and Orszag [6], and Dold [19] in surface wave simulations without
surface tension. In these simulations, the onset of the instability was delayed with
the application of polynomial averaging smoothing techniques. It is important to
note, however, that these ad hoc smoothing techniques do not completely eliminate
the numerical instability.

Computations of interfacial flows with surface tension are even more sensitive
to numerical instabilities because surface tension introduces nonlinear terms with
high order spatial derivatives into the interface evolution equations. Straightfor-
ward discretizations of the surface tension term may lead to numerical instabilities.
Pullin [35] was one of the first to experience this difficulty. Using a boundary in-
tegral method for computing two fluid interfacial flows, Pullin noted small-scale
corrugations in regions of high curvature in the interface profile that appeared only
with nonzero surface tension, in addition to a sawtooth instability of the type de-
scribed by Longuet-Higgins and Cokelet [30]. While he could partially delay the
sawtooth instability with polynomial averaging, eventually the appearance of the
first type of numerical instability, associated with surface tension, caused the com-
putations to end.

Using also a boundary integral method, Rangel and Sirignano [36] limited the
growth of modes with high wavenumbers by doing redistribution and point insertion
of vortices. This procedure gives a smoothing effect very similar to that of the
vortex-blob method [26] or the vortex-in-cell method used by Tryggvason [44] and
it becomes very difficult to distinguish the real effects of surface tension with this
regularization.

Linear analysis about equilibrium has helped to identify common sources of
instability in boundary integral methods. Without surface tension, Roberts [37]
showed how to remove a sawtooth instability.

In recent works [4, 7], numerical stability analyses were presented in two different
contexts of interfacial flows with surface tension. Baker and Nachbin [4], performed
normal mode analysis for several boundary integral schemes to study the linear
evolution of periodic perturbations of a flat vortex sheet. With this linear analysis,
Baker and Nachbin were able to identify common causes for numerical instability.
However, their study did not consider the behavior of perturbations away from
equilibrium and left open the questions of nonlinear stability and convergence.

Beale, Hou and Lowengrub [7], hereafter referred to as BHL, presented a conver-
gence proof of a boundary integral for water waves with or without surface tension.
Following a framework developed in [9] for linearized motion perturbed about an
arbitrary smooth solution at the continuous level, BHL found that very delicate
balances among terms with singular integrals and derivatives must be preserved at
the discrete level in order to maintain numerical stability. They also realized that
suitable numerical filtering is necessary at certain places to prevent the discretiza-
tion from introducing new instabilities in the high modes. This filtering depends on
the choices for approximating spatial derivatives and quadrature rules for singular
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CONVERGENCE OF A NON-STIFF METHOD 139

integrals. Spectral methods are no exception. Indeed, the periodicity of the numer-
ical solution introduces aliasing errors which ultimately become another source of
instability and consequently, some Fourier filtering is also required in this case.

Another major difficulty in numerical simulations of interfacial flows with surface
tension, is related to time discretizations. Surface tension introduces terms with
high order derivatives both nonlinear and nonlocal into the interface dynamics.
This leads to severe stability constraints for explicit time integration methods and
makes the application of implicit methods difficult [13, 24]. For two fluid interfaces
in Euler flow, the stability constraint is of the form At < C'- (As)3/2, and for Hele-
Shaw flows is At < C - (As)3, where At is the size of the time step and As is the
minimum grid spacing in arclength. In practice, these time-dependent constraints
become more severe by point clustering along the interface. This imposes a serious
limitation for well resolved computations. The presence of such restrictions on the
time step is known as stiffness.

In [24], Hou, Lowengrub and Shelley, hereafter referred to as HLS, introduced
methods that remove the high order stiffness in computing the motion of fluid
interfaces with surface tension in two-dimensional, irrotational and incompressible
fluids. Their schemes are based on a spectral discretization of a boundary integral
reformulation using two natural variables: the tangent angle € to the curve and the
arclength stretching o, which is the derivative of the arclength with respect to a
Lagrangian marker «. In these variables, the surface tension term has a very simple
form because the local curvature becomes 6,/0. HLS identified the leading order
stiff terms and treated them implicitly in time discretizations. These semi-implicit
methods can be solved easily once a suitable parametrization of the interface is
chosen. The methods are efficient and give an enormous saving in computational
time [23].

In this paper, we present a method designed for general two-density fluid in-
terfaces with surface tension in Euler flows, and study its nonlinear stability and
convergence. The method is based on the spectral spatial discretization used by
HLS, keeping time continuous. Thus, used in combination with the semi-implicit
time discretizations proposed by HLS, our method also removes the high order
stiffness introduced by surface tension.

Our analysis is at a time continuous-space discrete level but we also study a
fully discrete case for a simple Hele-Shaw interface and show that the time step At
depends only linearly on the mesh size h, i.e., At < Ch. Our analysis also indicates
how the stability constant C' depends on the regularity of the solution, especially
the curvature.

We apply certain Fourier filtering in the method at places suggested by our
stability analysis to preserve the balance among most singular terms. With this
filtering as part of the method, we are able to prove rigorously its convergence to the
exact solution with spectral accuracy provided the solution is sufficiently regular.
This is the content of Theorem 1.

Our proof follows a framework developed in [8, 10] to study the linearized motion
about smooth solutions of two fluid interfaces with surface tension in the continuous
case, in the same spirit of BHL’s convergence proof of a method for water waves
[7]. The key is to identify the leading order singular terms of the method and
to make sure that a delicate balance among these terms is satisfied. However, the
situation is more complicated than that in the water waves scheme studied by BHL.
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140 H. D. CENICEROS AND T. Y. HOU

In our case, the formulation is different and more general because it applies to two-
density fluid interfaces of which water waves is a special case, and it uses o and 6
as evolution variables to determine the interface position rather than the Cartesian
coordinates x and y.

By adding a tangential velocity, we select a parametrization such that, o =
R(a)(o), where the brackets denote average in space and R is a smooth function
of mean one. R can be chosen at our advantage to obtain some control on the
positioning of the interface Lagrangian particles. Thus, we may cluster particles in
neighborhoods of singular points (taking R small there) and separate the particles
in over-resolved regions. While this parametrization can give a substantial improve-
ment in the resolution, it introduces new technical difficulties into the analysis. In
particular, we find that a natural variable to use in the computation of the velocity
is the true vortex sheet strength 4 = v/0, where v is the unnormalized vortex sheet
strength. By filtering 7 in the velocity, we are able to show, through delicate energy
estimates, that the most singular terms of the method balance one another. We
do not claim that the application of Fourier filtering to eliminate aliasing errors is
unique but we do show that our choice gives a nonlinearly stable and convergent
discretization. The same ideas can be applied to construct nonlinearly stable and
convergent methods for Hele-Shaw flows, and dendritic solidification problems.

The rest of the paper is organized as follows. Section 2 is devoted to describe the
boundary integral reformulation introduced by HLS and their ideas to remove the
high order stiffness. In Section 3, we present our numerical method and state the
convergence result (Theorem 1). The proof of this theorem is given in Section 4.
Finally, in Section 5, some numerical examples are included to demonstrate the
robustness of the method. A numerical simulation of an unstably stratified two-
density interfacial flow shows the roll-up of the interface; the computations proceed
up to a time where the interface is about to pinch off and trapped bubbles of fluid
are formed. The method remains stable even in the full nonlinear regime of motion.
Another application of the method shows the process of drop formation in a falling
single fluid.

2. A BOUNDARY INTEGRAL REFORMULATION FOR TWO FLUID INTERFACES

In this section, we present the boundary integral reformulation introduced by
HLS for two fluid interfaces and describe their ideas to remove the high order
stiffness caused by surface tension. Specifically, we concentrate on the motion of an
interface I' separating two infinite layers of inviscid, incompressible and irrotational
fluids in two dimensions. Under these assumptions, potential flows exist in the
interior of the layers and the flow can be described by variables defined on the
interface only. The boundary conditions we impose are

(i) [ulr -7 =0,
(11) [p]p =TK,

where [u]r - 7o and [p|r denote the jump in normal velocity and pressure across
the interface, respectively. The constant 7 is the surface tension coefficient and
k the local curvature. The kinematic condition (i) is the usual requirement that
particles on the surface, remain there. The dynamic condition (ii) is known as
Laplace’s formula [28]. With these hypotheses we can obtain a boundary integral
formulation for the interface evolution equations. Here we give only the equations,
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CONVERGENCE OF A NON-STIFF METHOD 141

the details of the derivation can be found in [6]. Denote the interface position by
X(a,t) = (z(a,t),y(a,t)), where o is a Lagrangian parameter and let  and §
be unit normal and tangential vectors to the interface. The mean velocity on the
interface can be evaluated by the following Cauchy principal value integral

1) W- [ K(X()-X@))d
where the singular kernel K is given by

1 (=yla), z(e))
K (X () = o1 z2(a) +y%(a)’
and « is the unnormalized vortex sheet strength. Given v(«,t) and X (a,t), the
interface normal velocity is determined by UY = W -7 and this complies with the
kinematic boundary condition (i). On the other hand, we have freedom to select
the tangential velocity. We take this to be UT + U4, where UT = W - § and
U# is yet arbitrary and its choice determines the frame of reference. To update
the velocity we need an evolution equation for -, this equation follows from the
dynamic boundary condition (ii). The interface evolves according to the following

equations
2) X, =UNa+UT +Us,

U4 1 A
(3) = Skat (e = 24[0Wi -5+ (D)2 + gy — U4 Wa -5,

where o = (22 +y2)'/2 is the arclength stretching variable and A= (p1—p2)/(p1+p2)

is the Atwood number which measures the flow stratification. Here, p; (p2) is the
density of the fluid below (above) the interface. The constant S = 27/(p1 + p2)
is a rescaled surface tension coefficient and g the gravity acceleration. The local
curvature k is given by

_ YaoTa = Taala
(o3 + 2P
The subindex « denotes partial differentiation with respect to that variable.

From this set of equations we observe that the surface tension enters into the
interface dynamics terms with high (third) order derivatives nonlinearly and non-
locally, making implicit time discretizations very difficult.

A “frozen coefficient” linear analysis about an arbitrary smooth solution for the
evolution equations (2)-(3) gives the following stability constraint for an explicit
time integration method [13, 24],

At < g((_7h)3/2 with & = mino.
S o
Although the exponent 3/2 may not seem very restrictive, this stability constraint is
still very severe because of its dependence on . As the interface evolves, Lagrangian
particles tend to cluster in some regions and cause & to be very small. This time-
dependent behavior usually leads to prohibitively stiff systems.

The first step in the HLS nonstiff method is to reformulate the interface evo-
lution equations in terms of the tangent angle # and the arclength stretching o.
In these two new variables, the surface tension term has a very simple form:
Sko = S(0a/0)a. This approach has been used previously by Kessler, Koplik
and Levine [25] for interface evolution problems, by Strain [40] in the context of
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142 H. D. CENICEROS AND T. Y. HOU

solidification, by Goldstein and Petrich [21] for integrable closed curve dynamics,
and by Meiburg and Homsy [32] for Hele-Shaw flows.

If we assume that an interface moves according to X; = UNn + (UT + U4)3,
then the evolution equations for o and @ are given by (see, e.g., [15, 24])

(4) or = (UL + U — 0,UY,
(5) 6= L[UN 1 6,(U7 + UM,
ag

Note that the evolution equations (4)-(5) can be used in many other different con-
texts depending on how the velocity is determined. Examples include motion by
mean curvature, dendritic solidification and Hele-Shaw interfaces.

In the particular case of an interface in Euler flows the velocity W = (U, V)
defined in (1) has a succinct form when expressed in terms of the complex position
variable z = x + 1y,

(6)

Moreover, if we assume that the interface is periodic in the x direction, that is
z(a) = a + s(a) with s(«) a 27 periodic function, then it can be shown [2] that
1 [ 1
(7) wW=— (') cot = (z(a) — z())da’.
dmi J_ . 2

L[> ()

- Yy —vu v
27t J_ o 2(a) — z() “ !

The complex position z may be obtained from ¢ and 6 by integrating z, = e

or equivalently

(8) z(a) =« +/ (o(a)e @) — (ge®))do! + 20,
0
where the brackets denote the mean or average in space over one period, that is
1 27 ,
=— do’
=5 | flea

and we have also used that (z,) =1 +(s4) = 1, as s(«) is periodic. A discretization
of (8) enforces the periodicity assumption on z [24]. The integration constant zg
can be determined by evolving one single point of the interface in time. When the
two layers of fluid are infinite in the y-direction, zo provides just a translation to
the curve and does not influence its dynamics. For simplicity we take zg = 0.

There is still freedom in selecting the additional tangential velocity U#. Fol-
lowing HLS, we choose U such that the arclength stretching variable satisfies the
following condition,

9) o(a,t) = R(a)(o),

where R(«) is a given smooth function of mean one. This condition gives us some
control on the positioning of the Lagrangian markers. In particular, if we know in
advance where some complexity of the curve is located, R can be selected to cluster
particles about that region to achieve better resolution. It can be shown [15, 24]
that if

(10) Ut =-UT + /a[aaUN — R(a){0,UM)]do/,
0

then this choice of U4 enforces the constraint (9) for all time provided it is satisfied
initially.
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CONVERGENCE OF A NON-STIFF METHOD 143

We can now write the reformulated evolution equations of the interface in the
following form,

(11) oy = —R(a){0,UN),

(12) 0, = %[Uﬁ’ +0,(UT + U,
7= 520+ L0,
(13)

—2A |Re{oe®W,} + %(l)i + gosing — UM Re{e®W,}|,
o

where UN = —Im{e®®W} and UT = Re{e?®W} with Re and I'm denoting the real
and imaginary parts respectively. Actually, we could cancel the parametrization
factor R(«) in (11) and obtain an evolution equation for the average (o). However,
equation (11) allows for a more general setting.

The surface tension term S(,/0), affects the evolution of 8 through the vortex
sheet strength ~ in the velocity field. Thus, UY is the term that contributes the
most to the stiffness in (12). This nonlocal effect makes difficult the application
of implicit time discretizations. However, an important fact is that stiffness arises
from high order terms only at small spatial scales; the time step has to be small
enough to resolve the propagation of capillary waves [13].

The next step in HLS approach is to extract the leading part of the velocity at
small scales (high modes). To this end, we consider the expression (6) for W and
write the kernel as follows

1 L [ 1 ]
2a) —2()  zala)(a—a))  [2(a) = 2(a)  zala)(a—a)]

Using this expression, we write W as

1L () ;1 < N
(14) W—% o mda —%H[V]ﬂL/ y(a')g(a, a')da’,

— 00

where H is the Hilbert transform defined by
1 o /!
(15) i) == [ LD g

T ) oo —

The last term in (14) is of lower order because 7 is integrated against the smooth
function g. Therefore, it follows that [24]

UN (o t) = %Hh}(a,w + Ry[y)(on 8),

where Ry is a smoothing operator in the sense that if z(«,t) and y(«,t) are real
analytic functions of « for t < T and o # 0, then the Fourier transform of R,
satisfies Ry[y] = O(e*I¥14) for large wavenumber |k|. Here, p > 0 is the width of
the strip of analyticity about the real axis. If z(a,t) and y(a,t) are not analytic
but C™, then R[] = O(|k|~™4). Thus, at high modes,
Loy~ <1H[v]) :
o 20 o

where by ~ we mean equivalent modulo a smoothing operator. The evolution
equations for # and v can now be written in a form that reveals the leading order
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144 H. D. CENICEROS AND T. Y. HOU

behavior at small scales.

(16) @:5%(§Hm>a+a
(17) Ve :S(%)ﬁ@,

where P is defined as the right hand side of (12) minus the high mode leading term
and @ is the right hand side of (13) without the surface tension term.

The leading order terms simplify considerably if ¢ is independent of a.. This can
be achieved by taking the parametrization function R identically equal to one. In
this particular case, the system (16)-(17) in Fourier space becomes

(13) k) = 55 KA(K) + PR,
(19) k) = - 2K0() + Q).

where we have used that H/\f(k) = —isgn(k)f(k). An implicit time discretization
of the high mode leading order terms is now trivial to solve. If R # 1, we can
recast the system of equations obtained by a semi-implicit discretization in a form
suitable for an efficient iterative method [15, 23].

3. THE NUMERICAL METHOD

We may construct a numerical scheme for the interface evolution equations (11)-
(13) simply by providing rules to approximate the spatial derivatives and the sin-
gular integrals. However, just as it has been observed by BHL [7] in the case of a
boundary integral method for water waves, straightforward discretizations usually
lead to unstable schemes. More precisely, a stable discretization must maintain a
very delicate balance among the leading order singular terms of the method. To
guarantee this balance, some Fourier filtering has to be applied selectively as part
of the discretization. The spectral accuracy does not eliminate the need for numer-
ical filtering. Indeed, the periodicity enforced on the numerical solution leads to
aliasing errors that ultimately upset the stability balance.

We present and analyze here a spectrally accurate method for two-fluid inter-
faces. The analysis is more complicated than that of the water waves scheme studied
by BHL. Here, we have a more general and different formulation for the interface
dynamics.

Let us define first a discrete Fourier transform of a periodic function f whose
values are known on a uniform grid of mesh size h = 27 /N by

N/2

fo=~ Y. flaye ™ a;=jh,

j=—N/2+1
with inverse or Fourier interpolant given by

N/2

flag)y = > feeo

k=—N/2+1
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CONVERGENCE OF A NON-STIFF METHOD 145

Here we assume that IV is even. Our numerical filtering is defined in Fourier space

as follows:

(20) (f2)r = p(kh) fi,

where p is a cutoff function with the following properties
(i) p(—z) = p(z) ; p(z) >0,

(ii) plx) e C" 5 r>2,

(i) p(m) = ol (27) =0,

(iv) plx)=1 for|z| <At O0<A<L1

Condition (iv) ensures the spectral accuracy of the filtering. While the selective use
of filtering in our method prevents high mode instability, it introduces new technical
difficulties into the analysis; the commutator of the filtering (f(a)¢;)? — f(a)¢?,
for regular f, is not smooth enough to be absorbed into low order terms and its
particular form, which depends on the properties of p must be taken into account
in the energy estimates.

We compute the spatial derivatives with a pseudo-spectral approximation, which
we denote by Sy, and with a combination of this approximation and our Fourier

filtering. This combination is denoted by Dy, that is
(Suf)k =ikfi and Dy f; =SufF.

Hereafter, we denote by o(a;), 8(;), v(), etc., the exact continuous solution
evaluated at the grid points, and by oy, 6;, s, etc., the discrete approximation. To
simplify the notation we omit writing the time dependence on the functions unless
otherwise noted.

Another difficulty is introduced by the parametrization, and special care must
be taken in discretizing v to compute the velocity W. We approximate y(a;) by
Jjo; where 4; = v;/0;, and use the alternate-point trapezoidal rule,

1 X 1
(21) W, = — Z Yjojcot 5(zf — 25)2h.
4mi = Niat1 2
(7 — %) odd

As we will see later, using 7% instead of 47o; would introduce a term that may lead
to instability.

Sidi and Israeli [39] showed that the alternate-point trapezoidal rule applied to
periodic Cauchy kernels such as those considered here, gives spectral accuracy. This
quadrature has been used extensively in vortex sheet computations [4, 7, 26, 38].

We still have to provide a discretization for the map (8) to determine the complex
position variable z in terms of o and . We do this with the following approximation,

(22) 2 = oy + Inty (0e® — (0e'));,
where Inty, is the pseudo-spectral integral operator defined in Fourier space by

L
— Lo for k #0,
Int =k

(Intn £ {O for k =0,
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146 H. D. CENICEROS AND T. Y. HOU

for any 27w-periodic function f of mean zero. The discrete mean is computed using
the trapezoidal rule,

Note that, without loss of generality, we have also set to zero the integration con-
stant zg.

The discretizations for the tangential and normal velocities come from the the
approximation (21) for W,

(23) UN = —Im{e®”’W;} and UT = Re{e’® W,}.

Now, recall that the parametrization of the interface is determined by our choice (10)
of the added tangential velocity U#4. This velocity is calculated using the next dis-

cretization,
(24) U = UL + Int, (D, 0UY — R(DL 0UN)1)i.
Our method may be written as follows
dO’i
(25) di = —R(ai)<Sh GUN>h,
i 1 _
d7 ZSDh(—Dhai)—FDh(UiA"yi)—l—Fi

1 .
— 2A[§ Dy 32 + gosinf; — UARe{e™ S, Wi},

where the term F; in (27) is an approximation to —2ARe{oe®W;} which we split
into two terms

i6; N/2

_ gi€ § : d; Lip p
j=—N/241
j —14) odd
(28) (3 —1)

gic p__ dt dt
+ ARe{"— j__%;m LFraTey 2h}.
(j — %) odd

Note that F; is not obtained directly by differentiating with respect to time our
approximation (21) for W. If such a discretization were used instead, it would in-
troduce explicit filtering to the dependent variable dy; /dt. This is both unnecessary
and unsatisfactory. It should be noted here that, unless A = 0, the expression (27)
is a discrete version of an integral equation for dry;/dt. Later we will show that this
discrete linear system for dv;/dt is invertible. Therefore, dv;/dt can be expressed in
terms of other variables that have been filtered. As a result, dv;/dt has the filtering
effect implicitly. On the other hand, we do need filtering on = in the term that
comes from the derivative of the kernel (second term in (21)) to avoid high mode
instability. This is quite different from the case for the water wave problem where
we do not need an evolution equation for ~.
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CONVERGENCE OF A NON-STIFF METHOD 147

The derivative of z with respect to time in the second term of (28) is obtained
from (22), that is

dz; do o dl do
dtl = Inth(Eew + ioelea — <E W0
where do/dt and df/dt are the right hand sides of (25) and (26), respectively.

As we will see in the analysis, it is crucial for numerical stability that the leading
order terms of S, UV /o; must balance the surface tension term S Dy, (Dy, 0;/0;) and
a term that comes from the derivative of the added tangential velocity in Dh(UiA%).
The use of ﬁf o in computing the velocity, the properties of the main part of the
quadrature for the velocity (a form of a discrete Hilbert transform), and the relation
of its derivative with the pseudo-spectral derivatives of our discretization (Lemma
2, below) are the key to achieve this delicate balance in the energy estimates. At
the same time, special care must be taken not to introduce high mode errors; this
is the role of our Fourier filtering. The importance of the filtering will become clear
when extracting the leading order terms of the discretization.

We state now a convergence theorem for this numerical method.

(29)

. pdb
+ice Gaﬂ)i,

Theorem 1. Assume that for 0 < t < T there exist a regular solution of the
evolution equations of the interface (11)-(13) with o(-,t) , 0(-,t) and v(-,t) belonging
to C™F3[—m, 7] for m > 4 and that |z(a,t) — z(B,t)| > Cla — B| holds for some
C > 0. If on, 0n and v, denote the numerical solution of (25)-(27), then for
h < ho(T) we have,

lon(t) —o(, )z < C(T)h™,
||9h(t)—9(-,t)||Hi/2 < C(T)hm,
[y (t) =yl < C(T)R™,
where
N/2
lulz = 3 luPh,
j=—N/2+1
N/2
[ull20/e = 2m (1 + p(kh) k] |
H
" k=—N/2+1

To be consistent with the hypothesis on the regularity of o(-,t), we assume that
the parametrization function R is a given C™*+3[—r, 7] function of mean one.

The proof of this result is divided in two main parts: Consistency and Stability.
The latter is the most technical part of the proof and it is divided itself into three
subsections.

4. CONSISTENCY

We examine next how accurately the exact solution satisfies the discrete system
of equations. First note the spectral accuracy of the pseudo-spectral operators (see,
e.g., [43]). If f(a) is a periodic C**![—m, 7] function, then

(30) [Sn f(ei) = falei)| < Ch2||fllzosr,
(31) | Dn f(ai) = falai)| < CR*|[fll e+,
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and for our Fourier smoothing we have that

(32) [P (o) = flea)] < CRFY| £l e

It is well known that the trapezoidal quadrature rule, when applied to periodic
functions gives spectral accuracy [22], that is,

N/2 -
(33) S flaph— | fle)da| < CR|f| e
j=—N/2+1 -

Similarly for the pseudo-spectral integral operator, we have

(34) (o) — [ " o(@)da] < Ch™ gl

for zero-mean and periodic g(a) € C*[—m,w]. Thus, from these observations and
from the assumption on the regularity of the exact solution, it follows that

zn(i) = o + Inth(ff(')ew(') - <C’ew>h)i

(35) =q; + /ai (oe® — 1)da + O(h™*3) = z(ay) + O(R™F3),
0

where we have also used that (z,(-)) =1 .

Let us denote by Wy,(), UL (o), UiA(evi), and U} (a;) the velocities obtained
by substituting the exact solution o(-,t), 0(-,t) and ~(-,t) into the discrete equa-
tions (21)-(24), to distinguish them from the corresponding exact velocities. In
order to examine the accuracy of the approximation for the velocity, we note that

(36) (05) = () + O +2) = L) 4 o),
o(a;)
Thus, using the spectral accuracy of the smoothing and (35), we get
- 1 1 m
P (az)olay) cot 5 (2 (i) = z(a;)) = 7(ay) cot 5 (2(ai) = z(ay)) + O(h ).

It was shown in [7, 38, 39] that the alternate-point trapezoidal rule applied to this
integrand yields spectral accuracy, that is

N/2

1
> Alay)cot 5 (2P (ai) = 27(e;))2h
j=—N/2+1
(4 — ) odd

= [ @) cot 5 (s(a0) — s(a")ia’ + 01+,

—T

Therefore, for our approximation to the complex velocity W, we have

N/2
1 _ 1
Wh(ai) = P E AP (aj)o () cot 5(21)(041') — 2P(ay))2h
j=—N/2+1
(j — %) odd

W (i) + O(h™2).

Note that since 6P(;) = 0(a;) + O(R™+3), it now follows that
Up (o) = UN (i) + O(R™F3),

Ui (i) = U (i) + O(h™F2),
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and using (31)-(34), we also have that
Ui(e) = U (a) + O(h™2).
It is now easy to check the consistency for the o-equation (25), because
(Sn0C)UR (Nn = (Ba( YUY () + O(R™*2)
= {0a()U () + O(h™F2)
and consequently

do

=7 (@) = —R(:)(Su 0C)U () + O(A™2).

Similarly, for the §-equation (26) we obtain

do 1

(00 = Sy 8n U (00) + DuB() (U7 o) + U (00)] + O,

Now from (29), using (33) and (34), it follows that

dzp ,  dz m+2
2 (0 = L0 + 007+,

Note also that we may write

N/2 dz dz
S e w0,
J .
j= N2 sin® § (2], () — 2f ()
(j — i) odd
N/2 )
= > Glanag)eot 3(s(a) - 2(ay))2h + O(A™+?),
j=—N/2+1
(j — i) odd
where

dz ;) — dz Qa;
Gla;,aj) = 27(aj)sitlilt((z(ol) —d;((ozji)'

Hence G(-,-) € C™T[—x, 7] (it has a removable singularity) and, as a result, the
alternate point trapezoidal rule yields an O(h™) approximation for this integral.
On the other hand, in view of (31), we have that

Dy (ﬁ Dhﬂ(ai)) - <%9a(ai)) O™

i ai) «

and similarly for the other terms of the 7y-equation (27). The following lemma
summarizes the accuracy of the numerical method.

Consistency Lemma. The exact solution of the interface equations (11)-(18) sat-
isfies the discrete evolution system (25)-(27) with truncation error of order O(h™*2)
for equation (25), of order O(h™*Y) for equation (26), and of order O(h™) for
equation (27).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



150 H. D. CENICEROS AND T. Y. HOU

5. STABILITY

Let us define the errors or variations between the exact and numerical solutions
as follows,

dj = 0; —o(ay),

Hj = 9j — H(Oéj),

V5 =7 = V(a).
Our goal is to obtain a system of evolution equations for these errors and perform
energy estimates to show they remain bounded in suitable discrete norms for ¢t < T
Recall we are assuming that a smooth exact solution exists up to time 7. To

illustrate the idea, let us find an equation for 0. First, substitute the exact solution
into (26) and use consistency. Then, substract the resulting equation to (26) and

get
(37) Ciletl :é[sh UN + DL 60;(UT +UM))
37 i

Now, the right hand side of this equation can be written in terms of &;, 917 and the
variations in the velocities,

UzN = UzN - Ui]LV(aZ)v
Ul =U7 = Uyl (),
UA =UA — U ().

Therefore, our first task is to estimate UN,UT, and U in terms of the errors &, 6;
and ’yl This is accomplished by 1dent1fy1ng the most singular part in the variation
W; = W; — Wi () of the complex velocity. The estimates separate into linear and
nonlinear terms in ¢;, 6; and 4;. The nonlinear terms can be controlled because
of the high accuracy of the method for smooth solutions. Thus, the leading order
contribution comes from the linear terms.

The following notation will help us handle low order terms arising in the stability
analysis. We define a discrete s-th order smoothing operator, written generically
A_,, as an operator satisfying

IDL (A—s()lliz < Clldlliz and  |A_s(Su' §)]li2 < Clldfli= for 0<I<s.

Note in particular that Ag(¢;) is a [2-bounded operator, that is, [|Ao(¢ |l <
C||@||;2. Moreover, it is easy to see that hsAg(d;) = A_,(¢;). We also write

A (Gis iy i) = A_s(i) + A_s(hi) + - + A_ (1)

5.1. Estimates for the Variations of the Velocities. As noted by BHL [7],
in estimating the variation in the complex velocity, it is easier to work with the
kernel defined on the entire line rather than in [—, 7]. The periodic extension is a
straightforward application of the formula,

1
293 Z—‘+Zz2 P
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which converges uniformly in any compact set not containing the points z = 2k,
with k integer [31]. We obtain (see [7, 15] for details)

N/2

> flag)cot (( i) = 2(a;))2h
j=—N/2+1
(7—1%)odd

1

N(M+1/2) )
— i A
N ]\/}1—I>noo ‘ Z 2(a;) — 2h.
j=—N(M+1/2)+1
(j—1)odd
To simplify the notation, we define

_ N(M+1/2) 4
Z &Wz = lim Z &Qh.
(j—%)odd #as) = 2(y) Mo j=—N(M+1/2)+1 z(ai) = 2(a; )
(j—i)odd
Analogously, a periodic extension of the numerical solution yields,

N/2

>y $ fi
j=—N/2+1 (j—14)odd
(7—1%)odd

It is also convenient to extend the kernel 1/ sin? z that appears in one of the terms
of (28). In this case we get,

N/2 gz _ dzy dz _ dz
p__ dt H dt dt
Z i Isin? 2(2P — 27 Z 2%)? 2h.
=—N/2+1 2 7) (j—i)odd %
(j—i)odd

We devote the main part of this subsection to show that

(38) i o(a;) Hy 47 7(041') H, 6P

" 2izq(a) b i 220 () nlit

where Hy, is a discrete Hilbert transform given by

(39) Hofi=s Y L

a; —
(j —i) odd * J

Thus, the particular combination of Hy, in (38), extracts the most singular part of
Wi; the terms that we are omitting are of lower order. To obtain this estimate, we
follow BHL [7] and write W; as a sum of linear and nonlinear terms in the errors
&, 7, and % as follows

I 3 _ iy gy L 3 _ologlii 2h
oom £ 2y (0g) — 28 () 2mi & 2y (0q) — 28 ()
(j — 1) odd (j — ) odd
(40) b
D D (1) L) B S SRV
i | 2 PO Gy T
j—1i)o
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where WiN L stands for the nonlinear part given by

. D
WNE = — —1J 9
2mi G _%:Odd zp () — 2h ()
1 (oﬁp)j(éf - Z?)
— 2h
(41) o 2 e TP

(7 —14) odd
0P (2F — 27)22h

1
27 G —zz)odd (2h () = 2p () (2 (i) — zp (@) + 27 — Zf)

Our immediate task now is to estimate Z in terms of & and 9, and to establish a
bound for the nonlinear terms. To this end, let us define the following time,

. dA
(42) T =Sup{tt <T, [|6]i2, 16ls2, |¥]li2 < h7/* and ||d—Z||lz < KPPy

Unless otherwise noted, all the estimates we obtain hereafter are valid for t < T*.
At the end, we close this so called T*-argument, by showing that 7% =T
Note that since

N/2
WO < > [6iPh=10],
i=—N/2+1

we have that (for t < T%),
16]]oc < BTV2(0)2 < B,
and similarly,
o]l <h® and Y]l < B2,

On the other hand, the variation 2; = z; — 25, () is given by
(43) & = Intu[(0e™); — ((0€”);)nl,
where

(06%); = 03 — ()@ = gy (e — 000D 4 0@
Now,

eifi _ iflen) — gi(0it0(en)) _ oifle) — jeib(an)g, 4 ()62

with ||7]|ee < 1/2. Moreover, since [|62]|;2 < Ch?||6]|;2, we get
(44) e — e0() = @), 1+ A_5(6;).
Therefore, using this estimate and noting that o; = o(;) + &5, we get
(45) (0e); = io(a;)e® @), + e g; + A_5(6;),

where we have also used that [|62]|;2 < Ch3||&||;2 to bound the nonlinear terms.

Now, clearly (f(:)¢)n = A_(¢) for f € C°. Consequently, substituting (45)
into (43) we obtain

2 = Inty (o (1)) 0); + Inty (V) 5); + A_s(53, 0:).
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Recall that the frame is selected such that the initial parametrization is preserved
up to a time dependent scaling. Thus

(46) di = R(aw)[(0)n — (0(-))] = R(c)(6)n + O("F?),

where we have also used (33). The relation (46) tells us that the error in ¢ is on
the scaling factor (o), only. This time-varying factor may be pulled outside any
spacial discrete operator. In particular,

Ity (f(1)6)i = (6)n Intn (R() f(-))i + O(R™+?)
= flai)(o)n + O(h™T%) = A_(65) + O(R™*?),
because both the parametrization function R and f are smooth. Similarly we have
Du(f(a)d) = g(ai) (6 + O™ ) = A_y(63) + O(h™+2)
and the same is true for Sy instead of Dy. In this sense, terms involving ¢ are of
lower order. Thus, because of the control we have on o, the most singular terms
are only those containing 6 and 7.
With these observations and noting that z,(a) = o(a)e??(®) | we obtain our final
estimate for 2,
(47) Z = iInty (2 (-)0); + A_s(d3,6;) + O(h™F3),
from which we obtain the following bounds
2]l < CRT/? and  ||2]|lee < CH3.

Let us return now to (40), our expression for W. The first term involves &.
Then, in view of (46), we have

1 57" (a)) _ S m+3
w i 2 e - Ay A0+ 00T
Now, to estimate the second term in (40), we first note that
1 B 1
2(@) —2(8)  za(a)(a—p
where g(-,-) is a smooth function in both variables. On the other hand, by consis-
tency of the approximation,
1
EACHREACT)
Thus, for the second term in (40), we obtain
L Z o(ay ):Y? 2%
2mi (=D odd zp () — 28 ()

1 2z ~ ~
57 Hy(077) + Z g(ag, og)’y?Qh).
« (j — i) odd

] +9g(a, ),

1

_ m—+3
= (14+0(h™*?)) o) =)

(49)

= (1+ 00 ) (

The term involving the smooth function g, is a discrete operator which deserves
special care. Let us denote a general operator of this type by Ry, that is

(50) Ru(¢i) = Z g(ai, o) p;2h
(j —4) odd

for g(-,-) € C*®. Clearly the continuous analogue of Ry, is a smoothing operator.
However, this is not true at the discrete level, where Ry (¢;) can be as singular as
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@i, [11, 24]. We overcome this difficulty with the application of Fourier filtering.
Using the properties of the cutoff function p which defines our filtering, we obtain
the following result proved by BHL [7].

Lemma 1. Let g(-,-) in (50) be in C° with s > 3, then
(51) Ri(¢7) = A—2(¢:).

This lemma explains the use of filtering on ¥ when computing W. We will see
below the reason for performing the smoothing on 4 = /o instead of ~.

Note also that the commutator of the discrete Hilbert transform and a smooth
function is an Ry, operator, that is

Hi (f(i)i) — f (o) Hu(¢:) = Ru(¢i).
Therefore, we can pull the smooth function o(«) outside Hy, in (49), at the expense
of adding a term Ry (7,) = A_5(%;). Consequently,

(52) Hi(7) + A2 (%)-

2m (j — i) odd zp(on) — 2z (o) 2iza(a)

Loy o(05)¥; . ola)
This expression exhibits clearly the leading order contribution of 4 in the variation
W of the velocity. The dependence on the underlying smooth solution has been
absorbed into the coefficient in front of Hy,, which is a much simpler operator to deal
with. In particular, Hy, satisfies properties similar to those satisfied by the Hilbert
transform at the continuous level (15). The following lemma shown by BHL [7]
summarizes some of these properties.

Lemma 2. Let f be such that fo = fN/2 =0, then

(i) (Hp f), = —isgn(k) f,
(i) Hy(Hy f;) = — fi,
1 fi— fi
Hu(Sy f;) = — gt 4 2h,
(iii) 1 (Sn fi) T Z (i —a,)?
(7 —1) odd
(iv) Su(Hn fi) = Hu(Sn fi)-
To estimate the third term in (40), we extract the singular parts of the kernel as

follows,

a a

7(8) . () N Y I a0, ).

(2(@) = 2(8))?  22(a)(@—pB)?  a—p
where p(-) and ¢(-,-) are smooth functions. Again, by consistency, we also have
that

a(a)iP(a;) m+2 v(a))
(2P (i) — 2P(a))2 (L+00™™) (2(i) — 2(a;))?"

Combining the last two expressions and using part (iii) of Lemma 2, and Lemma 1,

we obtain
1 P _ 4P
— o(aj)FP(ay) L 2h
53) 2mi _%:Odd P (i) = 2p ()
() Hi Di 2 + f(o) Hi 22 + g(0i) 2P + Ao (%)
= 22 () hDn 2 + fog) Hy 2, + g(ou)2; —2(%)-
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We substitute now our estimate (47) into the term containing 2,

v(a) : y(ei) D . +2
————HyDp % = — Hy(2a0); + A_2(dy,0; mre.
27;2(21(0[1‘) hDpz 22&(041') h(z 9)1 + 2(0’ 0 ) + O(h )
Now, (zaé)f = za(ai)éf + G} 6, where Gy is the commutator of the filtering, that
is
(54) Gh(di) = (f(ai)di)? — flai)d)
for smooth functions f(-). Using Lemma 1, we get
() . () o V() Dy
(55) 2i22 (o) Hu Dy 2 = 2z4(a;) Hn 0; 222 () Hy Gy, 0:

+ A_o(64,6;) + O(h™F2).

The term G} 0; is not smooth enough to be included in A_5(&;, ;). More precisely,
we have the next result whose proof can be found in [15].

Lemma 3.
Gp (¢i) = hAo(¢4)-
The specific form of the operator G will become important in the energy esti-
mates involving the evolution equation for 6.
To complete the estimates for W, we need to take care of its nonlinear part. This

is the content of the following lemma adapted from [7]. The details of the proof are
given in [15].

Lemma 4. Fort < T* the nonlinear part of W is of the form
WNE = A_5(64,0:,%,).-

Now collect all the estimates for ;. Combining (48), (52), (53), (55), and
Lemma 4 we obtain our final estimate for W.

(56) T 22(5 (2) Ha(37) - QZCE?Q)) Hy, 67 + f(a;) Hy G} 6; + E(6;)

+ A_5(64,0:,7;) + O(h™2),

where we have defined

(57) E(0;) = f(ei) Inty(240)? + g(a;) Hy, Inty (246)7,

which comes from the last two terms in (53). Hereafter, by E(6) we mean an
operator of the form given by the last expression or the real (imaginary) part of it;
only the structure of the operator E will be relevant in the final energy estimates.

We can proceed now to estimate the variations of tangential and normal velocities
UT and UN. We have that

Ul = Re{e”"W; — " (W), (o)}
= Re{e"" W, + Wi () (€"); + Wi(e");},

where (e0"); = € — ¢0"(®) Tt is clear that (44) remains valid also for 7.
Therefore
(58) (€"); = ie®)r + A_5(6;).
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Moreover, using the estimate (56), we can obtain the following bound for VV7
Wiz < C(16]12 + 161122 + [14]]22)-
Thus, ||| < Ch?, and as a result
W (") i < CIIW [looll (") lla < CR2[1(€%") 1,

From (58), we conclude that W;(e?"); = A_3(6;), and since W), = W + O(h™+2),
it follows that

Ul = Re{e®"(*OW;} — Im{ e *OW () 107 + A_5(6;)

=1+ O(h’””))Re{%Wi} +UN ()07 + A_3(6;).

Substitute now our estimate (56) for W into this last equation to finally get,
. 1 . . . .
+ A_o(64,0;,%;) + O(R™F2),

The variation of the normal component of the velocity is estimated similarly. We
obtain

. 1 . . . .
(60) UZ.N = 5 Hy "Nyf — UT(ozi)Gf + f(OzZ) Hy, GE 0; + E(GZ)
+ A_Q(d'i, éi, "N)/Z) + O(hm+2)

Recall that f(-) denotes different smooth functions whose forms we need not specify.
Finally, the variation of the added tangential velocity U4 has to be estimated;

U = —UF + Inty, (UY (-) Dy, 6); + Inty, (Dy 0()UN);
— Intn(R(-))s (U™ (-) Dy 0 — Tty (R(-))i (D 0()T V) + U7HYE,
where the nonlinear part of the variation is given by
UMY = Inty (U Dy 6); — Inty(R(-)): (U Dy, ).
Note that (60) and our definition of 7 imply that |UN |« < Ch®. Therefore
(61) 1T Du iz < UM looh™ 18]z < CR2[10]]12,
from which it follows that UiA’NL = A_5(6;). Now, from Parseval’s identity,
(UN() Dy ) = =D UN()0)n = A (6:)
and similarly we conclude that
(Du 0()UN ) = A1, 63, 7,)-
Thus, an estimate for U/ can be written in the following form
UA = -Ul + B(6i,0:,%;) + A_m (64,01, 7,),
where
B(64,0:,7;) = Inty, (UN () Dy, 6); + Inty (60 (DU™N);.

We would like to “integrate by parts” to obtain the leading order terms of B. At
the continuous level, integration by parts follows from the product rule (fg)a =
f9a + fog. However, due to aliasing, Sn(f¢); # fi Sn gi + i Sn fi- Of course, we do
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not need this to be satisfied exactly but only that the error be a lower order term.
This is the content of the following lemma [7].

Lemma 5. Let f(-) € C3 and ¢ € 12, then
(62) Din(f(")¢)i = f(ai) Dn ¢ + fa(eu)d! + hAo(¢:),

where

4 (wple)).

T dx

ot = a(kh)éx ; q(x)
Hence,
Inty, (U (-) Dy 6); = Inty (Dp (UN ()0)); + Intn (U ()69 + hAg());
= (UN(@i)0i)? + A—1(6;) = UN ()67 + A1 (6:),

where we have used Lemma 3 for the last equality. Now, the estimate (60) for U
in the other term of B, gives us

B(6i,0:,%;) = UN(a;)07 + A_1(63,6:,7%,)-
Therefore,
(63) U = —UF +UN ()07 + A_1(64,0:,%,)-

5.2. Evolution Equations for the Errors. We use now our estimates for the
velocity variations and the Consistency Lemma to find evoluti