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EXISTENCE AND UNIQUENESS OF TRAVELING WAVES AND
ERROR ESTIMATES FOR GODUNOV SCHEMES OF
CONSERVATION LAWS

HAITAO FAN

ABSTRACT. The existence and uniqueness of the Lipschitz continuous traveling
wave of Godunov’s scheme for scalar conservation laws are proved. The struc-
ture of the traveling waves is studied. The approximation error of Godunov’s
scheme on single shock solutions is shown to be O(1)Az.

1. INTRODUCTION

The field equations expressing the balance laws for one-dimensional homogeneous
continuous media typically have the form of systems of conservation laws

(1.1) us+ f(u), =0, z€R, t>0, uecRL

In this paper, we shall investigate the existence of discrete traveling waves and error
estimates in the presence of shocks for Godunov’s scheme.

It is well known that in general the initial value problem of (1.1) develops dis-
continuities in a finite time. Numerical schemes for (1.1) typically have an error of
O(1) order near the shock which makes the error estimates difficult to obtain. For
this reason, most theoretical results for numerical schemes are either estimates for
smooth solutions or about the convergence of the schemes without stating the rate
of convergence. To obtain error estimates for numerical schemes in the presence of
shocks, we need to know the existence and stability of discrete traveling waves for
numerical schemes, [Je], [LX1], [LX2]. Thus, a brief review of the known results
on the existence and stability of discrete traveling waves of numerical schemes for
conservation laws and error estimates of these schemes when shocks are present in
the solutions is in order. Jennings [Je| proved the existence and stability of discrete
traveling waves for strictly monotone schemes with differentiable fluxes for scalar
conservation laws. The existence of discrete shock waves of first order accurate
finite difference schemes for systems of conservation laws was established by Majda
and Ralston [MR] by using the center manifold theorem, see also [Mi]. Engquist
and Osher, [EO], proved the stability of their monotone scheme. Smyrlis [Sm]
showed the stability of a stationary discrete shock for the Lax-Wendroff scheme.
Szepessy [Sz] studied the L? stability of stationary discrete shock for a first order
implicit streamline diffusion scheme. Liu and Xin proved L! and L? stability of
discrete shocks, [LX1], and convergence to piecewise smooth solutions, [LX2], of
the Lax-Friedrichs scheme for systems of conservation laws. Yu [Yu] proved the
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88 HAITAO FAN

existence of discrete shocks for a Lax-Wendroff scheme and studied the stability of
discrete shocks for Lax-Wendroff schemes with small speed. The error estimates
for numerical schemes for conservation laws were studied by a number of authors.
Kuznetsov [Ku] showed that monotone schemes have an upper L! error bound of
order /Az. Tang and Teng [TT] later proved that the lower bound for the L'
norm of the error of monotone schemes on linear conservation laws is also of order
V/Az. For nonlinear scalar conservation laws, due to Jennings’ results [Je] and that
monotone schemes are L' contracting, the L' norm of the error of the scheme on
a single shock solution can be shown to be of Ax order. Later, Liu and Xin [LX1]
showed that for single shock solutions of systems of conservation laws, the L' error
of a Lax-Friedrichs scheme is of Az order except for an initial layer. Recently, Teng
and Zhang [TZ] obtained the same L' error estimate for scalar conservation laws
with piecewise constant initial data, allowing shock interactions. Engquist and Yu
[EY] obtained local error estimates under some conditions which are satisfied by
monotone schemes, the E-O scheme and numerically verified for the Lax-Wendroff
scheme for scalar conservation laws with a Riemann like initial value. Their es-
timates show that the contribution of the shock to the error decays exponentially
away from the shock and the error of the location of the computed shock is O(1)Ax.

Almost all of the above results are either for monotone schemes or for the Lax-
Wendroff scheme. Monotone schemes are necessarily first order accurate which
usually produce a smeared image of shocks while the Lax-Wendroff scheme is highly
oscillatory and may violate entropy conditions. On the other hand, almost all useful
high resolution schemes are adaptive and few analytical results involving shocks
are available for these schemes even though some of them are widely used. This
makes the study of issues such as the existence of discrete traveling waves and error
estimates for these schemes and the development of tools that can handle these
problems a necessity. Some of the major difficulties in analyzing these schemes
are their adaptiveness and that their flux functions fj_H /2 are Lipschitz continuous
rather than continuously differentiable. One starting point for attacking these issues
is Godunov’s scheme since it is the base for many higher resolution schemes. We
note that Jennings’ results in [Je] do not cover Godunov’s scheme since his proof
relies heavily on the strict monotonicity of the schemes and differentiability of the
flux function.

In this paper, we consider the existence of discrete traveling waves and error
estimates for Godunov’s scheme

(1.2a) up ™t =l = A(faye = flay2),
where A = At/Ax and

mingr <u<ur,, f(u), ifuf <ol

MaXyn>u>un, flw), if uld > ujy.

(1.2D) s = {

Here, we assume the CFL stability condition A max,e[—oju, |2/u_ [f(w)] < 1.
Let us denote the schemes by

(1.3) uitt = (Gu™);.
We intend to establish the existence of the traveling wave of (1.3) that satisfies

(1.4) uj — ux  as j — oo.
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EXISTENCE AND UNIQUENESS OF TRAVELING WAVES 89

The speed of the traveling wave is

_ flug) = flu)

Uy — U—

For convenience, we assume f” > 0, and that f/(a) = 0 for some constant a. We
assume that u4 < a < u_ because otherwise Godunov’s scheme is reduced to the
upwinding scheme for which G. Jennings [Je] already obtained results. A traveling
wave solution of the numerical scheme (1.3) is a function, u(z), defined on R?,

satisfying
u(z — As) = Gu(x),
oo j+1/2
(1.5) Z u(y+j) — / u(y + x)dx| =0,
j=—00 Jj—1/2

u(z) > uyx asx — £oo.

For the case where A\s = [/m where [ and m are integers, the equation of the
traveling wave is usually written as

u§+l = u;ﬂ — )\(fTJ+1/2(uk) — ij_l/Q(’LLk)), k = 07 ].,27 ey M — 17
(1.6) u) =y, )t =u o,
u; — U4 as j — Foo.

We define an operator T' by

(1.7) (Tu)j—1 := (G™u);.
Then the traveling wave equation (1.7) becomes
u = Tu,

(1.8)

Uj — U4 as j — Foo.

Our plan is to prove the existence of a one-parameter family of solutions of (1.6)
for the case where As is rational. Based on these solutions, we construct a Lips-
chitz continuous traveling wave solution, u(x), of (1.5) for Godunov’s scheme. We
then prove the existence of traveling wave solutions, satisfying (1.5), for Godunov’s
scheme when As is irrational.
We assume that As > 0. Then there is a point b € (a, u_] such that f(b) = f(u4).
Our main results are as follows:

Theorem 1.1. If f is convex and u— > uy, then there is a unique traveling wave
solution u(x), in the sense of (1.5), of Godunov’s scheme which satisfies

(19) )= v < (3+ 2552 g -

(1.10) u(z) >b  forx < J(u),

(1.11) u(z) =uy foraxz > J(u)+2

for some J(u) € R and where

(1.12) V(z) = {“—7 if 2 < J(u) +1,

ug, ifx>Ju)+1
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and
(1.13) lu(z) —u—| < aexp(—plz — J(u)|) for z < J(u)

for some constant a, 3 > 0 depending on As and us. Moreover, the solution is
Lipschitz continuous with Lipschitz constant |u_ — uy|.

It is clear that for any fixed xo, u(xo+7), where u(x) is the traveling wave in the
sense of (1.5) provided in Theorem 1.1, is a solution of (1.6) when As is rational.
The following theorem states that the form wu(zg + j) includes all solutions of (1.6).

Theorem 1.2. Let u(x) be the solution of (1.5) and As be rational. Then any
solution v; of (1.6) can be written as u(xo + j) for some z9 € R.

Remark 1. Statement (ii) of Theorem 1.1 indicates that the discrete shock profile
remains constant, u4, from a few grid points before the shock to infinity, while
decay exponentially to u_ after the shock. From j = J(u) + 1 to J(u), the shock
profile jumps from w4 to b. These phenomena do not occur for strictly monotone
schemes. The resuts of Theorem 1.1 provide a key element for studying the error
estimates near shocks for Godunov’s scheme in the future.

Remark 2. We expect to prove, at least when As is rational, that

Z [(G™); —u(xo+j—Asn)] =0 asn — oo,

j=—o0

by using Corollary 3.12 of this paper and Theorem A of [OR]. This is left to further
investigations.

Remark 3. Without restriction (1.5)2, solutions u(x) to (1.5) are not unique, up to
shifts, when As is rational.

We consider the initial value problem (1.1) with

_, if
(1.14) u(z,0) = {u y &< %o,
Uy, if x> xg,
where u_ > u4. The solution of (1.14) is the shock
_, if t
(1.15) w(x, t) = {u ’ 1 T < st+ o,
uy, ifx>st+axo

where s = (f(u4) — f(u-))/(uy — u_) is the shock speed.

Theorem 1.3. Let u}] be the solution of (1.1) with initial value (1.14) given by
Godunov’s scheme. Then the L' norm of the approximation error satisfies

G As(1— A
(1.16) E lu} —w(jAz,nAt)| < <6 + s(fs)) lug —u_].
j=—o0

Remark 4. Although our results are for Godunov’s scheme, the methods and results
are expected to be valid for general strict ['-contracting schemes

up Tt = (G"); = uj = AFjrr2(w) = Fiya(u).
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EXISTENCE AND UNIQUENESS OF TRAVELING WAVES 91

We say a scheme is strictly I!-contracting if for any u — v € [! which is neither
nonpositive a.e. nor nonnegative a.e., the inequality

oo

DG = (GF@);l < D Juy — v

j=—00 j=—o00
holds for sufficiently large k.

This paper is divided into four sections after this one. In §2, we review some well
known properties of Godunov’s scheme. In §3, we prove the existence of traveling
waves of Godunov’s scheme when As is rational and Theorem 1.2 (in Corollary
3.14). In §4, we prove the existence result Theorem 1.1. Finally, we show Theorem
1.3 in §5.

Although the formulation and proofs are for the case where the shock speed s is
positive, the proof for negative shock speed is similar and will be omitted. When
s = 0, the existence of the discrete shock and error estimates results hold trivially.

2. PRELIMINARIES

In this section, we list some of the known properties of Godunov’s scheme.

Lemma 2.1. The Godunov scheme is I*-contracting, that is, for any function u;
and v; with u —v € I,

(2.1) [|Gu — Gol|p < |Ju— |-

Corollary 2.2. The operator T is l*-contracting, that is, for any function u; and
vj withu —v € 1!,

(2.2) [|ITu — To||p < |lu—wvl|lp.

Proof. The conclusion follows immediately from (2.1) and the fact that T is a shift
of G™. O

Lemma 2.3. The Godunov scheme is monotone preserving, that is, if u is decreas-
ing (or increasing), then Gu is also decreasing (or increasing).

Corollary 2.4. The operator T is monotone preserving.

Lemma 2.5. If the function u; is such that u; — ut as j — £oo where ut

satisfies

(2.3) Vm = Mf(ug) = flu))/(ug —u-),

then

(24) Z [(Tw); — u;] = 0.

Proof. From (1.2), we have

(2.5) 30w = A () — ) = As(us — ).
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92 HAITAO FAN

Then we can prove (2.4) as follows:

Z [(Tw); — uy] Z [ujly — uj]
(26) = j;oo[uj—l - Uj—l] + j;w[uj_l — uj]
m—1 oo
= Z Z [u§j11 - U?] + l(u_ — u+)
k=0 j=—o0

=mAs(uy —u_) +l(u- —uy) =0. O

3. EXISTENCE OF TRAVELING WAVES

In this section, we shall prove the existence of (1.6). We consider T*U (y) where

uU_, if j < -1,
(3.1) Uj(y) = u- +y(uy —u-), if j =0,
Uy, if j > 1,

and y € [0,1]. We omit y in the following when no ambiguity is expected. Since
(T*U); depends on U;, i = j+1,j+1+1,5+1+2,.....,5+ 1%k, we can see that
(T*U )j — u+ as j — £oo. The following two lemmas are immediate consequences
of Corollary 2.4 and Lemma 2.5.

Lemma 3.1.

(3.2) > (Tr); - U =o.

j=—o00
Lemma 3.2. The function (T*U); is decreasing.

For a decreasing function u; with u_o, > @ > ue, there is a number J(u), such

that
. Fluy), it j < J(u),

(33) Tiaae) = {f(Uj+1) £ Flug), it > T(u)
Lemma 3.3. (i)
(3.4) (T*U); > b for j < J(T*U).

(it)
(3.5) b> (TU) jerrvyt1 = g

(ii)
(3.6) (T*U); = uy  for j > J(TFU) + 2.

Proof. Since T* is a shift of G™*, it suffices to prove that G*¥U satisfies the state-
ments (i), (ii) and (iii) with 7% replaced by G*U, that is to prove

(3.7) (G*U); > b for j < J(GFU),

(3.8) b> (G*U) jeruys1 = U,
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EXISTENCE AND UNIQUENESS OF TRAVELING WAVES 93

(3.9) (GFU)j =uy  for j > J(GFU) + 2,

for £ = 0,1,2,.... For simplicity, we denote u™ = G™U in this proof. It is clear
that (3.7)-(3.9) hold when k& = 0. Assume, for induction, that (3.7)-(3.9) hold for
k=0,..,n. We claim that (3.7)-(3.9) are valid for kK =n + 1 as well. To this end,
we first observe that

(3.10) u}”l >b  forj < J(u").

Indeed, if j < J(u™), then b < u} <uj 4,

(3.11) u}wl =uj — AN f(u}) — f(uf_y)) > uj >b.
For j > J(u™) + 2, we have

(3.12) it = = () = F() = uf = us

1wyl < b then J(urth) = J(u") since f(ufiL, o) = f(uy) = f(b), and

hence (3.7)-(3.9) hold. If ugaln)ﬂ > b, then f(ugaln)ﬂ) > flug) = f(ugaln)_”)

implies that J(u"*!) = J(u™) + 1 and (3.7)-(3.9) hold. Combining both cases, we
see that (3.7)-(3.9) are valid for kK = n + 1 which completes the induction. |

Corollary 3.4.

(3.13) J(GVHITRU) > J(GMTRU)

forany k>0 and n > 0.

Proof. From the proof of Lemma 3.3, we see that

(3.13) J(G"TIU) > J(G"U).

The conclusion then follows from the fact that 7" is a shift of G™. |
Lemma 3.5. (TkU)jzo >b for any k > 0.

Proof. Assume the contrary, i.e (T*U)y < b. Then from Lemma 3.3 (ii), we see
that J(T*U) < 0. Thus, (T*U); = uy for j > 1. This leads to

0= Y [(TFU); - Uy,
j=—00
0
> (T*U); - Uy < (T*0)o — u- <0,
j=—00
which is a contradiction. (|

Lemma 3.6. There are some constants a« > 0 and 8 > 0 independent of k > 0

such that

(3.14) (T*U); —u-| < aexp(=Blj]) forj <0
and

(3.15) 0< J(TFU) < c

ST Mb—ur)
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94 HAITAO FAN

Proof. When j < —I, the operator T is related to that of the upwinding scheme for
which estimate (3.14) was proved in [Je]. For completeness, we present the proof
here. Inequality (3.14) holds for any «, 3 > 0 when k = 0. Assume, for induction,
that (3.14) holds for k = 0,1,...,n. We claim that (3.14) also holds for k =n +1
for some suitable constants a, 3 > 0 independent of n. For simplicity, we denote
w=TkU in this proof. From Lemma 3.5, we see that u; > b for j < 0. Then, we
have u; = (G'u); > b for j <0 and any i > 0. We first consider ujl —u_:

Juj —u—| = Juj = A(f () = f(uj-1))l
(3.16) < (1= AP (80) s — | + A0y 1 — |
< af(1 = Af'(00)) + Af'(Bo)e "] exp(—l]])
where f/(6p) = (f(u—) — f(b))/(u— —b) and we used the convexity of f. Similarly,
for j < —I, we have
() — | = gy —
< afl = Af'(00) + Af'(6o)e™ )™ e exp(—F]j])-

Therefore, (3.14) holds for j < —[ if we can find a constant 8 > 0 independent of n
such that

(3.18) g(B) = [L = Af'(60) + Af'(Bp)e™ P e < 1.

An easy calculation shows that g(0) =1 and ¢'(0) = Am(s — f'(6y)) < 0. Thus we
can choose § > 0 such that (3.18) holds. Notice that so far we have not imposed
any resitriction on a > 0. We can let a be large enough so that (3.14) holds for
—1 < j <0 as well. This completes the proof of (3.14).

To prove (3.15), we start with

(3.17)

0o 0

(3.19) SN UTH); —uy] = Y (THU); —u ) < —2

=1 j=—00
On the other hand, we have

IN

J(

00 TF
(3.20) > (T*U); —uy] g - uy]

j=1
> (J(TFU)[b — uy)-
Combining (3.20) and (3.19), we prove that

0 < gy ©

Corollary 3.7.

. (6%
(3.21) (0 = Joriz = g mgay t

Lemma 3.8. There exists a subsequence {k,}52, of {k} such that k, — oo and
(3:22) (T*U); — w5, (TFHU); — 5
for every j € Z and

oo

(3.23) Z (T*U); — (T 0); = > vy =34,

j=—o00 j==—o00

as n — oQ.
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EXISTENCE AND UNIQUENESS OF TRAVELING WAVES 95

Proof. Since T*U are bounded and decreasing, there is a subsequence of {k}, de-
noted by {k,}, such that k,, — oo,

(3.24) (T*U); = vj,  (T*HU); —
as n — oo for every j € Z. It remains to prove (3.23). To this end, we have, for
any N > 0,
Jo

lim Z (TFU); — (TF U | — Z lvj — Uj]

n Ooj——oo P

= lim Z (TR U); — (TF+0) ;] — Z (TFU); — (T +10),|
(3.25) R Pl J=—N

—-N-1
= lim Y |[(T"U); — ("0
2«

S 1 — 6_5 eXp(—ﬁN)

where we used Corollary 3.7. Letting N — oo in (3.25), we prove (3.23). O

To proceed, we need more detailed information about the I!-contractiveness of
Godunov’s scheme.

Lemma 3.9. Let uj, u; be decreasing functions satisfying u — u+, 4; — ut as
j — oo and

(3.26a) Ug) > b, uj=uy, forj>J(u)+2
(3.26b) Uy >0, Uj=wuy, forj>J(u)+2
Then, the difference w = u — @ and Gu — Gu satisfy
Z (Gu); — (Ga);| < > Juy — iy
j=—00 j=—00

-2 > X(wjwj—1 < 0)min((1 — Af'(0;)) [w;l, [Af(05-1)wj-1])

J<min(J(u),J (1))
(3.27) —2x(J(u) = J(@))x (W) 1wy < 0) min(lwseuys1l, [N (050 wrcu))])
= 2x(J(u) < J(@)x(wyu)+1Wi) <0)
min((1 + A" (05 w)+ 1)) Wyl I (Orwacw))))
= 2x(J(u) > J(@)x(wj@)y+1w(a) < 0)
min((1 4+ Af'(05@)+1) W@+l N (0@ waca))l)
where

1, if A is true,
=40 v
0, if A is false.

Proof. Without loss of generality, we assume that J(u) < J(@) in this proof. We
consider the difference w} := uj — i;:
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Case I j < J(u) < J(a).

In this case, the difference wjl satisfies

(328) wjl» =wj; — )\f’(ﬁj)wj + )\f’(ﬁj_l)wj_l
where f'(0;) = (f (uj) — f(u;))/(uj —uz) = f'(b) > 0.
Case I(1). If wjw;—1 > 0, then

(3.29) lwi| = [w;| = Af'(0;)|ws] + Af"(05-1) lwj—1].

Case I(it). If wjw;—1 <0 and |w;|(1 —Af'(0;)) > |Af'(0j—1)w;—1], then
(3.30) lwi| = Jws| = Af'(03)[wi| + Af'(05-1)[wj—1| = 2Af"(05-1)|w; 1.
Case I(iii). If wjwj_1 <0 and |w;|(1 — Af'(0;)) < |\f'(0j—1)w;—1], then
(3.31) wj| = |wj = Af'(05)[w;] + Af(05-1)lwj—1] = 2(1 = Af'(0;))|w;]-

Combining Case I (i)-(iii), we obtain

wi| = [w;| = Af'(0;)|ws] + Af"(05-1) lwj 1]

= 2x(wjwj—1 < 0)min((1 — Af'(0;))[w;l, [Af'(05-1)wj-1]).
Case II. j = J(u)+1=J(u) + 1.

(3.32)

For this case, we can prove in the same way as in Case I that
|w§(u)+1| = wywy41| + A (05w (w)l

= 2x (W) 1wy < O)min(w syl N (010w ))-
Case III. j = J(u)+ 1< J(a)+ 1.

(3.33)

From (3.5), we can see that uj(,)+1 < b and @ ()41 > b and hence w ()41 < 0.
Consider w},(u) e
|w}1(u)+1| = |wJ(u)+1 - )\f/(eJ(u)-l-l)wJ(u)—i-l

= M f(usys2) = Fugyr )|+ M Or) wrw]
— 2x (W s () 41wy < 0) min(Jw(uy+1 — Af (0 5(w)+1) W (u)+1

— M f(usys2) = Fugy+ )b I (Or))wwl)-
We note that w )41 and —=A(f(us)+2) — f(Usw)+1)) are nonpositive which re-
duces (3.34) to

(3.35)

(w51 < w1l + A Wruy2) = F@rwy+1)) + A Or) lwirw

— 2X (W () 1wy < 0) min(w sy 41|(1 = A (050)+1))s [N (010w y)-
Case IV. J(u) +2 < j < J(u).

(3.34)

In this case, w; < 0 and wjl» < 0 and hence
(3.36) wil = lw;| + A(f (ujs) = £(77)) = Mf (ug) = f(@5-1))
Case V. j=J(@)+1> J(u)+ 1.

Since both w (z)4+1 and w},(ﬁ) | are nonpositive, we have

N
(W5 ay1] = w1l + A (w@yr2) = Fas@r2)) = Af (wi@yr1) = Fas@))-
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Case VI j < J(u)+ 2.

In this case, wjl =w; =0.

Combining Case I-VI, we obtain (3.27). O

Theorem 3.10. The function v;(y) obtained in Lemma 3.8 is a family of traveling
wave solutions of Godunov’s scheme parametrized by y € [0,1], i.e., Tv(y) = v(y).
Furthermore, these traveling waves satisfy

(3.37a) > @) - Ui =0,

(3.37) v —u_| < aexp(—Blj — JW)) for j < J(),
(3.37¢) v; >b  forj<J(v),

(3.37d) vj=uqy forj>J(w)+2

for some constants «, 5 > 0 independent of y € [0, 1].

Proof. We observe that Tv = lim, .., T(T*"U) = ©. Therefore, the assertion to
be proved is equivalent to v = ©. To prove this, we assume

(3.38) > vy =5l =Co >0,

a contradiction. Lemma 2.5 implies that Y>> (v; — 9;) = 0. Then there exist
J+,j— € Z such that v;, —v;, > 0and v;_ —?;_ < 0. From Lemma 3.3, we can
see that there are grid points J(v) and J(9),

(3.39) 0< J(U), J(@) < (1— e—ﬁ)(b — u_,'_)’

such that

v; > b for j < J(v),
(340) VJj(v)+1 S [b7’U/+],

vi=uy forj>J(v)+2,

and

v; > b for j < J(v),
(3.41) Uy(o)+1 € [byul,

vy =uy for j > J(0)+2.

Thus, it is clear that

Jay - <max(J(v), J(7)) + 1.
We can further choose j; and j_ such that
(3.42) vj =0; for j between ji and j_.
We introduce the following notations:

(343) jl = min(j+,j_), j2 = max(j+,j_).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



98 HAITAO FAN

By Lemma 3.8, for any € > 0 and n > 0, there is a N(e,n7) > 0 such that for

n > N(e,n),

(3.44) |[T*U — T U ||p < |Jv —3||p + e,
and

(3.45a) (T*U); —vi| <,

(3.45Db) (T*10); — 5] <,

for j1 < j < jo.
Case A. j1 = jo — 1.
For simplicity, we use the notation
(3.46) w:=TU, a:=T"U
in this proof. By choosing n > 0 small enough, we have
(3.47) (g, = U5,) (uj, = Ugy) = (v, = 05) (v, = Tj,) + O(1)n < 0.
By using the [!-contractiveness of Godunov’s scheme and Lemma 3.9, we obtain
[[o = Bl < [[TFrs =R (T 0) — Thenr e (Thn 10 |
(3.48) < ||GT*U — GT*U||n
< |l = 2llp = [O(@)|min(fv;, — 5, ], |vj, — Vj,1)
which is a contradiction.
Case B. j1 < jo — 1.
In this case, we have v; = v; for ji < j < j» and hence |u; — @;| < 27. For
definiteness, we assume that
(3.49) v, — U5, >0, v, — 75 <0.
Since u; — @; does not change sign for j > min(J(u), J(@)) + 1, we have
jo <min(J(u),J(a)) + 1.
There are the following three cases for ja.
Case B(i). jo <min(J(u), J(@)).

In this case, the difference u} — a} has the form

w) = wy (1= Af'(6)) + AF (61w

from which we can see that

(3.50a)
wj o — g,y = M (05,)(ug, —15,) + O = Af'(05,) (v, —75,) + O(1)n,
(3.50Db) uj —aj = O(1)n,
(3.50c) wj, =5, = (1= Af"(0;,)(vj, = 0,) + O(1)n.
Similarly, we can show that
(3.51a) wR TP — a2t T = 10(1)| (v, — 9,) 4+ O(1)n > 0,
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(351) Wl = 01|, — 1) + O(1)n < 0

where all constants O(1) are independent of ¢ > 0 and n > 0. By applying ar-
guments used in Case A to w/2771~1 and @271, we can prove that this case is
impossible to occur.

Case B(ii). j2 = min(J(u), J(@)) + 1 and J(u) # J(@).

For large n, the fact that vj, —v;, < 0 implies that u;, — @%;, < 0. This together
with w () > b and @ j(z)41 > b infer that J(u) < J(@) and hence jo = J(u) +1 <
J(u) 4+ 1. We estimate the difference w = u — u as follows

wj, = wiy — Amax(f(uj,41), f(uz)) = fluj—1)) + A(f(@5) = f(@,-1))
(3.52a) < wj, — A(f(uj,)) = f(ujp—1) + M (U5) = f(tt5,-1))
= wjz(l - )‘fl(ejz)) + 0(1)77 <0,

(3.52b) wj =0(1)n, for j1 <j < ja,
(3.52¢) wj, 41 = 10(V)|(vj, —0;) + O(1)n.
From these calculations, we can see that

(3.53a) wp =P = 10()|(vy, —05,) + O,
(3.53b) wiz™ T = O(1)|(vg, —T5,) + O(1)n.

Now we can apply the arguments for Case A to show that this case is also impossible
to occur.

Case B(iii). jo = J(u)+1=J(a)+ 1.

Suppose that jo = J(u') +1 = J(@') + 1 for i = 0,1,..., K and J(uEFL) #£
J(@®+1). Then as long as j; + i + 1 < ja, the function w't?! satisfies

(3.542) Wit = 10w = 15,) + O,
(3.54b) witt =01)n,  for j1+i <j < ja,
(3.54¢) wift =10()|(vj, —v5,) +O(L)n,
If jo —j1 — 1 < K + 1, then we can take ¢ = jo — j; — 2 in (3.54) to obtain
(3'553*) w?; et |O( )|(Uj1 - T}jl) + 0(1)777
(3.55¢) wiz ™ = 0(1)|(vy, — 7,) + O(L)n,

which, together with the argument for Case A, implies a contradiction.

If jo —j1 —1 > K + 1, then there are two possibilities: The first possibility is
that jo < min(J(uf*1), J(@¥+1)). The argument for Case B(i) can be applied
to u®*! and @¥*! to yield a contradiction. The second possibility is that j, =
min(J(u%*1), J(@¥+1))+1. Then the fact that wi ¥ = w1 —ali ' <0, (3.54c),
implies that jo = J(u) + 1 < J(@) + 1 because otherwise, one would get

K+1 -K+1 _K41
O>u —uj, >b—1u J(u)+1>0
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which is a contradiction. We can then apply the argument for Case B(ii) to prove
that jo = J(u) +1 < J(u) + 1 also leads to a contradiction. These contradictions
show that Case B(iii) cannot occur.

Since both Cases A and B which include all possibilities lead to contradictions,
it is necessary that v = 0. Estimates (3.37b, ¢, d) follow immediately from Lemma
3.3 and Lemma 3.6. O

Corollary 3.11. Let ¢; and ; be two traveling wave solutions, in the sense of
(1.6), of the same speed, As = 1/m, of Godunov’s scheme. Then either ¢; > 1; for
all j or ¢; < vy for all j.

Proof. The proof of (i) is already contained in that of Theorem 3.10. |

Corollary 3.12. If u; — v; is neither nonpositive a.e nor nonnegative a.e and
S luj —vj| < oo, then

j=—o0
o

S G ) = (GM)l < > uy—v;

j=—o00 j=—o00
for somen € Z.

The proof is very similar to that of Lemma 3.9 and Theorem 3.10. Since we will
not use this corollary in this paper, we omit its proof.

Let v;(y) be the family of traveling waves of Godunov’s scheme obtained in
Theorem 3.10. For any = € R can be uniquely written as x = j 4+ y where j € N
and y € [0,1). We define, at t =j+vy, j €N, y €[0,1),

(3.56) u() = v;(v).

Theorem 3.13. Assume that As is rational. There is a unique, up to a shift,
Lipschitz continuous traveling wave solution, u(z), x € R, of Godunov’s scheme
in the sense of (1.5). Furthermore, this traveling wave solution is decreasing and

satisfies

(3.57a) lu(z) —u_| < aexp(—fBlz — J(u)]) for z < J(u),
(3.57b) u(x) >b  forx < J(u),

(3.57¢) u(x) =uy forxz>J)+2,

for some constants o, 8 > 0. Moreover, the Lipschitz constant of u(x) is |u— —u4|.

Proof. We claim that the function u(z) defined in (3.56) is the traveling wave
solution. It is clear from the construction of u(z) that for any fixed x, u(z + j) is
a traveling wave solution in the sense of (1.6).

We first prove that u(x) is decreasing and Lipschitz continuous. Given any
r1 < T3, we decompose them as x1 = j; + y1 and xo = js + y2 where ji,j2 € Z
and y1,y2 € [0,1). Let v;(y) be the traveling wave solution given in Theorem 3.10.
Then functions v;j, (y1) = u(j+z1) and u(j+x2) are also traveling wave solutions

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



EXISTENCE AND UNIQUENESS OF TRAVELING WAVES 101

in the sense of (1.6) which satisfies

Z (u(j + z2) —u(j +21))
(3.58) = > Wiwia(2) =) + 3 (v(y2) = v(n))

+ 3 () = vjgs (1) = (ugp —u_)(z2 — 1) < 0.

j=—00
Then Corollary 3.11 and (3.58) imply the monotonicity and Lipschitz continuity:
(3.59) 0> u(ze) —u(z1) > (uy —u_)(x2 — 21).

Now, we prove that u(z) satisfies traveling wave equation (1.5). To this end, we
notice that u(j +  — As) and Gu(j + ) are traveling waves in the sense of (1.6).
Then Corollary 3.11 and

Z (u@G+z—As) —Gu(j+z))=0
j=—o00
imply u(j +x — As) — Gu(j + x) = 0 for all j € Z and hence u(x — \s) = Gu(x).
To prove equation (1.5)2, we observe that

i
(3.60) Uj(y) = / Uz + y)dz
j—1
where
_ _. if
(3.61) O():= {4 To=0,
uy, ifz>0.

Using the definition of integral and (3.37a), we obtain

oo j+1/2
Z u(j+y) — / u(z + y)dz
j=—o00 Jj—1/2
0 j+1/2
-3 |- [ UGy
j=—o00 Jj=1/2
o0 i J+1/2
= Z / U(x—i—y)dx—/ U(z+y)dz| =0.
e i1 i-1/2

The function u(x) obviously satisfies (1.5)s.
Suppose there is another continuous traveling wave in the sense of (1.5), denoted
by u1(z). Then, there is a number zy € R such that

(3.62) /R(ul(x + z) — u(z))dx = 0.

We claim that uj(x + 20) = u(z). Indeed, if otherwise, there would be a point
such that uq (z14+z0) > u(x1). Both ui(z1+x0+7) and u(zq+75) are traveling wave
solutions in the sense of (1.6). By Corollary 3.11, we have ui (x1+zo+7) > u(x1+5)
for all j € Z. This, however, contradicts equation (1.5)2 and (3.62), which proves
the uniqueness of the solution of (1.5).
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Estimates (3.57) follow immediately from (3.37) and the fact that u(z) is de-
creasing. O

Corollary 3.14. Let u(x) be the solution of (1.5). Then any solution v of (1.6)
can be written as v; = u(j + xo) for some xg € R independent of j € Z.

Proof. There is an g € R such that

(3.63) > (05— u(j+a0)) =0,
j=—o00
since
& j+1/2
Z u(j + o) — / u(z + xo) | do
= i-1/2
and

/(u(a: +x9) — U(x))dx
R

is continuous in xz¢ and — oo as £g — +oo. The functions u(xo + j) and v; are
solutions of (1.6). Then Corollary 3.11 and (3.63) imply that v; = u(xo + j) for all
j €. |

4. EXISTENCE OF TRAVELING WAVES FOR GODUNOV’S SCHEME
WITH IRRATIONAL As

In this section, we shall extend our results on the existence of traveling waves of
Godunov’s scheme to the case where As is irrational. We shall prove the existence
of such traveling waves by taking the limit of a sequence of traveling waves with
rational As. For this purpose, we need more information on traveling waves with
rational As.

Lemma 4.1. Let As =1/m.
(i) There is a traveling wave solution, v, in the sense of (1.6), of Godunov’s scheme
that satisfies (3.37b, ¢, d) and

= As
(4.1) j;oo [0 = Vil < Jug —u-f+ 5~ (As = D(uy —u-)
where
(4.2) v, = U IS ),
T \ugs Wi > ().

(i1) Any traveling wave solutions, vj, in the sense of (1.6), of Godunov’s scheme
satisfiy (3.37) for some constant o > 0 and > 0 and

(43) Sy -Vl < (2+%;“)) fuy —u_|.

j=—o00
(#ii) The continuous traveling wave solution, u(x), in the sense of (1.5), satisfies

(4.4) /]R lu(z) — V(x)|dx < (3 + %;)\S)) luy —u_|
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where
(4.5) V(z) = {u_’ o<+ 1f

ug, ifx>Ju)+1

Proof. (1) We recall the traveling wave equation

m—1

(4.6) Vj—1 =vj — A Z (fir172(0%) = fi—1/2(0")).

k=0

Taking the summation Y 57y, >°2 ; on (1.6), we obtain

S J+1-1 m—1
0= Z Z (U+_Uj)_>\2(f+—ff+l—1/2)
J=—N+1| j=J k=0
~N+i-1
(4.7) = Y G+ N)(up —vy)
j=—N+1
00 m—1
+ ) [Z(M Vji—1) — A fi- 1/2)] :
j=—N+1 k:()

Letting N — oo in (4.7), we have

@) 0=De w3 [« ) A (s - >>]
. B Uy —U- Uy — Vjpi-1) + 7+l—1 .
k=0

j=—o0

We note that

S 00 =AY S e
(48) j=—00 =0 j=—o0
k—1 B _
—AQ e = flol = =AR(fy = f-).
=0

Plunging (4.8) into (4.7) and using the Rankine-Hugoniot condition, we obtain

(4.10)
I m—1 J(v
0= L0~ D —ul)+ Y 5 i =) = FeD)]
k=0 j=—o0
m—1 0o I ’ m—1 l
+ Z {E(w — i) = AMfy — f(”fﬂ))] + E(U+ (vF)+1)
k=0 j=J(vk)+1 k=0

We introduce the notation

(4.11) v = min (s =Sl —s+ J-= /@ f(a)) >0

up —a u_ —a
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from which (4.10) becomes

m—1 J(Uk) m—1 (e’
l
(412) 3 >0 fue =il > D fur —uf] < (U= Aslun —ugl.
k=0 j=—o0 k=0 j=J(vk)+2 v
Then, there is at least one of k =0,1,...,m — 1 such that
J(v*) 0 I
k k
(4.13) ‘Z |u_—vj|+_ > |u+—vj|§m—7(1—As)|u_—u+|.
j=—o0 J=J(vk)+2

Now, we let v to be the traveling wave solution provided by Theorem 3.10. Then
(3.37c, d) hold for v*. From the proof of Lemma 3.6, we see that (3.37b) also holds
for v*. The function v* is a traveling wave solution that satisfies (4.1) and (3.37b,
¢, d).

(ii) Let ¢; be a traveling wave solution provided by Theorem 4.2 with the same
speed as that of v; that satisfies (3.37) and

> _ As(1— X\
(4.14) S 165 -Vl < (1+%> —

j=—0c0

where

. {u_, it j < J(9),
A
uy, ifj>J(p)+ 1.

By shifting if necessary, we can assume that J(¢) = J(v) and hence V; = V;. Since
b1(v)+1 < Vj(v), Lemma 5.1 implies that ¢;11 < v; for all j, From (3.37b), we have

lv; —u—| <[pjr1 —u—| < aexp(=Blj — J(v)]).

This proves that v satisfies (3.37b, ¢) for some constants a,5 > 0. We claim
that any traveling wave of Godunov’s scheme satisfies v(,)43 = u4. Indeed, if
otherwise, i.e. vj)+3 > ug, then vy — ¢; are positive at j = J(v) + 2 and
negative at j = J(v) which is impossible in view of Corollary 3.11. From the above
observation, we consider G"v to see that for j > J(v) + 3, v} > uy if and only if
U?:ll > b. In other words, (4.11b, c¢) holds for v™ for large n and hence holds for v
itself since it is a traveling wave.

By Corollary 3.11, either v; > ¢; for all j or v; < ¢; for all j holds. If v; > ¢; for
all j, then v; > a and ¢; > a for j < J(v) and v; = ¢; = uq < a for j > J(v) + 2
which yields

> v =Vl
j=—o00
(4.15a) = > (v —u|+ gy — gl
J<J(v)
As(1— A
< <1+%) Uy —u—| + Juy —u_|.
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If v; < ¢j, then v; > @11 since vy > b > @ y)4+1- Then we have

> v =Vl
j=—00
= Z [vj —u_| + [vs)y = u—| + [V5@)+1 — u]
(4.15b) isJ()-1

< Z |fj+1 — u—| +[Prw)r1 — U] + [Vrw) — u-|
J<J(v)—-1

1—
< <1+ M) luy —u_| + Jug —u_|.
2y

Combining (4.15) we arrive at (4.3).
(ili) From Theorem 3.13, we can see that J(u(z +y)) = J(u(x)) for y € [0,1).
Then we have

> sign(j — J(w)=)(uly + j) — V)
j=—00
> [ (ule) = Vio)de ~ fus — u
R
which, together with statement (ii), yields the desired result. |

Theorem 4.2. If f is convex and u_ > uy, then there is a unique traveling wave
solution u(x), in the sense of (1.5), of Godunov’s scheme which satisfies

(4.16a) /|u )| < ( %f‘ﬂ g —u_|,

(4.16b) u(x) >b  for x < J(u),

(4.16¢) w(x) =uy forx>J(u)+2

for some J(u) € R and

(4.16d) lu(z) —u—| < aexp(—plz — J(u)])  for z < J(u)

for some constant a, 3 > 0 depending on As and uy. Moreover, the solution is

Lipschitz continuous with Lipschitz constant |u_ — u|.

Proof. In view of Theorem 3.13 and Lemma 4.1, it remains to prove the assertions
when As is irrational. To this end, we select a sequence {u_ ,}5%; such that
Uy — u— as n — oo and Asp, = A(fy — flu—pn))/(uy —u_yp) = ln/m, are
rational. Then, from Theorem 3.13 and (iii) of Lemma 4.1, there is a traveling
wave solution u(z,n) connecting u_ , and u4 , which Satlsﬁes

(4.17) /|u .n) — V(z)| < ( W) e — .

Note that V(x) in (4.17) is independent of n, which can be achieved by shifting
u(x,n) if necessary. Furthermore, these traveling waves u(x,n) are Lipschitz con-
tinuous with Lipschitz constant < |uy —u_| + 1 for large n and satisfy (4.16b,c).
Thus, there is a subsequence of {u(.,n)}, denoted by {u(.,n)} again, such that

(4.18) u(z,n) — u(x), a.e.asn — oo.
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From the uniform Lipschitz continuity of u(.,n) and (4.17), it is clear that u(x) is
Lipschitz continuous and satisfies the traveling wave equation (1.5) and (4.16a, b,
c).
From the construction of u(x), we see that
u(x) = khm (T U (x — [x]))[m]
for some subsequence {ny} of {n}. Let S_s : v(z) — v(z — As) be the shift
operator. Then T = (S_sG)™ and hence

ufw) = T ((S3G)™™ U — [a])) )

Applying the argument used in the proof of (3.14), we can see that (4.16d) holds
for some constants «, 3 > 0 which depend continuously on {/m and uy. Thus,
estimate (4.16d) is preserved when passing the limit u_ ,, — u_ and hence (4.16d)
holds for irrational As as well.

The proof of the uniqueness of solution of (1.5) when As is irrational is similar
to that of Theorem 3.13 except that we do not have the help from Corollary 3.11.
Suppose there is another continuous traveling wave in the sense of (1.5), denoted
by u1(z). Then, there is a number zy € R such that

(4.19) /R(ul(x + z) — u(z))dx = 0.

We claim that uq(z + 29) = u(z). To this end, we let 1 be such that

(4.20)
j;oo Jur (@1 + 20 + §) — u(@y + 5)| = mren[g){ll]j;m jua (@ + x0 + 5) — ul + ).
The equation (1.5)9 and (4.19) yield
(4.21)
Z [ui(z1 + 20 + ) —u(zr +7)] = / [ur(z1 + 2o + ) — u(z1 + 2)]dx = 0.
j=—o0 —o0

If wi(x1 + xo + jo) > u(x1 + jo) for some jy € Z, then (4.21) implies that there is
a j1 € Z such that ui(x1 + zo + j1) < u(x1 + j1). Then, Lemma 3.9 infers that

Z|u1(x1 +xo+j—Asn) —u(x1 + 75— Asn)| < Z lur(z1 + 2o + J) — u(z1 + 7))

which violates the definition of zg. Thus, we have
u1(z1 + 20 + j) = u(x1 + j)
for all j € Z and hence
(4.22) up(xy + 29+ 5 — Asn) = u(xy + j — Asn).

Since As is irrational, the set {j — Asn : j € Z, n € N} is dense in R. Then the
continuity of traveling waves vy and v and (4.22) yield the uniqueness desired. [
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5. ERROR ESTIMATES FOR SINGLE SHOCK SOLUTIONS

In this section, we shall prove that the L' norm of the approximation error of
Godunov’s scheme on single shock solutions is of Az order.
Now, we consider the initial value problem

Ut+f(u)w =0,

5.1 _, if
(5.1) u(x’O):{u | z < o,
uy, if z > xg,

where u_ > uy. The solution of (5.1) is the shock

u_, if x < st+ xg,

uy, ifax>st+xo

(5.2) w(z,t) = {

where s = (f(ug) — f(u_))/(ugy —u_) is the shock speed. We are concerned with
the accuracy of the numerical solution, u}, given by Godunov’s scheme for the
initial value problem (5.1).

Theorem 5.3. Let uj be the solution of (5.1) given by Godunov’s scheme. Then
the L' norm of the approximation error satisfies

1—
(5.3) [lur — w(x, nAt)||pr = (6 + M) |lug — u_|Azx.

Proof. Without loss of generality, we assume that 2o = 0 in (5.1) and (5.2). Let ¢,
be a traveling wave solution provided by Theorem 4.2 with ¢; — u4 as j — Foo

and
> As(l — As
(5.4) j;oo I6; = Vil < <1 N <T>) .
We define

1 (J+1/2)Az

wh = — w(z, nAt).
! Az /(j—l/z)Az

We can see from (5.2) that

u_, ifj<K,
(5.6) wi = wk, ifj=K,
uy, ifj>K,
where K = [st + o] or [st + zo] + 1.
There is a jo € Z such that
(5.7) D [fiago —wfl =min 37 [6545 — wf] = Co.
j=—o00 j=—o00
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To estimate Cj, we notice that

o
> lby —wd] = Juy —u
j=—00
o0
< Z |pjr1 — w)]
j=—00
oo
< Z |5 — wl| + ug — u_
j=—00
and
o
S 150 - wl)
j=—o00

= D 165 —wl| — b0 — wol + |¢i — wol
j=—00

o0

— Y sign(4)(¢; — bjyi) — £00

j=—o0

as ¢ — £oo. From these observations, we know that Cy < Juy —u_|.

By using the ['-contracting property of Godunov’s scheme, we estimate the L'
norm of the approximation error as

oo

> lup —wj]

j=—o00

< D =i+ D ey -

(5.8) e I N
< =gl Do lep — VR Y0 IV -
j=—c0 j==00

j=—o0

As(1 — As) > n m
S <3+T) |U+—U_|+j;w|‘/j —wj|

where in the last step, we used Lemma 5.2. We observe that for all j, V" —wi are
of the same sign if not 0. This yields that

Soovr = Y v )
j=—o00 j=—00
5.9 = n n = o o
59 DN IR SR Y
Jj=—o00 Jj=—00
1
2y
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where we used the fact that
o0 o0

So(er—uwp)y= Y (¢ —wl).

j=—00 j=—00

Plunging (5.9) into (5.8), we obtain the result (5.3). O
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