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CONVERGENCE ANALYSIS OF A COVOLUME SCHEME FOR
MAXWELL’S EQUATIONS IN THREE DIMENSIONS

R. A. NICOLAIDES AND D.-Q. WANG

ABSTRACT. This paper contains error estimates for covolume discretizations of
Maxwell’s equations in three space dimensions. Several estimates are proved.
First, an estimate for a semi-discrete scheme is given. Second, the estimate
is extended to cover the classical interlaced time marching technique. Third,
some of our unstructured mesh results are specialized to rectangular meshes,
both uniform and nonuniform. By means of some additional analysis it is
shown that the spatial convergence rate is one order higher than for the un-
structured case.

1. INTRODUCTION

Staggered mesh schemes for the numerical solution of Maxwell’s equations go
back as far as [18]. Over the years this scheme has seen a number of generaliza-
tions intended to enhance its usefulness. Mostly, these generalizations are aimed
at increasing the geometric complexity that can be handled. Thus, in [3] a tensor
formulation was given. This permits the method to be extended from rectangular
meshes to meshes defined by curvilinear coordinates. Two dimensional generaliza-
tions using quadrilateral meshes are given in [6] and [8].

For three dimensions, hexahedral mesh formulations were proposed in [7] and
[9]. These formulations use interpolation to obtain values for nonbasic field compo-
nents—those which, in the rectangular situation, lie along the primal or dual mesh
edges. Another approach is the “control path” method of [4] and [5]. The control
path method uses the classical finite difference approach of modifying the finite
difference stencil near the boundary of the domain.

A natural generalization of the standard staggered mesh scheme to tetrahedral
meshes was given in [10]. A similar technique was used independently in [14] to
solve the Navier-Stokes equations. This “covolume” approach does not use any
interpolations and is a very natural way to generalize the original rectangular stag-
gered mesh approach. A characteristic feature of covolume schemes is the use of
Voronoi-Delaunay mesh pairs to replace the rectangular staggered mesh arrange-
ment.

Very little rigorous analysis of staggered mesh schemes for electromagnetics is
available. We know only of the rectangular mesh analysis of [11] and [12]. For
the incompressible Navier-Stokes equations results may be found in [14], [15], and
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948 R. A. NICOLAIDES AND D.-Q. WANG

[16]. Our goal in this paper is to provide a rigorous proof of convergence for the
covolume discretization applied to the interior problem for Maxwell’s equations.
The corresponding analysis for the exterior problem involves the application of
radiation conditions at a finite distance from the scatterer and will be given in a
subsequent report.

The contents of the paper are as follows. In the first section we state Maxwell’s
equations for bounded domains with perfect conductor boundary conditions. Fol-
lowing that is a section on Voronoi-Delaunay mesh notations and properties. The
main result of Section 3 is an error estimate for a semi-discrete covolume approx-
imation to Maxwell’s equations. In practice, a kind of leapfrog scheme is used to
time march the discrete equations. Section 4 contains an error estimate for the
resulting fully discrete approximation to Maxwell’s equations. In the last section
we specialize our results to the rectangular case. The rate of convergence is shown
to be one order higher than for an arbitrary triangulation.

2. MAXWELL’S EQUATIONS

Let © be a bounded domain in R3 with boundary I" and unit outward normal n.
Let the constants € and p denote, respectively, the electric and magnetic permeabil-
ities of the medium occupying Q. Then if E(z,t) and H(x,t) denote, respectively,
the electric and magnetic fields, Maxwell’s equations [2] are:

(2.1) eE; —curlH=1J in Qx(0,7),
(2.2) pwH; +curlE =0 in Q% (0,7),
(2.3) div(eE) =p and div(pH) = 0,

where J = J(z,t) is a known applied current and p(z,t) is a charge density. We
shall assume a perfect conductor boundary condition so that

(2.4) Exn=0 on ' x (0,7).
In addition, initial conditions are prescribed so that
(2.5) E(z,0) = Eq(x) and H(x,0) = Hy(z), Vo € Q,
where Eqg and Hy are given functions satisfying
div(e Eo) = p(z,0), div(uHp) =0,
and where it is assumed that
(2.6) % =divJ.

Let L?(0,T; X ) denote the set of all strongly measurable functions u(t, -) from [0, T']
into the Hilbert space X such that

T
/ [|u(t)||% dt < oo 1<p<oo.
0

0
We say u € WHP(0,T; X) if and only if both u and 6_1; are in LP(0,T; X). Also

C™(0,T; X) denotes the space of m times continuously differentiable functions from
[0,T] into X. By H(curl; Q) and H(div; ) we mean the Hilbert spaces defined by

H(cur; Q) : = {ve (L*(2))?, curlv € (L*(Q))%},
H(div;Q): = {ve (L*(Q))3 dive € L*(Q)}.
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We shall assume the existence of (E, H) to (2.1)—(2.5) such that
E,H c CH0,T;(L*(2))*) N C°0,T; H( curl; Q) N H( div; Q)).

For this, it is sufficient that J € C°(0,T; (L?(Q2))3), p € C°(0,T; L?(Q2)) and %% €
L2(0,T; H-1(Q)), see [2].

3. MESH NOTATIONS AND DISCRETE VECTOR FIELDS

In this section some basic properties of dual mesh systems are introduced. These
will lead to a detailed formulation and analysis of our numerical schemes in the
following sections.

Assume that the polyhedral domain 2 has a primal family of finite element
style tetrahedral partitions, parametrized by the maximum side length which is
generically denoted by h. We will assume that the ratio of radii of circumscrib-
ing spheres and inscribed spheres of all the individual tetrahedra are uniformly
bounded above and below as h approaches 0. A dual mesh is formed by connecting
adjacent tetrahedral circumcenters and, in the case of a tetrahedron with a face on
a boundary, by connecting their circumcenters with those of their boundary faces.
By elementary geometry these dual edges are perpendicular to the associated tetra-
hedral faces. These connections also form the edges of a set of polyhedra. It follows
from elementary geometry that the edges of tetrahedra are perpendicular to and in
one-to-one correspondence with the faces of dual polyhedra or “covolumes”. The
reciprocal orthogonality between edges, and faces is the key to the results which
follow.

The N nodes of the tetrahedral mesh are assumed to be numbered sequentially
in some convenient way, and likewise the T nodes of dual mesh. Similarly the
F faces (edges) and M edges (faces) of the primal (dual) mesh are sequentially
numbered. The individual tetrahedra, faces, edges, and nodes of the primal mesh
are denoted by 7, k;, ok, and vy, respectively. Those of the dual mesh are denoted
by primed quantities such as U}. A direction is assigned to each primal edge by
the rule that the positive direction is from low to high node number. The dual
edges are directed by the corresponding rule. We also denote Fj the number of
tetrahedral interior faces (or dual edges) and M; the number of tetrahedral interior
edges (or dual faces). Let s; denote the area of r; and '; the length of 0. In R,
where F} denotes the number of interior primal faces, we will introduce the inner
product (-, -)w defined by

(3.1) (u,v)w = Z ujvjsihy = (Su, D'v) = (D'u, Sv)
IijEQ

and denote the resulting inner product space by & and the associated norm by

1
(3.2) lullw == (u, u)g-

In (3.1), (-,-) denotes the standard Euclidean inner product, S := diag(s;),
D" = diag(h}) and W := SD’ are Iy x [} invertible diagonal matrices. The
norm defined by (3.2) is clearly three times a discrete L2 norm. Similarly, we will
introduce an inner product in RM, where M denotes the number of primal edges:
(3.3) (u,v)w := Z ujvjsihy = (S'u, Dv) = (Du, S'v)

K;E€Q
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and denote the inner product space by U’. The associated norm is

(3.4) |ullw: = (u,u)d.

The notations in(3.3) and (3.4) correspond to those of (3.1) and (3.2). For example,
s';j denotes the area of dual face .
For each primal face x; a discrete circulation is defined by

(3.5) (Cu)w, = > ushy.

0jEOK;

Similarly, for each interior covolume face r the discrete circulation is

(3.6) (C'u)wy = > sl

! !
o3 €0K;]

A tilde on hj or h} means that the quantity is to be taken with a negative sign
if the dual edge is directed against the positive sense of the description of dk; or
Ok}, respectively, and with a positive sign otherwise. The linear operators C' and
C’ map from RM to R and R to RM, respectively.

For each strictly interior dual edge cr} we can form a vector whose ¢th component
is the sign of the orientation of the edge relative to the orientation of the ith strictly
interior dual face. From these vectors we obtain the F} x M matrix G defined as
follows:

1 if o/ is oriented positively along &
(G)ji =1 —1 if ¢’ is oriented negatively along &
0  if o/ does not meet ;.

Let w € RM denote the vector whose kth component is the value assigned on
the kth primal edge. Denote w; € RM! the restriction of w to the interior primal
edges. So w|r = 0 means that the components of w € RM related to the boundary
edges are zero. A direct computation shows:

Cw = Gle
Also it can be verified that if v € R,
C'v=GTD.

From these two identities we can prove
Lemma 1. With the above definitions of w,v and wy with w|r =0,
(Cw, D'v) = (C'v, Dwy).
Proof. This is proved as follows:
(C'v, Dwy) = (GT D'v, Dwy) = (D'v,GD'w;) = (D'v, Cw).

This lemma provides a discrete analog of the integration formula

/ cur1E~Hd:z::/<3urlH-de
Q Q

which holds when Exn=0onT.
For each tetrahedron 7; a discrete flux is defined by

(Du); := Z U;jS;, Yu € R,

1 €EOT;
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By s; we mean s; negatively signed if the corresponding velocity component is
directed toward the inside of 7; and positively signed otherwise.
In addition to G we will introduce another matrix By of dimension F; x T

1 if k; is oriented positively along O7;
(B1)ji == —1 if k; is oriented negatively along 07;
0 if k; does not meet O7;.

It can be checked directly that

D =BTS.
Using By we will define the difference operator P by
P¢:=D'"'Bio, Vo € R”.
Now we have
Lemma 2.
(3.7) BIC =0,
and
(3.8) (u, Po)w = (Du, ¢), Vo € RT u € R™.

Proof. For (3.7) see [17], Theorem 1. For (3.8), we have
(u, Pe)w = (SD'u, D' B1¢) = (B Su. ¢) = (Du, ).
(]

We remark that (3.7) and (3.8) provide the discrete analogs of the identity
div(curlu) = 0 and Green’s formula fQu ~gradgdr = [,(divu)¢dz for ¢ €
HY(Q),u € H(div; Q), respectively.

For additional details and relations between other discrete operators in Voronoi-
Delaunay meshes, see [13] and [17].

4. SEMI-DISCRETE MAXWELL'S EQUATIONS

In this section the covolume method is used to obtain a spatial discretization of
Maxwell’s equations (2.1)—(2.5) from which we will obtain a formulation of a semi-
discrete form of Maxwell’s equations. A basic error estimate is given in Theorem
2.

First we introduce, for general field A, its “face averages” Ay € RY and its “edge
averages” A, € RM as follows (refer to Figure 1):

1
Af = — A-I‘ldS,
S Ki
, 1
Af :S—Z/ ,A'l'ldS,
1
A, = — A -tdo,
hit o,
J
, 1
Ae =77 A'th,
W) o
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H

FIGURE 1

where n and t denote the unit normal vector to the face k; (or x5) and the unit
tangent vector to the edge o (or 07}), respectively. Error functions for primal edges
and faces will be denoted by

EA = A— Af,
A ‘= A— A67
5= Af — A

Error functions for dual edges and faces are defined similarly.

As shown in Figure 1, for each tetrahedron 7; we will use the normal components
of the magnetic field H to its faces and the tangential components of the electric
field E in the directions of its edges. Now integrate both sides of (2.1) over the
co-face K to obtain

(4.1) €s) d(gtf)J — (C'He)y, :/ /J(x,t) dr.

i
Here, (Ey); denotes the average of E - n; over the face £} where the n; is the unit
vector in the direction of o, and (C’HE)H; is the discrete circulation around the
face «’;. Similarly, from (2.2),
d(Hy):

(4.2) psi—, + (CE.)., =0,

where (Hy); denotes the average of H - n; where n; is the unit normal to the face
k; and (CE.)y, is the discrete circulation around the face ;.

Let E and H denote vectors of components in R and R™, respectively. Then
(4.1) and (4.2) (which are exact) suggest the approximations (where it is implied

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ANALYSIS OF A COVOLUME SCHEME FOR MAXWELL’S EQUATIONS 953

that components of E associated with boundary edges are zero, i.e. E|r =0)

/@ el _ 7
(4.3) €S’ —C'H =,
(4.4) us‘il—lj +CE =0,

where J € RM with components given by the right hand of (4.1). Since pS and
€S’ are invertible, (4.3)—(4.4) is a system of linear ordinary differential equations,
and the existence and uniqueness of a solution follow from well-known results.
From (4.4) and (3.7) in Lemma 2 we obtain
d d
p(DH) = p—y
This shows the sense in which divH = 0 is satisfied at the discrete level in the
covolume scheme.
By subtracting (4.3) from (4.1) we have

(BISH)= -B{CE =0.

(4.5) eS”%(E - E})-C'(H-H]))=0.
Similarly, from (4.2) and (4.4)
L
dt

where (E, H) denotes the exact solution of (2.1)—(2.5) and where, by the boundary
condition (2.4),

(4.7) nelr = 0.

Note that the error in the magnetic field H satisfies the discrete solenoidal condition
(4.8) Dén = 0.

Multiplying (4.5) by Dng and (4.6) by D’nu, and adding we obtain

(4.6) pS—(H — Hy) + C(E — E.) =0,

(4.9) e(ég,me)wr + pléa, mg)w = (C'ng, Dne) — (Cne, D'ng),
where the dots denote time differentiations.
The main result in this section is the following theorem.

Theorem 1. Denote by (E, H) the solution of (4.3) and (4.4) and by
(E,H) € WHH(0,T5 (WHP(Q))%)?
the solution of (2.1)=(2.5) with p > 2. Then we have the estimate

Jnax (||(E = E)(Olwe + [[(H = He) (1) lw) < Kh(|[B]| 1 o.7:wrr(2)2)

+ || 0. 75w1 0 (2))%))-

To prove this theorem we use (4.9) to get
e(m, me)w + p(e n)w = 6<(nE —g)*, nE) + u<(77’H —en)*, nh)
w

+(C'n, De) — (Cne, D).
Since E x n|r = 0, the components of ng restricted to the boundary are 0. So
Lemma 1 is applied to yield

(C"ngz, Dng) — (Cne, D'ngg) = 0.

w
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By
e — ey = Erf—E,
Ma—em = Hp—H,
we obtain from (4.9)
(4.10)
L d

5 77 ) 2l + [1(6) 2l [fy) = n((Hy = He)* nir)w + €((Ey — Ee)*,mm)w,

where ()® denotes time differentiations. Integrating (4.10) from 0 to 7" and using
Cauchy’s inequality we obtain

(1) 20 (D) 3y + 11(€) Zne(T)[[3)
T
§2/ (1) ® (He — Hp)*[lw ] (1) E0fa () [
0
()% (Be — Ep)*[lw11(e) Znm(s)llw) ds.
Let t* be such that
(I 2 kg () o+ 11 () 2w () lwr) = amase (1 () 2 ()l + 11() 2 (1) ).

Then
1 N 1 1
w + lezne(t)lw)?* < 2(|u2m(T)|[jy + 1€ ne(T)|[5)

!
1 o 1
s4/0 (Nt (He — Hp)* llwlluF ()
+ 1€ (Ee — Ep)*llw|leZng(s)|lw) ds
T
1 R 1
s4/0 (et (He — Hp)® lwllaF ()

+le2 (B — Ep)*llwll(€) 2ng(s)|lw) ds.

(1112 ()]

So it follows that

Or%l%XT(II(u)%nh(t)llw +11(&) 2 ()| w)

(4.11) ro 1
< 4/0 UN)* (He — Hp)llw -+ 11(0)F (E. — By)*[lw) ds.

Theorem 1 will follow from Lemma 3:

Lemma 3. Assume that B, H € (WYP(Q))?, p > 2. Then there exists a generic
constant K, such that

[(He — Hp)®|lw < KAH| w002,

(Ee — Ep)*llwr < Kh|E| oy,

where

3

. !
K <K' max(max(%),mgux(—ﬂ)

and K' is a constant.
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Proof. For the primal face k;,
. 1 : 1 :
(He — Hy) =3 H-ndl—— | H-ndx.
i Jo Si Jr;

By the Sobolev embedding theorem, V : H — (H, — Hy) defines a bounded linear
functional on (W'?(k;))3. For constant H this linear functional vanishes in the
union of two tetrahedra that share the same face k; and consequently

|[(H. — Hf).| <K(r; U Tl)|H|W1,p(nUTZ)3,

where K (1; UT) is a constant. In order to estimate K (7; U 7;), we use a standard
scale change argument as follows.

Let the primal face k; = 7; N7y be in the zy plane so that o} is parallel to the z
axis, changing the coordinates by

/
(D)-4(z) e
Y Y

where A is a 2 x 2 matrix, it results that K (7; U ;) depends on the quantity

1
v

h{

max(||A~ 51 (| det Alhy) 75, ———
? (det A)¥

)

1 1
where — + — = 1. Let h denote the length of the co-edge and s; the area of the
p P

primal face. A further calculation then shows that |det A| = c¢1s;, h1 = c2hl so

that
1_1
_ 1 Amin (AT A v/det(AT A s? 7
A7 det Alhy) 3 = g omint A o VML A) 50 "
(sihf)7 (sihi) ¥ 'y
where ¢;, i = 1,- - , 4, are independent of h} and s;, and Api, is the least eigenvalue

of the positive definite matrix AT A.
Collecting these results, K (7; U ) is bounded by

1 1
27 p /
S; h
K(TiUTl)<max( —,
! h?r s

s..ﬁlH

)

S e

Now we have

F
I(He = Hp)*lffy = Y sihi|(He — Hp)*|?
i=1
P , 51_; h/.p% 9
< Klzsihimax(l—ga—lg)|H|(W11P(nun))3
i=1 ! PSP
6
<

F
Ko Z W73 H 1o (0005
=1
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where K, depends only on max(%). By Holder’s inequality and since h3F <
K'measure(Q2) we obtain

Iﬁ

IN

. F 2 F
K2h5—;(Z|H| Wm () ) <Zl>

i= 1 =1
Ksh® v % |H| Wip ()
< Kw |H|(W1,p(9))3-

[|(He — Hy)* [y

The proof of the estimate for ||(E. — Ef)®||w- is similar.
From the estimate above we know the constant K depends on the quantity
/

Si
max(miax( h’? ), max( h2 £Y).

Theorem 1 now follows from (4.11) and Lemma 3.

5. THE FULLY DISCRETE PROBLEM

There are many possible time stepping methods that can be applied to (4.3) and
(4.4). We will discuss a leapfrog scheme which is very popular in computational
electromagnetics (see [18]). In this scheme we approximate E(t) at times ¢, =
n/At, 0 < n < oo with a vector {€"}72, and H(t) at time ¢, ;1 with a vector
{H”+2 152 . The initial value H? can be computed using, for example, a Taylor
expansion and the given equations (2.1)—(2.2). Given (5”,H”+%)n20, the next
approximation (5"+1,H"+%) is obtained by solving the equations

(5.1) €S/ (EMTE — EM) — AtC'HMTE = Jnte
(5.2) PS(H™ S — M) 4 AtCE™ T =0
where

— (n+1)At
Jta / Jdt.
nAt

(5.1), (5.2) is an explicit scheme, so the existence and uniqueness of a solution
are apparent. Using the error functions defined in the last section, we can rewrite

(5.1)-(5.2) as

ntl

(5.3) eS' (e —ep) = (A)C'm * + G,

(5.4) pS(ent® — &) = —(ADORE + G,

By a direct computation, G™ and G™ are given by

(5.5) Gn = it S/ (B BY) + A0 HIE,

(5.6) Gr = pS(H} ™2 — H %) — ACEP.,

Our main estimate for the fully discrete scheme is then given in the following
theorem:
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Theorem 2. Let (5”,H”+%)2’Z_01 denote the solution of (5.1)—(5.2), and let
(E.H) € (H'(0,T; (W"?(Q))*))?

denote the solution of (2.1)—(2.4), p > 2. Under the stability condition

min(h;;)

(5.7) cAt< 3
Mz M2

where ¢ = (ep) 2 s the speed of the light in the medium, My is the mazximum of
the ratios of the maximum to minimum side-lengths over the union of adjacent
tetrahedra, and Ms is the maximum number of edges over all co-faces, we have the
following error estimate for the fully discrete scheme (5.1)—(5.2)

i il i+3 _ it
(5.8) OS?%%(_l(GHg Eellw: 4+ p|[H™2 — He ™ [|lw)
< Kh(|[E|| g2 0,7;0w10))3) + | H|[ 51 0,7;w10(0))3))-

n43 n4+i
Proof. Multiplying (5.3) by D(ng +ngt') and (5.4) by D’(nHJr2 + 77H+2), respec-
tively, and adding all these equations from n =0,1,--- | N — 1 gives

N—
el B+ pllmy * | = AHCngy*, Do)

z
z
b

i i i i+3 _ gty it3
+ (65" — 0, ne)w + Z (g > — 0y ng 2w
' =0

29
L4
z
b

. _ . i+3 i+ L
+ 3 (G DO+ i) + Y (G D (g ® + g 2))).

-
Il
=]
<
Il
o

The proof has three steps:
(i) First,

AHCy "2, DY) = AHC(SD') 3 ((SD') iy ><DS' HE((DS)Ind))
< AH|(SD)"EC" (DS oIy llw I v

From algebra, ||(SD")~ C’(DS’ 1) z||2 is the largest singular value of the matrix
and by Gershgorin’s theorem

|(SD")~3C" (DS’ ") ||2<max<m“°"“]7 2/ M;
ming; (hiy)?

where maximum above is taken over all of the union of adjacent tetrahedra. Com-
bining the results gives

_1 2 M N—1

AHCTNT2 DNy < pApEY T8 2 ,

(C'ng *,Dng) < “in(h) g 2 llwling |lw
3
VIGM2

A2 , H
win () (el 1By + pllmgy 2 113)
< (elIndIBy + pliny 2 11)-
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(ii) (511;3Jrl — 0% can be estimated in the following way. We have, by integrating in

time
165" — 0l < 19812t Gar<i< 1) an)-
So
166" = Skllf = D ikl (05 )k — (5g)xl
k=1
My (+nat
< sl [Geulds?
Pt it
(i+1)At My )
< At/ S sp el ()2 ds
N Pt
(i+1)At
- At/ 16s|% ds.
N
By Lemma 3
165" — Skllwr < Kih/ DBl 2 (at (41 a0 (wir@)?)-
Similarly,
i+3 i+i .
165 7 = 0y 2 llw < Kih/ D] 12, (141 Acy(wro @))9) -
(iii) We have from the definition of || - ||w~
i i i =1\ i i i
(G, D(g +ng ™)) < 215" )G lw (gl lw + g™ [lw)-
From (5.5)

_ (i+1)At .
Gi=— [ (ema scm by as
A\t

where the subscript corresponds the Ith dual edge. By the quadrature rule, G'
vanishes for constant (C'H,); in time, so

IGi| < Ka|[(C'He)| 1 (iat<t< (is1) At
where, by a scale change, K5 varies as At. By the Bramble-Hilbert lemma

|C"H,| < Ks[H| (w1 (x5,

. . _3
where, by scaling, K3 varies as h>" 7. So

) 3 (i+1)At
|G}| < I(4h2_z At/ |H|(W1,p(ﬂ))3 ds.
int
Using Cauchy’s inequality
(i+1) At

G2 < K4h*~ 7 (At)? L2101, )5 ds
[7AN
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and
1 _ 4t (+n)ae B
SIGIP < K -z(m)B/ S TPy s ds
1=1 iAt 1=1
. Py 1-2 sG+D)AE o 1 2
< K4h4‘F<At>3(Zl) /A (ZIHI’E’Wl,pm»s) ds
1=1 iAt 1=1

from Holder’s inequality. Using (5.7) to estimate At we obtain
(G',G") < Kah® AHIT2 (a4 1) A (wir ()9)

and from the definition of || - ||w~

-1 i
1(S" )G lwr < Ksh/AH[H| g1 ia, (1) ) (wie (9))3) -

N N
By Cauchy’s inequality Z a; < \/N(Z af)% and NAt=T

=1 =1

N o

ZH(S/_ )G [lw < K7h|[H| g 0,700 (0))2)-

im1
Similarly,

IST'G lw < Ksha/AH[El g1 (it i41) At (wir(@))9)
and
N P
Z 1(S™HG lw < Kohl|[E| 1 (0,15 w1r(02))%)-
im1

Collecting the terms from (i)—(iii), we obtain finally

i i+3
s (ellnbllwe -+l )

< Kh(||El| 1 0,m:wre )2y + 1 0,7;w10(0))8))s
and this proves (5.8). |

6. ON RECTANGULAR MESHES

The covolume scheme can be extended to rectangular meshes. In this case both
primal and co-face are rectangles and orthogonal to each other. All the duality
relations discussed in Section 2 are preserved. This method is the standard Yee
scheme [18].

Motivated by [11], we will show in this section that on nonuniform but rectan-
gular grids (a.k.a. graded grids) with maximum size h the covolume approximation
of tangential components of electric field E and normal components of magnetic
field H are second order in space in || - ||y~ and || - ||w, respectively. Here we only
need (E,H) in (L'(0,T; (H3(€2))?))?. This improves the norm used in [11], where
(E,H) in (L'(0,T;(C3*(9))*))? was assumed.

Using Lemma 1 and the error functions introduced in Section 4, we can rewrite
(4.9) as
1d
2dt
We need here two technical lemmas to estimate the terms on the right side of (6.1).

(6.1) (lestllfy + lnelliy) = (O, ne)w — (éx1. ex)w-
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Lemma 4. There ezists u(t) € R such that each component of u is a continuous
linear functional of the magnetic field H and

(6.2) (¢, dm)w = (ém, w)w
with
(6.3) max(|[ullw, [[allw) < Kh|[H]| (s 0.

Lemma 5. There exists v'(t) € RM | v2(t) € R such that each component of v*
and v2 is a continuous linear functional of the electric field E and

(6.4) O, ne)w = (0*,18)w + (ém, 0%)w
with
(6.5) (10" |lwr < KR|E|(z3 (02, max(|[0°|lw, |[8%||lw) < KR?|[H||(z2(0))-

Assuming these two lemmas we can prove

Theorem 3. Suppose that (E, H) € L'(0,T; (H?(Q))*)? satisfies (2.1)-(2.5), and
denote by (E, H) the solution of (4.3)-(4.4) on nonuniform grids with mazimum
grid size h. Then

(6.6)

Jmax ([(B = Ee) ()| lw + ||(H = Hy)(®)|lw) < Kh|(B, H)l| (10,7423

Proof of Theorem 8. Substituting (6.2) and (6.4) into (6.1) and integrating from 0
to tl,

%(HeH”I%V + el ) (t) = (e, u — %) (t1)

+/01(ol,nE)W,(r) dT—|—/Ol(eH,1l—i52)W(7')dT.

Applying Lemma 4, Lemma 5 and Cauchy’s inequality proves (6.6). |
The method of proving Lemma 4 is to notice that if hy # ho, the quadrature rule
ho
(2) dz = (hy + h2) f(0)
—h

is exact for constant functions, but after adding the correction term

S (ha) = 2 (=)

it is exact for linear polynomials. In the proof below we will manipulate these first
order correction terms to make them a discrete gradient.

Proof of Lemma 4. For primal face k;, (dm)i, the difference between the average
of H - n; over the face x; and the average of the same quantity along the co-edge
ol = OO’ orthogonal to the face k; (see Figure 2), vanishes for the constant field
H. So we write (dg1); as

(6.7) 00! (éu); = OO0"u; + U,

where the first order correction term ; is

1 —— 1 —
iy = §(OP12H3Z + h2Hy, + h2Ha,)(0) — §(O’P12H3z +h2H, + h2H,,)(0)
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FIGURE 2

and wu; from (6.7) vanishes for piecewise linear polynomial functions. We remark
that u; was formed in the way indicated above since there are three co-edges ema-
nating from the center O. Note also that u; is a discrete gradient form, i.e., « = B1¢
for some ¢ € RT. Using (3.8) in Lemma 2,

(éu, D' i)

(fa,0m)w = (ém,w)w +
= (ém,w)w + (éu, PO)w
= (ém,w)w + (Dén, ¢)
= (émg,w)w-.

The last step follows from (4.8). Lemma 4 follows by a scale change argument for
u as in the estimate (6.3). O

Proof of Lemma 5. The proof is similar to that of Lemma 4. We note that the
quadrature rule (see Figure 2

)
[ fws)do~ 1@

is exact for constant functions f when the point @ is not the center of the rectan-
gle O'OBA. By a Taylor expansion we can show that after adding the following
correction term

LPBR ~ £, (P)PQ PP + L1(POPI@ — £.(P)PQ [T

the quadrature rule is exact for linear polynomials f(y,z). So on co-face K;, we
split (0g); as

(6.8) s5(6g); = sjvj + v}
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where vg-’ = (C'U?)H;, ie., ’U? is expressed as a discrete curl. Using P;, i =1,--- ,4,

Figure 2 shows how this discrete curl is formed in terms of v?:
1
(6.9) Vi (Py) = §(h§E2w(P1) + 2B, (Py))

and ’Ujl» is computed from (6.8) and vanishes for piecewise linear polynomial fields
E. By summation by parts

Ge,ne)w = (0%, e)ws + (C"6°, Dig) by (3.3)
= (Y ne)w + (D'9?, Cng) by Lemma 1
= (04 me)wr + w(D'0?, Séxr) by (4.6)
= (’blvnE)W’ + /1'(’[}27 éa)w by (3'1)7
and the estimate (6.5) follows from (6.9) and the fact that the continuous linear
functional v} vanishes for linear polynomials E. O
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