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MULTIGRID METHODS FOR THE COMPUTATION OF
SINGULAR SOLUTIONS AND STRESS INTENSITY FACTORS I:
CORNER SINGULARITIES

SUSANNE C. BRENNER

ABSTRACT. We consider the Poisson equation —Awu = f with homogeneous
Dirichlet boundary condition on a two-dimensional polygonal domain 2 with
re-entrant angles. A multigrid method for the computation of singular solu-
tions and stress intensity factors using piecewise linear functions is analyzed.
When f € L2(Q), the rate of convergence to the singular solution in the energy
norm is shown to be O(h), and the rate of convergence to the stress intensity
factors is shown to be (9(h1“'(7"/“’)_€)7 where w is the largest re-entrant angle
of the domain and € > 0 can be arbitrarily small. The cost of the algorithm is
O(h™2). When f € H(Q), the algorithm can be modified so that the conver-
gence rate to the stress intensity factors is O(h%~€). In this case the maximum

error of the multigrid solution over the vertices of the triangulation is shown
to be O(h27¢).

1. INTRODUCTION

Let Q be a bounded polygonal domain in R? with at least one re-entrant angle.
Consider the Poisson equation with homogeneous Dirichlet boundary condition:

(1.1) —Au=f in Q
u=0 on 09,
where f € L%(Q).
Let wy,... ,ws be the internal angles of € which satisfy 7 < w; < 27 and let p;

be the corresponding vertices. It is well known (cf. [23], [27], [32], [39]) that the
unique solution u € H}(Q) of (1.1) has the representation

J
(1.2) uzijsj +w,
j=1

where w € H2(Q) N HJ (2) and the singular functions s; are defined as follows. Let
polar coordinates (r;,6;) be chosen at the vertex p; so that the internal angle w;
is spanned by the two half lines #; = 0 and 6; = w;. Then we have

(1.3) 5i(rj,0;) = 6;(ry)ri’*7 sin ((m/w;)8;),
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560 SUSANNE C. BRENNER

where ¢; (j = 1,...,J) are smooth cut-off functions which equal 1 identically in
a neighborhood of 0, and the supports of the ¢;’s are small enough so that the
singular functions s; vanish identically on 0€2. Moreover, the following regularity
estimate holds:

J
(1.4) lwl| 2 ) + Z ;] S fllz2)-
j=1
(Throughout this paper the statement F' < G means that F' is bounded by G
multiplied by a constant which is independent of the mesh size and grid level. In
the statement F' <. G, the constant can depend on €.) The coefficient k; can be
expressed in terms of u by the following extraction formula:

1
(1.5) Kj = {/Qfs_j da:—|—/QuAs_j da:},

where the dual singular function s_; is defined in the polar coordinate system
(Tj, GJ) as

(1.6) 5-3(rj,07) = &5 (ry)r; ™/ sin ((w/w;)0;)
(cf. [6], [7], [3], [27], [24], [39)).

Formulas similar to (1.2) and (1.5) also hold for the solution of two-dimensional
elasticity problems (cf. [49], [28], [29], [30], [33]). In that context, the coeflicients
k; are known as stress intensity factors, and we will adopt that terminology here.
These quantities play a particularly important role in linear fracture mechanics.

In view of (1.5), it is natural to compute an approximation ;5 to x; by

1
(1.7) Kjh = —{/ fs_jdar+/uhAs_jdx},
™ Ua Q

where uy, is a finite element approximation of u. The accuracy of ;5 computed by
(1.7) depends on the accuracy of uyp, which ultimately depends on the regularity of
u.

It is known (cf. [27]) that the singular functions s; € H"(Q2) for all 7 < 14 (7/w;)
and s; ¢ HF (/@) (Q). Tt follows from (1.2) that the best one can say about the
regularity of u is

(1.8) ue H(Q) Vr<1+g,
where
(1.9) w =max(wy,wa, ... ,wWys).

Suppose Vi, € HE(9) is the piecewise linear finite element space associated with
a quasi-uniform triangulation 75, h = max diam 7', and 4y, € V}, satisfies

TeTn
(1.10) /QVﬂh-Vvdx:/vadx Vo e V.
It follows from (1.8) that for any € > 0 we have
(1.11) u = @nl () Se 7| fll 20
and
(1.12) ' — @il L2y Se K27 fllL2(0)-
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SINGULAR SOLUTIONS AND STRESS INTENSITY FACTORS 561

If £, is computed by (1.7) using @y, then (1.5), (1.7) and (1.12) imply that

1
(1.13) oy = gl < 3 [ [(u ) As | da
™ Jo

S llu = anll 2o
Se B2 fll pagy -

Note that As_; = 0 near p;, so the integration in (1.13) is only over a domain
away from p;, where s_; is a smooth function. Also, the estimate (1.13) cannot be
improved due to the pollution effect of the corner singularity (cf. [40], [52], [53]).
Thus the lack of regularity adversely affects the accuracy of the finite element
solution uy, and hence k; p.

In this paper, we develop, on quasi-uniform grids, a multigrid method for the
computation of the singular solution u and the stress intensity factors ; that
obtains better estimates than (1.11)—(1.13). The basic idea is that (1.1) and (1.2)
imply that w, the regular part of u, is the solution of

J
(1.14) —Aw=f+ ZFLJ‘AS]' in Q,
j=1
w =20 on Of).

If the k;’s were known, we could solve (1.14) using piecewise linear finite elements,
and the solution would have a good convergence rate since w € H?(f2). Unfortu-
nately, the x;’s are unknown, so we instead apply the finite element method on the
kth level to the following variational problem:

Find @, € H}(Q) such that

J
(1.15) / Vg - Vodr = / f+ Zlij,kASj vdr Vwve H&(Q%
Q Q

j=1

where the approximate stress intensity factors x;  are computed by the extraction
formula (1.5) using the approximate solution uy_1 obtained in the (k — 1)t level,
ie.,

1
(1.16) Kjk = — {/ fs—j dx—|—/ Up—1A5_; dx}.
™ Q Q

We obtain, on the k™ level, a piecewise linear approximate solution wy, to 1y by a
standard multigrid algorithm. The approximate solution u to w is then defined to
be

J
(1.17) U = Z KjkSj + Wk.
j=1
In other words, we have a full multigrid algorithm where the right-hand side of
the finite element equation changes from level to level (cf. (1.15)) and we are
really computing the regular part w of the solution. The improvement in the
convergence rate is possible because w has better regularity than u. We will show
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(cf. Theorem 4.1) that
(1.18) lu — kg S hell fllz2 ),

J
(1.19) S I = sl Se N ey
j=1

The estimate (1.18) is optimal for the piecewise linear finite element space, and

the estimate (1.19) improves the estimate in (1.13). The computational cost of our

multigrid method is proportional to the dimension of V4, i.e., is of order C.h~2.
We also consider a second multigrid method in the case where f € H((Q).

Let wi,... ,wy be the internal angles of  which satisfy 7/2 < w; < 2m. When
f € HY(Q), the solution u of (1.1) can be written as (cf. [27], [23])
N
(1.20) U= Z Z Kj0Sj 0+ w,
j=1¢eL;
where w € H37¢(Q) N H}(Q) for any € > 0,
(121) Ej = {f eN: é(ﬂ'/wj') < 2},

and in appropriate polar coordinates,

(122) Sj)g(?"j, 93) = d)j (’I”j)?"j(ﬂ—/wj) sin (é(w/wj)ﬂj)

Moreover, the following regularity estimates hold:

N
(1.23) Yo Imid Sl and (wllgs—<(q) Se [fllm @)
j=1teLl;

The coefficient ;, can be expressed in terms of u by

1
(1.24) Kjg= — {/ fsj—edz +/ ulAs; _p da:} ;
b Q Q

where the dual singular function s; _, is defined by

(1.25) sj—e(rj,05) = i (ry)r; ™ sin (0(m /w;)6;).

Using similar ideas and taking advantage of a superconvergence result for linear
finite elements, we develop a multigrid method that produces, at a cost of CJL]:2,
an approximate solution uy in the form

N

(1.26) U = Z Z Kj.0,kSj6 + Wk,

j=1¢eL;

where wy, is a piecewise linear function on the k** level triangulation, and we show
that (cf. Theorem 5.4)

(1.27) lu — uklmio)y S el fll (@)

and
J

(1.28) SO ke = el Se by Nl oy-
j=1LeL
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As a corollary (cf. Corollary 5.6), we obtain
(1.29) max [u(p) = uk(P)| Se b N f @)

where the maximum is taken over all the vertices p of the k*® level triangulation.

Corner singularities can also be overcome by the method of local grid refinement
(cf. [1], [2]). Using this method, the number of degrees of freedom is of order
O(h~2) and the error of the computed stress intensity factor is of order O(h?).
This method also has the advantage that it does not require the knowledge of the
exact forms of the singular functions. However, it is more difficult in this approach
to use multilevel techniques (cf. [57], [58], [59], [60], [45]).

Another method for the computation of the stress intensity factors is the dual
singular function method (DSFM) (cf. [25], [7], [8]) where extraction formulas are
also used. In each iterative step of the DSFM, a finite element equation of the form
(1.15) is solved on the same grid. The algorithms developed in this paper can in
some sense be viewed as a multigrid version of the DSFM.

We should also mention that in [38] a multigrid method based on an extrapolation
technique is proposed, where O(h?~€) convergence for the stress intensity factors
with cost O(h~2) is claimed. However, the result in [38] is obtained under the
unproven assumption that the standard multigrid method using piecewise linear
finite elements is a contraction with respect to the L? norm in the presence of
corner singularities. There are also no numerical results in [38] to corroborate the
claim.

The rest of this paper is organized as follows. The multigrid algorithms are
defined in Section 2 and the convergence analyses are carried out in Sections 3, 4,
and 5. The results of numerical experiments are presented in Section 6. Section 7
contains some concluding remarks.

2. THE MULTIGRID ALGORITHMS

Let {7}, k > 1, be a family of triangulations of Q, where 7;11 is obtained from
7T by regular subdivision, i.e., by connecting the midpoints of the edges of the
triangles in 7, and define hjy = maxrer, diamT. Let Vi = {v € H}(Q) : v|r €
P1(T) VT € Ti} be the piecewise linear finite element space associated with 7.

We define the discrete inner product (-, -)x by

(2.1) (v1,v2)k = hi Zvl (p)va(p) Vwi,vs € Vi,

where the summation is taken over all the vertices p of 7. The operators Ay :
Vi — Vi, and I7 7' : V3 — Vj_; are defined by

(2.2) (Agvi,ve)k = / Vv - Vugdr VYo, ve € Vi,
Q
and
(2.3) (IF o, w)—1 = (v,w), Vv € Vi, w € Vi_1(C V).

Clearly, Ay is symmetric positive definite with respect to (-,);. Since (v,v)y is
equivalent to ||v||2(q) for v € Vi, it follows from (2.2) and a standard inverse
estimate (cf. [20], [16]) that the spectral radius p(Ay) satisfies p(Ax) < hy.>.
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564 SUSANNE C. BRENNER

For the convergence analysis in Section 3, we also need the Ritz projection op-
erator Py : H} () — Vi defined by

(2.4) /Qv«—Pkcywdx:o Ve e HAQ),v e Vi

It is easy to see that
(2.5) I]]:_lAk =Ap_1P,_1.

The following is the standard one-sided k*"-level multigrid iteration: For p = 1,
this is the usual V(m,0) cycle, and for p = 2, this is the usual W(m,0) cycle.

The k' level iteration. The k' level iteration with initial guess zo yields
MG(k, 20, g) as an approximate solution to the equation

(2.6) Az =g.

For k = 1, MG(1, 29, g) is the solution obtained from an exact solver. In other
words,

(2.7) MG(1,2,9) = AT 'g.

For k > 1, there are two steps.
Smoothing Step  Let z; € Vi, (1 <1 < m) be defined recursively by the equations

1
(2.8) 21 =21-1+ A—(g —Agzi—1), 1<1<m,
k

where m is a positive integer independent of k, and Ay := Ch,:2 dominates the
spectral radius of Ay.
Correction Step Let g = I,f_l(g — Apzm)and ¢; € Vi—1 (0<i<p,p=1or2)be
defined recursively by

(2.9) =0 and ¢ =MG(k-1,¢-1,9),1 <i<p.
The output is obtained by combining the two steps:
(2.10) MG(k, z0,9) = 2m + qp -

Remark. We use Richardson relaxation in (2.8) to simplify the analysis in Section 3.
Other smoothers (cf. [37], [31], [4], [36], [10], [12]) can of course be used.

Full multigrid algorithm I. When f € L?(Q), we use a nested iteration (where
each k' level iteration is applied n times) to compute ;1 € R (1 < j < J) and
wy € Vi, so that ;1 is a good approximation of x;, and u = ijl KjkS; +wy is
a good approximation of the solution w of (1.1) (cf. (1.2)).

The nested iteration. For k=1,

(2.11) wy = A7l gy,

where g1 € V7 is defined by

(2.12) (g1,v)1 =/fvdx Yo eV,
Q

and we set

(213) Rj1 = 0 for 1 S] S J,

(214) Uy = Wiq.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SINGULAR SOLUTIONS AND STRESS INTENSITY FACTORS 565

For £ > 2, the numbers s, € R are computed by

1
(2.15) Kjk = — {/ fs—_jdx +/ Up—1AS5_ da:} for 1 <j < J,
T \Ja Q

and wy, € Vi, is obtained recursively by
Wk,0 = Wk—1,
(2.16) wiyg = MG(k,wii-1,95) forl<l<nmn,
wk = wk,nv

where n is a positive integer independent of k, and g, € V} is defined by

J
(217) (gk,’U)k = / (f —+ Zlij)kASj)’UdZE Vo e V.
Q =
We then define uy by
J
(2.18) up = Z KjkSj + Wk.
j=1

Full multigrid algorithm II. When f € H'(f), we use a nested iteration
(where each k'™ level iteration is applied n times) to compute rjo, € R (1 <
j <N, ?¢eL;)and wy € Vi so that kj 1 is a good approximation of x; ¢, and
up = Zj\;l Zzeﬁj Kje.kSj.0 + wy is a good approximation of the solution u of (1.1)

(cf. (1.20)).
The nested iteration For k=1,
(2.19) w = A7 g,
where g1 € V7 is defined by
(2.20) (91,v)1 :/fvdx Yo e,
Q
and we set
(221) Kje1 = 0 for 1 S] < N, le Ej,
(222) U] = wWi.

For k£ > 2, the numbers x; ¢ € R are computed by

1
(2.23) Kjen = i {/Qfsj)_g dx —l—/ﬂuk_lAs%_g dx} for1<j <N, leLy,

and wy, € Vj, is obtained recursively by

w0 = If_jwi_1,
(2.24) wgy = MG(k,w—1,95) forl<l<nmn,

Wg = Wk,n,

where n is a positive integer independent of k, and gi € Vj is defined by

N
(2.25) (gr, V) = ‘/Q (f + Z Z lij7g7kASj)g)’Ud$ Vo e V.

j=1¢eL;
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We then define uy by

N
(2.26) U = Z Kj0kSje + Wk.
J=1¢eL;

The intergrid transfer operator IF_, : Vi—1 — Vj in (2.24) is defined as follows.
We assume that 77 is also obtained by connecting the midpoints of a coarser trian-
gulation 7g. Let Qr C Hg(Q) (k=0,1,2,...) be the quadratic Lagrange finite ele-
ment space associated with 7. Let I,]j:Ql :Qr—o2 — Vi_1 and I{j_Q Qo — Vi
be the nodal interpolation operators. Since Qx_» and Vi_; share the same nodal

points, it is clear that Z,f:zl is an isomorphism from Q;_o onto Vi_1. We define,

for k=2,3,...,
(2.27) I =T o (T )7
This more sophisticated intergrid transfer operator is needed to maintain a higher

convergence rate for this full multigrid algorithm.

Remark. A standard argument (cf. [5]) shows that the costs for both full multigrid
algorithms are proportional to dim V.

3. CONTRACTION PROPERTIES OF THE k™ LEVEL ITERATION

We have the following result (cf. [9], [10], [13], [14]) for the convergence of the
kth level iteration in the energy norm.

Lemma 3.1. Let p = 1 (V-cycle) or 2 (W-cycle) and m > 1 in the k" level
iteration. Then there exists a 6 < 1, independent of k, such that

(3.1) |z — MG(k, z0,9) |1 () < 3|z — 20|z (-

Remark. The estimate (3.1) was obtained in [13] and [14] for the symmetric V-
cycle algorithm. Since the finite element spaces Vj, are conforming and nested, it
also holds (cf. [37]) for the one-sided V-cycle and W-cycle algorithms described in
Section 2. Moreover, the contraction number § for the W-cycle algorithm can be
made arbitrarily small by increasing the number of smoothing steps m (cf. [5]).

We also have the following convergence result for the k' level iteration in the
” ’ ||H1*(7f/w)+e(Q) norm.

Lemma 3.2. Letp =2 (W-cycle), 0 <6 < 1,0 < e < m/wand ae = 1—(7/w)+e€ #
1/2. If the number of smoothing steps m in the k' level iteration is sufficiently
large, then we have

(3.2) llz = MGk, z0, )|l zre< () < 6]z — 20| 7o ()-

Proof. We follow the methodology in [5]. First we consider the two-grid algorithm
where g, in (2.10) is replaced by (cf. (2.5))

(3.3) q :A,:_llng,:_llff_lAk(z—zm) = Pe_1(z — z2m).
Let Ry : Vi, — V. be defined by
1
(3.4) Ry=1- A—kAk.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SINGULAR SOLUTIONS AND STRESS INTENSITY FACTORS 567

Then, by (2.8) and (3.4), we have
(3.5) z— zm = R (2 — 20).

It follows from (3.3) and (3.5) that the error of the output Z = z,, +¢ of the two-grid
method is given by

(3.6) z2—Z2=z—2m —q=(I = Pu_1)(z—2m) = (I — Pe—1) R (2 — 20).
For 0 < s <1, we define

(3.7) lolls = y/(Av,0)r Vv € V.

We immediately have

(3.8) lolly < Tp(A N2 llolls S B~ Hlvlls Vo € Vi, 0<s <1,

and since Ay = C’h,;2 dominates the spectral radius of Ay,

(3.9) IRkv|ls < |lvfls YveE Vi, 0<s<1.
The effect of the smoothing step is measured by the following smoothing property:
(3.10) IR ol = (AeRy, Rf'o)e) '/
s/2 —5 A5 P2m —s 1/2
< Ak/ [P(Ak AkRi )]1/2(1411C v, U)k/
1/2
Shy® | sup (1= 0)*"|  Jofli-s
0<t<1

hS h,;sm_s/2|||v|||1_S Voe Vg, 0<s<1.

The effect of the correction step is given by the following approzimation property:

(3.11) lv = Po—1v|| e () Se hz/w_6|v — Pr1v|gi) Yve H&(Q)
We will establish (3.11) by a duality argument. Let ¢ € H () and ¢ € HJ ()
satisty
(3.12) / V(- Vudr = ¢(v) Yv e Hi(Q).
Q

It is well known (cf. [23]) that ¢ € H'T(7/«)=¢(Q) and
(3.13) 1< mrcrrer—e @y Se Il o ()

Let IIx be the nodal interpolation operator associated with V. It follows from
standard interpolation error estimates (cf. [20], [16]) and (3.13) that

(3.14) ¢ = Ml (@) Se 1™ 0l -oc (-
Using (2.4), (3.12) and (3.14), we have
(3.15) d(v — Pe_qv) = / V¢ V(v — Py_1v)dz
Q

_ /Qv(g I 10) - V(o — Poyv) da

<. plm/o-

~€

The estimate (3.11) follows from (3.15) and the duality formula

(3.16) 17l 20 () = sup [@(m) /Dl rr-ec ()] Y € HG* (),
where the supremum is taken over all ¢ € H=*<(Q) \ {0}.

Noll tr—ac (@) |v = Preo1v| g (-
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The final ingredient is the relation between the mesh dependent norm | - ||s
and the Sobolev norm || - || gs(q) on Vi. First of all, we have |v[g1(q) = |Jv]l1 and
llvllz2) < lvflo for all v € Vi Interpolating these estimates (cf. [50]), we have

(3.17) Il S Il YoeVi,0<s<1

On the other hand, there exists (cf. [21], [48]) an interpolation operator 7y :
L?(2) — Vj, such that

(3.18) Imevllo S Imkvllzac) S lvllre@) Vo € L2(9),

(3.19) Ikl S vl o) S lollmey Vo € Hy (),

(3.20) TRV =0 Yove V.

For 0 < s < 1and s # 1/2, we can interpolate (3.18) and (3.19) (cf. [50]) to obtain
(3.21) ol < ol Vo€ Hy(@).

Combining (3.20) and (3.21), we find

(3.22) lolls S lvllas) YveVe,0<s<1,s#1/2.

In other words, the mesh dependent norm | - [|s and the Sobolev norm || - || = ()

are equivalent on Vj, as long as s # 1/2.
Therefore, from (3.6)—(3.11) and (3.22), we have the following error estimate for
the two-grid algorithm:

(3.23) 2 = 2| e () Se AU TNRE (2 = 2 11 ()
55 m[—(ﬂ/w)+6]/2||z . zo||H°‘€(Q)'

Now we estimate the error for the k'™ level iteration. Let 7, = ml=(7/«)+el/2,
and suppose that the error of the (k — 1) level iteration in the H“(Q) norm is
reduced by a factor 7. Then it follows from (2.9) and (3.23) that

(3.24) |z = MG(k, 20, 9)| e () < 1|2 = Zllzrac ) + |0 — @2l goc (o)
< Ceymllz — zOHH"‘E(Q) + 772”(1

‘H"‘e (Q)

From (3.8), (3.11) and (3.17), we have

P10l e () < [[v = Pee1l[oc @) + [[0] zoc (@)

(3.25) S Bl gy + ol
Sellvlla. Vv € V.

Combining (3.5), (3.9) and (3.25), we obtain

(3.26) gl zree () = 1 Pe—1(2 — 2m)|| ae ()
< Cllz — 2

Qe *

The estimates (3.22), (3.24) and (3.26) together imply that
(3.27) Iz = MG(k, 20, 9) | e (0) < (Ceym + CL0?)l|z = 20|l mrae ()
For m sufficiently large, we have 7, < (4C.C”)~! and

M = [1 = (1= 4CClym) 2]/ (2CY)
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SINGULAR SOLUTIONS AND STRESS INTENSITY FACTORS 569

is a fixed point of the map T'(n) = Ccym + C’n%. Since the first level iteration is

€
an exact solver, it follows from (3.27) and mathematical induction that

(3.28) |z = MG(k, 20, 9) || ec () < Mmllz — 20/l goc (@) for k>1.
As limy,— 00 Mm = 0, the lemma follows from (3.28). O

4. CONVERGENCE ANALYSIS FOR THE FULL MULTIGRID ALGORITHM I

Theorem 4.1. Letp=2,0< e < m/w, ac =1 — (7/w) + € # 1/2 and the number
of smoothing steps m be sufficiently large so that (3.1) and (3.2) hold for 0 < § < 1.
If the number of nested iterations n is sufficiently large, then we have

(4.1) lw — wi|mr ) S hell fllz2@),

J
(4.2) Zlmj—nj,u S B T e
(4.3) ||w Wl e ) Se et TNl L2

where wy, and Kj 1, are computed by (2.11)—(2.18).

Proof. We will establish (4.2) and (4.3) through recursive estimates. It follows from
(1.5) and (2.15) that, for 1 < j < J,

1
(4.4) lKj — Kjx| = =

/ (u—up—1)As_j; dx
Q

S llu = uk—1llrz) | As—jl L2@)
S k-1 — wr—1| Hec (),
where (cf. (1.2), (1.15) and (2.18))

J J

(4.5) Wy, —U—ZKJJ KS; = Z —Kjk)S; +w=(u—ug)+ ws.
Jj=1

Let ax = ijl |kj — kjkl and by = [[1x — w|| gee (). We have proved that
(4.6) ar S br-1.

To estimate by, we begin with
(4.7) b < ||k — Protbr|| e @) + | Petvr — wi |l goe )

Using (1.4), (3.11), (4.5) and standard finite element discretization error estimates
(cf. [20], [16]), we find
[ — Petg || ae (@)
J

< Z ki — ki k| 155 — Prsjllac @) + [lw — Pewl| gac @)
j=1

h(ﬂ/w Z"%J Kjkl 185 — Presjla ) + |w — Pow| g1 o

j=1
55 hz(ﬂ/w)—2e + hl+(7r/w ||f||L2
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Since Py € Vj, is the exact solution of the equation Agz = g (where gy, is defined
by (2.17)), it follows from (2.16) and (3.2) that
(4.9) | Petir — wi| grae (@) < 0" || Pridr — wi—1|| o (0)-

Note that (1.2) and (4.5) imply

(4.10) w— g = (K — k)8

From (4.8) and (4.10), we obtain
| P, — wr—1 || goe () <|[Petr — Wkl ree @) + [[10r — W[ goc @)
(4.11) + [Jw = Wg—1l|gae (@) + [[Wk—1 — W—1| ae ()

Se hk(ﬂ/w) 26@ + h1+ (/)= E||f||L2(Q +ap+ag_1+bg_1.
It follows from (4.7)—(4.9) and (4.11) that
(4.12) b Se 0™ (be—1 + ak + ag—1) + hy

Combining (4.6) and (4.12), we find

a 0 1 Af— m/w)—€ 0
(4.13) [b;]j < C. [5n 5n+hi(7r/w)—26:| [b:—i] +Ceh,1c+( /w) | £l 20 M )

where the vector inequality is interpreted componentwise.

2(mw/w)— eak + h1+(7r/w ||,f||L2

Since 6™ and hz(ﬂ/w)_k are both small for n and k large, we can consider the
matrix in (4.13) to be a perturbation of the nilpotent matrix [8 OOE] . Therefore,

for n sufficiently large and k > k., we have

af Ap—1 1+(m/w)—e€ 0
(4.14) |:bk:| <C |:bk— ] + Cehy, 1fllz20) M ;
where the constant matrix C has nonnegative components and satisfies
1
4.15 C"[loo
(4.15) 1€ e £ 1

By iterating (4.14), for k > k., we obtain

a T/w)—€ T/w)—¢€ 1 T/w)—¢€
[b:] ‘ Se (hzlj( [t 2 hl+( (974 ST +"'>||f||L2(Q)
) oo

42
k—k
1 € ake
(1) 1l

Since hg—1 = 2hy and 1 + (7/w) — € < 2, it follows from (4.16) that

1 1 k—ke a
’ <e hk+(w/w ||f||L2 @ + ( ) {b:] ‘

.

On the other hand, from (1.4) and (2.11)—(2.14) we have

(4.16

(4.17)

J
(4.18) ar =Y |kl S flle2 @),

j=1
(4.19) by = |lu — Prullgec @) S lullmi) S 122 @)
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It follows from (4.13), (4.18) and (4.19) that

a2 [ sl S ey or 1 <<
Combining (4.17) and (4.20), we find
(4.21) [Z:] ‘ Se hi“”/“)_ﬁllfllem) for k>1.

We have established (4.2), and the estimate (4.3) follows from (4.10) and (4.21).
Repeating the arguments in (4.7)-(4.11) with respect to the | - [1(q) norm and
using (4.2) with an € < 7/w, we find

(4.22) [y — wi|g1(0) S 0" Wk—1 — wi—1|m1(Q) + Pl fllL2)-

We obtain from iterating (4.22) that

(4.23) Wk — wilm ) S hell fllrz)-

The estimate (4.1) follows from (4.2) (with € < 7/w), (4.10) and (4.23). O
The following corollary is immediate.

Corollary 4.2. Under the assumptions of Theorem 4.1, we have

(4.24) lu — kg o) S hell fll2)-

5. CONVERGENCE ANALYSIS FOR THE FULL MULTIGRID ALGORITHM II

Since we are really computing the regular part of the singular solution in our
approach, it is possible to exploit superconvergence results. This idea will be demon-
strated by the following analysis of the full multigrid algorithm II.

We first investigate the properties of the intergrid transfer operator If_,.

Lemma 5.1. The following estimates hold for the intergrid transfer operator de-
fined by (2.27):

(5.1) I _yvlmo) S vlm@) Yo € Vi,
(5:2) ¢ — Ly ko1l @) S h Gl azee ) V¢ € HTHQ) N Hy (),
where Iy is the nodal interpolation operator associated with Vi, and 0 <t < 1.

Proof. Let T be a triangle,  be a quadratic polynomial, and 1’ be the linear
interpolant of n with respect to the subdivision of T" obtained by connecting the
midpoints of the sides of T'. A standard scaling argument shows that

(5.3) Criln' | ry < Inlmry < Coln' 1 (1),

where the constants C7 and Cy depend only on the angles of T'.

Recall that Q) € HY(Q) (k =0,1,2,...) is the quadratic Lagrange finite element
space associated with 7, and Z,f:zl (resp., I,fj_Q) is the nodal interpolation operator
from Qg—o into Vi_1 (resp., Vi). We deduce from (5.3) that, for k > 2,

(5.4) Zr_salm o) S lalme) S 1T salm@) Va € Qrez.
The estimate (5.1) follows from (2.27) and (5.4).
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~

FIGURE 1

FIGURE 2

Let T be a triangle in 7;_o and ¢ be a polynomial of degree < 2. By restricting
all the definitions to T', we find

_ 1y —1
(5.5) e — If Mg =g — IF 5 (ZF23) " Tiig
=g — Ty _5q = 0.

By the Bramble-Hilbert lemma (cf. [11]) and a standard scaling argument we
deduce from (5.5) that

(5.6) |k — IF_ I 1€y S PEICI ey V¢ € H3(Q) N H(Q),
(5.7 e — I 1l ) S PellCllaz@) V¢ € HA(Q) N Hy(Q).

The estimate (5.2) follows from interpolating (5.6) and (5.7) (cf. [50]). |

Next we discuss a superconvergence result for the linear finite element. A uniform
band in a triangulation is a collection of triangles between two parallel lines such
that any two triangles sharing a common side form a parallelogram (cf. Figure 1),
and the boundary of the band consists of the two parallel lines and parts of 9€).
We say that a triangulation satisfies the uniform band condition if it can be divided
completely into uniform bands (cf. Figure 2). Note that one can always find
a triangulation satisfying the uniform band condition for any polygonal domain
whose vertices all have rational coordinates, and the uniform band condition is
preserved by regular subdivision.

The proof of the following result can be found in [18] (cf. also [34], [41], [61],
[19], [35]).
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Lemma 5.2. Suppose the triangulations Ty satisfy the uniform band condition and
¢ € H3(Q) NHIQ). Then

(5.8) ¢ — Pellm o) S hillCllms o)-

Corollary 5.3. Suppose the triangulations Ty satisfy the uniform band condition
and ¢ € H*TH(Q) N HY(Q) for 0 <t < 1. Then

(5.9) IT06¢ = PeClir ) S B Gl mee ).
Proof. The estimate (5.9) follows from interpolating (5.8) and the obvious estimate
¢ — Pellm) S hellCllmz) V¢ € HA(Q) N H(RQ).
O
We now establish the convergence properties of the full multigrid algorithm II.

Theorem 5.4. Let f € H'Y(Q). Assume that the triangulations Ty satisfy the
uniform band condition, p =1 or 2, and m > 1. If the number of nested iterations
n 1s sufficiently large, then we have

(5.10) Mrw — wi| o) Se by I o),
N

(5.11) D> Ikie = rgenl Se b Il o),
J=14eLl;

where wy, and K5 are computed by (2.19)—(2.26).
Proof. 1t follows from (1.24), (2.23), (2.26) and the Poincaré inequality that

/ (ﬁ)k—l — ’wk_l)ASj)_g dx
Q

K, = Kjen] = =

(5.12) <

/(wk—l — Iy q1Wp—1)As; ¢ dx
Q

+

/ (Mp—1Wh—1 — wi—1)As; _edx
Q

S lg—1 = Hp—1r—1]| 22y + He—1Wr—1 — wr—1|g1 (),

where

N

W ==Y Rjeksie = (u—uy) +wy

j=1¢0€L;

(5.13) v ’
= Z Z (Kje — Kjer)Sie+ w.
j=11eL,

Let ap = Zjvzl ZEGLJ- |I€j)g — K:j)g)k| and bk = |kak — wk|H1(Q). Since S4,0 S

H'*(/©)=¢(Q) and w € H*~¢(Q), we have from (1.23), (5.13) and standard inter-
polation error estimates that

N
k1 = M —atbll 20y < D D |kje = rjen—tllsie — Teorsjell 2@
Jj=1 Zeﬁj
(5.14) + [[w = Me—1w| 22(0)
SO B il flla o)
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It follows from (5.12) and (5.14) that

(5.15) ar Se " 4y 4 by + B2 f | -
On the other hand, we have

(5.16) b < |Hgwy — Pklzlk|H1(Q) + | Ppidy, — 'UJk|H1(Q),
and from (1.23), (5.9), (5.13) and a standard interpolation error estimate,
N
gy, — Petdg| (o) < Z Z 1,0 = K0k TksSj.0 — Pisjel (o)
j=1rteL;
(5.17) + |ka — Pk;w|H1(Q)

e ) ay, + he || f 1l mr -

Since Py, € Vi is the exact solution of Agz = gi (where gy, is defined by (2.25)),

it follows from (2.24) and Lemma 3.1 that
(518) |Pkwk - ’UJk|H1(Q) S 5”|Pkﬁ)k — I]];_lwk_ﬂHl(Q),

for some ¢ < 1.
It follows from (1.23), (5.1), (5.2) and (5.13) that

(5.19)  |Petby — If_ywi—1| (0
< | Py(n, — w)| ) + [ Prw — Hgw| g o)
+ Mw — Iy My aw] o) + [T— g (Me—1w — wi—1)| @)
Seak +hy | fllm @) + Mi—1w — we—1| ()
Se ar + b fllan @) + Mo (w — dp-1) 51 @)
+ Mg —1Wk—1 — wr—1|m ()
Se ap + ap—1 +bp—1 + b flln o)
Using (5.16)—(5.19) we obtain

(5.20) b Se (W77 4 6™V ay, + 6™ (an—1 + br—r) + K2\ fll 1)
As in the proof of Theorem 4.1, by iterating (5.15) and (5.20) we have
(5.21) ar, Se by~ ¢\ f e
(5.22) b Se by €I f e o)
The estimate (5.11) is the same as (5.21). We deduce from (5.13) that
(5.23) |Tw — wk|H1(Q) < g (w — k)| g ) + [T — wk|H1(Q)
< ap + bg.

The estimate (5.10) follows from (5.21)—(5.23).

|

Remark. By exploiting superconvergence we are able to perform the analysis in
the proof of Theorem 5.4 using the energy norm and still obtain a higher rate of
convergence. The use of the energy norm also makes it possible to apply Lemma 3.1
(instead of Lemma 3.2) to demonstrate convergence even for the V-cycle algorithm

with one smoothing step.

The following corollary is immediate.
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Corollary 5.5. Under the assumptions of Theorem 5.4, we have
(5.24) u—uklmi @) S hwell fllmo)-
Corollary 5.6. Under the assumptions of Theorem 5.4, we have
(5.25) max lu(p) — ur(P)| Se by N fllm o,
where the mazimum is taken over all the vertices p of Ty.

Proof. Tt suffices to estimate |IIx(u — ug)| (). By (1.17), (2.26), (5.10), (5.11)
and the discrete Sobolev inequality (cf. [46], [61]), we have

N
T (= )|y < DY 165 = Rkl TTks el oo o) + [Thw — wl| L (o)
j=1¢eL;
N
(5.26) 5 Z Z |I€j)g - Kj)g)k| + |1n hk|1/2|ka - wk;|Hl(Q)
j=1¢eL;

Se BNl o)-
|
Remark. If none of the angles of  is an integer multiple of 7/2, then the regular

part w in (1.20) actually belongs to H3(2) (cf. [27], [23]). For such Q the e-
dependence in (1.23), (5.9) and (5.10) disappears, and the estimate (5.25) becomes

max[u(p) —ur(p)| < Rl b 2| 1l ) -

Remark. Tt is well known (cf. [47], [44], [16]) that
flu — @hHLw(Q) < h2| In h|||u||W§o(Q)a

where 4y, is the P1 finite element solution of (1.1). It is interesting to see that a
multigrid method can produce similar results for singular solutions.

6. NUMERICAL EXPERIMENTS

In this section, we report the results of some numerical experiments for (1.1)
performed on the I'-shaped domain Q (cf. Figures 3 and 4) with vertices (0, 0),
(0,1),(1,1), (-1,1), (—=1,—1) and (0, —1). We use the P1 Lagrange finite element in
the experiments. All the computations are done using a W-cycle k" level iteration
with 5 smoothing steps, and the number of nested iterations in the full multigrid
algorithms is also 5. The mesh size hy, for the k" level grid is taken to be 27%. We
first describe the experiments; comments on the numerical results are given near
the end of this section.

Remark. Convergence of the algorithms has been observed for m = n = 1. We
choose to report the results for m = n = 5, since the numerical results do not
appear to improve for any larger m or n.

The two singular functions for this I'-shaped domain are:
(6.1) s1(r,0) = ¢(r)r?/3 sin ((2/3)6),
(6.2) s2(r,0) = ¢(r)r/3 sin ((4/3)0),
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FIGURE 3

FIGURE 4

where the cut-off function ¢(r) is defined by

1 0<r<1/4,
(6.3)  @(r) = ¢ —192r° + 480r* — 440r3 + 180r% — 135y + 21 1/4 <r < 3/4,
0 3/4<r.

In the first set of experiments, we solve the Poisson equation (1.1) with f =
—Asy — Asy + 62(y? — y*) + (v — 23)(12y* — 2). The exact solution is therefore

(6.4) u=s1+s2+ (v —2%)(y® —yh).

In the first experiment, we solve (1.1) using the standard full multigrid algorithm
(where the right-hand sides of the discrete equations on all levels come from f) on
the grids depicted in Figure 3. The approximate stress intensity factors kj are
computed by the extraction formula (1.7) using the P1 finite element solution wu
obtained by the standard full multigrid method. The error ey in the energy norm is
defined by ey = [IIxu —ug|g1 (o). The rate of convergence oy, for the stress intensity
factor and the rate of convergence € in the energy norm are computed by

-1—1
(6.5) oy, = log, (M) ,

kg — 1]

(6.6) er = logy (%—1) .
€k

The results are tabulated in Table 1.
In the second experiment, we solve (6.1) using the full multigrid algorithm I
described in Section 2 on the grids depicted in Figure 3. This algorithm computes
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TABLE 1. Results for the standard full multigrid algorithm with
f=—As; — Asy + 62(y? — y*) + (z — 2%)(12y% — 2)

KRk Ok €L €L
1.6999229601 | — 1.27093 x 10° -
1.2589102299 | 1.43 | 5.91072 x 10~ | 1.1045
1.1036407706 | 1.32 | 1.61387 x 101 | 1.8728
1.0287080790 | 1.85 | 5.74371 x 102 | 1.4905
1.0073492045 | 1.97 | 2.76732 x 10~2 | 1.0535
1.0020544785 | 1.84 | 1.64752 x 10~2 | 0.7482
1.0005531037 | 1.89 | 1.02811 x 102 | 0.6803
1.0001571227 | 1.82 | 6.46930 x 102 | 0.6683
1.0000458701 | 1.78 | 4.07502 x 103 | 0.6668
1.0000142397 | 1.69 | 2.56715 x 103 | 0.6666
1.0000046460 | 1.62 | 1.61722 x 10=3 | 0.6666

O[O | O U | W DN —|

==
=[O

TABLE 2. Results for the full multigrid algorithm I with f =
—Asy — Asy + 62(y? — y*) + (z — 2%)(12y% — 2)

Kk O €k €k
— — 7.929 x 10~ 1 -
1.69992296014 | — |8.364 x 10~ | —0.07

0.82132136706 | 1.97 | 2.322 x 10~ | 1.85
1.02037630458 | 3.13 | 3.456 x 10=2 | 2.75
0.99943755129 | 5.18 | 6.236 x 1073 | 2.47
1.00003984026 | 3.82 [ 1.595 x 10=3 | 1.97
1.00000536058 | 2.89 | 4.200 x 10~* | 1.93
1.00000234005 | 1.20 | 1.170 x 10=% | 1.84
1.00000057569 | 2.02 | 3.567 x 1075 | 1.71
1.00000012632 | 2.19 [ 1.204 x 1075 | 1.57
1.00000002876 | 2.13 | 4.397 x 107 | 1.45
1.00000000746 | 1.95 - -

===
Dl Bl o o)~ o o] | wo| po| |

Kk € R and wy € Vi which are approximations of the stress intensity factor k = 1
and the regular part of the solution in (6.4), namely, w = so+ (z—22)(y?—y*). The
error e in the energy norm is defined by e, = [I[pw — wk|H1(Q). The convergence
rates o} and € are again computed by (6.5) and (6.6). The results are tabulated
in Table 2.

In the third experiment, we solve (1.1) by the full multigrid algorithm II described
in Section 2 on the uniform grids depicted in Figure 4. This algorithm computes
ki € R, ko € R and wy € Vj, which are approximations of the stress intensity
factors k1 = 1, ke = 1 and the regular part of the solution in (6.4), namely, w =
(z—2®)(y*—y*). The error ey, in the energy norm is defined by ey, = [Iw—w| g1 (o)
The convergence rates o1 (02,%) and €, are computed as in (6.5) and (6.6). The
results are tabulated in Table 3.
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TABLE 3. Results for the full multigrid algorithm IT with f =
—Asy — Asy + 6z(y? — yt) + (x — 2%)(12y% — 2)

K1,k 01,k K2k 02k €L €k
— — — — 1.124 x 10° -
1.6229151283 — 1.17131298888 | — | 7.361 x 10~ | 0.61

0.8859991798 |  2.45 | 0.99336080108 | 4.69 | 1.417 x 10~ ! | 2.38
1.0091773397 | 3.63 | 1.00029662538 | 4.48 | 1.131 x 10=2 | 3.65
0.9999856171 |  9.32 | 1.00023130682 | 0.36 | 5.829 x 10~* | 4.28
1.0000653041 | —2.18 | 1.00002651087 | 3.13 | 1.551 x 10~ | 1.91
1.0000136298 | 2.26 | 1.00000976600 | 1.44 | 3.636 x 1075 | 2.09
1.0000044994 | 1.60 | 1.00000116447 | 3.07 | 9.574 x 1075 | 1.93
1.0000011279 | 2.00 | 1.00000029598 | 1.98 | 2.376 x 107° | 2.01
1.0000002659 | 2.08 | 1.00000008791 | 1.75 | 5.810 x 10=7 | 2.03
1.0000000638 | 2.06 | 1.00000002475 | 1.82 | 1.433 x 1077 | 2.02
1.0000000163 | 1.97 | 1.00000000585 | 2.08 - -

= ==
iy e E=y =1 K- ENI RS RSN IO N

TABLE 4. Results for the standard full multigrid algorithm with

f=1
k Kk Ok €k €k
1 ] 0.40404781 — 2.513 x 1071 —
2 | 0.40105510 2.46 | 1.378 x 10~ | 0.866
3 | 0.40051009 | —2.07 | 7.465 x 10~2 | 0.885
4 1 0.40280457 1.62 | 4.104 x 1072 | 0.863
5 | 0.40205736 6.72 | 2.313 x 102 | 0.827
6 | 0.40205027 | —3.50 | 1.338 x 10~2 | 0.790
7 10.40197036 1.87 | 7.919 x 103 | 0.756
8 1 0.40194849 1.08 | 4.776 x 1073 | 0.729
9 10.40193815 1.29 | 2.922 x 10~2 | 0.709
10 | 0.40193393 1.28 | 1.805 x 10~2 | 0.695
11 | 0.40193219 - - -

In the second set of experiments, we solve the Poisson equation
(6.7) —Au=1 in 9,
u=0 on ON.

In the fourth experiment, we apply the standard full multigrid algorithm to
(6.7) on the grids in Figure 3. The error e; in the energy norm is defined by
ex = |ur —ury1|mr Q). The convergence rates ¢ and oy, are computed by (6.6) and

Iﬁk—ﬂk_ll)
6.8 oL = lo _ .
(68) ‘ gz(m—mn

The results are tabulated in Table 4.

In the fifth experiment, we apply the full multigrid algorithm I to (6.7) on the
grids depicted in Figure 3. The error e in energy norm is now defined by ex =
|wi, — w1 |1 Q). The convergence rates o and ¢, are computed by (6.8) and (6.6)
respectively. The results are tabulated in Table 5.
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TABLE 5. Results for the full multigrid algorithm I with f =1

Kk Ok (&3 €k
- - 4.138 x 1071 -
0.40404781 - 2.565 x 10~ | 0.690

0.29704637 | 0.55 | 1.603 x 10~ T | 0.678
0.37020221 | 1.73 | 8.073 x 10~2 | 0.990
0.39218469 | 1.65 | 4.042 x 102 | 0.998
0.39918799 | 1.78 | 2.014 x 10~2 | 1.005
0.40123227 | 1.98 | 1.005 x 102 | 1.003
0.40174937 [ 1.92 | 5.022 x 10~2 | 1.001
0.40188560 | 2.00 | 2.511 x 10~3 | 1.000
0.40191976 | 2.01 | 1.255 x 103 | 1.000
0.40192822 | 2.00 — —
0.40193032 | - — —

= ==
Sl Bl o] oo o | ol o] = | &

TABLE 6. Results for the full multigrid algorithm II with f =1

k K1k o1k K2k o2k ek €k
1 - - - - 3.938 x 1071 —
2 1 0.34080586 - —2.0614706 x 10~ 17 - 1.829 x 10~ | 1.11
3 10.33610413 | —3.14 —1.2218483 x 102 0.32 [ 8.644 x 1072 | 1.08
4 1 0.37747233 1.18 —2.4317474 x 1073 247 [3.634x 1072 1.25
5 1 0.39567246 2.02 —6.6497401 x 10~* 1.83]1.0564 x 102 | 1.79
6 | 0.40014791 1.75 —1.6711078 x 10~* 1.99]3.307 x 1073 | 1.67
7 | 0.40147892 2.00 —4.2006249 x 10~° 1.99]1.028 x 1073 | 1.69
8 |0.40181127 1.89 —1.0519784 x 10> 2.00 | 3.384 x 10~% | 1.60
9 | 0.40190104 1.99 —2.6327556 x 10~ 2.00 | 1.140 x 10~% | 1.57
10 | 0.40192361 2.02 —6.5851034 x 10~7 2.00 [3.923x 1075 | 1.54
11 | 0.40192918 2.00 —1.6466864 x 10~ 2.00 - —
12 | 0.40193057 — —4.1172418 x 10~8 — — —

In the sixth experiment, we apply the full multigrid algorithm II to (6.7) on
the grids depicted in Figure 4. The error e; in the energy norm is defined by
er = |wit1 —I§+1wk|H1(Q). The convergence rates o1 (02,,) and € are computed
by (6.8) and (6.6), respectively. The results are tabulated in Table 6.

Experiments 1 and 4 are performed for the sake of comparison with the new
algorithms. The convergence rates in the energy norm tend to 2/3 in both ex-
periments. The convergence rates for the stress intensity factors in experiment 4
tend to 1.3 ~ 4/3. In fact, if we extrapolate from Table 6 the value 0.40193103 for
the stress intensity factor and compute the convergence rates again, then the last
three rates become 1.29, 1.30 and 1.32. The rates for the stress intensity factors in
experiment 1 are also decreasing towards 4/3.

Experiments 2 and 5 show the improvement of the full multigrid algorithm I
over the standard full multigrid algorithm. The performance of this algorithm is
actually better than the prediction of our theory. Note that in both cases the right-
hand side of the Poisson equation is smooth and hence the regular part w belongs
to H(7/3)=¢(Q) instead of just H?(€Q). This higher regularity of w and some sort
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TABLE 7. L? convergence of the full multigrid algorithm II with

f=1

k M Ok

1 | 4.028096 x 102 —

2 1.420687 x 102 | 1.50
3 | 7.475676 x 103 | 0.93
4 [3.121328 x 1073 | 1.26
5 | 7.693137 x 10~% | 2.02
6 |2.272332 x 10* | 1.76
7 15.608381 x 10~° | 2.02
8 [1.499267 x 10~° | 1.90
9 [3.770565 x 10~ | 1.99
10 | 9.353645 x 10~ 7 | 2.01

of superconvergence result are probably responsible for the better than expected
performance of this algorithm.

The convergence rates of both of the stress intensity factors tend to 2 in ex-
periments 3 and 6, as predicted by the theory. The convergence rates in energy
norm also tend to 2 in experiment 3, again in agreement with the theory. Note
that |s1|g1() ~ 1.176 and [s2|g1() ~ 0.768, and hence the energy norm error
|u — (k1,181 + K2,1182 + w11)| g1 () in experiment 3 is of order 107, whereas in
experiment 1 the energy norm error at level 11 is only of order 1073.

The convergence rates in energy norm in experiment 6 do not approach 2. This
may be explained as follows. The order 2 convergence in energy norm depends
on a delicate superconvergence result, and the rates computed by (6.6) will tend
to the correct order only if there is an asymptotic expansion for the energy norm
error instead of just a bound. In experiment 3, the regular part is actually C*° and
such an asymptotic expansion exists. Hence the order 2 convergence is observed
there. On the other hand, the regular part in experiment 6 is only in H37¢(£2) and
therefore the asymptotic expansion is absent. Consequently the order 2 convergence
in energy norm is not observed.

Note that the estimate (5.10) and the Poincaré inequality imply that we have
O(h?~€) L2-norm convergence for the full multigrid algorithm II. Since the existence
of an asymptotic expansion for the L?-norm error usually requires less regularity,
the L2-norm errors in experiment 6 may still show a convergence rate of 2. We have
computed the L2-norm errors puy, = ||wy — wii1 | L2(0) and calculated their rates of
convergence 0 = logs(ur—1/pk). The results are displayed in Table 7. It shows
that the rate of convergence in the L?-norm is indeed 2.

7. CONCLUDING REMARKS

The multigrid methods in this paper use the simplest finite element. They can be
easily implemented by modifying existing multigrid codes for the P1 finite element.
Since the grids are generated by connecting midpoints, it is also easy to parallelize
these algorithms. The extension of these methods to domains with cracks is carried
out in [17].

For more regular f, there exist singular function representations (cf. [27], [24],
[23], [39]) where the regular part w is also more regular. In such cases multigrid
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methods with higher orders of convergence can be developed using higher order
elements. The generalization of the results of this paper to higher order elements
is carried out in [15].

Since the multigrid methods in this paper compute the regular part of the sin-
gular solution, superconvergence results (cf. [61], [54], [19], [35]) which require
unrealistic regularity on nonsmooth domains become relevant in this approach.
Note that other superconvergence results which are less restrictive than the one
based on the “uniform band” condition can also be used as they become available.

These methods can also be applied to elasticity problems, transmission problems,
problems with mixed Dirichlet and Neumann boundary conditions and fourth order
problems. The only prerequisite is the knowledge of the singular function repre-
sentation, which may not always be readily available. However, in any applications
where the stress intensity factors are sought, the singular function representation
must be known, as otherwise the concept of stress intensity factors cannot even be
defined. We also point out that there exist many algorithms for the computation
of the singular functions (cf. [33], [51], [42], [43], [55], [56], [22]).
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