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A COMPARISON OF A POSTERIORI ERROR ESTIMATORS
FOR MIXED FINITE ELEMENT DISCRETIZATIONS
BY RAVIART-THOMAS ELEMENTS

BARBARA 1. WOHLMUTH AND RONALD H.W. HOPPE

ABSTRACT. We consider mixed finite element discretizations of linear second
order elliptic boundary value problems with respect to an adaptively generated
hierarchy of possibly highly nonuniform simplicial triangulations. In particu-
lar, we present and analyze four different kinds of error estimators: a residual
based estimator, a hierarchical one, error estimators relying on the solution of
local subproblems and on a superconvergence result, respectively. Finally, we
examine the relationship between the presented error estimators and compare
their local components.

1. INTRODUCTION

We consider the following boundary value problem for a linear second order
elliptic differential operator

(1.1) w:=—div(aVu)+bu = f inQ,

u = 0 onl :=09,
where € stands for a bounded, polygonal domain in the Euclidean space R? and
f € L*(Q). Furthermore, we assume a = (a;;)7 =, to be a symmetric, matrix-
valued function with a;; € L>(Q), 1 <4,j <2, and b € L>(Q) satistying

2
aléf < X aii(2)&& < anl€f?,
(1.2) ij=1
§€R2, 0<ag<Lay, OSb()Sb(ZZ?)Sbl,

for almost all z € Q. The local bounds on a subset D C 2 are denoted by a?,
BP, 0 < i < 1. For simplicity, we have chosen homogeneous Dirichlet boundary
data, but all subsequent results can be easily applied to more general boundary
conditions.

In many applications, the flux j := —aVu is more important than the primal
variable u. Therefore, the original problem (1.1) is transformed into a first order
system by introducing the auxiliary variable j. The natural ansatz space for the
flux is

H(div; Q) :== {q € (L*(Q))* | divq € L*(Q)},
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1348 BARBARA 1. WOHLMUTH AND RONALD H.W. HOPPE

which is a Hilbert space with respect to the inner product
(p7 q)div = (pa q)O + (dlvp7 div Q)O

and the associated norm || - |laiv := (-, )é{f As usual we denote by (-, -)g, k > 0,
the standard inner product on H*(Q) and (H*())2, while | - |x, || - ||» stand for the
associated seminorms and norms, respectively.

Then, the weak formulation associated with (1.1) gives rise to the following
saddle point problem:

Find (j,u) € H(div; Q) x L*(Q) such that

(13) a(j,a) +b(q,u) = 0, q € H(div; ),
b(j,v) — c(u,v) = —lI(v), v € L%(Q),
where the bilinear forms a (-,-), b(-,-), ¢(+,-) and the functional I(-) are given by
a(p,a) = [a'p-qdz, p,q¢€H(div;Q),
b(q,v) := gifdiqu dr, q¢€ H(div;Q), v e L%(Q),
c(u,v) = fl?uv dr, wu,ve L*Q),
I(v) := ;jfv dz, wve L*(Q).

The existence and uniqueness of the solution of system (1.3) are well known (cf.
e.g. [12, §II, Thm. 1.2)]. Associated with the bilinear form a (-, -) is the norm ||-||div,
where [|q||3;, = [, e 'qqdz + [, divqdivqdz. Compared with the norm [|-||giv,
the norm ||-||4iv is weighted by a~! and plays the same role as the energy norm in
the primal formulation. Both norms are equivalent due to the positive definiteness
of a.

The mixed finite element approach is based on (1.3). Here, we use Raviart-
Thomas finite elements with respect to a simplicial triangulation 7, of 2. The sets
of vertices and edges are denoted by Py, := Py UPL, &, := E) U EL where PP, &)
refer to the interior vertices and edges and P}, £ to those located on I' = 9.
Furthermore, Py(D), D C Q, k > 0, stands for the set of polynomials of degree < k
on D.

For the discretization of the flux j € H(div; Q) we choose the Raviart-Thomas
ansatz space

RTx(7y) == {an € H(div; Q) | anlr € RTW(T), T € Tn},
where RTy(T'), T € Ty, stands for the Raviart-Thomas element
RTy(T) := Pu(T)? + Pu(T)x, x=(21,22)".

The degrees of freedom of RTy(T') are given by the following moments:

/H'thdfﬂ p € Pr(ei), /P'Qh dr, p € P,_1(T),

€4 T
where n is the outer normal on 9T and e;, 1 < i < 3, are the edges of T. The
discrete ansatz space for the primal variable u € L?(£2) associated with RT(£2;75,)
is given by piecewise polynomial functions:

Wk(Q,’];l) = {Uh S LZ(Q) | 'Uh|T S Pk(T), Te 771} .
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Thus, the natural requirement div RT(;7,) = Wi (Q2;7p,) is guaranteed. Now,
the lowest order mixed discretization of system (1.3) can be written as follows:

Find (jn,un) € RTo(;75) x Wo(Q2;Th) such that the following discrete saddle
point problem is satisfied

a(in,an) +b(an,un) = 0, an € RTy(%Th),
b(jn,vn) — c(un,vp) = —l(vn), vy € Wo(5 7).

Note that the Babuska-Brezzi condition is fulfilled and that system (1.4) admits
a unique solution (cf., e.g., [12, §II, Prop. 2.11)]).

Throughout the following we refer to (j,u) € H(div;Q) x L?(2) as the unique
solution of the mixed variational problem (1.3) and to (jn,un) € RTp(Q;7p) X
Wo(€2; 71,) as the lowest order Raviart-Thomas approximation satisfying (1.4). Fur-
ther, we denote by (3;,,4n) € RTo(€2%7r) x Wo(2;75) an available computed ap-
proximation obtained by means of an appropriate iterative solution process.

In particular, we advocate multilevel iterative solvers that work on a hierarchy
(Tk)3—o of simplicial triangulations of Q generated by the well known refinement
process due to Bank et al. [5]. The refinement strategy is such that a triangle
T € T, k > 0, either remains unrefined, or is subdivided into four congruent
subtriangles, or is bisected into two subtriangles. Following the refinement rules in
[5], each triangle T' € Ty, k > 0, is geometrically similar either to an element of 7
or to a bisected triangle of 7y. The diameter of T', T' € 7y, is denoted by hr, and
he stands for the length of the edge e € &. Then, the regularity of the sequence
(7}){6:0 guarantees the existence of constants 0 < k¢ < k1 such that

(1.5) koh?, <|T| < kih2, 1<i<3, TeT,

(1.4)

where |T| is the area of T. Moreover, due to the local quasiuniformity of (ﬂ)izo
there exist constants kp, kg > 0 such that for T' € 7y

(1.6) card{e € &, eNIT # 0} < kg, card{T" € Ty, OT'NOT # 0} < kp.

We assume that the iterative approximation (j;,an) € RTo(2;7x) x Wo(2; Ty)
satisfies the second equation of the discrete saddle point problem exactly. This can
be achieved, for instance, by using the algorithm proposed by Ewing and Wang [17]
for a vanishing Helmholtz term b = 0, which was later generalized in [19] and [31]
to the case of nonvanishing b.

Reliable and efficient a posteriori error estimators are an indispensable tool for
efficient adaptive algorithms. We refer to the pioneering work done by Babuska
and Rheinboldt [3, 4], Eriksson, Johnson and Hansbo [16, 22, 23], and to the recent
survey articles by Bornemann et al. [8] and Verfiirth [27, 30] (cf., e.g., [22, 26, 33]).
Following the classification of Verfiirth [27], we generalize the standard concepts for
a posteriori error estimators and present four different types. In the mixed setting,
it takes an extra effort to develop an adequate error estimator compared with the
standard primal formulation.

We shall derive a posteriori error estimators for the total error e; := j —j, in
the flux measured in a weighted norm of the flux space H(div; (), the total error
€w := u— Gy, in the primal variable measured in the L?-norm, and the total error in
both the flux and the primal variable. Denoting the total error to be estimated by
€, an estimator 7 is said to be efficient if there exists a constant v > 0, independent
of the refinement level such that yn < €, whereas 7 is called reliable if there exists
another constant I' > ~, independent of the refinement level, such that ¢ < I'np. In
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this paper, we shall consider a posteriori error estimators that are both efficient
and reliable, i.e., estimators satisfying

yn<e<TIn.

The paper is organized as follows:

In Section 2, the different types of a posteriori error estimators are introduced and
the main results of this paper are summarized. For details we refer to Sections 3-6,
where the error estimators are discussed thoroughly and upper and lower bounds
for the total error are established.

In Section 3, we investigate a residual based error estimator. This kind of error
estimator is based on the dual norm of the residual (cf., e.g., [3, 4, 7, 28, 27, 29]).
Due to a Helmholtz decomposition of the ansatz space for the flux into subspaces of
solenoidal and weakly irrotational vector fields, the corresponding continuous defect
problem can be split into two independent subproblems. The first subproblem is
associated with the divergence free part of the flux space and can be treated as in
the conforming primal formulation, whereas the second subproblem gives rise to an
indefinite saddle point problem.

In Sections 4 and 5, we present two types of hierarchical error estimators that
are strongly related and require an adequate saturation assumption (cf., e.g., [6,
14, 15, 21, 25, 27]). In particular, for the derivation of the first hierarchical error
estimator, which is dealt with in Section 4, we start from an approximation of the
defect problem in a higher order ansatz space followed by a localization in terms
of an appropriate hierarchical two-level splitting. For the construction of the other
hierarchical error estimator, in Section 5 we proceed the other way around and
begin with a suitable localization of the defect problem involving local subproblems
that are solved by a hierarchical splitting of an elementwise higher order ansatz.
In each case, we propose an estimator for the H(div;Q)-norm of the error in the
flux variable, as well as an estimator for the combined error in the flux and in the
primal variable.

In Section 6, we consider an error estimator for the primal variable in the L2-
norm. This error estimator is motivated by a superconvergence result for the finite
element approximation of u. It is obtained by a comparison of the piecewise con-
stant approximation of the primal variable with a higher order finite element solu-
tion arising from a modified nonconforming approach. Finally, we show that the
difference between the piecewise constant and the nonconforming approximation
is equivalent to a formulation that can be obtained by using some local averaging
techniques (cf., e.g., [11, 24, 32, 34]).

In Section 7, we discuss the relationship between these error estimators and
prove their equivalence up to higher order terms. We note that the error estimators
under consideration are constructed by means of their elementwise contributions
according to

(1.7) n= Z nr-

TeTy

Two estimators (1) and n(® are said to be equivalent (locally equivalent), if there
exist constants 0 < § < A (0 < 7 < Ar, T € T,), independent of the refinement
level, such that

o < g < Ag@ (6P < < A, T e ).
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In view of (1.7), local equivalence implies equivalence but the converse does not
necessarily hold true. Neglecting higher order terms, we obtain local equivalence
of the residual based error estimator and the hierarchical one. Using this result,
we investigate the estimator based on the solution of local subproblems in more
detail, and establish local equivalence with the hierarchical estimator in the case
of an appropriate modification of the discrete Dirichlet boundary data. As far as
the estimator relying on superconvergence results is concerned, we cannot expect
equivalence with the other ones. However, adding two additional terms allows us
to prove equivalence, whereas no local equivalence can be established.

2. DEFINITION OF THE ERROR ESTIMATORS AND MAIN RESULTS

In the context of standard primal variational problems, a posteriori error estima-
tors are well established. The recent survey articles of Verfiirth [27] and Bornemann
et al. [8] give an excellent comparison of different kinds of error estimators in the
conforming setting. These concepts have been generalized to nonconforming finite
element discretizations by Crouzeix-Raviart elements of lowest order in [21, 31].
For mixed finite element methods, there only exists some work of Braess et al. [9],
Braess and Verfiirth [10] and Verfiirth [28] concerning residual based error estima-
tors and indicators. Here, we use the same techniques as in the conforming case, but
the investigation of the estimator for the mixed setting is much more complicated
and requires some additional tools. In case of the residual based error estimator,
we assume that the coefficient matrix a is a piecewise constant diagonal matrix and
b is piecewise constant.

It can be easily seen that the total error (je, ue) := (j — Ji,« — @p) satisfies the
continuous variational problem

a(j—Jpa)+b(aqu—1a) = r(a), q € H(div;Q),
b(G—=1Jnv) —clu—1apv) = —(f—Tyf, v)o, v € L3(Q),

where the residual r is given by r(q) := —a (j,,,4) — b(q,an), q € H(div; ), and
Iy f denotes the L2-projection of f onto Wy (€2; 7% ).

The basic idea behind the construction of a residual based error estimator for
the total error ||u — @pllo + |lj — Jnllaiv is to use a Helmholtz decomposition of
H(div; ). We obtain an error estimator which can be easily calculated by means of
the available finite element approximation (j,,@p). In contrast to the hierarchical
error estimator, no additional subproblem has to be solved. This is the main
advantage of the residual based error estimator 7jz which is determined by its local

(2.1)

contributions:
(2.2)
ﬁlz% = Z ﬁ]z%;Ta
TeTy
3
77}2?;'1“ = Hf - HOfH%;T + h%”a_ljh”g;'f + Z wia@ih’@i [a_ljh ) tGi]J| g;ei'

i=1

Here, the weighting factors a., and w; are defined by ae, := %(%T1 4—0on2 +oz{1 +off2)

and w; := 1/2, if e; = 9T1 N JT» is an interior edge, and by ae, := %(onTe + a{ﬁ)
and w; := 1, if e; C 9T, N Q. The jump [-]; on e has to be defined as

[a_ljh : te]J = (a_ljh : te|Ti - a_ljh : te|Ta) s 8Tll N aT'a =€,
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FIGURE 2.1. Orientation of n, and t,

if e is an interior edge, and

[a_ljh 't@]J = (a_ljh - te Ti) , oT; N O D e,

if e C 0. For the orientation of t., we refer to Figure 2.1.
This error estimator provides an upper and a lower bound for the total error
[lu — @rllo + Ilj — Jnlldiv, if the gridsize and the iteration error are small enough.

Theorem 2.1. There exist constants hyax > 0 and cr, Cr, Ci > 0, independent
of the refinement level, such that for all h < hyax

criff < llu—anllg + I3 = 3nllae < Critk + Cit (Ilun — anllg + lin — 3n Ml ) -

In the case of standard conforming finite element discretizations, the hierarchical
basis error estimator has been investigated by Deuflhard, Leinen, Yserentant [14].
An excellent overview is given by Bornemann et al. [8]. Recently, this concept has
been generalized by Achchab et al. [1] for the mixed setting, but no easily accessible
local error estimator is proposed. Here, the introduction of the error estimator is
based on the principle of defect correction in higher order ansatz spaces. By means
of appropriate localization and decoupling techniques of the flux ansatz space, we
obtain an easily computable, efficient and reliable a posteriori error estimator for
the flux error and the total error. The hierarchical error estimator presented in this
section has been investigated in [19, 20, 31]. We summarize the main ideas and the
basic results; for details we refer to the papers cited above.

The hierarchical basis error estimator is based on a discrete defect problem
considered on appropriately chosen higher dimensional ansatz spaces. There are
two different approaches. Either we consider the same mixed ansatz spaces asso-
ciated with a finer triangulation, e.g., obtained by uniform refinement from the
actual one, or we use higher order mixed ansatz spaces providing improved a pri-
ori estimates. Here, we restrict ourselves to the second approach, and consider
the Raviart-Thomas ansatz space RT1(Q;7;). In contrast to the residual based
error estimator, the continuous defect problem (2.1) will not be considered. In-
stead, to obtain an appropriate approximation of (2.1) we use the higher dimen-
sional Raviart-Thomas ansatz space RT1(€;7x) for the flux and the ansatz space
W1(9Q;7x) of piecewise linear functions for the primal variable. We restrict our-
selves to the discrete saddle point problem which requires the computation of a
pair (ej,e,) € RT1(; T;,) x W1(€; 7x) such that

alej,q) +b(g,en) = 7(q), q € RTy (O Ty),

(2.3)
b(ej,v) —cley,v) = —(f—1Iof,v)o, v € Wi (% Th).

Denoting by (jrr,,urr,) the solution of the discrete variational problem (1.4) on
RTy(;T.)x W1(Q;T), the introduction and the analysis of the error estimator
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are based on the following saturation assumptions:

(Sta) i —dnnllaiv < Belli —inllaiv, Bk >0,
(S1B) I3 = Jrr Waiw + N = wrr, 11§ < Be (5 = inlld + Il —unll3), B >0,

with B < (s < 1 and Bk < BOO < 1. These saturation assumptions are motivated
by the well known a priori error estimates for j — jn, j — jrr, and v —up, v — Upp,
(see, e.g., [12]). In particular, the saturation assumption (S1 a) implies both an
upper and a lower bound for the total error in terms of the ||||aiv-norms of e; and
the iteration error jj — jn:

(1+ Boo) ™ lesllaiv — Boollin = Inllai) < 5 = Iullaiv,
(1= Boo) ™" (Mesllaiv + Boollin = Fnllaiv) = 113 — 3 llaiv-

Therefore, only the solution of (2.3) has to be examined. The approximation of
(ej, €4) is based on the hierarchical two-level splitting of the mixed ansatz spaces
RT1(;7T;) and W1(Q;7;). By means of the L?-projection IT of W;(€2;7%) onto
Wo(€;Ti) and the interpolation operator p : RT1(Q;7x) — RTo(Q;7Ty;) given
locally by

(2.4)

/n@-(pq)dcr:/n@~qdcr, e €&,

€ €

we obtain a hierarchical splitting of W1 (€2; 7)) and RT3 (€;7x) according to

(2.5) Wi (9 T) = Wo (% Ta) © Wi (4 Th),
(2.6) RTy(Ty) = RTo(% Th) @ RT1(4 T,

where W1 (Q;7;) = (Id — II) Wy (4 T3,) and RT1(Q;T) := (Id — p) RT1(Q; T).

The hierarchical surplus in the flux,RT(£2; 7%), can be further decomposed into a
) —1

divergence free part RT(£2; 7)) and its complement RT;(Q; 7y):

(2.7) RTy () = RT)(Q: Th) @ RT, (% Th),
where
RT(Th) = curl $o( Th),
ﬁ’i(ﬁ,’]}) ={qe€ ﬁ’l(Q;’]}) | n.-qle =0, e € &}

Here, S5(€; 73 stands for the space of quadratic bubble functions associated with
the midpoints of the edges. This space is given in terms of the hierarchical two-
level splitting S2(Q;7%) = S1(%T) ® S2(Q;Tx), where S1(Q;7:) and S5(Q;7;)
refer to the conforming ansatz spaces associated with the standard P1 and P2
approximations. The structure of the decomposition (2.6) and (2.7) is symbolized in
Figure 2.2. The splitting (2.7) is somewhat similar to the Helmholtz decomposition
of the H(div; Q) ansatz space that will be used in case of the residual based error
estimator (see Section 3 below). But in contrast to this Helmholtz decomposition,

—0 —1
the ansatz spaces RT (€; 7x) and RT' (; ;) are not orthogonal with respect to the

—1
bilinear form a(-,-). Furthermore, it is easy to see that RT();7;) can be written
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RT\(T) RT,(T) RT \(T) RT (1)

FIGURE 2.2. Degrees of freedom of the subspaces of the higher
order Raviart-Thomas space

—1
as the direct sum of local two-dimensional subspaces RT';(T") which correspond to
the “interior” degrees of freedom of RTy(T):

—1 —1
(@ T) = @ RTL(T), RT,(T):= {q € RT,(%Th) | dlovr = o}.
TeTy

Due to the special structure of W;(Q;7;), the subspace W (€;7%) can be de-
composed into the direct sum of local two-dimensional subspaces:

(T = @ WD), W)= {ve Wi(T) | vlavr =0}
TeTy
For the definition of the error estimator we have to consider two different types of
—0
local low dimensional variational problems associated with the two parts RT'; (2; 7%,)
—1
and RT(§;7;) of the hierarchical surplus. For each edge of the triangulation we
have to solve a single equation

(2.8) a(curl p., curl @) = r(curl ®.),

where &, is the quadratic bubble function associated with the edge e and ¢, €
span{®,}. The second variational problem is associated with the elements T'. For
each element we have to consider a 4 x 4 saddle point problem: Find (é Jla€u1) €

RTl( )><W1( ) such that
0y r(@ea)tir@dn) = dr@,  aeRL@),
| blr (&, 0) —clr @) = (Fodor,  veWi(T).

The solutions of (2.8) and (2.9) lead to the local definition of an a posteriori flux-
oriented error estimator 7:

o= Y M
(2.10) TeT
nir = € WG + Z willeurl e, |3, T € T,

where the weighting factor w; is defined as in the case of the residual based error
estimator.

Theorem 2.2. Under the saturation assumption (S1a) with 0 < B < o <
1 there exist constants Cpier; Chicr > 0 and Vipier, Thnier > 0, independent of the
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refinement level, such that
(1 + BOO)_l (Ch'ieTT]H - Py}nm‘”'jh - jh'”div) S |||j - jh |||diV7
(1 = Boo) ™ (Chrsertir + Drierllin = Inllaiv) > 13 — nllaiv-

Next, we consider an error estimator 77, based on the solution of local subprob-
lems that is strongly related to the hierarchical error estimator. In the standard
conforming setting, this kind of error estimator is due to Bank and Weiser [6]. For
nonconforming techniques we refer to [21]. It relies on a defect correction with
respect to a higher order ansatz space and an appropriate localization based on a
hierarchical two-level splitting. It turns out that the estimator can be computed
elementwise by the solution of local Dirichlet problems similar to the original global
one (cf. [21]). In contrast to the standard conforming and nonconforming setting,
the boundary data cannot be obtained by a simple averaging of the computed
approximation.

For simplicity, we only consider the discretization error (j — jn,u — up) and not
the total error (j —Jj,,u— @yp). Note that the results can be generalized to the total
error. This time, we state the defect problem as a local Dirichlet problem for each
element T € Ty:

(2.11)

(2.12)
Q|T(j_jh,q)+b|T(q,u—Uh) = _/unqu+T|T(q)7 qu(d1V7T)7
oT
blr(j —Jjn,v) —clr(u—up,v) = —(f —Iof,v)or, ve L*(T).

As in the case of the hierarchical error estimator, we only look for an adequate
approximation of the solution of (2.12). The original ansatz space H (div; T') x L?(T')
will be replaced by RTy(T) x P1(T), and the Dirichlet data u by some appropriate
approximation up which can be easily calculated from (jp,up). A possible choice
of up will be discussed in Section 5. In contrast to the hierarchical error estimator,
we need an additional saturation assumption concerning the approximation of the
Dirichlet data. We refer to RT, '(£2; 7;) as the nonconforming ansatz space, where

RTINS Th) == {a € (L*(Q)? | dlr € RTI(T), TeT}, 0<I1<1,

and to Mgy, as the Lagrange multiplier which is a piecewise linear function on the
edges uniquely determined by means of q € RTl_l(Q; T),

Z /)\RTln.qdcr = Z /a_ljRTl -qdx + Z /divunT1 dx.
TETkaT TeT T TeT T

Then, introducing the weighted norm ||-[|,. ¢-1 according to

1/2
lwllo,e-r == (Z hzlaelvllﬁ;e> ., ve L&),

ecly
we assume

(52) INez, — [uplallge-r < Boklli — dnllaiv, Bz >0,

to hold with Ba;x < B2, < 00, where the average [v], on e, v € [[per, HYT),
is given by [v], = $(v|r, + vl|z,), OT; N 9T, = e, if e is an interior edge, and
by [v], == $(v|n,), OT; N O D e, if e C 99Q. In general, assumption (S2) is
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1356 BARBARA 1. WOHLMUTH AND RONALD H.W. HOPPE

motivated by an adequate a priori error estimate or by some equivalence results
(see subsection 7.2). Because of the saturation assumptions (S1 a) and (S2), the
previous simplifications are justified. We consider the discretized defect problem

(2.13)
alz (85lr, @) + blr (@ éulr) = —/[uD]An-qda+r|T<q>, a € RT\(T),
oT
blr (&lr,v) = cr (éulr,v) = —(f — o, v)o;r, ve P (T).

Then é; := (&;|r)reT, does guarantee lower and upper bounds for the error in the
flux.

Theorem 2.3. Under the saturation assumptions (S1 a) with 0 < B < foo < 1
and (S2) with 0 < Ba.1 < P2.00 < 00 there exist constants ¢ o, Cioe > 0, independent
of the refinement level, such that

(2.14) Cuoclléillaiv < 13 = Jnllaiv < (1= Boo) ™ Cracllésllaiv-

Finally, we use the same hierarchical splittings and decoupling techniques as
before. For each element we thus obtain three scalar equations and one saddle
point problem that have to be solved. The error estimator 7, is defined by

o= > M
(2.15) TeTh .
ﬂ%;T = |||éJ:'L1 |||§iv;T + Z:l alr (curle,.r,curl pe,;r), T €T,

where éjll and curl ., are the solutions of the local problems on the element 7.
Theorem 2.4. Let the saturation assumptions (S1 a) with oo < 1 and (S2) with
B2;00 < 00 be satisfied. Then, there exist constants 0 < ¢;,. < Ci,., independent of

the refinement level, such that -
(2'16) Cloan S |||j _jh|||d1V S Cloan'

In Section 5, we will show that éj = &, and thus the first part of the error
estimator is exactly the same as in the case of the hierarchical basis error estimator.

Finally, in Section 6 we propose an estimator ng for the error in the primal
variable that can be motivated by a superconvergence result for the technique of
mixed hybridization. In contrast to the hierarchical basis error estimator nx and
the error estimator 7z, based on the solution of local subproblems, we do not have to
solve additional defect problems. In the standard conforming case, error estimators
obtained by some postprocessing of the approximation have been introduced by
Zienkiewicz and Zhu in [32, 34] and have been further analyzed by Rodriguez [24]. In
the mixed setting there is some work of Brandts [11]. In contrast to the conforming
situation, we will be able to prove the equivalence between 7s and the L2-norm
of the difference of @; and some higher order finite element approximation which
turns out to be the solution of a modified nonconforming variational approach.
Therefore, we have a strong relationship between the error estimator and a discrete
defect problem which is solved in a higher order ansatz space. Details will be given
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in Section 6. The error estimator 7ng is given as follows:

TI%’ = TZT 77?9;%
€
(2.17) ) 3 " L ,
nS;T = Z:lwiheqy ([Uh]] 67;) )

where the weighting factor w; is defined as before.

Theorem 2.5. Let u, € Wy(Q2;7x) be an approzimation of the primal variable
u obtained by an iterative solution process for system (1.4). Then, there exist
constants 0 < oy < o1 and 0 < Cy < C1, depending only on the shape regularity of
T and the ellipticity constants in (1.2), such that

(2.18) oons — Collun — @nllo < [lu—dnllo < o1ns + Crllun — @alfo-

We emphasize that the computation of the estimator only involves the jumps
of the piecewise constant approximation for the primal variable across the inner
element boundaries.

In [11], Brandts introduced an a posteriori error estimator for the flux in the
L2-norm based on a higher order recovering of the flux. If we add this estimator
and || f — Io fllo to ns, it turns out that we again obtain an error estimator 7jg for
the total error.

The error estimator in [11] is defined as

lin — Kjnllo,

where the linear operator K : RTo(Q; 7x) — (CR(Q; Tx))” is locally given by its
value at the midpoint m,. of the edges of the triangulation

1
(2.19a) Kp(me) := 5 (plr, +pPln,) (Me), TiNTy =e € &,
if e is an interior edge, and by
(2.19b) t- (Kp)(me):=0, n-(Kp)(m.):=n-p|r,, ecCIT,

if e is an edge on the boundary 0f).
The error estimator 75 is then given by
ﬁ% = Z ﬁ%;T’
(220) TeT
ﬁg';T = ng';T + ||jh - th||(2);T + Hf - HOfH%;T'
In subsection 7.3, it will be shown that 7 and the residual based error estimator
nr are globally equivalent.

3. THE RESIDUAL BASED ERROR ESTIMATOR

First, we summarize some technical results which are an indispensable tool for
the investigation of the residual based error estimator. We consider the projection
operator Pc : L?(Q) — S1(2; T3 ) with respect to a discrete L2-norm due to Clément
[13]. In contrast to the Lagrangian interpolation operator, this operator can be
applied to discontinuous functions. Denoting by D, := J{T € Tp| p € 9T} the
union of all triangles containing the vertex p and by A, the linear conforming nodal

basis function, i.e., A\, (p') = pp, it is defined by

Povi= Y (go(v)()Ap, v € LX),

PEPk
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where g,(v) € Py(D,), p € Py, is the projection of v onto the space Py (D,),

(QPaQ)o;Dp = (U7q)015p7 q € Pi(Dp).
P¢ has the following properties:
Lemma 3.1. Let v EAHl(Q), T € 1 and e € &, k > 0. Then, there exist
constants Co.c, Cr,c, Co,c > 0, independent of the refinement level, such that
(3.1a) v = Povllo;r < hrCoclvly;p,.
(3.1b) a2V Povllosr < Criclla*Voll,p,
i = (aij)7 j=1, @11 := (@™ )22, o := (@™ )11, G12 = Az =0,

(3.1¢) v = Povlloe < \/@CO;C”&_IQVUHQ;DS
where Do == J{T € Tp | enNdT # 0}, Dr == Y{T" € T | OT' N IT # 0},
e = 1 (ocoTl +al? +al —|—0<71F2), T NOT, = e CQ and o = 3 (onTe + ale),
e C 0T. NOA.

For the proof we refer to [13] and remark that the matrix a is strictly positive
definite.

We shall also take advantage of the following approximation property of the
L2-projection Iy onto the space of piecewise constant functions:

(3.2) lo = Movllor < Coroghrlelir, ve H\T), T €T,

where Cp0; stands for a positive constant independent of the refinement level.
We further need two different types of bubble functions &1, T' € 7, and P,

e € &, associated with the element T and the edge e, respectively. Denoting by )\17;,

pi € PLNOT, 1 <i< 3, the barycentric coordinates of T' € 73, and by p§ € Pi Ne,

1 <4 < 2, the vertices of the edge e C 0T, they are defined as follows:

(3.3) Op =272 AL, ®o = AN AL

Lemma 3.2. (i) Let p € (P/(T))?, T € Tp., k > 0. Then, there exist constants

Co.p, C1,p > 0 independent of T € T}, such that

(3.4a) w%fs%p/p@nMa
T
(3.4b) | div(®rp)|lo;r < hr ™ 'Cr;p[PllosT-

(i) Let p € Pi(e), e € &, k > 0. Then, there exist constants Co.rc, C1,x > 0,
independent of e € &, such that

(3.52) Iplfe < C [ PP do,

e

(3.5b) [a= 2V (P ®e)lo:p. < (ache)™*Cric||pllose,
De:=| T €T | ecoT},

where pP< defines a prolongation of p on Q, er C OT fized:

De. o Oa z ¢ D67
(3.6) pre(e) = { p(ze), €T C D andz. €e, (x — )| er #e.
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The proof is an easy consequence of the affine equivalence of the elements and
the inverse inequality for polynomials. Note that the constants depend only on the
initial triangulation and on the ratio of the local upper and lower bounds of a. The
same type of result is used in [27].

The investigation of the a posteriori error estimator will be provided in several
steps. In a first step, we decompose the flux ansatz space H (div; 2) into a solenoidal
and a weakly irrotational part:

(3.7) H(div; Q) = H(div; Q) @ H*(div; ),

where HO(div;Q) := {q € H(div;Q)| divq =0} and the orthogonal complement

is defined by H'(div; Q) := {q € H(div; Q)| a(q,q°) =0, q° € HO(div;Q)}. Ac-

cording to this splitting, the flux error can be written as j. = j + j., where

j¥ € H°(div;Q) and j! € H'(div;Q). Note that this representation is unique.

Now, we study the subspaces H°(div; Q) and H'(div; ) in more detail.

Lemma 3.3. The following properties of H°(div;Q) and H*(div;Q) hold true:
(i) For each element q € H°(div;Q) there ewists a scalar function ¢ € H*(£2)

such that
(3.8) q=curl¢:= < Py ) .
_(bw
(i) On H!(div;Q) the following norm equivalence holds true:
(39) Caiv|| div qHO < Hq”div < Oyl div qHO

with constants 0 < cg, < Cy, independent of q € H'(div; Q).

Proof. The proof of the first assertion can be found in [18, Thm. 3.4], whereas the
second assertion is an easy consequence of [12, Prop. 1.2]. O

The construction of the a posteriori error estimator is mainly based on the
preceding splitting of the flux ansatz space. The variational problem (2.1) con-
sists of two independent subproblems. The first subproblem is associated with the
solenoidal subspace and gives rise to a positive definite problem:

a(j%,q) =r(a), g€ H(div; Q).

Introducing the weighted norm |[|-||o.e, according to

lolG.e, == D cchellvlge, v € L (&),
e€ly,

we will show that [|[a™*J,te] ]lo.e, vields sharp upper and lower bounds for the
solenoidal part of the flux error, provided the iteration error is small enough. The
existence of a nonvanishing Helmholtz term and the indefiniteness of the saddle
point problem (2.1) do not influence the construction of the bounds.

Lemma 3.4. There exist constants cjo, Cjo, CY, > 0, independent of the refinement
level, such that

cllla™3n - telsllose, < Niellai < Collla™"3p - telsllose, + CRllin — Inllaiv,

where cjo = (\/gCg;KCl;K)_l, Cjo = ‘/IQKCA'();C and CY, = \/kpCi.c.
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Proof. Following the same lines as in the conforming setting [27], we evaluate the

residual as a continuous linear functional restricted to H°(div; ). Let q = curl ¢ €
HO(div; Q); then

’f’(q) = _a(jth) = _/a_ljh'qu = —/a_ljh-curl¢dx
Q Q

= 3 [ (G, - 023 G ) ods
TeTkT
- / (a1 Gn)imy — az3 (), 02) o do

TETkaT

= 3 [@hieedr= Y [ (a7 nl) odo

TeTvgy e€ly Y,

By means of Clément’s projection Pr and the fact that a(jn,q) = 0 for q €
RTy(; 7)) N HO(div; Q), we obtain an upper bound for the solenoidal part of the
flux error. Let jO = curley. Then, observing (1.6), (3.1b) and (3.1c), an upper
bound for [|j9||qiv results from

(3.10)
1013 = G0 = 3 / (la5p - tels) ¥ do
ec&y, e
= / ([a™"3n - tels) (W = Potp)do + ) / [0 Gy = Jn) - te] ; Potpdo
e€&y e ecéy e

< gg:k (aehe/[a—ljh-te]i dg)l/z(a:he /(w B Pcw)gdo)l/Q

€

+a (jn — Jp, curl Poy))
< 1illasv (VERCoclla™n - telallowe, + CrovAB A — dnllaw ) -
On the other hand, taking into account (3.5a) and (3.5b), a lower bound for [|j2[aiv

can be established by means of the quadratic bubble functions ®. associated with
the midpoints of the edges (cf. (3.3)):

Co2 a5 - el 2 < / (a1, - 6J2, do

€

- / (™ -ty - ([ - tel sBe) do

€

—/curl . ([a_ljh . te]?ﬁq)e) : (a_l(jh _j)) dx
D.

||a_1/2°2||0;p{i . ||&‘1/2V ([a_ljh 'te]?efbe) ”O;Dc

< (ache) T2 Cux|la™ 25

€

IA

0;Dc * H [a_ljh 'te]J| 0;es
whence
(3.11) ™3, - telsllose, < V3BCE xCrirc lillaiv-

We recall that the extension [a~1j,-t.];* is defined according to (3.6). The assertion
is an immediate consequence of (3.10) and (3.11). O
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In order to obtain a sharp estimate for the total flux error, in a second step
we have to consider jl. It is easy to see that in the special case of a vanishing
Helmholtz term

/div(j —Jpvdr = /(f ~Tof)vdzr, ve L*(Q)

Q Q

whence || div(j—J,)|lo = ||.f — o fllo- Because div j. = divj., (3.9) readily provides
a lower and an upper bound for [|j!||aiv-

However, in the general case b #Z 0 the situation is more complicated, and the
errors |[uc|lo in the primal variable u and in the divergence part of the flux error
lI3L[laiv are coupled.

Lemma 3.5. The following inequalities hold true:

[divitllor < |If = Oofllosr + 0T luello;r,
If=Tofllosr < b [Juellor + [|div 2|

0;7T-

Proof. The second equation of the variational problem (2.1) states that

/divjevdx—l—/buevdx:/(f—Hof)vdx, v e L*(Q),

Q Q Q

and we conclude by a straightforward application of the triangle inequality. O

Finally, we will focus our attention on the error in the primal variable with
respect to the L?-norm |Ju — 1y]|o. For that purpose, we consider the L2-projection
of u onto the space of piecewise constant functions and use the following result:

(312) ||H0u - uh||(2) < Cs2up Z h%’”a’_l(.] _jh)||(2iiv;T7
TeT;

where the constant Cs,;, only depends on the geometry of the initial triangulation
and on the ratio of the local bounds of the coefficients in (1.1). In case of the
Poisson equation, this result is well established (cf., e.g., [2, 12]). In the general
case, it can be proved assuming a discrete H2-regularity and using some duality
techniques (cf., e.g., [12, Remark 2.16]).

Lemma 3.6. There exist constants cy,, ¢;., Cu., Cj., C} > 0, independent of the
refinement level, such that

A

Cucllucllo < o™ Fploz + ¢ila™ Selaivi,

+ Ciy (lun = anllo + a™" Gn — 3n)laiviz)

N

||a_ljh||O§Tk = (CueHueHO + Cje”a_ljel|O§Tk) )

where the weighted norms are gien by |-18.7 = Yrer, P2l - 5.0 and |37, =

Z:TGT;C h%” : H(Ziiv;T'
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Proof. Since j = —aVu, in view of (3.3) and (3.12) we obtain

lu—dpllo < [Ju—Toullo+ |[TTow — tnllo

1/2
< pTOJ ( Z h7 HVUHO T) + Csup”a_l(j _jh)”diV;Tk + Huh - ahHO
TeTs
< Cproj (”a_ljh”() 7+ e G = 3n)llo; Tk)
+Caup (la™' G = 3p)laivr + la™ G = I laiveri) + llun — nlo-
The constants ¢j,, ¢, and C}, > 0 are defined as ¢j, := 1+ CSW,C];OJ, e 1= Cp_mj
and C} = C'prloj max(1, Coyp).

It remains to establish an upper bound for |a=1j,]o.7,. This can be achieved
using the cubic bubble function ¢r (cf. (3.3)) and observing (3.4a), (3.4b):

Cop / |13, " dx < / (@73, + V) - (¢ra'j,) do — / Vu- (¢pra'j,) dz
T T

T
/ div(éra5,)(u — @) dz + / o~ Gy — ) - (bra~1,) de
T T
i — ullosr - [div(dra=3) oz + e~ Gn — oz - [|braGllosr

IN

IN

(hz'Crpllin — ullor + la= Gy — Dlo:r) la= Tnllosr-

This local inequality holds true for all elements T € 7. Therefore, we obtain the
global estimate

la™Snloi < Cullan = ullo + Cs.la™" G = 3u) o,
where Cy, := \/icg;Dcl;D and Cj, := \/§C§;D. O
If we take into account the definition of the residual based error estimator given

by (2.2) and the results of Lemmas 3.4, 3.5, and 3.6, the proof of Theorem 2.1 can
be readily given:

Proof of Theorem 2.1. By means of Lemmas 3.4, 3.5, and 3.6, we get

1 = Tof I3 + Mo Gutelslloe, + o~ Gallorz
<2(B3+C2) fucld + (ci® + 2hBag G2 ) 32N,

Je
+2max (1,305 C2 ) 13t
Hence, the first inequality of Theorem 2.1 holds true with
CI_%l = max (2 (C ) + 2h0a0 1CJ2 ) 72 (b% + C?w)) :

To establish the upper bound for the error, we need an additional assumption on
h. Assuming
—1/2

2
ho < hmax = <i (CJ_G) max(1,ag ") (144C3;, b7 max(l,ao_l))> ,
c

(&7)] Ue
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by means of Lemmas 3.4, 3.5, and 3.6 we obtain
luellg + el = llueld + 1303 + lielz
< ACHNa™"5n - telsllE.e, +4CT;, max(1, ag")|f — o fll3
+3¢,7 (1 +461CF;, max(L, a5")) la™ '3, 15,2, +4(CH)*Nin — nllzi
+3 (g1 Ch)” (1 + 4633, max(1, 05™) (lun = @nllo + Jin — Tnlawsz)*
Then, the upper bound holds true with
Cr = max (30;62 (14 463035, max(1, a5 ")) ’4O.i22’ 402, max(1, aal))

and

1 2
Cip = 2max (3 (E4) 1+ it maxtr.ap).

h 2(CH)° + (C—gtimax(l’o‘l))f) .

¢, max(1,ap"

Remark. Note that we even get an upper bound if

(313) ho < O := <1 / Eblcdwﬁ max(l, ao_l))
(&%) Cu,

In case b = 0, we define C, := oo, and thus we have no limitation on hg. If hg
tends to C's, the upper bounds in the theorem tend to oo as well.

—1

4. THE HIERARCHICAL BASIS ERROR ESTIMATOR

As indicated in Section 2, the idea behind the hierarchical type a posteriori
error estimator consists in an approximation of the error equation with respect to
the higher order mixed ansatz spaces RT1(2;7;) and W1(€;7y), followed by an
appropriate localization in terms of a hierarchical two-level splitting. In particular,
introducing the local spaces

—0 —0
RT(T) := {peRTl(T)| p:q|T,qeRT1(Q;Tk)}, TeT, k>0,

— —0 —1 —1
and RT(T) := RT{(T) ® RT,(T), where RT{(T) is given as in Section 2, the
following strengthened Cauchy-Schwarz inequalities (4.1) will play an important
role for the derivation of the error estimator:

(4.1)
alr (@, a")* < n2alr (a°,a°) alr (a',a'), q° € RTy(T), q* € RT\(T),
alr (flo,fll)2 < nfalr (6°,a°) alr (&', 4'), & €RT,(T),0<v <1,

with 72 < 1, 0 < v < 1, being independent of the refinement level. The inequali-
ties (4.1) are an easy consequence of the affine equivalence of the Raviart-Thomas
elements and the shape regularity of the triangulations.

The system (2.3) cannot be solved locally, and therefore the approximation
(ej, €4) is not suited for an easily computable error estimator. Consequently, the
main idea of our proposed error estimator consists in the replacement of the original
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bilinear form a (-,-) by a modified bilinear form a (-,-). According to the splitting
of RT1(8;7x) the vector fields q, p € RT1(£2; 7)) are decomposed as follows:

a=q9"+4"+4q', p=p°+p"+p',

—0 —1
where q°, p’ € RTy(: T0), &°, p° € RT)(;T) and &', p! € RT,(2: Th). Then,
the modified bilinear form a (q, p) is defined as follows:

a(q,p)=a(q’,p’) +a(q’p°) +a(q',p').
It is easy to see that a(-,-) is orthogonal with respect to the decomposition of
the ansatz space of the flux. A simple consequence of the strengthened Cauchy-

Schwarz inequalities (4.1) and Young’s inequality is the equivalence of the bilinear
forms a(-,-) and af(-, -):

(42) 0123;/1&|T (qu q) S alT (q7 CI) S CI%Td|T (qu CI) ) q S RTl (T)u

with constants 0 < cgrr < Cry independent of T' € 7y, kK > 1. A detailed proof
of (4.2) can be found in [32, Lemma 4.6]. Now, we consider a modified discrete
variational problem which is obtained from (2.3) if we replace the bilinear form
a(-,-) by a(-,-): Find (&, é,) € RT1(; 7)) x W1(; 7x) such that

a(é,q) +b(a,é.) = r(a), q € RTY (% Ty),

(4.3) h Rk
b(&,v) —c(éy,v) = —(f—1Iof,v)o, v € Wi (7).

The following theorem states the equivalence of the solutions of the saddle point
problems (2.3) and (4.3). By means of (2.4) and Theorem 2.2 , ||éj||aiv provides
sharp upper and lower bounds for the error in the flux.

Theorem 4.1. The solutions (ej, e,) and (&;,€,) € RT1(;Ty) x W1(2;Ty,) of the
discrete variational problems (2.3) and (4.3) are equivalent in the sense that there
exist constants 0 < ¢;.pr < Cjpr and Capr, Curry Carr, Cuirr > 0, independent of
T, k> 1, such that

(4.4a) & rr (85,85) < a(e,65) < CFrii(65,65)

(4.4b) | div&llo < || divejllo + carra (ej, e5)?,
I divejllo < || divéjllo + Cunra (65,652,

(4.4c) Ieullo < lleullo + . nra(es, €)™,

leallo < l|€ullo + Cunra (&5, 85) "7

Proof. In view of (2.3) and (4.3) we compare the solutions e; and €; and obtain
a(e; — €j,e5 — €5) + c(ey — Eyy ey — €y) = (€, e5 — &) — a (€5, €5 — &)

as well as
a(e; — €j,e5 — €5) + ey — €y, ey — €,) = aleg,e5 — €5) —alej, e5 — &j).

Observing (4.2) and the fact that ¢ (-, -) is positive semidefinite, by straightforward
calculations we get

ale;— 05— &) < (Cart L) ale,6)"?,
d(ej_éjaej_éj)l/z < Crr + — a(ejve.i)l/2'

CRT
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The triangle inequality applied to a (8j,€j)1/2 and &(éj,éj)1/2 proves (4.4a) with

Cjinr = 2Cpr + ¢t and ¢;.pr = (Crr + 20;})_1.
Recalling that div RTy(Q; 7;,) = W1(Q2; 73) and

b(€; —ej,v) =c(y —eu,v), v&EWi(QT,),
we see that (4.4b) follows from

s b(&;—e;, ~ - \1/2
| div (& —¢;) o = i M) < /Bre(ew — Eurew — &)/
1 14k
v#£0

= VB (ale —&5,8) —ale —éj.e5)"”
< VBN 2Chr + )i (65.8) ez e
By means of the triangle inequality and (4.4a) we conclude with that C2 . :=
261C,inr(Crr +cpp) and € oy o= 265 5781 (Crr + oz ).
For the proof of (4.4c) we note that for all q € RT1(€; %) we have
(4.5) b(q,e, —éy) =a(é,q) —ale,q).
Taking into account the inequality
b(q,v
follo < fary sup 0

q€RT: (;7) || q”div ’
q#0

and (4.2), (4.4a) and (4.5), we obtain

RS Wl(Q;’];C),

—-1/2 —1 — 1/2
o) / Baiv (1 + Cqu"Cj;ll?,T) a (e.i’ e.i) / )
||€u — éuHo S a(;l/zﬁdiv (Cj;RT =+ 61:’11") a (éja éj)1/2 :

IN

llew — €ullo

A

A simple consequence of Theorem 4.1 is the existence of constants 0 < ¢,-1 <
C,-1 such that

(4.6) 2 (a(E,6) + | divesllgg) < llejlliz, < C2u (a(é,é) + [|dives[[g.e) »

where ca_,z1 i=max (2,2c2 ., +c;2;) and C2_, :=max (2,2C2 .+ C?,.).

To prove the upper and lower bounds for the error estimator defined by (2.10),
we have to show the equivalence between a (&, ¢;) + || div &[5, and 77 A first
step in this direction is to consider the saddle point problem (4.3) in more detail.
According to the hierarchical splitting of the spaces RT1(f;7;) and W1 (% 7y),
(4.3) can be rewritten in terms of three independent subproblems. We decompose
€; and €, as follows:

G =g+ & 48L&, € RIQGT), & € RV (0T, & € RT, (% Th),

Eu = Cuy + Cuys Cug € WolTh), &4, € Wi(:T3),

and obtain three variational problems:

(47) a(€jy,q) +b(q,6u) = 7(q), q € RT,(Q; Tp,),
' b(Ejo,v) — € (Eupyv) = 0, v e Wo(Th),
~ —0
(4.8) a(é&,q) =r(a), a€RT, (%),
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(4.9) a(éjll,q)+b(q,éu1) = r(a), a € RT, (% Th),
' b(éjll,v)—c(éul,v) = —(fv)o, veEWL(XLT).

Again r(q) denotes the residual. The solution (€;,, €y,) of (4.7) is zero only in case
of a vanishing iteration error (3, — jn, tn — up). An upper bound for a (é;,, ;,) and
[| div &, |3, can be easily established by means of the iteration error.

The variational problems (4.7) and (4.9) are indefinite saddle point problems. On
the other hand, (4.8) represents a symmetric and positive definite system which can
be decoupled by well known standard techniques (cf. [14]). The bilinear form a (-, )
applied to the discrete space ﬁ?(Q,?}) X ﬁ’?(Q,?}) can be seen as a bilinear

form a(-,-) on So(Q;Tx) x So(7x). Let q,p € ]/%??(Q,Tk) and ¢,v € Sy(Tx,)
with q = curl ¢ and p = curl; then

(4.10)  a( => / leurl g curlypde = > /aww dz =: a(¢,1).
TeTy T TeT T
The matrix a is defined by a1; = (a7 1)a2, @22 := (a7 !)11 and a1p = ag; =
—(a~Y)12, and has the same eigenvalues as a~!. Each element ¢ € S5(Q;7;.) can be
written as the direct sum of quadratic bubble functions associated with the edges
of the triangulations according to ¢ = g, Pe; where ¢, € € &, is a multiple of
the nodal basis function ®.. The inequality
3

3
(411)  Cown Y al1(¢e,; be,) < dlr(0,¢) < C Z (e, de.), T € T,

i=1
with constants 0 < c.uy < Clu States that the global problem (4.8) can be replaced

by local ones. The coupling between different bubble functions is neglected and a
single equation has to be solved for each edge (cf. (2.8) of Section 2):

a(pe, @) = r(curl @.).

Then, equivalence of > o a(¢e, pe) and a ( e, é J1) is guaranteed by (4.11).

It remains to examine (4.9). Due to the special structure of RTl(Q;%) and
ﬁ/\l (€; 71), the global problem consists of independent local subproblems associated
with the elements of the triangulation. For each element we have to solve the 4 x 4
saddle point problem (2.9), which can be further reduced to two 2 x 2 problems

using an L2-orthogonal basis of Wi (T).

For the proof of Theorem 2.2 it remains to be shown that the flux of the so-
lution of subproblem (4.7) is bounded by the iteration error independently of the
refinement level. For this purpose we reconsider the residual:

T(éjo) = a (éjov éjo) +c (éuoa éuo) = —a (jhv éjo) —b (éjoa ﬂh)
= a (jh —Jn éjo) +b (éjovuh - ah) = a (jh —Jn é.io) + C(éuovuh - ah) .
In view of the equalities
c(up — Gpyup — @p) = b (§n = Jp,un — @n) and | div (&,) [5.0 = b (&, div (&,))
we obtain
a (€5os €50) + € (Eugy €uo) < llin = InllGiv-
Idiv (&) 5.0 < Bullin —Inllziv-
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Proof of Theorem 2.2. Because of (2.4), (4.6) and (4.11), the assertion (2.11) is a
direct consequence of the definition of the error estimator with constants C,,,... :=

C,-1 max (1,0;1,{2> and 'y, = fBoomax(1l,v/f1) + C,-1v/1 + (1 for the upper
bounds of the error. The constants for the lower bounds are given by c,;.,. =

e, min (1,CLH*) and 7., i= fug max(1, V). O

Remark. If we are interested in an error estimator for the error in the flux and in the
primal variable, we have to take into account an additional term in the definition
of the error estimator 7jy:

o=y i
(412) TeTy
W%{;T = T]Ig{;T + ”eul ||3;T7 T e IZ;C

It is easy to see that the saturation assumption (S1 b) and (4.4c) as well as (2.11)
guarantee that the error estimator 7y provides sharp lower and upper bounds for
the total error (||u — @x||2 + |Ij — Jull3,)"/2, if the iteration error is small enough.

5. AN ERROR ESTIMATOR BASED ON LOCAL SUBPROBLEMS

This section is devoted to the proof of Theorems 2.3 and 2.4.

Proof of Theorem 2.3. As a first step we consider é; — ej. We recall that (e;, ey)
denotes the discrete solution of (2.3). In general, the solution & € RT; (% 73) is
not contained in H(div; Q). In the following, the bilinear forms a(-,-) and b(-, -) are
extended to the nonconforming ansatz spaces in a natural way, i.e., the integrals over
Q) are replaced by the sum of the integrals over the elements T of the triangulation
Tr:

a(é; — ejaéj) = —b(&,éu— €u) — Z /([UD]A - /\RT1) [n. 'éj]JdU
e€&y

= —C(éu, éu — eu) + (f - HOf, éu - eu)O

- ([up]g — Anry) e - (& — €)] ; do
e;:ke/ Dla J
= —c(€y — €y, by —ey) —bej,éy —€y)
- ([upla — Arzy) e - (& — €5)] ; do
eezske/ Dia J

< |ldivejllollén — eullo + llunl s = Anr llo.e 2 I - (&5 = €5)] s llo.g, -

Note that the weighted norm ||-[|.z, has the inverse weighting factor compared to

[l 2

1/2
vllo.e, == <Z ae_lhellvlg;e> , ve L2 (&)

ec&y,
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For ||é, — ey]|lo we have to establish an adequate upper bound. We obtain

(5.1)
~ b 5 —€ a 7é' — 6
lew—¢éullo < Baw  sup % = Daiv __sup %
Q€RT (27s) qlldiv AERT (Tk) Alldiv
q#0 q#0

—1/2 . A \1/2
S o /5diva(€j—€jvej_€j)/ .

Due to an inverse estimate for the Raviart-Thomas elements [12, 31], an upper
bound for the weighted jump [|[n. - (& — €;)],[l,.¢, is given by

N N ~ 1/2
e - (&5 — e lloe, < Crora (&5 — e5.85 — €5)"

3

where the constant 0 < C,,,, is independent of the refinement level. Altogether, we

arrive at an upper bound for a (&;, éj)1/2:

a (&5, 8)'" < 2 (ej,e5)"” + g Baiv | div eslo + Cruor Bioo i = Inllaiv-
It remains to establish an upper bound for || divé;|lo. According to the equality
b(ej — éj,v) = c(ey — €y, v), v € Wi (;Tx), we get
< [ldivesllo + Brllen — éullo

. —1/2 5 . 1/2

< |ldivesllo +ag "B Baiva (€5 — €5, €5 — €5)

—1/2 1/2 - :
< () / ﬁlﬁdiva (eja ej) / + (1 + %) 161ﬁ§iv) ” div e.iHO

—1/2 L
+ ay 2 B1BaivCror ool — dinll aiv-

To summarize the results, ||é;|aiv yields a lower bound for ||j — jn[laiv:

0

. Cla\ s - R
Cinr (14 e+ 2 ) = Bl > el
o1

I divésllo

where

e L ﬁlﬁdiv ﬁlﬁgiv ﬁdiv
ce, .—\/§<1+max<1+ N +\/Oé_0>)

and C°_, := C,,.Ba00 (14 g /> 1 Baiv)-
To prove an upper bound for ||j — jn|ldaiv, we again examine a (ej — éj,ej — é;):
a(ey—éj,e5) = blej,éu—eu) = c(ew,u—eu) — (f —of,éu —eu)o
= —c(y—eu,by—ey)+b(é,6,—e€u),
ale;—ée— &) < —ale;—é,¢)+ | divéjfolléw — eullo-
Using the upper bound (5.1) for ||e, — é,]|o, we obtain

alej —é,e5— )7 < a(é5. )" + ag ' Baivl| div égllo.

By means of the triangle inequality we get the upper bound in (2.14) with the
constant

Cp.i=1+V2 (1 + aalﬁfﬂgiv) max(1, aalﬂdiv).
O
The computation of (&;,€é,) in (2.13) requires the solution of an 11 x 11 saddle
point problem for each element. Therefore, the determination of é; is too expensive

for a cheap error estimator. The rest of this section is devoted to the reduction of
the computational amount.
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As in the previous section, we replace the original bilinear form a|r (-, ) by the
modified form a|r (-,-) and consider three local subproblems. First, it is easy to
see that the solution of the subproblem associated with RTy(2; Tx) x Wo(Q; Tg) is

—0
equal to zero. Second, let & |7 € RT,(T) be the unique solution of the symmetric,
positive definite 3 x 3 system

(5.2) alr (é?l,q) = — / [up|,n-qdo+r|r(q), q€ ﬁ?(T)
T

We can further reduce the amount of computation, if we replace the stiffness matrix
in (5.2) by its spectrally equivalent diagonal matrix. Then, we have to solve one
scalar equation for each edge e; € 9T, 1 < i < 3:

(5.3) /&thei;TV@ei dx = — / [up],n- (curl ®.,)do + r|r(curl D, ).
T T
We observe that, due to (4.11),

3

Ceuma|T (€5.,€9) < a|r (curlp,,,curl ) < Counalr (€9, €) .
J J J J
=1

—1 —
Finally, we have to take into account the solution (& |1, é,|r) € RT(T) x Wi(T),
T € Ty, of the following saddle point problem:
A . —1
alr (&) +blr (@.é0) = rlr(a), q € RT(T),

(5.4) g
_(f7 U)O;Ta veW (T)

b|lr (éjll,v) — |7 (éyy,v)
Proof of Theorem 2.4. We only have to show the equivalence of the norms ||é;]|3;,
and [|€ [, + [Ié], I3, Again, we replace the bilinear form alr(-,-) by alzr(-, ).
Using the modified residual 7(q) := 7(q) — Y_.cg, [, [up]4 e - q]; do, we are in
the situation of Theorem 4.1 with 7 instead of . Then, the same techniques give
the assertion. O

Remark. An error estimator for the error ||u — up||3 + [lj — jnll3;, is given by

77% = Z ﬁ%;T?
(55) TeTs
n%;T = n%;T + ”eul ||3;T7 T e IZ;C

Since (éjl, ey = (éjll,éul), the assertion is evident.

For the evaluation of the error estimators 7, and 77, we have to specify the local
Dirichlet data up. A possible choice is to take a piecewise quadratic function vj,
vjlr € Po(T), T € Ti,. Let vj be locally defined as the unique quadratic function

such that
Vil = —a '3, |7, ovjlr = anlr, T €T,

and take up = vj. In subsection 7.2, we will see that this definition guarantees the
local equivalence between the hierarchical error estimator and the estimator based
on the solution on local subproblems.
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6. ERROR ESTIMATOR BASED ON A SUPERCONVERGENCE RESULT

The starting point for the construction of the error estimator is the following
discrete nonconforming variational problem:

(61) aN(\IJNCWT]) = (HOf; 77)07 ne N(Q7 776)7
where the bilinear form ay : N(Q;7;) x N(Q;7;) — R is given by
ax(W,m) =) / (Pu-(@Ve) - Vi +0lloy - Tlon) da, 16, € N Th),
TETkT

and the nonconforming ansatz space N(§2;7) is the lowest order Crouzeix-Raviart
space augmented by cubic bubble functions:

N(Q;Ti) == CR(; T) © B(Q; Tie).
Here, CR(Q;7x) == {v € L*(Q) | v|r € Pi(T), T € Ty, v|r, (me) = v|1,(me), OT1N
0Ty = e C Q, v|r(me) =0, e C T NN} and B(Q;7;) := {v € L%(Q) | v|r €
P3(T), vlor = 0, T € T}. The local operator Ily is the L?-projection onto

Wo(Q; 7x), whereas P,-1 denotes the orthogonal projection onto RTO_l(Q; ;) with
respect to the bilinear form a (-, ). Then, the following equalities are true [2, 12]:

(6.2) up =ToWUne, Ap=MeWnc, jn=—Fa1(aV¥ye),
where (jn,un, An) € RTO_l(Qﬂ}c) x Wo(92;Tx) x Mo(€Q; &) denotes the unique so-
lution of the mixed hybrid formulation of the variational problem (1.4):
a(jn,a) +b(q,un) +d(An,q) = 0, q € RT; (4 Th),
(6.3) b(in,v) — ¢ (up,v) —(f,v)o, v € Wo(T),
d (1, Jn) 0, € Mo(€2; E).

Here, My(Q); &) is the ansatz space for the Lagrange multipliers

Mo (&) := {p € L*(E) | ple € Pole), e € &, ple =0, e C O}
and II. stands for the L?-projection onto Mq(€2;&;). Finally, the bilinear form
drr : Mo(Q; &) x RTy 1(Q;T5.) — R is given by

d(p,q) = Z pun-qdo, p€ My(Q;E), q € RT; (% Th).
TeTkaT

Now, we assume the existence of a constant 0 < § < 1 such that
(6.4) |u = Grgyllo < Bllu — unllo,

with g, € CR(€Q; 7)) being the nonconforming extension of Ay. This saturation
assumption is motivated by a superconvergence result that holds true in the case
of mixed hybridization, stating that the nonconforming extension @, of the mul-
tiplier A, does provide a better approximation of the primal variable u than the
piecewise constant approximation wuy (see [2, 12]). It is easy to see that (6.4) gives
rise to an upper and a lower bound for the discretization error of the primal variable
w in the L2-norm:

(14 B) " Harz, — unllo < llu—unllo < (1= B)""irz, — unllo-
Up to now, the error estimator depends on uj and tgzq,. If the original system
(1.4) is solved, the nonconforming approximation @y, is not available without
additional computation. We have to solve additional local problems to obtain trr,.
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In the rest of this section, the equivalence between ||up — @inr||3 and a weighted
sum of the squared jumps of uj across the edges e € & will be established.

Theorem 6.1. Let (jn,un, \n) € RTy '(Q;T1) x Wo(Q;Tr) x Mo(Q; &) be the
unique solution of (6.3), and assume that Ugrr, € CR(;Ty) is the nonconform-
ing extension of \,. Then, there exist constants 0 < o9 < o1, depending only on
the shape regularity of Tp, and the ellipticity constants in (1.2), such that

(6.5)

1/2 1/2
00 ( Z h? ([Uh]J|e)2> < flun = Gz llo < 01 < Z h? ([Uh]J|e)2> :

e’ €& e’ €&

Proof. A detailed proof of the theorem can be found in [19, Thm. 4.1], [32, Thm.
5.8]. Here, we will only sketch the main ideas. By straightforward computation,

we obtain
(6.6)
N 1 .
elhun = i < 3 12 (2(Turlale = Mle)* + 5 (1als10)*) < Clhun = e I,

ec&y

where the constants 0 < ¢ < C are independent of the refinement level. As a direct
consequence of (6.6), we obtain the lower bound in (6.5).

However, the proof of the upper bound is more involved. It is sufficient to show
that

(6.7) D hE(([unla =) le)* < e > h2 ([unlsle)®
e€&y e€&y

with an appropriate positive constant c¢. As a first step, one can establish the
following relationship between A, and the averages and jumps of wy:

(6.5) Mo = funlale = 37 2

e'e&y €

[uh]J|e’ [ne’ : Pafl(Te)]A|e’a

where P,-1 denotes the global orthogonal projection onto RTy(§2; 7x) with respect
to the weighted L2-inner product a(,-), and 7. stands for a local function of
RT; ' (Q;7;,) associated with the edge e,

1
(6.9) Te = 5 (-,-zm + Tzout) .
Here, 7¢™™, T2out are the nodal basis vector fields in RT; '(Q; 7)) with support in
Tin and T,y¢, respectively, given by

n- T§|@/ = 567@/7 e/ C aTa T S {Ena Tout}-

Note that T, is not contained in H (div; ) for an interior edge. For the next step,
one has to consider the projection P,-1 in more detail and to prove that the spectral
radius of PaflP;‘F,1 is bounded independently of the refinement level. This can be
achieved by considering the local matrix representations of the positive definite
operator A associated with the bilinear form a(-,-) and the natural embedding of
RTy(Q; Ty,) into RT, H(Q; Ty). O

Proof of Theorem 2.5. 1t is easy to see that

2
lhelllw]s[5,e < —llwl
Ko

3;T1UT27 ThNTy,=e, we Wo(Q,’E@)
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Due to the triangle inequality and Theorem 2.5 we obtain

1/2
~ 01 ~ 01 — ~
Ju—nll < 12 (Z hen[uhm%m) + (12505 1) lun = o
e’ ey
1/2
~ oo - 2 g0 ~1 -
o — dinllo > (Z hen[uh]me) - (— 6rg +1) o — inll,
1 +6 e’ €&y, 1+ﬂ
and hence the assertion is proved. O

7. COMPARISON OF THE DIFFERENT ERROR ESTIMATORS

The error estimators Ng, M, N, ML, ML, Ns and 7Ns have been investigated
independently in Sections 3—6, respectively. In this section, we examine the rela-
tionships between their local contributions. For simplicity we restrict ourselves to
the Poisson equation with homogeneous Dirichlet boundary data

(7.1) —Au=f inQ and u=0 on 0,

and we assume that the exact discrete solution is available.

7.1. Equivalence between the residual based and the hierarchical error
estimator.

Theorem 7.1. Let .y and g, T € Ty, be given by (2.2) and (4.12), respec-
tively. Then, there exist constants cr.p, Cr.g and I'r.g > 0, independent of the
refinement level and T € Ty, such that

CR;H 771211;T < ﬁ12%;T < OR§H ﬁH;T + ||f - Hlf”g;T

3
+T R h <h?pllﬂof||3;T + > he,

=1

Mo f], |3;6i> :

Proof. We recall that the local components of 7 and 7y are given by

3
ﬁ2R;T = Hf - HOfH(%;T + h%”a_ljh”%;T + Zwiaei hei H [a’_ljh : tei]J”g;ei’
3 i=1
e = 8 1rld, + Y willeurloe I3, + 18nl6r, T € T

i=1

In order to establish their equivalence we proceed in several steps. First, we deter-
mine an upper bound for fg.r. To this end we consider the three parts of g7
separately. It is easy to see that there exists a constant ¢; > 0, independent of the
refinement level, such that

—1
(7.2) lalloir < cibr|divallor, a € RT(T), T €T

Inequality (7.2) guarantees an upper bound for [|&], |7 |3;,:

&5 115, + [Idiv e} 157
(1+c3n2) \divel |12, < (14 c3hZ) |If — o fII3.r-

N XY

IN
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On the other hand, an upper bound for the second term ||curl ¢, ||4iv i obtained

by
/curlgpei-qda: r(q)
Ieurtfedlaw = 5P fall 2 Tall
qEIrT?(Q;i'k) qGFT?(Q;Z’k)
-n|.=0, i <=0, i
(7.4) o 7 ) 1/2 . - ) 7 1/2
< ([ lntpde) et ( [ 02 do)
e; €;
< eohe®|| in - te)y llose

where the constant co depends only on the geometry of 7. For an estimation of
the third term, we note that €,,|r is an element of W1 (T). Hence

(7.5)
léullor = sup - = sup .
qeﬁi ) || div q| 0;T qeﬁ“i (T) || div q| ;T
q#0 q#0

IN

erhr (112} lor + linlocr )

The right-hand sides in (7.3), (7.4) and (7.5) give rise to .. Thus, we have
derived an upper bound for fg,7, which in turn implies a lower bound for 7g,7.

It remains to establish the upper bound for 7%, .. Again, we consider the different
parts of 7%, separately. As a first step, we examine h7[|jnllg.p- Let ja € RTo(T)
be given by

Ja = ——(x—x%c),
where x. denotes the center of gravity of 7. Then, it is easy to see that
div(jnlr — ja) = 0.

Note that there exists a unique v € P;(T') such that Ilpv = 0 and Vv = ji|r — ja-

—1

Further, let p € RT,(T) be uniquely given by means of —divp = v. There

exists a constant cz, independent of the refinement level and T° € 7, such that
[lwllo;r > cshr|w|,r for all w € Pi(T). Then, we obtain

cshr|ljnlr = jallor || divpllor < [J0lg.r = — /divpvdiﬂ = / (nlr —ja) - pdx,
T

T
whence
lin —Jalor < (cshr)™'  sup / (3 — Ja) - ada | div a3k
qel/ﬁi(T)T
< ez (Wallor + 12 lor ) + (eshr) ™ éus o

On the other hand, we get

. 1
lgallo;r < §hT||Hof||0;T-
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Altogether, this results in an upper bound for h7.||jnl[5.7:

, 1)° 3 a\’
il <3 (2) Pl +3 (L) Wiehie+ 2 (1+ 2) Wb
Cc3 C3
Finally, we consider || [ji, - te]; [|o;e and remark that [j, - t.] ; € Pi(e) can be written
as

[jh'te]J (Xs):ae+be(5_he/2)u ERS [O;he]a Xs = Pe + S te,

where a. := [jp, - te]; (me) and be := (d [jn - te]; /d s)(me). Here, m. denotes the
midpoint of the edge e and p. is that vertex of e such that the other vertex is given
by pe + hete. Since be = V [ji, - te]; - te, we get

1

be = B o f],

whence

he || [Jh t ]J HO e = a2h2 Ehi}” [Hof]J H(%;e'
On the other hand,

ta, = £3(2he)7! / lin - te] ; @ do = £3(2h.) " 'r(curl ®,)

3(2he)_1|<1>6|1|||cur1 Pellaiv < 3(2h6)_104|||cur1 Pe lldiv-
Note that in view of

IN

(7.6) 0<éy <|Pelt <cq, e€&, k>0,
the positive constant ¢4 > 0 depends only on the geometry of 7yp. We thus get
) 9
hell B el e < Selleurl o3, + b2 Mo 1R,

Summarizing the preceding results, we establish an upper bound for 7712%@:

3
i < max (1,3cie;*hy) &), |7 ll5, + QCZszlllcurl ¢eilliv + 3¢5
=1
+2(1+agh)’ h‘*THHofnoTwaz 1 1B + 1 = T f(13
=1

|

The fourth, fifth and sixth terms in the upper bound of fg,r are, in general,
higher order perturbations of fg,7. Provided the grid size is small enough, they
can be neglected.

7.2. Remarks on the error estimator based on the solution of local sub-
problems. We will show that the estimators nz and 7z, based on the solution of
local subproblems and the hierarchical basis error estimators nx and fg are locally
equivalent.

Theorem 7.2. Let ng,r, nr;r and fu,r, Mar, T € Ty, be given by (2.10), (2.15),
(4.12) and (5.5), respectively. Then

1 . R 1
(7.7) n%{;T < W%;T + B Z n%;ch n%{;T < U%;T + B Z 7. T,
e=0TNoT. e=0TNoT.
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where e = ITNIT, denotes an interior edge and T, stands for the adjacent element
sharing the edge e with T'.

Moreover, if we choose up = v; with Vvj = jp, and [v]a = 0, [te - jrn]s = 0 for
e C 0Q in (5.3), then there exist constants Cr.m, C’L;H > 0, independent of the
refinement level and T € Ty, such that

(7.8) Mo < Crmmr, Nt < CLiufur.

Proof. The local contributions of ng, 7y and nr, 71, are given by

3
W%{;T = |||éj11 |||c2iiv;T + Z wiflcurl g, [|3;, N = n%{;T +1[€uy flovrs
=1
3
2 _ sl g2 2 9 .
77L;T - |||ej1 |||diV;T + Z CL|T (Curl Pei;Ts curl (pei;T) ’ nL;T - T]L;T + ||6U1 ||0;Ta
=1

where w; =1 if ¢; C 92 and w; = % if e; is an interior edge.
We note that (éjll,éul) = (éjl1 ,€uy) and @8y = % if e C JQ. On the other hand,
J J1
for an interior edge e = 9T N 0T, we get

a(curl pe,curlp.) = r(curly,)

= alr (curl g, curlo.) + alr, (curl .., curl ).

Thanks to Young’s inequality, this proves (7.7).
For the proof of (7.8), we choose up = vj in (5.3) and obtain

/che;T Vo,.dx = / [v5] 4 V®¢ - tdo — a7 (jn, curl @)
T T
1
:/jh-tq)eda—/[ij-t]Aq)eda _ :|:§/[jh-t€]J<I>eda
oT oT e

for an interior edge. Consequently

1 2
alr (curl @, curl @) a|r (curl pe.r,curl pe.7) = Z(/ [t-jn]; ®e dcr)

1
a(curl g, curl ®,)° = Za(curlgpe,curlgp@)a(curl@e,curlée)

< — (14 C)a(curl ., curl p.) a|r (curl @., curl .),

= =

where the constant €' > 0 only depends on the local geometry of 1.
The preceding inequality implies (7.8) with Cr;y = Cr;p := max(1, 3(1 + O)).
O

7.3. Remarks on the error estimator based on superconvergence. The
estimator 7jp guarantees sharp upper and lower bounds for the combination of the
flux error and the error in the primal variable. Since ng is an error estimator
designed only for the L2-error in the primal variable, we cannot expect 5 to be
equivalent to 7g.
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Theorem 7.3. Let 7jr and ns be given by (2.2) and (2.17), respectively. Then,
there exist constants 0 < cg.p < Cg,r, tndependent of the refinement level, such that

(79) CS;RTIE' S Z h%’”jh”?),T S CS;RU.%'
TeT

Proof. We first establish an upper bound for h.|| [uh]i lo;e if e = 0Th N OT> is an
interior edge. For that purpose we denote by q. € RT(£2; 7x) the nodal basis field
associated with e, i.e., ¢ - geler = e . It follows that

he” [uh]J ||(2);G = he / [uh]J [uh]J ge - e do = he / [Uh]th ‘e dz
e Q
< C (W linlld.z, + 2, linll3.z,) -

where C' > 0 is independent of e € &;. Consequently
ng';T < c Z h%’”jh”g;T’? Te 77@7
T'e€Dr

where Dy := {T" € Tj;| 0T'NIT € &} is the union of all triangles sharing an edge
with 7. Summing over all T' € 7}, and observing (1.6) gives the first inequality in
(7.9).

On the other hand, to prove the second part of (7.9) we assume q € RTy(T)
with q = ju|7, T € Ti. Then, we get

linl2e = /divquhda:—//\hq-ndcr - /(uh|T—ah)q.nda
T oT oT

IN

Ch*||un — anllo;r ||l
where C' > 0 is independent of T € 7. Summing over T' € 73 and following the
reasoning in the proof of Theorem 2.5 gives the assertion. O

0;T

We will now show that ||j, — Kjnllo;r, T € Ti, is equivalent to some other part
of Nr,r. This, combined with the previous result, gives global equivalence of the
error estimators ng and 7g.

Theorem 7.4. Let the operator K be given by (2.19a) and (2.19b). Then, there
exist constants 0 < cx.r < Ck.r, depending only on the local geometry of Ty, such
that
3
(2J;T < Zwilncurl Pes |||§1v < CK:R”jh - th”g;T? Te 77€
i=1

(7.10) cxrllin — Kjnl

Proof. We consider a triangle T' € 7;, with interior edges. Then (1.5), (7.6), and
straightforward computations yield

3n — Kijnll§.r

3
= 3713 (6 Gn = Kin)lr(me ) + (- Gn = Kin)lr(m..)?)

3 3

. 2 _ 3
= BITIY (), (me) - 07 < S Y willeurl g,
=1 =1
3
lin — Kl > d0f 3 willeurt o, I
1=
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Corollary 7.5. Let fig and fis be given by (2.2) and (2.20), respectively. Then,
there exist constants 0 < ég.p < Cg,r, tndependent of the refinement level, such that

(7.11) Es,ns < Np < Coni.
Proof. The proof is an immediate consequence of Theorem 7.3 and Theorem 7.4. O

We note that (7.11) only provides global equivalence of 7js and 7jz. However, lo-
cal equivalence can be obtained, if we use [|u, —an||§ instead of Y- c e hell[un] 53
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