MATHEMATICS OF COMPUTATION

Volume 68, Number 228, Pages 1687-1699

S 0025-5718(99)01140-0

Article electronically published on March 11, 1999

DETERMINING THE SMALL SOLUTIONS
TO S-UNIT EQUATIONS

N. P. SMART

ABSTRACT. In this paper we generalize the method of Wildanger for finding
small solutions to unit equations to the case of S-unit equations. The method
uses a minor generalization of the LLL based techniques used to reduce the
bounds derived from transcendence theory, followed by an enumeration strat-
egy based on the Fincke-Pohst algorithm. The method used reduces the com-
puting time needed from MIPS years down to minutes.

The main computational problem when solving a diophantine equation is usually
the location of the “small” solutions. In this paper we assume we are given the
generators of two finitely generated multiplicative subgroups of some number field
K. In what follows we shall denote these subgroups by GG; and G3. We also assume
that we are given two fixed algebraic numbers ay, @2 € K*. In [4] the author gave
a practical algorithmic solution to the determination of all the solutions to the
equation

(1) 171 + asme + 1 = 0 with (7'1,7'2)6G1XG2.

That there are finitely many solutions to such an equation follows from work of
Siegel. An effective proof of the finiteness of the number of solutions was first given
by Gydry, [3], using Baker’s method of linear forms in logarithms.

Using an adaption of GyoOry’s method combined with the reduction techniques
of de Weger [9], one can reduce the solution of (1) to the determination of the
“small” solutions. The technique used in [4] to determine such solutions was a
sieving technique which lent itself to implementation on a parallel computer or a
network of workstations. For further discussion of this sieving technique see [5].

Recently Wildanger [10] has given a much more efficient technique of determining
the small solutions in the case where G1 = G2 = OF. In this paper we extend
Wildanger’s method to the general case. The main problem that one encounters is
the presence of finite places in the support of the two groups.

Wildanger makes use of the Fincke-Pohst algorithm [2]. We try to avoid the
use of this algorithm for as long as possible. This is because we feel that applying
Fincke-Pohst to lattices generated by real vectors with very large coefficients held to
very high precision can lead to floating point errors. This is due to rounding errors in
the algorithm for Cholesky decomposition and in the LLL algorithm itself. Indeed,
rounding errors introduced in the floating point version of the LLL algorithm can
lead to the production of a basis which is not even LLL reduced. Below we make use

Received by the editor December 1, 1997.
1991 Mathematics Subject Classification. Primary 11Y50, 11D61.
Key words and phrases. S-unit equations.

©1999 American Mathematical Society

1687

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1688 N. P. SMART

of the LLL algorithm on lattices generated by vectors with integer entries. We can
therefore make use of the integer version of the LLL algorithm due to de Weger, (8],
which does not suffer from numerical instability. We only apply the Fincke-Pohst
algorithm and the floating point version of LLL when we have considerably reduced
the precision needed in the calculations.

1. NOTATION

We shall let S7 and S2 denote the set of primes (places), both finite and infinite,
in the support of the groups G; and G, respectively. In other words

Si ={p € Mk : |af, # 1 for some a € G;} = Supp(G).

We let t; denote the rank of the group G;. We suppose that G; has independent
generators of infinite order given by 31 ,..., B, We can then write

ti

aji

Ty = Ci H BJJZY )
Jj=1

where (; € Tors(Oj ) and a;,; € Z. We let H = max |a;,;| and choose b and p, € S,
such that

H =|ayp| for some & and |log |7y, | = max|log |7 |p|.
‘ P

Now by Lemma 1 of [4] we can determine a constant ¢; such that
(2) H < crflog|mlp, |-

Using the method of Baker and the computational reduction techniques of de Weger,
see [4], we can find a constant, Hy, of “reasonable” size such that H < Hy. By
“reasonable” we mean “reasonable” when compared with the initial bound which
can be derived from the application of Baker’s method alone. However the value
of Hy is usually still too large to allow direct enumeration of the solutions. It is
common to refer to the solutions such that H < H as the “small” solutions to the
equation. This is because any “large” solutions are eliminated by Baker’s method
and any “medium” sized solutions are eliminated by the application of the method
of de Weger.

Let S denote a finite set of places of K, including all the infinite ones. We let
St denote the subset of finite places of S. As the set of finite places of K and the
set of prime ideals of Ok are equivalent, we shall also refer to Sy as being a set of
prime ideals. The order of Soo = M? is given by r + 1, where r is the rank of the
group Oj. We have r +1 = 71 +rp, where r; is the number of real places and ry is
the number of complex conjugate places. We place an order on S in the following

way':
la)], 1<i<m,
lalp, = { @2, rA1<i<r 4,
— fiordy, (a)

1>1r1 4719, piESf,

7 9
where the conjugates a(?) of K are ordered in the usual way, see [7, page 225], and p;
and f; denote the rational prime lying below p; and its residual degree respectively.
The ramification index of p; will be denoted by e;. We of course assume some
implicit fixed order for the places in My \ M7?, a fixed order for the real places
and a fixed order for the complex places. This gives an order on any finite set S of
places.
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DETERMINING THE SMALL SOLUTIONS TO S-UNIT EQUATIONS 1689

Let R € Rs; and S a finite set of places of K. We define
1
((R,S)) = {QEK:§ < lap <Rf0rallp€5’}.
As a last bit of notation we let £ denote the set of solutions that we wish to
determine, i.e.
L={(r1,72) € G1 x G2 : 171 + azTa +1=0}.

We then let
Lu, ={(m,m) € L: H<H;},
by which we mean those solutions whose maximum exponent is H;; hence £ = Ly, .
We also define
ﬁHi (R) = {(7‘1,7'2) S LHi 1T € <<R, Sl>>}
Now let

t1
Ry J'fjré%icexp OZ| 0g|53,1|p|

j=1
Lemma 1. £ = Ly, (Ro).
Proof. We need to show that for all p € S; we have

1
R_O < |7'1|p < R0~

Let p € S1; then we have, as |a; ;| < Ho,

t1 tl
llog|mlpl = | ajalog|Bialsl < Hllog|Balyl
j=1 j=1
t1
< H 1 j = log Ryp.
< max O;' ogBj1lpl | =logRo
Hence —log Ry < log|mi|, <log Ry, from which the result follows. O

2. DECOMPOSING THE SOLUTION SPACE

We set
= pe%lﬁfsz max (lai|P’ |ai_1lp) fori=1 and 2
and
S3 = pErIS'llaﬁ(Sz min (|O‘2_1|p) .

Now let R;, Riy1 € Ry with s1,892,83 < Riy1 < R;, and let H; € Z. We clearly
have R;y1 > 1, as s1,82 > 1. We shall also assume that R;41 > (s3 —1)/s1. The
idea is then to find an integer H;11 < H; and then decompose the space Ly, (R;)
into the union of Lg, , (Ri4+1) and a union of sets which we can then show to have
either no non-trivial elements or a few elements which can be easily determined.

If we can repeat this process, eventually we will be left with enumerating a set
of the form Ly, (R;) for small values of H; and R;. In a later section we shall
explain how the sets are shown to have either no non-trivial elements or a small
set of easily determined elements. In this section we shall be content with showing
how the solution space decomposes.
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1690 N. P. SMART

We define the following sets:

79 79 ) - 3 E E i Ri . - 7 —1 < S T—— 5
Lp( R +1) {(71 72) HL( ) | Q171 |p 1 Rl }
12 p( + ) - 7 T S LH ( ) | - — — | < ————
szlzzalzz B : ,
) ! ' 2 171 P 1 Sl—Ri-i-l

| — Ty — 1|p < %,
QoTy € <<1+81Ri,52>>

| _ QoT2

1Ty |p Riy1 } .
Zi:i S <<1 +s1R;, 51U SQ>>

Typ(Hi, Ri,Rit1) =

T3p(Hi, Ry, Riz1) = {71772 ) € Lu, (1) :
{7—177—2 EEHL( ):

We then define the sets

Ti(H;, Ri, Riy1) = UTLp(HiaRiaRi-i-l)a
pES2

To(Hi, Ri, Riy1) = U Ty p(Hi, Riy Riy1),
peESI1US?

Ts(Hy, Ry, Riv1) = | Tsp(Hi, Ri, Riyr),
peESL

Ty(H;, Ri, Riy1) = UT47p(HiaRi7Ri+l)'
peEST

Lemma 2. Let R;, R;11 and H; be as above. We define
2 1 i 1
¢y — max <1Og <M> log <M> log (Rm))
S92 S3

and set Hiy1 = cica. Then

Lu,(Ri)=Lu,,,(Rix1) U ) Tj(H;i, Ri, Riy1).

.
I ( ~
-

Proof. We assume that (71,72) € Ly, (R;) and that (71, 72) € L, (Ri+1). If this is
the case, then there exists a q € Sy such that either |71 |q < 1/R;y1 or |71|q > Riq1.
In the first case we deduce that

S1
—aoTe — 1| = o < .
| — aamy — 1]g = |aaTilq Rint
Now if (7‘1,7’2) 6{ Tl(Hi,Ri,Ri_H), then for all JURS S> we have
1
aoTalp = | — a1 — 1|y 2 ————.
laaTaly = [ —a1mi |p_1+isi+1

We also have that
1+ s1R;, p €Sy,
faemly = | —onm— 1y <1+ formfy < { T8 DEE
Hence, for all p € S,
|log|asm|py] < max{log(l+ s1),log(l+ s1R;11),log(l+ s1R;)}
= log(1+ s1Ry).

It therefore follows that if ||y < 1/Ri11 and (71,72) & Ti(H;, Ri, Ri+1), then
(11, 72) € T3(Hi, Ri, Rit1).
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DETERMINING THE SMALL SOLUTIONS TO S-UNIT EQUATIONS 1691

We now consider the case that |71]q > R;4+1. This means

_fem _ | o5
aiTy ¢ loatily  Rip
If (11, 72) € To(H;, R, Ri11), then for all p € S; US> we have
Q2T 1 1
S aun " | an p LSRR
In addition,
QaTo 1 1+s1R;, pe S,
‘_alﬁp:}_alﬁ_lp< ozlrlp+1<{1+si, EES;\SL
Hence (71,72) € Ty(H;, R, Rit1).
So we have ,
Ly, (Ri) = Lz, (Rit1) U | Tj(Hi, Ri, Riga).
j=1

Now assume that (71,72) € L, (Ri41). Then for all p € S;USs we have |log |7 |,| <
log R;+1 and

—aym — 1 < lai7i]p +1 <51Ri+1+1'

» oz p $2

Q2

|72|p = }

Now if (7‘1,7’2) € Tl(Hi, Ri, Ri+1), then for all p e S we have
—Q1T1 — 1 S3

P T s1Rip1 + 1

|7'2|p = o

This last inequality clearly also holds for p € S\ S, so we deduce for all p € Sy, .55
that if (Tl, ’7'2) € ACHi (Ri—i-l) \ T (Hi, R;, Ri+1), then

[log|7ilp| <2, [log|malp| < co.
But from equation (2) we then deduce that we must have H < H;y;. Hence the

solution space decomposes as stated. O

Clearly when applying this result we need to choose a value of R, such that the
methods of the following sections allow us to deduce that the sets Tj , (H;, R;, Riy1)
are either trivial or easy to determine. Wildanger gives a heuristic method to
determine the best values for R;;; in the case where G; = G2 = O}. The analysis
in the general case appears similar, and Wildanger’s choices of R;41 seem to suffice.

3. SHOWING THAT T} ,(H;, R;, Ri+1) IS TRIVIAL

In all four cases our problem can be phrased as trying to show that there are
no non-trivial solutions to the following problem. Let p € K*, and let €1,... ¢
denote multiplicatively independent elements of K*. Set

t
y=¢ e
i=1
with () = Tors(O3). Let § € (0,1). Then we wish to show that there are no

solutions to the inequality
[y =1y <9,
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1692 N. P. SMART

where p is some place of K and |b;| < B some given positive constant. There are
two methods which we employ, depending on whether p is an infinite or finite place.

3.1. p infinite. Note that for any z € C, |z — 1| < ¢ implies that |log|z|| <
log(1/(1 — §)). Hence we can immediately deduce that

log 1=, p real,

1

'
[log |py[p| < 6" = { 3log =z, p complex.

Notice that if § is very small, then 4" will also be very small. We choose an integer
constant C of the size of 10 and then look at the lattice A generated by the columns
of the matrix

1 0
A= c Zixt
0 1
[Cloglerlp] ... [Cloglei—1lp] [Clogletlp)

where [.] denotes the nearest integer function, with some fixed convention for num-
bers of the form (2m+1)/2. We also define the vector ¥ = (0,... ,0,—[Clog|p|])! €
Zt. Using the integer version of the LLIL-algorithm and [9, Lemmata 3.4 and 3.5]
we can compute a lower bound ¢4 on

minll7 — g, 7€ A,
E(Av 37) = e od i
_min |||, geEA.
0#Z€A
We can then hopefully eliminate the set under consideration using the following

lemma. If the following lemma does not work then we need to either increase C,
or increase R; 1, or use the technique of the next section.
Lemma 3. Let
tB+1 ?
Q=(t—-1)B*+ <T++C5'> )

Then, if 2 > @, we can conclude that there are no non-trivial elements v such that

[y — 1] < 6.
Proof. Put
t
® = [Clog|ply] + Y bilClog leil,)-
i=1
Then
t
tB+1
®-C|1 b; log |e; < .
<0g|p|p+; og e |p> <=
Hence
[®] < |- Clog|pylp| + |Clog |plpl
tB+1
< + +Cd'.
2
Now consider the lattice point ¥ = AZ, where Z = (b1,... ,b;)!. For it we have

T—g=(b1,...,b_1,®) .
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DETERMINING THE SMALL SOLUTIONS TO S-UNIT EQUATIONS

So, if ¢ # Z, we must have

A <INP?<(t-1)B*+d*<Q.

But as ¢ > Q we see that ¥ = @ and by = ... = b1 = 0 and [Clog|ply] +
b:[C'log|et]p] = 0. If such a solution exists it is easy to determine and will therefore

be called trivial.

3.2. p finite. Let p denote the rational prime lying below p and let e and f denote

the ramification index and residue degree of p. We shall assume that
5 — log
eflogp —
which is not a large restriction as we are assuming that § is very small.

Our method proceeds using the p-adic analogue to the previous method for
infinite places. If [py — 1|, < 6 < 1, then we must have ord,(py) = 0. Using the
method explained in [4, Lemma 3|, we can replace p, €1, ... ,e with a finite set of

possibilities for pg, 1, ... , s € K* such that

t s
py =S = mo [T
=1 =1

with ordy (1;) = 0 for i = 0,...,s and max|m;| < max|b;| < B. So we are left

with trying to determine if there are any solutions m; to the inequality

o [T wi™ —11p <6

=1

with [m;| < B. For a € K* we let log,(«) denote the p-adic logarithm of oz when

we consider a as an element of K. If we set

A =log, pio + Zmi log,, pi € Ky,
i1

then, as ¢’ > 1,
—logd _ 5
eflogp '

ord,(A) = ord,(log,(py)) = ord,(py — 1) >

Let n = [K, : Q] and K, = Q,(¢); then we can write

n—1
A=A,
i=0
where

A; = o, + ijVj,h with Vji € @p and 0 <i<n-—1.
j=1
It then follows, see [7, Page 257], that, for all i,

(3) ord,(A;) > & — %Dp(qb) =cs,

where Dy, (¢) = ord,(Discg, /g, (#)). We then choose A € Q, such that

ord,(\) = min < min (ord,,(yi,j))> = cs.

0<i<s \0<j<n—1
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1694 N. P. SMART

We set

Ai/)\: /<507i+mej7i fori=0,...,n—1,
j=1
and so K, ; € Zy,. We then have that
ord, (A;/X) > ¢5 — ¢ = c7.

We let u € N be such that p* is roughly the size of B'**/™ and such that u < ¢7.
The constant u plays a similar role to the constant C' in the method for infinite
places. For o € Z, we let a(® denote the unique rational integer such that a = o/(*
(mod p*) and 0 < o™ < p*. We then let A denote the lattice generated by the
columns of the matrix

1 0
0 1
A= u u w S Z(n-}-s)x(n-&-s).
Ao Ko P 0
A I
We also define the vector ¢ = (0,... ,0, —FL((;:LO), - ,—/iéqf,)l_l)t € Z"*5. Using the

integer version of the LLL-algorithm, we can compute a lower bound cg on £(A, 7).
If the following lemma does not work, then we need to either increase u, or increase
R;1, or use the method of the next section, just as we did when considering infinite
places. However we must remember that we must always satisfy u < c¢7; this is a
severe restriction of the method in practice, especially when the ideal p is ramified.
If p is ramified then c¢7 can become very small, due to inequality (3).

Lemma 4. If ¢2 > sB2, then there are no non-trivial solutions to the inequality

lpy = 1fp < 6.
Proof. As ord,(A;/A\) > c; >ufori=0,...,n— 1, we have, for all 4,
(u) s ()
2z = Foa + Zju:l Mity.i €.
p
Therefore, we can consider the lattice point ¥ = AZ, where
Z=(m1,... , Mg, =20, ,—2n_1)" € Z"T5,
Hence
F—7=(my... ,ms0,...,0)"
So either ¢ < ((A,%)? < sB? or & = ¢. The first possibility is ruled out by
assumption, which leaves us to deduce that m; =... =ms =0. O

4. ENUMERATING Tj ,(H;, R;, Rit1)

After application of the above techniques we will reach a space L, (R;) which
we cannot decompose any further, as Lemma 2 gives rise to sets Tj, (H;, R;, Riy1)
which we cannot show have only trivial elements.

We need to enumerate all the possible elements in T} ,(H;, R;, R;i+1). It is at
this stage that we make use of the Fincke-Pohst algorithm. However we hope that,
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DETERMINING THE SMALL SOLUTIONS TO S-UNIT EQUATIONS 1695

as we at least have a reduced value of R; compared to our initial value Ry, we can
handle any numerical instability which occurs.
As before, we write

y=¢" ]l
i=1
where b; € Z. We can assume that ¢y € {0,...,w — 1}, where w denotes the
number of elements of finite order in O}.. We have, for some R € R, p € K* and
J € (0,1),
1
mSlMlas R

for all g € S = Supp({e1,...,€)) and
lpy =1y <.

We have two cases to consider: p is finite or infinite.

4.1. p infinite. Just as before we deduce that

log ﬁ , p real,

r_
[log |py[p] < 6" = { 1log 1_1\/57 p complex.

We also have, with obvious notation,
|Arg((07)(p))| < arccosvV1—4§=4".

Asp € 5, we can write p = q; for some value of j. Consider the sublattice of R#S+1
generated by the columns of the matrix A which is obtained from the matrix

10g|61|q1 10g|€t|q1 0

1 : : : e RFSTX(+1)
10gR 10g|€1|q#s 10g|6t|q#s 0
0 0 0

by replacing the j** row by

1
5 (1og |61|qj, ...,log |€t|q]~70) ’
and the last row by

1

5 (Arg(eg”))’ ... ’Arg(egp)),Arg(C(p))) )

Note that we expect the j** and last row of A to have much larger entries than the
other rows. Also consider the vector ¢ obtained from the vector

1 t
@ (_1Og|p|CI1a' . 7_10g|p|CIt70> € RH_l'

by replacing the j' element by —log |p|q, /0’ and the last element by
Arg((1/p)®)/8".

We then have, if # is the lattice vector A(cy,... ¢, co)t,

1 2 A 2 (p) 1 2
17— g2 = 8 oyl Arg”((P)®) Yoo ls Lmlq <4511

rT—Yy 2 172
0 0 qES,q#p log™ 1t
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1696 N. P. SMART

We can then combine a variant of the Fincke-Pohst algorithm [2] with the sieving
ideas of [4] to determine all elements in T} , (H;, Ri, Ri41).

4.2. p finite. We proceed as before, but now the ideal p allows us to alter the
generators we are using. As before, we have

lpy =1l <6 <1,

and so ordy (py) = 0. So we again can reduce to one of a finite set of similar problems
where po [T, " = pry, with ord,(p;) = 0. Suppose p has residue degree f and
lies above the rational prime p. We put ¢ = pf and choose n to be an integer such
that

0 <q ™
As o [Ty i = 1], = |py — 1|p < 8, we have

po [Jui =1 (mod pm).
=1

Let M denote the subgroup of K* generated by o, ... ,us. Now, as ord, (i) =0
for all i, we can consider the group M /p™. Using an algorithm like the ones in [1] or
[6], one can determine the group structure of the M /p™ as a product of cyclic groups
C1%...xCy4. These two algorithms are based on the Baby-Step/Giant-Step strategy
of Shanks and Pollard’s Rho method respectively. However these algorithms are
far too general to work in a fast and efficient manner in our problem.

Instead we first compute the orders of u; in M /p™. This can be done very quickly,
assuming p is “small”, as the orders must be equal to a p*"® power times a divisor
of ¢ — 1. All that is then required, to determine the group structure, is a lattice
enlarging procedure to determine the full lattice of relations given the sublattice
given by the relations ,u? = 1 (mod p™) for some h;. Such a lattice enlarging
procedure is given in [6], as algorithm MINIMIZE. It seems to work very well
in practice although its complexity is worse than O(|M/p™|), but for smooth group
orders the method works very fast.

We can then map the equation

S
po [T =1 (mod p")
i=1
to an equivalent equation in C x...x C,. We therefore generate a set of congruence

conditions on the exponents m; modulo the orders of the groups C;. Using these
congruence conditions we can now write

S
py =g [ [ i
i=1
for some new values u; € K*. Let S” denote the support of the elements pf, . .. , ul.

Clearly S’ € S. We now proceed in a similar manner to the case of infinite places;
Consider the sublattice of R#" generated by the columns of the matrix

logluyle, .- log|plla,

— : : 6 R#S/XS.
log R : :
log|phla,s - 1og|ugla,s
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DETERMINING THE SMALL SOLUTIONS TO S-UNIT EQUATIONS 1697

Also consider the vector

~ 1 . /
V= los R (_10g|M6|q17 e 7—10g|u6|q#s,) € R#S
We then have, if 7 is the lattice vector A(nq, ... ,ng)t,
log® ||
— —| 2 q ,
Tyl =) o =#5.
o= 3 S <

We can then determine as before all the elements in T ,(H;, R;, R;+1) using the
Fincke-Pohst algorithm.

5. EXAMPLE

We now consider one of the examples from [5]. Let K denote the number field
generated by 6, where
0°+1=0.
The unit rank of O} is three, and as generators of infinite order we can take
m=0"+0"+0° n=—(0>+60>+6%), ns=1+6"—-0°.

The element ¢ = —6#7 generates the sixteen roots of unity in K. There is one
prime ideal, t, lying above (2), and it has ramification index eight. This ideal is
principal, and as a generator we can take 7 = 1 — 6. In [5], as part of a much larger
computation, it was necessary to compute the 795 solutions to the unit equation

T1+17+1=0,
where
7= £ T, T = Eont gt
Clearly we can assume that 0 < ag, by < 15, whilst fori = 1,... ,4 we can determine

that we must have |a;|, |b;] < 1066 = Hy. Using a sieving technique alone it took
around 27 MIPS years to compute all the solutions to the S-unit equation. This
meant having to run a network of workstations on this problem for nearly three
weeks.

We apply the method of this paper and determine Ry = 103°% and ¢; = 1.63189.
Hence by Lemma 1 we have that £ = Lp,(Ro). If we set Ry = 10%, then it is
easy to determine, using Section 3, that the sets T;,(Ho, Ro, R1) are empty for

i=1,...,4and p € M. A similar result holds for the finite place t once we
compute that the 2-adic logarithms of our fundamental units are given by
logy(m1) = 1868998798556296° + 593907247661956>

+351843720888320 4 O(2°°),

logy(n2) = 65657308478134607 + 195695972877837/260° + 545547464689230°
+553964163086776% + 24206352677363 /202 4 794782263882980
+43980465111040 + O(2%Y),

logy(n3) = 9058078839750907 + 94575096855027/260° 4 1624143317224220°

+574879938327780°% + 345229554255373 /207 + 1293215371576916
+43980465111040 + O(2%9).

Hence from Lemma 2 we conclude that £ = L, (R;), where H; = 338. The total
time needed to compute this reduction was less than one second. We however have
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1698 N. P. SMART

a problem in carrying out this step again, using the LLL-based method of Section
3, to show that the sets T; ((H1, R1, R2) are trivial for some Ry. This is because
of inequality (3), which means that we must choose a constant u in the algorithm
such that

—logd

8log2 ’

with § &= 1/R,. For the values of § now under consideration this means that «
must be chosen too small to be of any use. For the sets T; ((H1, R1, R2) we must
therefore use the method based on the Fincke-Pohst algorithm.

For our second application of Lemma 2 we choose Ry = 10%°. The LLL-based
technique of Section 3 allows us to show that the sets T; , (H1, R1, R2) are trivial for
the places not equal to t. However, for T; ((H1, R1, R2) we need to use the method
of Section 4. This means that we must determine all the solutions to the following
problem:

u<cr=cs—cCcg=

[log|plp] < log(l+ Ry) <208 forpe My,

lp—1l¢ < 107,

where
— €09y C1,,C2,),C3 _Ca
p=C

N M2 N3 Ty
and |c1], |e2], |esl, |ea] < 2 x Hy = 676. Clearly we must then have ¢4 =0 and p =1
(mod p®). This is much too high an exponent to work with, so we try to determine
the larger set of all p with

p=ConnsPns =1 (mod p't).

Using the group theoretic algorithms mentioned previously, we determine the struc-
ture of the group M/p**, where M = (¢, m1,m2,7m3). It is easy to determine that

O St = 21 (mod o),
and we can then determine the group structure in under two seconds using the
lattice enlarging procedure of [6]. The group turns out to be isomorphic to Cgyq X
032 X 032 X 016, and we deduce that

p= (%)™ (mg") "= m3Pn3*) ™,

for some integers dy, da, ds. Using the four inequalities | log |pl,| < log(14+R;) < 208
for p € Mg, we can then determine that there are no non-trivial elements in
T; «(Hi,R1,Re) for i = 1,...,4 using the Fincke-Pohst algorithm, which takes
about a second of computing time.

We are therefore left, by Lemma 2, with determining the solutions in £g, (Rz2)
with Hy = 112. We now choose R3 = 10'®, and none of the LLL based methods
now work. For the finite place the computation in the previous paragraph will
suffice, as 2744 > 1071°. For the infinite places the application of the Fincke-Pohst
based method of Section 4 allows us to show, in about one second, that the sets
T;.p(Ha2, Rz, R3) contain only the trivial elements. Hence we need only consider the
solutions in L, (Rs) where Hs = 56.

We now set R4 = 10°, and when considering the finite place we now need to look
at all solutions of

[log|plp| < log(l+ R3) <35 for p € MF,
p = 1 (mod *9),
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where

p = ()" (m°) %= (n3)™ (" ns¢*)™
with dp € {0,...,3} and d; € Z. It then takes a few seconds to determine all the
elements in T; ((Hs, R3, R4) for i = 1,... ,4 using the Fincke-Pohst algorithm. For
the infinite places we apply the method of Section 4 and determine in under five

seconds that there are no non-trivial elements in T ,(Hs, Rs, R4) for i =1,... ,4
and p € M. So we can conclude that we need only consider the set Lp, (R4)
where Hy = 22.

Finally we perform the whole process again for Rs = 103. Once again the sets
T; o(Hy, Ry, Rs) are empty for ¢ = 1,...,4 and p € M. The sets for the finite
place t are non-trivial but can be determined in a matter of seconds. We are finally
left with enumerating the set Ly, (Rs5) for Hs = 11. Enumerating this set can be
accomplished using an adaption of the methods in Section 4.

We conclude that we can compute all the solutions to the S-unit equation above
in a matter of minutes rather than MIPS years as was previously the case.
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