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5. APPENDICES

The following appendices provide explicit APy factorizations (1.2) for particular
cases of the matrix (1.4), (1.5) mentioned in the body of the paper. These factor-
izations (as well as matrices X1, G’ in the proof of Theorem 4.1) were obtained
using the symbolic computation program Maple; the code used to produce them is
available from the authors upon request.

To reduce the number of cases involved, we make a repeated use of the factor-
izations (2.8) and

(1) Gyr = (~LhGIDHA NG ),

. . . . 1
obtainable from (1.2) via taking transposes and inverses. Here J; = _OI NE T
is the transposition sign, and the abbreviation X ~7 stands for (X~1)7. We also
observe that since

Grys = diag[S™!, R Gy diag[S, R,

the factorization properties of G are not changed under the transformation f —

RfS where R, S are invertible constant m x m matrices. This includes, in particular,

elementary row and column operations applied to c4+; and ¢y simultaneously.
Appendix A.

1 0 O z u b 0 -1 0
c.i1=10 1 0{,co=1|0 2z 0],ca=1({0 0 O0f,
0 0 O 0 a O 0 0 O

and at least one of the entries a, b differs from zero.
Case 1: ab # 0. The APw factorization of G is given by

-1 0 ey 0 0 0
0 0 0 *% Ex+v —€\
z zey+1 €a
_ b € - b ~ab 0 0
G+ 0 b 0 0 ue, —ex —u+eql’
0 0 0 0 1+ zey —z
0 0 0 0 ae, —a
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0 0 0 0 -
e_,+z e_ e_,—ue_
N R
o e
G- = 0 0 0 0 0 1 ’
0 1 0 0 e_q — o
0 0 0 0 1 e

A = diagley, 1,eq,1,e—1,e_q].
Case 2: Exactly one of the entries a, b differs from zero.
Using (1) and switching the first and the second row and column of f if necessary,
we may suppose without loss of generality that a = 0, b # 0. This case splits into two
subcases.

Case 2a: z # 0.
If, in addition, v > «, then
-1 0 0 ey 0 0
0 _1 b 0 zex—ea 0
G % u;ei, zey —Zu+ea _1tzey uea—ufex—ega 0
7o 0 b 0 —eaq of’
0 0 0 0 z 0
0 0 0 0 0 1
0 0 0 1 0 0
z4+e_y u b e_x 1 0
zt+e_, uz+teq_y e_ e_,
a = |3 1 5 5 0
1 0 0 e_q 0 0}’
0 v 9 0 20
0 0 0 0 0 1
A = diagle,,1,1,eq,1,e_1].
When v < «a, G can be represented as G = X G’ X_, where
—1 0 0 ey 0 0
o -1 -1 0 bex 0
z Uu—eqy u—zey —eq _1+4zey e _ O
— |3 bz b2 b Ata T UCA
X+ 0 0 -1 0 0 0
0 0 0 0 bz 0
0 0 0 0 0 1
is invertible in AP;{,,
0 0 0 1 0 0
z4+e_y u b e_x 1 0
—e_x—26_o l—wue_o —be_qn —€_ (A ta) 0 0
Xo= 1 0 0 o 0 0
(zte_,)> u(zte_,) zte_, ey tze-x ey 0
bz bz z bz bz
0 0 0 0 0 1
is invertible in APy, , and
e, O 0 0 0 0
0 1 0 0 0 0
, |0 0 €a 0 0 0
G = 0 0 0 Ca 0 0
00 &= 0 e 0
0 0 0 0 0 e_x
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0
splits into a direct sum of diagle,, 1, eq, e—1] with a 2 x 2 matrix {Zfea_u } that is

bz €—a

APy factorable (with zero partial AP indices) due to Theorem 1.2. This means that G’
(and therefore G itself) is also APw factorable.
Case 2b: z = 0. The APw factorization of G is given by

—1 0 0 ey 0 0
0 —1 0 0 extv 0
0 “f en —; 0 0
Gy = 0 0 b 0 we,—eyx 0|’
0 0 0 0 1 0
0 0 0 0 0 1
0 0 O 1 0 0
0 0 O 0 1 0
e_y 0 1 e_x l—ue_, 0
= b b b
G- 1 0 0 e_q 0 0]’
0 1 0 0 e_q 0
0 0 O 0 0 1

A = diagle,ev, 1, €a,e—1,e_1].

Appendix B.

JUCON 19 B I L 22
0 0 0> 710 2’
where x42z4 =0, x_z_ = 0, but at least one of the entries x4, z+ differs from zero.

Under these conditions, the number of non-zero entries among =+, z+ is either two or
one. In the former situation, the possibilities are as follows:

(i) zy =2- =0, z+ #0,
(if)
)
)

(iii
(iv) z4 =2 =0, zyz— #0.

zp =2 =0, z+ #0,
ry =2-=0, v_zy #0,

With the use of (1), (ii) can be reduced to (i) and (iii) to (iv).

If exactly one of the coefficients x4, z+ differs from zero, the symmetries (2.8) and (1)
allow us to suppose without loss of generality that z— # 0, x4+ = z+ = 0. This leaves us
with the following three cases.

Case 1: x4 =x_ =0, z+ #0.

Subcase la: A =y_zy —yyz— # 0. The APy factorization of G is given by

1 0 0 0
z_e zpey—z_
0 ety — Z+U —ev -+ =
Gy = z_y YiCa— zytziyge
U0 yrextesty- — o —yr —Hem S
0 z4e —z —Hlazy 4 ztea
+EA + z_ z_A
1 0 0 0
Zie_qo _24ey_atysz_e_o
G - 0 1 —t
- = O oz 1 _y_z++z_e_(, )
Z+ Z_Z+
0 0 —zZ_e_y 14+y—e_p

A = diaglex,e—v,e—v,e1—0a]
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if v < a, and by

1 0 0 0
Z_e,_ Z_—zyey e
A o
G4 = _yy 2 1 1
FT 0 pres —yys epo+ 2 i) L
2
o 7Z+€a _ *tea
0 zyre, — A = =
1 0 0 0
0 1_ =f-a zZye_q _ Yte—ate 24
A A A
G_ = 0 ozl 1 oy zyfzoe o
Z+ Z,z+
0 _Az,ea,,, —z_e_, 1 + FoYte—v

Z+ Z+
(with the same A) if v > a.

Subcase 1b: y_z4 —y4+z— = 0. Using elementary row transformations, we may without
loss of generality suppose that y;+ = y— = 0. Then

1 0 0 0 10 0 0
0 ex—= -2 -e 0 1 0 —
G+=1lo 1 - o0 “Tlo 0 —ee, 1|
0 ziea —E2 24 0 —% 1 - ez:’

A = diaglex, 1,e—a,e—y].

Case 2: z_ =2z4y =0, z42_ #0.
The APw factorization of G is given by

_Yt+ertvty_evtea  yy  1tyiea

(&7 T o z+ez_
G+ _ 0 Ex4v -1 _f
T4 0 0 0
0 Z_ 0 0
1 y_e_xte_otyy C—(+a)
0 1 0 oo
G_ = o 5
0 0 1 -
zZ_
0 0 —z_e—y, l4y_e_,

A = diaglea,e—v,1,e0—a].

Case 3: z_ #0, x4 =24 =2z_ =0.
Then G can be represented as G = X G’ X_ where

extr 0 1 _y—tyiestes

X, = 0 0 0 1

z— 0 0 0

0 1 0 0

is invertible in AP,

1 = == 0
x =0 0 0o 1
0 0 1 0
0 1 0 0
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is invertible in APy, , and

ey 00 et
|0 ex 0 0
0 0 e 0
0 0 0 ex

After a suitable permutation of rows and columns, the latter matrix splits into a direct
sum of diagle_x, e, | and
Ex—a/2 0
G = €a/2 | Y+Ca/2te_ay/2

T _

€_X\ta/2

The matrix G; is APy factorable due to Theorem 1.2. This implies that G’ and the
original matrix G are both APy factorable.
Of course if y4+ = 0, then the matrix G itself satisfies the conditions of Theorem 1.2.

Its explicit APw factorization in this case is given by

R 1 o T 0
G.—| = 0 0 ex G — 0 0 1
* 0 0 0 1| - 0 0 1 o’
0 1 0 0 r_e—, 14+y-e—, e-x 0
A = diaglea, e_x, ey, 1].
Appendix C.
ar by di 1 0 0
ct1=|f+r 0 Ilx|, co=1(0 0 0,
g+ O 0 0 0 O

where at least on of the entries b+, g+ differs from zero and (4.3), (4.5) hold.

We sort all the possible situations by the number of non-zero entries among b+, g+.

Situation 1: by, g+ are all non-zero. Then, from (4.5), I+ = 0. Applying elementary
row operations, we may suppose also that a— = d— = f_ = 0 (this, of course, changes a4,
f+ and d4, so that equalities (4.3) do not have to hold any more).

If the (new) values of d4 and fi happen to be zero, the matrix G splits into a direct
sum of diaglex,e—»] and a matrix satisfying Corollary 2.5. It remains to consider the
following cases.

Case 1: dy f+ # 0. The APw factorization of G is then delivered by

r 0 extr 0 fﬁ o 0
ey e2y 1
ex 0 0 Py b_2g_ -3
_ biex+b_ _a+ex+,,+eg,, e apb_—biey agb_ey,—bieg, by
Gy = dy dy v b_dyfy b_dig— —dy ,
0 0 d4+ 0 0 0
0 frea 0 0 e 0
i 0 g+ex + g— 0 0 gf 0 |
- e_q 9+ev—a Cv—a
0 1 0 5 b Ty 765’—9—
1 0 0 0 — g;:_g__“ g‘_“
e_qtayp by+b_e_x 1 €_ (A a) 0 0
G_ = dy dy dy ,
0 0 0 0 1 0
0 0 0 0 9++J€;€f* 1
. O 0 0 1 0 0

A =diag[l,e_y,eq,e_a,1,6,]




if v < a, and
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I 0 EXNtv 0
ex 0 0
_b_tbyey _ajexyyteny e
Gy = dy et Y
0 0 d+
0 frex 0
| O g+ex+g- 0
[0 1 0
1 0 0
e_qtay by+b_e_y 1
G_ = dy dy
0 0 0
0 0 0
0 0 0

(with the same A) if v > a.

Case 2: Exactly one of d4, fi differs from zero. Using (1), we may without loss of
generality suppose that d+ =0, f1 # 0. The APw factorization of G is then delivered by

Gy

if v < a, and

G+

(with the same A)

0

L _ ey
n g— 0
ey 0 1
b fy b_
arb_—biey apevte, o by
b_dyfy dyg_ b_dy
0 0 0
0 I 0
i/
0 9g— 0 .
€—a e_2a 1
b b fi 0
0 __94€—a €—a
f+9- g—
A ta)
o 0 0
0 1 0
0 s |
+
1 0 0

_ v

1

EXtv 0 9 0 —H
_ e brea=b- ey _ ey at
by by b_g_ b by fy
0 0 1 0 0 0
b 0 brey—agb_ 7& 0 s
aex +ea g T
frea 0 0 —I 0 0
g+ex + g— 0 0 —g—*_' 0 0 |
_9te-a e—a A
1 0 0 L =
€_q +E€v—a Cv—a
0 1 0 b b fro_ b_g_
0 0 1 0 0 0
0 0 0 0 _9-e-xtgy 1 )
I+
b bley 0 by—b_e_5 aib_e_jy—bie_, 0
by by by by ft
0 0 0 0 1 0
A =diagle_,,1,ex,1,1,e_4]
— ey 1 =
EXNtv 0 0 g_ 0 _H
e brex—b_ 0 ey _qo _ ey ay
by by big— b by fy
0 0 1 0 0 0
B atex bieq 0 —Zi’ —Z—*_’ 0 ’
fiex 0 0o -L& o 0
|g+ex + g- 0 0 gf 0 0 |
M1 0 0 0 gjj'e_” foa]
¢ a e <
0 1 0 . —vfy .
0 0 1 0 0 0
0 0 0 0 goeatoy 1
2 f+
b 7?}76,” 0 by—b_e_y ayb_e_y—bre_4 0
by by by by ft
L 0 0 0 0 0 |
if v > a.



ALMOST PERIODIC FACTORIZATION 7

Situation 2: Exactly one of the numbers b4, g+ is zero.

Using the symmetries (2.8) and (1), we may suppose that b— = 0, by, g+ # 0. From
(4.5), (4.3) it follows that I+ = 0. Applying elementary row and column operations, we
may then ensure that f- = at+ = d4 = 0; of course, the latter transformations change
the value of fy. If the (new) f4 and d— both equal zero, then (as in Situation 1) G splits
into a direct sum of a diagonal matrix with a matrix APy factorable due to Theorem 1.2.
The remaining three possibilities are covered by the following cases.

Case 3: d_ f+ # 0. The APy factorization of G is given by

0 -0 —ﬁ extu (; T
0 0 e O —aw
1 €2y ey * *
G+: Ta- d_g_ 0 d_f4 0 €x
0 0 b+ 0 0 0 '
0 Lo o fiex 0
| O =0 0 grext+g- O
[0 0 0 1 0 0 ]
0 0 0 0 giis o 1
€—a d_e_x  €-(\ta) 0+ 0
G_=| b+ ! by by ,
0 0 0 0 1 0
1 0 0 0 g;_e_(, foa
e—a areb?s &
0o 0 1 = getma  _frma
A = diagles, 1, ea,e—a,e—y, 1]
if v < a, and
i 0 gez 0 7H Ex+v (l)i T
0 gt e 0w
O e = B 0 ex
0 0 by 0 0 0 '
0 oo frea 0
| 0 gf 0 0 g+ex+g- 0
[0 0 0 1 0 0
0 0 0 0 —9++jij—* 1
[ d_e_x  €—(Ata)
G_=| % ! by by 0 0
0 0 0 0 1 0
1 0 0 0 —fteca  foa
¢ a 3a 5
0o 1 = —e 0 |

(with the same A) if v > a.
Case 4: d— =0, f+ #0. The APw factorization of G is delivered by

extr 0 O —ﬁ —ey —5=
0 ev 00 0 o
.- 0 0 1 0 0 0
+= ey by 0 0 0 0 '
frex 0 0 0 —fy *ﬂ’;%
grex+g- 0 0 0 —gy —Ter

g_
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100 0 e e
e—(A+a) 9+€+—g2; g:m
0 10 b by frg—  byg-
a - 0 0 1 0 0 0
T |10 00 0 1 0 ’
0 0 0 1 —ef‘” 0
gi 1
0 0 0 —g_e_, 5
A = diagle_,, €q,€ex,6—a,1,e_4]
if v < a, and
1 ey
Extv 0 0 *K Zgi 01
0 es 0 0 b:gf by
. — 0 0 1 0 0 0
- ey by O 0 0 0 |
frex 0 0 0 Lo
grex+g- 0 O 0 g—*_' 0
g4e—_a e_q
1 0 0 (?+ ) 7gf++9— a
e_ o +e_2a €—2«
0 10 by by g big_
a - 0 0 1 0 0 0
-~ |0 0 0 0 1 0
000 0 e T S |
v
0 0 0 1 -5 0
+

A = diagle—v, ea,ex,e—a,1,e_4]

if v > a.

Case 5: d— # 0, f4+ = 0. The APw factorization of G is given by

0 0 0 ex—Z= 0
d o
O _b__ (7] _57” O
1 * 9_eb
Gy=|"a= & 0 d_gi 0
0 0 by 0 0
0 0 0 0 1
0 0 0 J+€a 0
0 0 0 0
0 0 1 ed__” 0
€ a d_e_x €-(+a)
G — by ! by by 0
- 1 0 0 0 0
0 0 0 1
2
= 0 0 1
L 9t

A= dia'g[eﬂ7 17 €a, 17 €\, 1]

_ Cv

g_
0

€2y
d_g_
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if v < a, and

0 0 0 ex—2= 0 =
d_ e ot e,,i;
01 7H (&% ) b: 0 by
G, = |"a ex 0 or 0 0 7
0 0 b+ 0 0 0
0 0 0 0 1 0
0 0 0 giea 0 g”_“
0 0 0 1 0 0 T
9—€—a —a €2«
T d_gy 0 ., 1 d_ 0 d_gt
[ —€—x €—(A+a)
a by 1 i by 0 PO
- 1 0 0 0 0 'gi‘*
0 0 0 0 1 0
Cew g 0 0 1-—9="°=
L 9+ g+

(with the same A) if v > a.

We now pass to the situations in which exactly two of the coefficients b+, g+ differ from
zero. There are six such situations overall, but due to the symmetries (2.8) and (1), half
of them can be dropped. The remaining three possibilities are considered in Situations
3-5 below.

Situation 3: by =gy =0, b_g— # 0.

From (4.5), (4.3) it follows that [+ = 0. Using elementary row and column operations,
we may without loss of generality suppose that ay = fi = dy = 0. This does not
change the values of a—, d—, and the further classification of possible cases is based on
the zero/non-zero pattern of d—, f—. If both of them equal zero, the matrix G splits into
a direct sum of a diagonal matrix and a matrix satisfying Corollary 2.5 (compare with a
similar case in Situation 1). The remaining options are covered by Cases 6 and 7.

Case 6: d— f- # 0. The APw factorization of G is delivered by

[0 —i extu - 0 0
0 0 0 0 ew —‘;—;
1 eyta_ _a—_exty expta_ey
Gy=|"a gy a_ d_f_ x|
0 0 ey 0 by 0
0 0 - 0 0 0
0 0 grex —?* 0 0
[0 0 0 1 0 0 ]
0 0 0 0 0 1
1 0 0 0 T 0
G-=1 0 o 0 0 1 e
Z+ E y A e(b/\++r¥> Z+Jii 0
| — O 1 T P 0 |

A = diagley, e—a,e-1,1,€q,1]
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if v < a, and by
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[0 ’i extv -0 (3 i
0 0 0 b:}f ey fi
1 ey+a_ _a_exqy a_ey 0 ex
Gy = d_ d_g+ d_ d_f_ ,
0 0 ey 0 by 0
0 0 f- 0 0 0
0 0 g+€x —;—*_’ 0 0
[0 0 0 1 0 0
0 0 0 0 0 1
1 0 0 0 ef__" 0
G-=| 0 0o o0 0 1 e
a_e_y d_e_\ €-(fa) e_2q o
bt ! bt eb,+ by S eo,z
= 0 1 T 0 7d,gi |

(with the same A) if v > a.

Case 7: Exactly one of the entries d_, f_ differs from zero.
Using the symmetry (1), we may without loss of generality suppose that d_
f— # 0. Then the APw factorization of G is delivered by

Ex4v 0

_ 1 _ fa

—ey

0
g+ {7
0 €y 0 0 0 }’+T
G. — 0 0 1 0 0 0
+ — )
ev+a— by O 0 0 0
f- 0 0 0 0 0
g+ex 0 0 —g+ 0 T
1 0 O 0 ef__“ 0
e—(A+ta) _ %—€—(ta)te—2a
0 1 0 by by f 0
G — 0 0 1 0 9 eO 7
0 0 O 1 - ——=e
_ 9+
0 0 O 0 0 1
0 0 0 —f_e_p a_e_, +1 0
A = diagle_,, €a,€x,6—1,€—a,€—a]
if v < a, and
1 en
Ex4v 0 0 01 _E :{_,
0 e, 0 ~%y 0 b
G, — 0 0 1 0 0 0
+ = I
ev+a— by O 0 0 0
f- 0 0 0 0 0
g+ex 0 0 0 0 —;—*_’
(1 0 0 0 ef__” 0 ]
_-(O+a) _%—e—(O+a)te—2a
0 1 0 by by f 0
0 0 1 0 0 0
G- = 0 0 O 1 —‘;—_ e
— g+
0 0 O 0 0 1
00 0 0 1 —lees
L 9+
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A = diagle—v, ea,ex, e—a,€—a, 1]

if v > a.

Situation 4: b4 =0, g+ # 0.

Conditions (4.5) and the second equality of (4.3) are then satisfied automatically. The
other two equalities of (4.3) take the form
(2) lyg-=1l-g4+, drg- =d_g4.

Due to the first condition in (2), either I+ =1- = 0 or I+ # 0. We now consider these two
cases separately.

Case 8: I+ # 0.

Using elementary row operations, we may without loss of generality suppose that
f- = a- = d- = 0; due to (2), we will simultaneously achieve that d4+ = 0. Apply-
ing elementary column operations, we may then assure that f; = 0. There are now two
subcases, depending on the new value of a4 .

Subcase 8a: a4 # 0. The desired APy factorization is given by

0 0 extv 9—*9-%-{2;:14-9—5& 0 9+€x+gu_—976u 8
0 1 0 0 0 0
ex—i 0 0 0 _oe 0
Gy = 0 0 e +asen 7a+9+ea+zfg*-2aigfeaw 0 a+g+egi+g+eu —ay |
liew O 0 0 —= 0
2 e
| 00 grentgo —EEstentmid g T ]
0 0 1 0 t=a 0
0 1 0 0 0
10 0 —o 0 f=a
G-=10 o 0 —g_e_, 0 1 ;
2e_, I_e_
00 —= 0 1-== 0
0 0 0 1— = 0 5
A = diag[l,ex,e—v,€—a,1l,e_,]
if v < a, and by
[ grex—g— g—(atev—ey_q) e ]
L= 0 ey, 4 LTl tra) 0 0 —
0 1 0 0 0 0
0 0 0 - —f 0
G+ = | g+ (Q+ajeq) aig_ ltajea | »
ST 0 atev+ev—a+ o 0 (3 -t
0 0 0 lyea —1F 0
2 eqn €a
I zig_ 0 giew +arg- 0 0 fg;“—_ |
ro—= 0 1 0 —fza ]
9+ 9+
0 1 0 0 0 0
e—_q g+e—a aye_qgte_2q
I+ 0 0 G 0 o
G- = 0 0 1 0 fre 0 ;
0 0 -5 0 1— = 0
) + +
argZen—u _ apg_e_,
e 0 0 g—e_, 0 1+ el

A = diagle—a,ex,€a—v,1,1,e_4]

if v > a.
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Subcase 8b: a4 = 0. The desired APy factorization is given by

e
0 _ex g+ex _q

g_ g 0 Erty
0 1 0 0 0 0
ex— 00 Fren - 0
Gy = 0 0 —= = 0 ev '
frea frealgel_+g_1y) l
lyea 0 —He % o~ frea
B N
0 0 1 — e 0 |
0 1 0 0 0 0
0 0 0 —g—e_y 0 1
G-=10 o 0 1 0 NE
2
0 0 717[6,V f+ll,e,L, 1— l_le,A 0
+ + + .
1 0 0 o 0 .

A = diag[l,ex,e—qa,1,1,e_,].

Case 9: [ =1_=0.

Using elementary row operations, we can make a— = f_ = 0. If in addition f; = 0,
then G splits into a direct sum of a diagonal matrix diaglex, e—»] and another matrix Gy
of the type (1.4), with m = 2 and

| =[5 o
’ 0 0|

C+1 = {di
0
Due to the second equation in (2), either d+ # 0 or d4 = d— = 0. In the former case, G1
satisfies the conditions of Corollary 2.5. The latter case is covered by Case 1 of Appendix
B. Either way, G1 is APw factorable, which implies APy factorability of G.

It remains to consider the case fy # 0. Applying another elementary row operation,
we may suppose that ay = 0. Due to (2), it is still true that either dy = d— = 0 or
d+ # 0. According to this, the following subcases are in order.

Subcase 9a: dy = d- = 0. The desired APy factorization is given by

0
g+

r __ex 9+Eex—9-— 9+ex+v

0 0 g— fya— o & Crty
0 1 0 0 0 0
1 0 0 0 0 0
- 1 9+ giev
G+ 00 9— fro— g_ v ’
0 0 f—;—fu g.;._eu f+(9+g€_>\*g—) frea
J+ea giea gie,\
0 0 P Fro_ P g+ex + g |
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 —g-e_, 0 1
G-=10 0 0 0 1 0>
000 1 -0
+
1 00 I+ 0 e

A = diaglex, ex, e—a,e—a,e_p, 6]
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Subcase 9b: d+ # 0. The desired APw factorization of G is given by

r g+ex—9-— _ew 1
0 0 extv Froo = 0
0 1 0 0 0 0
ey v ep(g_dy—gyd_) 2oy d_
. a0 *% d+djf+g+, i e— dy
= d d dyey
- = 0 0 —CLL dj;, dyeqa |7
9+ea _fe
0 0 f+ex g o 0
| 0 0 giextgo e — & 0|
[ a_ dZe_, d_e_ 1
—a 0 - P 1-— a; 2 0 0
0 1 0 0 0 0
_94€—a e
G_ = 1 0 0 0 fro— g— ,
0 0 0 0 1 0
0 0 0 0 g‘fe** 1
€e_ o + Cv—a
| 0 0 1 . 0 —a |
A = diag[l,ex,e—p,€—a,1,1]
if v < a, and by
r _ew _g-ey g4 ex—g— b
0 0 0 - extr . B v
0 1 0 0 0 0
_ev g ey — 3= fv—a  e2vlg—dy—gido)  ey(9-dy—gid-)
G g_ AT AT digo ((ii+d_g+ d+d3f+g_
- g—ev s
+ -7 0 dyea 0 ;_g+ ﬁ
_fx _ fro- 9+ea
0 0 0 . frex o =
9+ 93 €a
| 0 0 0 - g+ex Fioo |
[ a d%e_, d_e_ 1
—a 0 - a; 1-— T 2 0 0
0 1 0 0 0 0
9—€—a C—a €—2a
G | 0 1 T 0 .
0 0 0 0 1— =2
_94€—a €—a
1 0 0 0 Froo .
. 0 0 0 0 1 0 |

A = diag[l,ex,1,1,e_p,e_q]

if v > a.

Situation 5: b— =g+ =0, byg— # 0.

From the first two equations of (4.3) it follows that [+ = 0. Applying elementary row
and column operations, we may suppose without loss of generality that a+ = d+ = f— = 0;
of course, this leads to a change in the value of fi. If the new fi and d_ equal zero, then
the matrix G splits into a direct sum of a diagonal matrix diag[es, e—»] and a matrix G
of the type (1.4), (1.5) with m = 2 and

C700676+00701

o g T o oo o o]
The latter matrix is APw factorable due to Case 2 of Appendix B. Hence, the original
matrix G is also APy factorable.

The remaining three possibilities (in terms of zero/non-zero pattern of the entries d_,
f+) are covered by Cases 10-12.
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Case 10: d_ f+ # 0. The APw factorization of G is given by

0 -2 0 -7 ew 0
0 0 e 0 -t L
1 ez, ey + +
G+ _ —a_ 7d_g_ 0 a_ f+ 0 Eex ,
0 0 by 0 0 0
0 - 0 0 frex 0
| O 0 0 0 g— 0 |
0 0 0 1 0 0
0 0 0 0 g‘fe** 1
€—a d_e_x €-(\ta) 0+ 0
G_ = | b+ ! by by
0 0 0 0 1 0
1 0 0 0 0 eg‘_“
01 H= 0 e
A = diagles, 1, eqa,e—a,e—y,1]
if v < a, and by
i 0 ;Z 0 *ﬁ [y 3 ]
R
Gy=| 9- 0 0 E 0 A )
0 0 by 0 0 0
0 Lo 00 fren 0
| 0 0 0 0 g— 0
0 0 0 1 0 0
0 0 0 0 g‘;** 1
+
fza  q d_e_x €_(A+a) 0 0
G_ = by by by
0 0 0 0 1 0
1 0 0 0 0 i}i‘*
0 0 1 Sro - 0

(with the same A) if v > a.

Case 11: d_ #0, f+ =

0. The APw factorization of G is given by

5= 0 exp 0 0
ey _d_
01 eo e v
- g 0 0 0 e |
0 0 b. 0 0 0
0 0 0 0 1 0
0 0 0 g— 0 0
0 0 0 1 0 0
0 0 0 0 0 1
e_qo d_e_ e_ o
o 1 b+/\ (b:_-%—) 0 0
1 0 0 0 0 = |
0 0 0 0 1 0
0 0 1 S 0 sfgj

A = diagley, ev, €a,e—1,e-x,1]
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if v < a, and

0 —d 0 expp 0 —%o
01 0 e -2 0 bfg,
Go— | & 0 0 0 0|
0 0 b, 0 0 0
0 0 0 0 1 0
0 0 0 g— 0 0
0 0 0 1 0 0
0 0 1 e 00
e_qo d_e_x €—(Ata)
a |51 = 00 )
1 0 0 0 0 ==
0 0 0 0 1 0
0 0 —d_—g-eqa—r —g-e—, 0 1
A = diaglev, €a, €a,e—1,e_x, €v—a]
if v > a.
Case 12: d— =0, f+ # 0. The APw factorization of G is given by
extr 0 0 *ﬁ —ey -
0 e 0 0 —L
+9-
.| 0 01 0 0 0
TT e by 0 0 0 0 '
frex 0000 —fy e
g— 0 0 0 0 0
1 00 0 0 o
C—(Ato) _ e—2a
0 1 0 ==l 0 e
G o001 o0 0 0 |
0 0 O 0 1 0
0 0 O 1 —ef_” 0
+
0 0 0 —g_-e_, 0 1
A = diagle_,, €a,€x,6—a,6—1v,€_a]
if v < a, and
1 ey
Ex4v 0 0 _H 6—37 01
0 e 0 0 g -
G| 0 0 1 0 0 0
Tl e by 00 0 0|’
frex 0 0 0 I o
g 0 0 0 0 0
100 0 0 L
€—(A+a) €_2q
0 1 0 = 0 — e
G - 0 0 1 0 0 0 7
0 0 O 0 1 0
0 0 O 0 g‘;’* 1
+
0 0 O 1 —ef_” 0
+

A = diagle—v, ea,ex,e—a,1,e_4]

if v > a.
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Situation 6: Exactly one of the entries b4, g+ differs from zero.

Using symmetries (2.8), (1), we may without loss of generality suppose that b— # 0,
by = g+ = 0. Condition (4.5) and the first equation of (4.3) are satisfied automatically.
The other two equations of (4.3) imply that I+ = f+ = 0. Applying elementary column

operations, we can make a— = d— = 0 without changing any other entries. The further
classification depends on [_.

Case 13: [ #0.

Using elementary column operations, we may assume that f_ = 0; these operations
change the value of ay. We now distinguish several subcases in terms of the new value of
a4+ and d4.

Subcase 13a: ayd4+ # 0. The APw factorization of G is given by

a;y_ 0  —boew e 0 0
-2 = e 0 0 0
G, = —% 0 0 —ﬁ ext+r 0 ,
0 0 —a+b— areqa—, dyexn 0
0 0 0 0 - 0
0 0 0 0 0 1
I b_l_e_, l_e_
—4 -4 0 - d+* 1 0
0 0 0 1 0 0
e €_qo ape_o—€_2q diey_o
G_ = ayb_ 1 ay 0 ayb_ ayb_1_ 0 ,
1 b_e_, 0 e_x 0 0
0 0 1 0 % 0
0 0 0 0 0 1

if v < a, and by

—b- 0 ev dica 0 0
1 (l+ —
ey -5 0 0 0 0
aib_ e_a l+ayeq
G+ = $+ 0 - dy - a+Jlr, Extv 0 s
0 0 a4+ 0 d+ex 0
0 0 0 0 I 0
0 0 0 0 0 1
[0 1 0 oo 0 0]
0 0 0 1 0 0
14 —a b_e_x 0 €—(A\ta) d+el—a 0
G- = o b_l_(a ::_fe_l,) I_(a eaj:,—e_ ) “re )
—d +d+ 0 + i A 1 0
0 0 1 0 "‘f_‘* 0
L O 0 0 0 0 1]

A = diaglea, ev, €a, €v—a,€—v,e_1]

if v > a.
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Subcase 13b: a4 = 0. The APw factorization of G is given by

ex 0 T 0 0
0 —7& 0 ey 0 0
G, =0 0 -4~ 0 exqp O 7
10 0 0 dyex O
0 0 0 0 - 0
0 0 0 0 0 1
1 boey 0 eox —2 0
0 0 0 1 0 0
0 0 0 0 10
“=lo 1 o S0 o
o 0 1 0 %= 0
0 0 0 0 0 1

A = diag[l,ev, e, €a,6—1,e_1].

Subcase 13c: a4+ # 0, d+ = 0. Then G can be represented as G = X G’ X_, where

1 0 0 0 0 0
—aater L0 ey, 000
1
X, = 0 0 -~ 0 e O
0 0 0 b 0 0
0 0 0 0 -0
0 0 0 0 0 1
is invertible in APV'*‘}7
10 0 O 0 0
00 0 1 0 0
00 0 O 1 0
X-=1o 10 <= 0 o
001 0 = 0
0 0 0 O 0 1
is invertible in APy, , and
ex 0 0 0 0 0
0 e, 0 0 0 0
w_|,.0 0 e 0 0 0
T 0 0 e 00
0 0 0 0 e O
0 0 O 0 0 e-a

Obviously, G’ can be represented as a direct sum of a diagonal matrix diag[e,, €., e—,, e_1]
with a 2 X 2 matrix

€vta/2 0
€a/2 | e—a/2tateq/s

€_v_a/2

The latter matrix is APw factorable due to Theorem 1.2. This in turn guarantees the
APy factorability of G.
Case 14: [ = 0.
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If in addition d4+ = 0, then G splits into a direct sum of a diagonal matrix diag[ex, e—_x]
with another matrix G of the type (1.4), for which m = 2 and

o= {b, 0} o — {0 aﬂ o — {0 1}
B 0o f-|’ 0 0|’ 0 0|
The matrix G satisfies Corollary 2.5 if f_ # 0, and falls into Case 3 of Appendix B other-
wise. Either way, G is APw factorable. The APy factorability of G follows immediately.
If d4 # 0, we can use an elementary column transformation to make a4 = 0. It remains
to consider two subcases, depending on the value of f_.
Subcase 14a: f_ # 0. The APw factorization of G is given by

0 0 0 _f% Ex4v 0
0 —3= ex 0 0
G, = | 0 —ﬁ 0 0 0 ,
d+ 0 0 0 ey 0
0 0 0 0 f- 0
0 0 0 0 0 1
0 b_e_y 1 C—(A+a) _ €2« 0
dy dy dif_
0 0 0 1 0 0
G o0 10 = g o)
0 0 0 0 1 0
1 0 0 0 T 0
0 0 0 0 0 1
A = diaglea,ev,1,es, 61, e 1]
if v < a, and by
0 0 —% —b_ Extv 0
0 —7 0 ey 0 0
1
G+ = ev 0 dyf- 0 0 0 )
d+ 0 0 0 ey 0
0 0 0 0 f~ 0
0 0 0 0 0 1
0 b_e_y 1 €—(A+a) €—2a 0
dy dy dif_
0 0 0 1 0 0
G — 0 —b_fear 0 —foe_, 1 0
-~ o 1 O 0oy
1 0 0 0 T 0
0 0 0 0 0 1

A = diaglea, v, €v—a,€a,€—v,e_1]

ifr>a.

Subcase 14b: f_ = 0. The APw factorization of G is given by

0 0 ea —b_ 0 O

0 —~ o ev 00

_ 1

G = ey 0 a5 0 0 0 7

dy+ 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1
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e_q b_e_x

e~ ta)
i i 1 ff 00
0 0 0 1 0 0
1 b_e_, 0 e_x 0 0
G_ - e El
0 1 0 . 0 0
0 0 0 0 1 0
0 0 0 0 0 1

A = diaglea, v, €v, €a, -1, €-1].

a- 0 1 0 a+ dy
ol oomf ol 8]
where [_ # 0 and either /1 = 0 and exactly one of d, fy differs from zero (Situation 1),
or Iy #0, a_dete; =0 (Situation 2).
In Situation 1, we can use symmetry (1) to suppose without loss of generality that
dy =0, fy # 0. We now consider the four separate cases, depending on the zero/non-zero
pattern of a4 .

Case 1: a+ # 0.
For v < a, G can be represented as G = X G’ X_, where

Appendix D.

_an aplee, L
e Py I+ I+ 0
a_fiey 1
X, = agl_ 0 X T
+ = 2
ayea+1 = 0
+Ca i
f+ea a+l_ 0 0
is invertible in AP;{,,
_a+l,e,,, _aje_y
l4+a_e_, 5 e_x .
_a_fy ] 4 o _fre—q e_ggtate_q
X_ = ayl ay agl_ ayl_
0 _ 1+a_e_,, fe _a_e,AJre_a
ay agl_ ayl_
0 0 0 1
is invertible in APy, and
1 0 0 0]
G/ _ 0 Ca—v 0 0
0 a_e_p+1 e_o O
0 0 0 e

splits into a direct sum of a diagonal matrix diag[1, e,] with the matrix

€a—v/2 0

€_,/2 .
v/ a—€_, /2 +eu/2 €_a4v/2]

The latter matrix is APy factorable due to Theorem 1.2. This implies the APy factora-
bility of G’ and ultimately of G itself.
When v > «, the APy factorization of G is delivered by

7:7,\ l—(a+€;+_eu—a) ex — Zi 0
a_fie 1
0 €2v T A -1
Gy = 2, = B
14aqeq ajl_ )
_fa—_ f+ 1 + A4 €Eq 0
_JtCa ayl_ frea 0

a_
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l_(afa_eq_p—1) 1—a_e afa_e_,—e_q
—€—v

I+ fe
_a_fy ] 4 &=a _fie—q €_ogtaje_q
G_ = ayl_ ay agl_ agl_
1 _lea [ _ o2
a_fi a_ a_fy
0 0 0 1
A = diagle—a, ea—v,1,e].
Case 2: ay #0,a_ =0.
The APw factorization of G is delivered by
l_ey
ex fj. 1 7fa+ea 0
+ex 1
G, = 0 0 e i,
1+ ateaq f —aea—v 0
f+éa - —ay frea—v 0
_agl_e_y _aje_y
1 f+ €e_)\ f+
0 1 ~fx  cea
G_ = _ _ ,
- 1 e_qo
0 ~7 0 i
0 0 0 1
A = diag[l,e_,,1,e,]
when v < «, and by
l—(a+8u*8u—a)
1 B ex 0
_fxex e2y 0 _1
G+ — _ aaT _ ,
0 }'+_ 1+ ateq 0
0 - f+€a 0
0 1 1 e_q
atfy P atfi
o 0 e+ ay _ +l€:u 672a+:l+efa
- _agl e, _aje_y ’
1 - e_x o
0 0 0 1

if v > a.
Case 3: ay =0, a— # 0.

A = diagle_a,ea—v, 1, €]

If v < a, G can be represented as G = X1 G'X_, where

X, =

is invertible in AP;{,,

o = O O

=

I —a_e, ex
ex  —1- 0 0
0 0 0 1
0 0 —a—fy  fiea

C—a
0 [

0 0 1
l_e_q €e_qn €_2«a
a_fq a_ a_fq

l_(14+a_e_,) 1 a_e_x+e_gq

a_fq a_ a_fq
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is invertible in APy, , and

1 0 0 0
! 0 €y 0 0
¢ = 0 0 Ca—v 0

0 0 14+a-e_, e_qn

As in Case 1, G’ splits into a direct sum of a diagonal matrix and another matrix of the
type (1.4), APy factorable due to Theorem 1.2. This implies APy factorability of G.
If v > «, an explicit APw factorization of G is delivered by

_ 0 L
€2v a—ey . T €x
G+ _ 0 -1 (5N 0 ,
€r—a 0 0 1
fr(ev —a-) 0 0 fiea
1 leq e a _e2a
a_fi a_ a_fyq
0 0 0 1
G-=1 o 1 0 ca |
1 1 e:a
aA—Ca—v a_fy C—v — 5T a_fq

A = diaglea—v,en, 1, e_0a].

Case 4: ay =a- =0.
The APy factorization of G is given by
1

~5 0 e —e, 0 1 0 e
_1 0 0 0 0 0 1
G+ = e L ) G* - )
o o 1 o0 L0 en 0
0 0 fiea —f+ 0 -7 1 f+

A = diag[l,e,,1,e_,].
In Situation 2, we distinguish between the following cases, depending on D = det ¢;.
Case 5: D # 0.
Then a— = 0, and G can be represented as G = X1 G'X_, where

1 dil-ca 0 0
+
S T
X+ - 0+ d+(l+ea+a+lteu,u) 7@ ;i )
l+f 1 % fD
dyfil_ea,
0 lieq+ Slzteme e L
- dyl_e_, dye_y
L === 0 T ex 00 0
v |0 1 0 o o 0 10 0
T e aglleny  fyl_e_y ] axloecx - 0 01 0
6’ OD lﬁ OD ly +Deq 0 0 e_x
if v < a, and
ro2 dil_ R T
?%l b %f57+;2 evew 0 0 0
x._ |7 e~ - Tt R 10 0
+ 0 diea & o ’ 0 01 o0 |°
0 lyca _l_:. It I+ + Dea 0 0 eqa—w
_ D
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dil_e_ dyfire_ die_y
1 — ==Y ey —are_ Ty ——t
" A +e—v + i 0
0 1 0 T
X = felo _a+12_e,u frl_e_x 1_ ayl_e_y
D D D D
0 d 1_D D2 diDe_,
[ [ [

if v > a.

In both cases, X is invertible in APy, X_ is invertible in APy, and G’ splits into a
direct sum of I with yet another 2 x 2 matrix G2 of type (1.4), APy factorable due to
Theorem 1.2. From APy factorability of G2 we conclude that G’ is APy factorable as
well. This in turn implies the APy factorability of G.

Case 6: D=0.

Applying an elementary row operation, we may without loss of generality suppose that
a4+ = dy = 0. However, this changes the upper right entry of c_; so that d_ is now not
necessarily zero. In other words, we need to consider matrices (1.4), (1.5) with

Ja_ d- 1o CJo 0
LT 0T o ol T A 1y
and I+ # 0.

We partition this case into three subcases.
Subcase 6a: a_d— # 0.
If v < a, G can be represented as G = X G’ X_, where

a_d_ 0 —d_eq f—i
_d_fy(a_+ey) ey ex+ d_fiea—Il_ _a,(l+e,\2—l,)
X, = [ T_ T, dl,l+
0 0 0 —
Ly
Iy (d_fy—a_li)en
—d—f+ - liea a1y
is invertible in AP;{,,
a— a_€_og—Cr—a Cv—a
d_ 1 a_d_ a_l_
0 e, Fil_ | azloeatd_fy
X = l+ a,_l+ a,_l+
0 0 1 1
a_d_ a_l_
ly(a—e—p +1) d-lye_, lye_x 0

is invertible in APy, , and

Ca—v 0 0 0
' 0 1 0 0
G a_e_,+1 0 e—o O
0 0 0 1

Ca—v 0

splits into a direct sum of /2 and a 2 X 2 matrix , APy factorable due

a-e—y,+1 ev—qa
to Theorem 1.2.

When v > « the APy factorization of G is given by

—d_eq 0 —a_d_ %
d_fiea—I_ e a_d_fq _a,(l+ex—l,)
. — ex+ [ i [ a_17%
e 0 0 0 L ’

Ly
(d_fy—a_li)ea
l+€a - 0 a1
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e e~
a_fylocamy  l-(d_frea—y=loe_,) lfre., | loe_y
G- = Ly Ly Ly Ly
a_ea—y l-a_e_, 1
B —Ca-v a_d_ Tali_
I+(14+a—e_y) d_lye_, lye_x 0
and its partial AP indices equal zero, that is, A = I.
Subcase 6b: a_ = 0.
The APy factorization of G is delivered by
—d_ea 0 1 l%
I_ ey f
G. — €\ — : -1 ﬁ 0
+ 0 00 A
l ea
l+6a — d7f+6a71, *li fl+T
0 1 0 o
Pe_, fil e, I_e_x+d_fie_,
G_ = 0 [ Iy 1 dl+
0 0 1 -1
l+ dfl+€71, l+€_)\ 0
if v < a, and
—d_eq 0 - %
d_fyrea—l_ ey f
G. — e\ — 7‘*}_*_ 777_ i 0
+ 0 o 0 &
heo -l 0 L
0 1 0 el‘_"
l_(d_frea_p—l_e_,) frl_e_y 1_ l_e_»
G_ = L+ Lt dl+
0 0 1 -
l+ dfl+€71, l+€_)\ 0
if ¥ > «; in both cases all partial AP indices of G equal zero.
Subcase 6¢: a— # 0, d— = 0.
If v < a, G can be represented as G = X1 G’ X_, where
—a—_ 0 ex 0
fr(a_+ey) [ fye ey
Xp—| & eTn TR R
0 0 1 0
I+ lyea 0 —f—f
is invertible in AP;{,,
1 0 e 0
a__
0 1 0 S
X-=1o 0 - L 0
1Ze_, fal_ l_e_
0 - [ atl+ 1 [ >
is invertible in APy, , and
€a 0 0 O
;o 0 1 0 0
G l4+a-e., 0 e_o O
0 0 0 1

23
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Ca 0

splits into a direct sum of I and the matrix
l+a_e_, e_q

Theorem 1.2.
When v > «, G is APy factorable with zero partial AP indices and

, APy factorable due to

a— 0 e\ — A—_€q 0
frla_+en) _ a_frea ey
0 0 1 0 |’
1
—I+ lyea J+ea 1
A_Co—y 0 e_, — i 0
0 1 0 S
G _
- l+a_e_, 0 e_x 0
lae_l, fal_ l_e_
0 iy atl+ 1 iy >
Appendix E.
dr fx bx 1 0 0
C+1 — 0 di 0 s Co = 0 1 0 s
0 a+ O 0 0 O
where

ara_byb_ #0 and aqib_ =a_by.

In this appendix we shall use the following abbreviations:

A=a_dy —ayd- B=a_fy—ayf-
C=b_dy —byd_ D=b_fr —byf_.
Case 1: C' # 0.
The APw factorization of G is given by
i —b_e, 0 Cx
0 Ex+v — Z;ey 0
a_fiey foexquv d_eq 1
G+ _ €2v + d—eu a+b+ D_ b_ - IEE - Z
bye, +bid— —dyb_ bi* 5
_d
0 ev+d_ +dyex — aa++ 0
0 ayex 0
by
? (()l e a 0
ea +ex—a_
0 Tt T Taa —ev
b+eu+d+b_ f+ea a_b_f+7a+b+f_e>\ f_ev
- b_C a_by a_b_bi A by
bi ayDeq 0 ’
e Ta_b_A
dieqg_y aptaydieq
0 P a —dy
afen—y ay €a
0 T a_ T a_A _a’+_
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[d= _ dee—atey—a fo _ foe—a | _b-c-qa
b_ c b~ C ]
0 1 0
1+d_e_, foe_, b_e_,
G- = b_(1td_e_,) b_foe_ _ble,
by by by
0 0 0
a__
0 Ty 0
€—a _ b_e_oa—bie,_q 0 Dey_q
b_ ] a_b_C
0 _aje_g arey,_qta_die_q
A a_A
e_x 0 0
b_e_ D )
1 - == 0
by a_by
0 —a_e_, 1+d_e_,
0 1 a+d +a_e_g,
(l+(17 -
A = diaglea—v,e—v,e_v,€u, 60,60, €a, €]
if v < a, and by
r byie
—b_ 0 2+Ca
apey—a_ ¢
0 —— 0
b_dy a_b_fi—agf_biey 1+dyeq
e+ 3 b_bL A e
_ + —by
G+ = b Daeq
+ Ab_
ay(14+dieq)
A
aiea
A
ey 0 0
e a_dye,—a_e,
0 - vy —d_e, + *”a+ —
_ey—aq _d_ey frex a_b_fre,_a—b_fiAey—aybyf ez
by b_ a_by apb_by
£ 0 B
1+dye a_d?
0 —% dye, —d_dy +ep_a + +
0 fa;—_e“ A+ate,
r d_ f-
5= o 1
a_
0 —ar 0
d_Ceq_p—b_—b_d_e_, —(Ceq—p—b_e_,) b_(Ceq—p—b_e_y)
G_ = by by R
e d_e_ b_f_e_ b2 e
1+ b_"uﬁ% bofoen L
0 a_ Aea_u 0
0 1+ s f=tza 0
S 0 0
d_ [
0 1 Ta T e
b_die_,—b_e_y D
l—doe—y + —F7——2 0 a by
b_e,O\Jru)fb_*_e_a 0 _De,a
C a_C
_die_
0 —a_e_, 1+7%2 aie =
0 ape_q die_qte_24
A J
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A = diaglea, e—a, v—a,Cas€—a,a—v]

if v > a.
Observe that the condition a+b_ = a_b4 was not used in the above factorizations.
Case 2: C' = 0.

From this and the equality a4b_ = a_by it follows that d_by = d+b_ = d_a4+ = dya—,
which allows us (by using elementary row and column operations) to suppose without loss
of generality that d; = d— = 0. Under these additional conditions, the APy factorization
of G is given by

0 0 ea  —b_ 0 0
0 ex— o 0 0 -2 —e
ey, a-b_fi—ajbifoex 1 e frex frev
G.— | b aib_by by v a_by by
A Dea 0 by 0 0o |’
0 1 0 0o -+ 0
i 0 ateq 0 0 aZfa —ay |
b b foe_, ble_, boe_ D
by T by T by 1 by . 0 a_by
0 1 0 0 0 S
G — 1 f,fe,l, b_e_, §_>\ 0 0
0 y 1 e 0 0
0 0 0 0 —a_e_, 1
0 —= 0 0 1 — e
(l+ ll+ .

A = diag[l,1,ev,€a,6—a,e—1].



