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ERROR ESTIMATES IN THE NUMERICAL EVALUATION
OF SOME BEM SINGULAR INTEGRALS

G. MASTROIANNI AND G. MONEGATO

ABSTRACT. In some applications of Galerkin boundary element methods one
has to compute integrals which, after proper normalization, are of the form

/ U fzy) Y,

-1 T = y
where (a,b) = (—1,1), or (a,b) = (a,—1), or (a,b) = (1,b), and f(z,y) is a
smooth function.

In this paper we derive error estimates for a numerical approach recently
proposed to evaluate the above integral when a p—, or h — p, formulation of
a Galerkin method is used. This approach suggests approximating the inner
integral by a quadrature formula of interpolatory type that exactly integrates
the Cauchy kernel, and the outer integral by a rule which takes into account
the log endpoint singularities of its integrand. Some numerical examples are
also given.

1. INTRODUCTION

In the applications of Galerkin boundary element methods, for the numerical
solution of one-dimensional singular and hypersingular integral equations, one has
to deal (see [1]) with integrals which after proper normalization are of the form

(1.1) / /1 pra— d dy,

where (a,b) = (-1,1), or (a,b) = (a,—1), or (a,b) = (1,b), and f(z,y) is a smooth
function of both variables. When y € (—1, 1), the inner integral is defined in the
Cauchy principal value sense and will be denoted by the symbol §. In particular,
one has to approximate (1.1) by quadrature rules.

Incidentally we note that two-dimensional singular integrals of type (1.1) arise
also in the calculation of the aerodynamic load on a lifting body (see [2]), and in
this context some numerical procedures for their evaluation have been proposed in
18], [18].

A recent new numerical approach (see [I], [7]) suggests approximating the inner
integral by a quadrature formula of interpolatory type, based on the zeros of Le-
gendre polynomials, which exactly integrates the Cauchy kernel times an arbitrary
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252 G. MASTROIANNI AND G. MONEGATO

polynomial of degree n — 1 and assumes the form

137—

whenevery € (—1,1)ory ¢ (—1, 1) but is very close to one of the endpoints. For the
construction of these rules see [12]. When y is sufficiently away from (—1,1), then
the integral is evaluated by a standard Gauss-Legendre formula. The outer integral
should be computed using rules like those proposed in [14] Remark 1] or [16], which
take into account the endpoint singular behaviour of the integrand function. These
rules are of the form

b m
(1.3) / Fp)dy = om;F(gm ) + Ron(F),

a j=1

with v, ; > 0,5 = 1,...,m, and, taking for example (a,b) = (—1,1), they satisfy
the convergence property

T logh(1 -y ) " logh(1 -9
1.4 lim TN . £ .2 LA / —————dy
(14) mﬂooz ™ (1- ym,j)ﬁ - (1 y2)ﬁ

for § <1, k = 0,1. More generally, they converge whenever F(y) has only inte-
grable endpoint singularities.
The composition of (1.2) and (1.3) then leads to the final formula

T m n
/ f y dy = Z Um,j Z wn,i(ymd)f(xn,iv ym,j) + Rm,n(f)a
=1 i=1

-1 =Y

where

! f(xa)

-1 T —

(1.6) va,] (f3Ym.j) + B di).

Following [I], here we are referring to a p-formulation of the Galerkin BEM and
are interested in the accurate calculation of the corresponding integrals of form
(1.1). Therefore, we are not concerned with the behaviour of the quadrature rule,
having fixed the number of its nodes, as the size of the domain of integration tends
to zero. Instead, given a boundary element of fixed length, we let the number of
points tend to infinity and want to know the behaviour of Ry, »(f).

Since estimates for R,, are either available or easy to obtain (see [I4], [I6] and
Section 3), to determine the behaviour of Ry, »(f), as m,n — oo, we need to have
accurate pointwise (with respect to y) bounds for RI(f;y). All known estimates
refer to a variable y bounded away from the endpoints +1 (see for example [3],
[12]). In this paper we derive for (1.2) a pointwise error estimate which, taking into
account property (1.4), will then allow us to obtain a bound for the global term
(1.6).

The estimate we derive for RL(f;y) may be useful for other types of applica-
tions. For example it could be used to obtain uniform (with respect to the colloca-
tion point) error estimates for the evaluation of integrals required by a collocation
method, or to obtain weighted uniform estimates for Nystrom-type interpolants for
second kind singular integral equations on bounded intervals.
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NUMERICAL EVALUATION OF SOME BEM SINGULAR INTEGRALS 253

2. POINTWISE ERROR ESTIMATES FOR THE INNER INTEGRAL

For the sake of generality, we will derive a pointwise error estimate for a quadra-
ture rule of type (1.2) when a symmetric Jacobi weight function w®(x) :=
(1 —2%)% a > —1, is also present. Our results could be proved for a more general
Jacobi weight function w®?(z) = (1 — 2)*(1 4+ x)%,a, 3 > —1, but this would in-
troduce more cases to be examined in the proofs, depending upon the values of the
two parameters «, 3; the proofs would be very similar anyway.

Thus we consider the quadrature rule

ey f @Il S W + R,
i=1

-1

It is of interpolatory type and is obtained by replacing, for any given y, f(z,y) by
its Lagrange interpolation (with respect to =) polynomial of degree n — 1, that we
shall denote by L, (f,y;z), based on the zeros of the nth-degree Jacobi polynomial
P (@) =1 < pp <+ <apg <1 (see [19]).

In the following we define

1
x?
(2.2) H(fy) = f{ wo () L) g
-1 Ty
We shall also make use of the quantities (see [8 (12.1.2)])

T

Al pof o) i= -1 () £+ (5 = Rmoto).)

k=0

T

Ao o) i= S0P () ) + (5 = o)

k=0

(23)  wi(fit) = wi(fit)e = Oilillgtmax{ﬂﬁiwfﬂb 1A g fllry, ¢ <1,

where h > 0,7 > 1 an integer, ¢(z) := V1 — 22, I :=[-1,1]%
1flloe = 11£ll1 := sup |f (@, )]

and

Ajngf(@,y) =0
whenever one of the arguments of f on the right-hand sides of the above definitions
does not belong to 1.

Incidentally, we notice that if in the definition of A7, ,f we choose ¢ =1, then
the corresponding wj reduces to the ordinary modulus of continuity, which is greater
than or equal to that defined in (2.3). To obtain accurate pointwise error estimates
for (2.1), we need to use (2.3). This is because, among other properties, the new
modulus satisfies the following two inequalities:

(24) En(flee S@f(f2) (e B (12.13),
[1/]

(2.5) i) S et” S (k1) Eu(f)ee (see [8, (12.14))),
k=0
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254 G. MASTROIANNI AND G. MONEGATO

wher
(2.6) Ep(floo == inf |If = prllo-
pr €Il

These bounds will be fundamental in deriving our results.

For notational convenience, we shall also set w;(f,t) := w}(f,t); moreover, the
symbol ¢ will denote a constant which in general will take different values at different
occurences.

Theorem 1. Let a > —1 and y € (—1,1). For any f € C[-1,1]*> we have

(27) |f¥(f;y>|s;cha<yn|f|a>+»]£1f2i§iﬂlduL
with
w*(y), —1<a<0,
ha(y) = 1ogﬁ, a=0,
1, a >0,

where the constant ¢ = c¢(a) depends only upon «.

Proof. Assume first —1 < y < —1/2; then, since =1 <2y +1 <0 and 2y +1 >y,

we write
1 2y+1 1
]{ wa(x)f(x’y)dx:f —|—/ =1 + I5.
1 r—y -1 2y+1

To bound I we proceed as follows. Notice first that z > 2y + 1 implies 0 <

;"’Tz < 2; therefore we have
1

(2.8) |[Ip| < 2||f||oo/2 1(1 —2)%(1 + 2)* 'dx.
Y+

Moreover,

1 0 1
— )¢ ) e < e ) Ldx — 2)%z] < chy(y).
[ a-orararta <[ ara s [0- 0l < o)

y+1 2y+1

By inserting the latter bound into (2.8) we obtain
(2.9) [L2] < 2¢]| flloo (1 + ).
To bound I, first we note that

2y+1 d
7, 750
-1 r—=Yy

y+(1+y) _
I = wa(y)/ f@y) — fyy)
y—(1+y) r—y

hence write

2y+1 o o
[ e W s ey,
—1 -

*II;, below denotes the space of all polynomials of degree k in each variable.
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NUMERICAL EVALUATION OF SOME BEM SINGULAR INTEGRALS 255

We have
v — y+(1+y) _
I = wa(y)[/ Mdm +/ de]v
(1+y) r—Yy " T—y
hence, setting = —y = ud(y)/2,

| /2 Fly+ue(y)/2,y) = fly—ud(y)/2,9) ul

I/ — (e
|11 = w*(y) w

u

1
<uto) sl @Iy s ) e

Therefore, recalling definition (2.3) we have

1
(2.10) 1<) [ aus 20l

To bound I}’ we notice first that

w(z) — w(y)

(=)~ (1=y)",

R e R R
and then write
L N B R L e e
. 1= 00 . x T —y X
e [T ) - (e
w—ye [

Since y < —1/2 and z < 2y + 1 < 0, we have

|(1—af)“—(1—y)"|

<c
r—y
Moreover, setting 1 + « = u(1 + y) we obtain
1+2) — (1+y)* Lt -1
( ) ( y) _ (1 +y)a 1 .
r—y u—1
Thus, from (2.11) we have
2
(2.12) 1] < ell flloo(1 + )2 + w“(y)/ ] < el fllocw® (y)-
0

Combining (2.9), (2. 10) and (2.12), we finally obtain
1
e 1§ vl <o [ 250,

where ¢ = ¢(«) depends only upon a.

The cases &« = 0 and « > 0 are even simpler. They can be easily derived by
repeating the preceding arguments, after having introduced some obvious simplifi-
cations. The symmetric situation 1/2 < y < 1 is quite similar; indeed it is sufficient
to replace y by —y in the proof above.

The final case —1/2 <y < 1/2 is fairly simple and can be dealt with as follows.
Let us consider

1 y+4 1
(214) AZ% wo‘(a: / % / :IA1 +A2—|—A3
-1 1 y+}
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256 G. MASTROIANNI AND G. MONEGATO

We have

4] < cllflloo/ "0 (@) < el flloo

and, similarly,
|43 < el flloo-
For the remaining integral we proceed as follows. Write first

vt f(z,y) — f(yvy)dx_'_/eri w®(x) —wa(y)dx.
-y Y T —y

2.15 Ay = w®
1) =ww) [
Hence, setting z = y + ud(y)/2, note that
+4 26y
|/yl ffcy f@y) — fy.y) |/ W f(y +ud(y)/2,y) - TW9) 4

1
4

Y 2¢(y) v
eI — - !
SC/ o[y +udly)/2,y) = fly u¢(y)/2,y)|du§0/ wi(fow)
0 u 0 u
By inserting this bound into (2.15) we obtain
1
wr(f,u
el < ell o+ [ 20,
0 (3
and finally, from (2.14),
1
a wr fa U
Al < et @)l + [ 2,
0 u
ie., (2.7). O

Theorem 2. Given any polynomial py,(x,y) of degree m > 1 in x and y, and a
function f(x,y) such that
1
/ wilf,u) du < 00,
O u

we have
(2.16)

[H(f = pmi )| < chaW)[|f —pm||oo1ogm+/0“ Wflu]

for any o > —1 and r > 1, where the constant ¢ = c¢(a) depends only upon o and
ha(y) is defined as in Theorem 1.

, —l<y <1,

Proof. Recalling (2.4), we consider first the term

/ Wl(f Pm,Uu / / . By + Bs
0 m ,
and note that

(2.17) |B2| < c||lf = pmlloc logm, m > 1,
since from the definition of w; it follows that

wr(fyu) < ¢ flloo-
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NUMERICAL EVALUATION OF SOME BEM SINGULAR INTEGRALS 257

To bound B; we use inequality (2.5) with » = 1 and

”.f _pmHom k< m,
(2.18) Er(f —pPm)oo < {Ek(f)oo, =,

The bound (2.18) follows directly from the definition of Ey(f)s. These inequalities
allow us to write

(2.19)
[1/u] [1/u]

Wl(f —pm,U) <cu Z Ek(f _pm)oo < CU[(m+ 1)Hf _pmHoo + Z Ek(f)oo
k=0 k>mt1

Recalling (2.4) we further have

[1/u] [1/u]—1
2.2 E o <
(2.20) Z & (f) c Z Wy f’k—i—l)
k=m+1
[1/u]=1 pt1 1 i,
e 1 w1 m o Wwh(f,t)
<c k:Zm /k Wf(fa;)d’USC/m wI(f;;)dv:c/u It2 dt, r > 1.

Thus (2.19) becomes

=
(2.21) wi(f —pm,u) <cul(m+ V| f — pmlloo —|—/ Tdt], r>1,
u
and the integral By can be estimated as

1By] < clllf = pmlloe + / / “’f D gt v > 1.

By interchanging the order of integration, the last double integral can be rewritten
as

(2.22) /0_ wiltht)

t
Finally, from (2.22) and (2.17) we derive the bound
1 _ . Loore.
/ Mdugc[ﬂf—pmﬂwlogm—i—/ Mdu].
0 u 0 u
Combining the latter with Theorem 1, we obtain (2.16). O

Remark 1. If wj(f,u) = O(u?) for some real v > 0, then
/ wi(f,u) du=0(m™").
0 u

In particular, when f € Hp(p, p), where Hp(u, ) denotes the space of functions
with all partial derivatives of order < p continuous on [—1,1]2, and with those of
order p that are Holder continuous of degree p, we have

wi(f,u) = Oul*"),
for any integer r > p + i, hence

/1 wilf,v) du = O(m™P™H).
0

u
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258 G. MASTROIANNI AND G. MONEGATO

Theorem 3. Let —% <a< % and y € (—1,1). Given any f € C[-1,1]2, for the
remainder term in (2.1) we have

_ =
@23) IR0 < o) (Ntogn+ [T 0, s,
0
where
wi =i (y), a <0,
ﬁa(y) = Qw1 (y) log 1—1y2’ a=0,
1
w i (y), a>0,
and ¢ = ¢(a) depends only upon c.
Proof. From the representation
1
o fxay _Ln fvyax
e
-1 r—y
we know that the bound
Pm\T, Y
|R’fy|<|/ L_;"(
(2.24)
+|/ f_pmay7 )d|_11+12
r—=y

holds for any polynomial p,, of degree m < n — 1 with respect to each variable. By
taking as p,, a “best” (uniform) approximation polynomial of degree n — 1 defined
by (2.18), from Theorem 2 we immediately derive

1
=1 Wi(f,u
(2.25) || < cho(Y)[En-1(f)oo logn—l—/ %du]
0
To bound I, for notational convenience we set e,, = f — p,, and write
1 1
L . — L . «
12 :/ ’U}a(l‘) n(@mw%@ n(emw’y)dﬂt—l-Ln(em,y,y)/ w (.13) dq;
-1 r—=y -1 T-Y

Then we discretize the first integral by means of the corresponding n-point Gaussian
rule with nodes {x,;} and weights {),;}; we obtain

emvyaxn z) _Ln(em;y;y) /1 wa(x)
226 )\n 7 —+ Ln €m, Y, d;[,’
(2:26) Z P (em, y5 ) i

ifall z,; #y, or

em; 7xn i) Ln €m, Y
(2.27) Z Ay Lolemo o) = Bnlems i) 4y g e iy)
im Lt Tng —Y

1 oY
w®(z) da

+Ln(em,y; y)/

I ()

ifx,; =y.
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NUMERICAL EVALUATION OF SOME BEM SINGULAR INTEGRALS 259

For simplicity we examine only (2.26), since the case of (2.27) is very similar.
Expression (2.26) can be reformulated as

(y)Ln (erm Y; y)

s )

+ z": )\nzw + Ani, Ly(em,y; Tni.) — Ln(em,y;v)
=L Tni—Y Tnic =Y
= A1 AQ —+ 1437
where
1 o n A .
- [ 5
1Ty =i, Tt T Y

and z, ;, denotes the closest node to y. Notice that since m = n — 1, above we
have used the property Ly (em,Y; Tn,i) = em(Tn,i;y).

We recall (see for example [6, Lemma 5.3]) that the following bound has been
proved:

A ()] < cha(y),
where hq(y) is defined as in (2.7). Moreover, since (see [10, (2.7) and (2.11)]) for

a>—1/2
w33 L (em, 43 )lloo < cllem||oo logm,
for A; we have
ha
(2.28) |[A1]| < ciﬂemﬂmlogn.

witi(y)
To bound Ay we recall preliminarily that from [4, Lemma 3.4] we have

/\n,i

< chg (y) logn,

i=1,i#i, @i =Yl
hence
(2.29) |Az| < chao(y)]|em||oo logn.
In the case of A3 we rewrite the corresponding expression in the form
A3 - An,icL{n(ema Y; gn,ic)7 |y - fn,ic < |y — Tn,i. |7
recall (see [I7, p.370]) the estimate
1-—- xfmu
(2.30) M~ 0 ),

and note that for y € [-1+ 9,1 —6],0 = (1 — xy,,1)/2, we have
1+&, ~1xax,,;, ~1Ly,

where a ~ b means that there exist two positive constants ci,co such that ¢; <
a/b < ca. We obtain

Cc
sl < 202 (6 )Ly (ems v )]

hence

a__ 1 a1 a1
|As| < cw? "7 (&ni)|[w2 T Ly (em, v ) [loo < cw? % (y)leml|oo logn,
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260 G. MASTROIANNI AND G. MONEGATO

since
1
E||w6+1/2p;c||oo S cHwﬁpkHOOa 6 Z 0)

for any polynomial of degree k > 1. This last estimate follows almost immediately
from [17, Lemma 2] (see, for example, [11], Corollary 2.3]). Finally,

(2.31) |As] < cw%_%(y)ﬂemﬂoologm.

From (2.28), (2.29) and (2.31) bound (2.23) follows.
The case y ¢ [-14 6,1 — 0] follows directly from expression (2.26) and the above
bounds once we rewrite it in the form

I = [ e ()] Dl A (9) 4 — 2]
nyig. — Y Tni. —Y
where i, is either 1 or n. To this end we further need to recall the symmetry of the
nodes z, ;, hence notice that from (2.30), the estimate (see [T9]) 1 — 21 ~ n=2
and the bound y — x,,,; > § we also have
)\n,l

Tni1—Y

1 if a >0,

< cw™(zp 1) <
< (@n1) _C{wa(y) if o <O.

Remark 2. If in (2.23) f € Hp(p, 1), 0 < p <1, then

Baa(Dl < [T gy — oy

0
for any given integer r > p 4 1, and

clogn -
(2.32) Ry (f39)] < ot a(y):

Next we examine the situation |y| > 1. The derivation of the corresponding
results is fairly simple.

Lemma 1. For any real 8 > —1 and |y| > 1, we have

bl ()
2.33 / —dx| < ¢b ,
(233 [ S ] < ayt)
where
1, 08>0,
ds(y) = q |log(y* = 1), 8=0,
(y2 - 1)57 6 < 0)

and the constant ¢ = ¢() depends only upon (.

Proof. When § = 0 a direct calculation of the above integral gives the bound
|log(y? — 1)|. When 3 # 0, it is sufficient to consider the integral

1

1— )8

I :/ ﬂdm, y > 1.
o Yy—x

For 8 > 0 this integral can be bounded by

1
|I|§/ (1—x)° ldz <ec.
0
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NUMERICAL EVALUATION OF SOME BEM SINGULAR INTEGRALS 261

For f < 0 we could represent I by using the Gauss hypergeometric function
2 F1(1,1,8 + 2;1/y) (see [9]); however this becomes singular as y — 11 and we
should derive its behaviour. For our purposes it is sufficient to proceed in the
following elementary way.

Write
1 (1;910)6
I:(y—l)ﬁ/ VT dx
o Y—T
_1- : :
and set t = y—_f We obtain, assuming y < 2,
1
=1 P
I=(y—1)7° ——dt
-1 /0 t+1

1 e
< (y—1)ﬂ[/0 tﬁdt+/1‘ tP71dt] < e(y — 1)°.

By considering then the corresponding integral over (—1, 0) we finally obtain (2.33).
([l

Since in the present case the results corresponding to those of Theorems 1 and
2 are trivial to derive, we state explicitly only the one concerning the behaviour of
the remainder term RI(f;y).

Theorem 4. Let a > —1/2 and |y| > 1. Given any f € C[—1,1]2, for the remain-
der term in (2.1) we have

(2'34) |R’{l(f7 y)' < Cgoz(y)En—l(f)oo logn,

where

o1
[log(y* = 1)| ifa=3,

daly) =31 if >4,
(Y2 —1)2"1  otherwise.

Proof. We note preliminarily that

|/ P ol < el | 2o = ol 1,

where d,(y) is defined as in Lemma 2. Then we consider

m (T,
r—y
+|/ fxf'Z’y’) 3| = L+ b,

where p,,, denotes a best (uniform) approximation polynomial of degree n — 1 as-
sociated with f. Recalling Lemma 2, it is then straightforward to derive for I; the
bound

|Il| < Céa(y)En—l(f)oo-
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262 G. MASTROIANNI AND G. MONEGATO

To bound I> we need to assume a > —1/2. In this case we have

1 gJ’,l _ .
|I2| _ |/ w%fi(x)wz 4(x)Ln(f pm’y,x)d$|
—1

r—=y
< |wtiL Lt E 1
< flw Ln(f = pm)loo T c %,%(y) n—1(f) oo log n.
This proves (2.34). m

3. BEHAVIOUR OF THE GLOBAL ERROR AND NUMERICAL EXAMPLES

For the remainder term of our quadrature formula (1.2), in Section 2 we have
derived a pointwise bound which is, whenever f € Hy(u, 1), p > 0, of the form

|RL(fiy)| < cg(y)n™P *logn.

where the constant ¢ is independent of y and n, while the function g(y) is
(1—y2)"4log 1_1y2 when |y| < 1, and (y2 —1)~% when |y| > 1.

The quadratures we suggest using to evaluate the outer integral have positive
weights and, for functions g(y) of the type defined above, they satisfy the conver-
gence property

b
n}@wvaggymg) /g(y)dy;

7j=1

furthermore, for the corresponding error term in (1.3) in general we have the esti-
mates that we present next.
When in (1.3) F(y) is of the form 1og| 175 |h(y), with h(y) analytic, then the rules

proposed in [14, Remark 1] and in [16] produce errors of the form R, (F) = O(m™!)
with [ > 0 that can be arbitrarily high. In particular we have

1
z,- _
R ( f@) )dx) =0(m™)
-1 -
whenever f(z,y) is analytic with respect to both variables and, in the case of rule
[14], the required smoothing exponent is sufficiently large. To see this it is sufficient
to write

TEDZTCD gy i1, 10—

31)  Fy) = b fy) y / f(z,y) (

-1 =Y

and recall the convergence estimates obtained in [14} (see also [Bl Theorem 6]) [16].

This is the situation that most frequently occurs in BEM applications. However,
if we want to consider the more general case of a function f € Hp(p, p) for some
integer p > 0 and real 0 < p < 1, then the rule proposed in [I4] appears more
suitable. We recall that this rule originates from the combination of a smoothing
change of variable y = ~(s) of polynomial type (see (3.7),(3.8) below), mapping
[-1,1] onto [—1,1] and with |7/(s)] < ¢ in the interval of integration, and the
application of the n-point Gauss-Legendre rule to the transformed integral. By
taking a proper smoothing exponent in 7(s), for this rule we obtain the following
convergence result.
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Theorem 5. When in (1.6) f € Hp(u,p), for some integer p > 0 and real 0 <
w <1, then we have

1
(32) R [ 180y < ogmer-reey,
with € > 0 arbitrarily small.

Proof. First we notice that we can always associate with the function

X

a sequence of polynomials {gx(y) € II;} such that

c
19— akllo < Tptn—c’

with € > 0 arbitrarily small.

To see this it is sufficient to recall the proofs given in [13] for results which in
some sense are similar. Indeed, if p;(z,y) € II; is a best (uniform) approximation
polynomial defined by (2.6), i.e., such that ||f — pj|jcc = O(j~P~#*€), then

1
D\, — Db;\Y,
g5 1 (1) = / i(@y) —pi(,y)
-1 =Yy
is a polynomial of degree 25 — 1, and furthermore (see [I3], p.166])

c
”g - (I2j—1||oo < j;v-i-T'

A polynomial go;(y) of degree 2j, satisfying the same estimate, can be easily ob-
tained by adding to g2j_1(y) a term of the type y* /jPHH.
Therefore, a sequence of polynomials gx(y), of degree k =0, 1,2, ..., such that

c
(3.3) g — qrlloo < Tpta—c
can always be found, and
, c
_max lg(3(5)) = ax(v(s))V' ()l < =

To derive the final estimate we set in (1.3)

1-y
Fly)=g9W)+9),  g0(y):= fy,y) logl—1 it
hence write

R (F) = R (g) + Rm(g0)-

By subtracting from g a polynomial g, defined above, of proper degree k, and from
go((s))7'(s) a best (uniform) approximation polynomial, we obtain (3.2). O

Remark 3. Incidentally we notice that (3.3) in particular implies
c
Bi(9)ee < oo
hence, using the one-dimensional analogue of (2.5) (see [8] (2.1.2), (7.2.6)]), that

C
mp+H_E ’

1 —r - r—
k=0
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Therefore, for the global error (1.6) we have the bounds (see Theorem 3 and
Remark 1)

(3.4) Rpn(f) =0(n™"") +0(m™"),

with I; > 0 that can be arbitrarily large, when f is analytic and we use the rules
proposed in [14], with a sufficiently large smoothing exponent g, or in [16]. When-
ever f € Hy(u, ) and we use the quadrature suggested in [14] (with a sufficiently
large smoothing exponent) we have

(3.5) Ryn(f) = O P H"logn) + O(m P~HTe),

with € > 0 arbitrarily small.
To check the validity of these bounds, we consider the following integral

(36) R

first with f(z,y) = fi(z,y) = log[(z + 2)? + y?], and then with f(x,y) = fa(x,y) =
ly — 1.52]%% 4+ (z — 0.3)2, and apply to it formula (1.6) with m = n. Here we take
m = n only for simplicity, since our main goal is to test the theoretical convergence
estimate we have derived. From the computational point of view there might be
more convenient choices of m.

In particular, as rule (1.3) we take the n-point Gauss-Legendre rule combined
with the smoothing procedure suggested in [I4]. This procedure is given by the
change of variable

(¢ =D [ s -1
(3.7) y=m(s):= m/o 27 (1 —2)T de, ¢ > 1.
It is a nondecreasing function which maps [0, 1] onto [0, 1] and has all derivatives of
order k,k =1,...,q — 1, vanishing at the endpoints 0, 1. Recalling the convergence
estimate derived in [b] Theorem 6], for the above procedure in the case of I1(f1)
we will have R, = O(n"24logn), hence R, ,(f) = O(n~2?logn) since the function
f1 is analytic in the domain of integration.

In the case of I1(f2) we have fa € H2(0.6,0.6). From Theorem 3 and Remark
1 the bound |RZ(f2;y)| < chan™2%logn then follows; taking ¢ = 2 in (3.7), from
(3.5) we obtain R, ,(f2) = O(n=26%¢). Actually, in this case, a finer error estimate
gives O(n=20T¢) 4+ O(n"%41logn).

The corresponding relative errors are reported in the tables below. As exact
values we consider the approximations given by our quadrature rule with ¢ = 4 and
n = 128:

I (f1) = 0.312377389077288, I (f2) =2 0.741458766596067.

The quantity EOC = log 2= /log 2, where e, is the absolute error produced by the

€2n
rule with n = m = k, denotes the estimated order of convergence (see Tables 1 and

2).
Finally we consider the integral

0 1
1'2(1’11):/71 ; 7f;(f’z)dfﬂdy

and apply the procedure suggested in [I]. Since in this case the associated function
F(y) (see (1.3)) has a log singularity only at the origin, it is sufficient to introduce
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TABLE 1. Relative errors and EOCs for 1,(f1).

n q= EOC qg=2 EOC q=3 EOC qg=4 EOC q= EOC
4 | 9.6E-02 2.2E-02 2.5E-02 2.1E-01 5.1E-01
1.88 3.67 6.54 11.9 11.5
8 | 2.6E-02 1.7E-03 2.7E-04 5.6E-05 1.8E-04
1.93 3.86 5.93 7.59 12.5
16 | 6.8E-03 1.2E-04 4.5E-06 2.9E-07 3.0E-08
1.96 3.92 5.90 7.91 9.98
32 | 1.8E-03 7.9E-06 7.5E-08 1.2E-09 3.0E-11
1.98 3.96 5.94 7.93 9.05
64 | 4.5E-04 5.1E-07 1.2E-09 4.9E-12 5.7E-14
1.99 3.98 5.97
128 | 1.1E-04 3.2E-08 1.9E-11

TABLE 2. Relative errors and EOCs for 1, (fs).

n q= EOC q=2 EOC q=3 EOC qg=4 EOC q= EOC
4 | 2.7E-02 2.5E-02 1.9E-02 4.4E-02 1.4E-01
2.02 4.75 5.05 7.07 8.62
8 | 6.6E-03 9.2E-04 5.8E-04 3.3E-04 3.7E-04
1.91 2.79 3.45 2.61 2.08
16 | 1.8E-03 1.3E-04 5.3E-05 5.3E-05 8.7E-05
1.95 4.99 6.24 3.49 6.26
32 | 4.6E-04 4.2E-06 6.9E-07 4.8E-06 1.1E-06
1.98 4.71 1.93 7.69 1.09
64 | 1.2E-04 1.6E-07 1.8E-07 2.3E-08 5.3E-07
1.99 2.94 4.51
128 | 2.9E-05 2.1E-08 8.0E-09

the simpler change of variable
(3.8) y="2(s) =% qg=1,

which leads to the bound R, (f1) = O(n=271logn). For the evaluation of the inner
integral we proceed as suggested in [I] (see also [[7]): we use (1.2) when, for example,
—0.05 = yp < y <0, and the n-point Gauss-Legendre formula otherwise. We recall
that in this particular case the remainder term of the latter rule is O(n~!) with
[ arbitrarily large; therefore it can also be bounded by (2.34). This allows us to
obtain the final estimate

Ryn(f1) = O(n_Qq logn).

The above choice of yq is purely indicative. We recall that if it is too large, then the
recurrence relationships used to compute the weights of the internal quadrature rule
are unstable (see [7]); if, on the contrary, it is too small, then the Gauss-Legendre
rule that we use to compute the inner integral whenever —1 < y < yo would require
too many points to produce the required accuracy. A good choice of yg should be
suggested by a criterion analogous to that used in [7].

Some numerical results are reported in Table 3. In this example as reference value
for the computation of the errors we have considered the approximation obtained
with ¢ =5 and n = 64:

I(f1) = 2.411514970798973.

All computations have been performed using double precision arithmetic (16 digits);
nodes and weights of the Gauss-Legendre formulas have been computed to about
15 digit accuracy.
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TABLE 3. Relative errors and EOCs for 1.(f1).

n q= EOC qg=2 EOC q=3 EOC qg=4 EOC q= EOC
1 2.36-02 1.15-04 3.7E-04 2.0E-04 9.1E-04
2.20 3.77 2.89 6.31 4.43
8 | 5.1E-03 3.0E-05 5.0E-05 3.7E-06 4.2E-05
1.92 1.96 9.18 12.1 17.8
16 | 1.3E-03 7.8E-06 8.6E-08 8.5E-10 1.8E-10
1.96 3.92 5.89 6.99 11.9
32 | 3.4E-04 5.2E-07 1.5E-09 6.7E-12 4.6E-14
1.98 3.96 5.94 7.84
64 | 8.7E-05 3.3E-08 2.4E-11 2.9E-14
1.99 3.62
128 | 2.2E-05 2.7E-09
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