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CONVERGENCE OF RELAXATION SCHEMES
TO THE EQUATIONS OF ELASTODYNAMICS

LAURENT GOSSE AND ATHANASIOS E. TZAVARAS

Abstract. We study the effect of approximation matrices to semi-discrete
relaxation schemes for the equations of one-dimensional elastodynamics. We
consider a semi-discrete relaxation scheme and establish convergence using the
Lp theory of compensated compactness. Then we study the convergence of
an associated relaxation-diffusion system, inspired by the scheme. Numerical
comparisons of fully-discrete schemes are carried out.

1. Introduction

Relaxation approximations of hyperbolic conservation laws appear in diverse
models in continuum mechanics and kinetic theory of gases, and serve as a ground-
stage for the design of numerical schemes for hyperbolic systems of conservation
laws (see [9, 4, 5, 23, 2] for a range of perspectives and [16] for the related subject
of kinetic schemes). The convergence properties of relaxation systems and associ-
ated relaxation schemes for scalar conservation laws are presently well understood
(e.g., [4, 15, 1, 21, 10, 11]). By contrast, when the zero-relaxation limit is a system
of conservation laws, the dissipative effect of relaxation is subtle to capture and
convergence results were only recently established [22, 23, 17, 12].

The issue of dependence on the approximation matrix, familiar from the theory
of viscosity approximations, has a counterpart in the theory of relaxation approxi-
mations and their associated relaxation schemes. As a test case to investigate this
issue, we consider the system of one-dimensional elastodynamics,

ut − vx = 0,
vt − g(u)x = 0,(1)

where u stands for the (shear) strain and v for the velocity in the direction of the
motion.

We compare two relaxation systems, both having as zero relaxation limit ε→ 0
the equations (1). The first system reads:

ut − vx = 0,
vt − σx = 0,

(σ − Eu)t = − 1
ε (σ − g(u)) .

(2)
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It is a model in viscoelasticity [7, 23], and it may be put into the equivalent form

ut − vx = 0,
vt − g(u)x = ε

(
Evxx − vtt

)
,

(3)

of an approximation of (1) by one wave equation. The second system is of the type
proposed by Jin and Xin in [9]:

ut − px = 0,
vt − rx = 0,

pt − κux = − 1
ε (p− v),

rt − λvx = − 1
ε (r − g(u)),

(4)

and it may be written in the equivalent form

ut − vx = ε
(
κuxx − utt

)
,

vt − g(u)x = ε
(
λvxx − vtt

)(5)

of an approximation of (1) by two wave equations.
For stress-strain functions g satisfying g′ > 0 the system (1) is strictly hyperbolic

with characteristic speeds λ1,2(u) = ±(g′(u))1/2. The zero-relaxation limit from (2)
to (1) is performed in [23] under the hypotheses g(0) = 0,

0 < γ ≤ g′(u) ≤ Γ , u ∈ R,(6)

for some positive constants γ,Γ,

(u − u0)g′′(u) 6= 0 for u 6= u0 , and
g′′, g′′′ ∈ L2 ∩ L∞(R) .(7)

and for the parameter E selected so that E > Γ. Note that (2) is a model in
viscoelasticity and that the subcharacteristic condition g′ < E guarantees that
the model is consistent with the second law of thermodynamics [7, 23]. The zero-
relaxation limit from (4) to (1) is established in [17], under the following hypotheses:
g is stricly increasing, g convex for u > 0 and concave for u < 0 and κ = λ
sufficiently large.

The objective of this article is to study the effects of different relaxation approx-
imations on the associated numerical schemes. Each of the systems (2) and (4) can
be put into diagonal form and suggests, by upwinding, very natural relaxing and
relaxed schemes. For instance, upon introducing the Riemann invariants, (2) is put
into the diagonal form

∂t
(
σ

2E + v
2
√
E

)
−
√
E∂x

(
σ

2E + v
2
√
E

)
= − 1

ε2E

(
σ − g(u)

)
,

∂t
(
σ

2E −
v

2
√
E

)
+
√
E∂x

(
σ

2E −
v

2
√
E

)
= − 1

ε2E

(
σ − g(u)

)
,

∂t
(
u− σ

E

)
= − 1

εE (g(u)− σ
)
.

(8)

Performing upwinding in (8) yields a semi-discrete scheme, for the values of (u, v, σ)
on the lattice Z,

t 7→
(
uj(t), vj(t), σj(t)

)
j∈Z

,

that reads
(uj)t − 1

2h (vj+1 − vj−1) = 1
2h
√
E

(σj+1 − 2σj + σj−1),

(vj)t − 1
2h (σj+1 − σj−1) =

√
E

2h (vj+1 − 2vj + vj−1),
(σj − Euj)t = − 1

ε (σj − g(uj)).
(9)
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In a similar fashion, (4) is diagonalizable and has corresponding upwinding relaxed
and relaxing schemes (see Jin and Xin [9]).

In Section 3, we establish convergence of the semi-discrete scheme (9) to the
elasticity system, under the hypotheses (6), (7) and E > Γ, in the parameter
range h → 0, ε → 0 with ε = O(h). The restriction ε = O(h) does not appear
in convergence results of semi-discrete schemes to scalar conservation laws [1, 11],
nor in a recent convergence result for fully disrete schemes patterned after the
relaxation system (4) (see [12]). This restriction reflects the nature of the relaxation
approximation, as is explained in this article.

Note that (9) is a formal first order discretization of (2). Experience with dis-
cretizations of hyperbolic systems would suggest that the behaviour of (9) is char-
acterized by the associated relaxation-diffusion system

ut − vx = h
1

2
√
E
σxx,

vt − σx = h

√
E

2
vxx,

(σ − Eu)t = −1
ε

(σ − g(u)).

(10)

In principle, the presence of diffusion should reinforce any stabilizing effect of relax-
ation and provide a more stable response. Indeed, this is the case for a relaxation-
diffusion system that looks exactly like (10) with the notable exception that the
term σxx is replaced by uxx (see Lu and Klingenberg [13]). However, for the system
(10) this is not the case; the slight difference in terms makes a large difference in the
analysis, which is based on using the stabilizing effect of relaxation to compensate
for the missing control of incomplete diffusion matrix. We establish convergence
of (10) to (1) as ε → 0, h → 0 in the parameter range h = o(ε). Somewhat
surprisingly, this is the opposite range from the convergence range of the relaxing
semi-discrete scheme. We discuss this discrepancy at the end of Section 4.

In order to investigate whether the parameter range ε = O(h) is a real restriction
for convergence (of the semi-discrete scheme) or a deficiency of our analysis, we
performed extensive numerical runs, comparing fully discrete schemes based on (4)
with fully discrete schemes based on (2). It turns out that both discretizations are
very stable in the parameter region ε = O(h), but the one based on (2) develops
oscillations as we move to the boundary of the parameter region (see Section 5).
On the other hand, in the region that both are stable, the upwind discretization of
(2) is far less diffusive than the upwind discretization of (4).

The main ingredients for both convergence results are the theory of compensated
compactness (Tartar [20], Murat [14]), the Lp theory for the reduction of generalized
Young measures for the equations of elastodynamics (DiPerna [6], Shearer [19],
Serre-Shearer [18]), and a priori estimates—valid under the hypothesis 0 < g′ < E—
measuring the dissipative strength of the semi-discrete relaxation scheme (9) and
of the relaxation-diffusion system (10). The a priori estimates are quite different
in spirit for the two cases. In the former case, diffusive effects of the semi-discrete
scheme dominate the relaxation effects (using the fact that for a scheme there can
be no oscillations below the scale of the grid), while, in the latter case, relaxation
dominates diffusion—in the range h = o(ε).

To illustrate the analytical aspects, we start in Section 2 by proving convergence
for a variant of (4) (see (14) in Section 2) to the equations of elasticity in the limit
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ε → 0. This result indicates the robustness of the method, relative to different
approximation matrices. In all cases some version of the subcharacteristic condition
must be satisfied to ensure stability and convergence.

Let us mention a different perspective that links (9) to discrete kinetic schemes
(see Aregba-Driollet and Natalini [2]). When (8) is expressed in terms of the Rie-
mann invariants

f1 =
σ

2E
+

v

2
√
E
, f2 =

σ

2E
− v

2
√
E
, f3 = u− σ

E
,(11)

it leads to a system for the evolution of (f1, f2, f3)

∂tf1 −
√
E∂xf1 = − 1

ε

(
f1 −M1(u, v)

)
,

∂tf2 +
√
E∂xf2 = − 1

ε

(
f2 −M2(u, v)

)
,

∂tf3 = − 1
ε

(
f3 −M3(u, v)

)
,

(12)

where

M1 =
g(u)
2E

+
v

2
√
E
, M2 =

g(u)
2E
− v

2
√
E
, M3 = u− g(u)

E
.

Then (12) may be interpreted as a discrete BGK-approximation; u, v and σ are
recovered as moments

u = f1 + f2 + f3 , v = f1

√
E − f2

√
E , σ = f1E + f2E;(13)

and the Maxwellian functions M1, M2, M3 satisfy

u = M1(u, v) +M2(u, v) +M3(u, v) ,
v = M1(u, v)

√
E −M2(u, v)

√
E ,

g(u) = M1(u, v)E +M2(u, v)E .

Therefore, (2) describes the evolution of moments for the discrete kinetic model
(12), and the upwinding scheme studied here is the natural kinetic scheme for (12).

2. Relaxation approximations

In this section, we discuss the convergence of the relaxation system

∂t

(
u
v

)
− ∂x

(
v

g(u)

)
= εA∂xx

(
u
v

)
− ε∂tt

(
u
v

)
(14)

to the equations of elasticity as ε → 0. Note that (14) is an approximation of the
type proposed by Jin and Xin in [9] and (4) corresponds to the special case that A
is diagonal. We refer to Serre [17] for a convergence result for (4) under a different
methodology.

First, we state a general estimate from [23]. Consider a system of N conservation
laws

Ut + F (U)x = 0(15)

that is equipped with a strictly convex entropy H(U), and let Q(U) be the cor-
responding flux. Recall that entropy-entropy flux pairs H − Q are generated by
solving the system of linear hyperbolic equations

Q′ = H ′ · F ′ ,
where H ′ = ∇H stands for the gradient of H and H ′′ for its Hessian matrix.
Consider the relaxation approximation of (15)

Ut + F (U)x = ε(AUxx − Utt) ,(16)
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where A is a positive definite and symmetric matrix. We have

Proposition 1. Assume that (15) is equipped with a strictly convex entropy H(U)
satisfying, for some α > 0 and µ > 0,

H ′′(U)− α I ≥ µI ,(17)

and suppose that the positive-definite symmetric matrix A satisfies, for some ν > 0,

1
2
[
(H ′′(U)A)T +H ′′(U)A

]
− αF ′(U)TF ′(U) ≥ νI .(18)

Then smooth solutions U of (16), that decay fast at infinity, satisfy the dissipation
estimate

∂te+ ∂xQ(U) + εµ|Ut|2 + εν|Ux|2 ≤ ∂x(εH ′ ·AUx + 2ε2αUt ·AUx),
(19)

where

e = H(U + εUt) + ε2Ut ·
[1
2
αI −

∫ 1

0

∫ s

0

H ′′(U + ετUt) dτ ds
]
Ut

+
1
2
ε2α|Ut|2 + ε2αUx · AUx.

(20)

The system of elasticity is equipped with the strictly convex entropy (the me-
chanical energy)

H(u, v) = 1
2v

2 +G(u), where G(u) =
∫ u

0 g(ξ)dξ,
Q(u, v) = −vg(u).

Under hypothesis (6) we may select α < min{γ, 1}. Then (17) is fulfilled for
0 < µ < min{γ − α, 1 − α} and

1
2

(v2 + γu2) ≤ 1
2
v2 +G(u) ≤ 1

2
(v2 + Γu2).

Now α is fixed and (18) becomes

1
2

(
A

(
g′ 0
0 1

)
+
(
g′ 0
0 1

)
A

)
− α

(
(g′)2 0
0 1

)
≥ νI .(21)

If (6) holds, then (21) can always be fulfilled by selecting A. Proposition 1 yields
for solutions (u, v) of (14)

E(t) + ε

∫ t

0

∫
R
ut

2 + vt
2 + ux

2 + vx
2dxdτ ≤ O(1)E(0),(22)

where O(1) stands for a constant independent of ε, and

E(t) :=
∫
R
u2 + v2 + ε2

(
ut

2 + vt
2 + ux

2 + vx
2
)
dx.

These estimates suffice to apply the Lp theory of compensated compactness and
deduce:

Theorem 1. Let g ∈ C3 satisfy (6) and (7). Let (uε, vε, σε) be a family of smooth
solutions of (14) on R × [0,∞) emanating from smooth initial data subject to the
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ε-independent bounds

E(0) :=
∫
R
uε0

2 + vε0
2dx

+ ε2

∫
R
uεt (x, 0)2 + vεt (x, 0)2 + uε0x

2 + vε0x
2 dx ≤ O(1) ,

and let A be a symmetric, positive-definite matrix subject to (21). Then, along a
subsequence if necessary,

uε → u , vε → v , a.e. (x, t) and in Lploc(R× (0, T )), for p < 2 ,

and (u, v) is a weak solution of (1).

Proof. Let (uε, vε) be a family of solutions to (14). The proof uses the theory of
compensated compactness [20]. Typically, in such proofs, the goal is to control the
dissipation measure and to show

∂tη(uε, vε) + ∂xq(uε, vε) lies in a compact of H−1
loc(23)

for a class of entropy-entropy flux pairs η − q for the equations of elasticity. In the
presence of uniform L∞-bounds, the theorem of DiPerna [6] guarantees compactness
of approximate solutions and implies that, along a subsequence, uε → u and vε → v
a.e. (x, t).

In the present case L∞-estimates are only available in the special case that
A is a multiple of the identity matrix (see [17]) and, in view of (22), the natural
stability framework is in the energy norm. Convergence of viscosity approximations
to the equations of elastodynamics in the energy framework is carried out in Shearer
[19] (for the genuine-nonlinear case) and Serre-Shearer [18] (for loss of genuine-
nonlinearity at one point). In [19] two classes of entropies, with growth controlled
by the wave-speeds at infinity, are constructed ([19] Lemma 2) for which Tartar’s
commutation relation is justified (Lemma 3) and are used to show that the support
of the (generalized) Young measure is a point mass (Lemma 7 and Theorem 1-
(iii)). When σ(u) has one inflection point, the reduction of the Young measure is
performed in [18] Lemma 3 and Section 5.

To ensure the dissipation estimate, we are operating under (6). It then it suffices
to establish (23) for entropy pairs η − q satisfying

η, q, ηu, ηv, ηuu, ηuv, ηvv ∈ L∞(R2) .(24)

This class of entropy pairs contains (under the auspices of (6)) the test-pairs that
are used in [19, 18] in order to prove the reduction of the generalized Young measure
to a point mass and to show strong convergence in Lploc for p < 2. Hypothesis (7)
reflects the assumptions needed in those works.

To complete the proof, we prove (23) for entropy entropy-flux pair η−q satisfying
(24). From (14) we have

∂tη(uε, vε) + ∂xq(uε, vε) = ε∂x

(
η′ ·A

(
ux
vx

))
− ε∂t

(
η′ ·
(
ut
vt

))
− ε(ux vx) · η′′A

(
ux
vx

)
+ ε(ut vt) · η′′

(
ut
vt

)
=: I1 + I2 + I3 + I4 .
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From (22) and (24), the terms I1, I2 lie in a compact of H−1, the terms I3, I4 are
bounded in L1, and the sum

∑
Ii lies in a bounded set of W−1,∞. Murat’s lemma

[14] implies that (23) holds, and this concludes the proof.

3. Convergence of upwind semi-discrete schemes

3.1. Derivation of a numerical scheme. In this paragraph, we construct sta-
ble numerical approximations for solutions of system (2) by a natural upwinding
treatment of the linear convective part. We place the hypotheses g(0) = 0 and (6)
on the function g, which ensure strict hyperbolicity for (1). We introduce a regular
grid on the real axis with a uniform space-step denoted by h > 0. It is expedient
to formulate the problem in terms of the Riemann invariants

v ± σ√
E

and σ − Eu .

Then (2) is put into diagonal form:

(v +
σ√
E

)t −
√
E(v +

σ√
E

)x = − 1√
Eε

(σ − g(u)),

(v − σ√
E

)t +
√
E(v − σ√

E
)x =

1√
Eε

(σ − g(u)),

(σ − Eu)t = −1
ε

(σ − g(u)).

We derive a numerical approximation by means of the following semi-discrete
algorithm, which consists in an upwind treatment of the characteristic variables
(whose propagation speeds are fixed):

(vj +
σj√
E

)t −
√
E

h
[(vj+1 +

σj+1√
E

)− (vj +
σj√
E

)] = − 1√
Eε

(σj − g(uj)),

(vj −
σj√
E

)t +
√
E

h
[(vj −

σj√
E

)− (vj−1 −
σj−1√
E

)] =
1√
Eε

(σj − g(uj)),

(σj − Euj)t = −1
ε

(σj − g(uj)).

Let t 7→ (uj(t), vj(t), σj(t))j∈Z denote the solution of the preceding differential
system on the lattice Z for t > 0. The subscript j means that the quantity is an
approximation of the average of the exact solution of (2) in the interval centered
at xj = jh of length h. The system may be rewritten as


( σj√

E
)t −

√
E

2h (vj+1 − vj−1)− 1
2h (σj+1 − 2σj + σj−1) = −(σj−g(uj))√

Eε
,

(vj)t − 1
2h (σj+1 − σj−1)−

√
E

2h (vj+1 − 2vj + vj−1) = 0,
(σj − Euj)t = − 1

ε (σj − g(uj)).

(25)

It is convenient to replace the first equation by

(uj)t −
1

2h
(vj+1 − vj−1)− 1

2h
√
E

(σj+1 − 2σj + σj−1) = 0.(26)

The classical theory of differential equations in Banach spaces implies that, for
fixed h, ε > 0 and for initial data (vj(0), uj(0), σj(0)) in `∞(Z), there exists a unique
solution of (25),

(uj , vj , σj) ∈ C1([0,+∞), `∞(Z)) .
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This is a consequence of the Cauchy-Lipschitz theorem (cf. [3] p. 104), since each
equation in (25) depends on a finite number of values.

We define for each h > 0, ε > 0 approximations of (2) denoted by

(uh,ε, vh,ε, σh,ε) ∈ C1([0,+∞), L∞(R))

such that

(uh,ε, vh,ε, σh,ε)(x, t) :=
(
uj(t), vj(t), σj(t)

)
for x ∈ Kj =

[(
j − 1

2

)
h,

(
j +

1
2

)
h

)
, t ∈ R+ .

(27)

The goal is to prove compactness of the sequence of approximations as ε and h are
sent to zero with ε = O(h).

3.2. Energy and relaxation estimates. In this paragraph, we work with the
upwind discretization (25). Following the ideas previously introduced for the con-
tinuous problem [23], we first prove

Lemma 1. Let (uh,ε0 , vh,ε0 , σh,ε0 ) be uniformly bounded in L2(R). If 0 < g′ < E,
then we have the following bounds for all T > 0:

• ‖uh,ε(., T )‖L2(R) + ‖vh,ε(., T )‖L2(R) + ‖σh,ε(., T )‖L2(R) ≤ O(1),
• ‖τh(vh,ε)− vh,ε‖2L2([0,T ]×R) + ‖τh(σh,ε)− σh,ε‖2L2([0,T ]×R) ≤ O(h),
• ‖σh,ε − g(uh,ε)‖2L2([0,T ]×R) ≤ O(ε),

(28)

where τh stands for the h-translation operator

τh(vh,ε)(., t) = vh,ε(.+ h, t).

Proof. The viscoelastic model (2) is endowed with a free energy function

ψ(u, σ) =
σ2

2E
+ φ(σ − Eu) , where φ′(α) = − α

E
− h−1(α) ,

and h−1 is the inverse function of h(u) = g(u)− Eu. For 0 < g′ < E, the function
φ is well defined and has the properties

0 <
γ

E(E − γ)
≤ φ′′(α) =

g′(u)
E(E − g′(u))

≤ Γ
E(E − Γ)

,

(u− h−1(α))(α − h(u)) ≥ 1
E

(α − h(u))2 .

(29)

Multiplying the three ordinary differential equations of the scheme (25) by σj√
E

,
vj , φ′(σj − Euj), respectively, and adding yields

d

dt

(
(vj)2

2
+

(σj)2

2E
+ φ(σj − Euj)

)
− σj

2h
(vj+1 − vj−1)− 1

2h
√
E

[σj(σj+1 − σj)− σj(σj − σj−1)]

− vj
2h

(σj+1 − σj−1)−
√
E

2h
[vj(vj+1 − vj)− vj(vj − vj−1)]

+
1
ε

[
σj
E

+ φ′(σj − Euj)](σj − g(uj)) = 0.
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From (29), (σj
E

+ φ′(σj − Euj)
)

(σj − g(uj)) ≥
1
E

(σj − g(uj))2 .

Summing over j ∈ Z and using

1
2h

∑
j∈Z

h[vj(σj+1 − σj−1) + σj(vj+1 − vj−1)] = 0 ,

we obtain

d

dt

∑
j∈Z

h

[
(vj)2

2
+ ψ(uj, σj)

]
+
√
E

2h

∑
j∈Z

h(vj+1 − vj)2

+
1

2h
√
E

∑
j∈Z

h(σj+1 − σj)2 +
1
εE

∑
j∈Z

h(σj − g(uj))2 ≤ 0 .

As a first consequence, we have for t > 0∑
j∈Z

h

[
(vj(t))2

2
+ ψ

(
uj(t), σj(t)

)]
≤
∑
j∈Z

h

[
(vj(0))2

2
+ ψ

(
uj(0), σj(0)

)]
.

Since v2

2 + ψ(u, σ) is equivalent to the L2 norm, this inequality implies the energy
estimate (28)1 and the bounds∫ t

0

∫
R
(τh(vh,ε)− vh,ε)2 + (τh(σh,ε)− σh,ε)2dxdt ≤ O(h)

and ∫ t

0

∫
R

[vh,ε(x, s)− g(uh,ε)(x, s)]2dxds ≤ O(ε)

for all t > 0.

Lemma 2. Under the hypotheses of Lemma 1, we have for T > 0

‖τh(uh,ε)− uh,ε‖2L2([0,T ]×R) ≤ O(h) +O(ε) .(30)

Proof. Using the identity

τh(g(uh,ε))− g(uh,ε) = τh(g(uh,ε)− σh,ε) + (τh(σh,ε)− σh,ε) + (σh,ε − g(uh,ε))

and the estimates in (28), we derive the desired result.

Remark 1. Lemma 2 shows that control of the numerical derivative for σh,ε and the
distance from equilibrium σh,ε− g(uh,ε) entails control on the numerical derivative
of g(uh,ε). Such a result is clearly false for actual derivatives, and is due to the fact
that for numerical approximations there are no oscillations below the scale of the
grid.
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3.3. Entropy consistency and convergence. In order to use the L2 theory of
approximate solutions for (1) [19, 18], under the framework of (6), we need control
of the entropy dissipation for entropy pairs η − q satisfying the growth restrictions
(24) (cf. Theorem 1).

Lemma 3. Under the hypotheses of Lemma 1, if ε = O(h), then

η(uh,ε, vh,ε)t + q(uh,ε, vh,ε)x lies in a compact of H−1
loc (R× R+)(31)

for any entropy-entropy flux pair η − q satisfying (24).

Proof. We introduce the notations

Dh
c (σj) = (σj+1 − σj−1)/2h,

∆h(σj) = (σj+1 − 2σj + σj−1)/h2,

and write the scheme in the form

(uj)t −Dh
c (vj)− h

2
√
E

∆h(σj) = 0,

(vj)t −Dh
c (g(uj))− h

√
E

2 ∆h(vj) = Dh
c (σj − g(uj)).

Let Kj denote the cell [(j − 1
2 )h, (j + 1

2 )h). A computation shows that

∂tη(uh,ε, vh,ε) + ∂xq(uh,ε, vh,ε) = A+B + C ,

where

A = ∂xq(uh,ε, vh,ε) +
∑
j∈Z

[(ηu)jDh
c (vj) + (ηv)jDh

c (g(uj))]1lKj ,

B =
1

2
√
E

∑
j∈Z

h(ηu)j∆h(σj)1lKj +

√
E

2

∑
j∈Z

h(ηv)j∆h(vj)1lKj

=
1

2
√
E
B1 +

√
E

2
B2,

C =
∑
j∈Z

(ηv)jDh
c (σj − g(uj))1lKj ,

and we used the notation

(ηu)j = ηu(uj , vj) , (ηv)j = ηv(uj , vj) .

Now A,B,C are considerered as elements of D′(R × R+) and are estimated for
ε = O(h). For instance, for ϕ ∈ D(R× (0,∞)) a test function, we have

〈B1, ϕ〉 =
∫
R+

∑
j∈Z

h (ηu)j∆h(σj)
∫
Kj

ϕ dxdt

≤ ‖ηu‖L∞‖τh(σh,ε)− σh,ε‖L2‖ϕx‖L2

+
1
h
‖τh(σh,ε)− σh,ε‖L2 ‖τh(ηu)− ηu‖L2 ‖ϕ‖C0
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and

〈C,ϕ〉 =
∫
R+

∑
j∈Z

(ηv)jDh
c (σj − g(uj))

∫
Kj

ϕ dxdt

≤ ‖ηv‖L∞ ‖σh,ε − g(uh,ε)‖L2 ‖ϕx‖L2

+
1
h
‖σh,ε − g(uh,ε)‖L2 ‖τh(ηv)− ηv‖L2 ‖ϕ‖C0 .

Therefore, B and C are split into two terms: one going to zero in H−1, and one
that is bounded in measures.

Since (uh,ε, vh,ε) are piecewise constant functions, q(uh,ε, vh,ε)x is a countable
sum of Dirac masses. We split the centered differences into the average of two
upwind differences, A = 1

2 [A+ +A−], where the terms A± read

A+ =
∑
j∈Z

[
q(uj+1, vj+1)− q(uj, vj)

]
δ(j+ 1

2 )h

+
1
h

[
(ηu)j(vj+1 − vj) + (ηv)j(g(uj+1)− g(uj))

]
1lKj ,

A− =
∑
j∈Z

[
q(uj , vj)− q(uj−1, vj−1)

]
δ(j− 1

2 )h

+
1
h

[
(ηu)j(vj − vj−1) + (ηv)j(g(uj)− g(uj−1))

]
1lKj .

By the mean-value theorem we can linearize the jumps of q and g. For a test
function ϕ ∈ D(R× R+), we have

〈A+, ϕ〉 =
∫
R+

{∑
j∈Z

[
ηu(uj, vj)

∫
Kj

ϕ(x, t) dx

+ qv(ξj+ 1
2
)
∫
Kj

ϕ(xj+ 1
2
, t) dx

]vj+1 − vj
h

+
∑
j∈Z

[
ηv(uj , vj)g′(ζj+ 1

2
)
∫
Kj

ϕ(x, t) dx

+ qu(ξj+ 1
2
)
∫
Kj

ϕ(xj+ 1
2
, t) dx

]uj+1 − uj
h

}
dt.

Using the entropy/entropy flux compatibility gives

〈A+, ϕ〉 =
∫
R+

{∑
j∈Z

[
(ηu(uj , vj)− ηu(ξj+ 1

2
))
∫
Kj

ϕ(x, t) dx

+ ηu(ξj+ 1
2
)
∫
Kj

ϕ(x, t)− ϕ(xj+ 1
2
, t) dx

]vj+1 − vj
h

+
∑
j∈Z

[
(ηv(ζj+ 1

2
)g′(ζj+ 1

2
)− ηv(ξj+ 1

2
)g′(ξj+ 1

2
))
∫
Kj

ϕ(x, t) dx

+ ηv(ξj+ 1
2
)g′(ξj+ 1

2
))
∫
Kj

ϕ(x, t) − ϕ(xj+ 1
2
, t) dx

+ (ηv(uj , vj)− ηv(ζj+ 1
2
))g′(ζj+ 1

2
)
∫
Kj

ϕ(x, t) dx
]uj+1 − uj

h

}
dt.
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This implies

〈A+, ϕ〉 ≤ ‖ϕ‖C0

h

{
‖τh(ηu)− ηu‖L2 ‖τh(vh,ε)− vh,ε‖L2 + ‖τh(uh,ε)− uh,ε‖L2

×
(
‖τh(ηv.g)− ηv.g‖L2 + ‖g′‖L∞‖τh(ηv)− ηv‖L2

)}
+
[
‖ηu‖L∞‖τh(vh,ε)− vh,ε‖L2

+ ‖ηv‖L∞‖g′‖L∞‖τh(uh,ε)− uh,ε‖L2

]
‖ϕx‖L2 .

Then (24), in conjunction with Lemmas 1 and 2, ensures that

〈A+, ϕ〉 ≤ O(1)‖ϕ‖C0 +O(
√
h)‖ϕx‖L2 .

Similar estimates hold for A−. The statement follows from Murat’s lemma [14].

We conclude as in the proof of Theorem 1:

Theorem 2. Let (uh,ε0 , vh,ε0 , σh,ε0 ) be uniformly bounded in L2(R), let g satisfy (6),
(7) and E > Γ. Consider the family (vh,ε, uh,ε, σh,ε) of numerical approximations
of (9). If ε, h→ 0 with ε = O(h), then, along a subsequence,

uh,ε → u , vh,ε → v , a.e. (x, t) and in Lploc(R× (0, T )), for p < 2,

and (u, v) is a weak solution of (1).

4. Convergence of relaxation-diffusion approximations

In this section, we study the relaxation-diffusion system

ut − vx =
h

a
σxx,

vt − σx = ahvxx,

(σ − Eu)t = −1
ε

(σ − g(u)) ,

(32)

inspired by the semi-discrete numerical scheme (9). Comparing to (9), the quantity
a stands for

√
E and h stands for half of the cell width. Note that (32) approximates

the equations of elasticity when ε and h are small:

ut − vx =
h

a
σxx,

vt − g(u)x = havxx + [σ − g(u)]x ,
(33)

where

(σ − g(u))x = −ε(σ − Eu)xt
= ε(a2vxx + 2havxxt − h2a2vxxxx − vtt) .

Hypotheses (6) and (7) are imposed on the function g.
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The system (32) may be written as a reaction-diffusion system
1
Eσt − vx = h

aσxx −
1
εE (σ − g(u)),

vt − σx = havxx,

(σ − Eu)t = − 1
ε (σ − g(u)).

(34)

Due to (6), the reaction term in (34) is globally Lipshitz and global existence
follows from general semigroup theory (e.g., Henry [8]). If the data v0, σ0 ∈ H2(R),
u0 ∈ H1(R), then for any T > 0 there exists a unique globally defined solution

v, σ ∈ C([0, T ], H2(R)) , u ∈ C([0, T ], H1(R)) .

We assume that the data satisfy the uniform bounds∫
R(uε,h0 )2 + (vε,h0 )2 + (σε,h0 )2 dx ≤ O(1),

ε2
∫
R(uε,h0x )2 + (vε,h0x )2 + (σε,h0x )2 + h2(uε,h0xx)2 dx ≤ O(1),

(35)

and proceed to study the compactness of the family of solutions

{(uε,h, vε,h, σε,h)}ε,h>0

as h and ε are sent to zero. For notational simplicity we drop the superscripts.
In the course of the proof we use estimates that require additional smoothness for
their derivation. This can be removed by using standard density arguments.

4.1. Energy estimates on the relaxing approximations. As in the previous
section, we use the free energy function ψ(u, σ) introduced in the proof of (28).

Lemma 4. If E > Γ and the data satisfy (35)1, then for all T > 0

• ‖u(·, T )‖L2(R) + ‖v(·, T )‖L2(R) + ‖σ(·, T )‖L2(R) ≤ O(1),

• h‖vx‖2L2([0,T ]×R) + h‖σx‖2L2([0,T ]×R) ≤ O(1),

• ‖σ − g(u)‖2L2([0,T ]×R) ≤ O(ε).

(36)

Proof. First (32)3 is rewritten as

(σ − Eu)t = −1
ε

(σ − g(u)) = −1
ε

(σ − Eu︸ ︷︷ ︸
α

− (g(u)− Eu)︸ ︷︷ ︸
h(u)

) .

We multiply the equations in (32) by σ, v, (u − h−1(α)), respectively, and use (29)
to obtain (

v2

2
+ ψ(u, σ)

)
t

− (σv)x +
h

a
(σx)2 + ha(vx)2 +

1
Eε

(σ − g(u))2

≤
(
h

a
σσx + havvx

)
x

.

Then (36) follows from integration over [0, T ]× R.
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Lemma 5. The following identities hold:

(37)1



∂t

(
v2

2 +G(u) + εvvt + εha(vx)2
)
− ∂x(vg(u))

+ε[a2(vx)2 − (vt)2] + εh2a2(vxx)2

+h
a g(u)xσx + ha(vx)2 = ∂x(F1),

F1 := h
ag(u)σx + (εa+ h)avvx + 2εhavvxt

−εh2a2vvxxx + εh2a2vxvxx,

(37)2


∂t
(

1
2 (ha+ εa2)(vx)2 + 1

2εh
2a2(vxx)2 + 1

2ε(vt)
2
)

+[(vt)2 − g(u)xvt] + 2εha(vxt)2 = ∂x(F2),

F2 := (εa+ h)avtvx + 2εhavtvxt − εh2a2(vtvxxx − vxtvxx),

(37)3


∂t
(

1
2εa

2(ux)2 − (v + εσx)ux − 1
2 (ε + h

a )(vx)2
)

+(g(u)xux − (vx)2)
−(εha+ h2)(vxx)2 − εh

a (σxx)2 + hauxvxx = ∂x(F3),

F3 := −(εha+ h2)vxvxx − ut(v + εσx),

(37)4


∂t
(

1
2E (σx)2 + 1

2 (vx)2
)
− ∂x(σxvx)

+ 1
Eεσx[σ − g(u)]x + h

a (σxx)2 + ha(vxx)2 = ∂x(F4),

F4 := h
aσxσxx + havxvxx,

(37)5


∂t
(

1
2 (v + εσx − εEux)2 +G(u)− 1

2εha(vx)2
)

−∂x(vg(u) + ε2Eσxvx) + ha(vx)2 + h
a g(u)xσx + εha3uxvxx

+ε
[
(σx)2 − g(u)xσx + Eg(u)xux − (vt)2

]
= ∂x(F5),

F5 := h
a g(u)σx + havvx − εhavxvt − ε2a2vxσx,

(37)

where

G(u) =
∫ u

0

g(s) ds .

Proof. The first identity is obtained if we multiply (33)1 by g(u), (33)2 by v, add
the results and rearrange the terms via some integrations by parts.

For the second identity, one has to multiply (33)2 by vt and perform a few
integrations by parts.

To derive the third identity, we multiply (33)2 by ux and use (32)3 to arrive at

g′(u)(ux)2 = ux(vt − havxx − εEuxt + εσxt)
= ux(v + εσx)t − hauxvxx − εa2uxuxt .

At this point, we use the equality exft = etfx − (fet)x + (fex)t for f = v + εσx,
e = u. This leads to the identity(

1
2
εE(ux)2 − ux(v + εσx)

)
t

+ g′(u)(ux)2 + hauxvxx

− (vx +
h

a
σxx)(vx + εσxx) = −[ut(v + εσx)]x .

(38)
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Then the third equality follows from (38) and the observation that, due to (32)2,
there holds

vxσxx =
1
2

[(vx)2]t − ha(vxvxx)x + ha(vxx)2.

From (34) we have{
1
Eσxt − vxx = h

aσxxx −
1
εE (σ − g(u))x,

vxt − σxx = havxxx.
(39)

The fourth identity is obtained from multiplications of (39)1 by σx, of (39)2 by vx,
adding the resulting equations and integrating by parts.

To derive the fifth identity, one adds (37)1 + εE(37)3 + ε2E(37)4. After rear-
ranging the terms and using (33)2, one obtains the desired result.

We introduce the notations

L1 = 1
2 (v + εσx − εEux)2 +G(u) + ε2

2 [E(vx)2 + h2E(vxx)2 + (vt)2],
L2 = vg(u) + ε2Eσxvx.

Combining ε(37)2 and (37)5, we get

(L1)t + ε[(σx)2 − 2g(u)xσx + Eg′(u)(ux)2]

+ 2ε2ha(vxt)2 + ha(vx)2 +
h

a
g(u)xσx + εha3uxvxx − εhag(u)xvxx

= (L2 + εF2 + F5)x.

(40)

Observe now that, under the condition E > g′(u) > 0, the quadratic form

Q = (σx)2 − 2g′(u)uxσx + Eg′(u)(ux)2

=
(
σx − g(u)x

)2 + g′(u)(E − g′(u))(ux)2 ≥ 0

is positive definite.

4.2. Entropy consistency and convergence.

Lemma 6. Under the assumptions (6), E > Γ and (35) the following estimates
hold for h = o(ε) and T > 0:

ε‖ux‖2L2(R×[0,T ]) + ε‖vx‖2L2(R×[0,T ]) + ε‖σx‖2L2(R×[0,T ]) ≤ O(1),
ε2h‖vxx‖2L2(R×[0,T ]) + ε2h‖σxx‖2L2(R×[0,T ]) ≤ O(1).

(41)

Proof. From (40), we obtain with unambiguous notations

(I1)t + (J1)x + ε
O(1) [(ux)2 + (σx)2] ≤ O(1)h[(ux)2 + (σx)2]

+O(1)εh|uxvxx|,
(42)

where I1 ≥ 0. From (37)2, we get

(I2)t + (J2)x +
ε

O(1)
(vt)2 ≤ O(1)ε(ux)2,

where I2 ≥ 0. From (37)4, we have

(I3)t + (J3)x +
ε

O(1)
(σx)2 +

ε2h

O(1)
[(σxx)2 + (vxx)2] ≤ O(1)ε(ux)2,
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where I3 ≥ 0. We add these relations with a large weight factor onto (42) and we
obtain

It + Jx +
ε

O(1)
[(ux)2 + (σx)2 + (vt)2] +

ε2h

O(1)
[(σxx)2 + (vxx)2]

≤ O(1)h[(ux)2 + (σx)2] +O(1)εh|uxvxx|.
Provided h = o(ε), the right-hand-side can be absorbed in the left for ε small
enough. Since I ≥ 0, this yields that∫

R×[0,T ]

ε[(ux)2 + (σx)2 + (vt)2] + ε2h[(σxx)2 + (vxx)2] dxdt

≤ O(1)
[∫
R
(u0)2 + (v0)2 dx

+
∫
R
ε2[(u0x)2 + (v0x)2 + (σ0x)2] + ε2h2(v0xx)2 dx

](43)

is bounded in terms of (35). The L1 estimate on εv2
x follows from (37)1, (35) and

(43).

Lemma 7. Under the assumptions of Lemma 6,

η(u, v)t + q(u, v)x lies in a compact of H−1
loc (R× R+)(44)

for any entropy-entropy flux pair satisfying (24).

Proof. We consider the system (32) written in the form (33). We use the chain rule
for the smooth approximate solutions:

η(u, v)t + q(u, v)x =
h

a
ηu(u, v)σxx + ηv(u, v)

[
havxx + (σ − g(u))x

]
.

We split the right-hand-side the following way:

∂x
(
h
aηu(u, v)σx + ηv(u, v)

[
havx + (σ − g(u))

])
−haηuu(u, v)uxσx − ηuv(u, v)[havxσx + hauxvx]− ηvv(u, v)ha(vx)2

−[σ − g(u)][ηuv(u, v)ux + ηvv(u, v)vx]

def
= (I0)x + I1 + I2.

We notice that I2 rewrites

I2 = −
√
ε [ηuv(u, v)ux + ηvv(u, v)vx]

σ − g(u)√
ε

.

Under the assumptions of Lemma 6, I0 → 0 in L2(R×[0, T ]) and I1, I2 are bounded
in L1(R×[0, T ]) for all entropy pairs satisfying (24). Then (44) follows from Murat’s
lemma [14].

As in Theorem 1 we conclude:

Theorem 3. Let the initial data satisfy (35), let g satisfy (6), (7) and E > Γ, and
consider a family of solutions {(uε,h, vε,h, σε,h)}ε,h>0 of (33). If h = o(ε), then,
along a subsequence,

uε,h → u , vε,h → v , a.e. (x, t) and in Lploc(R× (0, T )), for p < 2,

and (u, v) is a weak solution of (1).
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Remark 2. Theorem 2 guarantees convergence for the semidiscrete scheme in the
range ε = O(h) while Theorem 3 states convergence of the associated relaxation-
diffusion system on the complementary range h = o(ε). The origin of this discrep-
ancy at the level of the proof is the following. For the scheme it is easy to control the
numerical derivative of ux (see Remark 1). By contrast, for the relaxation-diffusion
system, the energy estimate in Lemma 4 does not yield control of ux. In our proof
we used the stabilizing control of relaxation to obtain control of ux, which leads
to the restriction h = o(ε) stating that relaxation dominates. We do not know if
the analytical result for the relaxation-diffusion system is optimal. Regarding the
scheme, the numerical experiments in Section 5 suggest that the range ε = O(h) is
optimal and that oscillations develop as we approach the boundary of this parame-
ter range. This indicates that the behavior of the relaxation-diffusion system does
not accurately describe the behavior of the relaxing scheme.

5. Numerical experiments

In this section, we present and discuss some numerical experiments that we
obtained for fully discrete versions of the scheme (25). We also display comparisons
between this approach and the Jin and Xin algorithm [9]. In all computations, we
used a splitting technique to treat the stiff relaxation term. This type of algorithm
has been studied, for instance, in [1] in the context of relaxation approximations
for one-dimensional scalar conservation laws.

5.1. Comparison with the Jin-Xin scheme for ε = h2. We considered a Rie-
mann problem for (2) with the following initial data: ul = 2

vl = 2
σl = 1

and

 ur = 1
vr = 2
σr = 1.

(45)

We chose g(u) = u + u3 and fixed E = 100. The CFL condition implies that the
time step ∆t and the cell width h have to satisfy the relation ∆t ≤ h/20. Figures
1, 2, and 3 display the numerical results obtained for both relaxation schemes with
step h = 0.01 at time T = 0.2, and also for the associated relaxed schemes (obtained
by fixing σ = g(u) in (25)). We selected ε = h/100, in order to let the relaxation
process fully operate in each cell of the computational grid. It is clear that a first-
order scheme of the current approach is less diffusive than a first-order Jin-Xin
scheme (for which we fixed the parameter κ = λ =

√
E so as to use the same CFL

numbers).

5.2. Comparisons in the range ε ' h. The preceding results ensure the con-
vergence of the relaxation scheme (25) for values of ε which are of the order of h.
In practice, one notices easily that oscillations degrade these numerical approxi-
mations as soon as a certain value of ε/h is reached. For example, we illustrate in
Figures 4 and 5 the appearance of oscillations in the relaxation term for the problem
(45) at T = 0.1. On the other hand, the relaxation terms involved in the diffusive
Jin-Xin approach remain acceptable. This provides a numerical justification of the
restriction on the ratio ε/h made in Theorem 2.

On the other hand, the approximations generated by the Jin-Xin approach are
more diffusive, but remain stable in any range of parameters ε, h. We illustrate this
statement in Figure 6 where the variable u is shown for h = ε1.01 and 0.0002 ≤ h ≤
0.02.
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Figure 1. Comparison between Jin-Xin and the proposed relax-
ation scheme on uh,ε.
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Figure 2. Comparison between Jin-Xin and the proposed relax-
ation scheme on vh,ε.
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Figure 3. Comparison between Jin-Xin and the proposed relax-
ation scheme on σh,ε − g(uh,ε).
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Figure 4. Numerical profiles of the relaxation terms for both
schemes with h = 0.005, ε = 0.0002.
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Figure 5. Numerical profiles of the relaxation terms for both
schemes with h = 0.005, ε = 0.0004.
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Figure 6. Convergence of the Jin-Xin approximations in the u
variable for h = ε1.01.
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Figure 7. Long-time behavior of the proposed approach on uh,ε.
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Figure 8. Long-time behavior of the Jin-Xin relaxation scheme on uh,ε.
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Figure 9. Comparison between Jin-Xin and the proposed relax-
ation scheme on σh,ε − g(uh,ε).

5.3. Large-time behaviour of the proposed scheme. To check the stability
of the numerical wave profiles, we performed a numerical run on a bigger domain
and during a longer time T = 3. In Figures 7 and 8 we display both relaxing and
relaxed numerical solutions for the two possible relaxation schemes. In Figure 9
we compare the values of the relaxation term for both schemes. We fixed h = 0.1,
ε = 0.005 and used the same Riemann problem (45) and the same CFL restrictions.
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