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ON THE LINEAR INDEPENDENCE MEASURE
OF LOGARITHMS OF RATIONAL NUMBERS

QIANG WU

ABSTRACT. In this paper we give a general theorem on the linear indepen-
dence measure of logarithms of rational numbers and, in particular, the lin-
ear independence measure of 1,log 2,log 3,log 5 and of 1, log 2, log 3, log 5, log 7.
We also give a method to search for polynomials of smallest norm on a real
interval [a,b] which may be suitable for computing or improving the linear
independence measure of logarithms of rational numbers.

1. INTRODUCTION

For an irrational real number «, the real number p > 0 is said to be an irra-
tionality measure of « if, for any € > 0, there exists ¢o = go(g) > 0, such that

(1.1) oo —p/ql > q "¢

for all integers p and ¢ with g > qo. If go(e) is effectively computable, we say that
u is an effective irrationality measure of . The minimum of these numbers p is
denoted by (p)a.

In the same way if ag, o, ..., a, are real numbers linearly independent over Q,
we say that v > 0 is a linear independence measure of ag, a1, . . ., a, if for any € > 0
there exists Hy = Ho(g) > 0 such that
(12) |P040+(I1041 ++Qnan| Z Hiuie
for all integers p, g1, ..., qn, with H = max{ |qi1|,...,|qn| } > Ho.

The minimum of these numbers v is denoted by v(«ap, v, ..., a,). We remark

that, with this notation, we have u(a) = v(1, @) + 1. We are interested here in the
linear independence (or irrationality) measure of logarithms of rational numbers.
Baker [?] gave effective lower bounds of nonvanishing linear forms of logarithms

(1.3) A=po+pBilogar +- -+ B logan,

where a; and [; are algebraic numbers. In the particular case where «; are ratio-
nals and (; integers, we obtain linear independence measures (see M. Waldschmidt
[WA] or G. Wiistholz and Baker [BW]). However, the linear independence (or
irrationality) measures are very large; for example we have yu(log2) < 10%2.

In the case of one logarithm, the best irrationality measures are obtained by
Siegel’s method. For example, the value p(log2) < 3.891399 was obtained by
Rukhadze [RU]. For a more detailed exposition we refer the reader to the paper by
Viola [VI].
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Results on linear independence of logarithms of rational numbers were given by
Nikisin [NI| and Danilov [DA] using Padé approximants. In the case of the linear
independence of 1,logry,logre, where r; and ro are rationals, Rhin [RH| showed
that the results of Nikisin and Danilov could be improved. In particular he obtained
a linear independence measure of 1,log2,log3 less than 7.616 by considering the
two integrals

3 Hn 4 Hn
(1.4) / Hn(z) do and / Hn(@) d—x,
o I Mm 3 I T

where the polynomial H, is of the type bg H?:1 Qi(x)"" and by, by,...,bs are
positive constants and the polynomials @Q; are @1 = =z — 2,Q2 = x — 3,Q3 =
r—4,Q4 = bx —12,Q5 = 1722 — 102z + 144,Q¢ = 1922 — 104z + 144. This
is the best linear independence measure known for 1,log2,log3, and it gives the
best irrationality measure known of log3 (8.616). However, Rhin did not give a
theoretical justification for the use of the polynomials Q4,@s5,Qs. We propose
in this paper to give a general method for determining such factors by using the
following generalization of the integer transfinite diameter of a real interval.

Let f be a positive function on the real interval [a,b] and A a positive integer.
We define

(15) tara(fa.t) = inf - mas (Ip(e)|' /2" (@)

where I,, A is the set of polynomials of Z[x] with degree 2n belonging to the ideal
(xZ]x]) + 6Z[x])™. When f(z) =1 and A = 1 we get the usual integer transfinite
diameter.

We show that the polynomials @1 to Qg in (Id]) are obtained as factors of
polynomials P of I, o having a small degree and a minimal norm. We will use a
generalization of the Miintz—Legendre polynomials to calculate these polynomials
with a small degree (see also Amoroso [AMI], [AM2], Borwein and Erdelyi [BE],
or Flammang, Rhin and Smyth [FRS]).

In Section ] we give a general theorem on the linear independence measure of
logarithms of rational numbers. In Section[3] we prove for H = max; |g;| sufficiently
large

Ip+ q1log2 + golog 3 + g3 log 5| > H~15-27049~¢

Ip+ q1log2 + galog 3 + g3 log 5 + qq log 7| > H~256-865—¢

and give other improvements of the linear independence measure of logarithms
of rational numbers given by Rhin and Toffin [RT]. In Section Hl we generalize
the Miintz—Legendre polynomials and deduce an inequality on the coefficients of
the polynomials of small norm on a real interval [a,b] and we explain how to use
algorithm LLL [LLL] and the preceding inequality to calculate for small degrees
the polynomial of I, o of smallest norm. In Section B we explain how to seek
polynomials which may be used to improve the linear independence measure of
logarithms of rational numbers.
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ON THE LINEAR INDEPENDENCE MEASURE 903
2. A GENERAL THEOREM ON THE LINEAR INDEPENDENCE MEASURE
OF LOGARITHMS OF RATIONAL NUMBERS

We first prove the following lemma.

Lemma 1. Let m € N* and ~v1,...,7m be m real numbers. Suppose that for any
n > 1 there exist integers r, > 0 pﬁf),...,pW such that if ng) = i — p%)

(1<i<m), thenan)#0f0r1<z<mcmd
1 ) .
lim —log(|rn]) <o, lim — 1og(|5£f)|) =70 1<i<m,
n—oo n n—oo N

where o, 7% (1 <4 < m) are positive numbers. Let T = ming<;<pm (7)),
If for any i # j, 7 % 70) | then 1,71, ...,vm are linearly independent over Q
and, for any e > 0, there exists a positive integer Ho(g) such that

P+ @i+ G| > HT
for all integers p, ¢;, (1 <i <m) with H=maxi<;<m{|qi|} > Ho(e).

Proof. We may suppose that e < 7. Let Ajy, =p+ @11 + @2y2 + -+ + @ ym for a
fixed integer m. We can suppose, if necessary by replacing m by a smaller integer,
that q1,q2, ..., qn are all nonzero. We have

(2.1)

m (@) (@) (4) (@)
Am:p-f—th pnl +5nl :prn"_zz 1 9iPn +Zz 1 4i€n :ﬁ_’_ﬁ’
im1 Tn Tn Tn Tn Tn
where
m m
Ap=pro+ ) _aqp})) and w, =Y geld).
i=1 =1
We prove that 1,71, ...,7, are linearly independent over Q by induction on m.

For m =1 the result is Lemma 3.1 of Hata [HA].
For m > 2, suppose that the lemma is true for m — 1. Then

Apm—1=p+am+- -+ ¢m-1Ym-1 # 0.

a) If there exists an integer ng such that for n > ng, A, € Z* we have |A" > rl .
Since for any € > 0 there exists ng(e) such that for n > ng(e), we have |wn| <
mHe(_T"’E)", then we can choose ny(¢) such that n > ny(e), |w,| < 3 5. We have
[Am| > rn — j‘f—ﬂ > #l and then 1,7, ..., 7, are linearly independent over Q.

b) If A, = 0 for an infinite number of integers n, then A,, = #=. We have
A, = 0 because r, is a positive integer and w,, — 0 when n — oo, so w, = 0, i.e.,
doiny Qigg) =0.

Let 7 = 700 = min; (7)), so that D it ¢;=% + ¢ = 0 and, moreover, for all i,
En

limy, oo + = log |5 | 7). Thus, we have, for any real number 6 > 0 and n > n(f),
T+ > D) > e(_T() 9)n Hence for all i # [, there exists an integer
ny such that for all n > nq, |= (,)| < e(T=m V4200 with 929 < —min, 4 (7 — T(i)),

()
P v, Timy, oo (30,4 qz;—l) +q) = ¢ and so
g = 0. Thus we obtam A1 = E#l ¢vi+p=0,1ie, 1,v,...,Ym—1 are not
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linearly independent over Q. We have a contradiction. Hence, for any integer m, if
70 £ 7G) for i # j, 1,71,...,%m are linearly independent over Q.

It is clear, from b), that the set Q@ = {n > 1;A, # 0} is infinite. So for
any € > 0, we can define a sufficiently small § = §(¢) € ]0,7/6[ satisfying
T"f& < 2+ £. So there is an integer n(e) > ng such that e@=9" < |r,,| < elo+on

and maxj<;<m |€£f)| < e (1=0)n,
For all n > n(e), we define

Ho(e) = min{N > 1|N% > 2¢7+°(2m) 5 and NT > (2e7H9)THo I+,

N(H) = min{N > n(e) | 2mH < "N},

for all H > Ho(z). Since |w,| < mHe~("=9" for all n > n(e), we have |w,| < 1 for
all n > N(H); hence

A, +wn,

Tn

1-— |Wn| 1 > 7(0_4,’»5)
7] 2|rn| — 2°¢

(22) =]

for any n € Q with n > N(H) (we have |A,| > 1 if A,, # 0, because A,, € Z).
Now we consider the following two cases: N(H) € Q and N(H) ¢ Q. In case

(1), from the definition of N(H), we have 2mH > e(T=)WNUH)=1) — N(H) <

e(2mH)<7715>. Now replacing n by N(H) in (2:2), we always have A,, # 0, and so

1

1 —o— —o— o__ &
|A] > 56*(0+5)N( ) > > Se *‘7*5(2m)T§5HT§5 > (Ho(e)) 2 "HTT: > H o E,
)

In case (2), let M(H) be the smallest integer satisfying M(H) > N(H) and
M(H) € Q. Since Ap(gy—1 = 0, we have

WM(H)-1

1
A= < mHe (T2 (MUH)=1) —y MH) < ¢ <mH> T

Al

TM(H)-1

By taking n = M (H) in (Z32), we obtain

|A|> —(a+6)M(H)> o (o +0) JA[ Gl
2¢ mH ’

and so

T+o—248

IA| > <%> T (e==0) * %5 mm H 75

> = (ea+5)%:f6m£§?/ss H—%-%
> (27 (e e

a

>(Ho(e))ZH "5 >H= = 0O

Remark. The conclusion of Lemma [[lremains true if we replace the condition “for
all i # j, 7 #£ 70”7 by “1,41,..., % are linearly independent over Q”.

We have the following general theorem for the linear independence measure of
logarithms of rational numbers.
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ON THE LINEAR INDEPENDENCE MEASURE 905

Theorem 2. Let 1 < a3 < -+ < a, be m positive integers and A =
ged(ar,ag, ... am). For any n > 0, let H, be a polynomial with integer coeffi-
cients, Hy, € (A, x)"Z[x]. For any a; (1 <1i < m) we define

Ai41 H
I(a;, ait1) =/ (@ )da:

oz

Then define D,, = gcd(1,2,...,max(n,deg H,, — n)), and lim,_ %log D, = K,
then we have

Dyl (ai,ai41) € Z + Zlog <@> .

a;

Suppose that there exist distinct positive integers T (1 <i<m) such that

—7® — Jim l10g< max 7|Hn(x)|)’

n—oo n aigISai+1 xn

and that there exist real numbers p > 0 and 7©) > 0 such that

ZCN

Zn
Ifr = minlgigm,l(T(i)) > K, then for any ¢ > 0, there exist a positive integer
Hy(e) such that

a a
‘p+qllog<—2>+ +qzlog< zJrl)+~-+qmllog< = )‘>H‘“‘E
ai a; Gm—1

for any integers p and ¢; (1 < i < m —1) with H = max;{ |¢;| } > Ho(e), where
Hy(e) is effectively computable and p is a positive real number given by

n—oo n lz]=p

1
70 = lim —log (max

(0)
T+ K
(23) =R
Proof. We put H,(z) = Z?egoH" Bjz and
) deg H,, ;
Ai41 Hn d ait1
I, = / ELx) @ _ Bj/ 2 dy
@ ™z = @
n—1 deg H,,
B @it B , i . B , i .
= Bl (a—i)%j—n(“”“‘g EAP YR =L R

Thus, we have, for j # n, Bj(a], | — al™™) € Z because H,(z) € (A,z)"Z[z] and

7

A = ged(ar, ag, ..., am). We then have

DolIn(ai,aisr) = DoBy, 1g<‘““) +D, | Y-
a; . J—n
J#n
€ Zlog <%) + Z.
i

Hence, we have the relations

DnIn(aiva'H-l) = DPn, t+ D, B, 1Og (a:_l) , 1<t<m-—1,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



906 QIANG WU

with p,; € Z. Put Dy, 1, (ai, aiv1) = Esj),Dan =r,. We have
L[ i
lz|=p 7

n—aa -
21 " z

so that lim, e 2 log || = 79 + K and lim,, .o L log |5$f)| =K — 70,

If H,, satisfies the condition of the theorem, i.e., if the 7(*) are all strictly positive
and pairwise distinct, and if 7 = minlgigm,l(T(i)) > limy, oo %log D,, = K, then
by Lemma [l there exists, for any e > 0, a positive integer Hy(e) such that

a a; Q.
’p+q110g (—2> +~~+qilog< ’“) +'~+qm110g< = )‘ > H e
a1 a Gm—1

(2

: : ©)
for any integers p, ¢; with H = maxi<i<s{ |¢;| } > Ho(e), where p = —T—=£ O

3. EXPLICIT CASES

For the linear independence measure of logarithms of prime numbers we have
the following results. If we take

H, = (m _ 15)[a1n] (.23 _ 16)[a2n] (x _ 18)[a3n]
x (z — 20)l*4m (8722 — 3024 + 25920) (@]

with ap = 0.417252, s = 0.508248, a3 = 0.781200, oy = 0.577628, a5 = 0.005094,
we have

Theorem 3. For any € > 0, there exists a positive integer Hy(e), such that
(3.1) Ip+ q1log2+ gz log3 + gslog 5| > H 15270497

for all integers p,q1,q2,q3 with H = maxi<;<s{ |¢:| } > Ho(e), where Hy(e) is
effectively computable.

If we take
H, = (z — 35)“" (2 — 36)1*2"] (2 — 40)[@5n) (2 — 42)[@an) (g — 45)len]

with a; = 0.253406, s = 0.378746, a3 = 0.498637, oy = 0.746594, a5 = 0.247956,
we obtain

Theorem 4. For any € > 0, there exists a positive integer Hy(e), such that
(3:2) Ip+ q1log2 + g2 log 3 + g3log 5 + gy log 7| > H276-865—¢

for all integers p, g1, q2, q3,qa with H = maxi<;<a{ |¢:| } > Ho(e), where Hy(e) is
effectively computable.

For the linear independence measure of logarithms of rational numbers, we find
the following improvements on earlier results.

Theorem 5. Let a > 4 be an integer. For any e > 0, there exists a positive integer
Hy(e) such that

1 1
‘p—l—qllog (1——) + g2 log (1—}——)‘ >H mM~®
a a

for all integers p, q1,q2 with H = max{ |q1], |q2] } > Ho(e), and a linear indepen-
dence measure [y 1s given by
K +log|Hy/" ()77
K +log| Ha'" (€2)a~|
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where Hy(z) = (x — (a — 1))"(z — a)"(z — (a + 1))n, K = limp o0 +log D,, = 2
with D,, = ged[1,2,...,2n], and & ¢ (a —1l,a+1),£2,& € (a — 1,a + 1) are the
zeros of the derivative of H,l/n(x) with |Hyp (§2)] > |Hn(&3)].

We have also the following corollaries.

Corollary 6.
3 5 —36.86
p+q110g1+q210g1 > H

for H =max{ |q1],]q2] } = Ho(e).

So we replace the measure (u < 88) given by Rhin and Toffin [R1] with p < 36.86.
If we use the method that we present in Section[], we can improve this last measure.
We have

Corollary 7. For H > Hy
3 5
‘p + ¢ log 1 + g2 log Z‘ > g20515—¢

with H,, = (z— 3)1n) (g — 4)[e2n] (g — 5)lesn) (35 — 10)[an] (522 — 402 + 78)[*"] and
a1 = 0.99958, ap = 0.96100, ag = 0.92241, oy = 0.07721, a5 = 0.00146.

We can also find the linear independence measure of 1 and the three logarithms

1 1 2
log (1——) , log <1+—> , log (1+—)
a a a

with @ > 21 by using the functions H,, = ((z—(a—1))(z—a)(x—(a+1))(x—(a+2)))".
Moreover, if we use the method of semi-infinite linear programming, we can find the
linear independence measures of three logarithms for some a < 21. For instance,
by taking H,, = (2 — (a—1))>"™(z —a)"(z — (a+1))"(z — (a+2))%0"] for a = 10,
we have for H = max; |¢;| > Ho

9 11 12 —3370.308
= ke . ) > -308
p+q110g<10> +q210g<10> +q310g<10>‘ >H

If we take H,, = (v — (a — 1))[0'958”] (x—a) (0.802n] (z—(a+1)"(x—(a+ 2))[0'791”]Q,
where Q = (2 % 542)*/1090 for ¢ = 16, we have for H = max; |¢;| > Hy,

ol 15 ‘ol 17 taal 18
P+ q1log 16 g2 log 16 g3 10g 16

4. METHOD OF COMPUTATION OF POLYNOMIALS
WITH SMALL DEGREE AND MINIMAL NORM

> H767.251.

To find the linear independence measure of logarithms of rational numbers, it is
enough to find the polynomials related to these numbers which satisfy the conditions
of Theorem [2 on a certain interval, i.e., to find the polynomials H,(x) such that

.1 “n
(4.1) — nlln;o - <1og D,, + log (aglg%(b |Hy (x)x |>> > 0.

Using the notation (ICH) of the integer transfinite diameter of a real interval with
the function f and the ideal A, we have

1
— lim —log D, —log(tz (s,a)([a,b])) >0

n—oo n
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with f = 1/z and A, a, b rationals depending on a1, as, . . . , a,, of Theorem 2] We will
give below a method to compute these polynomials. We first present the generalized
Miintz—Legendre polynomials which we will use in the process.

4.1. The generalized Miintz—Legendre polynomials. We consider, for 0 <
a < b, the scalar product of the real continuous functions on the interval [a, b]
defined by

b
(1.2 (F9)o = [ Sl ds
where ¢ is a real positive function over the interval [a, b]. We put

(43 By = Dp and [Flgen = mas, (176)1Ve@).

By the Gram—Schmidt orthogonalisation process we have

Proposition 8. Let (v,(, )) be a real vector space provided with a scalar product
(, ) and let W be a subspace of finite dimension n+ 1 of V. Let wg,wn,...,w,
be an ordered basis of W. Then there exists an ordered basis Lo, L1,..., L, of W
such that

(1) the subspace generated by Lo, L1, ..., L; is equal to the subspace generated by
wo,w, ..., w; for 0 <i<n;

(2) the vectors Lo, L1, ..., Ly are orthogonal each other.

Let F' be a fixed nonzero polynomial of R[z] and let Ag, A1, ..., A, be distinct

positive real numbers. We consider Lg, L1, ..., L, to be the sequence of orthogo-
nal polynomials related to the scalar product (, ), built by the Gram-Schmidt
process from the polynomials py = Fa?°,p; = Fa*,... p, = Fa* such that

L;, = Zj<i Ci;pj + pi and the L; are an orthogonal basis.

Let p be a generalized Miintz—Legendre polynomial given by p = Z?:o a; Fari.
When F' = 1, we have the usual Miintz—Legendre polynomial. Suppose here that
an # 0. Then p can be written also as p = Z?:o b;L; with b, = a,, and

n
P13 o,y = D OFIL3
=0

so that then
12113 10,5 = V2 ILnlI3 (05 = anll Lnll3 a1)-
We also have
IPll2,(a,e) < VO — allpl1,(a,5];
and then we obtain the inequality

vb—a

(4.4 an| <
) ol < T o

”pH 1,[a,b]*

4.2. Computation of polynomials with small degree and minimal norm.
In this paragraph, we denote by p, a polynomial in Z[z] with degree n such that
[Prl1,[a,5) is minimal with (z) = =%, d € N*. We give an algorithm which allows
us to find the polynomials with minimal norm on a real interval by using generalized
Miintz—Legendre polynomials, the LLL algorithm, and a method adapted from the
simplex method. We use the same outline as Habsieger and Salvy [HS|] but different
techniques in detail, i.e.,
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ON THE LINEAR INDEPENDENCE MEASURE 909

1. find a good upper bound for ||p||1,(a,4);
2. use this bound to deduce polynomials that are necessarily factors of py;
3. perform an exhaustive search for the missing factors.

The process in detail is as follows:
a) Good upper bound for ||pyl1 (4,5 For n fixed, if we have the minimal polyno-
mials with degree m and m < n, then we can take the first good bound

Cn = min Hpmpn—m| 1,[a,b]-
m

As remarked in [HS], the natural basis of the polynomials is not the best, so we
replace it by a basis obtained by the LLL algorithm. Let H be a lattice with basis
(ei)1<i<m. Then the LLL algorithm furnishes a new LLL-reduced basis ( f;)1<i<m of
H, i.e., such that the norm (euclidean norm) of vectors f; is small, and in particular
such that the vector f; is not so far from being the smallest nonzero vector in
H. More explicitly, on the interval [a,b], suppose that the minimal polynomial
pn with degree n has the factor F' with deg F' = k. Then p, = FQ, where Q =
ag+aiz+---+apz™ * and the o; are integers. We consider the lattice H generated
by the n — k-l—]. vectors (F(xi))lgiSN; (F(l‘i)xi)lgiSN, ey (F(:L‘i)x;lik)lgigj\]. We
apply the LLL algorithm to these n — k + 1 vectors and obtain a polynomial F@Q
which is in general a polynomial that provides a good upper bound. We observe in
our calculations that this method often produces the minimal polynomial p,,.

b) Search of the necessity factors of p, by using this bound. In our process, we
start by using the generalized Miintz—Legendre method with this bound to give an
upper bound for the exponents of the polynomials in Z[z] which have a root at the
endpoints of the interval [a,b]. We compute explicitly the Gram matrix with the
basis F, (a;z — b;)F, ..., (a;x — b;)" "9 ' F where Z— € [a,b] and F is of the form
(z—a)k (z—b)*2 T],(a;z—b;)*+2. If p, = apF4aq(a;z—b;))F++ -+ p—deg r(a;x—
b;)"~9e ' F we compute the Gram matrix with the scalar product ( , ), and we
use the Gram—Schmidt process on this matrix. The last diagonal term obtained
gives ||Ln||§,[a,b]' Thus, we can maximize |ag| < ¢, Vb — a/(||Lnll2,ap)), by @D,
and so that p, has a zero of order > k; o at the point b;/a;. We repeat this until
we do not find any more new factors of the first degree. We do not consider here
the case of the factors of degree 2 or more for which it would be necessary to use
resultants.

¢) Ezhaustive search. We solve the system of linear inequalities that we obtain
by taking particular values of the variable and thus find the missing factors of
polynomial of minimal norm. After having found the necessity factors, p, is written
in the form p, = FQ(z), where Q(x) is a polynomial of degree k = n — deg F’
whose unknown coefficients are to be determined. We consider the system of linear
inequalities with k + 1 variables:

(4.5) |F(z:)Q(z:)| < ¢ forl<I<m,

where x; are control points which are different from the roots of F(x), m >k +1
is the number of such points and Q(z) = ag + a1 + - - - + axz®. The coefficients
of @ are thus the unknown variables of the system (D). This system defines a
polyhedron of which we must determine the integer points. We solve this system
of inequalities with a method adapted from the simplex method and the LLL al-
gorithm. We thus have several polynomials (there are perhaps some polynomials
q such that [|Ql|1[4,5) > cn because of the choice of the control points and the
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numerical inaccuracies in the pivoting procedure). We choose the best polynomial
for @, i.e., one of those for which the standard norm || * ||1, (4 is smallest. Thus,
one obtains a polynomial p,, which is appropriate. All calculations were carried out
with Pari software.

5. STUDY OF THE LINEAR INDEPENDENCE MEASURE

After having the minimum polynomials of degree n fixed, we will seek the best
combination of the exponents of factors of the polynomials to compute the measure.
To apply linear programming, we limit either the numerator or the denominator
of the function of the measure ([2:3). We can thus find a linear function of the
exponents of the factors by using the logarithm of the function.

We solve a problem of the following type. Find

max min g(z,C),

where g(z,C) is a linear function of C' = (¢q,...,¢;) and X is a compact subset of
C, the maximum being taken for ¢; > 0 fori=1,... k.

A traditional solution consists in choosing very many control points (z;)i<j<n
and to solve the linear programming problem

max min g(x;, C).

However, the result obtained depends on the particular control points selected.

The idea of semi-infinite linear programming [AN] consists in repeating the pre-
ceding process while adding new control points each time and checking that this
process converges to m, the value of the linear form for a choice of C' optimum,
according to the following algorithm.

(1) One chooses an initial value of C' be C©) and we calculate

" — mi (0)
my gIcIél)I(lg(x,C ).

(2) One chooses a set of control points X(® in X. Tt is clear that we have
mpy < m < mg, where mg = min, ¢y g(x, C®).

(3) We add to X(© the points where g(z,C(®) admits local minima and we
obtain a set X1 of control points.

(4) We solve the problem of linear programming maxc min, ¢xm g(z;, C). We
then obtain a new value of C' be C(") and a result of the linear programming equal
to m{ = mingex g(x,C(l)). We then have my < m} < m < my < myg, where
my = minge ya) g(z, CY).

(5) We repeat operations (2) to (4) and, thus, we find two sequences (m;) and
(m}) such that m{ <m}j <---<m)<m <m; <--- <mg < my.

We stop as soon as there is a good approximation, for example, m; —m/ < 107S.
Supposing that p iterations are enough, we then take m, as an approximation of
m.

In [AN] we can find the general theory of semi-infinite linear programming. All
computations are carried out in PASCAL.

Thus, in theory, we find a method to seek the function which makes it possible to
compute a linear independence measure of the logarithms of rational numbers. We
search initially for the best combination of polynomials such that the polynomials
are in the ideal (A, z) where A is generated by the rational numbers used by using
the generalized Miintz—Legendre polynomials, the LLL algorithm, and a method

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON THE LINEAR INDEPENDENCE MEASURE 911

adapted from the simplex method. Then we search for the best exponents of the
polynomials by semi-infinite linear programming, such that the absolute value of
F(z) generated by these polynomials is the smallest possible in the considered
interval. If we obtain a function F(z), which satisfies the conditions ({I]), then we
find a linear independence measure of the logarithms of rational numbers or prime
numbers associated to this function.

By using this method, we find the functions for (3]) and (3:2). We also prove
that the polynomials Q4, Q5 and Qg in (L4 are obtained as factors of polynomials
P in I, A having a small degree and a minimal norm. By using this method, we
find the same exponents of the polynomials and same measure. If we continue to
improve the numerator of the function of the measure, we find that the measure
u(1,log2,log3) < 7.6155 (replacing 7.616) with the exponents 0.55255,0.70451,
0.44744,0.10884,0.03842 and 0.05489 replaces 0.552418,0.704324,0.447582,
0.109072,0.038934, and 0.054368, respectively.
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