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THE CLASS NUMBER ONE PROBLEM
FOR SOME NON-ABELIAN NORMAL CM-FIELDS
OF DEGREE 48

KU-YOUNG CHANG AND SOUN-HI KWON

ABSTRACT. We prove that there is precisely one normal CM-field of degree
48 with class number one which has a normal CM-subfield of degree 16: the
narrow Hilbert class field of Q(v/5,+/101,0) with 62 — 2 —50 — 1 = 0.

1. INTRODUCTION

According to [O] and [H], there exist only finitely many normal CM-fields with
class number one, and their degrees are less than or equal to 436. All imaginary
abelian number fields with class number one are known in [Y]: their degrees are less
than or equal to 24. All normal CM-fields of degree less than 48 with class number
one are known by many authors ([LOT], [LO2|, [Lef], [LLO], [LPT], [LP2], [LOQ],
[Lou3|, [P], [YPK], [PsK], [CK2], and [CK3]). In the following table we sum up the
numbers of the non-abelian normal CM-fields N with class number one according
to their degrees.

[N:Q]|nb |[[N:Q]|nb|[N:Q]|nb|[N:Q]|nb

8 17 20 1 32 6 42 0
12 9 24 7 36 3 44 0
16 12 28 0 40 1

In this paper we study the non-abelian normal CM-fields that contain a normal
CM-subfield of degree 16, and will prove the following:

Theorem 1. There exists one and only one normal CM-field N of degree 48 with
class number one which has a normal CM-subfield of degree 16: the narrow Hilbert
class field of the real dihedral number field K15 = Q (v/5,/101,0) of degree 12 with
03 — 02 —50 — 1 = 0, narrow class number 4 and class number 2. The extension
N/Ks is cyclic quartic, dy = d‘}<12 = 232.5%4.101%4, the maximal totally real
subfield of N is the Hilbert class field of K12, and the Galois group Gal(N/Q) is
isomorphic to the semi-direct product C3 X D1g.

2. PREREQUISITE AND NOTATION

We use the following notation. For a number field K, we let hi, di, wgk, and
(k denote the class number, the absolute value of the discriminant, the number
of roots of unity in K, and the Dedekind zeta function of K, respectively. If K
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is a CM-field, we let hj, K™ and Qx € {1,2} be the relative class number, the
maximal real subfield and the Hasse unit index of K, respectively. For an abelian
extension F/K we denote by §r/x the finite part of its conductor. For a positive
integer n we let ¢, = e*7/". Before starting the proof of Theorem 1 we recall the
well-known results which will be used later in this paper.

Proposition 1. (1) ([LOO| Lemma 2]) If K is a normal CM-field, then the com-
plex conjugation is in the center of its Galois group.

(2) ([CHL Lemma 13.5]) Let K be a CM-field. If there is at least one ramified
prime ideal in K/K™ which is lying above an odd prime, then Qg = 1.

(3) ([Hg, Theorem 5], [OK], or [LOO], Theorem 5]) Let k C K be two CM-fields.
Then h,; divides 4hy.. Moreover, if [K : k] is odd, then h, divides hy and
Qr = Qk-

(4) ([CO2] and [Condl, Proposition 6]) Let K be a CM-field and let t be the number
of prime ideals of K™ that are ramified in the quadratic extension K/K™.
Then 2t~ divides hy;. Moreover, if Qx = 2, then 2 divides hy

(5) ([ConTl Proposition 13] and [LO2] Proposition 2]) Let K = L1 Lo be a CM-field
which is a compositum of two CM-fields Ly and Lo with the same mazimal
totally real subfield. Then

_Qx  wk
L. e
Qr,Qr, wr,wr, 1l
and hy hy  divides 4hy . In particular, if L1 and Lo are isomorphic, then
wi =wr, =wr, =2 and hy = (Qk/2)(hy, /QrL,)*.
(6) (M, Corollary 2.2 and 2.3]) Let E/F be an extension of number fields. Then
hp divides [E : Flhg. Moreover, if no nontrivial abelian subextension of E/F
18 unramified over F, then hp divides hg.
(7) Let K = Ly1Ly be a CM-field which is a compositum of two CM-fields Ly and
Ly with the same mazximal totally real subfield L} = L. If hir = 1, then hr,
and hr, are 1 or 2. If hg =1 and hy, = hp, = 2, then hL1+ = hL2+ = 2.

Wy =

Proof. We only need to prove the last statement of (7). If hx = 1 and hy, = hr, =
2, then K is the Hilbert class field of L, and is at the same time that of Ly. Hence,
KT is the Hilbert class field of LT = L3 (see [P, Lemma 6.2]). O

Proposition 2. Let K be a CM-field of degree 2n.

(1) ([ ]) h]_( —QKQJK/ 271’ \/dK/dK+ Ress 1 CK)/RGSS I(CK‘*')
(2) ([LOZ, Proposition 9]) Let ﬂK =1-(2/logdx) and

exc = max(L —2mne!/" Jdil*" 25 exp(—2mn/di*")).

If (k (Bi) <0, then Ress—1(Ck) > 2ex/(elogdk).
(3) ([Lou2]) There exists a computable constant u > 0 such that for any abelian
extension K/k of degree m unramified at all the infinite places we have

Res.1(Gi) < (Resuc1(G) )" (g o8 /) + 20 )

Let C,, denote the cyclic group of order m, D,, the dihedral group of order m,
Qm the quaternion group of order m and set Gg = (b, ¢, z|b* = ¢ = 22 = 1,¢ Lbc =
bz,bz = zb,cz = zc) and Gg = (b,c,z|b?> = ¢ = 2* = 1,¢7tbe = b2?% bz = 2b,cz =
zc) (in the notation of [JL]). Throughout this paper, N denotes a non-abelian
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normal CM-field of degree 48. We assume that the 3-Sylow subgroup of its Galois
group Gal(N/Q) is normal, and we let M denote the normal CM-subfield of degree
16 of N. According to Proposition 1, if Ay = 1, then h); = 1 (moreover, either
N/M is ramified at least one finite place and hps = 1 or N/M is unramified at
all places, hps = 3, and N is the Hilbert class field of M). Now, there are 26
normal CM-fields of degree 16 with relative class number one (see [LO2|, [Lou3|,
ICKT], [PK]|, and Theorem 2 below). If Gal(M/Q) is non-abelian, then it is equal
to Qs x Cs, Gg, D1g, Gy, Dg x Cs. For proving Theorem 1, we first prove that if
Gal(M/Q) # Dis,Gg, Dg x Co, then we can use Proposition 1 and the known
solutions to various (relative) class number problems for suitable CM-subfields of
N to prove that hy > 1. Now, assume that Gal(M/Q) = D16, Gy, or Dg x Cy. We
will show that we can find a subfield L of MT such that N/L is abelian and such
that the use of abelian L-functions to factorize (/¢ readily yields ((x/¢z)(s) > 0
for 0 < s < 1. Since M is known, L also is known, we will check that (5 (s) < 0
for 0 < s < 1 and we will therefore deduce that (n(s) < 0 for 0 < s < 1. Using
Proposition 2, we will obtain explicit lower bounds for h}, according to which we
will be able to compute explicit upper bounds on dy when hy = 1 and to construct
a short list of number fields N containing all such N’s with hy = 1. We will finally
explain how one can use the method expounded in [Lou5] and [Conf] to compute
the relative class numbers of these finitely many CM-fields N that remain, thus
completing the proof of Theorem 1.

3. CASE 1: M 1S ABELIAN
We will show the following.

Proposition 3. If N contains an abelian number field M of degree 16, then
hy > 1.

Proof. Let K3 be any cubic subfield of N. Since N is non-abelian, K3 is not
normal, its normal closure Kg is a dihedral real sextic field, and we let ko denote
the (real) quadratic subfield of Kg. The Galois group Gal(M/Q) is isomorphic to
0167 Cg X CQ, C4 X C4, C4 X C2 X CQ, or CQ X CQ X CQ X CQ.

(i) If Gal(M/Q) = Cig, then Gal(N/Q) is isomorphic to C3 x C1 = (a,bla® =
b6 = 1,67 tab = o 1), and N is a compositum of M and the real dihedral
field of degree 6 that is fixed by (b?). According to [Loud, Theorem 5] we
have hyy > 1.

(i) If Gal(M/Q) = CsxCy with Gal(M*/Q) = Cs, then Gal(N/Q) = (a, b, c|a® =
b =c? =1,b7tab = a ! ac = ca,bc = cb) with Gal(N/N*) = (b*c). The
subfield K15 fixed by (b%c) is a normal CM-field with Galois group isomor-
phic to Q12. By [LP1| hp > 4, whence hy > 1 by Proposition 1(3). If
Gal(M/Q) = Cs x Cy with Gal(M™*/Q) = C4 x Cy, then hy, > 1 by [CKI].
Hence hy > 1 by Proposition 1(3).

(iii) If Gal(M/Q) = C4 x Cy, then Gal(N/Q) = Q12 x Cy and Gal(N1/Q) is
isomorphic to either S3 x Cy or Q12 x Cy. Let 17 and ¥ be two odd primitive
characters of order 4 such that M is associated with the group (1, 9). If ko
is associated with (¥?) or (2), then Gal(N*/Q) = S3 x Cy. Assume that ko
is associated with (7&%) Let Mi2,1 be the compositum of K¢ and the quartic
field associated with (1), and Mz o the compositum of K¢ and the quartic
field associated with (1112). Then Mia,1 and Mo 2 are quaternion CM-fields
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of degree 12 with the same maximal real subfield Kg. According to [LP1]
Theorem 1], there is no pair of (Mig,1,Mi2,2) such that hJT/[12)1|4, hJT/[12)2|4,
and at the same time Mf;l = Mfgg, whence hyy > 1. By symmetry, if ky
is associated with (12), then hy > 1. Assume now that ks is associated
with (293). Let May1 be the compositum of K¢ and the imaginary cyclic
quartic field associated with (1), and Ma4 o the compositum of K¢ and the
imaginary cyclic quartic field associated with (t2). Then Mas 1 and Mag o
are normal CM-fields with Galois group isomorphic to S3 x Cy which have
the same maximal real subfield. Using Proposition 1(5) we verify that hy =
h]T/IZMh]T/IZM. By [Pl Theorem 1] there is only on CM-field of relative class

number one with Galois group isomorphic to S3 x Cy, whence hy > 1.

(iV) If Gal(M/Q) = (4 x Cy x Oy with Gal(M*/@) = Cy x Cy, then Gal(N/Q)
is isomorphic to either Q15 X Cy x Cy or S3 x Cy x Cy. Let 9 be the odd
primitive Dirichlet character of order 4, and let x; and x2 be two quadratic
odd characters such that M is associated with the group (¢, x1, x2). If ko is
associated with <1/J2>, then the compositum M2 ; of K and the field associ-
ated with (), and the compositum Mg 2 of K4 and the field associated with
(hx1x2) are normal CM-fields with Galois group Q12 and Mfg’l = MIE’Q. By
[LP1, Theorem 1], hy > 1. If ks is associated with (1)2x1x2) or (x1X2), then
we let M2 1 be the compositum of Kg and the field associated with (1), and
May 5 the compositum of K¢ and the field associated with (1/%, x1, x2). Then
Gal(M2471/Q) = 33 X C4, Gal(M2472/Q) = 53 X CQ X CQ, M2J21,1 = ]\42JCL27 and
N = My 1Mayo. By [P, Theorem 1] hy, > 1 and hy, , > 1, whence
according to Proposition 1(7) we have hy > 1. Y

(V) If Gal(M/Q) = 04 X CQ X CQ with Gal(MJr/Q) = CQ X CQ X CQ, then hI\_/I >1
by [CK1]. Hence hy > 1.

(vi) If Gal(M/Q) = Cy x Cy x Cy x Cy, then hy,; > 1 by [CK1]. Hence hy > 1.

O

4. CASE 2: Gal(M/Q) S {D16, Qs X CQ}

In this section we assume that Gal(M/Q) € {D16, Qs x C2} and hy, = 1. We will
prove that there is exactly one field N with Ay = 1. In subsection 4.1 we assume
that G(M/Q) = D1g, and in subsection 4.2 we assume that G(M/Q) = Qg x Cs.

4.1. G(M/Q) = Djg. There are five dihedral CM-fields M of degree 16 with rela-
tive class number one [LO2, Theorem 10]: the narrow Hilbert class fields of Q (,/pq)
with (p, q) € {(2,257), (5,101), (5,181), (13,53), (13,61)}. The narrow Hilbert class
field of Q (v/2-257) has class number three and the remaining four M’s have
class number one. We set K = Q (/p,/q) and k = Q (/pq). The field M has
three quadratic subfields L1, Lo, and k with Gal(M/L,) = Gal(M/Ly) = Dg, and
Gal(M/k) = Cs. Therefore, the Galois group Gal(IN/Q) is isomorphic to Dig x C3
if N contains only one cubic cyclic subfield, Dsg or (Dg x C3) x' Cy = C3 x D5
=(a,b,c|a® =8 =c*=1,ctbe=b"1b"tab=a" ', ac = ca), otherwise. In [Lef|
it is proved that if Gal(N/Q) = Dys, then hyy > 1. We deal with the fields N with
Gal(N/Q) = D16 x C3 in 4.1.1 and the fields N with Gal(N/Q) = (Dg x C3) x!' Cy
in 4.1.2, respectively.
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4.1.1. Gal(N/Q) = Dqs x Cs. Let K3 denote the cyclic cubic subfield of N. Since
K3/Q is ramified, N/M is ramified and if hy = 1, then hpsr = 1 by point (6) of
Proposition 1. Therefore, M cannot be equal to the narrow Hilbert class field of
Q(v2-257). Note that N/k is cyclic of degree 24.

Lemma 1. Let x be any one of the eight characters of order 24 associated with the
cyclic extension N/k.

(1) We have (Cn/Cx)(s) > 0 in the range 0 < s < 1.

(2) For each given M with har = 1 we can compute a bound Ny o(§) < C on the
norms of the conductors § of the cyclic cubic extensions kK3/k for the N'’s
such that hyy = 1. These bounds are listed in Table 1.

(3) Assume that hy = 1. Then § = (I) for some prime | which splits in k, or
$ = B, for some prime ideal B; of k above a prime | ramified in k.

(4) hyy divides by, L(0,x) € Q(v2,vV=3), and hy /by, = Ny a5 (1L(0,X))?
s a perfect square which can be computed using the techniques developed in
[Loub] and [Louf].

Proof. (1) It follows from ({n/Ck)(s) = Hzli1 |L(s,x")|%.

(2) We have verified that for the above four M’s, (k(s) < 0 in the range 0 <
s < 1. Hence, (n(s) < 0 for 0 < s < 1. Using [Lou2) Lemma 12 and
Proposition 13] we compute explicitly ux Ress—1((x) and apply Proposition 2
to get lower bound for hy. Since M/M™ is unramified at all finite places and
Qy =wy =2, N/NT is unramified at all finite places, dy+ = d}ka/Q(g)S,
and @y = wy = 2. From this lower bound for h), we obtain the upper
bounds C on Ny, /q(§) such that hy = 1 implies Ny, o(§) < C.

(3) If the number of ramified primes in K3/Q is greater than one, then 3 divides
hrk,, whence 3|hy+ by Proposition 1(6). If there is a prime divisor I of
Niyo(§) which is inert in &, then 31 divides hy. Since M is the narrow
Hilbert class field of k, (1) splits completely in M/k, whence there are at least
4 prime ideals ramified in N*/M* which split at the same time in M/M™.
Hence, 3%|h}y by [LOO, Proposition 8].

(4) According to [Lou6], the value L(0, x) is an algebraic integer of Q({24) and

o 1
hiv/Par = Nagean /o(7L(0,X)).

Let Gal(N/Q) = (a,b,cla® =b® = 2 =1,b"tab=a,c tac = a,c tbe = b7 1),
where Gal(N/k) = (a,b). The restriction of ¢ to k generates Gal(k/Q) and
using Artin’s reciprocity theorem we obtain that x o ¢ = x7 and

07(L(07X)) = L(OaX7) - L(07X © C) = L(07X)'

Therefore, L(0, x) € Q(v/2,v/=3), the subfield of Q((24) fixed by o7. It follows
that
o 1
hy/h :(NQ(\/i,\/?s)/Q(ZL(OaX)))Q

is a perfect square.
|

We verify that hy > 1 for all fields N satisfying points (2) and (3) in Lemma 1,
and sum up the computational results in Table 1.
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TABLE 1.
k e Rese=1(C) < | Nijo(S) < S hy
Q(+v/5-101) 2.160235 36000 (7) 1932
(9) 463>
(19) 93372
(31) 492522
(67) | 45401442
(73) | 19872792
(79) | 31116963
(103) | 85897212
(127) | 514390122
(163) | 1804879722
(181) | 3305792922
Q(+v/5-181) 2.154802 4700 (7) 964>
Pigi 40322
Q(+/13 - 53) 1.976174 6000 Pis 282
(19) 238632
(31) 1307292
(43) 5386572
(67) | 85398882
(73) | 117627912
Q(v13-61) 2.531191 18000 Bz 632
(7) 964>
(9) 15192
(31) 1897242
(37) 5401272
Po1 4872
(67) | 43142892
(103) | 221948447
(127) | 733511082

4.1.2. Gal(N/Q) = (Dg x C3) x! Cy. The field N has three non-normal cubic
subfields. Let K3 be any one of them, Ky its normal closure, and ko the quadratic
subfield of K. Since if Gal(M/k2) = Cs, then Gal(N/Q) = Dsg and hyy > 1. It
follows that k2 = Q (\/p) or Q (\/q), and Gal(M /ks) = Ds.

Lemma 2. (1) We have ((n/Cx)(s) > 0 in the range 0 < s < 1.

(2) There exists some positive integer f > 1 such that Fgq/k, = (f). For each
gwen M with hy; =1 we can compute a bound f < C on the conductors (f)
of the cyclic cubic extensions Kg/ky for the N’s such that hyy = 1. These

bounds and the possible f’s are given in Table 2.

(3) Let x be any one of the four characters of order 12 associated with the
cyclic extension N/K. Then hy, divides hy, L(0,x) € Q, and hy/h,, =
(L(0,x)/16)* is a perfect fourth power which can be computed by using the

techniques developed in [Loub| and [Lou6.
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TABLE 2.

K k2 Py Ress=1(Cry) < | f < f hy
Q(v2,v257) | Q(v257) 1 2!
Q(W5,v/101) | Q(v/5) 0.043633 13 | None

Q(\/101) 0.562340 22 2 1
Q(+v5,v181) | Q(v/5) 105 | None

Q(/181) 0.855096 30 | 17 | 166*

Q(v13,v53) | Q(/13) 0.146745 19 | 25 | 35°

Q(v/53) 0.407728 52 | 2.5 | 50*

213 | 31*

Q(v13,v61) | Q(+/13) 130 | 11 | 85

261 | 175*

Q(v61) 0.487910 95 13 6

2.9 | 142*

211 | 233*

Proof. (1) Since N/K and M ™ /k are cyclic of degree 12 and 4, respectively, then
as in point (1) of Lemma 1 we obtain ({x/Cas+)(s) > 0 and (Car+/Cx)(s) >0
for 0 < s < 1.

(2) The first part follows from [Mar, Theorem IIL.1] or [LPLL Theorem 4]. For
K = Q(v/2,v/257) we have verified that (x(s) < 0 in the range 0 < s < 1.
Hence, (n(s) <0 for 0 < s < 1 for every M with hy; = 1. Since N /ks is
abelian and dpy+ /d,lé = f16_ using Proposition 2 we get upper bound C on f
such that Ay, = 1 implies f < C. To alleviate the list of possible conductors
f we use the same argument as in point (3) of Lemma 1: If there is a prime
divisor [ of f which is inert in Q(,/pq), then 3* divides hy.

(3) Let K12 be the compositum of K and Kg. We have

hiy/har = No(cin) (L0, x)/2%).

Assume Gal(N/K) = (a,b?). Let x_ be any one of two quartic charac-
ters associated with the cyclic extension M/K and x4 any one of two cubic
characters associated with the cyclic extension K12/K such that x = x—x-
Using the Artin reciprocity theorem, it can be easily verified that x_ob = x_,
x—oc=x_" x4o0b=x7", and x4+ oc = x4, whence yob = x® and yoc = x".
For a positive integer n let o, € Gal(Q((12)/Q) with 0, ((12) = (f%. We have

a5(L(0,x)) = L(0,x”) = L(0,x 0 b) = L(0, x)

and o7(L(0,x)) = L(0,x). Since (05,07) = Gal(Q(¢12)/Q) we have
L(0, x) € Q, whence hy/h, is the 4-th power of some integer.
O
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Our computational results are given in Table 2. When K = Q(v/2, v/257), if hy = 1,
then N/M, N*/M™*, and Kg/ko are unramified. Otherwise, hxy = 0 mod 3. Since
Q(v/2) has class number one, we must have ks = Q (v/257) and (f) = 1. Note that
when K = Q(v/5,V101), ks = Q(+/101), and f = 2, we have K¢ = Q(v/101,6)
with % — 62 — 50 — 1 = 0. Using KASH ([K]) we verify that the class group
of Q(\/g, V101, 6) is isomorphic to Cy and the narrow class group of this field is
isomorphic to Cy. It follows that N7 is the Hilbert class field of Q(v/5, /101, 6)
and N is the narrow Hilbert class field of this field. In addition, thanks to KASH
we verify that the class number of N7 is equal to 1.

4.2. Gal(M/Q) = Qs x Cs. By [Lou3l Theorem 1],
M= (VLVEVEN -2+ VaE +VE))

is the only normal CM-field of relative class number one with Galois group isomor-
phic to Qg x Cy. This field has class number one and @)y = 2. In this subsection
we assume that N contains this field M and will prove that hy > 1. The Galois
group Gal(N/Q) is isomorphic to either Qg x Ca x C3 or Q24 X C according to
whether N has a cyclic cubic subfield or not.

4.2.1. Gal(N/Q) = Qs x Co x C3. The field N has only one cyclic cubic subfield
K3. The composita

N1:K3(\/§,\/§,\/—(2+\/§)(3+\/§)) and Ny = K3(v/2,/3,v/—1)

have the same maximal real subfield K3(v/2,v/3). Suppose that hy = 1. By
Proposition 1(7) we would have hy, =1 or hy, = 1. Since every octic quaternion

CM-field has an even relative class number, Ay, is even. Using [CKI] we verify that
there is no imaginary abelian number field with Galois group isomorphic to Cy X
Cy x Cy x Cy of relative class number one which contains the field Q(v/2,v/3, v/—1).
Hence hy > 1.

4.2.2. Gal(N/Q) = Q24 x Cs. The field N contains a non-normal cubic subfield
K3. The compositum

Ny = K3(V3, V3, /-2 + V3)(3 + V3))

is a normal CM-field with Galois group isomorphic to Q24. The compositum Ny =
K3(\/§, V3,v/—1) is a normal CM-field with Galois group isomorphic to Dis x Cs.
We have N = N; N, with N1+ = N2+ = Kg(\/i, V3). Note that hy, is even.
According to [Pl Theorem 1], hy, > 1. By Proposition 1(7) it follows that An > 1.

5. CAsE 3: Gal(M/Q) € {Gg, Gs}

In subsection 5.1 we assume that G(M/Q) = Gy, and in subsection 5.2 we assume
that G(M/Q) = Ge.

5.1. Gal(M/Q) = Gg. There is only one normal CM-field M of relative class num-
ber one with Galois group isomorphic to Gy ([LO2| Theorem 20]):

M =Q(v2,V5,V37, \/—(2\/5 +3V5)(2+ V5)).
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Assume that N contains M. The aim of this subsection is to prove that hy >
1. Note that Gal(M/Q(v/2-5-37)) = Qs, Gal(M/Q(v/2)) = Gal(M/Q(\/5)) =
Gal(M/Q(v3T) = Dy, and Gal(M/Q(v2-5)) = Gal(M/Q(v2-37) =
Gal(M/Q(v5-37)) = C4 x Cy. Therefore, Gal(N/Q) is isomorphic to Gg x C3
if N contains only one cubic cyclic subfield K3, (Qg x C3) x Ca, (Dg x C3) x2 Cy
={(a,b,c|a®=b2=c?=2*=1,c"be = bz%,bz = zb,cz = z¢,b"'ab = a,c tac =
a,z taz = a1, or (Cy x Cy x C3) x Oy otherwise. We divide this subsection into
four parts according to Gal(N/Q).

5.1.1. Gal(N/Q) = Gy x C3. We will show that hxy > 1. We first get an upper
bound C on the conductor of K3/Q such that if hyy = 1, then the conductor
is less than or equal to C. Let K = Q(v2,v5-37). Since N/K is cyclic of
degree 12, then as in point (1) of Lemma 1 we obtain ({x/(pr+)(s) > 0 for 0 <
s < 1. We verify that (pr+(s) < 0 for s € ]0,1[, which implies {y(s) < 0 for
s €]0,1[. Let F = Q(v/2-5-37). The extension N*/F is abelian of degree 12 and
dy+/d¥? = NF/Q(SFKS/F)S. Using pr Ress=1(¢r) < 2.227842 and Proposition
2, we obtain that if hy < 1, then Np/o(Srk,/r) < 1300, whence Frg,/r €
{(7),(3)% (13),(19), (31), Par} with (37) = P3; in F.
(i) When Fpg,/r = (7), K3 is of conductor 7. There are four non-normal octic
CM-fields containing Q(v/2) with relative class number one. Let Mg; =

Q(v2,V5, \/—(2\/5—1— 3v/5)(2 + \/5)) and Mg its conjugate over Q. Set
N24’1 = M871K3 and N24’2 = M8’2K3. By PI‘OpOSitiOH 1(5) h;/v = (hf_\724,1)2'
The two prime ideals lying above 7 in Mgl = Q(v/2,V/5) split in Mg ;. Hence,
3%|hy,, , by [LOOL Proposition 8] and 3*|hy,.

(ii) When §FK3/F = (3)2, K3 is of conductor 9. Let Mg 1, Mg 2, Nog 1, and Nog o
be as in (i). One prime ideal lying above 37 in Q(v/2,v/5) is ramified in Mg ;
and 37 splits in K3, whence 22|h;\,24’1 and 2*|hy. By the same argument we
prove that if Fpr,/r = (19), then 24|hy.

(iii) When §pg,,/r = (13), K3 is of conductor 13. Let Mg ; be any one of two non-
normal octic CM-fields of M containing Q(v/2, \/ﬁ) and Mg o its conjugate
over Q. Let Nosy = Mg 1K3 and Nago = Mg2Ks. One prime ideal lying
above 5 in Q(v/2,1/37) is ramified in Mg ; and 5 splits in K3, which implies
22|h;\,24’1 and 24|h .

(iv) When §pg,/r = (31), K3 is of conductor 31. We let Mg be any one of
two non-normal octic subfields of M containing Q(\/g, \/3_7) and Mg o its
conjugate over Q. One prime ideal lying above 2 is ramified in Mg; and 2
splits in K3, whence 22|h;\,24’1 and 24|hy.

(v) When §rg,/r = Par, K3 is of conductor 37. According to [Mal, the cyclic
sextic subfield K. 3(\/%) of N has class number 6, whence by Proposition
1(6) 3|hN.

5.1.2. Gal(N/Q) = (Dg x C3) x%Cs. Let K3 be any one of three non-normal cubic
subfields of N, Kg its normal closure, and ko the quadratic subfield of Kg. We
have Gal(M/ks) = Dg. Let K be the intermediate field between M and ks such
that G(M/K) = Cy. Then M/K is unramified at all finite primes, Gal(M* /ks) =
Cy x Oy, Gal(N/K) = Ch2, and Gal(N™T /ky) = Cy x Cy x C3. As in point (1) of
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TABLE 3.

k <) f | hy
Q(v2) | 22 | None
Q(/5) | 8 | None
QW37 | 44 | 2 | 2*

TABLE 4.

ks c f hy
Q(v2-5) | 140 | 37 | 10212
Q(2-37) | 21 9 | 50442
Q(v5-37) | 35 | None

Lemma 1 we obtain (x/Cpr+)(s) > 0 and (n(s) <0 for s € ]0,1[. Since Nt /ky is
abelian of degree 12 and dy+/d;2 = f'® Ny, /0(Dn+/k,), where (f) = Fr,/n, and
Dn+ /K, denotes the discriminant of the extension N */Kg, using Proposition 2 we
obtain upper bound C' on f such that if hy =1, then f < C. Our computational
results are given in Table 3. As in point (3) of Lemma 2 we can easily verify that
hy/hyy is the 4-th power of some rational integer.

5.1.3. Gal(N/Q) = (Cy x Oy x C3) x Cy = (a,b,c,z | a® = b% = ¢ = 2* =
Lcthe = b2%,bz = zb,cz = ze,b tab = a,c tac = a7, 27 'az = a). In this
case N has three non-normal cubic subfields and its associated quadratic subfield
ko has Gal(M/ke) = Cy x Co. For a fixed field ko there are two intermediate
fields K between ko and M™ such that Gal(M/K) = C,. Let K be any one of
these two fields. Then M/K is unramified at all finite primes, Gal(N/K) = C}2,
Gal(M™ /ky) = Cy x Cy, and Gal(N'/ky) = Cy x Cy x Cs. Analogously as in
subsection 5.1.2 we get upper bound C' on f such that if hyy = 1, then f < C.
Since Gal(N/kz2) = Cy x Ca x C3, we compute hy using Hecke L-functions over ks
(see Table 4).

5.14. Gal(N/Q) = (Qs x C3) x Cs. In this case N has three non-normal cubic
subfields such that its associated quadratic subfield ks is equal to Q(v/2 - 5 - 37). Let
K be any one of three quartic fields containing Q(v/2 -5 - 37). Then Gal(N/K) =
Ci2 and Gal(N™T/ky) = Cy x Cy x C3. As in subsection 5.1.2 we verify that if
hy =1, then f < 36 with §x,/k, = (f). There is no sextic field K¢ containing

Q(v2-5-37) with f < 36. Therefore, hy > 1.

5.2. Gal(M/Q) = G¢. In [Loud] it is proved that there are exactly two such fields
M with hy; = 1: the composita M = My Ms listed in Table 5. In fact, those are the
only fields with Galois group isomorphic to Gg of relative class number one. The
Galois group Gal(M*/Q) is isomorphic to Dg or Cy x Co. When Gal(M*+/Q) = Ds,
M is a compositum of an octic dihedral CM-field My ; and an imaginary abelian
number field Mg o with Gal(Ms 2/Q) = C4 x Cy. Using [YK] and [CK1], we verify
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TABLE 5.

Ms 1 Mg 2 hM&1 hM&2

Q(\/i \/ﬁv _(5+ \/ﬁ)/Q) Q(\/i \/1_77 _(17+ 3\/1_7)/2) 1 2

Gal(Ms.1/Q) = Ds Gal(Ms.2/Q) = Ds
Gal(Ms,1/Q(v/34)) = Ca Gal(Ms2/Q(v/2)) = Ca
Q(V13,V17,1/—(9 + V13)/2) Q(V17,4/-(13 + 2V13)) 1 2
Gal(Ms 1/Q) = Dg Gal(Ms.2/Q) = C4 x Cs

Gal(Ms,1/Q(v/221)) = Cy | Gal(Q(4/—(13 4+ 2/13)/Q) = C4

that there is only one such field M with h;, = 1: the second field in Table 5. When
Gal(M*/Q) = Cy x Co, M is a compositum of two octic dihedral CM-fields Ms 1
and Mg o with M;l = M;Q. According to [Lou3, Theorem 2| there is only one
such field M with hj, = 1: the first field in Table 5. We will prove that hx > 1.
If K3/Q is normal, then Gal(N/Q) = Gg x C3. Otherwise, Gal(N/Q) = Cs x G.
Let Ny = Mg K3 and Ny = Mg 2K3. Then N = Ny No with N;" = N7 = K3K,.

5.2.1. Gal(N/Q) = Gg¢ x C5. If Gal(M™*/Q) = Cy x Cs, then Gal(N;/Q) = Dg x
C3 = Gal(N2/Q). According to [P, Theorem 1], hy > 1 and hy, > 1, whence
hy > 1. If Gal(M™*/Q) = Ds, then Gal(N1/Q) = Dg x C3, and Gal(N2/Q) =
C4 x O3 x C3. Using [CK1], we verify that hy, >4, whence hy > 1.

(a) Let M be the first field in Table 5. The quadratic field ko associated with K3 is
either Q(v/34), Q(v2), or Q(v/17). If ko = Q(v/34), then Gal(N,/Q) = Day,
and Gal(Ny/Q) = C3 x Dg. If ky = Q(+/2), then Gal(N;/Q) = C3 x Dg,
and Gal(Ng/Q) = D24. If k‘g = Q(\/]._'?), then Gal(Nl/Q) = 03 X Dg =
Gal(N2/Q). According to [Pl Theorem 1] and [Lef, Theorem 4.1}, we have
hy, > 1 and hy, > 1, whence hy > 1.

(b) Let M be the second field in Table 5. The quadratic field ks associated
with K3 is either Q(v/221), Q(v/13), or Q(v/17). If ky = Q(v/221), then
Gal(Nl/Q) = D24, and Gal(Ng/Q) = 53 X 04. If k}g = Q(\/ﬁ), then
Gal(Nl/Q) = 03 X Dg and Gal(Ng/Q) = Q12 X CQ. If kg = Q(\/l_’?), then
Gal(N1/Q) = C3 x Ds, and Gal(N2/Q) = S3 x Cy. Using [Lefl Theorem 4.1]

and [P, Theorem 1], we have hy, > 1 and hy, > 1, whence hy > 1.

6. CASE 4: Gal(M/Q) = Dg x Cs

To begin with, we prove the following;:

Theorem 2 (Compare with [Lou3| Theorems 2 and 3]). There are four normal
CM-fields M of degree 16 and Galois group Dg x Co with relative class number
one, those given in the following Table 6.
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TABLE 6.
Mt a:M=M"V=a) | Qu | wm
Q(v2,V5,V17) 5(5+V17)/2 2 | 2
Q(V2,v3,V/3+3) 1 2 |24
Q(V3,V11,V/15 + 8v3) 1 2 |12
Q(V2,V17,4/3(5 + V17)/2) 3 2 |6

Proof. The Galois group Gal(M ™ /Q) is isomorphic to either Dg or Cy x Co x Cs.
When Gal(M™*/Q) = Dg, M is a compositum of an octic dihedral CM-field Ms 1
and an imaginary abelian number field My o with Gal(Mg 2/Q) = Cy x Co x Cy. Let
L be any one of four non-normal quartic CM-subfields of Mg ;. According to [Lou3|
Proposition 16, hy, = 1 if and only if (hp,hy, ) € {(1,4),(1,2),(2,1)}. In the
case that (hp,hy. ) = (1,4) or (1,2), Mgfl = Mng is of the form Q(\/p,/q),
where (p,q) is one of the 19 pairs given in [LOT, Theorem 8]. Then Mg, =
Q(y/P: /@, vV—m), where Q(/—m) is one of 81(= 9 + 18 + 54 ) imaginary qua-
dratic fields of class number one, two or four. For these 1539(= 19 x 81) CM-fields
Mz o> we compute hl\_/l&2 and verify that there is only one field M with h,, = 1: the

fourth field in Table 6. In the case that (hy,hy, ) = (2,1), using [YK] and [CK1]

we verify that there are exactly two fields M with h}; = 1: the second and third
fields in Table 6. When Gal(M*+/Q) = Cy x Cy x Co, M is a compositum of two
octic dihedral CM-fields Mg 1 and Mg 2. According to [Lou3l Theorem 2], there is
only one such M with h}; = 1: the first field in Table 6. O

From now on we assume that M is one of these four fields and we will prove that
hy > 1. We classify the Galois group Gal(IN/Q). Let K3 be any cubic subfield of
N. If K3 is not normal, then its normal closure Kg is a dihedral real sextic field
and we let ko denote the (real) quadratic subfield of Kg. If K3 is normal, then
Gal(N/Q) = Dg x Cs. If K3 is not normal over Q, then Gal(N/Q) is isomorphic to
either Dg X Sg, D24 X CQ, or (C3 >4D8) X CQ. Let K4 = ME;TI = MBJTQ If K4ﬂk2 = Q,
then Gal(M*/Q) = Cy x C x Ca, and Gal(N/Q) = Dg x S3. If K4Nky 2 Q , then
Mg 1/ks is either cyclic or biquadratic bicyclic. If Mg /ks is cyclic quartic, then
Gal(N/Q) = Day x Cs. If Mg 1/ko is biquadratic bicyclic, then Gal(K3Ms1/Q) =
C3 x Dg = (a,b,cla® = b* = > = 1,b7tab = a~t,c tac = a,c " tbc = b~ 1), and
Gal(N/Q) = (03 X Dg) X CQ.

6.1. Gal(N/Q) = Dgx Cs. If Gal(M+/Q) = Dsg, then the composita N1 = Mg 1 K3
and Ny = Mg K3 are normal CM-subfields of N with the same maximal real
subfields K3K,. By [P, Theorem 1], the compositum of the dihedral octic CM-field

Q(v13,4/17,4/—(9 ++/13)/2) and of the cyclic cubic field of conductor 13 is the
only normal CM-field of relative class number one with Galois group isomorphic to
Dg x C3. In Table 6 there is no field M containing Q(v/13, /17 ). It follows then
that hy, > 1. According to [CK1], there are exactly two imaginary abelian number
fields with Galois group isomorphic to Cy x Cy x Cy x C3 of relative class number

one: Fr(v/—1,v/-3,v/=7) and F;(v/—3,v/—=7,v/—15), where F; denotes the cyclic
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cubic field of conductor 7. In Table 6 there is no field M containing Q(v/3,/7), or
Q(v/5,v/21), whence hy, > 1. It follows that if Gal(M*/Q) = Ds, then hy > 1.
If Gal(M*/Q) = Cy x Cy x Cy, then Ny = Mg K3 and Ny = Mg 2 K3 are normal
CM-fields with Galois group isomorphic to Dg x C3. Note that Mgfl = Mng =
Q(v2,V/17). According to [P, Theorem 1], hy, > 1 and hy, > 1, which implies
hy > 1.

6.2. Gal(N/Q) = Dgx Ss. In this case N has three non-normal real cubic subfields.
Let K3, Kg, ko and K4 be as above. We have that K4y Nko = Q, Gal(M™/Q) =
Cyx Cy x Co, M is the first field in Table 6. In addition, we have K, = Q(\/Z \/ﬁ),
and ko = Q(v/m) with m € {5,2-5,5-17,2-5-17}. Let (f) be the conductor of
the extension Kg/ke with f a positive integer.

Lemma 3. 1. We have {n(s) <0 for 0 < s < 1.
2. For each given ko in the above we can compute a bound of f < C on the
conductor (f) for N’s such that hyy = 1. These bounds and the possible f’s
are compiled in Table 7.
3. The quotient hy /hy; is the perfect fourth power of some rational integer.

Proof. (1) Let xn/a+ be any one of two characters associated with the cyclic
sextic extension N/MT. We have

n(s)  Cul(s)
Cur+(8) Cart (s

Cur(s) CMs,1(5) CMs 2 (s) 2 2

() Crals) Ca(s) L)
where 1; is the unique irreducible character of degree 2 of Gal(Ms_;/Q) the
dihedral group of order 8, and L(s, ¥;) denotes the Artin L-function associated
with v; for ¢ = 1,2. Since 1); is real valued, L(s,1;) is on the real axis and
L(s,1;)> > 0. For M = Q(v/2,v/5,V/17) we have verified that 4+ (s) <0
for s € ]0,1[, whence (n(s) < 0.

(2) Since M /M is unramified at all finite primes, N/N T is unramified at all finite
primes and dy/dy+ = dy+ = d,lcgflﬁNKB/Q(’DNﬂKB). Using Proposition 2,
we get an upper bound on f. Since the prime ideals lying above 2 and those
above 17 split in M/M™*, if (f,2) > 1 or (f,17) > 1, then 3% divides hjy
by [LOOL Proposition 8]. Note that the prime ideals lying above 13 split in
M /M, whence the relative class number of the fourth field N in Table 7 is
divisible by 3%.

j |L (s, xXv/nr+ ) L(8, X0 )P

and

TABLE 7.
ks Py Ress=1(Cr) < | f < f hy
Q(V5) 0.0436324 10 | NONE
Q(v2-5) 0.4276490 41 37 | (920)*
Q5 -17) 0.5861712 31 9 (44)*
Q(v2-5-17) 1.4062136 38 13 | 3*hy
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(3) Note that Mg and Msg o are cyclic over Q(v/34). Let K be the compositum
of Q(\/3_4) and ky. Then Gal(N/K) = Ci2. Let x be any one of the four
characters of order 12 associated with the cyclic extension N/K. Similarly to
point (3) of Lemma 2, we verify that L(0, x) € Q and hy/hy, = (L(0, x)/2%)*.

([l

In conclusion, we have proved that every normal CM-field with Galois group iso-
morphic to Dg x S5 has class number greater than one. Our computational results
are given in Table 7.

6.3. Gal(N/Q) = D24 x C3. In this case N has three non-normal cubic fields and
Mg 1/ks is cyclic. Let Ny = Mg 1K3 and Ny = Mg 2K3. Then we have N = N1 N,
with N7 = Ni = K3Ky. If Gal(M+/Q) = Dg, then Gal(N;/Q) = Day, and
Gal(Ng/Q) = 53 X CQ X CQ. If Gal(M*/@) = CQ X CQ X CQ, then Gal(Nl/Q) =
Dys = Gal(N2/Q). Using |[Lef, Theorem 4.1] and [Pl Theorem 1], we verify that
in both cases hy, > 1 and hy, > 1. It follows that the class number of a normal
CM-field with Ga101s group isomorphic to Doy x Cy is greater than one.

6.4. Gal(N/Q) = (C5 x Dg) x Cy. In this case N has three non-normal cubic fields
and Mg 1/ks is biquadratic bicyclic. Then the Galois group of the compositum
Ny = Mg 1 K3 over Q is isomorphic to C3 x Dg, whence hy, > 1 ([P, Theorem 13]). If
Gal(M*/@) = Dg, then Gal(Ng/Q) = 53 X CQ X CQ. If Gal(MJr/Q) = CQ X CQ X CQ,
then Gal(N2/Q) = C3 x Ds. By [P, Theorems 1 and 13] hy, > 1. Consequently, if
Gal(N/Q) = (03 X Dg) X CQ, then Ay > 1.

To conclude, Theorem 1 is now proved with completion.

All computations were carried out using Pari-Gp ([Pa]) and KASH ([K]).
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