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NEAR OPTIMALITY OF THE SINC APPROXIMATION

MASAAKI SUGIHARA

ABSTRACT. Near optimality of the sinc approximation is established in a va-
riety of spaces of functions analytic in a strip region about the real axis, each
space being characterized by the decay rate of their elements (functions) in
the neighborhood of the infinity.

1. INTRODUCTION

Let f be a function defined on the real line R. The N(= 2n + 1)-point sinc
approximation is defined by

(11) fa) = 32 FGh) SGR@)

where S(j, h)(z) is the so-called sinc function defined by

sin[(7/h)(z — jh)]

(w/h)(x = jh) ~
and the step size h is suitably chosen for a given positive integer n.

In the area of numerical analysis the use of the sinc approximation has been
extensively studied during the last two decades. A variety of highly accurate ap-
proximation procedures have been derived for interpolating, integrating, evaluating
the Fourier and the Hilbert transforms of functions, and solving the ordinary and
the partial differential equations. These approximation procedures are now collec-
tively referred to as sinc numerical methods (see Kowalski, Sikorski and Stenger [9],
Lund and Bowers [10], and Stenger [17, [I8]).

While the use of the sinc approximation was being studied, a great advance
was made also in the theory of the sinc approximation. That is to say, the near
optimality of the sinc approximation was established. To state the result precisely,
we need the following definition.

S, h)(x) =

Definition 1.1. (1) For a positive number d, Dy denotes the strip region of width
2d about the real axis:

Dy ={z € C|[Imz| < d}.
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(2) For 1 < p < oo, putting

</+o<> |f (& +iy)|P| cosh(a + iy)|*/4

—0o0

Ny (f)

1/p
+|f(z — iy)|P| cosh(z — iy)|[>*/a dx) forl1<p<oo,

sup |f(z)cosh?(z)| for p =00,
z€Dy

where 1/p +1/q = 1, we define H (D, /4) to be the following:
H(Dy/4) = {f : Drss — C| f(2) is analytic in Dy 4,
Ny (f,y) < oo for all y with 0 <y < 7/4,
and [l = lim N3(79) < oc)

(3) For the N(= 2n + 1)-point sinc approximation formula, E]S\i,?}f(H;(DWM))
denotes the error norm in H(Dy/4):

ESIHC(H*(DTA’/4)) = sup sup f(SC)_ Z f(]h) S(],h)( ) ’

[Ifll3<1 | z€R

and Eﬁin(H; (Dx/4)) designates the minimum error norm in H(Dy/4), where the
minimum is taken over all the N-point approximation formulas:

L omy—
Z Z (k )(aj ¢jk ) ;

ER™(H}(Dyr/4))

where ¢;;’s are functions analytic in Dy /4. It should be clear that a;’s represent the
node points, ¢;;’s designate the basis functions, and m;’s are the maximal orders
of the derivatives.

<1{1<f inf i%f énf sup
1<IKN 11,2500 & a; € 4Pik * <1 R
mymiptefmy=N 3= ik (1< ””e

The optimality result, claiming that EX™(H(Dx/4)) ~ E%’E‘ﬁ(H;’;(DW“)), reads
as follows:

Theorem 1.1 ([4,[14, 21]). (1) For 1 < p < oo, there exist constants Cy,, C}, such
that

cpN—l/QpexP<—W2%> < ER"(H;(Dny4)
sinc N
< ENR(H(Drpa)) < VN eXp( 2\/?)

where ¢ = p/(p — 1), N = 2n+ 1 and the step size h of the sinc approximation is
chosen as h = (w/2)y/q/(2n).
(2) For p = oo, there exist constants Co, CL, v such that

CseNY exp (—m/ﬁ) < ENV(H’(Dyr4))

< ERC(HL(Dan) < CLVN exp< 2@)
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where N = 2n + 1 and the step size h of the sinc approximation is chosen as
h=(m/2)y/1/(2n).

The upper bounds for EY*(H (D, ,4)) in (1) and for EX"(H (Dy/4)) in (2)
are due to Stenger [T4]. The lower bound for EX™(H,(Dy/4)) in (1) is due to
Wilderotter [21], and the lower bound for EN™(H % (D,,4)) in (2) is due to Bur-
chard and Hollig [4].

The space H ;(Dw /1) above may appear strange at first sight, but an examina-
tion of the definition shows that H (D, 4) is nothing but the space of functions
which are analytic in the strip region D, ,4 and which decay exponentially in the
neighborhood of infinity. Hence the theorem above claims that the sinc approxi-
mation is nearly optimal in the space of functions which are analytic in the strip
region D, /4 and which decay exponentially in the neighborhood of infinity. In view
of this the question naturally arises of whether or not the sinc approximation is
still nearly optimal in other spaces, specifically, in the space of analytic functions
enjoying other types of decay property.

The main aim of the present paper is to answer this question in the affirma-
tive, that is, to show that the sinc approximation is nearly optimal in a variety of
spaces of functions analytic in the strip region Dy. Each of the spaces, denoted
by H(Dg4,w), is characterized by the decay rate of their elements (functions),
parameterized by w, in the neighborhood of infinity. The space H*(Dg4,w) has
recently been introduced by the author in establishing the “meta-optimality” of
the double exponential quadrature formulas ([I9]).

The paper is organized as follows: In Section 2 the spaces H*(Dgy,w) are de-
fined; in Section 3 we state the optimality results for the sinc approximation in
H™(Dg,w); Section 4 affords the proofs of the optimality results; and in Section 5
several remarks are made.

2. FUNCTION SPACES H* (D4, w)

We give the definition of the function space H(Dg4,w). The space represents
the space of functions analytic in the strip region Dy about the real axis, being
characterized by the decay rate of its elements (functions) in the neighborhood of
infinity. This H>(Dg,w) has recently been introduced in the context of optimal
quadrature in [19].

Definition 2.1. Let w(z) be a function defined on the strip region D, of width 2d
about the real axis, and let us assume that w(z) does not vanish at any point of
Dg. Define the space H>(Dg,w) by

H>*(Dg4,w) ={f:Dg — C| f(z) is analytic in Dy, and || f|| < +o0},
where the norm of f is given by

Il = sup |f(2)/w(z)]-
z€Dg

From the definition of the norm, we know that

(2.1) IF < Ifllw(2)] (2 € Da),

which means that f € H™(Dg,w) decays like w(z) as z — oo in Dy. For in-
stance, for w(z) that decays single exponentially the functions in H*(Dg,w) decay
single exponentially, and for w(z) that decays double exponentially the functions
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770 MASAAKI SUGIHARA

in H>*(Dg4,w) decay double exponentially. As examples of w(z), we consider the
following.
1. Single exponential decay type:

(2.2) sech”(2) (u>0), exp(—z?).
2. Double exponential decay type:

(2.3) sech” (g sinh(z)) (u>0), exp(—Acosh(Bz)) (A,B>0).

3. STATEMENT OF THE OPTIMALITY RESULTS

For the sinc approximation formula, let E]S\‘,?,f(HOO (Dg,w)) denote the error norm

in H*(Dg,w):

n

EX R (H™(Dg,w)) = ||?‘1\1\21 21613 f(z) — Z f(Gh) S, h) ()| ¢

and let E¥"(H™ (Dg4,w)) designate the minimum error norm in H>® (D4, w), where
the minimum is taken over all the N-point approximation formulas:

Following Stenger ([I5} [I7]), we denote by B(Dy) the family of all functions f
analytic in Dy such that

EN™(H(Dg,w))
1

1 mj—
= inf inf inf inf ¢ sup < sup |f(z)— F® (a;)pir(x)
1<I<N my,ma,..., ™y aj€Dyg ¢Jk{f<l{zER Zl Z 37¥3

mi+mat-+m=N gistinct J=1 k=0

d
/ |f(z+idy)|dy — 0 as x — +oo,
—d

and such that N1 (f, D) < oo, where

+oo
Ni(f.Da) = lim [ (i) 1 (@ iyl

— 00

Just as in the theory of error analysis of the sinc approximation formula, this family
B(Dy) plays an important role later in the technical developments in this paper.

The following two theorems give the optimality results on the sinc approximation
in H>(Dy, w): the first theorem is for the case where the decay rate of w(z) is
single exponential, which implies that the functions to be approximated decay single
exponentially; and the second theorem is for the case of double exponential decay
of w(z). The theorems claim the near-optimality of the sinc approximation formula
in H>(Dg4,w) in the sense that, provided the mesh size h of the sinc approximation
formula is suitably chosen,

BN (H(Da, w)) = EX™ (H(Dg,w)).

The proofs of the theorems are given in the next section.
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NEAR OPTIMALITY OF THE SINC APPROXIMATION 771

Theorem 3.1. Suppose that the function w(z) meets the following three conditions:

1. w(z) € B(Da);
2. w(z) does not vanish at any point in Dy;
3. the decay rate of w(z) on the real axis satisfies

arexp(=(Blz])?) < |w(z)| < azexp(=(Blz])?),  —oo <z < oo,

where ay, a9, >0, and p > 1.
Then

: dBN\ 751
(3.1) B (H®(Dg,w)) < Ca, o N7 exp (- (” 26 ) ) ,
where N = 2n + 1, the mesh size h is chosen as

h = (rd) 7 (5n) 75

and Cyq ., is a constant depending on d and w, and

1 1
(3.2) EYN™(H>(Dg,w)) > C}, exp —<(%> mwN> :

where Cj , is another constant depending on d and w.

Theorem 3.2. Suppose that the function w(z) meets the following three conditions:

1. w(z) € B(Dg);
2. w(z) does not vanish at any point in Dy;
3. the decay rate of w(z) on the real axis satisfies

o1 exp(—fr exp(y]z])) < [w(@)] < oz exp(—Baexp(ylz]), —o0 <z < oo,

where aq, ag, (1, P2,y > 0.

Then
. wdyN
3.3 EXS(H (D <Cyw — ,
33 R (Pa) < Caomp (~ s )
where N = 2n + 1, the mesh size h is chosen as
_ log(mdyn/B2)

h
yn

and Cq, ., 15 a constant depending on d and w, and

. d
(3.4) EN"(H>™(Dg,w)) > Cy , exp (-10g(7T;Xr]/V(2ﬂ1))> ’

where C&,w is another constant depending on d and w.

Remark 3.1. Tt suffices to consider at most the case where the decay rate of w(z)
is double exponential. In fact the following theorem, established recently in [19],
holds good.
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Theorem 3.3 ([19]). There exists no function w(z) that satisfies the following
three conditions:

1. w(z) € B(Da);

2. w(z) does not vanish at any point in Dy;

3. the decay rate of w(z) on the real axis is specified as

w(z) = O(exp(—=fFexp(vlz]))) as|z| — oo,
where >0 and v > 7/(2d).

Examples. We consider the cases where w(z) are given by (Z2) and 23)).

(a) The function

w(z) =sech”(z) (u>0)

satisfies all the conditions in Theorem Bl with 8 = p and p = 1, provided d < 7/2.
(We here omit the values of a; and as, for they are irrelevant to the orders of

magnitude of E]S\‘,n;j and E%. For the same reason we will do so in the following
examples.) Hence Theorem [3.1]yields

(3.5) B3t (H(Da,w)) < Ca VN exp(—/7duN]2),

where N =2n+ 1, h = y/md/(un) and Cy4,, is a constant depending on d and g,
and

(3.6) EN™(H>(Dg,w)) > Cy,, exp(—+/mduN),
where Cél, ., 1s another constant depending on d and p.
(b) The function

w(z) = exp(—2?)

satisfies all the conditions in Theorem Bl with 5 = 1 and p = 2. Hence Theorem BTl
yields

(3.7) B (H™(Dg,w)) < CaN'3 exp(—(ndN)?/?),

where N =2n+1, h = 2(7rd)1/3n_2/3 and Cy is a constant depending on d, and
2/3

. 9\ 1/2
(3.8) ER™(H>*(D4,w)) > Cexp | — <(§> 7rdN> :
where C/; is another constant depending on d.
(¢) The function
™ .
w(z) = sech” (5 s1nh(z)) (e >0)

satisfies all the conditions in Theorem B2 with 8, = 82 = mu/4 and v = 1, provided
d < 7/2. Hence Theorem [3.2] yields

) TdN
. S1Nnc < J— —
(39) ER (B (D) < Capoxp (~ 5o ).
where N = 2n+ 1, h = log(4dn/u)/n and Cq,, is a constant depending on d and
u, and
. dN
1 E3(H>™ (D > SR
(3.10) R (D1,) > iy o0 (Bt )

where C7 ., 1s another constant depending on d and p.
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(d) The function
w(z) = exp(—Acosh(Bz)) (A4,B>0)

satisfies all the conditions in Theorem[3:2 with 81 = (A+¢)/2 (¢ an arbitrarily small
positive number), 32 = A/2, and v = B, provided d < 7/(2B). Hence Theorem B.2
yields

(3.11) B35 (H™(Da,w)) < Caa,p exp ( rdBN > ,

~ 2log(rdBN/A)

where N = 2n+ 1, h = log(2ndBn/A)/(Bn) and Cq 4 p is a constant depending
on d, A and B, and

(3.12) Eﬁi%ﬂmwd,w))>c:1,A,B<e)exp( mdBN )

" log(rdBN/(A +¢))
where C&,A,B(g) is a constant depending on d, A, B and ¢.

Remark 3.2. Let us compare our result with the existing results described in The-
orem 1.1. As the special case of Example (a) with d = 7/4 and p = 2, we have

(3.13) BN (H™(Dyys,w)) < CVN exp ( — gm)
where N =2n+1, h = (7/2)/v2n, and

. N
(3.14) EN(H® (Dyrysyw)) > Cexp <— T ?>

The upper estimate above is identical to the upper estimate in Theorem 1.1. On the
other hand the lower bound above is an improvement of the lower one in Theorem

1.1. And it is, furthermore, the exact bound, which will be proved later in Section
5.

Remark 3.3. A careful examination of the proofs, to be given below, of the theorems
shows that ¢ can be taken to be zero in the estimate for Ef™ in (d). That is, in
(d) we have

i wdBN
B (H (Da,w)) > Cl o oxp ( ) ,

log(7dBN/A)

where CZLA,B is a constant depending on d, A and B.

4. PROOFsS

4.1. Upper estimate for the sinc approximation formula. We first prove a
lemma giving an upper estimate for the error norm of the sinc approximation for-
mula with the mesh size h unspecified. The mesh size is then chosen to optimize the
derived upper estimate. We remark that this proof techniques has been employed
in [1Y] in the proof of the upper estimate for the error norm of the trapezoidal
formula.
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Lemma 4.1. 1. Suppose that w(z) satisfies all the conditions in Theorem [F.
Then, for any h > 0,

(41)  EN5(H*(Da,w))
exp(—nd/h) 20y exp(—(Bhn)P)
wd(1 — exp(—27nd/h)) p(Bh)Pnr—1

2. Suppose that w(z) satisfies all the conditions in Theorem[ZZA Then, for any
h >0,

(42) B (H™(Dg,w))

exp(—nd/h) 2a9 exp(— P2 exp(yhn))
~ wd(1 — exp(—de/h))Jv1 (w0, Da) Bayh exp(vhn) '

The following is crucial to the proof of Lemma ET1

Nl(w)Dd) +

Lemma 4.2. Suppose that w(z) satisfies conditions 1 and 2 in Theorem [31l or
Theorem 3. Then, for any h > 0,

exp(—nd/h) .
4.3 ES““C H>(D < D h)|.
( ) ( ( dﬂw)) = ﬂ_d(l_exp(_zﬂ_d/h))]\/l(wv d)+|]|z>:n |W(j )|
Proof of Lemmal[{.2 The inequality (2]) and the condition 1 for w(z), i.e., w(z) €
B(Dg), imply that any function f(z) € H(Dg,w) belongs to B(Dg). For f(z) €
B(Dy), in turn, the following error estimate of the sinc approximation formula is
standard (see Stenger [15] [I7]):

sup |f(z) = Y f(ih)S(. h)(z)

z€R

<sup |f Z fGR)S(, h) ()| + Z |f(Gh)]

Jj=—00 |7|>n

exp(—md/h)
7T = expl—zmayy) P+ 2 LGB

Substitution of |f(jh)| < ||f||lw(jh)| and Ni(f,D4) < ||f|Ni1(w,Dy), which are
easily derived from (2.1]), into the right-hand side yields (Z3). O

Proof of Lemma[4.1} Under condition 3 for w(z) in Theorem BTl or in Theorem B.2]
the second term on the right-hand side of (3 is estimated as follows.

The case of Theorem [3.1]
Z|w]h|<2a2 Z exp(—(Bjh)?)

lil>n Jj=n+1

< 2 /00 exp(—(Bhx)’)dx

2042

= p(Bh)Pne=t /00 p(Bh)Px"~" exp(—(Bha)’)dx

_ 20p0xp(—(5hn)?)
p(Bh)Pn T
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The case of Theorem

> w(ih)| <202 Y exp(—Baexp(yih))

l7]>n j=n+1

< 2a2/ exp(—F2 exp(yhz))dx

20&2 o0
= Byvh exp(vhn) /n Bovh exp(yhz) exp(— B2 exp(vhz))dx
_ 2 exp(—02 exp(vhn))
Bayh exp(yhn)

Combining these estimates with (£3)), we obtain (@1l) and (fZ) respectively. O

Our task is now to choose the mesh size h suitably for a given n and then
substitute the chosen mesh size h into the upper estimate for EY"; which is given
in Lemma 1]

The case of Theorem[3.1l Obviously we should choose the mesh size h to balance
the magnitude of the first term with that of the second term on the right-hand side
of (@I). This requirement leads to the equation

(4.4) exp(—md/h) = exp(—(Bhn)”).
Solving (E4) for h, we have
h= (wd) 757 ()74
Then substituting A into the first and the second term on the right-hand side of
(ETD), respectively, we obtain
exp(—md/h)
wd(1 — exp(—27wd/h))

Ni(w,Dy) < C)exp (—(wdﬁn)fil)

N\ #F1
< Cfexp <— (de ) ) ,

< Cynrtt exp (—(ﬂdﬁn)ﬁ>

<oyt o (- (V).

which yields (8d)), i.e., the upper estimate for E]S\‘,?;i in Theorem [3.11

205 exp(—(Bhn)*P)
p(Bh)Pnr—t

The case of Theorem Similarly we are led to the equation
(4.5) exp(—nd/h) = exp(—P2 exp(vyhn)).
Solving (EH) for h, we have
g/ | <1og log(wdvn/ﬁz)>
n n

We here choose the mesh size h as

,_ loa(rdyn/5)

n ’

(n — 0).
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which is the dominant term in the above asymptotic expansion for h. Substituting
this h into the first and the second term on the right-hand side of (@2), respectively,

we obtain
exp(—mnd/h) wdyn
< e
(0 — exp(—2ndhy) 1@ Pa) = Csexp | =t
dyN
<! — T
=Coe ( 210g(7fd7N/(2ﬂ2))> |
200 exp(—Ba exp(yhn))  2as exp(—ndyn)
Boyh exp(yhn) ~ mwdylog(mdyn/B32)
exp (—mdyN/2)
< - -~ @ 7
= C(4 10gN )

which yields (Z3), i.e., the upper estimate for Ei}“ﬁ in Theorem We have com-
pleted the proof of the upper estimates for the error norm of the sinc approximation
formula.

4.2. Lower estimate for the minimum error norm. For z € C and a =
(@1,...,an),a; € Dg(j =1,...,N), define

M T(2) — T(a)
B (Zv a, D ) = ==y NE
v P = 1507

where

T(z) = tanh (%z) .

Following [19], we call By(z; @, Dg) the transformed Blaschke product. Note that
T(z) is a conformal mapping of the region Dy onto the unit disc.

Using the transformed Blaschke product, we first represent the minimum error
norm ERWR(H™(D4,w)) in a form that is easy to handle.

Lemma 4.3. Suppose that w(z) satisfies conditions 1 and 2 in Theorem [Z1 or
Theorem[Z2D. Then

(4.6) ENN(H™®(Dg,w)) = inf {sup |By (73 u,,Dd)w(x)|} .
a;€R (zeR

Proof. We establish the inequality

(4.7) EXN(H>®(Dg,w)) < inf {sup |BN(a:;a,Dd)w(a:)|},
a;€R {zeR

and the converse inequality

(4.8) EWn(H®(Dg,w)) > inf {sup | By (x5 a,Dd)w(x)|} .
a; €R (zeR
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First we establish the inequality 7)) by proving the following series of inequal-
ities:

ER™(H> (Dg,w))
N
< inf inf | sup < sup |f(x)— Z flaj)e;(x)

o ER o5 ||f||<1 | 2€R 1
distinct

N
< inf sup < sup |f(x) — Zf(aj)

@ ER f||<1 | 2€R

distinct i=1
< inf {supIBN(fE;a,Dd)w(fU”}
a; ER | zeR
distinct
= inf {sup |BN($;G,D(1)W($)|},
a;€R (zeR

where, on the right-hand side of the second inequality,

N T(z)—T(a;
BN;j(Z?ade):H%.
=1 z

The first and the second inequality are trivial. To prove the third inequality, we
first observe that for 6 with 0 < 6 < d and for ¢; € R (j =1,..., N) we have the
equality

a By, j(z;a,Dg)w(x) .,
)= fla) (flj; ZijLEGJ)T (aj — )

j=1
1 By(z;a,Dg)w(z) T'(C — =
- [ poPmabosn T —a)
27 Jopy By(Ca,Dg)w(C) T(C—x)
which immediately follows from Cauchy’s integral formula and condition 1 for w(z).
Then we have

N By, j(z;a,Da)w(z) .,
216111; f(l‘) - jz:;f( )BNJ(GJ]‘;CL,Dd)W(aj)T (aj - J?)
{0 [ Q) Byl D) T~ 2)
3151%2{323 21 Jop, w(C)  Bn(Ga,Da)  T(C—x) dc‘}

< |[IfIl sup |Bn (z; @, Dg)w ()]
z€R

- 1 L[y
% %%1 [infceam [Bx (G @, Da)| sen { 2m /am T(C— )| l

=171 sup 1B (0, Paeto)] T [ IO
xER o)

51d 2 p; |T(C)]

— 1 1
= ||f|| sup |Bn(x;a,Dg)w(x 1im—/ —dz
1911 sup B(es o Do) Tz [

= |If[l sup |Bn(z; @, Da)w(x)],
z€R
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which implies the third inequality. The fourth equality immediately follows from
the fact that By (z;a,Dyg) is a continuous function of a. Thus we have established

the inequality (Z7).
Next we establish the inequality (8] by proving the following series of inequal-
ities:

ER™(H(Da, w))

> inf b inf inf sup {sup|f(x)|}
TSN et fm=n ISP @ik | f€Fo({ag}, {m;}) (2€R

> inf {sup |BN($;G,Dd)W(x)|}
a;€Dg | zeR

= it {sun 1Brtes o, et}

a;€R (zeR

where, on the right-hand side of the first inequality, Fo({a;}, {m;}) is the subspace
of H>*(Dy,w) defined by

Fo({a;}, {m;})
:{feﬂoo(pde) | ||f||§1and f(k)(a‘j):kazoa“'vmj_]-vj:17”-7[}'

The first inequality is trivial. The second one is evident from the fact that, with
a=(ai,...,a1,...,4a,...,a;), where each a; is repeated m; times, the transformed
Blaschke product By(z;a,Dg) belongs to Fo({a;}, {m;}). The third equality is
also evident from the inequality

E—a £ —Rea
-1 1 1
1-a¢| = |1- (Rea)t <&<Llal<1),
which is easily verified by a direct calculation. O

Owing to Lemma 3] the following key lemma is easily obtained.
Lemma 4.4. Suppose that w(z) satisfies conditions 1 and 2 in Theorem [ or[Z2.
Then

(4.9) EXN(H™(Dg,w)) > sup exp

7rdN 1 R
RER

SR + Yo 1og|w(m)|dx> .

Proof. The right-hand side of ({.G) is bounded from below as follows:

(4.10) inf {sup|BN(x;a,Dd)w(x)|}
a;€R (zeR

R dx
ZaEIéfR gggﬁRlBN(m;a,Dd)w(w) SR

Based on the same techniques as used in [2] [19], namely, Jensen’s inequality and
Newman’s inequality [12j

/ ~ a < 1)
log — >—— (0<p<1, o <),
o 52 1
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we estimate the integral on the right-hand side as follows:

R
dx
By (z;a,D —
/R| N(x7a7 d)W(x) 2R

R dx

>expd [ log(|B(aia Dollet@)) g7
d T(R) N
o / log H

-T(R) =1

dg

—T(a; 1 (B
£ (a;) 1_£2+ﬁ/_Rlog|w(J¢)|d$]

1—T(a;)§

The substitution of the resulting inequality into the right-hand side of (4I0]) yields
the demanded estimate for EX"(H™ (Dg4,w)). O

The proof of the lower estimates, (B2) and (34), for the minimum error norm
is completed by estimating the right-hand side of (Z3]).

Lemma 4.5. 1. Suppose that w(z) satisfies all the conditions in Theorem [31.

Then
mdN 1 [F
L S d
;lé%exp < SR + %), og |w(x)] a:)
wdN (BR)"
> _ma _
_;lelgexp< oR %M p+1>

9 1/p p/(p+1)
Z C/ exXp | — (m) WdﬂN

2. Suppose that w(z) satisfies all the conditions in Theorem Then

N 1 [F
(—i +—= log |w(x)] dx)

2R 2R J_p

wdN G1(exp(vR) — 1

= e (s — M)
wdyN

Wog(wva/(wn)) '

Proof. In both 1 and 2 the first inequalities are trivial, and the second ones are

obtained by taking

sup exp
ReR

> C'exp(

r (lo+DmdN /(o)
= ("

and

1 7Td’}/N>
R=Zlog (T
g( 20,

respectively. O
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5. FINAL REMARKS

Some remarks are added on subjects or problems closely related to the present
work.

1. There remains a theoretical problem of determining the exact order of the
minimum error norm of the approximation in the spaces H(Dy,w). It should be
noted here that the exact order is easily obtained for the space H> (D, 4, sech”(z)),
which reads as follows:

. T
(5.1) BB (H® (D, 4, sech” (2))) < exp (—gx/uN).
We shall give the proof below. It suffice to prove the estimate

Cexp (—g\/u]\f) < E}{,’i“(H‘X’(DﬁM, sech”(z))) < C’L exp (—g\/u]\f) ,
where C), and C’L are positive constants depending on p.
The lower estimate has already been established in Example (a) in Section 2.
For the upper estimate we need the following result of Ganelius ([2] [6]):

There exist ay,aa,...,an € (=1,1) such that
N
1 — 22)/2 L% | o <_E/N)
xg[lili(,l]( =) kl_[1 14+apx| n PTG VIR )

where CL is a positive constant depending on .
Transforming this result to the strip region Dy 4, we can find the transformed
Blaschke product By (x;a, Dy /4) such that

sup | By (z; @, Dy 4)|sech”(z) < CY, exp (—g\/,u_> '
zeR

So it follows that
T
inf {sup |Bn(2;a, Dy y4)| sech“(x)} < (), exp (——\/,uN> ,
w€R | zeR 2
which yields the demanded upper estimate.
2. Up to the present there have been proposed a variety of sinc approximation
formulas obtained by variable transformation. Typical examples are the following:
(1) Sinc approximation formulas obtained by ordinary tmnsformationsm

(5.2) f(@)~ Y f(tanh(jh)) S(j,h) (tanh~'(z)) ,

(5.3) f@)~ Y flexp(jh)) S(j;h) (log(x)) ,
(5.4) f(z) ~ Z f (sinh™" (exp(jih))) S(j, k) (log (sinh(z))) ,
(5.5) f(z) ~ Z f (sinh(jh)) S(j,h) (sinh™"(2)) ;

I The variable transformations used in the formulas (58), (57), and (58] are collectively called
double exponential transformations, but the variable transformations used in (5.2)), (53), (5:4) and
(E5) have no definite names. Following Stenger [18], we here call them “ordinary transformations”
collectively.
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(2) Sinc approximation formulas obtained by double exponential transforma-
tions:

(5.6) f(x)~ iﬂ f(tanh (gsmh(jh))) S(j, h) (smh—l (%tanh_l(x))) ,
(5.7)  fz) ~ iﬂ f(exp(gsmh(jh))) SG, h) (sinh—l <%log(x)>> ,

- 2
(5.8)  f(z) =~ Z f (Sinh (g sinh(jh))) S(j, h) (Sinh1 (; sinhl(x))) .
J=—n
It should be noted here that their near-optimality in suitable spaces is established
by employing the results of Section 3. In fact, the general procedure is given
as below, for establishing the near-optimality of the sinc approximation formulas
obtained by the variable transformation 7:

fy) =~ > f(r(ih) SG.h) (7)) (v € T(R)).

j=-n
Step 1. Define the function space HY *(Dg4,w) by
HT"(Da,w) = {f(w) : 7(Da) — C | f(7(2)) € H*(Da,w)},
and define the norm || ||, on HY *(Dg,w) by

Al = 11 o)l

where || || on the right-hand side is the norm on H>(Dg,w).
For the sinc approximation formula obtained by the variable transformation 7,
let BN, " (HY *(D4,w)) denote the error norm in HY *(Dg,w)

n

BT (HY (Daw) = swp {4 swp |f(y) = 0 F(r(Gh) G h) (7 ()

171l-<1 | ver(®R) =T

and let EX"(HY *(Dg4,w)) designate the minimum error norm in HY *(Dg,w),
where the minimum is taken over all the N-point approximation formulas:

ER*"(HY *(Da, w))

= inf inf
1SZSN mi1,M2,..., M
mi+ma+---+m=N

m;—1

inf inf{ sup { sup |f(y)— FO (b)) ()
bEr(Da) b | |ifilr<1 | yer(R) ;k: v

(e}

Step 2. Claim the near-optimality of the sinc approximation formula obtained by
the variable transformation 7 in the space HY *(Dg,w), i.e.,

BNy (HY ¥ (Da,w)) ~ BN (HY* (Da,w)),

2The double exponential transformations were first proposed by Takahasi and Mori in 1974 for
numerical integration [20]. Recently it turned out that the double exponential transformations
are useful not only for numerical integration but also for various kinds of sinc numerical methods
(see Mori and Sugihara [I1]).
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based on the results of Section 3 and the following key observations:

e The error norm of the sinc approximation formula obtained by the variable
transformation 7 in the space HY *(Dg4,w) is identical to the error norm of
the sinc approximation formula in the space H(Dgy,w):

BN (HY " (Da,w)) = BN (H™ (Da, w).

e The minimum error norm of the N-point approximation formula in the space
H?*(Dg,w) is identical to the minimum error norm of the N-point approxi-
mation formula in the space H®(Dgy,w):

BN (HY ™ (Da,w)) = BN (H™(Dg, w))-

The procedure above yields a variety of near-optimality results for the sinc ap-
proximation obtained by variable transformation. In what follows, we shall describe
some of these.

(a) Set w(z) = sech”(z) and 7(z) = tanh(z) in the procedure above. Then, for

(B2) we have

duN i
QWVpr<—VE§—>>E%?%H?7DmM)

> BN (HZ*(Dg,w)) > Cy.,. exXp (—\/T(d‘LLN) .
The space H*(Dg,w) is identical to the space H (DY, (1 — w?)#/2), where
H (DY, (1 — w?)*/2) is the family of all functions f analytic in the eye-shaped
region DY = {w € C | arg[(1 — w)/(1 + w)] < d/2} such that
ke = sup|£(w)/(1 - w?)"?| < 0.
weDE

This space is a generalization of the H,, space that was intensively studied by
Stenger [14], [16].
(b) Set w(z) = sech”(z) and 7(z) = exp(z) in the procedure above. Then, for

(E3) we have

[rduN -
CauV'N exp (- %) > BN (HY ¥ (Da, w))

> Eﬁin(Hff*(Dd,w)) > C(’i,u exp (—\/Wd,LLN) .

The space HY*(Dg4,w) is identical to the space H: (DY, (2w/(1+w?))*), where
H: (DY, (2w/(1+w?))") is the family of all functions f analytic in the region DY’
={w € C | Jargw| < d} such that

1 flloe = sup | f(w)((1 +w?)/2w)"| < oco.

weDY

(c) Set w(z) = sech”(z) and 7(z) = sinh(z) in the procedure above. Then, for

(EE) we have

7Td N sinc,T *
Cd7u\/ﬁexp<—1/ ;‘ ) > BN (HY* (Dg,w))

ZEﬁin(H‘f*(Dd,w)) > C(’wexp (—\/Wd,LLN).
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The space H>>*(Dy,w) is identical to the space H% (DX, 1/(1 4+ w?)*/2), where
H’ (DY, 1/(1 + w?)*/?) is the family of all functions f analytic in the region
DY ={we C|w=u+iv, v?/sin®d — u?/ cos’ d < 1} such that

1flle = sup |f()(1+w?)2| < oo
weDY

(d) Set
w(z) = sech” (g sinh(z)) and 7(z) = tanh (g sinh(z))

in the procedure above. Then, for (B0) we have

TdN

Canexp <‘ 210a(2dN/)

) > BT * (D))

. dN
> Emln HOO* D > ! _7(-7 .
> B a2 oo (-t )
The space H>°*(Dg,w) is identical to the space H*_ (7(Dg), (1 — w?)*/?), where
H*_(1(Dg), (1 — w?)*/?) is the family of all functions f analytic in the infinitely
sheeted Riemann surface 7(Dy) = {w = 7(2) | z € D4} such that

flle = sup f(w)/(l—wQ)“/2‘<oo.
weT(Dy)

3. The problem of approximating |z|* on the interval [—1, 1] has been extensively
studied in approximation theory. Various methods have been considered, such as
polynomials, spline functions (piecewise polynomials), rational functions, as well
as various types of sinc functions, and it is known that the best convergence rate
is O(exp(—mn/logn)) (where n is the dimension of the space of approximating
functions), which is attainted by a sinc approximation formula obtained by variable
transformation. We here show that this rate can be improved based on the result
obtained in Example (c) in Section 3.

Before proceeding to our result, we briefly mention known results on the ap-
proximation to the function |z|* by polynomials, by spline functions, and by sinc
functions.

Polynomial approzimation. The error of the best approximation of |z|* on [—1, 1]
by polynomials was determined by Bernstein [3] to be

E,(Jz|*) =O(n™") asn — oo,

where E,(f) denotes the error of the best approximation of f on [—1,1] by poly-
nomials of degree n — 1.
Spline approzimation. Rice [13] showed that the error of the best approximation
of |z|* on [—1,1] by n spline functions of degree k converges to zero at the rate
O(n=*).

For variable knots and variable degree splines, DeVore and Scherer [5] proved
that the error of the best approximation by n spline functions (h-p) converges to
zero at the rate

O (exp (—ey/pm)), ¢ = —2log(v2 — 1) =~ 1.7627472.
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Sinc approximation. Gustafson and Stenger [7] showed that the error of the
sinc approximation formula using an ordinary-type transformation & = 7,4(y) =
signy/ coshy is estimated by

sup [z —[7oa (0)[*S(0, h) o 74 ()
z€[—1,1]

+ 3 1ToaGR)F{S (i, h) 0 Tog (x) + S(—j, h) 0 o4 ()}

j=1
= O(n*? exp(—c'\/m)),

where ¢ = 7/1/2 ~ 2.2214415, and h is taken by h = 7/\/2un.
Further, employing a double exponential type transformation z = 74.(y) =
signy/ cosh(sinhy), Keinert [8] established that

sup | |z* — |74¢(0)[*S(0, h) o 75! (z)
z€[—1,1]

+ Z [T (GR)IP{S (4, h) o T3,! () + S (=3, k) 0 7 (2)}

= O(exp(—mn/logn)),

where h = logn/n, which result is known to be the best one.
Let us now proceed to our result. From the upper estimate for EX"; in Example
(c) in Section 3, we know that, for an arbitrarily small & > 0,

n

sup |sech” (g sinh(y)) - Z sech” (gsinh(jh)> S, h)(y)

yER i=——n

_ m(r—¢g)N )
Thog((r —5)N/m) )
where N = 2n + 1 and h = log(2(m — ¢)n/u)/n, and where C(,_.)/2, denotes

the constant Cg, in B9) for d = (7 — ¢€)/2. Transforming this result to the
interval [—1,1] by another double exponential type transformation z = Tqe(y) =

< 0(71‘76)/2,;1, eXp (

signy/ cosh (g sinh y), we obtain

sup [z — [Fae(0)[*S(0, h) 0 7. (x)

z€[—1,1]

Y IS 1) 07 () + S o T (0]

=0 <exp <— 5 log?g(?ﬂ_—i?n/ 1) >> '

This result is obviously better than Keinert’s. Furthermore, in view of Theorem
we conjecture that it is almost best, as far as the sinc approximation is concerned.
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4. As is seen in the preceding part, it is obvious that in cases when the double
exponential transformation applies, one is able to achieve more rapid convergence
of approximation than by the sinc approximation employing the ordinary transfor-
mation. It is also important, but often overlooked, that the sinc approximation
employing the ordinary transformation applies when the conditions for the double
exponential transformation apply, but not necessarily vice versa.

Example.
f(z) = (1 —2®)* cn(tanh™* 2,0.5), —1<z <1,

where p > 0 and cn(z,0.5) is the Jacobi elliptic function which has singularities
at K(2m + (2n + 1)i) where K = 1.85407... and m and n are integers [1]. For
the function f(z) the condition for the ordinary transformation x = tanh y applies,
but the sinc approximation employing the double exponential transformation x =
tanh(7/2(sinh y)) does not apply.
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