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ONE-TO-ONE PIECEWISE LINEAR MAPPINGS
OVER TRIANGULATIONS

MICHAEL S. FLOATER

ABSTRACT. We call a piecewise linear mapping from a planar triangulation
to the plane a convexr combination mapping if the image of every interior
vertex is a convex combination of the images of its neighbouring vertices. Such
mappings satisfy a discrete maximum principle and we show that they are one-
to-one if they map the boundary of the triangulation homeomorphically to a
convex polygon. This result can be viewed as a discrete version of the Radé-
Kneser-Choquet theorem for harmonic mappings, but is also closely related to
Tutte’s theorem on barycentric mappings of planar graphs.

1. INTRODUCTION

This paper establishes a condition for the injectivity of piecewise linear mappings
over triangulations which satisfy a discrete maximum principle, and has application
in geometric modelling, computer graphics, and numerical grid generation.

The theorem can be viewed as a discrete analog of a property of harmonic map-
pings known as the Radé-Kneser-Choquet theorem; see Figure 1. Recall that a
function v defined on some closed region D C R? is said to be harmonic if it
satisfies the Laplace equation

Ugg + Uyy =0

in the interior of D, and we say that a mapping ¢ = (u,v) : D — R? is harmonic if
both its components u(z,y) and v(z,y) are harmonic. The following theorem was
first conjectured by Radé [19] and later proved independently by Kneser [12] and
Choquet [3].

Radé-Kneser-Choquet theorem. Suppose ¢ : D — R? is a harmonic mapping
which maps the boundary 0D homeomorphically into the boundary 9 of some
convex region 2 C R2. Then ¢ is one-to-one.

Various aspects of the theorem and some generalizations are discussed by Duren
and Hengartner [5]. A key element of Kneser’s proof is that harmonic functions
satisfy a maximum principle [I§].

In this paper, we establish a similar property (Theorem 4.1) for certain piecewise
linear mappings; see Figure 2. Specifically, we establish the injectivity of mappings
¢ : D — R? which are piecewise linear over a triangulation 7 of D and have the

Received by the editor July 9, 2001.

2000 Mathematics Subject Classification. Primary 65N30, 58 £20; Secondary 05C85, 65M50.

Key words and phrases. Triangulation, harmonic map, maximum principle, parameterization,
numerical grid generation, planar embedding.

(©2002 American Mathematical Society

685

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



686 MICHAEL S. FLOATER

E

F1cure 1. Harmonic map
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F1GURE 2. Convex combination map

property that the image under ¢ of every interior vertex of 7 is a convex combina-
tion of the images of its neighbouring vertices. We will call such mappings convex
combination mappings, and analogously to the continuous case, a key element of
the proof is that they satisfy a discrete maximum principle.

Convex combination maps appear to be more abundant than harmonic maps
because, as shown in Proposition 3.3, all one-to-one piecewise linear maps are con-
vex combination maps. Nevertheless, as we will see, certain convex combination
maps arise as discrete approximations to Laplace’s equation and it is in this sense
that we can regard Theorem 4.1 as a discrete version of the RKC theorem. Dis-
cretizations of harmonic maps have been used for several years in numerical grid
generation [2], [§], [I4]. More recently, discrete harmonic-like maps (whose domain
is a surface) have turned out to be very important in geometric modelling and
computer graphics, where they have been used to construct parameterizations, i.e.,
parametric representations of surfaces in [9)], [6], [13], and [16]. Such maps have
also been applied to image morphing [10]. In all these applications, it is crucial
that the mapping is one-to-one and the need for a condition to ensure injectivity
was emphasized in [4].

The question of whether piecewise linear maps are one-to-one is closely related
to a classical problem of graph theory: Can a (simple) planar graph G be embedded
in the plane with straight line edges such that the only intersections between edges
are at common endpoints? This question was first answered affirmatively by Fary
[7. Tutte [20] later gave a constructive proof for so-called 3-connected graphs
(which includes triangulations), based on what he called a barycentric mapping.
The boundary nodes of G are mapped to the boundary of a convex polygon in
the plane and each interior node is mapped to the barycentre of the images of
its neighbouring nodes. It was later argued in [J] that Tutte’s result generalizes
to allow arbitrary barycentric (convex) combinations. However, Tutte’s proof is
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long and relies on the nontrivial fact that planar graphs contain no Kuratowski
subgraphs. We establish Theorem 4.1 without needing Kuratowski’s theory, using
instead the discrete maximum principle.

Finally, we remark that Theorem 4.1 also holds when the domain triangulation
is replaced by a surface triangulation and is thus directly applicable to parameter-
ization methods, such as those in [9], [6], and [13].

2. TRIANGULATIONS AND CONNECTIVITY

By a triangle we mean the convex hull T = [v1, va, v3] of three points vy, ve,vs €
R2. If vy, v9, vz are collinear, T reduces to a line segment or point, in which case
we say that T is degenerate.

Definition 2.1. Let T be a finite set of nondegenerate triangles and let Dy =
Urer T We will call T a triangulation if

(i) the intersection of any pair of triangles is either empty, a common vertez, or
a common edge, and

(ii) the edges in T belonging to only one triangle form a simple closed polygon
0Dr.

From condition (ii), D7 is simply connected with boundary Dr. We denote by V
and F the sets of vertices and edges of 7, respectively. We call vertices and edges
contained in 9Dz boundary vertices and edges and otherwise interior vertices and
edges.

By a path in 7 we mean a sequence P of one or more distinct vertices

(21) V1,V2,...,Vk,

in which v; and v;41 are neighbours for each i, i.e., [v;,v;41] is an edge in 7. If
k =1, we call P a null path, as it contains only one vertex. Otherwise, we say that
P connects the two vertices v; and vg. Essential to the question of connectivity
of triangulations will be paths P in which all the intermediate vertices (if any)
V9,V3,... ,Vp_1 are interior vertices of 7. We call such paths interior paths. In
particular it will be important whether a given boundary vertex can be connected
to a given interior vertex by an interior path. For example, in Figure 3, only the
four boundary vertices vy, ve, vs, and vg can be connected by an interior path to
the interior vertex v. We will call an edge [v,w] of T a dividing edge if it is an

Vs
Ve

vy
U3
U2

F1GURE 3. Connectivity and dividing edges

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



688 MICHAEL S. FLOATER

interior edge and both v and w are boundary vertices. The triangulation in Figure 3
contains one dividing edge, [ve, vs].

Lemma 2.2. FEvery interior vertex v1 of a triangulation T can be connected to at
least three boundary vertices by an interior path. If T contains no dividing edges,
then v1 can be connected to every boundary vertex by an interior path.

Proof. Due to the finiteness of 7, it is clear that there must exist at least one
interior path P of the form (2.1) connecting a given interior vertex v; to a boundary
vertex vi. We will show that there are at least two boundary vertices in addition
to v which can be connected to vy by an interior path. Let w; and wy be the
two boundary vertices of 7 adjacent to v, and let @ be the path consisting of the
neighbours of v, which connects w; to we. The interior vertex vg_q splits @) into
two subpaths, Q1 connecting vi_1 to wi and Q2 connecting vy_1 to we. Let y1 be
the first boundary vertex of Q1 and let yo be the first boundary vertex of Q2. By
combining the path vy,... ,vx_1 with the part of )1 from vg_; to y1, we obtain an
interior path which connects v; to y;. Similarly, we obtain an interior path which
connects v1 to yo. This completes the first part of the lemma.

Next suppose that 7 contains no dividing edges. Then all neighbours of v; other
than w; and wsy are interior vertices. Therefore y; = w; and y2 = ws and so both
wy and ws can be connected to v; by an interior path. Continuing in this way
around the boundary of 7', we see that all boundary vertices can be connected to
v1 by interior paths. O

The second part of the lemma motivates the following concept of connectivity,
which we will use later.

Definition 2.3. We say that a triangulation T is strongly connected if it contains
no dividing edges.

3. CONVEX COMBINATION FUNCTIONS AND MAPPINGS

Given a triangulation 7, we will call a function f : Dy — R a piecewise linear
function if it is continuous over D7 and is linear over each triangle in 7. The set
of all such functions forms a linear space, which in spline theory is often written
as S3(7), where the 0 indicates C° continuity and the 1 indicates the polynomial
degree of f in each triangle. As is well known, any function in S}(7) is uniquely
determined by its values at the vertices of 7 and the dimension of S}(7) is equal
to the number of vertices in 7.

We will study functions f in S}(7°) with the property that the value of f at
every interior vertex v is a convex combination of its values at the neighbours of v.
For any vertex v of 7, let IV, be the set of neighbours of v in 7.

Definition 3.1. Let f : D7 — R be a piecewise linear function, and suppose, for
every interior vertex v of T, that there exist weights Ay > 0, for w € N, such

that
(3'1) Z Avw = 1,
WE N,
and
(3.2) F@) =" Awf(w).
wEN,

Then we will call f a convex combination function.
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Similarly, we will understand a piecewise linear mapping ¢ : D7 — R? to be
any mapping ¢ = (u,v) such that both components u and v belong to S§(7). We
call ¢ a convex combination mapping if, for every interior vertex v of 7, there are
positive weights \,,, satisfying (3.1) such that

o(v) = Z Avw P(w).
wEN,

Thus the point ¢(v) lies in the convex hull of the neighbouring points ¢(w), w € N,,.

Functions (and mappings) of this kind arise in various ways. Typically the
weights A, are chosen according to the application in hand together with the
values of f at the boundary vertices of 7. Then the values of f at the interior
vertices are found by solving the linear system (3.2). It can easily be shown that
the system has a unique solution. This was done in [9] using the discrete maximum
principle [I], but it can also be deduced by appealing to the theory of M-matrices
[21].

For example, the finite element approximation in S}(7) to the solution of
Laplace’s equation with Dirichlet boundary conditions is the function f in S3(7)
which minimizes

(3.3) /D IV f ()2 de

subject to the boundary conditions. Letting h, in S§(7), for v € V, be the nodal
basis function defined by h,(w) = &y, for w € V, the minimization is equivalent
to finding f in S$(7) such that

(3.4) Vf(z) - Vhy(z)de =0
Dr
for all interior vertices v of T; see [11]. Noting that
fla) =Y fw)hy(x),
weV
we find that equation (3.4) is precisely (3.2), where
/ by Vo Vhy
I} Dy Vhy - Vhy '
Using the fact that the nodal functions h, sum to one, we find that

Vhy - Vhy = — / Vhy - Vhe,
LT Z DT

wEN,

)\vw =

and it follows that the weights Ay, w € N,, sum to one. The remaining question
is whether they are positive.
Some elementary calculations yield the well-known formula

1
(3.5) Vhy - Vhy, = _E(COt 61 + cot 02),
Dr

where 6; and 5 are the angles at the corners v; and v9 in the two triangles [v1, v, w]
and [ve, v, w] containing the edge [v,w] [L1]; see Figure 4. Now note that

sin(61 + 92)

cot 01 + cot Oy = ,
1+ 27 Sin 01 sin f,
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w w
v
FIGURE 4. Formula for weights Ay,

and so the weight \,,, is nonnegative if and only if §; + 60, < . If the quadrilateral
Q = [v1, v, w]U[ve, v, w] is convex, it follows from the well-known empty circumcircle
property of Delaunay triangulations [I7], that Ay, will be nonnegative if and only
if @ satisfies the Delaunay criterion. Since 67 + 05 is clearly less than 7 when @ is
not convex, we conclude as follows.

Proposition 3.2. The piecewise linear finite element approximation to Laplace’s
equation is a convex combination function if and only if T is a Delaunay triangu-
lation and no quadrilateral of T has cocircular vertices.

The formula in (3.5) also gives rise to convex combination mappings under the
same assumption as in Proposition 3.2. Indeed the same formula was derived in [I5]
and in a different form in [6] from minimizing (3.3) over piecewise linear mappings
from R? to R? and from R? to R?, respectively.

An alternative approach to constructing convex combination maps for use in
parameterizing surfaces was proposed in [9], where, instead of attempting to ap-
proximate harmonic maps, sets of weights \,,, were explicitly constructed which
are not only positive and sum to one but also have “linear precision”, i.e., satisfy

v = Z ApwW.

wEN,

The next proposition was the idea behind the method for morphing triangula-
tions in [10].

Proposition 3.3. Every one-to-one piecewise linear mapping ¢ = (u,v) : Dy —
R? is a convex combination mapping.

Proof. If ¢ is one-to-one, then for any interior vertex v of 7, the restriction of ¢ to
Dy =U,erer T, of v is also one-to-one. Thus it not difficult to see that the edges
containing v, ordered around v, are mapped by ¢ to an ordered sequence of edges
containing ¢(v) and the angles between them sum to 27. So the neighbours w of
v are mapped to the vertices ¢(w) of a star-shaped polygon containing ¢(v) in its
kernel. Thus positive weights A, which sum to one can be found such that ¢(v)
can be expressed as a linear combination (3.2). A construction of such weights was
given in [9]. g

An important tool in our analysis will be the following (strong) discrete maxi-
mum principle.
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Discrete Maximum Principle. Let f be a convex combination function over a
triangulation T . For any interior vertex vg of T, let Vi denote the set of all bound-
ary vertices which can be connected to vy by an interior path. If f(vo) > f(v) for
all v € Vy, then f(v) = f(uvg) for allv € Vp.

Proof. Let W be the set of vertices of 7, including vy itself, which can be connected
to vy by an interior path. Let v; be an interior vertex of W at which f attains
it maximum M over W. Such a vertex must exist since Vj € W and we have
M = f(v1) > f(vo) > f(v) for all v € V. Since v; can be connected to vy by an
interior path in W, it can also be connected to any vertex v in V) by an interior
path

U1,V2,...,0 =0,

in W. From (3.2) it follows that f(y) = M for all neighbours y of v, and in
particular f(ve) = M. Continuing in this fashion, we see that f(v3) = M and so
on. Thus f(vx) = M, which implies f(v) = M = f(vg). O

Note that this implies that the maximum of a convex combination function is
attained at a boundary vertex. This is the “weak” form of the maximum principle.
4. LOCAL INJECTIVITY

We will establish the following property of convex combination mappings.

Theorem 4.1. Suppose T is a strongly connected triangulation and that ¢ : Dy —
R? is a convexr combination mapping which maps D1 homeomorphically into the
boundary OS2 of some (closed) conver region Q C R%. Then ¢ is one-to-one.

Our approach to proving the theorem is to follow the main idea of Kneser’s proof
of the Radé-Kneser-Choquet theorem, which is to first show that the harmonic
mapping ¢ = (u,v) is locally one-to-one, in the sense that the Jacobian

Up Uy
Vg Uy

never vanishes. In the discrete case, we show initially that ¢ is locally one-to-one
in the sense that it is one-to-one on each quadrilateral in 7. By a quadrilateral we
understand the union @ = 71 UT5 of any two triangles 77 and T» sharing a common
edge.

Theorem 4.2. If T and ¢ are as in Theorem 4.1, then ¢ is locally one-to-one in
the sense that @|q is one-to-one for every quadrilateral Q in T .

We start to prove Theorem 4.2 with the following lemma.

Lemma 4.3. If 7 and ¢ are as in Theorem 4.1, then for every interior vertex v
of T, the point ¢(v) lies in the interior of 2.

Proof. 1t is sufficient to show that ¢(v) lies to the left of each edge of 09, w.r.t.
the anticlockwise direction around 92. Suppose then that [v1, v2] is an edge of D7
and let axy 4+ bxs 4+ ¢ = 0 be the equation of the infinite line L passing through the
mapped edge [¢(v1), @(v2)]. Then the function h: Dy — R defined by

h(x) = ag1(w) + bpa(w) + ¢
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V3 ¢<’U4>

V4

v d(vs3)

V9 ¢<U2)

FIGURE 5. Mapping a quadrilateral

is a convex combination function satisfying
h(’Ul) = h(’Ug) = O7

and we can assume that h(w) > 0 for all boundary vertices of 7. Since 0% is
not contained in L, there must be at least one boundary vertex w of 7 such that
h(w) > 0. Since 7 is strongly connected, w can be connected to v by an interior
path. Therefore, we cannot have h(v) < 0, for this would contradict the Discrete
Maximum Principle (or rather, the analogous Discrete Minimum Principle) applied
to h. Thus h(v) > 0 as required. O

From Lemma 4.3 it follows that every triangle T' of 7 containing a boundary
edge of T is mapped by ¢ to a nondegenerate triangle ¢(T), i.e., ¢|r is one-to-one.
Indeed, if all three vertices of T' are boundary vertices, we must have 7 = {T},
for otherwise one of the edges of T" would be a dividing edge of 7, contrary to
the assumption that 7 is strongly connected. Thus in this case ¢(T') is trivially
nondegenerate. Otherwise, T' = [v1, v2, v3], where [v1,v2] is a boundary edge of T,
and vs is an interior vertex of 7. Then from Lemma 4.3, ¢(v3) cannot be collinear
with ¢(v1) and ¢(vz).

Lemma 4.4. Let 7 and ¢ be as in Theorem 4.1 and suppose Ty U T is a quadri-
lateral in T. If ¢|1, is one-to-one, then ¢|(r,ur,) is one-to-one.

Proof. Suppose the triangles are Ty = [v1, v2, v3] and Ty = [ve, v3, v4] with common
edge [va,vs], as in Figure 5. If ¢(71) is nondegenerate, the point ¢(vq1) lies on one
side of the infinite straight line L passing through the points ¢(v2) and ¢(vs). Our
task is to show that the point ¢(v4) lies on the side of L opposite to ¢(vi). We will
suppose the contrary, namely that ¢(vs) either lies on the same side as ¢(v1), as in
Figure 5, or lies on L itself. Let ax; + bzs + ¢ = 0 be the equation of L and define
the function h : D7 — R as

h(z) = ad1(z) + boa(x) + c.
Then A is a convex combination function satisfying
h(v2) = h(vs) =0,
and we may assume without loss of generality that
h(vi) >0 and h(vs) > 0.

Next we will construct a path, called a rising path, from v; to a boundary vertex.
First we notice that if vy is an interior vertex, it must have some neighbour, say w,
such that A(wq) > h(vy). This follows from (3.2) and the fact that h(vi) > h(ve).
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By a similar argument, since h(wy) > h(v1), if the vertex w; is not a boundary
vertex, it must have a neighbour, say x1, such that h(xy) > h(w;). Continuing
in this fashion, we obtain a sequence of interior vertices along which h is strictly
increasing. Since each new vertex in the sequence must be distinct from all the
previous ones, the sequence must eventually terminate at a boundary vertex, say
u1. We have therefore constructed a path P; which connects vy to uy. Since h is
strictly increasing along P;, we have that h(uq1) > 0. Following the terminology of
Tutte [20], we call P, a rising path with respect to h. Note that in the case that vq
is itself a boundary vertex, we have u; = v; and P; is the null path consisting of
just the one vertex v .

In an analogous manner, we can also construct a falling path P, from vy to some
boundary vertex wus, due to the fact that h(ve) < h(v1). Along this falling path,
h is strictly decreasing, and in particular h(ug) < 0 if vy is an interior vertex and
ug = vg and h(uz) = 0 if ve is a boundary vertex. Analogously to the construction
of P, we can construct a falling path Ps; from v3 to a boundary vertex us with
similar properties.

Next observe that the rising path P; is clearly distinct to both the falling paths
P, and P;. However, it is possible that P, and P35 meet at some common vertex.
We will show that this cannot happen. For if w is the first vertex P, and P; have
in common, starting from ve and wvs, respectively, then the subpath @2 of P> from
v to w and the subpath Qs of Ps from vs to w together with the edge [vq,vs]
form a closed path, say Q. The triangles inside Q form a subtriangulation 7 of 7.
The closed path ) cannot enclose v; for then @ would have to cross P;. Thus Q
must enclose vy. But since h(vy) > 0, the Discrete Maximum Principle for h over
T yields a contradiction. This is because by Lemma 2.2, v4 must be connected to
some vertex v in ) other than vy and v3 and due to the construction of the falling
paths, we must have h(v) < 0.

We have now established that the three paths P;, P, Ps are distinct, and there-
fore wuy, ug, uz are distinct and we have h(u1) > 0, h(uz) < 0, and h(us) < 0. Note
that due to the assumption that 7 is strongly connected, the interior edge [vq, v3]
cannot be a dividing edge, which means that at least one of its endpoints, say vs,
is an interior vertex. Thus we can assume that us # ve and h(uz) < 0.

Now let @ be the closed path consisting of the paths P» and Ps, the edge [ve, v3],
and the part of the boundary of 7 connecting us and us which does not contain
u1. Due to the convexity of the image of 9D7, and since h(uz) < 0 and h(ug) < 0,
we have h(v) < 0 for all boundary vertices v of 7 in @ other than ug and wug.
Therefore, h(v) < 0 for every vertex v in @ other than vy and v3. Since the vertex
vy is enclosed by @ and h(vs) > 0, the Discrete Maximum Principle for h inside @
yields a contradiction. [l

Proof of Theorem 4.2. Due to the connectedness of D7 implied by Definition 2.1,
any two triangles in 7 can be connected by a path of triangles, i.e., a sequence of
triangles

T17T25' .. aTka

in which T; and T} share a common edge for each 7. Thus any given triangle 77 of
7T can be connected in this way to any triangle T} which contains a boundary edge
of 7. By Lemma 4.3, ¢(T},) is nondegenerate. Then, by Lemma 4.4, ¢(T;_1) is also
nondegenerate, and likewise ¢(T}_2) and so on, and so ¢(71) is also nondegenerate,
which means that ¢ is one-to-one on every triangle in 7. It follows from Lemma
4.4 that ¢ is one-to-one on every quadrilateral in 7. [l

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



694 MICHAEL S. FLOATER

5. GLOBAL INJECTIVITY

In Theorem 4.2 we established that ¢ in Theorem 4.1 is locally one-to-one. We
now complete Theorem 4.1 by showing that global injectivity follows from local
injectivity. We assume in Lemmas 5.1 to 5.4 that 7 and ¢ are as in Theorem 4.1.

Lemma 5.1. For any two distinct triangles T and S in T, the triangles ¢(T') and
@(S) have disjoint interiors.

Proof. If x € Int(¢(T)) N Int(¢4(S)), then z € Int(Q) by Lemma 4.1. Let L be
any semi-infinite line starting at = which does not pass through any point ¢(v),
v € V. The last mapped edge ¢(e) crossed by L must be the image of some unique
boundary edge e of 7. Set T3 = T and let e; be the unique edge of T} such that
¢(e1) and L intersect. If e; is not a boundary edge of 7, let T be the triangle
in 7 sharing the edge e; and let ey be the other edge of T for which ¢(ez) and
L intersect. Since ¢ is one-to-one on Tj U Th, the intersection point ¢(eq) N L is
further from x than the intersection point ¢(e;) N L. We continue in this way until
the next edge in the sequence is e. We thus obtain a unique sequence of distinct
triangles and distinct edges

T=T1,T5,... Tk, and €1,€2,... 6 = €.

The edges intersect L in an ordered sequence of distinct points.
In an identical way, we also construct a unique sequence of distinct triangles and
distinct edges

S:ShSQa"'7S€7 and flvaa"'?fE:e'

It now follows that T = S;. We then deduce that ex_1 = f,—1 and Tx_1 = Sp_1
and so on. Suppose now that & = . Then we conclude that T = S, which is a
contradiction. Otherwise, we may assume that k > £, but then we have T _¢41 = 5,
which is impossible since Ty_¢4+1 does not contain x. O

Lemma 5.2. If two triangles Ty and Ty in T do not share an edge, then the in-
tersection ¢(Th) N ¢(Tz) is either empty or a point ¢p(v1) = ¢(ve) for some vertices
v1 € T1 and vy € Ty.

Proof. Suppose not. By Lemma 5.1, ¢(T1)N¢(T2) contains a point x in the relative
interior of ¢(e) for some edge e in T} or Th. We may assume that e C T;. Observe
that e cannot be a boundary edge. Thus there is a second triangle T3 sharing e with
Ty and T3 # T5. By Theorem 4.2 applied to 77 and T3, we see that the interiors
of the two triangles ¢(T3) and ¢(7T>) must intersect, which contradicts Lemma 5.1.

O

Lemma 5.3. If the intersection of two triangles Tv and Ty in T is a common
vertex v, then the intersection of the two triangles ¢(T1) and ¢(Tz) is the common
verter ¢(v).

Proof. By Lemmas 5.1 and 5.2, the intersection between ¢(77) and ¢(T5) is either
empty or a common vertex. Since v belongs to both T} and T5, the intersection of
¢(T1) and ¢(T2) must therefore be ¢(v). O

Lemma 5.4. If the intersection of two triangles Ty and Ty in T is empty, then the
intersection of the two triangles ¢(T1) and ¢(T3) is also empty.
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Proof. Suppose not. Then by Lemmas 5.1 and 5.2, the triangles ¢(77) and ¢(T3)
intersect in a common vertex ¢(vy) = ¢(va) for some vertices v1 € Ty and ve € Th.
Clearly, both v; and v, are interior vertices of 7. Let S1, S5, ... , .S, be the triangles
in 7 containing v; in some cyclic order around v; starting with S; = T7. All the
triangles S1, ... , S, are distinct from 75 since T} and T5 are disjoint. By Theorem
4.2 applied to each pair S; and S;;1, there is some i € {2,... ,m} such that the
interiors of ¢(S;) and ¢(T3) intersect, which, due to Lemma 5.1, is a contradiction.

O

Proof of Theorem 4.1. Let x1 and 2 be distinct points in D. If they belong to a
common triangle T' then Theorem 4.2 shows that ¢(z1) # ¢(z2). Otherwise x; € Ty
and xo € T5 for distinct triangles 77 and T5. But by Theorem 4.2, and Lemmas 5.3
and 5.4, ¢ is one-to-one on T3 U T5 and so ¢(x1) # ¢(x2). O

6. GENERAL TRIANGULATIONS

The condition of Theorem 4.1 demands that 7 contains no dividing edges. Yet
in applications such as geometric modelling, we often encounter triangulations con-
taining such edges. In order to continue to ensure the injectivity of ¢ in Theorem
4.1 we must then place a mild restriction on how the boundary vertices of 7 are
mapped to Of).

Theorem 6.1. Suppose T is any triangulation and that ¢ : D7 — R? is a convex
combination mapping which maps 0D homeomorphically into the boundary 02 of
some convex region Q0 C R%2. Then ¢ is one-to-one if and only if no dividing edge
[v,w] of T is mapped by ¢ into ON.

Proof. For the necessity part, observe that every dividing edge [v, w] partitions 7
into two disjoint subtriangulations 7; and 7. Thus, due to the convexity of 92,
if the line segment [¢p(v), #(w)] is contained in 9, all the boundary vertices of
one of the two subtriangulations, say 77, are mapped by ¢ into the line segment
[#(v), p(w)], and so ¢ is clearly not one-to-one on D;.

Now we prove that the condition is sufficient. If 7 contains no dividing edges,
then Theorem 4.1 guarantees that ¢ is one-to-one. Otherwise, the dividing edges
of 7 partition 7 into a set of disjoint subtriangulations 71,... , 7, k > 2, none of
which has a dividing edge. The restriction ¢; of ¢ to Dy, is a convex combination
mapping. Thus, if we can show that the boundary of 7; is mapped by ¢; to a
convex closed curve, Theorem 4.1 applied to ¢; will ensure that ¢; is one-to-one.
But since the cyclically ordered boundary vertices of 7; are a subsequence of the
cyclically ordered boundary vertices of 7, it is sufficient simply to show that the
boundary of 7; is not mapped by ¢; to a straight line. To this end, it is clear that
at least one boundary edge [v, w] of 7; is a dividing edge of 7. Since, by hypothesis,
[#(v), p(w)] is not contained in 9, no boundary vertex u of 7; other than v and w
is mapped by ¢ into the straight line passing through ¢(v) and ¢(w). But 7; must
contain at least one boundary vertex other than v and w. O

Note that the assumption in Theorems 4.1 and 6.1 that 0Dz is mapped homeo-
morphically to 02 implies that a subsequence of m of the cyclically ordered bound-
ary vertices v1,...,v, of 7 are mapped to the cyclically ordered vertices of an
m-sided convex polygon. The condition on the dividing edges in Theorem 6.1 sim-
ply says that no dividing edge must be mapped wholly into one side of the polygon.
In the special case that m = n, this can never happen, for none of the mapped
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boundary vertices are then collinear. Thus we deduce the following corollary of
Theorem 6.1.

Corollary 6.2. Suppose T is any triangulation and that ¢ : D7 — R? is a con-
ver combination mapping which maps the the cyclically ordered boundary vertices
V1,... 0, of T to the cyclically ordered vertices ¢(vy),...,¢(v,) of an n-sided
convex polygon. Then ¢ is one-to-one.

This stronger assumption on how the boundary is mapped was used by Tutte in
[20]. In this sense, Theorems 4.1 and 6.1 are improvements over Tutte’s results.
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