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RELATIVE INVARIANTS
OF SOME 2-SIMPLE PREHOMOGENEOUS VECTOR SPACES

TAKEYOSHI KOGISO, GO MIYABE, MIYUKI KOBAYASHI, AND TATSUO KIMURA

ABSTRACT. In this paper, we shall construct explicitly irreducible relative
invariants of two 2-simple prehomogeneous vector spaces. Together with a
preprint by the same authors, this completes the list of all relative invariants
of regular 2-simple prehomogeneous vector spaces of type I.

1. INTRODUCTION

Let G be a connected reductive algebraic group defined over the complex number
field C, V a finite dimensional vector space, and p : G — GL(V) a rational
representation of G. Such a triplet (G, p, V) is called a prehomogeneous vector space
(abbreviated P.V.) if V has an open G-orbit, and a triplet is called irreducible if p is
an irreducible representation. Furthermore, such a triplet (G, p, V') is called simple
(resp. n-simple) if the derived subgroup [G, G] is a simple algebraic group (resp. the
product of n-simple algebraic groups). A nonzero rational function F'(z) is called
a relative invariant corresponding to a character y : G — GL if it satisfies the
relation F(p(g)x) = x(¢9)F(x) as a rational function for all g € G.

A complete list of irreducible prehomogeneous vector spaces is given by M. Sato
and T. Kimura in [I]. At the same time, the relative invariants are constructed
for almost all of these spaces. However, for some complicated prehomogeneous
vector spaces, such as classification numbers (6), (7), (10), (20), (21) and (24) in
[1], the construction of relative invariants had not been settled. In 1971, an irre-
ducible relative invariant of (20) was constructed in [6] and, in 1981, that of (6),
(7) was constructed in [3]. In 1990, relative invariants for (10), (21), (24) were
constructed in [7] by some complicated calculations. In 1995, that of (10) and (21)
was constructed in [8] by using the notion of the quotient space. For the case of
nonirreducible prehomogeneous vector spaces, in 1983, T. Kimura studied the case
of nonirreducible simple prehomogeneous vector spaces. In 1988, T. Kimura, S. Ka-
sai, M. Inuzuka and O. Yasukura [9] completed the classifications of nonirreducible
reduced 2-simple prehomogeneous vector spaces of type 1. See [9] for the definition
of type I and type II.

Recently, the relative invariants are constructed in [100] and [I1] for almost all of
these spaces of type I except for the following two cases:

(regular 8) (GL? x SLs x SLg, Ay ® A1 + 1@ A%, AltS® ©V(8)*),

(regular 40) (GL? x Spin; xSLi4, (a half-spin rep.) ® A1 + 1 ® A}, V(16)%14 @
V(14)*).
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These cases are the most complicated and difficult cases in [9]. The purpose
of this paper is to construct explicitly irreducible relative invariants of the above
2 cases and to complete the construction of irreducible relative invariants for all
2-simple prehomogeneous vector spaces of type I. In this paper, we have reduced
this construction problem to determine some polynomials. Although we used the
computer software Mathematica [12] to decide the explicit form of polynomials,
once we obtain them, it is not necessary to use the computer to check them.

2. NOTATIONS AND PRELIMINARIES

We denote by Alt,, (resp. Sym,,) the totality of n x n alternating matrices (resp.
n x n symmetric matrices). For X € Alty,, let Pf(X) be the Pfaffian of X so
that we have Pf(X)? = det X and Pf(AX'A) =det A- Pf(X) for A € GLa,. We
denote A’ (resp. x) the even half-spin representation (resp. the vector representa-
tion) of Spin,, . Note that the dual representation A’* of A’ is the odd half-spin
representation of Spin, . For the infinitesimal representation of A’, see (5.38) in [IJ.

For X € M,, (=the totality of n x n matrices), let A(X) be the cofactor matrix
of X so that we have X - A(X) = A(X)- X =det X - I,,.

When we prove the irreducibility of relative invariants, we often use the following
facts.

Lemma 2.1 (cf. [1]). Let (G,p,V) be a P.V. with a generic point vo.

(1) For a character x : G — GLq, there exists a relative invariant corresponding
to x if and only if x|g,, = 1, where Gy, = {g € G; p(g)vo = vo}.
(2) Any irreducible component of a relative invariant is also a relative invariant.

Lemma 2.2 (cf. [I], §4 Proposition 18). There is a one-to-one correspondence be-
tween relative invariants f(x) of (GX SLy,p@A1,V(m)®@V(n)) (m>n>1) and
relative invariants f(Z) of its castling transform (G X SLy,_pn,p* @ Ay, V(m)* @
V(m — n)). Moreover, there exists a positive integer d for each f(x) such that
degf(x) = nd and degf(&) = (m — n)d. If f is irreducible, then f is also irre-
ducible.

Moreover, we prove the following lemma to construct some G-equivariant map-
ping in the first example.

Lemma 2.3. For X = (z;;) = (x1 |-++| 2n) € M(n+2,n), let X9 € M(n) be
the matriz obtained from X by subtracting i-th and j-th rows. For i < j, put z3; =
(=1)"*i+l det X(9) and define the alternating matriz o(X) = (27;) € Altpio.
Then the map ¢ : M(n+2,n) — Alt, 1o satisfies p(AX) =det A- LA 1 p(X)A~!
for A€ GLy 4.

Proof. Put Y = AX = (y1 |- | yn). For i < j, we have
e;Ne;NTL N NIy

:detX(i’j)ei/\ej/\el/\~-~/\ei,1/\ei+1/\'~/\ej,1/\ej+1/\-~/\en+2

=Tije1 AN Aepyga.
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Then, by the action of A = (a;;) € GLy42, we have
i‘ij detA-eg A A ent2 = x}j(Ael) VARERIVAN (A€n+2)

n+2 n+2
= <Z elali> N <Z ekaki> ANYyL A Nyn
=1

k=1
:Zaliakjel/\ek/\yl/\"'/\yn_zaliakjek/\el/\yl/\"'/\yn

1<k k<l
= Z(aliakj —agia)er Neg ANy1 A Ay
1<k
= Z(aliakj — akiij)yik Aer A Aengo.
1<k

Hence, we have ,_, (aiiax; — ariaij)yix = det A - a5, which is equivalent to
tAp(Y)A = det A - (X). This implies that p(AX) =det A-tA 1p(X)A~L. O

3. EXPLICIT CONSTRUCTION OF IRREDUCIBLE RELATIVE INVARIANTS

In this section, H denotes the generic isotropy subgroup of a P.V. (G, p, V'), and
Hy ~ H, implies that H; and Hs are locally isomorphic, namely their Lie algebras
are isomorphic. IV denotes the number of the basic irreducible relative invariants.

3.1. Explicit construction of irreducible relative invariants of
(GL? x SLsx SLg, Ao @ A1 +1®A}) with H ~ SOy, N = 2. To investigate relative
invariants, we may assume that G = GLs x GLg acts on V = Alt® @M (8,1) by

T = ((Xlﬂ X27 T aXS)v Y) = ((AXltAv T aAXStA)thtBily)

for v = ((X1,--+,Xs),Y) € V and g = (A,B) € G. We shall construct the ir-
reducible relative invariants of this prehomogeneous vector space by the following
steps.

Step 1. For Y = (yy,--- ,ys) € M(8,1), we put X - Y = Zle y; X; € Alts.
Then we obtain that

(3.1) X Y= AX-Y'A
and hence we have
(3.2) A(X - Y)  (det A)?PATTA(X - Y)ATL,

where A(X -Y) is the cofactor matrix of the odd size alternating matrix the X -Y €
Alts . Note that A(X -Y) € Sym; .

Step 2. For
R
—agy 0 oyl ag)
Xi=| =2 20 o ) 2D | eAlts (i=1,2,---,8),
oty —ayl ey 0 aly
oy —wy el el 0

we put X; = (13 213, 21}, 219, 253, o4y ol gl ) 2l € M(10,1).
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The action X; — AX;'A induces X; — Ag(A)Xi (A2(A) € GL1g). Then we put
Z = (X'l,)fg, ..., Xg) € M(10,8) and define the 10 x 10-alternating matrix Z =
(zij)1<i<j<io With z;; = (—1)7 det 703 where Z(%9) is the 8 x 8-matrix obtained
from Z by substracting the i-th and the j-th rows. Then, by Lemma 2.3, we have
Z +— (det Ay(A))(det B)!Ay(A)~1ZAo(A)~ . Note that det Ay(A) = (det A)%.

Step 3. If we put ®(Z) := (¢(2)i,;)i1<i<j<s € Symjy for Z € Altyo with the
following entries, then we have Lemma 3.1.

©11 = 2210+ 289+ 295 — 22502610 — 2268279 + 22582710 — 2267280 + 22572810 — 22562910,
Do = 2510+ 220+ 235 — 22202310 + 22282410 — 2238749 + 22242810 — 2234280 — 22232010,
33 = 2110+ 257+ 256 — 22172310 — 2236247 + 22162410 — 2234267 + 22142610 — 22132710,
Qaq = 2ig+ 27+ 255 — 2217209 — 2295 247 + 2215249 — 2224257 + 2214250 — 2212279,
55 = 21+ 256+ 255 — 2216728 — 2225236 -+ 2215238 — 2223256 + 2213258 — 2212268,
P12 = 22102510 — 2410258 T 2310259 1+ 2202610 T 249268 — 239269

—Z282710—248278 T 2382792272810 T 2452810 1 237289246289 1 226 2910—2352910,
13 = 21102510 T 2410256 — 2310257 — 2192610 — 2452610 T 239267

—Z48267—247268 T 246269 T 2182710 T 2352710 + 237278 — 236279 + 2172810 — 2162910,
P14 = 2452510 — 249256 T 2210257 T 248257 + 247258 — 2110259

— 246259 — 229267 T 219269 — 2252710 — 227278 — 218279 T 226279 — 217289+ Z152910,
P15 = —2352510 — 2210256 1+ 239256 — 238257 + 2110258 — 237258

+ 236259 T 2252610 1 228267 — 219268 T 227268 — 226269 T 218278 — 2152810 1 216289,
P23 = 21102210+ 2192310+ 2272310 — 237239 — 2182410 — 2262410

+ 238247246748 + 236249 — 2242610 T 234269 T 2232710 — 234278 — 2142810 + 2132910,
(P24 = 2210227 T 2110229 + 229237 — 219239 + 2252410 — 228247

+ 245248+ 218249 — 235249+ 2242510 — £34259 T 224278 — 223279 T 214289 — 2122910,
(P25 = 2210226 — Z110228 — £252310 — #29236 1 219238 + 235239

— 238245+ 228246 — 218248 — 2232510 T 234258 — 224268 + 223269 + 2122810 — 213289,
(P34 = —2110219 T 2172210 — 227237+ 217239 — 2152410 — 245246

+ 226247+ 235247 — 216249 — 2142510 T 234257 + 224267 — 214269 T 2122710 T 213279,
P35 = 2110218 — 2162210 T 2152310 1 227236 — 235237 — 217238

+ 236245 — 226246 T 216248 T 2132510 — 234256 — £122610 — 223267 1214268 — 213278,
(P45 = 218219 — 26227 T 217228 1 216229 + 225237 — £15239

— 235245 T 225246 — 215248 + 224256 + 223257 — 214258 — 213259 T 212269 + 212278-
Lemma 3.1. For every A € GLs, B € GLs, Z € Altyo, we have
Z +— (det A)*(det B) Ay (A) "1 ZA5(A)™
and

(3.3)  ®((det A)*(det B) "Ax(A) 1 ZAo(A)"Y) = (det A)®(det B)? - AD(Z)! A.
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Proof. Tt is enough to prove the equivariance (3.3) in the case when A is one of the
fundamental matrices

Ay = 1 ) Ad:diag(avlalvlal)v

or permutation matrices.

Checking (3.3) for diagonal or permutation matrices is easy. Note that det Ag = a
and ®(a*"Ay(Ag) ' ZAo(Ag)™Y) = aSA4®(Z)t Ag. For A,, we consider the action
of A,. Since det A,, =1,

<I>(Z~) — @(tAQ(Au)_leg(Au)_l).
Then we have @11 — 11 + 2612 + €299, P15 — P15+ EP2; (2<y §~5)7 Ok —
o (2 <1<k <5). Hence, we have ®(*A2(A,) 1 ZA2(A4,)7Y) = A, ®(2)!A,. O

Remark A. By using the computer software Mathematica [12], we calculate the
above polynomials ¢;; (1 < i < j <5) along the following program.

(i) First, we construct the polynomial ;7. For the action of the diagonal matrix
diag(a1, az, as, a4, as), denote by Ty the polynomial corresponding to the weight
a?(det A)'0:

Ty = k12562910 + k22572810 + k3zss 2710 + kazseze10 + k52319 + k62510269
+ krzs10278 + ks 239 + kozeoz7s + k10225 + k11267289 + k12268279

(ii) Next, we calculate the invariant polynomial 777 under the action of permu-
tation matrices (23), (24), (25), (35), (45) on Ti:

TTy = l1(2z562910 + 267280 — 2572810 + 268279 — 2582710 + 2592610)
+1a(2310 + 269 + 275)-

(iii) Next, we calculate the invariant polynomial 77T} under the action of unipo-

tent matrices:

1 1 1
1 ¢ 1 € 1 €
1 , 1 , 1 ,
1 1 1
1 1 1
1 1 1
1 1 1
1 ¢ , 1 e |, 1 ,
1 1 1 ¢
1 1 1

and we can construct the polynomial (17 uniquely up to the constant
2 2 2
P11 = 2510 + 269 + 278 — 22592610 — 2268279
— 22582710 — 2267289 — 22572810 — 22562910-

(iv) From the explicit form of @11, we can construct the other ¢;; by the action
of the generators of GL5 on 1.
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Step 4. If we put \I/(Z) = (w(é)i,j)1§i<j§5 € Alts for Z € Altyo with the
entries below, then we have Lemma 3.2.
Y12 = —Z110%15%210 + 2510225 — 2110219226 + 22172210226 + 2110218227
— 22162210227 — 2110217228 T 2110216229 + 2152192310 — 32172252310
+ 22152272310 — 2110219235 + 2172210235 + zfgz% + 2237236
— 3217229236 — 218210237 — 2226227237 + 217228237 + 2216220237
— 2297235237 + 222523?7 + 217219238 — 217227238 — 216719239 + 217226239
+ 2217235230 — 2215237239 — 2152182410 + 32162252410
— 22152262410 — 2152352410 T 2110218245 — 2162210245 + 2152310245
+ 2297236245 — 2235237245 — 2217238745 + 2236245 — 218219746 — 2226227746
+ 2217208246 + 216220246 + 2225237246 — 215239246 — 2226245746 — 2235245246
+ 2205256+ 215 247 + 2256247 — 3216208247 + 2206235 247 + 2255 247 — 6205236247
+ 3215238247 — 217718248 + 216227248 — 215237248 + 2216245248
— 2215246248 + 216218249 — 216226749 — 2216235249
+ 3215236249 + 21102122510 — 2172232510 T 2162242510 — 2142262510
+ 2132272510 — 22142352510 + 22132452510 — 2142210256 — 227234256
+ 224237256 + 214239256 + 2122410256 — 234245256 1 224246256
— 2293247256 — 213249256 + 2132210257 — 2122310257 + 226234257 + 234235257
— 2224236257 + 223237257 — 214238257 + 223246257 + 213248257 + 2110214258
+ 217234258 — 2214237258 — 214246258 T 3213247258 — 2110213259 — 216234259
+ 3214236259 — 213237259 — 2213246259 — 2122192610 — 2152242610
+ 32142252610 — 2122272610 — 22122452610 + 224226267 — 223227267 + 214228267
— 213220267 — 2225234267 + 224235267 T 212230267 — 223245267 — 2122748267
— 214219268 — 217224268 + 2214227268 + 214245268 — 3212247268 T 213219269
+ 217223269 — 2214226269 + 215234260 — 214235269 t 212237269
+ 2212246269 + 2122182710 + 2152232710 — 32132252710 + 2122262710
+ 22122352710 + 214218278 + 216224278 — 2213227278 — 215234278
+ 2212237278 — 213245278 + 212246278 — Z13218279 — 216223279
+ 2213206279 + 213235279 — 3212236279 — 22142152810 + 22122172810

+ 2214216289 — 2213217289 + 22132152910 — 22122162910,

2
¢13 = —2Z152510 T 21102210225 + 2192210226 — 2182210227 — 22110219728 + 2172210728

+ 22110218229 — 2162210229 — 22192252310 — 2252272310

+ 32152292310 + 2210227235 — 2110220235 — 219220236 + 227229236 — 227228237

+2z -2 222 2 238 — 3 -2

18229237 229235237 + 2279238 + 297238 217229238 218219239
— 226227239 + 2217228239 + 216229239 + 2219235239 + 2225237239
2
— 2215259 + 22182252410 + 2252262410 — 32152282410 — 2252352410 — 2210226745
+ z110228%45 + 2252310245 + 2229236245 — 22192382745 — 2235239245

2
+ 2238245 + 219228246 — 226220746 + 225239246 — 2228245246 — 218228747
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+ 226228247 + 2208235247 — 3225238247 — 2218219248 — 226227248 + 217228748
+ 2216229248 + 225237248 — 2215239248 + 2218245248 — 2235245248

+ 2205246248 — 2215245 -+ 2275 249+ 256249 — 3216228 249 — 2218235 249 + 2255 249
— 3225236249+ 6215238249 + 21222102510 — 2192232510 + 2182242510 — 2142282510
+ 2132202510 — 22242352510 1 22232452510 — 2210224256 — 229234256 + 2224239256
+ 224248256 — 3223249256 + 2210223257 + 228234257 — 3224238257 + 223239257
+ 2223248257 + 2110224258 + 219234258 — 224237258 — 214230258 + 2122410258
— 234245258 + 223247258 — 2147487258 + 2213249258 — 2110223259 — 2122310259
— 218234259 + 234235259 1+ 224236259 + 2214238259 — 213239259 — 223246259

— 213248259 + 22242252610 — 22122292610 + 2224228267 — 2223220267

— 2219224268 + 224227268 + 214220268 + 224245268 — 3212249268 + 2219223269
— 224226269 — 214728269 — 225234269 T 2212239269 — 223245269 T 212248269

— 22932952710 + 22122282710 + 2218224278 — 223227278 — 213229278 T 225234278
— 224235278 + 212239278 + 2212248278 — 2218223279 + 223226279

+ 213228279 + 223235279 — 3212238279 + 2122192810

— 32152242810 + 2142252810 + 2122272810 — 22122452810 + 214218289

— 213219289 — 217223289 + 216224289 + 2215234289

— 214735289 — 212237289 1 213245289 1+ 212246289 — 2122182910

+ 32152232910 — 2132252910 — 2122262910 + 22122352910,

P14 = 221102182210 — 22162510 + 221102210226 — 22710228 — 22182192310
+ 21522102310 — 21102252310 — 2192262310 — 2182272310 — 22262272310
+ 32172282310 + 32162292310 + 22210227236
— 22110220236 + 2252310237 — 2210235237 — 229236237 — 228237
+ 22110210238 — 22172210238 + 227237238 — 2152310239
+ 2110235239 + 219236239 1+ 218237239 + 226237239
— 217238230 — 216759 + 22552410 + 22182262410 + 22562410
— 62162282410 + 2352410 — 32252362410 + 32152382410 — 2310235745
+ 2210236245 — 2110238245 — 22210226246 + 22110228246
+ 22252310246 + 220236246 — 219238246 — 235239746
+ 2238245246 — 2208756 + 3228236247 — 21738747
— 2296238247 — 235238247 — 22110718248 + 22162210748
— 22152310248 — 227236248 + 235237248 + 217238248 — 2236245248 + 2218246748
+ 2296246248 — 2216255 — 2218236249 — 226236249 + 235236249
+ 3216238249 + 221322102510 — 221102232510 — 2342352510 — 2242362510
+ 2142382510 + 2232462510 — 2132482510 + 2242310256 — 22210234256 + 234239256
— 32232410256 + 234248256 + 22232310257 — 2234238257 — 2142310258
+ 22110234258 — 234237258 + 32132410258 — 234246758

— 22132310259 + 2234236259 — 21222102610 T+ 2192232610 + 2182242610
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+ 2242262610 — 22142282610 — 2132292610 + 2252342610

+ 2232452610 + 2122482610 — 2210223267

+ 3208234267 — 224238267 — 223239267

+ 2223248267 + 2142210268 — 2110224268 — 219234268 T 227234268

— 22122410268 + 224246268 + 223247268 — 214248268 — 213249268

+ 2110223269 + 2122310269 — 218234269 — 2226234269 T 214238269

+ 213230269 — 2223246269 — 22182232710 — 2232262710

+ 32132282710 — 2232352710 — 2122382710 — 2132210278 T 2122310278
+ 2218234278 + 226234278 — 224236278 — 223237278 + 2213248278

+ 22923236279 — 2213238279 + 21102122810 + 2142182810

— 2172232810 — 22162242810 + 2142262810 T 2132272810 — 2152342810
— 2132452810 — 2122462810 — 2110213289

+ 3216234280 — 214236289 — 213237289 1+ 2213246289 — 2132182910

+ 32162232910 — 22132262910 + 2132352910 + 2122362910,

P15 = 221102192210 — 22172510 + 221102210227 — 22110729 — 22192310
— 22192072310 — 22572310 + 62172202310 + 22210227237 — 22110220237 — 2220757
+ 22110210230 — 22172210230 + 2210237239 + 2207237239 — 2217259
+ 22182192410 + 21522102410 — 21102252410 + 2192262410 + 2182272410
+ 22262272410 — 32172282410 — 32162202410 — 22252372410
+ 22152302410 + 2352410245 — 2310245
— 2952410246 t 2210245246 + 239245246 — 229226 — 22910226247 + 22110228247
+ 32252310247 — 2210235247 + 3229236247 + 228237247
— 2219238247 — 227238247 — 226239247
— 2235239247 + 238245247 — 228246247 T 2152410748 — Z110745248 — 237245748
+ 219246248 + 227246248 + 218247248 — 2172’28 — 22110218749 + 22162210249
— 32152310249 + 2110235249 — 210236249 — 2227236249 — 218237249 + 2235237249
+ 3217238249 + 216239249 — 236245249 T+ 226246249 — 216248249 + 221422102510
— 221102242510 — 2242372510 + 2142392510 — 2342452510 + 2232472510
— 2132492510 — 22242410256 T 2234249256 + 32242310257 — 22210234257
— 234239257 — 2232410257 — Z34248%57
+ 22142410258 — 2234247258 — 32142310259 + 22110234259
+ 234237259 + 2132410259 + 234246259
+ 22192242610 + 2242272610 — 32142292610 + 2242452610
+ 2122492610 — 2210224267 + 3229234267
— 2294239267 + 224248267 + 223249267 + 2224247268 — 2214249268 + 2142210269
— 2219234269 — 227234269 T 2214239269 — 2122410269
T 224246269 — 223247269 — 21222102710

— 2192232710 — 2182242710 — 2232272710 T 2142282710

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RELATIVE INVARIANTS OF SOME VECTOR SPACES 873

+ 22132292710 + 2252342710 — 2242352710

— 2122392710 — 110224278 + 219234278

+ 2297234278 — 2224237278 — 2122410278

+ 214248278 + 213249278 — 2132210279 + 2110223279

+ 22122310279 + 218234279 — 2267234279

+ 224236279 + 223237279 — 214238279 — 213239279 T 2142192810 — 32172242810

+ 22142272810 — 2147452810 — Z122472810

+

oy =

2110214289 + 3217234289 — 2214737289
214246289 + 213247289 + 21102122910
2132192910 + 22172232910 + 2162242910

2142262910 — £132272910 — 2152342910 T 2142352910 + 2122372910,

—Z152210%510 T 21102252510 1+ 2192352510 — 2272352510
— 2182452510 1+ 2262452510 + 212252,10 + 2192210256

— 22910227256 + 2110220256 + 220237256 — 2219239256
+ 227230256 + 22252410256 — 228247256 + 2452487256

+ 2218249256 — 226249256 — 235249256 + 2242510256

— 2182210257 T 22210226257 — 2110228257 — 22252310257
— 220236257 + 2210238257 — 227238257 T+ 235230257

— 238245257 T 228246257 — 2218248257 + 226248257

— 2932510257 — 22110219258 + 2172210258 + 2110227258
+ 219237258 — 2227237258 + 217239258 — 22152410258

— 245246258 — 218247758 + 2226247258 + 235247258

— 216249258 — 2142510258 + 2234257258 + 22110218259
— 2162210259 — 2110226259 T 22152310259 — 219236259
+ 2227236259 — 235237259 — 217238259 1 236245259

+ 218246259 — 2226246259 T 216248259 + 2132510259

— 2234256259 — 22192252610 T 2252272610 + 2152292610
— 2952452610 — 32122502610 — 219228267 T 227228267

+ 218220267 — 226220267 + 225239267 — 225248267 + 224258267
— 223259267 + 2219268 — 2210227%6s + 2257268 — 2217220 %68
+ 235268 — 3225247268 + 3215249268 — 322425768

+ 3214250268 — 2218219269 + 2219226269 — 2226227269
+ 217228269 + 216220269 + 225237269 — 2215239269

— 235245269 T 2225246269 — 215248269 T 224256269

+ 2293257260 — 2214258269 — 213259269 + 221270,

+ 22182252710 — 2252262710 — 2152282710 + 2252352710
+ 32122582710 — 2218219278 + 2218227278 — 2226227278

+ 217228278 + 216220278 + 2225237278 — 215239278
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— 235245278 + 225246278 — 2215248278 + 2224256278

+ 223257278 — 214258278 — 2213250278 + 2212269278

+ 2212275 + 2275279 — 2218206279 + 2236279 — 2216228279
+ 235279 — 3225236279 + 3215238279 — 3223256279

+ 3213258279 — 6212268279 + 2152192810 + 2172252810

— 22152272810 + 2152452810 + 32122572810 + 217218289

— 216719289 — 217226289 1 216227289 1 215237289

— 215246289 + 214256280 — 213257289 — 2212267289

— Z15218%910 — 2162252910 + 22152262910 — 2152352910 — 321225629105

Pas = 221102182510 — 221622102510 + 21523102510 + 221102352510
+ 2272362510 — 22352372510 — 2172382510 + 22362452510
— 2262462510 + 2162482510 + 22132510 + 221102210256
— 2192310256 — 2272310256 — 2210237256 — 2110239256
+ 2237239256 + 22182410256 + 2262410256 + 2352410256
— 238247256 T 246248256 — 2236249256 — 2342510256 — 2182310257
— 2310235257 + 2210236257 1+ 2110238257 — 237238257
+ 236248257 — 22310258 + 22172310258 + 22110237258 — 2237258
— 32162410258 — 236758 + 3236247258 + 2162310259
— 22110236259 + 236237259 — 236246259 — 22182192610
— 21102252610 — 2262272610 T 2172282610 + 22162292610 — 2192352610
+ 22252372610 — 2152392610 — 2182452610 — 22352452610
+ 2252462610 — 2152482610 — 21225102610 + 22242562610 + 2232572610
— 32142582610 — 32132592610 + 2210226267 — 22110228267 — 2252310267
— 2209236267 T 228237267 + 219238267 T 218239267
+ 2235239267 — 238245267 T 228246267 — 22182487267 — 235248267
— 22932510267 + 3234258267 + 22110210268 — 2172210268
— 2110227268 — 219737768 + 2227237268 — Z17739268 T 2152410268
+ 245246268 — 218247268 — 226247268 — 2235247268 T 2216249268
+ 22142510268 — 234257268 — 2224267768 + 2110226269 T 219236269
— 226237269 — 216739269 T 218246269 T 235246269 — 234256269
+ 2122610269 + 223267269 + 214268269 1 213229
+ 2222010 + 2552710 — 32162282710 + 22182352710 + 22552710
— 32252362710 + 22152382710 — 32232562710 1+ 62132582710
— 32122682710 — 22110218278 + 2162210278 — 2152310278
— 2297236278 + 2218237278 + 2235237278 + 217238278
— 236245278 1 226246278 — 2216248278 — 22132510278
+ 2234256278 + 22122610278 + 223267278 — 214268278

2
+ 2213278 — 2218236279 + 226236279 — 235236279 T 216238279
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— 3213268279 + 21102152810 T 2172182810 — 2162272810
+ 2172352810 — 2152372810 + 2162452810 T 2142562810
+ 22132572810 + 2122672810 — 2110216289 — 217236289
+ 2216237280 — 216246289 — 32713267289 — 2162182910

+ 2162262910 — 22162352910 + 2152362910 — 32132562910,

thas = 221102192510 — 221722102510 + 2272372510 — 2172392510
+ 21524102510 + 221102452510 + 22452462510 — 2262472510
— 22352472510 + 2162492510 + 22142510 + 2192410256
+ 2410245256 — 2210247256 + 239247256 — 2110249256 — 246249256
+ 221102210257 — 22102310257 — 2272310257 + 237239257
+ 2182410257 + 2262410257 — 2310245257 + 2210246257
— 2238247257 + 2110248257 + 2246248257 — 236249257 — 2342510257
— 2172410258 + 22110247258 — 237247258 + 246247258 — 22110259
+ 32172310259 — 23?7259 — 22162410259 — 22110246259 — 2226259
+ 3236247250 — 22502610 — 2572610 + 32172202610 — 22197452610
— 2222610 + 32252472610 — 22152497610 + 32242572610
— 62142592610 + 2210227267 — 22110229267 — 220237267
+ 2219239267 — 2252410267 + 239245267 — 220246267
+ 2208247267 — 219248267 — 2245248267 — 218249267 + 235249267
— 22942510267 + 3234259267 — 2219247268 + 2272477268
— 245247268 + 217249268 + 22110219269 — 2172210269
+ 227237260 — 2217239269 + 2152410269 + 2210246269
+ 2245246269 — 2226247269 — 235247269 + 216249269
+ 22142510269 — 2234257260 — 224267269 + 2214239
+ 22182192710 — 21102252710 T 2262272710 — 22172282710
— 2162202710 T 2192352710 — 2252372710 T 2152392710 + 2182452710
+ 22352452710 — 22252462710 + 2152482710 — 21225102710 — 2242562710
— 22932572710 + 32142582710 + 32132592710 — 22122692710
— 2110227278 + 219237278 + 237245278 — 27246278 + 218247278
— 217248278 + 234257278 — 224267278 — 2122710278 + 21477
— 22110218279 + 2162210279 + 2110226279 — 2152310279
— 219236279 — 227236279 + 235237279 + 2217238279 — 2236245279
— 218246279 + 2226246279 — 216248279 — 22132510279
+ 234256279 + 32122610279 + 2223267279 — 3214268279
— 213269279 T 213278279 + 2172192810 — 2172272810
+ 22172452810 — 2152472810 + 32142572810 — 2110217289
+ 217237280 — 2217246289 + 216247289 — 3214267289 + 21102152910

— 2162192910 T 2172262910 — 2172352910 — 2162452910
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+ 2152462910 — 22142562910 — 2132572910 + 21226729105

P34 = —229102262510 + 221102282510 + 22523102510 + 222102352510
+ 2292362510 — 2192382510 — 22352392510 T 22382452510 — 2282462510
+ 2182482510 + 22232310 + 22510256 — 22292310256 — 22210239256
+ 22’9%92556 + 32282410256 + 228256 — 3238249256 — 2282310257
+ 22210238257 — 238239257 + 238248257 — 221102210258 + 2192310258
+ 2272310258 + 2210237258 + 2110230258 — 2237239258 — 2182410258
— 22962410258 + 2352410258 + 2238247258 — 246248258 + 236249258
— 2342510258 + 2262310259 — 2310235259 — 2210236259 — 2110238259
+ 236239259 — 238246259 — 22102252610 — 2192282610 T 2262292610
— 2202352610 T 2252302610 — 2282452610 — 2242582610 — 22232592610
— 2210228267 — 229238267 + 2228239267 — 228248267 + 2192210268
— 22910227268 + 2110220268 + 220237268 — 2219239268 + 227239268
+ 2252410268 — 2228247268 + 245248268 1+ 218249268 + 226249268
— 2235249268 1+ 22242510268 — 234259268 T 22210226269 — 2110228269
— 2252310269 — 229236269 + 2210238269 — 2226230269 + 2235239269
— 238245269 T 2228246269 — 218248269 — 22232510269
+ 2234258269 — 224268269 + 22232(?9 + 2182282710 — 2262282710
+ 22082352710 — 2252382710 + 32232582710 — 2182210278 T 228237278
— 227238278 T 218239278 — 226248278 + 235248278 — 234258278
+ 224268278 + 223238 — 298236279 — 218238279 + 2226238279
— 235238279 — 3223268279 — 2182192810 + 21522102810 — 22262272810
+ 22172282810 + 2162292810 + 2272352810 + 2252372810
— 22152392810 + 2262452810 — 22352452810 1+ 2252462810 — 2152482810
— 21225102810 T+ 32242562810 + 32232572810 — 22142582810 — 2132592810
+ 22122692810 + 2122782810 + 2110218289 — 22162210289 T 2152310289
+ 227236289 + 226237289 — 2235237289 — 2217238289 + 216239289
+ 236245280 — 2226246289 + 235246289 + 216748289 + 22132510289
— 3234256280 — 2122610289 — 3223267289 1+ 2214268289 — 213269289
— Z13278289 + 2152010 + 22562010 — 32162282910 — 22262352910 + 22352910

— 22252362910 + 32152382910 — 62232562910 + 32132582910 — 32122682910,

P35 = —222102272510 + 221102292510 + 2292372510 — Z192392510 + 22524107510
+ 222102452510 — 2282472510 + 22452482510 + 2182492510
2
— 22352492510 + 22242510 + 2292410256 — 22210249256 T 230249256 — 248249256
222 -3 2 2 2
+ 22510257 2292310257 T 239257 + 22282410257 + 22210248257
2
+ 22jg257 — 3238249257 — 2272410258 + 2410245258 T 2210247258

+ 247248258 + 2110249258 — 237249258 — 221102210259 T 2192310259
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+ 22272310259 — 237239259 — 2182410259 — 2262410259 — 2310245259

— 2210246259 T 238247259 — 2110248259 — 2246248259 + 2236249259

— 2342510259 — 2192292610 T 2272292610 — 22202452610 + 2252492610

— 32242592610 — 2210220267 + 220239267 — 2220248267 + 228249267

— 220247268 — 219249268 + 2227249268 — 245249268 + 21902210269

— 227239269 + 239245269 + 220246269 + 219248269 — 226249269

+ 234259269 + 224239 — 22102252710 — 2272282710 T 2182292710

+ 2202352710 + 2282452710 — 2252482710 + 22242582710 + 2232592710

— 22210227278 + 2110229278 + 2229237278 — 219239278 + 2252410278

— 208247278 — 2227248278 + 2245248278 + 2218249278 — 235249278

+ 22042510278 — 2234250278 + 2294225 — 2182210279 + 22910226279

— 2110228279 — 2252310279 — 2220236279 + 219238279 + 227238279 + 235239279
— 2238245279 + 228246279 — 2218248279 + 226248279 — 22232510279

+ 234258279 — 3224268279 + 223269279 — 223278279 — 2102810 — 22572810
+ 32172202810 + 22272452810 — 22152810 + 22252472810 — 32152492810
+ 62242572810 — 32142592810 + 32122792810 + 2110219289 — 22172210289
+ 2297237280 — 217730289 + 2152410280 — 237745789 — 227746789

+ 2245246280 — 226247789 — 235247289 — 217748789 + 2216249289

+ 22142510280 — 3234257280 — 3224267289 + 214269280 — 2122710789

+ 214278289 — 2213279289 + 2182192910 + 21522102910 + 22262272910

— 2172282910 — 22162202910 — 2272352910 — 2252372910 + 2152392910

— 2262452910 + 22352452910 — 2252462910 T 22152482910

— 21225102910 — 32242562910 — 32232572910 + 2142582910

+ 22132592910 — 2122692910 — 22122782910,

a5 = —22102372510 + 21102392510 — 23524102510 T 23102452510
+ 22102462510 — 21102482510 + 2342510 — 22102410256 + 22392410256
— 2410248256 — 2310249256 + 22102310257 — 2310239257 — 2382410257
+ 22310248257 + 21102410258 — 22372410258 + 2410246258 T 2310247258
— 21102310259 1 2310237259 + 2362410259 — 22310246259 — 22102272610
+ 21102292610 + 22202372610 — 22192302610 + 222524102610 — 2392452610
— 2292462610 — 2282472610 T 21902482610 T 22452482610 + 2182492610
— 2352492610 + 22425102610 — 32342592610 - 2310267 — 32202310267
+ 2239267 + 32282410267 — 2239248267 + 2235267 — 2238249767
— 2192410268 T 2272410268 — 239247268 T 247248268 T 237249768
— 246249268 — 21102210269 + 22192310269 + 2272310269 — 2237239269
— 2182410269 — 22262410269 + 2239246269 1+ 238247269 — 2246748269
+ 236249269 — 2242610269 1 2234239 + 22102262710 — 21102282710

— 229523102710 — 7202362710 — 2282372710 1+ 2192382710 + 2182392710
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+ 22352302710 — 2382452710 T 22282462710 — 22182482710 — 2352482710
— 22325102710 + 32342582710 — 2242682710 T 2223269271 + 21102210278
— 2192310278 — 22272310278 + 2237239278 + 22182410278 + 2262410278
— 238247278 — 2237248278 + 2246248278 — 236249278 + 22242610278
— 2234260278 — 2232710278 + 2234255 — 2182310279 + 2262310279
+ 237238279 — 236239279 — 238246279 T 236248279 — 2232610279
— 2234268279 — 71102192810 + 21722102810 — 22272372810 + 22172392810
— 221524102810 + 2372452810 + 2272462810 — 22452462810 T 2262472810
+ 2352472810 — 2172482810 — 2162492810 — 21425102810 + 32342572810
+ 32242672810 — 22142692810 + 221227102810 + 2142782810 + 2132792810
+ 220280 — 32172310280 + 2257280 + 32162410280 — 2237246289
+ 2255289 — 2236247289 + 32142610289 — 6234267289 — 32132710289
+ 21102182910 — 21622102910 + 221523102910 + 2272362910 + 2262372910
— 22352372010 — 2172382910 — 2162392910 T 2362452910 — 22262462910
+ 2352462910 + 22162482910 + 21325102910 — 32342562910 — 221226102910
— 32232672910 + 2142682910 + 2132692910 — 22132782910+
Lemma 3.2. For every A € GLs, B € GLg, Z € Altyo, we have
Z + (det A)*(det B) *Ao(A) T ZA5(A)7!
and
(3.4) U((det A)*(det B)'Agy(A)"1ZA5(A)™1) = (det A)*(det B)? tA W (Z)A 1,

Proof. Tt is enough to prove the equivariance (3.4) in the case when A is one of the
fundamental matrices,

Ay = 1 ) Ad:diag(avlalvlal)v

or permutation matrices.
For the diagonal or permutation matrices, verifying (3.4) is easy. Note that, for
Aq = diag(aq, az, a3, as, as5), we have

det Ag = ayazasaqsas and z12 — (det Ad)gal_la4a5,

213 — (det Ag)3a"tazas, - -, 2910 — (det Ad)3a1a2agl.

Hence, we have 1;; — (det Ad)loa;laj_l, (1 <i<j<5)and then
((det Ag)tAa(Ag)ZA2(Ag) 1) = (det Ag)' Ot AT W (Z) A
For A,, we consider the action of A,. Since det A, = 1, and
W(Z) = U("Aa(Au) ZAa(Au) ),

then we have thy; — 2 —ety; (3 < j < 5), ¥y — ¢y and Y — Yu
(3 <1<k <5). Hence, we have W(*Ag(A,) 1 ZA2(A,) 1Y) =141 (2)A. O
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Remark B. We can construct the above polynomials ¢;; (1 <4 < j < 5) in the same
program as in Remark A. This case is much more complicated than the case of gogjs.
Here we note that we consider constructing the polynomial 145. First, we consider
the polynomial corresponding to the weight (det A4)%a;'az'. This polynomial is
constructed of 205-term monomials. After the action of the generators of GLs5, we
have uniquely the polynomial 145 constructed of 148-term monomials. Hence from
the explicit form of 145, we can construct the other polynomials 1);; by the action
of GL5

Step 5. From (3.2) and (3.3), ®(Z)A(X -Y) — (det A)¥(det B)2A®(Z)A(X -
Y)A~! and hence Fi(z) = tr®(Z)A(X -Y) is a relative invariant of degree 24
corresponding to the character (det A)%(det B)2.

From (3.1) and (3.4), (X - Y)¥(Z) — (det A)!°(det B)3A(X - Y)¥(Z)A~! and
hence Fp(x) = tr((X - Y)W(Z)) is a relative invariant of degree 26 corresponding to
the character (det A)'(det B)3.

For a generic point g = (e1 Aea, 2e1 Aes, 2ea Neg, eg ANes, e1 Aeg—ea A
es, ecaNes—ezNes, esNes, egsNes , €y + eg), we have

0 2 0
0 4
XO . Y'O: —2 0 and A(Xo . Yo): 0 3
0 1 0
~1 0 0
1 0
2 0
1 0 —4 —4
1 0
2 ~ 0
Zo= 1 » Zo= 4 0 4 ’
-1 -4 0 —4
1 0
-1 4 4 0
1 0
0 0
i 16 i 0
(Zo)= 0 U(Zo)= 0 ,
0 0 192
0 —192 0
and hence
F(XD, -, X0, Y0) = tr(@(Z0) A(Xo - Y0))
0 0
(3.5) 16 1
—tr 0 0 =64 #£0,
0 0
0 0
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(3.6)
F(X?, -, X3, Yo) = tr((Xo - Yo)¥(Zo))
0 2 0
0 0
—uwl|] =2 o 0 — 384 £0.
0 1 0 192
-1 0 —192 0

Thus they are not identically zero.

Since deg Fy = 24 < deg F» = 26 and degy F1 = 4 > degy Fo = 1, we have
Fy t Fy and Fy 1 Fy. Hence, if Fy or F; is not irreducible, it is a power of an
irreducible invariant. Since the character corresponding to F is (det A)1°(det B)?,
we have the irreducibility of Fy. If Fy is not irreducible, we have F; = G? for some
relative invariant corresponding to the character (det A)*(det B). For

(1)61 N e, 2252)61 N es, 22é3)62 N es, z§4)el N es, zéS)el N ey

T=((%
— z§5)eg A es, zéG)eg Aeq— zéﬁ)eg Aes, Zé7)€3 A ey, Z§(8))€4 Nes),eh+eg) €V,
we have
Fy(7) = 64(21" 287 287 2{V 20 240 2027 2247 o)

and hence Fj(x) is not of the form G(z)? for some polynomial G(z). This shows
the irreducibility of F(z).

Theorem 3.3. The prehomogeneous vector space (GLs x GLg, Ao @ A1 +1 @ AF,
AltP® @V (8)*) has 2 basic relative invariants:

(1) Fi(z) = tr®(Z)A(X - Y) «— (det A)(det B)?, deg .Fy = 24,

(2) Fao(z) = tr(X - Y)U(Z) «— (det A)1%(det B)?, deg.Fy = 26.

3.2. Explicit construction of the irreducible relative invariants of (GL? x
Spinyg XSL1a, V@A +1®AT) with H ~ SLy x SO, N = 2. We may assume that
GL1xSpin;y xGLy4 actson V=V (16)®* oM (14,1) by 2= ((X1, X2, -+, X14),Y)
o (N(A) Xy, N (A) X, o N(A)X10)' B, ol BY) for 2= (X1, X1+ ) X1), V)
eVand g= (o, A,B) €qG.

For Y =*%(y1, ,y14), X Y := X1 y1 + -+ X14 y14 € V(16). Then we have
X -Y+—aA(A) X-Y. Now we define the mapping

n:V(16) — V(10), X = (20,12, -, 22345) = n(X) = (m(x), ..., no(z))

as follows:
m(z) = —T1oTizas +T13T1245 —T1aT1235  +T15T1234,
772(37) = X23%1245 —T24%1235 +X25T1234 —X12T2345,
n3(z) = —34T1235 +T35T1234 —T13T2345 +T23T1345
Ma(T) = T45T1234  —T14%2345 FT24T1345  —T34T1245,
n5(T) = —T15T2345  +T25T1345 —T35T1245 +Ta5T1235,
ne(r) = ToT234s —T23%T45 +T24T35 —T25%34,
nr(x) = —ToTizas  +T3uTis —x35T14 +x13%T45,
ng(xr) = ToTi2s —T45T12 +T14%25 —Z24%15,
no(r) = —ToTi235 +T15T23 —T25%13 +x35212,
mo(r) = ToT1234 —X12T34 +x13%24 —X14%23
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(cf. [7], [8]). Then we have
(3.7) (o A'(A)(X -Y)) = o x(4) n(X -Y),

where y is the vector representation of Spin, . Since the infinitesimal representation
of x (resp. A’) is given by (5.28) (resp. (5.38)) in [1], we have

Xx(Spinyg) = SO(10,K) = {A € SLyo ; ‘AKA = K} for K = ( .? g )
5

On the other hand, we put
Xy ="y, a3, 011, 21, 219, 23, of), oy
37;4)7 xgg), %(115) ’ 55512)347 15512)3& 55512)457 15513)4& 55g3)45)
e V(16)

and consider that Z = [X'l, e ,)(:14] € M(16,14).

Let Z(“9) be the 14 x 14-matrix obtained from Z by substracting the i-th and the
j-th rows and Z := (z;;) € Altyg with z;; := (—1)"*7 det Z(»7). Then, by Lemma
2.3, we have

(3.8) Z +— (det A'(A)) (det B) *A"(A)~1 Z A'(A)~L.

Note that det A’(A) = 1. Now we shall construct ®(Z) € Sym,, such that
(3.9) B(Z) — (det B)? 'x(A)1 B(Z) x(4) .

If we put

®(Z) = (p(2)i3)1<i<j<10

Y11 P15 Y16 - P110
= 15 - 55 56 CC 510
=2(2) = a 4 ? d € Sym,,
Y16 P56 Y66 " P610
Y110 0 @510 | Pe10 L1010
with the following entries, then we have Lemma 3.4.
2 2
P11 = —2515 + 221415223 — 221315224 + 221215225 — 2514 + 222142315 + 221314234 —
) 2
2212147235 — 2113 + 223132414 — 222132415 + 221213245 — 2519 + 224122513 — 223122514 +
222122515,
= 2 2 -2 2 — 22 2 2 -
P22 1= —2516 T 221416226 21316227 + 221216228 — 2§14 + 222142616 + 221314267
2 2
221214268 — 2513 + 226132714 — 222132716 + 221213278 — 2512 + 227122813 — 226122814 +
222122816,
— 2 .9 2 2542 —9 —9 -
P33 1= —2Zip12 T 2212162310 + 2210162312 — 2316 + 221516236 21316239 212152610
2 2
2210152612 — 2§15 + 223152616 + 221315269 + 2212132910 + 2210132912 — 2§13 + 226132915 —
223132916,
= —2%10+2 +2 —236+2 -2 -2 -
P44 1= — 21112 T 2212162411 + 2211162412 — 2416 T 221516247 — 221416249 — 2212152711
2 2
2211152712 — 2715 + 224152716 + 221415279 + 2212142911 + 2211142912 — 2514 + 227142915 —
224142916,
.2 2
P55 1= —Z{p14— 21113 722101321114+ 22101121314 — 2214162510 221316 2511 +221116 2513 —

2

2210162514 — 2516 + 221516258 + 2214152810 — 2213152811 — 2211152813 + 2210152814 —
2

Z315 + 225152816,
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V66 1= —2216+221116216 — 221016217 — Za11 + 221112616 + 221011267 — 2210+ 226102711 —
221102716 + 22792810 — 22692811 + 22192816 — 2839 + 22782910 — 22682911 + 22182916,
Y77 = —2%15 +221115213 — 221015214 — Z§11 +221112315+221011234 —2210 +223102411 —
221102415 + 22492510 — 22302511 + 22192515 — 259 + 22452910 — 22352011 + 22152015,
P8s 1= —2314 + 221114212 — 2591 + 221112214 + 22082411 — 22182414 — 238 — 22272511 +
22172514 — 287 + 2247258 — 22252711 + 22152714 + 2245278 + 22042811 — 22142814

o9 1= —2%15 + 221013212 — 2310 + 221102213 + 22282310 — 22182313 — 255 — 22262510 +
22162513 — 286 + 2236258 — 22252610 + 22152613 + 2235268 + 22232810 — 22132813,
01010 = — 2319+ 22192212 — 259 — 22172312 — 257 + 2227230 + 22162412 — 235 + 2236247 —
2296249 + 22142612 + 2234267 — 2224269 — 22132712 + 2223279 + 22122012,

P12 1= —2Z2152216 T 21416723 — 21316224 t 21216225 + 21415226 — 21315227 + 21215228 +
221472316 T 21314237 — 21214738 — 22132416 — 21314246 1 21213248 1+ 22122516 1+ 21214256 —
21213257 — 25142612 T 24142613 — 23142614 T 22142615 1+ 25132712 — 24132713 + 23132714 —
22132715 — 25122812 1 24122813 — 23122814 1+ 22122815,

P13 = 212152210 + 210152212 + 21516223 — 21315229 — 212142310 — 210142312 — 22162315 1
23142316 — 21316234 + 21216235 + 21415236 1+ 21314239 + 212132410 + 210132412 — 23132416 —
21315246 — £10122512 1 23122516 T 21215256 — 21213259 — 25152612 T 24152613 — 23152614 1
22152615 + 25132912 — 24132913 + 23132914 — 22132915,

P14 = 212152211 + 211152212 + 21516224 — 21415229 — 212142311 — £1114%312 — 21416234 +
21415237 + 212132411 + 211132412 + 23162414 — 22162415 — 24132416 T 21216245 — 21315247 +
21314749 — 211122512 1 24122516 + 21215257 — 21214259 — 25152712 + 24152713 — 23152714 +
22152715 + 25142912 — 24142913 + 23142914 — 22142915,

P15 1= —Z14152210 T 213152211 211152213 — 210152214 21516225 — 213142311 — 211142313+
210147314 — 21416235 T 21415238 1 213142410 + 211132413 — 210132414 T 21316245 — 21315248 —
2121425101 212132511 — 211122513 — 24162513 + 210122514 T 23162514 — 22162515 + 25122516 1
21215258 — 25152812 T 24152813 — 23152814 T 22152815,

P16 = 21316214 — 21216215 — 21415216 + 21152216 — 21116223 T 21015227 — 21142316 —
21014237 T 21132416 — 21113246 — 1122516 T £1112256 — 21012257 T 25112612 — 24112613 T
23112614 — 22112615 + 24102713 — 23102714 + 22102715 — 2513279 — 24122810 1+ 2592812 +
2392814 — 2202815 — 2482913 1 2382914 — 2282915,

P17 *= —21315%14 + 21321415 + 21215215 — 21152215 + 21115223 — 21015224 — 23112314 +
21142315 T 22112315 + 21014234 — 21113234 + 21112235 + 23132411 — 24102413 + 23102414 —
21132415 — 22102415 — 21012245 T 24122510 — 23122511 T 2492513 — 2392514 + 21122515 +
2292515 — 2512259 1 2452913 — 2352914 1 2252915,

P18 = 21314214 — 21221415 — 21214215 + 21152214 — 22112215 — 21114723 + 21113224 —
21112225 + 22142311 — 21142314 — 22132411 + 21132414 — 2382414 1+ 2282415 + 2413248 +
22122511 — 2472513 — 21122514 T 2372514 — 2272515+ 2512257 — 2412258 — 2452713 T 2352714 —
2252715 1+ 2452812 — 23472814 1 2242815,

P19 = —Z1321314 + 21221315 + 21213215 — 21152213 + 22102215 + 21014223 — 21013224 +
21012725 — 22142310 + 21142313 — 2282315 + 2314238 1 22132410 — 21132413 — 2313248 —
22122510 T 21122513 + 2462513 — 2362514 1 2262515 — 2512256 T 2312258 + 2452613 — 2352614 1
2252615 — 2352812 1 2342813 — 2232815,

110 ‘= —Z1221215 T 21214213 — 21213214 + 21152212 — 2215229 — 21142312 + 2272315 —
2314237 12214239 T 21132412 1+ 2362414 — 2262415 — 2413246 + 2313247 — 2213249 — 21122512+
2412256 — #312757 T 2212259 — 2452612 T 2342614 — 2242615 T 2352712 — 2342713 + 2232715 —
2252912 + 2242913 — 2232914,

P23 = 212162210 1+ 210162212 + 21516226 — £1316229 — 22162316 T 21416236 — 21316237 1
21216238 — 212142610 — 210142612 — 26142615 + 22152616 + 23142616 + 21315267 — 21215268 1
21314269 T 212132710 + 210132712 + 26132715 — 23132716 — 210122812 — £6122815 T 23122816 —
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21213789 + 28132912 — 27132913 + 26132914 — 22132916,

P24 1= 212162211 T 211162212 + 21516227 — 21416229 — 22162416 T 21416246 — 21316247 +
21216248 — 212142611 — 211142612 124142616 T 21415267 T 212132711 + 211132712 — 26152714 1
27132715 T 22152716 — 24132716 — £1215278 T 21314279 — £11122812 — 27122815 + 24122816 —
21214789 + 28142912 — 27142913 + 26142914 — 22142916,

P25 1= —214162210 T 213162211 T 211162213 — 210162214 T 21516228 — 22162516 T 21416256 —
21316257 T 21216258 — 213142611 — 211142613+ 210142614 + 25142616 T 21415268 T 213142710
211132713 — 210132714 — 25132716 — 21315278 — 212142810 T 212132811 — 211122813 27152813+
210127814 — 26152814 — 28122815 + 22152816 1 25122816,

P26 = —21416%16 + 21316217 — 21216218 + 21162216 — 21116226 T 21016227 + 26112614 —
21142616 — 22112616 — 21014267 T £1113267 — £1112268 — 26132711 T 27102713 — 26102714 T
21132716 T 22102716 + 21012278 — 27122810 1 26122811 — 2792813 1+ 2692814 — 21122816 —
2292816 1 2812289 — 2782913 1 2682914 — 2282916,

P27 = 21321416 — 21315217 + 21215218 — 21162215 — 21016224 T 21115226 + 22112316 —
21113237 + 21112238 — 22102416 — 21014246 — 21012248 + 2202516 + 24142610 — 23142611 T
21142615 — 2514269 — 24132710 + 23132711 + 25102712 — 21132715 — 23122811 1+ 2492813 +
21122815 — 2512289 — 2572913 + 2562914 + 2252916,

P28 1= —Z1221416 + Z1314%217 — 21214218 T 21162214 — 22112216 — 21114226 1+ 21113227 —
Z1112%28 + 2282416 — 2272516 T 22142611 — 21142614 + 2514267 — 2414268 — 22132711 —
25827121 2572713+ 21132714 — 2562714 — 2252716 1 2413278 — 2512278 T 22122811 T 2482812 —
2472813 — 21122814 + 2462814 + 2242816,

P29 = 21221316 — 21314216 T 21213218 — 21162213 + 22102216 + 21014226 — 21013227 +
21012728 — 2282316 T 2262516 — 22142610 + 2582612 T 21142613 — 2572613 + 2562614 +
2252616 — 2513267 + 2314268 1 2512268 + 22132710 — 21132713 — 2313278 — 22122810 —
2382812 1+ 21122813 + 2372813 — 2362814 — 2232816,

P210 ‘= —Z1221216 + 21214216 — 21213217 T 21162212 — 2216229 + 2272316 — 2262416 —
21142612 — 2482612 T 2472613 — 2462614 — 2242616 — 2314267 T 2413267 — 412268 T 2214269 +
21132712 T 2382712 — 2372713 + 2362714 T 2232716 1 2312278 — 2213279 — £1122812 T 2212289 —
2282912 1 2272913 — 2262914,

P34 1= —2101221112 212162311 211162312 T 21516237 — 21416239 T 212162410 + 210162412 —
23162416 T 21516246 — 21316249 — 212152611 — 211152612 T 24152616 T 21415269 — 212152710 —
210152712 — 26152715 T 23152716 21315279 212142910+ 212132911+ 210142912+ 211132912 —
29132914 + 26142915 1 27132915 — 23142916 — 24132916,

P35 = 2101271014 — 2101321112 T 2101121213 — 214162310 T 213162311 1+ 211162313 —
210162314 T 21516238 T 212162510 T 210162512 — 23162516 1+ 21516 256 — 21316259 T 214152610 —
213152611 — 211152613 1210152614+ 25152616 — 212152810 — 210152812 — 26152815 1+ 23152816 +
21315289 + 213142910 + 211132913 — 210132914 T 28132915 — 25132916,

P36 1= —Z1016%112 — £11021216 — #1516216 T £1316219 T 21162316 — 21116236 + 21016237 —
211122610 210112612 T 26112615 — 21152616 — £3112616 — 21015267 T 21113269 + 210122710 —
26102715 1 23102716 — 21013279 1 2692815 — 2392816 + 27132910 — 28122910 — 26132911 —
28102912 + 2892913 + 2682915 + 21132916 — 2382916,

P37 = 210152112 + 211021215 + 21321516 — 21315219 + 211122310 — 210112312 — 21162315 1
23112316 — 21016234 T 21115236 — 21113239 — 210122410 — 23102416 — 21015246 + 21013249 +
2392516 T 24152610 — 23152611 T 21152615 — 2515269 — 24132910 + 25122910 + 23132911 +
25102912 — 2592913 — 21132915 T 2562915 T 2352916,

P38 = —Z1014%112 — Z110%1214 — 21221516 T 21314219 — 211122210 T 210112212 T £1113229 —
22162311 T 21162314 — 21114236 T 2382416 — 21013247 — 2372516 + 22152611 — 21152614 T
2515267 — 2415268 — 25122710 T 2592713 — 2562715 — 2352716 T 24102812 T 2462815 1 2342816 —
2413289 — 22132911 — 2582912 + 21132914,
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P39 1= 210132112 T 211021213 + 21321316 — #1315216 + 210122210 — 21016223 + 21015226 —
21013729 + 22162310 — 21162313 — 2316238 + 2362516 — 22152610 + 25122610 + 25102612 +
21152613 — 2592613 T 2562615 T 2352616 T 2315268 — 2513269 — 23122810 — 23107812 +
2392813 — 2362815 T 2313289 1 22132910 — 21132913,

P310 ‘= —Z210122112 — £1216%13 T 21215216 — 21213219 + 21162312 + 2316237 — 2216239 —
2362416 — 24122610 — 21152612 — 24102612 T 2492613 — 2462615 — 2342616 — 2315267 T
2215269 T 2413269 + 23122710 + 23102712 — 2392713 + 2362715 — 2313279 — 22122910 +
21132912 — 22102912 T 2202913 — 2262915 T 2232916,

P45 = —2Z111221113 T 2101221114 + 2101121214 — 214162410 + 213162411 + 211162413 —
210162414 21516248 T 212162511 T 211162512 — 24162516 T 21516257 — 21416259 T 214152710 —
213152711 — 211152713 210152714 T 25152716 — 212152811 — 211152812 — 27152815 124152816 1
21415289 + 213142911 + 211142913 — 210142914 T 28142915 — 25142916,

P46 1= —Z11162112 — £11121216 — #1516217 T 21416219 T 21162416 — 21116246 + 21016247 —
211122611 — 24112616 — 21115267 T 21114269 + 210122711 + 26152711 + 210112712 — 27102715 —
21152716 + 24102716 — 21014279 + 2792815 — 2492816 + 27142910 — 26142911 — 28122911 —
Z811%2912 + 2892914 + 2782915 + 21142916 — 2482916,

P47 1= 211152112 T 211121215 + 21421516 — 21415219 + 211122311 — 21116%34 + 21115237 —
21114739 — 210122411 + 23162411 — £10112412 — 21162415 — Z4102416 — 21015247 T 21014249 +
2492516 T 24152710 — 23152711 T 21152715 — 2515279 — 24142910 1+ 23142911 + 25122911 +
25112912 — 2592914 — 21142915 + 2572915 T 2452916,

P48 1= —Z11142112 — 211121214 — 21421416 T 21415217 — 211122211 + 21116224 — 21115227 +
21114729 — 22162411 + 21162414 + 2416248 — 2472516 + 22152711 — 25122711 — 25112712 —
21152714 + 2592714 — 2572715 — 2452716 — 2415278 + 2514279 + 24122811 + 24112812 —
2492814 1 2472815 — 2414289 — 22142911 + 21142914,

P49 1= 211132112 + 211121213 — 21221516 + 21314219 + 210122211 + 210112212 — 21014229 —
21114736 + 22162410 — 21162413 — 21013247 — 2316248 + 2462516 + 25122611 — 2592614 +
2572615 T 2452616 + 2515267 — 22152710 T 21152713 + 2315278 — 23112812 — 2372815 T
2342816 1 2314289 1 22142910 — 2582912 — 21142913,

P410 1= —Z11122112 — 21216214 T 21215217 — 21214219 + 21162412 — 2416746 + 2316247 —
2216249 — 24122611 — 24112612 T 2492614 — 2472615 — 2415267 + 2414269 + 23122711 —
21152712 + 23112712 — 2392714 + 2372715 — 2342716 T 2215279 — 2314279 — 22122911 +
21142912 — 22112912 + 2202914 — 2272915 T 2242916,

P56 1= —Z11162113 T 210162114 — 211121316 T 211021416 — £1516218 T 21162516 — 21116256 1
21016257 1211142610 —211132611 — 210112614 — 25112616 — 21115268 —210142710 + 210132711+
210112713 + 25102716 + 21015278 — 27152810 T 26152811 — 21152816 — 2592816 + 2815289 +
28142910 — 28132911 — 28112913 1+ 28102914 — 2582916,

P57 *= 211152113 — 210152114 T 211121315 — 211021415 + 21521516 — 211142310 211132311 +
210112314 — 21116235 T 21115238 1210142410 — 210132411 — 210112413 T 21016245 — 21015248 —
24162510 T 23162511 — 21162515 T 2516259 + 24152810 — 23152811 1+ 21152815 — 2515289 —
25142910 + 25132911 1 25112913 — 25102914 T 2582915,

P58 *= —2Z1114%2113 1+ 210142114 — 211121314 — 21416215 T 21415218 T 211142210 — £1113%211 —
210112214 t 21116225 — 21115228 — 22162511 T 21162514 — 2516257 1+ 2416258 + 25142710 —
25132711 — 25112713 + 25102714 — 2582715 — 2515278 — 24142810 + 22152811 + 24132811 +
24112813 — 21152814 — 24102814 T 2482815 — 2452816,

P59 1= 211132113 — 210132114 T 211021314 + 21316215 — 21315218 — 210142210 + 210132211 +
210112213 — 21016225 1 21015228 + 22162510 — 21162513 T 2516256 — 2316258 — 25142610 1
25132611 T 25112613 — 25102614 T 2582615 + 2515268 — 22152810 + 23142810 — 23132811 +
21152813 — 23112813 T 23102814 — 2382815 1+ 2352816,

P510 1= —Z11122113 1+ 210122114 T 211121213 — 211021214 — Z12%1516 — 21114236 — 21013247 1
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21162512 — 2416256 1T 2316257 — 2216259 — 24132611 124102614 — 2482615+ 2452616 — 2415268 —
23142710 T 23112713 + 2382715 — 2352716 + 2315278 — 21152812 T 2215289 + 22142910 —
22132911 — 2582912 — 22112913 + 22102914,

P67 = 21152116 — 21116213 T 21016214 — 21115216 + 21015217 — 21112316 — 21011237 +
21102416 + 21011246 — 2192516 — 24112610 1T 23112611 — 21112615 T 2511269 + 24102710 —
23102711 T 21102715 — 2510279 — 2492810 T 2392811 — 2192815+ 259289 — 2482910 + 2572910 +
2382911 — 2562911 — £182915 — 2152916,

P68 1= —Z114%116 T 21116212 T 21114716 — 21014217 + 21112216 1+ Z1011%27 — 2182416 +
2172516 — 22112611 T 21112614 — 2511267 T 2411268 — 2572710 T 22102711 + 2562711 —
21102714 + 2152716 — 2410278 + 259278 + 258279 + 2472810 — 2292811 — Z46%811 + 2192814 —
2142816 — 248789 — 2282911 T 2182914,

P69 = 21132116 — 21016712 — 21113216 T 21013217 — 21102216 — 21011226 1 2182316 —
2162516 1+ 22112610 T 2572610 — 2562611 — £1112613 — 2152616 T 2510267 — 2311268 — 259268 —
258269 — 22102710 T 21102713 + 2310278 + 2292810 — 2372810 + 2362811 — 2192813 + 2132816 +
238289 T 2282910 — 2182913,

Y610 ‘= —Z1127116 T 21112216 — 21012217 T 2192216 — 2172316 + 2162416 — 2472610 +
2462611 T 21112612 1 2142616 1 2311267 — 2410267 T 249268 — 2211269 + 248269 + 2372710 —
2362711 — £1102712 — 2132716 — 239278 + 2210279 — 238279 1+ 2192812 — 220289 — 2272910 1
2262911 + 2182912 + 2122916,

P78 = 21142115 — 21115212 — 21114213 + 21014214 — 21112215 — 21011224 + 22112311 —
21112314 — 22102411 — 2382411 T+ 21102414 + 2182415 1+ 2410248 — 2472510 + 2292511 +
2372511 — #192514 — 2172515 — 249258 T 257259 — 2452710 + 2352711 — 2152715 — 2342811 1
2142815 1 245289 + 2252911 — 2152914,

P79 = —Z1132115 + 21015212 + 21113213 — 21013214 + 21102215 + 21011223 — 22112310 +
21112313 — 2182315 T 2311238 + 22102410 — 21102413 — 2310248 — 2292510 + 2462510 —
2362511 + 2192513 + 2162515 + 239258 — 256259 + 2452610 — 2352611 + 2152615 1+ 2342810 —
2132815 — 235289 — 2252910 T 2152913,

P710 1= 21122115 — 21112213+ 21012714 — 2192215 — 21112312+ 2172315 — 2311237 + 2211239+
2362411 T 21102412 — 2162415 — 2410246 T 2310247 — 2210249 — 2192512 T 249256 — 239257 +
229259 + 2342611 — 2142615 — 245269 — 2342710 T 2132715 1+ 235279 + 2242910 — 2232911 —
2152912 — 2122915,

P89 1= 21132114 — £1014%12 — 21113212 T 22102211 — 21112213 — 21102214 — 2282311 +
2182314 — #28%2410 + 2182413 1+ 238248 + 2272510 + 2262511 — 2172513 — 2162514 1+ 256257 —
237258 — 246258 T 2252611 — 2152614 — 245268 + 2252710 — 2152713 — 235278 — 2242810 —
2232811 + 2142813 + 2132814,

P810 ‘= —Z1122114 T 21112212 + 21112212 + 2192214 — 2211229 + 2272311 — 2172314 —
2262411 — 2182412 + 2162414 — 238247 + 246248 + 228249 + 2172512 — 247256 + 237257 —
227259 — 2242611 T 2142614 + 245267 + 2232711 + 2152712 — 2132714 + 234278 — 225279 —
2142812 1 224289 + 2122914,

910 1= 21122113 — 21012212 — 21102212 — £192213 1+ 2210229 — 2272310 T 2182312+ 2172313 +
237238 — 228239+ 2262410 — 2162413 — 236248 — 2162512246256 — 236257 + 226259+ 2242610 —
2152612~ 2142613 — 235267 — 234268 T 225269 — 2232710 12132713+ 2132812 — 223289 — 2122913~

Lemma 3.4. For every A € Spin,, B € GL14, Z € Altyg, we have Z — (det B)Z,
Z— N (A)TLZAN(A)~F and hence

®((det B)Z) — (det B)2®(Z),

(3.10) - 71
("N (A)TTZN (AT = "X (A) T (Z)x(A) 7,
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where x is the vector representation of Spiny, in (3.9). Hence we have, by the action
of (o, A, B) € GLy x Spinyy XxGL14,

®(Z) — (det B)tx(A)1d(Z)x(A)~L.

Proof. We may prove the equivariance (3.10) for A’s of one of the following three
forms:

1 ¢
1
1
1
Au = ! 1 )
— 1
1
1
1
1 €
1 —€
1
1
1
Au’ - 1 )
1
1
1
1
1
1
1
1
1
Awr = € 1 ’
—€ 1
1
1
1

. 1 -1 -1 -1 -1
Ad:dlag(a17a27a37a47a‘57a1 ;Ao ,03 ,04 ,05 )

)
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and permutation type matrices such as

0 1
1 0
1
1
1
Au = 0 1
1 0
1
1
1
Checking (3.10), for diagonal or permutation type matrices is easy. Note that, for
Ag, 212 +—  a3a405212,713 (20405213, ...,%23 — af1a4a5zgg,224 —
af1a3a5zg4, ey 21516 — aglailaglzlg,w. Hence @i — aza;p;y for 1 <4 < j <5,

DL — al_lalzlgolk for 6 <1<k <10, ¢ — al_lajgalj for 6 <1<10,1 <5 <5.
Then we have ®(*A’(Aq) " ZN (Ag)™1) = tx(Aq) 1 ®(Z)x(Aq) L. For A,, we con-
sider the action of A,. Since det A, = 1, ®(Z) — ®(*A’(A,)ZA'(A,)""). Then
we have p11 — @11 + 2012 + €222, P15 — P15 +epa; (1 < j < B), r7 —
77 — 26067 + €066, P67 > P61 — EPBSs PR > PR — EPek (8 < k < 10), @17 —
@17 + e(par — @16) + 2026, @15 — w15 + w2 (5 € {6,8,9,10}), opr —
ot —epre (K € {2,3,4,5}) and other ¢;;’s are invariants. Thus, we have
DN (A) 1 ZN(A) ) = X (Au) " D(Z) x(Ay)
In the same way, we have ®(*A’ (A, )~ 1ZA’(A N

= "X (Auw) 1 O(Z2)x(Aw) !
and (I)(tA/(Au//) IZA,(Au”) 1) tX(Au”) I(I)( ) ( ) 1

O

Remark C. We can construct the above polynomials ¢;; (1 <i<j<10) in the
same program as in Remark A in §§3.1. We have

K®(Z) — (det B)2K'x(A) " ®(Z)x(A) ™! = (det B)*x(A)K®(Z)x(A)~!

011
Is | 0
28 corresponding to the character (det B)2. Moreover, by (3.7) and Lemma 3.4, we
put Fy(z) = (n(X - Y)|®(Z)|n(X -Y)) :='n(X - Y)®(Z)n(X - Y) and hence Fy(z)
is a relative invariant of degree 36 corresponding to the character o*(det B)2.

For a generic point

with K = < > and hence F (z) = tr K®(Z) is a relative invariant of degree

To = (6165 + ezeszeqes , €265 , €365 , €465 , —€1€3€4€5 ,€1€2€4€5 , —€1E€2€3€E5

/ !
—1+ejegezes , erea, ere3, e1ey ,—e3e4 , €2e4 , —€2€3 , €4+ €1y),
we have

Xo-Yy="(0, 0,0, 0,0, -1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0),
n(XO'YO):t(O; O; 07 07 07 ]-7 07 07 07 0)7

ZO = (61 Nes —e1 A 615) € Altqg,
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-1 0 00 0|-1 0 0 O0 O
0O 0 0 0 O 0 0 0 0 O
0 0 0 0 O 0 0 0 0 O
0 0 0 0 O 0 0 0 0 O
~ = 0 0 0 0 O 0 0 0 0 -1
®Z0) =)= |00 o [=T 000 0 |0
0 0 0 0 O 0 0 0 0 O
0 0 0 0 O 0 0 0 0 O
0 0 0 0 O 0 0 0 0 O
o 000 —-170 O0O0O0O O
Then we have Fo(X1”, -, X17',Yo) = (n(Xo - Yo) | ®(Zo) | n(Xo - Yo)) = —1 #
0 and Fl(Xl(O),'~ ,ng),Yo) = tr K®(Zy) = —4 # 0 and hence they are not

identically zero.

In [6] or [8], the irreducible relative invariant f(x) of degree 4 of a preho-
mogeneous vector space (Spin;y XGLa, A’ ® A1,V (16) @ V(16)) is constructed.
Through the theory of castling transformation, above polynomial Fj(x) is cor-
responding to the irreducible relative invariant of a prehomogeneous vector space
(Spin;y XxGLa, A" ® A1,V (16) @V (16)) studied in [6]. By Lemma 1.2, we can know
the irreducibility of Fiy(z). Note that we can also check the degree of Fj(x) by
compairing the degree of f(x) by Lemma 1.2.

If the polynomial Fy(z) is not irreducible, then Fy(x) = Fi(z)G(z) for some
relative invariant G(x) of degree 8 corresponding to the character o, or Fy(z) =
H(z)? for some relative invariant H(x) of degree 18 corresponding to the char-
acter a2(det B). For z; = 1(tX\” XV .. x9 v1) € v(16)®4 @ V(14)* with
Y1 = Y(y1,0,0,94,0,0,0,9s,0,0,y11,0,0,y14), we have Fy (x1) = —4t? and Fy(x1) =
26292y y1a—yiyy3 —2t2y?y2. Then we have Fy (x1) § Fa(x1) and hence Fy(z) { Fa(z).
Moreover, Fy(z1) cannot be of the form Fy(z1) = H(z1)?, and hence F(z) cannot
be of the form Fy(x) = H(z)2. Thus we have obtained the irreducibility of Fy(z).

Theorem 3.5. The prehomogeneous vector space (GL1 X Spinyg XGL14, A" ® Ay +
1® A}, V(16)2% @ V(14)*) has 2 basic relative invariants:

(1) Fi(z) = tr K®(Z) < (det B)?, deg .Fy = 28,
(2) Fy(z) = (X -Y)|®(Z)|n(X -Y)) — a*(det B)?, deg.F» = 36.
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