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ANALYSIS OF A BILINEAR FINITE ELEMENT
FOR SHALLOW SHELLS. II: CONSISTENCY ERROR

VILLE HAVU AND JUHANI PITKARANTA

ABSTRACT. We consider a bilinear reduced-strain finite element of the MITC
family for a shallow Reissner-Naghdi type shell. We estimate the consistency
error of the element in both membrane- and bending-dominated states of de-
formation. We prove that in the membrane-dominated case, under severe
assumptions on the domain, the finite element mesh and the regularity of the
solution, an error bound O(h + t~1h!*%) can be obtained if the contribution
of transverse shear is neglected. Here ¢ is the thickness of the shell, A the mesh
spacing, and s a smoothness parameter. In the bending-dominated case, the
uniformly optimal bound O(h) is achievable but requires that membrane and
transverse shear strains are of order O(t2) as t — 0. In this case we also show
that under sufficient regularity assumptions the asymptotic consistency error
has the bound O(h).

1. INTRODUCTION

Approximation of deformation states arising in thin shells by low-order finite
element methods is known to be a nontrivial task. Different locking modes degrade
the convergence rate of the most basic formulations when approximating bending-
dominated or inextensional deformations. However, it is equally well-known by now
that a suitable variational crime can be used to retain the convergence properties
in such cases. This can even be done up to an optimal order and smoothness
requirements for certain shell geometries, as was shown in Part I of this paper [3],
see also [[7]. The real challenge begins when one aims to find a formulation that has
a satisfactory behavior also in the membrane-dominated states of deformation. In
this case one is inevitably led to consider the questions of consistency and stability
of the formulation, since the approximation properties will rarely be a problem
in such a case, but lack of consistency or stability can yield a very large error
component.

Probably most low-order shell elements that aim to be general in nature contain
the basic ideas of MITC4 by Bathe and Dvorkin [1]. In [4] it was shown that this
formulation is in fact equivalent to a certain variational crime already considered
in [[7]. In this paper we extend our analysis of the MITC-type elements and address
their consistency and stability properties. We show that, at least under favorable
circumstances, this kind of an element can indeed also approximate membrane-
dominated deformation well. However, due to the lack of stability in the membrane-
dominated case, we can bound the consistency error in this case only non-uniformly
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1636 VILLE HAVU AND JUHANI PITKARANTA

with respect to the thickness t of the shell. We also need strong assumptions on the
problem setup and on the finite element mesh, as in the previous part [3]. Under
such hypotheses and under certain additional hypotheses on the solution, we show
that the consistency error is at most of order O(h +t~*h'*#), where h is the mesh
spacing and s > 0 is a parameter depending on the degree of smoothness of the
exact solution. As s can be arbitrarily large in principle, one can have t~1h® = O(1)
for reasonable sequences of (¢, h) if the solution is very smooth. In such a case the
consistency error is O(h), which is the optimal order for bilinear elements.

Another topic to be considered in this paper is the asymptotic behavior of the
consistency error in the case of an inextensional deformation. In [3] we considered
the problem of finding a best finite element approximation of a given inextensional
deformation. At that point the question of consistency was deliberately left aside.
However, in real computations one is inevitably faced with the fact that since
the reduced inextensional space is not a subspace of the corresponding continuous
space, the consistency error does not tend to zero when the thickness t — 0, but
to some finite value depending on h. Here we show that this error term is of
the optimal order O(h). However, to obtain this result we need much stronger
regularity assumptions on the exact solution than in the previous Part I [3], where
we bounded the approximation error. Whether our analysis here is sharp is not
clear at the moment.

The plan of this paper is as follows. In section Blwe describe the problems to be
considered and in section Bl we consider two slightly different FEM approximations
to these. Section [ is devoted to the consistency error in the non-asymptotic case
(t > 0), whereas section Bl deals with the asymptotic consistency error in the inex-
tensional deformation state. In section [6l we draw the conclusions of Parts I and II
of the paper.

In the following we denote by C' a generic constant that may take a different value
each time. The constants may depend on the geometry parameters of the problem
but are otherwise independent of the parameters, unless indicated explicitly. The
Sobolev norm and seminorm are denoted by || - || and | - |, respectively on the
assumed rectangular domain. Further, || - ||z2 = || - ||o, and (-,-) denotes the L>-
inner product.

2. THE SHELL PROBLEM

We use basically the same shell model of Reissner-Naghdi type as in [3], but
with two different scalings. Denoting by u = (u,v,w,0,1) the vector of three
translations and two rotations, we let the (scaled) total energy of the shell be given
either by

Fuuw) = (P As(ae 1) + A () — Qa)
or by
Fp(u) = %(Ab(% u) + 2 A (1) — Q(uw),

where ¢ is the thickness of the shell and ) represents the load potential. Here the
subscripts M and B refer to the natural scalings of the total energy in membrane-
and bending-dominated deformations, respectively. We assume that in both cases
Q(u) defines a bounded linear functional on the corresponding energy space to be
defined later. The bilinear forms Ajp(u,v) and A,,(u,v) arising from the bending
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and membrane energies are given by

2

A (u, v) :/Q {v(Fu + Faz) (w) (k1 + ko2) (@) +(1 = v) D Fij (ki (v) fdady

ij=1

and
A (1,8) = 64(1 — v) / (oW (W) + B (w)pa(w) Y dady

+12 /Q (v(Bry + Ba)(w)(Bus + fr2) (1)

2
(1-v) Z u)fi; (v) tdady,

where overbars denote complex conjugation. Here v is the Poisson ratio of the
material, v is a shear correction factor and r;j, B;; and p; represent the bending,
membrane and transverse shear strains respectively, depending on u as

B = 2o+ aw, “11:@’
O ox
P 0
(2.1) P22 = a_v + bw, Koo = 8_75’
1ou 0 100 o
512—5(8—u+8—v)+0w—521 H12:§(8_y a_w)_@l
and
ow ow
2.2 =V =7 =Y =5
( ) P1 5‘:5’ P2 w ay

The integration is taken over the midsurface €2 of the shell, which we assume to
occupy the rectangular region (0, L) x (0, H) in the xy-coordinate space. We are
considering the shell to be shallow and assume that the parameters a, b and c
defining the geometry can be taken to be constants. We further note that if ab—c? >
0 the shell is elliptic, if ab — ¢ = 0 it is parabolic, and if ab — ¢ < 0 we have a
hyperbolic shell.

The above two energy formulations lead naturally to two differently scaled vari-
ational formulations, the membrane (M) and bending (B) cases:

(M) Find u € Ups such that

(2.3) An(u,0) = 2 Ay (1, 0) + Ap (u,0) = Q(v) Vv € Uns.
(B) Find u € Up such that
(2.4) Ap(u,v) = Ay(w,v) + t > A (u,v) = Q(v) Vo € Up.

Here Up; and Up are the membrane and bending energy spaces, respectively, which
we take to be subspaces of [H}(Q)]°, where H}(Q) is the usual Sobolev space
with periodic boundary conditions imposed at y = 0, H. In Up no constraints are
imposed at x = 0, L, whereas in Uy; we assume the constraints u = v =w = 0 =
¥ =0at x =0,L. In case (B) we must also remove the rigid displacements from
Up so as to make (Z4) uniquely solvable. For the convenience of our error analysis,
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1638 VILLE HAVU AND JUHANI PITKARANTA

we make somewhat stronger assumptions than are needed for the well-posedness of
(24): We introduce the set of pseudo-rigid displacements as

Z={velH, 5|’U—ZC€

where ¢, is the ¢th pseudo-rigid body mode coinciding with the ith Euclidean unit
vector in our model, we assume that Q(v) = 0 for every v € Z, and we let Up = Z+
in [H;(Q)]E’. Finally we denote the energy norms on Uy; and on Up, respectively,
by [[[ Il =/ Aum () and ||| -|lls = \/Ap () =t 7| - [llar-

Letting ¢ — 0 in (Z4), we obtain the inextensional formulation of the problem
(B): Find u, € Uy such that

(2.5) Ap(ug,v) = Q(v) Vo € U,

where Uy = {v € Up | A (v,v) = 0} C Up is the space of inextensional deforma-
tions.

3. THE REDUCED-STRAIN FE SCHEME

We consider the bilinear MITC4 finite element formulation of the problems (23)
— ([Z5). As in [3], we make strong assumptions on the finite element mesh so as to
allow the use of Fourier methods in the error analysis.

Assume that Q is divided into rectangular elements with node points (z¥,y"),
k=0,...,Nz,n=0,...,Ny, and a constant mesh spacing h, in the y-direction,
and that the aspect ratios of the elements satisfy d~* < h%/h, < d for some d > 0,
where b = zF*1 — 2% To this mesh we associate the standard space V), C H; Q)
of continuous piecewise bilinear functions. We then define the FE spaces Uns n
and Up p,, respectively, as subspaces of V) where the boundary or orthogonality
conditions of problems (M) and (B) are enforced. The finite element formulation
of problems (2:3) — (25) are then obtained by replacing Uns, Up by Ui n, Up,, and
by modifying the bilinear form .4,, numerically as

AR (4, 0) = 67(1 — 1) / (71 (w51 (2) + Fo(w) () }ddy
Q

+12 Q{V( 11+ Baz) (W) (Br1 + Ba2) ()

2 —
(1-v) Zﬂ )5 (v) }dxdy,

where @-j = R ;;, p; = R'p; with suitable reduction operators R¥ and R'. As in
[3], we choose these operators for §;; and p; to be

(3.1) B =861, oz =1YBa2, p1=15p1 p2 =11Ypo,

where II§ and II} are orthogonal L?-projections onto spaces Wi and WY consisting
of functions that are constant in = and piecewise linear in y or constant in y and
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piecewise linear in x, respectively. For the term (312 we consider two different
alternatives:
(E1) @12 = 1LY 12,
(E2) (12 = Bi2 + Siz,
where II;Y = IIfIIY is the orthogonal L?-projection onto elementwise constant
functions, and, for every element K,
0 0
S = a—(IFw)(x — h*/2) + b—
toac = o (ITw) (o = R /2) + by

is essentially the term introduced in [4].

(I w)(y — hy/2) + (I} cw — cw)

Remark 3.1. The formulation (E1) was assumed in [3], [7]. This is a straightforward
interpretation of the MITC4 finite element formulation, but, as shown recently in
[, (E2) is actually a closer interpretation of MITC4. The two formulations are
practically equivalent when approximating inextensional deformations, but may
differ in other deformation states, as noted in [4]. Our error analysis here can
only detect a small difference when approximating smooth membrane-dominated
deformations, see Theorem [£.4] below.

The above definitions give rise to two different FE-schemes for solving (2:3)) and

Z3):
(Mp) Find uy, € Ups,p such that

(3.2) Al (wy,v) = 2 Ay (wy, ) + AL (wy,,0) = Qv) Vo € Unip.
(Bp) Find u,, € Up p, such that

(3.3) Al (wy, ) = Ay (uy,, 0) + A% (uy,,0) = Q(v) Vo € Up .

Upon passing to the limit ¢ — 0 in (B3]) we obtain a finite element formulation of
the asymptotic problem (Z3): Find u,, € Up p such that

(3.4) Ap(up,v) = Q) Vu € Uy,
where Z/{O,h = {Q S Z/{B,h |Afn(y,y) = 0}.
To analyze the discretization errors enr = |||u— uy|||an and ep = |||lu—wy || 5.1

as originating from (B2) and (B3) when ¢ > 0, we split ey and ep into two
orthogonal components in both cases, namely the approximation errors

ea,m (1) = gg,glh llw = 2| a, s
ea,B(1) = vgli;lh llw = 2ll|B,n,

and the consistency errors

(Ay — A (w, )

(3.5) ec,m(u) = sup ,
wvetthr |l[2lllazn
_4h
(36) coplw) = sup AE_ABLY)
vetp, ll2lllBn
where ||| - |[|ar,n = /A% G5 | 1B = 1/ AR (-, +). These definitions imply that

2 2 2
ey = 6a,M—’—ec,Ma

2 _ 2 2
ep = ea,B + ec,B'
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1640 VILLE HAVU AND JUHANI PITKARANTA

(For detailed reasoning, see [6].) We note that standard finite element theory gives
the bound e, pr < Chllull2, and for e, p we refer to [3]. Hence, the main task of
this paper is to bound e. s and e. g. We aim to analyze these error terms with
both proposed strain-reductions (E1) and (E2).

The asymptotic formulations ([2.8), (8.4) lead to a similar error decomposition.
We have for u, € Uy the asymptotic approximation error

€alto) = min lluo = vlllz.s,

which was under consideration in [3]. On the other hand, at ¢ = 0 we have that
Ap(ug,v) = Q(v) Vv € Uy

for the inextensional solution u, € Uy, and that

(3.7) Ap(uy,v) = Qu) Vo € Uon

for the corresponding finite element solution w;,. Let @; be the best finite element
approximation to u, in U 3, i.e.

(3.8) Ap(ty,, v) = Ap(ug,v) Vo € Uop-
By (37), (B:8) the asymptotic consistency error u;, — @, € Up,, satisfies
(3.9) Ap(wy, — Ty, v) = Q1) — Ab(ug,v) Vo € Uo s

and thus we can define

i v)— A uoay
(3.10) Qug) = |[luy, — @y llln = sup Q(v) b(u )
veto  2lllB.n

As in [3], the main tool of our analysis will be the Fourier transform, where we
write

w,y) =D er®)e, (@) = > d\(x,y),

AEA AEA
. 2
(p)\(y):ev‘y, A:{)\:%V7 VEZ},

making use of the periodic boundary conditions at y = 0, H. For functions in the
FE space we write analogously

o(w,y) = D aawe, (@) = Y di(z,y),
AEAN AEAN
where

Ay ={Ae A| —7 < Ahy <7 when N, is odd,

or —7m < A, <7 when N, is even}.

Here ¢, (y) is the interpolant of vy (y), so that we are in fact considering a discrete
Fourier transform of v € U},.
In our forthcoming analysis the following results are also needed.
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Proposition 3.1 (Korn’s inequality). Let V = {v = (v1,v2) € [H}(Q)]? | ©(0,-) =
o(L,-) = 0} orlet V = {v = (v1,v2) € [HY(Q)? | [quidedy = [, vadzdy = 0}.
Then there exists a constant ¢ > 0 such that

vy |y Ovy 1 0vi Ovsy

1/2
@B11) el < e(ll5- ||L2+|| ||L2+2||_(_+_)||L2) Vo eV.

Proof. See [2]. O

Proposition 3.2. Assume that v = (v1,vs) € [Vi]2. Then

8’01 81}2

2y, OV v v
(312) g+ + o llze < OO (- + 52 -

5o+ gl + gl + 15 )

Proof. See Theorem 6.1 in [6]. g

81)2

4. THE CONSISTENCY ERROR AT t > 0

We start by giving a stability result for Uy p.
Lemma 4.1. Let v € Uprp. Then
ol < Ct=Hllulllag,n-
Proof. Assume (E1) first. By (B:2) we have that for v = (u,v,w, 8,¢) € Unrp,

90 oy
|| ||L +|| ||L +||—+—||L < Ct [l a0,

and thus, by the Korn inequality (311,
(4.1) 10111 + [19]1: < Ct~ [l larn-
Also the definitions (ZT) of the membrane strains 3;; imply

ou Ov

Igellze + gl + (G + 5

57 162 < CUllulllarn +[lwllz2),

and by ([BI2) we have

Ju  Ov 2y, OU
”a_y‘L%”LzSC(”th(ay )IIL +|| ||L2+||—||L2)
resulting in
ou Ov
|| ||L +|| ||L +|| +%||L2SC(|||Q|||M,h+||w||L2)a

where, again from by the Korn inequality (B.11)),

(4.2) [lully + ol < C(lllulllan + [Jwl]L2)-
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1642 VILLE HAVU AND JUHANT PITKARANTA
ow _ = ow _ =~ )
By (Z2), BI) we have that 5% = p; — 11760 and 3y = P2 — I, so that

(4.3) || ||L2+|| IILz<C(Illvllth+|I9||L2+|I¢|IL2)<Ct Ml azn

by (EJ)). The claim follows from @Jl) — @3) together with Poincaré’s inequality.
Similar calculations imply the result also for the modification (E2). O

Lemma 4.2. Letv € Up,,. Then
llzllr < Cllzll] 5,n-

Proof. By the definition of Up j, the Korn inequality (3.II) holds for the pairs (6, )
and (u,v), as well as Poincaré’s inequality for w. The result follows as in Lemma
O

Next we derive more specific stability results for the low-order discrete Fourier
modes in the FE space.

Lemma 4.3. Let ¥, = @y N

O, = P (UA,vmwAﬁA,%) € Unr,n- Then, if b # 0, we
have, for X\ # 0 such that |Alh < ¢ <

@a) @il + @il + [Exialles < CA' g e,

where m = 1 in the elliptic case and m = 0 in the parabolic and hyperbolic cases,
and for A =0

(4.5) ll@otiollr + ||BoTol 1 + [|@otol |2 < Cll|do]larn

m any geometry.

Proof. Consider first the case (E1). The translation components @y and o) of ﬁ/\
satisfy the difference equation (cf. [3])

o) () e = () b= gn () @+ () @] + s,

Rk 1
where 7 = 272 tan (5Ahy),
Y

2
(4.7) M =i (3 ) ,

7 0
and

(4.8) pk_;< 2f%2(x’“+1/2)—§)(f Y (25 1) + fy (b)) )))

Y cos (FAhy) \cos (GAR)fy (¥ F1/2) — o (F (™) + oy (a”

RAH2) = e (B (00))

Y efi(n+1/2))\h’y(ﬁQQ(ﬁA))I(mkmnH/z)’

f~1)\2(xk+1/2) —i(n+1/2)X

(612 (ﬁk))l(mk+l/2yyn+l/2) :
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Due to the constraints at x = 0, L, we may without loss of generality consider
only the exponentially decreasing solution of (&6 starting from z = 0. Then if
|Alhy < ¢ < m, the standard theory for A-stable difference schemes (see also [3])
gives us the bound

1(22) @l =2y (2) o

(4.9) .
- / e ANGH =0 (1) e gy,
0

where || - || is the Euclidean norm of vectors in R? and
hoe (R ER).
iy — 3 f

Here a > 3 > 0 in the elliptic case and o = 3 = 0 in the parabolic and hyperbolic
cases. Since @) (0) = 05(0) = 0, we obtain, when A # 0,

&) e

and consequently
(4.10) 1oA1122(0,) + 81220,y < CIAT2™[EA|I 20,1
Also, ([0) gives the relation
- ! ~ ~
UX k+1/2y _ i l UX k+1 UX k mk
(ﬁ)\) (z ) = s tan(2/\hy)M i (") + i ()| + FY,

from which it follows that

2 C’|/\| ! _25"\|’”H1 fo |F,\( )||?dt in the elliptic case,
C fo |F \(t)||?dt in the parabolic and hyperbolic cases,

||7~)/\||%2(0,L) + ||ﬁl)\||%2(O,L)
(4.11) < CAP(1oall720,0) + lNaallZ2(0,2)) + A Z200.1)
< CAPE™ B [F2 0,1
Combining (£10) and (£I1) gives
(4.12) @atally + [|@adalls < CIA™195]1las,ns

since || E|zz < [, llan-
To consider Wy, we note that (cf. 13))

—21 1 .
~ ok ~ ok X (K
=—1t Ah _
Wy (2") bh, an( y)Ox (") + bcos(%)\hy)fm(x )s
and thus

@170,y < CUAPIIaAlT20,1) + 11 F22]7200,1)):
leading to
(4.13) @rwallz20,2) < CIMN ™19 as.n-

The claim for A # 0 follows from (ZI2) together with (ZI3).
When A = 0 we have from (£9) and from wo(z¥) = 7 fa2(z*) that

[I@otioll1 + [|@oToll + ll@otollzz < ClIIJollarn
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1644 VILLE HAVU AND JUHANI PITKARANTA

regardless of geometry. Similar calculations show that the claim holds also for the
case (E2). O

Remark 4.1. The assumption b # 0 is not superfluous. This can be seen by taking
b=0,A=0,a=—-1,c=1/2and choosing o8 (z') = (0,0,2,4/h,0), then repeating
the sequencec% (27) = (h,—h,0,-8/h,0), ¢ (m”l) =(0,0,—2,4/h,0), ¢ (x7+2)

(—h,h,0,0,0), qb (x9+3) = (0,0,2,4/h,0) for j = 2,6,10,..., and ﬁnally letting
éo(l'N“ %) = (h,—h,0, S/h,O),_O( xhe 1) (0,0,—2,4/h, 0) For this particular
choice we have that ||88%||L2 ~ min {3, & }|||190|||M h, so the stability is weaker

when b = 0.

With the help of the stability estimates given in Lemmas[Z1] — A3 we can now
bound the consistency error.

Theorem 4.4. Assume that b # 0, and let m = 1 in the elliptic case and m = 0
in the parabolic and hyperbolic cases. The consistency error e defined in (B.5)
satisfies

eem < Cr(w)h + Ca(t, u)h® + Cs(t, s, u)h' ™ + Cy(t,w)h*, s> 0,
prom'ded that

CZ|ﬂz] |2 m

Co(u, ) = 0 for the case (E1),
AEUT Ct=Yw|y for the case (E,?)7

Cs(t, s,u) = Ct1 Z 1Bui ()] 1.6 + ) “YB12(w)|14s for the case (E1),
Ct H|Br2(w)|s + |wli+s) for the case (E2),
04(taﬂ = Ct71 Z |p,L- Q 1

are all finite. The consistency error e. g defined in (B0) satisfies
ec.p < C1(t,w)h + Cao(t, u)h?,
provided that

Cr(t,u) = Ct2 Y |8y ()
ij
and

Co(t,u) = Ot 2 Z |pi(w)]1

are both finite.

Remark 4.2. The transverse shear strains p; are typically very small at small ¢ in
smooth deformation states (see, e.g., [b]), so the error term of e, ps is very likely
negligible in practice. In the bending-dominated case, e. p depends strongly on 3;;
and p;. For smooth deformations one could assume realistically that |3;;(w)l1 ~
lpi(u)]1 ~ t* as t — 0, in which case e. 5 = O(h) uniformly in ¢. In practice,
however, boundary layer effects probably cause the growth of e; g, via constant
C4(u) in particular.
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Proof. We consider first the membrane case, and write u = > ., ¥, € Uy and

v=> AeAy ﬁ/\ € Unr,p. Then by the orthogonality of the discrete and continuous
modes (cf. [3])

(Anr — Ah)(,0) = (Am — AL)(w,0) = (An — AL 0, > 9))

AEA AEAN

= (A =AY 040 Y B+ (A — ALY 0y, Y 4y

A[<Xo  AEAN A[>Xo  AEAN
= Z (Am — A3 (05, 05) + Z (Am — An) (@5, 0)
IAI<Ao IAI>Ao
<O > (B0, Bis(03)) — (Biy (21), B3 (9,))]
ij |A|[<Xo
+ Z Z 2 (02), Bi5 (9,)) — (Bii(ﬁ)\)vgjj(ﬁ)\))]
(4.14) 15,577 X[ <o
+ Col™ D DT AP 31593, Bis(v) — B (v))]
i |A|>Xo
+ Col™2 D0 > AP (B (W) — T By (9,), By ()]
i#5 |A|>Xo
Ol 0 N [ (Fralt)rate) - Fralda)raw)dod
[A]>Xo
+ CZZ pz 19)\ pz 19)\) pz( ) ﬁz(ﬂ))
i AEA
— [+ I+ I+ 1V +V + VI,

where we have chosen \g such that A\gh < ¢ < 7. We note first that in I

(4.15) (B2 2B (@) — (6 (92): Bi5(30))
B

= (B, (03) = B (02, By (02) + (B (), By (@) — g (8,):

Here the first term can be bounded as

(B3 (05) = By (W), Bis(00) < 118350n) = Bis @)l 2211855 (92) | 2
< Ch|Bi; @)1 ([[@aaall + [[@avxllr + [[PawallL2)
(4.16) < OhlBi (D) LA 19|z n
< ChlBij (03) 2= mll[2x 1| 22,1,

where the third inequality follows from Lemma and the last inequality from the
fact that

0
a—yﬁzj (In) = iABij (Ux).
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The second term in (EI5) is zero in the case of the modification (E1), since R is
an orthogonal L2-projection. For the modification (E2) the second term gives

(Bi5(9), Bis (35) = iy (3,))
= (512@,\), _312@,\))
= (B12(8y), —S12(3y)) — (S12(2y), S12(9,))

0 — 0 — -
< ||aa_y512(ﬁ,\) + b%ﬁu(ﬁ,\)”L?h”‘P/\w/\HH

(4.17) + |le(I = I5,Y) B1o (0|2 | [@ata ]| 2
+ Chloxwa|1h|@rwa |1

< Ch[Br2(9))]1||@rwa|| 2
+ CR?[pawa |1 |@atial1
< ChIBr2 @)1 A M1l ag,n
+ CR2t oawa 1|1, |a1,n
< ChlB12(3)la—ml[Oxllar.n + CR*t oxwa 1 1Ol az,n,

where the next to last inequality follows from Lemmas BTl and 43l For the term

IT we can write
(4.18) (Ba(@r): B3(0) __(Eii(ﬁ)\)vﬁjj (@) B
= (B (0)) — B (0,), B (02)) + (Bi:(02), By (Dy) — B (D)),

where the first term can be treated as in case of the term I. The second term in

(ETIR) can be written as
(Bia@2): B5505) = B35 (03)) = (R7B,(95), (1 = R7)B5(D,))
= (I = R7)R"B;(8,), 8j;(9,))

(4.19) < ChBi (@)1 ([[@xaally + [[@avall + [[@awallL2)
< ChIBi (@) LN 112l az,n

< OB @) z-mllldxll s,

where the next to last inequality is again a direct application of Lemma By

(ETH) — ([ETI9) we have the bounds
T+I1<CihYy Y [Bi@ ) a-mll[dlllarn

i |AI<Xo

+ Coh2t ! Z |90/\U),\|1|||ﬁ/\|||M,h
RYEO

< iy 1B (W)lz—mlllell[arn + Coh®t ™ wli ||l ar,ns

ij

(4.20)
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where Cy = 0 for the modification (E1). For the rest of the terms in (@14, standard
approximation theory gives

[T < CR*F* 171y 71 Bii () 1, [l |

IV <Oy 1B (W) 14ss [l g s
i

Ch' 71 (|Bra(w)|ss + |wlitsy)|[[2ll[a,n for the case (E2),
VI<CR Y pi@)hllfelllan,

4.21
R {Chl+83t-1|ﬁu<u>|1+33|||y|||M,h for the case (EL)

by Lemmas @1 and @3l The claim for e, s follows form (@I4), @20) and E21)
when we take s1 = s9 = s3 = s.
For the case e, p the claim follows by the same arguments when we note that

(Ap — Ap)(w,v) =t (A — A7) (u,v)
and use the stability result given in Lemma O

5. THE ASYMPTOTIC CONSISTENCY ERROR

In this section we bound the asymptotic consistency error in an inextensional
deformation state, as defined by (BI0). In [3] we showed that the approximation
error in the inextensional state is of order O(h) under nearly optimal regularity
assumptions on u,. Here we find that the consistency error is likewise of order
O(h) at t = 0, but we need a very strong regularity assumption on .

We also make the additional assumption that the load is given by

Q) = /Q (a1t + @0 + gaw)dady

for some suitable ¢; € LZ(Q), i =1,2,3, where L%(Q) denotes the usual L2-space
with periodic boundary conditions imposed at y = 0, H, and we define the Fourier
components of the load by

QM) = / (¢tu + @3v + g3 w)dady,
Q

where for each g; we write ¢;(2,1y) = Y\ cp ¢ (2, y) = Yosen 60 (#)oa(y). We define

the (semi-)norms
1/2
Q.- (L)

AEA
where

Qs = NP (lad 172 + a2 1122 + a3 1172) "2,
. k
Frequently we write [Qlo = ||Q| Lz, [QYo = Q|22 and [|Ql]r = (X7, Q).

Theorem 5.1. Assume that b # 0, u® € [H3(Q)]°. Then the asymptotic consis-
tency error €2 p(uy), as defined by BI0), satisfies

ce.n(u) < C(lluolls + 1QII1)h.
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Proof. Let v € Uy, and write

v=Y dy(z,y)= > @), (@)

AEAN AEAN

Z AASZA(y)(ﬁA(x)v Ux ((E), (O) ((E), é)\(il,'), 1[»\ ((E)),

AEAN
o, w0
uO_ uO_ anUOawOa Oawo)
AEA AEA

and Q(v) = > ,cp @ (v). Then by the orthogonality of the Fourier modes [3] we
have that

Ap(ug,v) — Q) = A uy, Y- 0,) =D QN D 9y)

AEA AEAN A€A AEAN

EYNO R DN N DR SN

A[<ho  AEAN [A]<Xo AEAN

+ Ap( Z up, Z 9y) - Z QX( Z 3,)

[X]>Xo A€EAN [AI>Xo AEAN
= D (A(u, D)) — QNI + D (As(ug,v) — QN(w))
[A[<Xo [AI>Xo
=1+1II

for any Ag such that Aohy < c <.
Let us first bound the term II. Here we have

(5.1) > Ay, v) <A Y A([Mugsw) < Chlluglla[l2]]] 5.
IAI> Ao IAI>Xo
for Ao = £, ¢ sufficiently small, and similarly
(5.2) > QM <A D NQMw) < ChIQ Nl 5.h-
|)\‘>Xo ‘A|>)\0
To bound the term I when b # 0, we note that for any ¥, = A,\ga,\g)\ € Uy we
can write

Ap(ug, 0y) = QMD,) = Ap(ug, Dy — 9,) — QNDy — 0))
= Ax(Ap (g, §rC, — oaC,) — QM@AC, — ¥al)))-
Integration by parts in the first term in (3]) gives

L

@ (@r0x — oa0x) + T (Brthn — @athr)dy
0

(5.3)

) H
Ap(ug, @rC — orG,) = /0

_)\ - ~ _)\ - ~
+ / 01 (PA0x — oab) + 02 (Pax — ear)dzdy,
Q

where
A
ay = (1-v) 558,
5= —%Aw()\,
8 = — & Awp,
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so that

Ap(ud, $xC — exC,) < llaq (L, Mzzo,m|1E20z (L, ) = 0205 (L, )| L2(0,11)
+ [63(L, M2 0,m) 1EAOA(L, -) — oxA(L, )| L2 (0,1)
+ 1102 (0, )| L2 (0,1 [|E207 (0, ) — @205 (0, )| 220, 1)
+ 116300, )20, 1) 12202 (0, -) = @x (0, )| L2(0,1)
+ [lazlz2[1@20x — ©x0xllLz + (1621|211 Eatox — @atal| L2
< Clluplls (180 (L, ) = oxx (L, )| L2(0.1)
+ 1A (L, ) — oaa (L, | z20,m)
+ (18205 (0,-) — 0205 (0, )| L2(0.m)
+ 18280, -) — @xtx (0, ) L2(0,11)
+ 11@20x — a0z + ||@r1hx — oathal|r2)-

(5.4)

Also for Q* in (53) we have the bound

QM@rE, — aC,) < ClIQM (2 ([[@atia — oaunl[r2

(5.5) s o )
+ [@a0x — @avallz2 + ||@adx — eawallz?).

To continue we need the following approximation results. The proof will be post-
poned to the end of this section.

Lemma 5.2. For every A such that |A\|hy < ¢ < 7 there exists a PAG, € Uo such
that
(5.6)

1820 (L, ) — oxON(L, MIz20,m) + [|@a0A(Ly ) — oaa (L, )| L2(0,0)
+ 11@20x(0,7) = @205 (0, )| 20,21y + [1E21A(0, ) — 02165 (0, )| 2 (0, 1)
+ [|@x0x — oAl L2 + [|@athx — athall L2
< CIPAPT™ + h2XY) + ChN*||@ag, lll.n

and

(5.7) [|@atix — oauallp2 +||@atx — ©aval L2 + [[@atr — pawa |2 < CREN*3m/2,

where m = 1 in the elliptic case and m = 0 in the hyperbolic and parabolic cases.

To complete the proof of Theorem 5. we note that by virtue of the inequalities
IA[B—m/2 < Cllleag, lIlB,n and [AJh < Aoh < ¢ < 7 we obtain from (54) with the
help of Lemma [5.2]

(5.8) Ap(up, $r8 — ¢2¢,) < ChlINwglsl[|@aC, |l B.ns
and from (5.5
(5.9) QM@rE, — oal,) < CRIIQM |22 lIBAE, Il 0,
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so that by (5.3), (5.8) and (59)
S Ay - @@ = T A el - @l

IA|<Ao [AI<Xo
(5.10) < Ch Y (INulls +11QM L)1 Ax@rg, Il 3.n
IAI<Xo
< Ch(lluolls + 1@l 5.h,
and Theorem [5.] follows from the estimates (5.1)), (5:2) and (&.10). O

Proof of LemmalZZ In [3] it was shown that for every discrete mode 35,\§)\ € Upp
with |A|hy < ¢ < 7 there corresponds a continuous mode

oxC, = ea(y)(ua(@), va(z), wa(z), Ox(2), ¥ (2)) € Uo
satisfying u(0) = @ (0) and vx(0) = 0»(0) and such that

k

lux(2¥) — x(2%)] < CR2ABme BN
oa(2F) = B (2)] < CREAP e PN,
lw (2%) — Wy (2F)] < CREA[Fme A"
[ (a*) = Pa(a*)] < CRRAP e A"
with 8 > 0 in the elliptic case and 3 = 0 in the hyperbolic and parabolic cases, so

that
|| @A (0, ) — @t (0, Mez,m) < CREAP™,
(5.11) @ UA(L, ) — @atha (L, )| p2(0,m) < CRAAPT™,
Igxtn — eatallpz < CREAPT3™/2,
and
[@atin — pauallzz < CREAP3m/2,
(5.12) |80 — oavallrz < CREAPT3m/2,

|[@gatin — pawal|rz < CREA[F3m/2,

Also, by [3] we have that

SN+ 0a(0) = i tan () (G000 + 1)
() +in(a))
= L) + g(a),
so that
(513) B = 5 + (DM E0) - 5(6)
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and
8_9~>\ k+1/2y _ éA(ka) - é/\(xk)
Oz (= ) hk
(5.14) () N @) 2 )
= T VO — )
Since
(5.15) @) = 5 Coura) — ua(@)) = 9(a¥),

it follows from (EI3) — (EI5) that

(@) = Ox (2" T) = ga*Hh) — g(a™*)

h]; 00, k+1/2 h]; g(xkﬂ) - g(xk)
A G A S Y S—

and finally that
o7,
ox

oLy o1
(G2 4 G2 ).

|§,\(gck+1) — 9/\(1:’“+1)| < C<h2|/\|5me’3)‘|“’k“ " h| (xk+1/2)|

For the values at the end-points we get similarly

Ba(2”) — O2(2%) = (~D)F(Ba (@) — 62 (@) + g(a**) — (ot 1))
+3(a°) — g(a°)

and

Thus, we have the following bounds:

[1230(0, ) — @205 (0, )| 20,7y < C(R2X* + B2[AP~37/2)
+C(h+hM)@xC, N B.ns
1BAOA (L, ) — oxOx (L, )| z2(0.m) < C(R2X* 4 R2AP—37/2)
(5.16) +C(h+ X122, B0
+ C(R2AP™ + h22Y),
1820 — oa0xl|12 < CRAA[P~3m/2
+C(h+hM)@rC, N B.n-

Lemma 5.2 follows from (511, (512) and (GI6), since |A|hy < ¢ < . O
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6. CONCLUSIONS

The general conclusion from Parts I and II of the paper is that, at least under ex-
tremely favorable circumstances, both bending- and membrane-dominated smooth
deformations can be approximated with nearly optimal accuracy by the bilinear
MITC4 element. To be more precise, under the conditions presented above and in
[3] the approximation errors are bounded by

€a,M S Ch”ﬂ”%
eq,B < Cih|lulls + 02h572t71||u||s, 5> 6,

and if u is an inextensional deformation the bound

&= min |[lu—||lpn < Crhluly + CohFEDlul,, 2<5<3,
vEUL, 1

holds. Here C5 = 0 in the elliptic case and in the degenerate parabolic and hyper-
bolic cases.

For the consistency errors, only the case when the geometric parameter b is
nonzero is considered. In this case, again under very restrictive conditions, the
results are as in Theorem L4l Finally, the asymptotic consistency error is bounded
in Theorem [G.11

From the results quoted above, one can conclude that the MITC-type elements
manage well in approximating the inextensional deformations and thus in reliev-
ing the locking effects. This is probably just the task they were designed for. On
the other hand, the modifications bring along consistency error components, and
it is necessary to impose several assumptions on the smoothness of the solution to
obtain reasonable convergence rates. Judging from these results, it appears as if
the design of the element was oriented more towards the bending-dominated defor-
mation states than membrane-dominated ones. However, it should be remembered
that attempts to design a general low-order shell element have so far inevitably lead
to compromises.

Open questions still remain. First of all, to what extent do the results obtained
so far hold for more general geometries, deformation states, and finite element
meshes? Second, the ability of the MITC4 element to capture the boundary layers,
virtually always present in thin shells, is unknown.
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