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CODING THE PRINCIPAL CHARACTER FORMULA
FOR AFFINE KAC-MOODY LIE ALGEBRAS

M. K. BOS

ABSTRACT. In this paper, an algorithm for computing the principal character
for affine Lie algebras is discussed and presented. The principal characters
discovered using this program are given and/or proven. Results include level

2 and 3 character formulas in Agill and the sole existence of the Rogers-
Ramanujan products in Agl), Agl), A(QQ), Cél), Fil), Ggl), A(72).

1. INTRODUCTION

The principal character of an affine Kac-Moody Lie algebra (see [4]) is an ex-
tremely powerful tool for understanding the structure of its integrable highest
weight modules. The Rogers-Ramanujan products occur in the character formulas
of several affine Lie algebras: A§1), Aél), Ag), A(72), Cél), Fél), and Gél). Using
the Rogers-Ramanujan identities, the realizations of these representations have all
been constructed in [2], [3], [B], [7], [8], [9], [11], [12], and [14].

The occurrence of the Rogers-Ramanujan products in the character formulas
significantly simplifies the construction of the corresponding modules. Furthermore,
we can go the other way. Lepowsky and Wilson gave a Lie theoretic proof ([f]) of

the Rogers-Ramanujan identities using their vertex operator realization of Agl
([A]). A program which reliably calculates the principal character formula is useful
in constructing the associated modules. In this paper, an algorithm is presented
for this calculation and several formulas discovered using this program are proven.
Maple code is available via email or on the web at http://it.stlawu.edu/~mbos/
research/character.html.

2. PRELIMINARIES

We let g = g(A4) be an affine Lie algebra with 3(n + 1) generators e;, f;, and h;
associated with a symmetrizable generalized Cartan matrix (GCM), A = (ai;)};—0,
and let d be a derivation on g. Furthermore, we define the semidirect products
g =9g® Cd and f = t @ Cd, abelian subalgebras, where t = span{hq, . .., h,}. For
all 0 # a € t*, we define

go = {x € g|[h, 2] = a(h)x,Vh € t}.
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Then, A = {a € t*|a # 0 and g, # (0)} is the set of roots. The simple roots,
® ={ag,...,a,} C A, are defined by the condition

€; € ga,-
® is linearly independent and A can be broken down into positive and negative
roots, as follows:

Ar ={aeAla= Zciai,ci >0}
i=0
and
n
A_={aeAla= Zciai,ci <0}
i=0
where A = AL UA_.
The simple reflections, r;, are defined by
ri(ﬁ):ﬁ_ﬁ(h‘i)aia ’LZO,,n
The Weyl group, W, is the group generated by rg,...,r,. Now A can be broken
down in another useful way, real and imaginary roots:
A™ = {a € A|Fw € W such that wa = «;, for some i}
and
A™ = {a € Ala ¢ A™}.
Clearly, A = A™ UA™, Let § = Z?:o a;a;, where ag,a,...,a, are relatively
prime integers and A(ag, as,...,a,) =0. For all : =0,...,n,
7“7,((5) =0 — 5(/11)0(1 = 4.
So, § € A™, In fact, A™ = {k6|0 # k € Z}.
The set of real roots A™ for the affine Lie algebra g is

A™ = {a + kd|o €Ay, k € Z} U {o + rkdla €Ay, k € T},
(2)

2n

if g is not of type A

or

1 o o
A" = {§(a + (2k = 1)0)|a €Ak € Z} U{a+ kd|la €As, k € Z}

U{a+ rkd|a Gﬁl,k‘ €7}, ifgisof type Aéi),

o o
where A; and A denote the set of long and short roots, respectively, for the asso-

ciated finite dimensional simple Lie algebra g (H]). We know that for all dominant
integral A € t*, there exists a unique (up to isomorphism), irreducible, integrable
highest weight module, denoted by L()). For the purpose of this paper and without
loss of generality, we can and do assume that A(d) = 0. Thus,

)\szﬂ\u ki € Z>o,
i=0

where Ao, ..., A, are the fundamental weights defined by A;(h;) = d;5, and A;(d) =
0. The canonical central element is ¢ = Y alh;, where ag, . . ., a}, are relatively prime
integers such that (a(,...,a,)A = 0. Hence, A(c) is the level of L(\).
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Consider Z[[e(—ap), . . ., e(—ay)]], the ring of formal power series in e(—ay), . . .,
e(—ay,), where e(-) denotes the formal exponential. We let (s) = (sg,...,8n) €
(Z*)™ and define the (s)-specialization homomorphism to be

fs) e(—ai) = ¢, i=0,...,n.
By definition, mult(«) = dim(g,). It is known that
1, o € Are,

(2.1) mult(a) = rank(A4),  «a = krd,
Miafni{(‘A), a=s56,8#,0,

where g = X}, is the affine Lie algebra. If we let A = soAg + - - + sp A, then the
principal specialization of the character of L(\) is given by

so+1,...,s, + 1)-specialization of DV
VIO = X(L) = (50, 50) = 2 nt1)

?

(1,...,1)-specialization of Dv

where DV = HaeAi(l — e(—a))mult(@) anq AY_is the set of positive roots for g,
the dual of g (see [I1]). This can be simplified further to

forw (DY)
(L) = =,
fay (DY)
with (1) = (1,...,1).
There exists an infinite dimensional Heisenberg subalgebra (see [7]), s, of g. The
space Q(L) of highest weight vectors in L(A) for s is the vacuum space for L(\). We

need only calculate the principal character for Q(L) since it completely determines

X(L(N)). It is known that
V(L)) = (so+1,...,8n + 1)-specialization of D
[p(g)]ran

with ¢(¢) = [] (1 — ¢*). We denote x(2(L)) by Q(so,--.,5,). The algorithm this
k>0
paper describes calculates Q(so, ..., Sn).

3. SIMPLIFYING THE PROBLEM

The core of the computation is the (sg + 1, ..., s, + 1)-specialization of D?; the
result is an infinite product over k& > 0 of a finite list of elements, each of the
form (1 — ¢™k=?). Each term corresponds to a root of the affine Lie algebra in the
following sense: if « + k¢ is a root of the affine Lie algebra such that e(—¢§) = ¢™
and e(—a) = ¢°, then that root generates the term (1 — ¢™*~?). Furthermore, if
a+ ké generates (1 —¢™F%), then —a+ kd generates (1 —¢™**?). Therefore, when
generating our list of terms, we need only consider those generated by the positive
roots, then use this symmetry to determine the terms generated by the negative
roots.

The long roots of the associated finite dimensional simple Lie algebra generate

roots of the form av+rk§, as well as of the form & (a(2k — 1)§) if we are in A(Qi); the
short roots of the associated finite dimensional simple Lie algebra generate roots
of the form o + k§ ZI)). If r # 1, the list of terms in any one character formula
will have two different k coefficients, m and rm, where e(—¢) = ¢". For uniformity
and ease of computation, we will rewrite all the terms with respect to rm. For

example, if a formula has the term (1 — ¢°*~!) and the term (1 — ¢'%*=3), we write
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(1—¢°*~1) as (1—¢'%1) and (1 — ¢'%~6). In this way, each real root generates 1
or r terms, and each imaginary root generates its multiplicity of terms. The key to
the calulation is to determine how many terms are of the form (1 — ¢™*~?), where
b=0,...,m—1. We will denote this by count(d). This gives an expression of the

form
H H mk b count(b)

k>0 b=0
Since ¢(q) = [[1~0 HZ”:_l(l — @™ %), the final outcome will be

Q(SO; ...,8 H H _ mk b count(b) rank(A)

k>0 b=0

After getting the algebra and specialization from the user, we do the following:
(1) generate the list of b’s that corresponds to each of the roots, (2) count the num-
ber of occurrences for each b to get count(b), and (3) simplify the answer and return
the principal character in the following form: [count(1),count(2),...,count(m)].
(Note: count(0) = count(m).)

4. GENERATING THE LIST

The first problem is to find the list of values, b, generated by the set of roots. The
roots of the finite Lie algebra associated with the dual are linear combinations of the
set of simple roots, {a1,...,an}. If @ =) cu 0, then in the (sg+1,...,8, + 1)-
specialization,

e(—a) = qEi caslsit),

Thus, the value generated by a is > i cai(s; +1). We call this value b,. To
calculate all by, we generate a coefficient matrix: C' = (cq,;). The order of the rows
is unimportant. Thus, we have the product

so+1
C == B == (b(y)aeA+.
Sn+1

Since Eg, E7, Es, Fy, and G5 have a known set of roots (unlike the others that
vary with n), their coefficient matrices can be generated using the Coxeter Maple
package, written by John Stembridge of the University of Michigan ([13]), then
stored. The other coefficient matrices can be generated as needed; this is fairly
straightforward after noting the root patterns within each finite dimensional Lie
algebra.

5. FINDING count(b)

The second problem is to calculate count(b). We start by initializing a vector of
length rm to 0. We then traverse (ba)aca. , incrementing locations in this vector
according to the value of r and the type of the root a. If r = 1, then for each
ba, we increment count(b,) and count(m — b,). If r # 1 and « is a long root,
we increment count(b,) and count(rm — b,). If r # 1 and « is a short root, we

increment count(b, ), count(rm — by), and count(im =+ b,),0 < i < r. To take
b N —rank(A)

into account the imaginary root, we increment count(sm),s #, 0 peo
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PRINCIPAL CHARACTER FORMULA FOR AFFINE LIE ALGEBRAS 2005

(see (Z10)). Finally, we decrement each count(b) by rank(A) which is equivalent to
dividing by [(gq)]r2k(A),

6. SIMPLIFYING THE RESULT

The final problem is to simplify the formula. This step merely takes a vector
and determines if it is a string of repeating subpatterns; if so, the subpattern is
returned. For example, if the character formula generated is

H(l _ qlok—l)—l(l _ qlok—4)—1(1 _ qlok—G)—l(l _ qlok—g)—l7
k>0

the program should return

H(l _ q5k—1)—1(1 _ q5k—4)—1.

k>0

The first form is stored as the vector [-1,0,0,—1,0,—1,0,0, —1, 0] and the second
as [—1,0,0,—1,0].

7. RESULTS

Calculating a principal character by hand is time-consuming and prone to error.
My implementation of this algorithm calculates many formulas efficiently, thus
making it easier to find patterns. It was clear to see that the only occurrences of
the Rogers-Ramanujan products are those already found. This is proven below.
Also, patterns in the level 2 and level 3 character formulas of A(Qil1 were fairly
obvious. All of the level 3 character formulas are proven as well as several of the
level 2 character formulas. Patterns in Br(ll), 7(11), and DS) are conjectured but not
proven.

7.1. The existence of the Rogers-Ramanujan identities in the principal
characters of affine Lie algebras. For convenience, we denote the Rogers-
Ramanujan products by (cf. [1]):

Glg) =TT =gt —gF ),

k>0

H(q) = kl;lo(l o I € ) B

When referring to both simultaneously, R(q) will be used.

It is known that the Rogers-Ramanujan products occur in the following affine
Lie algebras: Agl), Agl), Ag), 14(72)7 C?El), F4(1)7 and Ggl) ([1an).

To prove that these are the only occurrences of the Rogers-Ramanujan products
in the principal characters of affine Lie algebras, we first note that to get a Rogers-
Ramanujan product, e(—rd§) = ¢°* where u € Z*. This implies r divides u. If
there is a Rogers-Ramanujan product of the form R(g?), there exists s such that
1 = ps. Therefore, there must be (51 — 1)n — 2s terms to get a Rogers-Ramanujan
product.
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Theorem 7.1. The only occurrences of the Rogers-Ramanujan products in the
principal characters of affine Lie algebras are:

AP 01,2)=0(2,1) =Glg),
2(0,3) = Q3 0)=H(q),
AV Q(1,1,00=0
2,0

2

1,

(

( (

(2,0,0) = Q(0,,)29( 02>—H(q)

(7) G(¢?

Q(0,1) = H(g?),

AP 0(1,1,0,0,0) = G(q),

(

(

(1,

(

(1,

(

N
=
=

Q(0,0,0,1,0) = H(q),

c? o 9(0,1,0,0) = Q(0,0,1,0) = G(¢?),
Q(1,0,0,0) = ©(0,0,0,1) = H(¢%),

FY o 0(0,0,0,0,1) = G(gY),
Q(1,0,0,0,0) = H(q"),

G 9(0,0,1) = G(gY),
Q(1,0,0) = H(¢")

Proof. 1t is straightforward to calculate the number of terms generated by the roots
of each algebra:

Asll) i n?4n, Df) : 12,
Aézn)_l : 22, Eél) s T2,
Aéi) : 4n? 4 3n, Eél) ¢ 126,
BY . a2 -—n-—1, E&Y 240,
Cr(ll) P4+ 1, EéQ) : 48,
DS) : 2n% —2n, F4(1) 2 T4,
D& 22 G&Y . 2.

So, to get a Rogers-Ramanujan product, we must find integers n, p, p, and s
such that the number of terms equals (5 — 1)n — 2s.

In AS), we have
n?+n=5u—1)n—2s,
n? — (5u —2)n+2s = 0.

Since n € N, the discriminant of the quadratic formula for n must be a perfect
square. Thus, there exists z € Z such that

(5 —2)2—-8s = 2%

If o > 2, then (5p —2)? > 22 > (5u — 3)2. Therefore, =1 or 2. If y = 2, then
s=1or 2, and in either case n ¢ N. If ;x = 1, then n = 1 or n = 2, and we get the
cases listed above for A(ll) and A(l)

Similarly, for A2n 15 A(Q) B(l)7 C'y(bl), D%l), and Dﬁ)_l, we can find an upper
bound on u by manlpulatlng the discriminant. We then look at the other values of
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PRINCIPAL CHARACTER FORMULA FOR AFFINE LIE ALGEBRAS 2007

1, which either lead to a contradiction or produce the Rogers-Ramanujan products
we seek.
In Df’), we have

12 = (5p — 1)2 — 2s,
7=s(bp—1),

which implies s = 1 or 7, but in each case, p ¢ N, so there are no Rogers-Ramanujan
products in Df’).

Similarly, for Eél), E§1), Eél), Eéz), F4(1) and Ggl), where the number of terms is
fixed, we set that number equal to (5u—1)n—2s. This either leads to a contradiction
or produces the Rogers-Ramanujan products we seek. [l

7.2. Level 2 character formulas in Agn)_l. Since there is a diagram automor-
phism in Aézn)_l that interchanges the ag and o node, each of the following iden-
tities with Ag can also be written with Ag replaced with A;. As the proofs are

identical, these identities will not be explicitly stated.

Theorem 7.2. In Agn)_l,
X@QLEA)) = [T -

E>1
k#(n+1)0

Proof. First, note that e(—0) = ¢>"+V) and if e(—(a 4 ko)) = TR+ then

e(—(—a + ko)) = ¢?"tVk=b " Also, the multiplicity of (1 — ¢?"*tV*) is given in [4]

to be n. Now it suffices to show that the number of « 6&4_ such that e(—a) = ¢®

or e(—a) = ¢?"* D=t is n if b is odd and n — 1 if b is even.

o
Note that the roots in A4 are one of two types: a; + -+ + o,7 < j, or o +

oo+ 205+ -+ 20,1 < j. When counting the number of a €&+ such that
e(—a) = ¢°, we consider the two different types of roots. In the case of roots of the
form «; + - - - 4+ «@;, the number of these roots such that e(—a) = @ isn+1-0,
assuming b < n. If b > n, then there are no roots of this form that give us ¢®.
In the case of roots of the form o; + --- + o1 + 2a; + - - - + 20, We count the
number of partitions of b of the form (1,...,1,2,...,2) and of length at most n.
The number of partitions of the above form is Y52 if b is even and % if b is odd.

2
If b > n, we subtract the number of extra partitions counted, which is b — (n + 1).

Let count(b)™ denote the number of « 654_ such that e(—a) = ¢b. Tt is fairly
straightforward to show that if b is even, then count(b)* = 2”24’, and if b is odd,
then count(b)t = 22E1=b_If b is even, then so is 2(n + 1) — b. So, the number of

e 654_ such that e(—a) = ¢® or e(—a) = ¢?("+1 =t ig

<2n2—b> . <2n— (2(n2+ 1) —b)> - n_1.

If b is odd, then so is 2(n+1)—b. So, the number of « €£+ such that e(—a) = ¢®
or e(—a) = g2("t1=b ig

<2n+21—b>+(2n+1_(22(n+1)_b)>—n, O
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Theorem 7.3. In Aéi)_l,
XQUL(Ao + A1) = x(QLE2A)) [ a-MH"' [ -4

k=2(n4+1)£1 k=3(n41)*2

Proof. The difference between this character formula and x(Q2(L(2A¢))) is that

e(—a1) = ¢* instead of ¢'. For each root in &+ that is affected, we have the
following changes: (for ease of notation, let b = —i refer to b =2(n+ 1) — 1)
a1 = —1to count(£1) and 41 to count(+2),
a1 +az = —1to count(+2) and +1 to count(£3),

o1+ +a, = =—1tocount(tn) and +1 to count(+(n + 1)).

From roots of the form «; + - - - 4+ «j, we have a net gain of 1 in count(£(n +1))
and a net loss of 1 in count(£1).

From the roots of the form a; + -+ + o1 + 205 + - - + 2, the only ones
that are affected are ay + 20 + -+ + 2y, - .., 1 + -+ + ap—1 + 2a,. Using an
argument similar to that used above, we find that these roots result in a net gain
of 1 in count(+2) and a net loss of 1 in count(+(n + 1)).

Taking the two types of roots into account, we have a net gain of 1 in count(=£2)
and a net loss of 1 in count(+1). O

Theorem 7.4. In Aéi)_l,
X(QALA2)) = x@LEA)) [T -7 T a-d.

k=2(n41)*2 k=2(n41)*4

Proof. The difference between this character formula and x(Q2(L(2A¢))) is that
e(—az) = ¢* instead of ¢'. Using a similar argument to that in the previous
theorem, we find that the roots of the form o; + - - - 4+ «; generate a net gain of 1
in count(4n) and count(d(n+ 1)) and a net loss of 1 in count(+1) and count(+2).
The roots of the form a; + -+ + aj—1 + 205 + - - - + 20, result in a net gain of 1
in count(+1) and count(£(2(n — 2) 4+ 3)) and in a net loss of 1 in count(+(n + 1))
and count(£n).

Taking both types of roots into account, we have a net gain of 1 in count(+4)
and a net loss of 1 in count(+2). O

This pattern seems to continue for all the level 2 character formulas for Aéi)fl.
Conjecture 7.1. In A(Qi)fl, fori=23,...,n,
XQLA)) = x@Ler) [ a-M [T a-d.
kEQ(ﬂ’_*_l):l:i k52(71+1):|:2i
This holds true for n = 3,...,50.

7.3. Level 3 character for Afn)_l. Another interesting find was the generalized

Rogers-Ramanujan products in the level 3 character formulas for Agzn)_l. At this
point, it would be beneficial to add a bit of notation. Denote

T = {+( + -+ oy)li < j}

and
BY = {#(ai + g1 + -+ aj + 20501 4 -+ 2a0)]i < j}
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So, £+=TUB7 where T =TT UT~- and B=BTUB~. Forb=1,...,m—1, let
S(b) = the number of a € S such that e(—(a + kd)) = ¢™*~°
when e(—a;) =g fori=1,...,n,

and
S(b,i) = the number of a € S such that e(—(a + kd)) = ¢"™*~°

when e(—q;) = { 3’2 j iz’
: .

Theorem 7.5. In Aéi)fl,
XQLEBA)) = [ -9
k>0
k#2n430,£1

Proof. First, note that e(—8) = ¢*"*3 and the multiplicity of (1 —¢*™+t1*) is given
in [4] to be n. We need only show that

n—1, b#1,2n+ 2,
count(b) :{ n bil ot 2

forb=1,...,2n+ 2. We know that
T+(b)—{ n+1—5b b<n+1.

0, b>n+1
and that
bg—Q, beven,b<n-+1,
BH) = b1 bodd,b<n+1,
T ) n—5%2, beven,b>n+1,
n—51 bodd,b>n+1.
Furthermore,

A (b) = count(b) =A4 (b)+ Ay (20 + 3 —b).
Also, b and 2n + 3 — b are both odd or both even. So
2 1-1

count(1l) = % +0=n
and

count(2n + 2) = count(1) = n.
Forb=2,...,2n+ 1, if b is odd, then

_2n+1-b 2n—(2n+3-b)

count(b) = 5 + 5 =n-—1,

and if b is even, then

2n—b 2 1—-(2 3—-10
count(b) = n2 + nt (2n—|— )zn—l. O

Theorem 7.6. In Aéi)fl,
XQULA+A)) = [T -

k>0
kfgﬂ,+30,i(2n+1)
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Proof. The difference between this character formula and x(2(L(3Ao))) is e(ay,) =
q? instead of g. It suffices to show that

n—1, b#2,2n+1
count(b) = {n bi22n—|—1.

The positive roots of the form a; + --- 4+ «;,7 < j, generate one less in count(1)
and one more in count(n + 1). Positive roots of the form o; + -+ + aj—1 + 205 +
oo 4 2au,,1 < j, generate one less in count(b) if 2 < b < n+ 1 and one more in
count(b) if n +2 < b <2n+ 1. If b is odd,

n—Y2l_1 1<b<n,

2
Apmy={ n-t3t  nsl<bsn+2
n—bg—l—i—l, n+2<b<2n+1.
If b is even,
n—l, b:2a
, —t-1, 3<b<n
A (byn) = n—%, n+1<b<n+2,
n—3+1, n+2<b<2n+41.
Therefore,
n—1, b#22n+1,
count(b) = {n b=2,2n+1.

Theorem 7.7. In Agl)fl, fori=2,...,n—1,
XQULERA+A)) = [ -d7"
k>0
kZ2n130,43
and
X(QUL(Ao + Ay))) = 11 (1—g""
ky_ézr,L+3k0>,S|:(2i+1)

Proof. The difference between these characters and x(Q(L(3Ag))) is that e(a;) =
¢®,i=1,...,n—1, instead of ¢. It suffices to show that

[ -1, b#+(2+1) mod 2u+3,
count(b) = { n, b= +(2i+1) mod 2n+3.

For each of these character formulas, there is exactly one ¢ such that
a, J#Fi
e(—a;) = L
(=) { =i
where i =1,...,n — 1. Note that
e(—(Fa; + 2041 + - + 2a,)) = ¢FTIRFEHD)

so we need only show that if we exclude this root, the number of remaining roots
that generate bisn—1forb=1,...,2n+ 2.
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Comparing the differences with x(Q(L(3Ao))), for 1 <i < & 4 1, we see that

TH(r)—1, 1<r<i,

TH(r) i<r<n-—i+1

+ — ’ = ’

TTw) =93 () +1, n—itl<r<n+l,
0, r>n-+1,

andfor%ﬁign—l,
TH(b,i) =T (b,n+1—1).
For1 <i<n-—1,

BT (b), 1<b<n+1-ior
n+2<b<2n+2—1,
Bt(®b)+1, 2n+2—-i<b<2n+2,
BtTb) -1, n+1—-i<b<n-+1.

(BT —{ai + 2041 + -+ + 20, }) (b, i

Therefore, for 1 <i <n —1,if b is even,

.
:
|

b1, 1<b<i,
(A+ —{ai + 211+ -+ + 20, })(b, i b, i+1<b<2n+2—1,
P+1, 2n+3-i<b<2n+2,

and if b is odd,
n—5 -1 1<b<i,
n— %1 i+1<b<2n+2—i,
n—%l4+1, 2m+3-i<b<2n+2

—

)(b,9)
(&4- —{ai + 2001+ + 205 })(b,9)

Thus,
(A —{E(o + 20041 + -+ 20))(byi) =n—1, b=1,....2n+2. O

7.4. Further conjectures. Other interesting patterns seem to occur in B,(ll), C,(ll),
and D%l).

Conjecture 7.2. In Br(Ll),
XQLAo+A)) = JJa-¢*H7"

k>0

This holds for n = 3,...,50.
Conjecture 7.3. In Cr(ll),
XOQLAo+ A+ + A1) = J[a-g1) D

This holds for n = 2,...,50.
Conjecture 7.4. In DS),
XQUL(Ao +An) = [Ta-¢*H"

This holds for n = 3,...,50.
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