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APPROXIMATING THE JUMP DISCONTINUITIES
OF A FUNCTION BY ITS FOURIER-JACOBI COEFFICIENTS

GEORGE KVERNADZE

ABSTRACT. In the present paper we generalize Eckhoff’s method, i.e., the
method for approximating the locations of discontinuities and the associated
jumps of a piecewise smooth function by means of its Fourier-Chebyshev co-
efficients.

A new method enables us to approximate the locations of discontinuities
and the associated jumps of a discontinuous function, which belongs to a re-
stricted class of the piecewise smooth functions, by means of its Fourier-Jacobi
coefficients for arbitrary indices. Approximations to the locations of disconti-
nuities and the associated jumps are found as solutions of algebraic equations.
It is shown as well that the locations of discontinuities and the associated jumps
are recovered exactly for piecewise constant functions with a finite number of
discontinuities.

In addition, we study the accuracy of the approximations and present some
numerical examples.

1. INTRODUCTION

An important assumption for a number of spectral methods designed for the
reconstruction of a piecewise smooth function is the accurate knowledge of the
function’s discontinuity locations and the associated jumps. This key data should
be extracted from spectral modes of a given function.

A number of authors (see Banerjee and Geer [I], [§], Bauer [2], Cai et al. [3],
Eckhoft [, [5], [6], Gelb and Tadmor [9], [L0], Kvernadze et al. [13], [14], [15], [L6],
and Mhaskar and Prestin [20]) studied the problem of approximating the singularity
locations and the associated jumps of a piecewise smooth function given a finite
number of its ordinary Fourier coefficients.

Eckhoff [4] introduced the first explicit method to recover the discontinuities
of a piecewise smooth function by means of its Fourier coefficients with respect
to an orthonormal system of algebraic polynomials. He developed a method to
approximate the locations of discontinuities and the associated jumps of a piecewise
smooth function by means of its Fourier-Chebyshev coefficients. If a function has
a finite number, M, of jump discontinuities, then approximations to the locations
of discontinuities are found as solutions of certain Mth degree algebraic equation.

Mhaskar and Prestin [I8], [19] proposed a class of algebraic polynomial frames
that can be used to detect discontinuities in derivatives of all orders of a function.
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Recently Gelb and Tadmor [9], [I0] used a different approach by introducing so-
called “concentration kernels” K(-), depending on the small scale e. These satisfy
the condition K. * f(z) = f(z+) — f(z—) + O(¢), thus recovering both the location
and the amplitude of all singularities. In particular, the authors have considered
concentration kernels with respect to the Gegenbauer system of orthonormal poly-
nomials with nonpositive indices. A special case corresponding to the polynomial
concentration kernel with respect to the Fourier-Jacobi series was studied by the
author earlier in [13].

In the present paper we investigate the problem of approximating the jump
discontinuity locations of a bounded function given its finite number of Fourier-
Jacobi coefficients. As a result, a new method is developed which enables us to
approximate the locations of discontinuities and the associated jumps of a function
of the C"[—1, 1] class (see Definition 2.1) by solving appropriate algebraic equations.
Theorem 3.1 shows that the locations of discontinuities and the associated jumps
can be recovered exactly for piecewise constant functions with a finite number of
discontinuities. In Theorems 3.2 and 3.3 it is proved, and subsequently numerically
confirmed, that for functions of the C®[—1,1] class the locations of discontinuities
are approximated to within O(1/n?) and the associated jumps to within O(1/n).

2. PRELIMINARIES

Throughout this paper we use the following general notations: N, Z,, and R are
the sets of positive integers, nonnegative integers, and real numbers, respectively.

By b = (by,ba,...,by) € RM we denote a column vector, where b,, € R, m =
1,2,..., M, and ||b|| = maxi<m<ns |bm| is the s norm of the vector b. If A is a
M x M matrix, by [[A[| = sup)p| =1 |[Ab]|/||b]| we denote its natural (induced)
{5 nOTm.

By C~![a,b] we denote the space of functions on [a,b] that may have only a
finite number of jump discontinuities and are normalized by the condition f(x) =
(f(z+) + f(z—))/2 (here and elsewhere f(x+) and f(z—) denote the right-hand
and left-hand side limits of the function f at a point z).

By [f](z) = f(z+) — f(z—) we denote the jump of the function f € C~1[—1,1]
at the point . By M = M(f) we denote the number of discontinuities of the
function f € C71[-1,1] and by 2, = 2, (f), m = 1,..., M, we denote the points
of discontinuity of the function f € C~![—1,1] arranged in increasing order.

By C"[a,b], r € Z, we denote the space of r-times continuously differentiable
functions on [a, b].

Definition 2.1. We say that a function f belongs to C" [a, b] if there exist points
a=x9g < x1 < ... <zxpp < Tppp1 = b, M < oo, such that the function f is
r-times continuously differentiable over each interval (z,, zm+1), m =0,1,..., M,
one-sided limits of the function and its derivatives up to rth derivative at the points
Ty, exist and are finite, and [f](x) = [fO)(zm) #0, m =1,2,..., M.

By K we denote constants, possibly depending on some fixed parameters, and in
general distinct in different formulas. Sometimes the important arguments of K will
be written explicitly in the expressions for it. For quantities A, and B,,, possibly
depending on some other variables as well, we write A,, = o(B,,) or 4,, = O(B,,),
if limy, oo Ap/Br = 0 or sup,,cn |An/Bn| < 00, respectively. For quantities A and
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B, depending on some variables, we write A ~ B if the ratio A/B is between two
positive constants, independent of the variables.

We say that p(®?) is a Jacobi weight if p(®#) (z) = (1 —2)*(14z)?, o > —1 and
B> —1. If p(®F) is a Jacobi weight, then by o(p(®?)) = (P,(la’ﬁ)(:c));’f:o we denote
the corresponding system of orthogonal polynomials pLs )( ) = Yn (e, B)x™+lower

degree terms, v, (a, ) > 0, normalized by the condition Pna’ﬁ)( 1) = ("t*), n € N;
ie.,

1
/ PLB) (1) P (1)o@ () dz = 0, n#m.
-1

The system U(p(a’ﬁ)) is defined uniquely and is called the Jacobi system of or-
thogonal polynomials. Some important special cases of the Jacobi system are the
Chebyshev (o = 3 = —1/2), Legendre (« = 8 = 0), and Gegenbauer (a = )
systems.

If fp(®P) is integrable on [—1,1], then the function f has a Fourier series with
respect to the system o(p(®?)), and by Sr(fy’ﬁ)(f, x) we denote the nth partial sum
of the Fourier series of f with respect to the system o(p(®?); i.e.,

S(Otﬂ) f {E ZM(“ 3) (Otﬂ) )Pliﬂ(ﬁ)(x)’

where
/ PP (05 (1t

is the kth Fourier coefficient of the function f and uff’ﬁ ) ~ k.

To avoid unnecessary complication of notation, we sometimes omit dependence
on parameters o > —1 and § > —1, as they are arbitrary, but fixed.

By virtue of the Christoffel-Darboux formula

(2.1)
n
PP @PEO(1) = PO @R () = (o = b S i PR @) P )

k=0
for n € N, where hi®? ~ 1/n.
If x,(caf), k=1,2,...,n, are the zeros of the polynomial Pr(la’ﬁ)(:c), then

(c,8) (c,8) (v, )
(22) xkanJrl < xkan < xk(jrl n+1-

The asymptotic formula
(2.3) Pl@B)(cosT) = K (a, B, 7)[cos (AT +7) + O(1)(nsin 7)™,
holds as n — oo, where

K(ao, 8,7) = 27 @0 20712 gin=a= V2 (7 /9) cos P~ 1/2 (7/2),
n=n+(a+5+1)/2, 5=-2a+1)1/4,
and
K/n<rt<m—-K/n.
The following is a generalization of Rodrigues’ formula:

(@,8)( plasd) oy _ (=D (k—9)! d
(2.4) P (x)Pk (z) = 2i)! dri

where k > 1.

(plot 880 () P TP (1))

Y
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734 GEORGE KVERNADZE

This is the recurrence formula for the Jacobi polynomials

25  APPPYP (@) + (@ + B P (@) + P PP (@) = 0,

where
(.B) _ 2k+1)(k+a+p+1) _
A= (2k+a+6+1)(2k+a+6+2)_0(1)’
(2.6) B = ol — —0()
' ke T @Qk+a+pB+2)2kta+p) k2T
C]gayﬁ) — _ Z(k + Oé)(k + ﬁ) — 0(1)

k+a+p+1)2k+a+p)

for k > 2 and Po(a’ﬁ)(x) =1 and Pl(a’ﬁ)(x) =(a+8+2)z/2+ (a—0)/2.
Let us mention an obvious consequence of (2Z6):

i B _ 2i(a + B+ 1) 1
Aloti i) p(enf) — Aleh) O(—=—
k=i k +(2k+a+ﬁ+1)(2k+a+ﬁ+2) BT (kQ)’
(2.7) platifti) _pla) 2i(a — B) _g@d) L oL
k=i k +(2k+a+ﬂ)(2k+a+6+2) BT (k;?)’
C}i‘i;riﬁJri) :Clia’ﬁ)

for fixed i € N and k > i+ 2.
1 1
(28) (B @)] < Ko F T2 ((1= )2 4 )7 V(U4 2) 2 4 )70

holds for z € [-1,1] and k € N. (Regarding ZI)—-(ZH) and 23], see 22 pp. 71,
46, 197, 97, 71, and 169.])

The following is a function which has a jump discontinuity of order ¢ € Z, i.e.,
[f®(z) =0, s =0,1,...,i — 1, and [fP](z) # 0, with magnitude 1 at the point
x € (—1,1) and which is smooth everywhere else:

2.9) Hi(ot) = 0, if-1<t<u,
' R =0
Therefore, a given function f € C"’[—l, 1] can be expressed as follows:
r M )
(2.10) F=Y"3 N @m) Hi(wm, ) + fo,
=0 m=1

where f. is r-times continuously differentiable on [—1, 1].
Obviously, the smoother f. is, the more rapidly a,ia’ﬁ )( fe) converges to zero.

Hence,

r M
™D (F) 2 30 S O N @m)al™ P (i, )

i=0 m=1

and it is plausible to recover the information about the locations of discontinuities
and the associated jumps of a given function from its Fourier-Jacobi coefficients.
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It is easy to check that (see (Z4), (Z3), and (Z9))

(2.11)
o k== D! (i a1 Bt
aé ﬁ)(Hi(% ) = %p(a+z+l,ﬁ+z+l)(x)lj(ij Jlr B+i “)(1;)
O(k—i—3/2)p(a/2+i/2+1/4,B/2+i/2+1/4) (z), fzel[-1+ k_12’ 1_ 1%2]’
O(k.max (oz,,B))p(oﬂriJrl,,BJriJrl)(x)7 ifre [_1’ 1]\[_1 4 k_12’ 1— 1%2]’

holds for k > i,i € Z.
For a given function f, the polynomial of ¢ variables

al (tr,ta, . t) = a (frt1, b, 0 t)),  tER, i=1,2,... M,
is defined as
(2.12) ot = (f) = 20k + Va7 (f)
for k € Z4 and
al (b1t . ty) ATV 4t
(2.13) + (4 BTN (4 )
4 ORI G o)

for i € N and k > ¢, where a,(:)(tl) = Af:‘“’ﬁﬂ) ((21 + (t1 B,(f(“’ﬁ“))afco) +
Cclet1,6+1) (0)
k k—1°

A particular value of the polynomial a(i) (t1,ta,...,1;), namely
a)’ =a}”(0,0,...,0),

will be called a higher order Fourier-Jacobi coefficient of the function f.
For a function f € C7![—1,1] with M jump discontinuities we introduce the
M x M matrix

(2.14) AL =AY () = @ )ML,
If Ag\r/}) is nonsingular for some n > M, then by z,,(n) = x,(f,n), m =

1,2,..., M, we denote the solutions of the polynomial equation
(2.15) QW +Z )iq3D ()Mt =0,
where qz (n), 1= , M — 1, are determined by the linear equations

M—1

M M .

(2.16) S alqM ) +al) =0 (Gj=01,...,M—1).

=0

We also consider the matrices
(2.17)

_ _ M M +1,8+1 _
P =Pt b, tar) = (0D, BN D) = (PRI (1 )M )

forn > M and t,, € R, m=1,2,..., M, where
ng) = (PS(QH’BH)(tl),PS(O‘H”BH)(tQ), . .,PS(QH’BH)(tM)) € RM ig the sth col-

umn vector of the matrix P(Mn).
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736 GEORGE KVERNADZE

If z,,(n), m = 1,2,..., M, represent solutions of the equation (ZI5) for some
n > M and P,gaJrl’ﬁH)(xm(n)) = 0 for some k ~ n, then f,,(n), m=1,2,.... M
is determined by the equation

?

M
() plet LB (g P(a+1’6+1) — Im
(2.18) Pl o o 11’:[’&"1 "
— a,iM 1)(x1 (n)y- s Tm—1(n), Tmi1(n), ...,z (N)).

Let us give some explanations to the notions introduced above.

First, via recurrence formulas (2.I12)) and (2.13), we have constructed the poly-
nomials a,(;) (t1,t2,...,t;), k > i, utilizing given Fourier-Jacobi coefficients of the
function f. Next, we considered the system of linear equations (ZI6]) using higher
order Fourier-Jacobi coefficients of a given function. Under assumption that the
linear system of equations is consistent ie., det Ag\? % 0 (see 2TI4)), we used

its solution to build the polynomial Q , see . It will be shown that the
solutions z,,(n), m = 1,2,...M, of the polynomial equation (2.15]) represent ap-
proximations to the locations of discontinuities and the solutions of linear equations
(B18) represent approximations to the magnitudes of the jumps of the given func-
tion f € C3[—1,1].

In what follows, in Lemma 2.2 we will derive a key identity which relates the
polynomials a,(;) (f,t1,12,...,1;), associated to a piecewise constant function f with
a finite number, M, of discontinuities, to the locations of discontinuities of the
function and the corresponding jumps; see [2I9). As a corollary we will learn
that the zeros of the polynomlal a,(C )(tl, ta, ..., tar) represent the locations of dis-

continuities z,,, m = 1,2,..., M, of the given piecewise constant function f, i.e.,

a’ch)(xlax% cowxp) =05 see (]m[)

Next, in Lemma 2.3, we will show that there is the close relation (2:27)) between
higher order Fourier Jacobi coefficients of a function f € C~1[—1,1], the associated

polynomials ak )(tl, ta,...,tar), and the coefficients of the polynomial ([2:15)).
Now, we formulate and give formal proofs for Lemmas 2.2 and 2.3.

Lemma 2.2. Let f be a piecewise constant function defined on [—1,1] with a finite

number, M, of discontinuities at the points xmy,, m =1,2,...,M. Then
(2.19)
M i
. [} 1, 1
o (fotrta,. o t) = O (@) p @D (@) P () T (e = ),
m=1 s=1
where k > 1.

Proof. Since the function f is piecewise constant, it may be represented as
(2.20) f= Z (@m) Ho(@m, ) + f(=1+).
Then by (Z11)), 212), and (m we get
M
(2.21) Z )p(@m ) Py(am)

for k € N, where p(z) = pl@tH5+1) (z) and Py (z) = P,§Q+1’6+1)(x).
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By virtue of (Z3), 213)), and ([Z21)) we have
(2.22)
a,(cl)(tl) :Aka,(izl + (t1 + Bk)a,(co) + Cka,(gl

s

[f1(@m)p(2m) [Ak Pot1(zm) + (t1 + Br) Pie(2m) + Ck Pe—1(xm)]

3
I

s

[f1(@m)p(m) P () (81 — Tm)

3
I

for k > 1, where Ay = A,(:‘H’BH), By = B,(;’H_l’ﬁ“), and Cj, = C,gaH’BH).
Now, in view of 23], 213), and (223), the rest of a proof may be completed
by mathematical induction. O

For a piecewise constant function f with M discontinuities at the points .,
m=1,2,..., M, LemmalZ2 instantly implies the following three identities (i < M):

(2.23)
M 7
3 1 1
o (@1, 20, w) =Y [Fl@n)p @ (@) P () T (s = 2),
m=i+1 s=1
a,(chl)(xl, ey L1y Tt ds e+ o s TM)

2.24 M

(224 = [f)(@m)p @t 10D (2, ) POTHEI D (2, (@5 — Tm),
s=1;s#m
and
M
(2.25) af = (=10 3" 1A (@m)p T (@) PO () ().
m=1

Lemma 2.3. Let f € C~1[—1,1] and suppose
Qux) =Qumte, ... tam,x) =(x —t1)(x —t2)...(x — tar)
(2.26) =M 4 iw:(—l)iq%i(tl,tg, otz
i=1
Then
227) oM (ftitenta) = Y @l ()M (bt tar) + ol ()

for M e N and k> M.

Proof. First of all, let us mention that the coefficient qZ(M) = qZ(M) (t1,t2, . tar),
i =0,1,...,M — 1, represents the ith elementary symmetric function of the M
numbers t1,ta,...,ty (cf. [I2, p. 41]); i.e.,

(2.28) gy = > [Itm,

1<mi<...<m; <M j=1
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738 GEORGE KVERNADZE
We will prove identity (2Z27) by mathematical induction. Let M = 1. Then
(220) implies
(2.29) =gV
From (213), on the other hand, it follows that
a,(f)( t1) Akaéﬁl + (t1 + Bk) ) + Cka
=a{° )tl + A a(ll + Bka + C’kak 1= a,(co)t + a(l)

which combined with (Z29) produces the desired result for M = 1. (Here and
A(O‘H’ﬁﬂ) etc.)

(2.30)

below we use the same abbrev1at10ns as in Lemma 2.2 i.e., A =
Now we assume that identity (2.27) is correct for M = m and we will prove it
for M = m+ 1. According to our assumption and we have (k > M)

(2.31)
1 0 1
al" ™Mt tme) = Ak ad™ + el + al)
+ (w1 + B) (o™ + .+ af" Vgl + o)

+ Ck(a,io)lqém) +.. 4+ ,(Jfl 1)q7(nm)1 + a(”f)l)

7a](€o)q(()m)tm+1

- Z [(Axal], + Bral + Cral” g™ + af ™ g 1]

(AkoLkJr1 Yy B, a(m Yy Cra ml 1))q£:1)1 + a,(c )tm+1
+ Agay?) + Bka(m) + Cral™,

—a,(C Q@ tmi1 + Z P zm (Hl)qz(fl)tmﬂ]

e, o

S0 g 4,

m+ 1+ a(erl)

since by ([2:28) qim) + q§f1)tm+1 = qiffrl) fori=—1,0,...,m — 1, where q(fll) =0
(m) _
and ¢ = 1. O

Finally, since solvability of the system of linear equations (ZI06]) depends on
invertibility of the matrix (ZI4), let us study the matrix Ag\Z)( f) in more details
for a function f € C3[—1,1].

If a function f € C3[—1,1] has jump discontinuities at x,,, m = 1,2, .., M, then
it can be represented as

3

(2.32) f:ZZ xm,~+fC,ZHl>+f—H<° F,,
i=0 m=1 =0

where f, € C3[—1,1] and F. € C[-1,1]. Thus,

(2.33) AL () = A&Z’<H<0>> +Aj (F),
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and if

(2.34) det(A(V(H©)) £0

and

(2.35) AP HONTHAR (R < K <1,

then by virtue of the Perturbation Lemma [11], p. 74] Ag\z)( f) is also nonsingular
and

(A5 HO) | |
1 [|(AS (HO) -1 ASY (F)]]

(2.36) 1A ()Y <

It is known (cf. [11], p. 70]) that

M

(237) Il = o, 3l
=

for a matrix A = (aij)%':y

Thus, in view of (Z6]), ZI0)-(ZI4), 232), (Z37), and B3,
M
(238) 1S (Rl = O()[ 3 17|29/ 249/ 1) 4 o(1)].
m=1

Substituting into ([ZI4), it is easy to check that the matrix A{Y(H(©)
may be represented as the product of four matrices

A (HO) = (=1)16,)M ) x ((241)") M0
(2.39) x ([f](%)P(QH’MU(M)(SM)%:1 x Pg\? (@1, M)
=AXVXFxP,

where the second matrix in the product is an M x M Vandermonde matrix, the
third matrix is diagonal, and the forth matrix is defined by @I7).

Since the first three matrices in this representation are nonsingular, it follows
that condition [Z34) is equivalent to the condition det P # 0.

Furthermore, if P is nonsingular, then by virtue of (Z39) and the inequality
1A x B < ||AJ[|[B]| [T, p. 70] we have
(2.40)

AT IVIHIE P < [IAS HO) < [JAT IV IE P,

However, it is known [7] that

M
1
(2.41) V< max ] AL
1SmEM | |Tm — k]
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740 GEORGE KVERNADZE

Hence, combining (239)-(241l), we get
1 . 1
M 1£mnt [[F]@m) o@D (2,

< [|(A§) (HO)) Y]

(2.42) M 2

< max H —
1§m§Mk:1;k¢m |Tm — T

)||<P§;?<x1,x2,...,xm)-ln

1
X max
1<m <M [ f](@m)|p D) (@)
where by virtue of (28) and (217

O(n'/?) amin ple/HH LS ) <[P
(2.43) tsmsa

NP (21,29, 200) s

<|I(P§) Y-

Together, (Z43) with (Z38), and (Z42) imply that condition (Z3H) of the Per-
turbation Lemma will be satisfied for sufficiently large n.

The importance of the matrix PS\Z) (1,2, ...,2pr) should be clear now, as non-
singularity of the matrix Ag\z) (f) and the magnitude of its inverse depend on it.

It is easy to construct matrices Pg\? (x1,x29,...,2p) such that

det P%Z)(xl,xg, conxp) =0

for M consecutive indices. Just pick x1, o, ..., 23 to be the zeros of P(?‘JV} 614-1)( )
and consider Pg’fl)(xl,xg, cowxy) fork=nn+1,...n+M—1.
However,

Lemma 2.4. For any fired x; # x;, 1 # j, and n € N, at least one out of M + 1
consecutive matrices Pg\? (x1,29,..,xpm), k=n,n+1,...,n+ M, is nonsingular.

Proof. M = 1. This case is trivial. Indeed, by @I7), P\ (21) = (Py(z1)). (Here
and below we use the same abbreviation as in (Z:2I) and (Z:22).) Thus, invertibility
of the matrix depends on whether x; is a zero of the polynomial Py(z). By ([22)
Py (x1) # 0 for at least one k =n,n + 1.

M = 2. Let us assume that for some n € N, det ng)(l‘l,l‘g) =0 for k =
n,n+ 1,n+ 2. Thus

(2.44) Po(21) Poy1(22) = Po(22) Poga(21) = 0,
(2.45) Poyi(1)Poya(22) = Poya(22) Poya(21) = 0,
(2.46) Pry2(21) Prys(v2) — Poya(z2) Prys(r1) = 0.

Since x1 # x2, the combination of (Z1l) with (2:44)-(246)) leads to
(2.47) Poi1(z1)Ppy1(z2) =0
and
(2.48) Ppio(x1)Poga(z2) = 0.

Without loss of generality let us assume that P,i2(z1) = 0. Then, by (ZZ) it
follows that P, 41(z1) # 0. Thus [Z47) implies P,,41(z2) = 0, which combined with
(224) implies P,41(x1) = 0, an obvious contradiction.
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M > 3. The rest of the proof is based on mathematical induction. Let us
introduce the additional notation X, = (04;7);"—;. Then, by (Z.5) and (2.I7)

(2.49) Xpy™ = —(Apyl) + Biep™ + Cipp"))

for k > 2.

Now, assuming that Lemma 2.4 is correct for M = m — 1, we prove it for the
M = m case.

According to our assumption at least one system out of the systems of vectors
{p ,pkH, .. ,karm o, k=n+1,n+2,...,n+m, will be linearly independent.
Without loss of generality, let as assume that

(2.50) dim(Span{pSi)l,p;”i)Q, . ,pgi)m 1H)=m-—1

Now let us assume to the contrary that

(2.51) dim(Span({p{™, P11, Py 1 }) <m

fork=n,n+1,...,n+m.

Combining (2:49) and (2.51]), it is easy to check that the linear operator T'(y) =
Xy, T : R™ — R™, maps the subspace Span{pnﬂ, pgi)z, .. ,pfler 1} into itself.

Since the consecutive Jacobi polynomials do not have common zeros (see (22),
there exists a constant K such that the vector q = (¢(x1),q(z2),...,q(znm)) =
p5L+)1 + Kpgf_n'_)Q has no zero entry, i.e., ¢(x;) #0,i=1,2,...,m

Now, repeatedly applying the linear operator T" to the vector q, we have (X,,)*q

(m) (m)

€ Span{pn+1,pn+2,.. > Patm-1),5=0,1,...,m—1, and
m

(2.52) det(q, Xpmq, ..., (Xn)™ 'q) = H q(z;)det' V £ 0,
i=1

where V is an m x m Vandermonde matrix with distinct x; # xy, i # k, entries,
and that contradicts (Z.50). O

The magnitude of ||(P§(f[) (w1, 22,...,207)) Y| is much harder to analyze. For
M =1, by virtue of (2:3)), the measure of the set {z|z € [-1, 1] and ||(ng) ()7 =
1/|P,(fy’6)(:c)| > Kn~1/?} is O(1/K). In general, we do not have estimates for

||(PS\§) (1, 72,...,20)) 1|, although numerical simulations show that typically the
norms are not large.

Finally, combining (236), (238), (242), and (243), we obtain the following

rough estimate

(2.53)
(n) 1 l 1
n 1
< -
(A (£)) 7 <OQ1) max 1 @) [P LB () lé?naé‘Mk_Eim [T — 1]

< |IPS) LKy
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where
(2.54)
1
Ky=1- O(W)KlK%
M
Ky = |[f)(@m)|pl@/ 2B/ (2) 4 0(1),
m=1
1 M 1 (n)
Ky = max max — PV
* T 1<m< [[f](@n) oA () 1<m<Mk_11;[¢m o e 1000

3. MAIN RESULTS

A combination of Lemmas 2.2 and 2.3 leads to the first important result, The-
orem 3.1: The locations of discontinuities and the associated jumps of a piece-
wise constant function with a finite number, M, of discontinuities can be recov-
ered exactly in terms of its Fourier-Jacobi coefficients. Indeed, by Lemma 2.2,

agﬁM) (x1,29,...,2p) = 0. On the other hand (Lemma 2.3) agﬁM) (T1,29,...,xp) =
Zi]\igl ag)ng) (x1,29,..., xM)—f—aLM). Therefore, solving the system of linear equa-

tions (ZI0), we can recover the coefficients of the polynomial (ZI3), i.e., (226,
with the roots equal to the locations of discontinuities of the given piecewise con-
stant function f.

In a more general case, Theorem 3.2, approximating the locations of discon-
tinuities of a function of the C3[—1,1] class, we will proceed the following way:

Although a,(CM) (x1,22,...,2p) # 0 for a function which is not piecewise constant,
still it will be shown that a,(CM) (x1,22,...,2p) = 0 for sufficiently large k. Hence,

solving the homogeneous system of linear equations (2.I6)) instead of the nonhomo-
geneous system Zf\io_l a,(;)ng) (1,22, Tnm) + a,(cM) = a,(cM) (x1,T2,...,x0) = 0,
k=n,n+1,...,n+ M —1, we will recover the coefficients of the polynomial (ZT5)
only approximately. It will be shown in Theorem 3.2 that the roots of the poly-
nomial (ZIH) are within O(1/n?) to the locations of discontinuities of the given

function.

Theorem 3.1. Let f be a piecewise constant function defined on the segment [—1,1]
with a finite number, M, of discontinuities at the points x,,, m =1,2,..., M. Also
suppose that the matrix AS\Z)(f) is nmonsingular for some n > M. Then
the solutions of the polynomial equation (Z1H) represent the discontinuity locations
and the solutions of the linear equations (ZI8) represent the associated jumps of
the function f.

Proof. Let us consider the polynomial Qs (228) with t,, = zpm, m =1,2,..., M.
In order to prove that the polynomials QS\Z) and @ s have identical roots, it suffices

to show that they have identical coefficients, i.e., qu) (n) = qiM), i=0,1,...,M—1.

The coefficients qu) (n) are determined by the condition (ZI0). Since the func-
tion f is piecewise constant, it follows that agﬁM) (x1,29,...,2p) =0 for k > M

(check ([223) for i = M), which combined with 227) with ¢, = zp, m =

1,2,..., M, implies that the coefficients qiM) satisfy the same condition (2.16]).
On the other hand, no other choice for t,,,, m = 1,2,..., M, except t,, = Ty, will

make it possible that a,(cM) (ti,t2,...,tp) =0fork=n,n+1,...,n+M—1. Indeed,
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?

since det Ag\rj)(f) # 0, 219) implies that Hsﬂil(ts —Zm)=0,m=1,2,...M
which is possible only if ,,, = ..

Finally, if z,,(n) = zm, m = 1,2,..., M, the linear equations ([2.I8]) and (2.24))
are identical. Thus f,,(n) = [f](zm), m=1,2,..., M. O

Now we study the accuracy of the approximation to the locations of discontinu-
ities for a function of the C"[—1, 1] class.

Theorem 3.2. Suppose the function f belongs to C~'3[—1, 1], M > 2. In addition,

let us assume that the matriz A;Z)(f) (2.13) is nonsingular for some n > M + 3.
Then

1 ) IAS) Y]
nd/? HA,? 1z<g($z_$j)

M
< (371 (wm) [p@/HH3/ABI243/D (2,) 1 0(1)),

m=1

Tm(n) = m+0(
(3.1)

where T, (n), m=1,2,..., M, are the roots of the polynomial equation (Z14).

Proof. The following is an outline of the proof: First we obtain an estimate for the
difference between the coefficients of polynomials Qg\:}) and Q,r; then we estimate
the difference between the roots of those polynomials.

Since the function f belongs to C3[—1,1], it can be represented as in (232).

Due to (2I1)) and (232),

(3.2)
(c,8) & (3) (k—i—1)! (a+i41,8+i+1) (a+i+1,8+i+1)
ap (f) = Z Z [f ](xm)Wp ’ (@m) Py 1 (Tm)
1=0 m=1 ’
+ a7 (fe)
Hence,
M
0 , 1,8+1
0l =2k + 1)al) () = D [F)@m)p st (@) P (@)
m=1
| M
e} 2, 2
+ 55 D11 @a ) B (@) PP @)
m=1
(3.3) 1 M [
S (a+3,6+3) (a+3,8+3)
+ Ak(k — 1) mzz:l[f J(zm)p (@m) Py s (@m)
M
« 4, 4
Sk( Z f(3 ( +4, ﬁ+4)( )P]gi-é- B+ )(xm)
m=1

+ aﬁi”(fc)

for k > 3, where aéo)(fc) = o(k~5/?) by virtue of ([ZII).
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By @23), 26), @213), 223), and (3.3) we have
(3.4)
a,(:)(ﬂm) _ A}(€a+1,ﬁ+1)a§€(121 (2 +B’ga+1,ﬁ+1))a§€0) _'_C]gaJrl,ﬁJrl)al(cO)

-1
M

[ (@) p TP (2, ) PO (2, ) (21 — )

m=1
A a+1,6+1) at2, 542 T+ B(aJrl,ﬁJrl) 2,542
ol P ) + T —— P (@)
C(a+175+ ) 42,642
+ kkflpzifz P (2,,)]

1 M
+ 1 2 U a5 )

A(a+1’6+1)
k (a+3,6+3)
(k+ 1k k—1 (Tm) +

Cclat18+1) (s 3.545) "
mpkfi% ’ (l‘m)]—l-...—l-ak (faxl)

1,841
‘[ x1 + B,(;H pr )P(a+3,ﬁ+3)(x )
k(k—1) k=2 "

+

1
EIl+12+I3+I4+0(W)-

By virtues of (2.7) and since (k+1)"t = k=t — (k(k+1)) ! and (k—1)"! =
k=1 + (k(k — 1)1, we have

M
1
I = 5 D17 @) 22 (@)
=1
1 1 1
- Alat2,6+2) )\ plat2.6+2) -
(3.5)

k
+

= 3

o =

1
+2,842 +2,6+2
(o1 + BT+ O( ) PET T (in)

1 1 (a+2,842) pr(a+2,3+2)
k + k(k — 1))Ck—1 Py (zm)]

+
=11 + oo,
where by (2.5),

—~

M
1
Iy = 5 D (£ 1@n)p 27 @)
m=1

50 X [ALRPOD plABID (g ) 4 (g + BT PEOTRI) ()
+ OGRS ()
M
1
= 55 2 @) ) @) PP (@) (21— ),
m=2
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and by (Z86) and ([2.3),
1< k
1221 =0(g) S 1F 1)o7 ) S P25 )
(3.7) mz; i=k—2
= (#) Z I[F](zm)] (a/2+3/4 6/2+3/4)( )
m=1
Analogously,
M
I _4k(k1_ y Z L] () p @30+ (2, Y POEBBED (0 (01— )
(3.8) mjj
+O0(zr) D a2 8125 )

and Iy = O(k~/2).
Combining (34)-(B.8), we obtain

(3.9)
M
0l (@1) = 3 [Fl@m)p T (@) P () (21 = )
m=2
M
1 a+2,6+2
+ o Z )2 (@) BT (2, (21 — )
M
1
Z (a+3 ﬂ+3)( )Plgf;‘3»5+3) (2) (21 — T
m=2
M
O (D 17 )|/ 3/459/259/9) ) 4 o(1).
m=1
Next, we construct the sequence a,(f)(:cl, Z2)y . agﬁM) (x1,229,...,2p) by the re-
cursion formula ZI3). Subsequently, by (Z8), ZI3)), Z23), and (BH) we obtain
(3.10)
M
M 1 /2
A0 (1,2, o) = O ) (3 I /549245 () 4 o(1).

3
I

Furthermore, combining [2.27) with ¢, = z,, m = 1,2,..., M, and BI0), we
conclude that the coefficients qiM), i =0,1,...,M — 1, of the algebraic equation
(226)) satisfy the system of linear equations

(3.11)
M-—1 1 M
M M o K
allhja™ + 0l = O(=) (3 11 ) o/ 249258 (2, 4 (1))
i=0 =

for 7 =0,1,...,M — 1. Hence, by virtue of (210,

(3.12) a™(n) — g™ = (A[) 'x(n),
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where qM)(n) = (q(()M) (n),... qg\y_)l(n)), qM = (q(()M)7 o qg\y_)l), and
M
1 . f
(3.13) |[r(n)l] = 0(5—/2)(2 |/ ) [ o123 B30 (2,) 4 0(1)
n m=1
is the residual vector.
Thus,
(3.14) 1D (n) — g < [[(AS) T llIx(n))]-
Now, let us consider the function F'(z1,z2,...,z0p) = (q](\yjl, q%w cen q(()M)) €

RM with the domain {(z1,72,...,20m)| — 1 <21 < 22 < ... < xp < 1}, i.e., the
function mapping the real distinct roots of a monic polynomial on its coefficients
(see (226)). Obviously the function F is differentiable and it is not difficult to
check that (see (2:28) and [17, Lemma, p. 137])
M
(3.15) det(F'(z1,22,...,20)) = H (z; — x;) # 0.
i,j=15i<j

Hence, the inverse of the function F exists and is differentiable (cf. [2I, Theorem
2-11, p. 35]). Later this implies that F'~! belongs to the Lip1 class (cf. [2T, Lemma
210, p. 35)), ie.,
(3.16) Ix —x(n)|| <KAOIE (F o, za)llla™ = (n)]]
=K(M)|I(F' (21,22, ... 2a0)) " llla™ = gD ()]
where x = (x1, 2, ...,zp) and x(n) = (z1(n), z2(n), ...,z (n)). However,

_ dJ(FI(J,‘l o, ... .L“M))
F 1.2 12
(F' (@1, ) det(F'(z1, 2, ..., Tar))

(cf. [I7} p. 334]) and
ladj(F" (z1, z2, ..., x0))|| < K (M)
since x| <1, m=1,2,..., M. Thus,

3.17 x—x(n)|| < A0 _ g™ ().
A7) = x| € T ey la® — e )l
Together (BI3)-BIH) and (BI7) lead to the estimate (BI). O

The following is an estimate of the accuracy of approximation to jumps.

Theorem 3.3. Suppose the function f belongs to C~'3[—1, 1], M > 2. In addition,

let us assume that det(Ag\Z)(f)) # 0 ([2.14) and P,gaJrl’ﬁH)(mm(n)) # 0 for some
n>M+43 and k ~n. Then

(3.18)
fm(n) =[fl(zm) +

[[x(n) — x[|n""/2

Pt 184D (2 (1)) P (w0 () TN 1y (25 (1) = 2 (1))
M

X {O()[f)(wm)p @27V () T (2s(n) = 2in(n))

s=1;s#m

+(Fl@m)pl /2D @) 1+ O(1))
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for some &, (n) € (Min(Xp,, T, (), max(Tm, m(n))).

The proof of Theorem B3 is essentially analogous to the proof of Theorem
and we omit the details.
Estimates for a function with a single jump discontinuity are the same except

for the term H%‘zh%‘@ (zi — ).

4. DESCRIPTION OF THE ALGORITHM AND NUMERICAL EXAMPLES

First, let us clarify the order of accuracy for the estimates (B1) and (BIR).
According to 240) and (243), roughly the error terms in the estimates (B1]) and
(BIR) for a function f € C®[—1,1] cannot be better than z,(f,n) — z,m(f) =
O(1/n?) and f,,(n) — [f](zm) = O(n)||x(n) — x|| = O(1/n), respectively.

Obviously the following question should be addressed: How do we extract in-
formation about the exact number, M, of discontinuities from a finite number of
Fourier-Jacobi coefficients?

We suggest two possible ways to recover the number of discontinuities: First,
following Eckhoff [5l, p. 688], we pick a trial number M, large enough to guarantee
that M > M. Then the rank of the matrix A(Mn) will equal M. Second, we may
utilize the identity determining the jumps of a bounded not-too-highly oscillating
function by means of its differentiated Fourier-Jacobi partial sums (for more general
kernels, see [10]).

Theorem 4.1 ([13]). Let r € Z, and suppose ABV s the class of functions of
A-bounded variation determined by the sequence A = (A\;)72 . Then the identity

(S (f @)@ (—1r(d —a?) T

(4.1) lim pEs = & T Dn [f1(x)
is valid for every f € ABV and each fized v € (—1,1), if condition ABV C HBV
holds.

(ABV, and in particular HBYV, is a class of functions with generalized bounded
variation. For the exact definition consult [23].)

According to identity (1)), for a fixed r and sufficiently large n, the function
(1— a:Q)’"+1/2|(S,(la’ﬁ)(f, x))?r | /n? 1 must attain the largest local maximum in
the vicinity of the actual points of discontinuity of the function f. Hence, we may
assume that the number of discontinuities, M, equals the number of sharp local
spikes of the graph of the differentiated Fourier-Jacobi partial sum.

Our technique might also be usable in conjunction with the other author’s meth-
ods. For instance, the nonlinear enhancement procedure developed by Gelb and
Tadmor in [I0] can be used to recover the number of discontinuities, M, with more
success. Once the nonlinear enhancement is applied, it gives a picture of sharp
spikes at the vicinity of the actual locations of discontinuities of a function, remov-
ing other oscillatory behavior of the graph (see [10, Figures 5-8, pp. 1406-1407]).
Thus, it makes it easier to identify the exact number of discontinuities of a function.

Regarding the norm of (A(Mn))’l, by virtue of (Z53), it essentially depends on the
behavior of the matrix (Pg\? (w1, 22,...,20)) L. We suggest using QR factorization
to estimate the norm of the matrix (AE\Z))_1 in order to avoid a sharp decline in
the accuracy of approximations. (See [I1 p. 75].)
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Let us illustrate a direct application of the method to the following function with
two jump discontinuities:

0 if -1 <z < —-2/3,
(4.2) filzx)=¢ Ve+1 if —2/3<z<1/2,
0 if1/2 <z < 1.

(We are assuming that a finite number of its Fourier-Legendre coefficients are
known.)

Utilizing Fourier-Legendre coefficients of the function f;, we calculate its higher
order Fourier coefficients via the formulas (Z12) and (2I13).

Next, we pick M = 6 and apply QR factorization to the matrix (ZI4) in order
to identify the rank of the matrix, i.e., the number of discontinuities of the function
f((=k)=10"% ke Z).

The following is the triangular matrix of QR factorization of the matrix (ZI4)

for M = 6:
—0.55 0.19 —0.15 0.04 —0.04 0.005
0 0.23 0.04 0.082 0.03 0.03
0 0 —1.5(-5) —-9.6(—6) —1.8(—-5) —1.4(-5)
0 0 0 —1.2(=5) —1.1(=5) —1.4(-5)
0 0 0 0 7.2(—6) 6.7(=7)
0 0 0 0 0 4.9(—06)

It is reasonable to assume that M = 2.
Next, we calculate the norms of the matrix (AE\Z))*I to avoid a sharp decline

in the accuracy of approximations. The results of calculation are summarized in
Table 1.

TABLE 1. The norms of the matrix (A%Z))’l for various values of n.

n 32| 64 | 128
A1) | 9.3 ] 10.0 | 26.3

Now, the system of linear equations (2.16) is solved and the results are given in
Table 2.

Finally, the polynomial equation (2:15)) is solved with the coefficients presented
in Table 2. The final results are presented in Table 3.

We have tested the theoretical result of Theorem 3.1 via a symbolic computation
using Mathematica. The following is a piecewise constant function with ten discon-
tinuities, some of them clustered within 0.0001 distance, and with the corresponding
jumps ranging from 0.01 to 100:

1 999 1 99 1 2
H H

:—H _— — _— —_— _—
Falz) = G Ho(= 15550 %) + 5 Ho(= 155, 2) + 75H0(= 15556 %)
(4.3) e Ho(— &) + Ho( ) — —— Ho(— ) + Ho(%, )
' 100 ° " 10000"" T H%000° " T 100" 10007 T 0N T
2 998 999
10H (2 100 Hy (22 Ho(222 ).
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TABLE 2. The solutions of the system of linear equations (2:16)
for various values of n with absolute errors in the estimates to the
coefficients ¢o = —1/3 and ¢; = —1/6 of the polynomial (2.17)).

n 32 64 128
qo(n) —0.33354 | —0.333392 | —0.333348
lgo(n) — qo] | 2.06(—4) | 5.86(—5) | 1.46(—5)
q1(n) —0.167629 | —0.166917 | —0.166731
l[g1(n) —q1] | 9.62(—4) | 2.50(—4) | 6.43(-5)

TABLE 3. The solutions of the polynomial equation for var-
ious values of n with absolute errors in the estimates to the dis-
continuity locations x; = —2/3 and xo = 1/2 for function ([@.2)).

n 32 64 128
x1(n) —0.667393 | —0.66686 | —0.666716
|1 —x1(n)| | 7.26(—4) | 1.93(—4) | 4.91(-5)
xa(n) 0.499765 | 0.499942 | 0.499985
|zo — 22(n)| | 2.35(—4) | 5.76(—5) | 1.49(-5)

All discontinuity locations, as well as the associated jumps, of the function f;
have been recovered ezactly using its Fourier-Legendre coefficients. We have also
considered other piecewise constant functions utilizing its Fourier-Jacobi coefficients
with various indices @ > —1 and 8 > —1. For all of them the discontinuity locations
have been recovered exactly.

Next, we have considered the function f; perturbed by a smooth function on the
interval [—1,1], i.e., f3(x) = fa(z) + 5/(22% + = — 6).

Despite the highly clustered discontinuity locations, as well as a large ratio of
the magnitudes of the jumps, we found the absolute value of the largest error for
approximation to the points of discontinuity and the associated jumps as it is given
in Table

The following is a function with three jump discontinuities:

0 if -1 <x<—1/4,

er if —1/4<x<1/3,

fa@) =19 gnz it 1/3 <z < 2/3,
0 if2/3<x <1

(4.4)

Below we present the absolute values of the largest error in the estimation of the
points of discontinuity and the associated jumps of the function (f4]) obtained by
applying the suggested method and summarized in Table B.
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TABLE 4. Largest errors in the approximation to the locations and
associated jumps of function f3 using its Fourier-Legendre coeffi-
cients.

n 32 64 128
Location-error | 4.9(—1) | 6.3(—8) | 3.8(—35)
Jump-error | 5.5(—1) | 1.1(-=5) | 6.6(—33)

TABLE 5. Largest errors in the estimates to the discontinuity lo-
cations and the associated jumps for the function using its
Fourier-Legendre coefficients.

n 32 64 128 256
Location-error | 1.2(=3) | 2.1(—4) | 5.4(=5) | 1.3(-=5)
Jump-error | 1.4(—2) | 4.0(—3) | 2.4(—3) | 3.4(—4)

This is a piecewise polynomial function with five jump discontinuities:

2?2 +22/34+10/9 if -1 <2< —1/3,

x/6+7/144 if —1/3 <2< —-1/4,
(4.5) fsl@) =4 2% -1 if —1/4 <2 <0,
4a? —4x +1 if0<o<1/2,

92% — 122+ 5 if1/2 <z <2/3.

The absolute value of the largest absolute error in the computed singularity
locations and the associated jumps for the function (£5]) are given in Table Gl

TABLE 6. Largest errors in the approximations to the locations
and the associated jumps of the function (43) using Fourier-
Legendre coefficients.

n 32 64 128 256
Location-error | 2.1(—2) | 5.0(—4) | 1.2(—4) | 3.9(-5)
Jump-error | 6.5(—1) | 2.4(—=2) | 1.1(—2) | 6.6(—3)
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