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FINITE DIFFERENCE METHOD FOR A COMBUSTION MODEL

LUNG-AN YING

ABSTRACT. We study a projection and upwind finite difference scheme for a
combustion model problem. Convergence to weak solutions is proved under
the Courant-Friedrichs-Lewy condition. More assumptions are given on the
ignition temperature; then convergence to strong detonation wave solutions or
to weak detonation wave solutions is proved.

1. INTRODUCTION

Chemical reaction processes in fluids are determined by the conservation laws
and the internal mechanism in reaction zones. Detonation waves travel at a high
speed, and the scale of reaction zones may be orders of magnitude smaller than
the fluid dynamical space scales. As a result the governing systems of equations
are stiff. It was observed that even stable scheme and a reasonable grid may cause
spurious numerical results. Sometimes the wave travelled one grid point per time
step, which was qualitatively incorrect [5], [10], [11], [I3].

One natural approach to deal with the problems in numerical computation is
applying very fine meshes to simulate the internal mechanism in reaction zones.
However, another strategy has been a subject of study by many authors, [I], [2],
[8]: that is, to develop a method on a grid in which the resolution is not enough
with respect to the short reacting time, but is fine enough with respect to the fluid
dynamics. One cannot expect to predict the effects associated with the detailed
structure of detonation fronts, but the detonation waves can be captured with
correct speeds by using these methods. The aim of this paper is to study some
convergence problems for this kind of methods.

We will study the problem for Majda’s simplified combustion model [12], which
is a 2 X 2 system, where a “lumped variable” are introduced to represent density,
velocity and temperature. In addition we will consider the Chapman-Jouguet model
for this 2 x 2 system; that is, the rate of chemical reaction is assumed to be infinity,
and the effects of viscosity are neglected. In this model the width of reaction zones
is zero and frame fronts are sharp. We think it is a typical model, which reflects
some basic properties of the complete system, to study convergence problems of
difference schemes for combustion problems.

Together with an upwind scheme we will consider the projection method, which
has been applied by some authors. It is a fractional step method. In this method
the numerical solution at each time level is computed in two steps. In the first step
the upwind scheme is applied to a homogeneous conservation law, which causes
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chemically nonequilibrium data. In the second step the nonlinear ODE describing
the reacting progress is solved. If the numerical time step is much greater than the
reacting time, the ODE solver essentially reduces to a projection operator, which
coincides with the Chapman-Jouguet model, where the rate of chemical reaction is
infinity.

The main difficulty lies in stiffness of the system. Numerical diffusion and smear-
ing is introduced in the first step. Based on this smeared result, the result of the
second step is sensitive to the choice of ignition temperature. On the other hand
ignition temperature might be applied as a control parameter to the numerical re-
sults. This problem has been studied in [2]. It was proved that if the approximate
solutions tended to piecewise constant weak detonation waves, then the ignition
temperature had to be less than a number u;, — ¢, which will be explained later
on in this paper. Therefore a necessary condition for generating weak detonation
waves was proved. As a result, if one hopes to get a piecewise constant strong
detonation wave, the assumed ignition temperature should be no less than it.

To overcome the difficulty of choosing the assumed ignition temperature, a ran-
dom projection method was developed by Bao and Jin [T]. The ignition temperature
was assumed to be a random number with uniform distribution in the projection
scheme. Strong detonation waves were obtained in one and two dimensional flows
with chemical reaction. Asymptotic stability of this scheme was proved for a scalar
equation with a stiff source term. Therefore the approach in [I] is effective for
computing strong detonation waves. Meanwhile some problems have arisen. Why
does a random number with uniform distribution yield strong detonation waves?
What would happen if the distribution is not uniform? As a particular case, what
are the results for different deterministic ignition temperatures?

We will answer part of these questions in this paper. We will give some suf-
ficient conditions and prove convergence rigorously. It will be proved that under
some assumptions the sequence of approximate solutions tends to a weak solution.
Moreover, it will be proved that if the ignition temperature is no less than u;. — g,
then the limit is a piecewise constant strong detonation wave solution. Therefore
this condition is not only necessary but also sufficient. We will also give a sufficient
condition for generating weak detonation waves, and prove it.

We remark that although the results in this paper, like the usual convergence
investigation, are on the limits of approximate solutions as the mesh sizes go to
zero, it does not mean we study high resolution schemes here. We have assumed
that the reacting time is zero, so the system is stiff for any positive mesh sizes, and
the results are on the behavior of numerical solutions to a system with a stiff source

term.
Let us state our problem. We consider the following Majda model for combustion
[12):
O(u+qz)  Of(u)

1 =0

S ot + Ox ’
0

(2) 5 = Koz,

where v is a “lumped variable”, representing density, velocity and temperature,
z € [0,1], representing the fraction of unburnt gas, ¢ > 0 is a constant, representing
the binding energy, K > 0 is a constant, representing the rate of chemical reaction,
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FIGURE 1.

f/>07 f”Za0>0a
1, u> U’ia
(b(u) - { 0, u<Uj,
and Uj; is a constant, representing the ignition temperature.
We assume the initial condition

(3) uli=o = uo(x),  zl=o = 20(2),
where naturally we assume that zg € [0,1] and zo(x) = 0 for a certain z if ug(z) >
U;.

Let K — +oo formally; then we get g—i <0, ¢(u)z = 0, and if u < U; then
g—i = 0. Therefore (@) is replaced by

[0, SUpg<,<; u(w,7) > Ui,
(4) Z(x,t) N { Zo(i[:), SUPogrgtu(va) <U;
and
0z
— < 0.
(5) ot — 0

A global existence theorem for the problem (), @), (E), (@) was proved in [14].
One special case for the above problem is the Riemann problem, where the initial
condition is

) ow, =<0, ] 0, =<0,
(6) ul=o = { Up, x>0, 2li=0 = { 1, x>0,

where u,, < U; < u; and u; > u, + q.
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The travelling wave solution for the Riemann problem is the following;:

] ow, x < st 0, x<st,
(7) u(x,t){ Uy, T > st, z(x,t){ 1, x> st,

where the constant s is the speed of the wave. By (), s should satisfy the Rankine-
Hugoniot condition,

(8) 5=
By the assumption of f there exists ucy > u, 4+ g such that

) _ Jlucy) = flur)
fllucy) = —F——.
ucy — (ur +q)
f'(ucy) is the minimum value of s, and the corresponding travelling wave for u; =
ucy, is called a “CJ detonation wave”. For a given s € (f'(ucy),00) there are
two values of u; corresponding to s. Let them be uf > ucy and ui < ucy, and
the corresponding travelling waves be called “strong detonation waves” and “weak
detonation waves” respectively (Figure[d). We will always assume that u; = u} in
(B) later on. () is a solution of the Riemann problem, but the solutions are not
unique. For example

f(ul) - f(ur)
up — (ur + (J) .

u(z,t) = U, S1t < T < Sot 1 2> syt

U, T < s1t, 0. z < sot
Aot ={ ¢ ’
Ur, T > Sat,

where upe > Uy, > uyr + ¢, Uy, > U;, and

) = fum)  f ) = S )

U — Uy, U — (ur +q)

It is a solution with two waves, where a weak detonation wave is followed by a
shock wave. The value of u,, is also not unique.

Since the solutions are not unique, different parameters in the numerical scheme
lead to different solutions. We are going to give some sufficient conditions and prove
that the approximate solutions of the difference scheme converge to some different
limits. We state our main results and assumptions as the follows.

We study a projection and upwind finite difference scheme, which will be given in
the next section. Let Az, At be the step sizes. The numerical ignition temperature
at time nAt is denoted by U*. Then we consider a series of approximate solutions
to the Riemann problem and assume that Az, At — 0. If U] is taken as a random
number, then we require that U € (U — ¢,U), where U € [u, + ¢q,w]. If U}
is fixed, which can be regarded as a special case of a random number, we denote
Uy =U=U" € (up,uy).

Theorem 1.1. If
At q

9) f(u) < ma

then there is a subsequence of the approximate solutions converging pointwise almost
everywhere for x € (—o0,00), t € (0,00). If (u, z) is the limit, then there is a curve
T :x=1(t) such that u is an entropy solution of the scalar conservation law

ou . Of (u)

ot ox

- max
Az wWE[wr,u;+24]

:O7
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forx #1(t), z=1 for x > I(t), and z = 0 for x < I(t). Moreover (u,z) is the weak
solution to (),

[0, Supg< <t u(@,7) > U,
(10) Z((E,t) - { 20(37)7 SUPg<,<¢ ’U,(J?,T) < U,

B) and @).

Theorem 1.2. Under the assumption of Theorem 11l if U; is fized, assume that
Ui € [ue —q,uf); if UT is random, assume that U € [up,u)), Then as Az, At — 0,
the approzimate solution converges to a unique strong detonation limit (). For the
random case the conclusions should be understood in the sense of probability 1.

Theorem 1.3. If U; is fixed and

(1) o (1), DL 20)) <y

ul Ul
then there is a constant u,, € (Ur,u — q) such that if U; € (ur,uy), there is a
subsequence of the approximate solutions converging pointwise almost everywhere
for x € (—00,00), t € (0,00). Let (u,z) be the limit; then there is a curve I : x =
I(t) such that u is an entropy solution of the scalar conservation law
ou  Of(u)

%J’ Ox =0

forx #1U(t), z =1 for x > I(t), and z = 0 for x < I(t). Moreover (u,z) is a
weak solution to M), ), @), @), and the discontinuity T' is a weak detonation
wave in the following sense: (a) The slope of characteristics for x > I(t) is less
than the slope of this discontinuity, and the downward characteristics for x < I(t)
neighboring this discontinuity intersect it. (b) The Rankine-Hugoniot condition for
weak detonation waves holds on T'.

We will prove the above theorems in the following sections. For Theorem
we will give the exact value of u,, and state the Rankine-Hugoniot condition pre-
cisely. Finally, we will compare our results with the results in [12], which is about
continuous travelling detonation waves.

2. DIFFERENCE SCHEME AND CONVERGENCE TO WEAK SOLUTIONS

We consider a fractional step method for the system of equations (), @), (@)
with initial conditions (B]) or (B]), where the convection and the chemical reaction
are split by a three-step procedure, and the solver of the convection part is an
upwind scheme.

Step 1.
uj —uy o f(uy) = fluj_y)
12 J J J J
(12) At + Az 0
Step 2.
0 a? > U
Y,L'H = ! J = to
(13) % { 2, @l < Up,
Step 3.
(14) u;”rl =aj — q(z;”r1 -z},
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where u} = u(jAz,nAt), 2 = z(jAr,nAt), and %} is an intermediate variable.
The scheme is conservative:
uttt — g u?) — f(u®
(15) TR P M ML AU S
At At Az

We will prove some estimates for the scheme applied to the Riemann problem,
and study the limit of approximate solutions as At — 0 and Az — 0.

Lemma 2.1. If (@) holds, then
(16) z; €0,1], uf € [up, up + 29|, Vi, n

Proof. Obviously 27 € [0,1], and u > u,.. (I8 is true for n = 0. Let us assume
that it is true for a certain n > 0. We notice that f’ > 0, and if % max f' < 1,
the scheme (I2) is monotone. The condition (@) is stronger. We make use of
the properties of monotone schemes (see [4]) to obtain @} < maxyuy < w + 2q.
For a given j, if u”‘|r1 = 47, then (I6) is verified for u"*'. If u?“ > 4}, then
2T = 0 and 2} = 1. Consequently z"_l = 1if n > 1. Then, by (I3), (I4),

j
u =al" U” l<U. Ifn=0, thenu = u, < U, too. Therefore by ([2)

At
@t < U+ — "(u) - 29 — uy).
<U+ Axue[qf?iﬁzq]f (u) - (w +2q — uy)

The condition (@) implies
u;”rl <U+2q<wu +2q,
and so (6) is verified for n + 1. O

Lemma 2.2. Under the condition (@) there is an integer ji for each n such that
2p =0, u} > U for j <ji, and 27 =1, uj <ul_y, u} <U for j > ji.

Proof. 1t is true for n = 0. We assume that it is true for a certain n > 0. Because

the scheme is monotone, 47 > U for j < ji; then u;”rl =u} > U and z”Jr1 =0. Let

”H be an index such that uy > U for all j < j"“ and ay < U for j = j"“ +1.

n+1

Thenj”+1>jo FOl"j_]() +1,- '~,jg+1,wehavez —1andz = 0; hence

J
u't = a7 +q > U. Again because the scheme is monotone, @7 < a7 ; for
J>jn+1+2 Since 4} < U fOYJ_JnH—Fl all u} < U f0r3>.7n+1+1- Thus

z;”rl =z} =1 and u;”rl =u; <Up <U. Finally we have u;”rl >U > u;ljrrll with

§ =70 so u"+1 is monotone decreasmg for all j > jo+. O

n+1

Lemma 2.3. u;™" >u} forj > jg.

Proof. Since f' > 0 and u} < ;, equation (I[2) implies @} > u?. Then by (1)
we have u;”rl > aj. O

If U; < uj« — q and is fixed, then we can improve our maximum norm estimate
in Lemma 2] and the CFL condition (@]).

Lemma 2.4. If U; < uj — q and ) holds, then U; +q < u} < uj for j < jg,
and uj < Uj for j > jg.
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Proof. For simplicity we denote jo = j'. We argue by induction. We assume that

fup)—f(w)

the conclusion is true for a certain n. The function is monotonically

uf —u—q
increasing with respect to u for u < uj — ¢; thus, by the CFL condition (II),
- ’LLZF — Uz —
aj g <ulog+ m(ﬂu%) = f(uj41))
u;‘ — Ui -

o ¥ Jy - g V) T I = 2

where we notice that U; < uj, — ¢ < uj —¢q. Then for ¢ € [u,, U],

U Ui ey s

o) =1— L _Zi— 1 “1*71
fluf) = f(U) f(up) — f(Us)
By the induction assumption we have u} ,; < U;; therefore

ay g < Puj q) < OU) <uf —q.

f(Ui) = 0.

The scheme (I2)) is monotone, so U; + ¢ < u?“ =4} < uy and Z]T»H_l =0 for
j < j8. Let jo™' > j# be an index such that ay > U; for ji < j < jott and
ay < U; for j = jg“ + 1; then u?“ = u} +q € [U; + ¢q,uj] and z]m'l = 0 for

Jjo<j< jg“. Ifj > jg“, then ua} < Uj, so u;”’l = uj < U;. Thus the induction

is complete. O
We have 0 = j8 < j& < - < g < jg“ < ---. Define a subsequence
39, G ja2 .. such that 5§ = jb = --- = jo* "t and ji* > o', and so on. We

connect points (j* Az, ngAt), (jo* ' Ax,ng1At) by line segments, k = 0,1, -,
then get a curve, denoted by x = la,(¢).

Lemma 2.5. Iy .(t) > 0, and la.(t) is bounded for all Ax on t € [0,T], where T
is an arbitrary positive number.

Proof. For each n, if j > n; then u = u, and 2} = 1, so j§ < n. By the CFL
condition, Ia.(t) is bounded. O

Let Az, At — 0, then there is a subsequence of Ia,(t) converging pointwise to

acurve I' : @ = [(¢t) with I'(t) > 0 and I € BV(0,7). However, we hope to get
uniform convergence. To this end we define new coordinates

/ s in ™
(x/) <cos4 s1n4)(x>
—¢in T s :
t sin 7 cos g t

Let the curve be ' = [a,(2') in the new coordinates. Since 0 < Iy, < +00, we

have ’%ZAI(W )| < 1, which gives uniform convergence. The limit is denoted by

I(z'). Let & > 0; then [(2’) = & defines an e-neighborhood of this curve, denoted by
N.. Let Q4 = {(z,t);x > 1(t)} and Q_ = {(z,t);x <(t)}.

We extend u}} and 2} by constants on (jAz, (j+1)Az]x (nAt, (n+1)At], denoted
by ua; and za,. On Qy\Ne, ua, is bounded in BV. There is a subsequence
converging in L', and the limit u is in BV. u is monotone. On Q_\N¢, ua, is
bounded in L. There is a subsequence of the above subsequence weakly converging
in L, p > 1. Letting ¢ — 0, we get a sequence of ua, converging for all €. Let
u be the limit. There is a family of Young measures {v,;} associated with the
sequence (see [0], for example). To see the strong convergence in _ \ N, it suffices
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to prove the Young measures are Dirac § functions. Consider an arbitrary ¢y > 0.
The theory of compensated compactness is applied to the difference scheme

ot f) - 1)
At Az

p— 0,
with initial data
070 = uj® for jAz < I(tg) — &,

0= up for jAz > I(tg) — €.

where ng = [ﬁ—(’t} and [] is the integer part of a number. This is the upwind finite

difference scheme for the conservation law

Ou , 9 (u)

ot ox

It is easy to see that v} = u} for all j < (I(to) — €)/Ax and n > ng, and v} also
converges weakly in LP. Following the argument in [7], we can prove that the Young
measures associated with v} are Dirac ¢ functions for all z and ¢, and so are the
Young measures associated with u} for j < (I(to) —€)/Ax and n > ng. Since [ is
monotone and ¢ is arbitrary, it is true for all (z,¢) € Q_ \ N., and ¢ is arbitrary.

=0.

Lemma 2.6. If there is a sequence of time steps with Ax, At — 0, then there is a
subsequence such that ua, converges pointwise almost everywhere tou ont € (0,T).
u s an entropy solution for x < Il(t) and x > I(t), and

u>U,z=0, for (z,t) € Q_,
u<Uz=1, for (z,t) € Q4.

Proof. The conclusion follows from the above argument and Lemma 2.2 O
We are now ready to prove Theorem [[T]

Proof of Theorem [L1l Let Q = {(z,t); —oco < < 00,0 <t < oo} and ¢ € CF°(Q).
By (&) we have

ntl _ on no_ o

j=—o00 n=0

Let Ax, At — 0 for a given € > 0; then we get the limit

[, {wr G+ 32} asi = ool

Here we have used the maximum norm estimate in Lemma 2] and the fact that
meas(supp ¢ [ Ne) = O(g). € is arbitrary, so

//{u+qz +f() }dmdt—o

which proves (u, z) is a weak solution to (). The other conclusions are obvious.
Thus the proof is completed. O

We have noticed that the solutions of this problem are not unique.
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3. CONVERGENCE TO STRONG DETONATION WAVES

We will make more assumption in addition to the CFL condition ([@); then we
will prove the weak solution obtained in the previous section is a piecewise constant
solution with a strong detonation wave. Let all assumptions of Theorem [[.2] be
satisfied in this section. To prove the theorem we need the following lemmas.

Lemma 3.1. u =u, on Q4.

Proof. First of all, let us prove that

(17) Upnin — U’IJIrlax 24q,
where u_; = ming yeq_ u(z,t) and ul,, = maxgyeq, u(z,t). If U is fixed,

then v < U; on Q4 and u > U; + q on Q_, so (7)) holds. If U is random, we set
Ut = Inf{v € (U —¢q,U); P(U" < v) > 0}. We construct a 2e-neighborhood Na..

If (x,t) & Naoc, we take t; < t such that

For a given ¢ > 0 when Az, At are sufﬁciently small, there is an ngAt € (t1,t) such
that U™ < g + 05 then uj® < wlb, + 4§ for all j on Q4 \N.. The scheme is

max max
monotone therefore u? < u;f,. + 0 holds for n > ng on Q\Ne. Since ua.(z,t) <
ub o + 0 for (z,t) € Q4 \Nae, we have u(z,t) < ul,. + 6. But § is arbitrary,

and ¢ is also arbitrary, so we have u(z,t) < wu}
u(z,t) > ut . +qon Q_. Therefore (IT7) holds.

Let (zo,to) € Q4. The downward characteristic line starting from (zo,to) is
denoted by C(zg,to), which is a function & = g(t; o, to) (see [6]). If g(t; zo,t0) >
I(t), Vt € (0,tp), then u is a constant on C(xg,tp) and u(zg,to) = u,. If there is
t1 € (0,t0) such that g(t1;x0,t0) = I(t1), and g(t; o, to) > I(t) for ¢ € (t1,t0), W
construct all C(I(7),7), 7 < t1. Let g(t) = max{l(t), g(t; xo,t0), g(t; (1), T), VT <
t1}; then g is continuous (Figure 2l). Also, ¢'(t) € [0, f'(U)], so g € VV1 oo,

on 4. On the other hand,

max

It
a()

FIGURE 2.
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Let v(t) = u(g(t) + 0,t). Because u € BV, the limit exists as ¢ — g(t) + 0.

Let S = {t € (0,t0);g(t) = l(¢t)}. The derivatives of | and g exist almost
everywhere. By the definition of g, the slope f/(v(¢)) of the characteristic line is
greater than or equal to the slope of the curve g(t). At a point ¢t € S, if both I’
and ¢’ exist, then I'(t) = ¢/(t) < f'(u},c). On the other hand, if z < I(t), then
the slope of C(z,t) is no less than f’(u_;,). Let 6 > 0 be small enough so that
% < flugy,) for 7 € [t —6,t]; then g(r;2,t) < (1) for all 7 € [t —4,t].
As x — I(t) — 0, g(7;2,t) is increasing and the limit lim,_,;;_o g(7;2,1) exists.
Now M = f'(u(z,t)). Since f” > 0, the limit of u(z,t) also exists as
x — () — 0.

Since u(g(t) + 0),t) = u(g(t) — 0,t) on characteristics, using the definition of
weak solutions we get the Rankine-Hugoniot condition

/Sg’(t)(u(g(t)JrO,t)+q—U(g(t)—07t))dt:/(f(u(g(t)JrO,t))—f(u(g(t)—O,t)))dt,

s
where the integral is zero for ¢t ¢ S. By the definition of S,

0<g'(t) < f'(ulg(t) +0,1)).
([@) implies that

flu(g(t) +0,t)) < f(ulg(t) —0,1)),
u(g(t) +0,t) +q < u(g(t) - 0,t).
Consequently
flu(g(t) = 0,1)) — f(u(g(t) +0,1))
>f'(u(g(t) +0,1))(u(g(t) — 0,t) —u(g(t) +0,t) — q)
>g'(t)(u(g(t) = 0,) —u(g(t) +0,t) — q).

Therefore meas S = 0.

We define a curve T'® : z = [(t) + . We have I'®* C Q4. From each point on it
we can construct C(z,t). Similar to ¢g(t) and v(t) we have ¢°(¢t) and v*(t). From
each point (g°(t),t) we can construct a characteristic line C(g°(¢),t) , which is on
the left of the curve z = ¢°(t). u = u(g°(t),t) on C(g°(t),t). By Lemma u is
monotone with respect to z, so u(g°(7),7) < u(g®(t),t) for 7 < ¢, which implies v°
is increasing monotonically. Let € — 0; then g°(t) — g(t), v°(t) — v(¢), so v is also
increasing monotonically. As a result v € BV, and % exists as a measure.

We prove by contradiction that v is a continuous function. If v is discontinuous
at a point ¢1 > 0, let w3 = limy_4, 1o v(t),ue = lim; 4, o v(t); then u; > us. Let
to > t1; then v(t) > wuy on (¢1,t2). For each t € (t1,t2), if z > ¢(¢) and = — g(?) is
small enough, then u(z,t) > v(t) — (u1 — u2) > ug. We consider the characteristic
C(z,t), £ = z+f'(u(x,t))(T—t), which doesn’t intersect the line segment {(z,t);t =
t,x > g(t1)}, as otherwise we would get u|c(y,s) = u(x,t) > ug, which contradicts
Lemma Z2. We define h(t) = sup{z > g(t);z + f'(u(x,t))(t1 —t) < g(t1)}; then
h(t) > g(t) for t > t;. On the other hand, we consider = € (g(t),h(t)) and the
characteristic C(z,t). The slope of C(z,t) is bounded by f'(U), so z — g(t1) <
f'(U)(t —t1). Besides, = + f'(u(z,t))(r —t) < h(r) for T € (t1,t), because it is also
the characteristic C(x + f/(u(z,t))(T —t),7); then by the definition of h, it cannot
be greater than h(7). Letting x — h(t), we get x + f'(u(x — 0,t))(1 —t) < h(r) for
x = h(t), which implies w < f/(U). Similarly we consider x > h(t) and get
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t
t,
2 gt
h(t)
l‘ ---------
0 X
FIGURE 3.

w > f'(ur). Therefore h(t) is continuous and lim;_¢, h(t) = g(t1) (Figure
B). By the definition of h(¢), we have u(h(t)—0,¢) > u; and u(h(t)+0,¢) < ug, so it
is a shock. h/(t) exists almost everywhere, and by the Rankine-Hugoniot condition

1oy fh(t) = 0,t)) = fuh(t) +0,1))
R(t) = .

u(h(t) = 0,t) —u(h(t) +0,t)

Given € > 0, let t > t; be small enough; then u(h(t) — 0,t) < u; +¢. Since we have
meas S = 0,

(19) a(t)= [ gOdt+at) = [ PO +at) > £t =)+ gltr).
Let e be small enough; then ([AR) yields A'(¢) < f/(u1), and @A) gives h(t) < g(t).

This is impossible, so v is continuous. Because v(t) is constant on characteristics
and meas S = 0, we have

v(t)z/otv'(T)dT+urZ/Sv/(T)dT+urEur.

Because u is a constant on C(zo, to), u(xo,t0) = u,. (x0,%0) is arbitrary, so u = u,
on ;. O

(18)

We consider 2_ next. We define

o) T = F)

V—Up —
for v > wuy,.

Lemma 3.2. If u € [us,v] on a neighborhood of T', v > uj, then I < f*(v).

Proof. We take a sequence e1,€9,- -, e — +0 as k — oo, such that u(l(-) — e, -)
converges weakly. Let @ be the limit. Since w is a weak solution on {(z,);1(t)—¢er <
x <1(t),to <t <ti}, where to,t; are arbitrary, we have

/{(ur + )l — fuy)}dt = /{u(x — e, ' — fu(z — eg,t)) }dt + I,
s s
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where S = {(=, ) x =1(t),t, <t <t1} and I is the integral on t =ty and ¢t = ¢;.
Since f*(u) < f*(v), we have

/U (u( — ex,8)) — Flur) — Ul — e, 1) — wr — )} dt
_%}f<>—zx(x—aho—uT—@dt

Let £ — oo. Then I — 0, and we get
[ )= - g0
s

(4 — u, — q) dt is a measure, denoted by dv, so

/(f*(v) ~V)dv > 0.

s

Since S is arbitrary, f*(v) — I’ > 0 almost everywhere. O
We define @ so that f'(a) = f*(u}); then ucy < 4 < uj.

Lemma 3.3. If u(z,t) > @, then C(z,t) intersects t =0 at x < 0, and g(1;2,t) <
I(T) for 7> 0. If u(x,t) < a, then C(x,t) intersects T

Proof. If u(z,t) > a, let u™) = u(x,t). If C(x,t) intersects T at t; > 0, then

/ﬁws>fwmxw¢nzf%wxw¢n

There is a point (x2,t2) in {(§,7);9(m;2,t) < & < I(7),t1 < 7 < t} such that

u(xz,tz) > uf. If not, let v = u; in Lemma B2 then by the conclusion I’ < f*(u}),
which is impossible. Let u(?) = u(zq,t2). Since characteristics cannot intersect each
other, C(xq,tq) intersects T', too. We repeat the argument and get u® ... such
that f*(u®+D) > f/(u®). {u®} is an increasing sequence, 5o limy_, o0 u® = u,.

If uso < 00, then
Ftuoe) < f* (o) = M,

Uso — Upr —
which is impossible. It follows that u., = 0o, which contradicts the maximum
norm estimate, Lemma [ZI]1 Therefore C(x,t) intersects ¢ = 0 at z < 0, and
g(t;x,t) <I(r) for 7 > 0.

If u(x,t) < @ and if C(x,t) does not intersect I', then it intersects ¢ = 0, and
u(x,t) = u;. This is also a contradiction. O

Since f' > 0, C(z0,to) intersects t = 0,z < 0 for all g < 0,%9 > 0, which implies
u(zo,to) = u;. Let s(t) = sup{x; u(x,t) = w} for all ¢; then s(0) = 0. If s(¢) < I(¢),
then by LemmaB3 u(z,t) < a < u; for all x € (s(t),1(t)). = = s(t) is a shock wave,
because u is discontinuous on it.

Lemma 3.4. s(t) = 1(t).

Proof. If not, there is a t; > 0 such that s(t1) < I(t1); then there is a ty < t; such
that s(t) < I(t) for t € (to,t1) and s(to) = l(to). By LemmaB.2!" < f*(u}) = f'(u),
so [ is continuous. For x = s(t) we have u(z — 0,t) = uj and u(zx + 0,t) € [u, 0);

hence
f(up) — f(uw)

s’ > -
U’l — Ux

= /'(a).
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Consequently
ty
I(t1) — s(t1) = / (I'(t) —s'(t)dt <0,
to
which leads to a contradiction. O

Obviously we have
Lemma 3.5. u=wu; on Q_.
We are now ready to prove our main result of this section.

Proof of Theorem [[L2 By the Rankine-Hugoniot condition, I’ = f*(u;). Therefore
the solution is given by ().

Moreover, by the uniqueness of the limit, the approximate solution ua., zaz
converges in L' to the exact solution u, z, given by (@), as Az — 0, At — 0. The
proof is thus completed. O

4. CONVERGENCE TO WEAK DETONATION WAVES

We assume that the numerical ignition temperature U; is fixed, the CFL condi-
tion holds, and U; < u;,« —q to obtain weak detonation waves in this section. In
fact the restriction on U; is even stronger. We define a constant f* which satisfies

f/(uzf) > > f(ul*) — f(uv") _ f(u?) - f(uv") _ f(u?) - f(ul*)

g w g u
and we show that the constant u,, in Theorem [3is ., + _quIJ(::T)v which is less than
Uix — (.

Lemma 4.1. If
At for Rt > 1
(20 wr <Us Swptaf () 37 0 A D
7 T A T Ar <2
then
(21) ha(t) > f*.

Proof. By the difference scheme and Lemma [Z7]

~ At , At ,

u?0+1 2 u?0+1 + Ef (Uv")(U;LO - U;L0+1) = u?0+1 + Ef (ur)g.
If af 4 < U, then u;-lot_ll =uj yq. Let n1 be a given integer; then we have z;;l =0
and z;-;l“ = 1. If 27 | keeps invariant up to ny + N, then

At
ni+N—1
U; > u;Lolrl > U;L01+1 + NA_xf/(ur)q

At
> T N_l )4
2 Uy + N f'(ur)g

S0 ( A
U; — u,) Az
N < At f'(ur)q .
Let ( )A
U, — u,.)Ax ]
M= { At (ur)g ]“’
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then @571 > UL If

A
U; < ur+qf/(ur) (% - A_;) )

then N7 < ﬁ}”*, or N?Zt > f*. follows.

Another possibility is U; < u, + qf’(ur)%; then @} | > U;. If we take Ny =1,
then by the CFL condition (IIl), % > f*. (ZI)) also holds.
Because
) 1 At At 1
i (F s E) = 535
we get (20). O

Lemma 4.2. I'(t) > f*.

Proof. Since Iy, is bounded, there is a subsequence such that

Ing = U(LP,p € (1,00)),
sol'(t) > f*. O
Lemma 4.3. C(z,t) intersects t = 0,2 > 0, and u = u, in Q.

Proof. Because u(z,t) < U; in Q4, and f/(U;) < f'(ws) < f* < U(t), it follows
that f/(u) <. O

We turn now to consider _. Let g(t) = inf{z; C(x,t) intersects I'} for all
t>0.

Lemma 4.4. ¢(t) <I(t) for allt >0, and ¢g(0) =1(0) = 0.

Proof. If g(tg) < I(tg) for one to > 0, then g(t) < I(t) for all ¢ > ty, because
otherwise there is t; > to be such that g(t1) = I(t1) and g(t) < I(¢) for t € [to,t1).
Let t{, < to such that g(tj) = I(ty) and g(¢) < I(t) for t € (¢(,t0). Since u is a weak
solution on {(z,t); g(t) < x <I(t),t; <t < t1}, we have

[ {uta(0 = 0.000(0) ~ fulalt) 0.0}
-/ (@) +0,8) + @' () — F(ul(t) +0,8))} .
Since ftzl U'dt = tzl g’ dt, we have

flu) = flur) 1 /tlp(t)dt.

U — Uy — q ti —tg )

By Lemma 2] the right hand side is greater than or equal to f*, which leads to a
contradiction.

For any € > 0 there exists ¢ € (0,¢) such that g(t) < I(t). Indeed, otherwise
g(t) = 1(¢t) for t € (0,¢e); then u = u; for x < [(¢), and by the Rankine-Hugoniot
condition I’ = f*(u;), which also contradicts Lemma E.2} O
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Lemmas and 4] tell us the wave is “supersonic” in front of and behind the
discontinuity.

We still don’t know if u(I(t) — 0,t) exists, so we cannot get a pointwise Rankine-
Hugoniot condition on I'. However, we can get a weaker statement.

Define w(t) so that

fw(®) = f(ur)
w(t) —ur —gq
and define H(u,t) = ul’'(t) — f(u).

Lemma 4.5. If ¢ — 40, then H(u(l(-) —¢€,-),-) converges weak-x to H(w(-),-) in
L.

(22) =1'(t), andw(t) € (ur + q,u),

Proof. Let Q = {(x,t);1(t) —e < x < I(t),to <t < t1}. Since u is a weak solution
on €2,

t?wwﬂ—aﬂ—ur—@r@dt

- t%ﬂuww—ein—fmghn+k,

where I, is the integral on t = ¢; and ¢t = ¢y. That is,
t1

{H(u(i(t) —e,t),t) — H(w(t),t)} dt = ..

to
Let ¢ — 0. Then
t1 t1
/‘mmmy@mﬂﬁa/_mmmﬂﬁ
t t

0 0

Since t1, to are arbitrary, convergence follows. O

Proof of Theorem [ The condition (20) is weaker then U; € (uy,uy], so in fact
we have proved the assertions under a slightly weaker condition. The Rankine-
Hugoniot condition is in the sense of (22). O

We remark that weak detonation waves are not unique, so I' may be a curve,
and we don’t know if limaz—.0,A¢t—0 Ua, exists. In addition we make more remarks.

Remark 4.1. The condition (20) implies U; < uj. — q.
Proof. The condition ([20)) implies

) qfl(ur)
Vst
Let
Ix — Up
then
R
e 7

) () < FF* () < O () + f' (),
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which gives

Remark 4.2. Let ug satisty f'(up) = f*. Then H is monotone for u < ug.

Proof. We have %—Zl(u,t) =1(t)=f(u). If u < ug, then f'(u) < f'(up) = f* <V (t),
SO %—IJ > 0. g

From this remark we know that w — H(w,t) is one-to-one, but we cannot prove
that u < up near I', so we don’t know if w — H (u,t) is one-to-one near I'. Because
of this difficulty, we cannot get the limit of u from Lemma

In [T2] some sufficient conditions are given to get strong and weak travelling
detonation waves of the equation

O(u+ qz) n Of(u) 0%u

ot or oz

and (Z). Finally, let us compare the result in [I2] and our results. First of all, we
recall the results in [12] using our notation.
Given v} and ug., let

)~ F(u)
uf —ue
Define ¢ by
flu) — f(Us)

23 — = S

( ) U — U'L' —q
Then there is ¢ such that if ¢ = ¢©*, there is a weak detonation travelling wave,
and if ¢ > ¢©%, there is a strong detonation travelling wave. ¢“% can be estimated
as follows:

Ko(ue — Uy) cr o, Kolun —U;) | 2(Ko(ui — Uy)g)?

< < ,
20 q q+ +

24 i
(24) q+ = .

where Ky = 0K.
In our case 8 ~ f'Ax, K = Ait, so Ky = 0K =~ ’ﬁ—f. Let U; = u;. — q; then
¢ =q¢“". By (Z3)
s(¢7F = §) = fluw) — f(ue — "),

and hence
R 1 ) /qCR
0O = G+ () — flue — 7)) = g+ L
(25) s — U) S
up — U
_ A_'_ l i )
By the CFL condition 2—’5 =cgs, ¢ > 1,80 f' = Koﬁ—i = % By ([25) we get
Ko(upe — U;
qCR ~ qA+ 0( l 7/).

cos?

This estimate is about the same as the main part of (24).
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