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CONVERGENCE OF NONCONFORMING V-CYCLE
AND F-CYCLE MULTIGRID ALGORITHMS
FOR SECOND ORDER ELLIPTIC
BOUNDARY VALUE PROBLEMS

SUSANNE C. BRENNER

ABSTRACT. The convergence of V-cycle and F-cycle multigrid algorithms with
a sufficiently large number of smoothing steps is established for nonconforming
finite element methods for second order elliptic boundary value problems.

1. INTRODUCTION

Let Q C R? be a bounded polygonal domain. Consider the variational problem
of finding u € H}(Q) such that
(1.1) a(u,v) = F(v) Vv e Hy(Q),
where F' € H~1(Q) and

2
ov Ow
(1.2) a(v,w) = /Q L;l aij(a:)a—xia—xj + r(x)vw} dx .
We assume that a;;,r € CL(), a12 = az1, r > 0 on Q, and
2
(1.3) Y ai(@)&& > e+ &) Vo e, &,&ER,
ij=1

where ¢ is a positive constant. Under these conditions the bilinear form a(-,-) on
H}(2) x H3 () is bounded and coercive, and (1)) has a unique solution.

It is well known (cf. §5.C and §14.A of [32]) that there exists a € (4, 1] such
that the solution u of (II) belongs to HT*(Q) N H}(Q) whenever F € H~1T((Q)
and

(1.4) [ull i+a(e) < CollFllg-1+a(0) -

Approximate solutions of the variational problem (IIl) can be obtained by the
finite element method (cf. [30, 25]). The resulting symmetric positive definite
systems are sparse and can be solved efficiently by multigrid algorithms (cf. [36],
[39), [7], [16], [49]). For the symmetric V-cycle algorithm with equal numbers of pre-
smoothing and post-smoothing steps, the classical result by Braess and Hackbusch
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(cf. [38], [B], [B], [39], [9]) states that, in the case where o = 1 (i.e., when  is
convex),

Y < form=1,2,...,

C+m
where v is the contraction number of the k-th level V-cycle algorithm in the norm

(1.5) I lla = Va(-),

m is the number of pre-smoothing and post-smoothing steps, and C' (with or with-
out subscripts) henceforth denotes a generic positive constant which is independent
of k and m.

The case where % < a < 1 (i.e., when € has re-entrant corners) is more subtle. It
was not until the early nineties, after a multiplicative theory for multilevel methods
(cf. [13, I2]) had been developed, that the following result was established (cf.
(57, 153, 10, K6 (1] 34) 41]):

where 6 € (0,1) is independent of k. The asymptotic behavior of ~, with respect
to m was studied in [22] by an additive convergence theory. It was shown that, for
the P; finite element and with the Richardson relaxation scheme as smoother,

C
(1.7) Y < oy for m > my,

where the positive integer my is independent of k. It then follows easily from (L.6)
and (7)) that

ykgm form=1,2,....
In other words, a complete generalization of the result of Braess and Hackbusch to
the case of less than full elliptic regularity has been obtained. The results in [22]
were generalized to include other smoothers in [23].

In this paper we extend the theory in [22] to nonconforming finite elements and
establish the same estimate (7). Since the V-cycle algorithm for nonconforming
finite elements in general does not converge uniformly for m = 1, the estimate (1)
is the best possible general estimate for such methods. As a by-product we also
obtain similar estimates for nonconforming F-cycle algorithms (cf. [17], [40], [51],
[49]). As far as we know, this is the first convergence result for nonconforming
F-cycle algorithms, even though it has been known for some time (cf. [50]) that
these algorithms perform very well in practice. The theory developed in this paper
can also be applied to fourth order problems (cf. [58]).

We also note in passing that most of the general convergence results for non-
conforming multigrid algorithms were obtained for the W-cycle algorithm and the
variable V-cycle preconditioner (cf. [I8], [14], [21] and the references therein, and
also [44], [47] for the cascadic multigrid algorithm). The only existent nonconform-
ing V-cycle convergence results involve either special elements (cf. [54], [45], [46]),
conforming finite element spaces on coarse grids (cf. [52], [55]), or the suboptimal
Galerkin approach (cf. [29]).

The rest of the paper is organized as follows. In Section [Z] we set up V-cycle
and F-cycle algorithms for nonconforming finite elements in an abstract setting.
The assumptions for the convergence theory are stated in Section Bl We then prove
a strengthened Cauchy-Schwarz inequality in Section @l The estimate () for
V-cycle and F-cycle algorithms is established in Section [ In Section [6l we show
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that the assumptions in Section[3 can be verified within an abstract framework for
nonconforming multigrid methods. Applications to concrete nonconforming finite
elements are then given in Section [7.

For future reference we state here two simple inequalities:

(1.8a) 2ab < (0a)* + (671b)? Ya,beR, 6 € (0,1),
(1.8b) (a+0)*<(1+6Ha*>+(1+6072)*  Va,beR, 0c(0,1).

2. NONCONFORMING V-CYCLE AND F-CYCLE MULTIGRID ALGORITHMS

Let 7; be a triangulation of 2 and let the triangulations 7y, for k = 2,3, ...,
be obtained by successive regular subdivisions. The mesh size hy of 7 therefore
satisfies the relation

(21) hk :2hk+1 for k = 1,2,... .
The discontinuous energy space H'(7;) associated with 7;, is defined by
(2.2) HYTi) ={ve Ly(Q): v|, e H(T) VT €T}.

We define the nonconforming variational form ay(-,-) on H*(7;) by

(2.3) ar(v,w) = Z /T [22_: aij(m)ﬁa—w + r(x)vw} dx Yo,we HY(Ty),

TeT, afEi &vj
and the corresponding nonconforming energy (semi-)norm || - ||, by
(2.4) lvllar = Vak(v,v) Vove HY(T).
Note that H'(7;) € H*(T3) C --- and
(2.5) [lawy = l[vla, Vv € H (Tiza).

Moreover, it follows from the boundedness and coercivity of a(-, -) and the Poincaré
inequality that

(2.6) Il = lIclla 2 ISl @) = Il @) V¢ € Hy ().

Let Vi C H'(7:) be a nonconforming finite element space associated with 7y,
such that ay(+,-) is positive definite on V, and let (-, ) be a discrete inner product
on Vj,. We can then represent a(-,) by the operator Ay : Vi, — V. defined by

(2.7) (Agvr, v2)k = ak(v1,v2) Yoi,ve € Vi .

Note that Ay is symmetric positive definite with respect to (-, ) and the following
relation holds:

(2.8) ar(Ajv1,v2) = ag(v1, Ajv2) Vo, ve € Vi,s €R.

2.1. V-cycle and F-cycle multigrid algorithms. The k-th level multigrid V-
cycle and F-cycle algorithms are multilevel iterative methods for the equation
(2.9) Apz=g.

We assume that the finite element space Vj_1 is connected to Vj, by the (linear)
intergrid transfer operator I{C“fl : Vi1 — Vi, and denote its transpose with

respect to the discrete inner products by I,f_l Ve — Vg, e,

(2.10) (I,’j_lv,w)k_l = (’U,I}j_l’w)k Vve Vi, weVi_1.
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The operator P,f*l : Vi, — Vj_1 is the transpose of I,’j_l with respect to the
nonconforming variational forms, i.e.,

(2.11) ap—1(PF v, w) = ag(v, IF_w) Voe Vi, we Vi_q.
These operators satisfy the well-known relation
(2.12) IF Ay = Ay PEL

Finally we take Ay to be a number dominating the spectral radius p(Ay) of Ag.
Algorithm 2.1 (The V-cycle algorithm).

The k-th level symmetric V-cycle algorithm produces MGy (k, g, z0,m) as an
approximate solution for (2:9) with initial guess zg, where m denotes the number
of pre-smoothing and post-smoothing steps.

For k = 1 we define

MGy(1,g,2,m) = AT'g.

For k > 2 the approximate solution MGy (k, g, z0, m) is computed recursively in
three steps:
Pre-smoothing. For j =1,...,m, compute z; by

2 = zj-1+ A (g — Arzjoa) -
Coarse grid correction. Let rp_q = If_l(g — Agzpy) and compute zp,41 by
Zm4l = Zm + I,fflMGv(k —1,r,_1,0,m).
Post-smoothing. For j =m+2,...,2m 4+ 1, compute z; by
zj = zj—1 + A (g = Arzioa).-
We then define MGy (k, g, 20, m) = zam41-
Algorithm 2.2. (The F-cycle algorithm)

The k-th level F-cycle algorithm (associated with the symmetric V-cycle algo-
rithm) produces MG (k, g, 29, m) as an approximate solution for ([2.9).
For k =1, we define
MG]:(17 g, 20, m) = Aflg .
For k > 2, we define MG £(k, g, z0, m) recursively in three steps:
Pre-smoothing. For j =1,...,m, compute z; by
2§ = Zj—1 + A,;l(g - Aijfl) .
Coarse grid correction. Let rp_q = I,f_l(g — Agzpy) and compute zp,41 by
Zer% = MG]:(]f - 1,rk,1,0,m) y
Zm4l = Zm + I,f_lMGv(k —1,7r1, zm+%,m) .
Post-smoothing. For j =m+1,...,2m + 1, compute z; by
Zj = Zj—1+ A;l(g — Aij_l) .
We then define MG £(k, g, z0,m) = zam+1.

Remark 2.3. We use the Richardson relaxation scheme as the smoother for simplic-
ity. The theory in this paper can be applied to other smoothers if the definition of
the mesh-dependent norms in Section Bl is modified appropriately (cf. [23]).
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2.2. Error representations. Let E; ,, : Vi — V}, be the operator relating the
initial error and the final error of the multigrid V-cycle algorithm applied to the

equation (Z9), i.e.,
Eim(z — 20) = 2 — MGy(k, g,20,m) .

The operator Ej, ,,, can be described in terms of the operators Ij_l and ijfl
(2 < j < k) and the operators R; : V; — V; defined by

(2.13) Rj =1Id; — A;'A;,
where Id; : V; — V} is the identity operator. Clearly we have
(2.14) a;(Rjv,w) = a;(v, Rjw) Yo,we V.

The following relations (cf. [36], [7]) are well known:
(2.15) Evm = Ry [(Idy — IF_ P + IF_\Exoy o P RY for k> 2,
(2.16) Eim=0.
Using (2:15)) and (2I6), we obtain an additive expression for Ey, ,,:

Epm = Ry [(Idy, — If_ PF™Y) + If By P R
= Ry"(Idy, — I} Py MR

(2.17) + R E R | (T — 3 PEY)

+ 13 Ba P | B PERY

k
=Y TejmB'(Id; = Iy P] )R T

j=2
where

(2.18) Thepeom = Idy |

and for j <k, Tjpm: Vi — Vj and Ty jm : V; — Vi are defined by

(2.19) Tjkm =PI Ry - YRy

(2.20) Thjom = RISy R I

Note that for 1 < j < k < £ the following relations are valid:

(2.21) Tomm = TinmTeom and Tojm = TrgmThjm -
Also 2I1I) and (2I4) imply

(2.22) a; (T k,mv, w) = ag (v, Tg j.mw) Voe Vi, weV;.

Let fE;@m : Vi — V% be the operator relating the initial error and the final error
of the F-cycle algorithm applied to the equation (2:9)), i.e.,

Ek,m(z —z20) =z — MGgz(k,g,29,m).
The following relations (cf. [49]) are also well known:
(2.23)  Ei,, =0,
(224)  Epm = RP[(Ide — IF_ PFY) + I B mBem s i PEY R, k> 2.



1046 SUSANNE C. BRENNER

3. ASSUMPTIONS

In this section we state the assumptions for the convergence theory and derive
some of their immediate consequences.
First we introduce a scale of mesh-dependent norms (cf. [4]) on each Vj:

(3.1) olls,x = £/ (Afv, )k VseR,veV;.

It is clear from (Z4), (Z7)) and BI) that

(3.2) oo = /(0,0 Yo e Vi,
(3.3) lolik = Var(o,0) = ol Vo€ Vi,
(3.4) BAzvhek = Folleras.s VoeVi, steR.

Moreover the Cauchy-Schwarz inequality implies

ax (v, w)

(3.5) lvlli4e,x = sup VteR, veV;.

wevi\{0} llwlli—t.x

To avoid the proliferation of constants we henceforth use the notation A < B
to represent the inequality A < (constant) X B, where the constant is independent
of both the mesh (i.e., independent of the mesh size and the mesh level) and the
number of smoothing steps. The statement A =~ B is equivalent to A < B and
B < A.

Assumptions on Vi. We assume that

(3.6) (0,0 = 0] 7,0) Vo e Vg,
3.7) lv]la S h;;1||v||L2(Q) YveV,.

Assumptions on I,’j_l and P,ffl, We assume that I,’j_l and P,ffl have the following
properties:

(3.8) 71 oll? e < (L4 0 oll? oy + C107 2R3 017 10 i
Vo e Vi_1, 8€(0,1),
(3.9) 1103 as < (U400l g k-1 + Co02RE [0l 1

Voe Vi1, 0¢€ (0,1),
(3.10) NP ol g kmr < A+ 00l k + C3072RE 0l &
YoeV;, 6€(0,1),

where « is the index of elliptic regularity in () and the positive constants Cy, Co
and C5 are mesh-independent.

Remark 3.1. The estimates in [22] corresponding to (B9) and (3.I0) involve an
index 8 € (0, %) instead of a. Using the tools developed in Section [l of this paper,
one can also replace 8 by « in [22].
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Assumptions on I,’j_lP,ffl and P,ffll 1?—1' We assume the nonconforming finite
element spaces have the following approximation properties:

(3.11) I(Ide — I P Yolican S B Tolisas Vo€ Vi,
(312)  N(Idioy — B IE ) olh—auos S Wgllolhams Vo€ Vit

We now derive some simple consequences of the assumptions above.
First we note that (3.6 and (3.17) imply

(3.13) p(Ar) S hy”.

It follows easily (cf. [E], [86]) from 213}, (31]) and BI3) that

(3.14) lolls.i < R *llvlles VoeVe, 0<t<s<2,

(3.15) IRxvlls.e < llolls VoeVi, seR,

(3.16) IRZv]sn S AL *mE 2]l Yo eVe, 0<t<s<2, m>1.

The estimate (3) and (BI2) imply through ZTIT), (BH) and (3Id) three addi-

tional estimates:

(3.17) 1E_sole S Iolhies Vo e Vi,
(3.18) 15 ol e S Bolli Vo e Vi,
(819)  N(Ider - BEIE Yolliir S Mol Yo € Vies.

Again, to avoid the proliferation of constants, we henceforth say that an estimate
holds for m sufficiently large if it is valid for m > m,, where the positive integer
m, is mesh-independent.

Lemma 3.2. Given any number w € (0,1), the following estimates hold for m
sufficiently large :

(3.20) Iy Ry vl < (1 + w)loll e Voe Vi,
(3.21) 1P~ R olli-a-1 < (1 + w)lvlli-ax VoeVg,
(3.22) IR Iy vlivar < A+ w)llvlhivar-1 Vv € Vior.

Proof. From [21)), (3.8), (315) and (B16) we have
175 B2y ollE e < (1 W) IR 1ol oy + Cro B IRE 10l 4 i
< (4@l ey + Cro™?m ™ ol s

where the positive constant Cf is independent of the mesh and the number of
smoothing steps. The estimate (B.20) then follows if
S Clw™3
p— 2 .

Similarly we obtain (B21]) using (B10), (B1H) and (BI6). The estimate (B22)
then follows from (217)), (14), (BH) and B21). O

[e3%



1048 SUSANNE C. BRENNER

4. A STRENGTHENED CAUCHY-SCHWARZ INEQUALITY

In this section we derive a strengthened Cauchy-Schwarz inequality which takes
into account the effect of smoothing. We begin by estimating the bounds of the
operator T r ,m» with respect to various mesh-dependent norms. For brevity we will
sometimes suppress the parameter m and write 7} ; instead of T i m.

From (2.18)-(2:20), and we immediately have the following lemma.

Lemma 4.1. Let j < k. Given any w € (0,1), the following estimates hold for m
sufficiently large :

(4.1) 1T emvhizay < 1+ @) oliar VYo e Vi,
(4.2) 1T jonvlisas < 1+ @) hollia,;  Yoe V.

The next three lemmas and one corollary are preparatory for the crucial estimate
involving T km Tk, i,m for k < K.

Lemma 4.2. Let k < K. Then the estimate
(4.3) 1Tk kmvlli g S ok YveVe
holds for m sufficiently large.

Proof. Let v € Vi, be arbitrary. Given any w € (0, 1), we have, from (Zal), (ZIT),
Z13), 220), B1), 33), BI5), 319), [E2) and the Cauchy-Schwarz inequality,

that
|||TKJ€U|"%,K = ag (Tkkv, Tk k)
=ag (RRIE_\Tr—15v, RETE Tk —1,kv)
<ag (I§_1TK71,kv, I§_1TK71,W)
=aK-1 (P{f‘llﬁ_lTK_l,kv, Tk—1,kv)
(4.4) =aK-1 (TK—l,k'U, TK—l,kU)
+ag 1 ([P g = Tdg 1]Tk 1,40, Tk —1,50)
<NTx 100l -1
(P M gy — Tdg )T 10l w1 1Tk -1 k0l 51
< (L + 0T 1100F k-1 + CobxPRNT k1,100 40501
< (L4 O3 Tx—140lF -1 + G0 (1 +w)* TR o]0

for all v € Vi, provided m is sufficiently large. Note that 0x € (0,1) is arbitrary,
and the positive constant Cy is independent of the mesh, the number of smoothing
steps and the parameters w and 6.

Iterating ({4l), we find

(4.5) |||TK,kv|||iKs[ I <1+03>}|||vmik

k+1<g<K
cal ¥ I1 a+e)sas e ne ol
k+1<p<K “p+1<q<K

where 611, ...,0k are arbitrary numbers in (0, 1).
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Note that h, = 2¥=Ph, by (ZI). We now choose

4 a/2
== -1
= (3)
so that

(4.6) (1+w) 2P P20 = [(1 4 w)24~]P " pde = 3-el-Rp2e

and then we take

2 a(q—k)/2

(4.7) 9q2<§) fork+1<¢g<K.
Combining (£H)—(HE1), we have
(4.8) 17w kollE & < prllollE s + Caprpahi® [0l o »
where

o 9 a-j 0 1 g

pl:j[[l 1—|—<§> < oo and p2:;<§> < 0.

The estimate ([£3) follows from ([B14) and (&3). O

Lemma [£2] ([Z22) and ([33) immediately imply the following corollary.
Corollary 4.3. Let k < K. Then the estimate
(4.9) 1Tk, & mvllie S lvllix Voe Vi
holds for m sufficiently large.
Lemma 4.4. Let k < K. Then the estimate
(4.10) ITx g molh ok S l0lhi-ak Vv eVi

holds for m sufficiently large.

Proof. Let v € Vj, be arbitrary. It follows from (2.18)), (2:20), (3.9), B-I5) and #.3)

that, for m sufficiently large,
1Tk k0l —a i = IRRIK 1 Tr—100l o i
< K Tr-100l—a. i
(4.11) < (L4 O Tr 1,003 -0 i1 + CoO 7RI N Tre— 1,000 11
< (L4 O T 1,000 —a 1 + CHORZRE 0 IT 1

for any Ok € (0,1), where the positive constant C; is independent of the mesh, the
number of smoothing steps and the parameter k. Iterating ({I1]), we find

@12) ol e s | T[T @+ 6|10l
k+1<g¢<K
cal ¥ (I ave)en]i.,
k+1<p<K *p+1<g<K
where 6y11,...,0k are arbitrary numbers in (0, 1).
As in the proof of Lemma (2] by choosing

1 a(q—k)/2
(4.13) Gq:<§) fork+1<¢<K,
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we can deduce from (1)) and (£I2) that
(4.14) 1Tk IR o ke S M0lT i + B 0NE
The estimate ({I0) now follows from [BI4) and EI4). O
Lemma 4.5. Let k < K. Then the estimate
(4.15) 1T 1m0l o S W0lT o i + B N0NT - Vo€ Vi
holds for m sufficiently large.
Proof. Let v € Vg be arbitrary. From (2.19)), (3.10), (315) and ({39) we have, for

m sufficiently large,
1Tk, k0l = 1P R Tern w0l o
(4.16) < (L O DT k017 o er + O30 2 RS N T, kvl g
< (L O DTkl o 1 + G52 ARGVl i

where 011 € (0,1) is arbitrary and the positive constant C, is independent of the
mesh, the number of smoothing steps and the parameter 0.
Iterating (1), we find

(4.17) 1T ol < [ T o+ eﬁ)} Tl x
k+1<q<K

cal ¥ (I a+e)e| .

k+1<p<K *k+1<g<p—1

Choosing 6, by formula (EI3)), we deduce (@I3) from (ZI) and (IT) as in the
proof of Lemma E.2. O

We can now establish a crucial estimate.
Lemma 4.6. Let k < K. Then the estimate
(4.18) 1Tk, &.mTrc kmolli-ak S W0llhi-ar Vo E VR
holds for m sufficiently large.
Proof. Tt follows from (B.14)), Lemma Lemma[44] and Lemma[4F that

I Tk, r¢.m T b, m 0l e S W Tk 0l —a i + RN TR om0 lI3 5
S Ioli—a + B 0lE e S ol

provided m is sufficiently large. O

The following proposition is the main result of this section.

Proposition 4.7 (Strengthened Cauchy-Schwarz inequality with smoothing). Let
1<j<k<K. Given any w € (0,1), the estimate

(4.19) aK (TK,j,mR?'Uja TK,k,mRZUk)

k—j
o (14w _ _
<4 < 5a > (75 “Ivjlhi—a) (b *lvelli-a.)

holds for all v; € V; and vy € Vi, provided m is sufficiently large.
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Proof. Given any w € (0,1), from 210, (Z2I), 222), B3), BI3), (3I14), )

and Lemma E.0, we obtain

ax (T Bjvj, Tre ke Rivw) = a; (Rjvj, Ty T, T 1 Rijv)

< 1R vjllh+ a1 T50 Tk T o Ry vkl 1—a s

f2a )
S “L—lvjlh-a; (1 + )" orlhi-a,

(1 + w)k_j i\, _
=——— (=) (5 %lvjlli-a;) (he “Norlli-ar)

q hj
k—j

o (1+w _ _

— () 0 M) (o).
provided m is sufficiently large. O

Corollary 4.8. Let vi € Vi, for 1 < k < K. Then the estimate

K K K
(4200 anc (Y TickmBves Y T Bve) € a7 Y A foul ok
k=1 k=1 k=1

holds for m sufficiently large.

Proof. Tt follows from Proposition 7 that, given any w € (0,1),
K K K
(4.21) aK(ZTKJgRZUk, ZTKJgRZ’Uk) = Z ax (TK7jR?’l}j,TK7kRZUk)
k=1 k=1 j ko=

J,k=1

K |k—jl
_ 1+ —a —a
S (550) g ohieas) 0 Tondh-a)

jk=1

for m sufficiently large. We now choose w so that (1 + w)27* < 1. The estimate
(E20) then follows from (21)) and a discrete Young’s inequality (cf. [37]). O

5. CONVERGENCE OF V-CYCLE AND F-CYCLE ALGORITHMS

In this section we establish the asymptotic behavior of the contraction numbers
of Ex,m and Eg ., (K > 2) with respect to m.

The analysis in [22] for conforming V-cycle multigrid methods uses the fact that
(5.1) (Idy, — If_ PF~ "2 = Idy, — I}, P}™!

in the case Vy—1 C Vi € H*(Q). Since (5I)) does not hold for nonconforming finite
element spaces, we need to consider first the contraction property of an auxiliary
operator &k, : Vi — Vi defined by

K
(5.2) Exm = 3 Tic o [RI(Tdi — I PE )by 2 AL
k=2
x (Idy — IF_ PE YR T ke -
Lemma 5.1. The estimate

(5-3) I € mollie S m™vllhe VoeVi

holds for m sufficiently large.
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Proof. Let v € Vi be arbitrary and
(5.4) vp = (Idy, — I PF D h 2@ AL (Idy — I PE YR T reomv -
We have, by ([52)), (54) and Corollary A8

K K
(5.5) ax (Ex,m?, Ek,mV) = ak ( Z Tk o,m RE Uk Z TK,k,mkaUk)
=2 =2

K
SmTY b ol o
k=2
for m sufficiently large. Moreover, (34]), (BI1) and (B4) imply
(5.6) loklh—an S I1A4F* (Tdk = Iy P RE Tl 140,

= | A, P (Idy, — IF_ PF YR T el

Let wy = (Idy — IF | PF 1R Ty, i mo. Tt follows from &), @11), €14), @22),
B) and (52) that
K

S b2 AL (dg — I PE ) RE T s mol?
k=2

hy 2 ay, (A, Pwg, AL (Idy, — IF_, PEY R Ty k)

I
M=

(5.7)

=~
I|

2

I
] >

ar (T jo,m Ry (Idi, — Iy PE 10y 2 Ay “wie, v)
k
- aK((’)@K,mvv ’U) .
Combining (33), (&3)-(E1), and the Cauchy-Schwarz inequality, we find
I6kmoll} x = ax (Ex.mv, Exmv) S M~ ax (Exmv,v) < m™ N Eemvllx vl
and (5:3) follows. O

Il
N

We can now prove the convergence of the symmetric V-cycle algorithm.

Theorem 5.2 (Convergence of the symmetric V-cycle algorithm). There exist
positive mesh-independent constants C' and m, such that

C
(5.8) Exmvllig < —Slvlie VveVie, K21, m2m..
Proof. The case where K =1 is trivial. Let v € Vi (K > 2) be arbitrary and
(5.9) vp = (Idy, — I PF )R Ty kemv -
Then (ZTI7), (53) and Corollary L8 imply that

K K
(5.10) ax (Exmv, Ex mv) = ax ( > TrkmBive, Y TK,k,mRZLUk)
k=2 k=2

K
- -2
Smm Y RNkl o
k=2

for m sufficiently large.
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From (B4) and (59) we have
(5.11) lorlh—ar = 1AL 2 (Idi — If_ PEYRE Tk e mv 1k

Combining (B3), (517), (EI0)-(ETIT), Lemma ETland the Cauchy-Schwarz inequal-
ity, we find

IExmoll} x = ax (Ex,mv, Ex,mv)
S m™ax (Exmv,v) <m” S mvlli kol < mT> ollf x
and (5.8) follows. O
Finally we prove the convergence of the F-cycle algorithm.

Theorem 5.3 (Convergence of the F-cycle algorithm). There exist positive mesh-
independent constants C' and m, such that

- C
(512 MExmolhi < ol Vo€V, K21, m>m..
Proof. Suppose that
(5.13) Ex—tmvlin—r <me-allolie—1 Vo€ Vi

From (224)), B11), GI5)-BI]), (5I3) and Theorem B2 we have, for m suffi-

ciently large,
VExmoll e < IR (Tdi — IE_s PE ) R0l g + I Bt m B m P R0l
ST Ph | dy = By PERE - + m gy P RE 01k

Sm PRI Vo + m e [P R

SmT (1 + -1 vl Vo e V.
In other words we have,
(5.14) Exmollie <mllolie Vo€ Vi, m>m;g,
where
(5.15) ne = Cem™*(1 +ng_1)

and the positive constants m; and C; are mesh-independent.
In view of ([2:23)) and (5.13)—-(E-15), we can obtain by mathematical induction

~ Cy
5.16 Ek.m < — VoeViy, k>1, m>m,,
( ) IEx,mollie < me — C; loll1.x v k mz=m

provided m, > max(mT,C';t1 / “). The estimate (5I2) follows immediately from

(B16). O
6. AN ABSTRACT FRAMEWORK FOR NONCONFORMING MULTIGRID METHODS

In order to apply the convergence results in Section[H to a specific nonconforming
multigrid method, one must verify the assumptions [B.6)—-(B.I2). This can be ac-
complished through the framework developed in [2I]. Indeed the standard discrete
estimate (3.6 and inverse estimate (37) (cf. [30], [25]) are the assumptions (P)
and (I) in [21], and (BII)) is established in Lemma 4.2 there.

The truly new ingredients among the assumptions in Section [3 are therefore the
estimates (B3)—-(BI0) and BI2). We will show in this section that they can be
derived using the framework in [21] for second order problems and four additional
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conditions (cf. (GI0)—(GI3) below). In the following discussion we will rely heavily
on the results in [21].

6.1. Results from [2I] and new conditions. A key ingredient of the theory
in [21] is the relation between the nonconforming finite element space Vi and a
conforming finite element space Vi, C HA(Q) (referred to as a conforming relative
of Vj in [21]). These spaces are connected by the linear maps Fj, : Vi, — V; and
Fy : Vi, — Vi. Two of the properties of these maps are (cf. (FE) and Lemma 3.1
in [21]):

(6.1) Fyo By, = Idy ,
(6.2) 1F%0) o) S 10l Laey  and  [|Fdllay S 101 V€ Vi
Let ¢ € HY(Q) N HY(Q), ¢ € Vi and (x—1 € Vi_1 be related by
a(C, Bxv) = ar(Cr,v) Vo e Vi,

a(¢, Ex—1v) = ap—1(¢k—1,v) Vv e Vi

Then the following estimates are valid within the framework in [21] (cf. Theorem 3.5
and Lemma 3.7 there):

(6.3) 1€ = Ckllaw S hElICH 1o (o)
(6.4) ¢ = Grlli—ae S RSN m1+e (o)
(6.5) k-1 — B alli—am—1 S BEICH ey »

where I, : H}(Q) — Vj is an interpolation operator.
The following estimates concerning I}, and Iy are also established within the
framework in [2T] (cf. Lemma 3.3, (II-1), (II-2) and (I-2) there):

(6.6) 1ol S Molls k-1 VoeE Vi1, 0<s<1,
(6.7) 1€ = Mkl Loy < PelClan o) V(e Hy(9),

(6.8) ¢ = lllay S ARNCH pvaiy V¢ € HT(Q) N Hy(),
(6.9) ¢ = I Ty Clhi-ak S PENCN mieeiy V¢ € HF(Q)N Hy ().

We will derive the estimates ([3.8)-(BI0) and [BI2) using (6I)-(E9) and four

additional conditions imposed on the intergrid transfer operator I 1?—1 and the in-
terpolation operator ITj.

Four additional conditions. We assume that, in addition to the conditions (I-1) and
(I-2) in [21],
(6.10) 1251 oll3 . < (1 4+ 6)IlIE oy + Cob R J0llZ 4

for all v € Vi._1 and 6 € (0, 1), where the positive constant Cy is mesh-independent.

Furthermore, the interpolation operator IIj,_; : Hg () — Vi_1 actually maps
the larger space Hg(2) + Vi into Vi_1 and satisfies, in addition to (II-1) and (II-2)
n [21], the estimates

(6.11) [Tirvllo, , < vl Vo € HY(Q) + Vi,
(6.12) [Tk 10— vl o) < hellelle, v e Vi,
(6.13) [Mic1vl3 ey < (14620l + G2 el Yo € Vi, 6€(0,1),

where the positive constant C{, is mesh-independent.
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6.2. Derivation of (3.8)—(3.10) and (3.12). We begin by introducing an oper-
ator Ji. Let Qp : La(2) — Vi be the La-orthogonal projection operator. Then
we define

(6.14) Jkp = FrQrd V¢ € La(Q).
Lemma 6.1. The operator Ji satisfies

(6.15) JpeEwv =v Vv eV,

(6.16) NeClli—ak S NCI a2 () V(e H;*(Q).

Proof. The relation ([6I5) follows immediately from (6.]) and (6.14).
From B2), (33), B:6), (6-2) and standard properties of Qi (cf. [15]) we have

(6.17) [ JiCllo.x = 1 FeQiCllzo) S 1QkCllza) S ICLa) V¢ € La(Q),

(6.18) Nkl e = 1FQiCllar S N1QkCIE (2 S ICI a2 V(e Hy(Q).
The estimate (6106) follows from (GI7), (618) and interpolation between Hilbert
scales (cf. [48], [38], [16]). O
Lemma 6.2. Given (, € Vi, let ¢ € HE(2) be defined by

(6.19) a(¢, ¢) = ak(Ce, Jk9) V¢ € Hy().

Then we have

(6.20) a(¢, Exv) = ak(C,v) YoveVy,

(6.21) IClar o) S ICklk

(6.22) < e @) S NCkll1+a.k 5

(6.23) Mkl < NGk N1 -

Proof. The relation (6.20) follows immediately from (6.15) and (6.19).
From (B3), (61]), (619 and the Cauchy-Schwarz inequality we have

a(C,¢) = ar(Crs JkC) < NICkllar | kCllar S Nkl lICH a0 -

which implies (G21)) in view of (Z6]). The estimate (6.23) then follows immediately

from (Z0), (611) and (G21).
Using (B.3), (616) and (619), we find

ar (G, Jo®) < NCklhsaslTedlli-an S WCkllivaklldllm-a@) Vo€ Hy(Q).

Thus the right-hand side of (6.19) defines a linear functional F' on H}(Q) which
actually belongs to H~17%(Q) and

(6.24) [ Fll -1+ 0) S NCkll1+ak -
The estimate ([6.22) follows from (L4) and (G.24). O

We are now ready to derive the estimates (B.8)—(E10) and (312). In the following
derivations we use C' to denote a generic mesh-independent positive constant that
is also independent of the parameter 6.

Lemma 6.3. The estimate (Z8) holds.
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Proof. Let (x—1 € Vx—1 be arbitrary and ¢ € H}(Q) be defined by
(6.25) a(C,¢) = ar—1(Ch—1, Jko19) Vo € HY(Q).

Then it follows from (L8H), @), &3), E3), B1), E3), EI), EI), G,
(E25) and Lemmal6.2 that

IZE 3Gt 12 4 < (ICh=1llan + 10—t — I3 Gt lla)®
< (A4 0)CG-1ll2,_, +CO(lICr—1 = CIIZ, + 1IC — TIkC]I2,
HITRC = T T2, A+ 1y (M1 € = Ge1)I2,)
<L+ OG- 1T ko1 + CO2 RNk 1T o1 -
[l
Lemma 6.4. The estimate (3.9) holds.

Proof. Let C, be a constant that is greater than or equal to the constants Cjy and

Cy in (6I0) and (B3), and define, for any 6 € (0, 1),
(626) <’U1, 1)2>k,170 = (1 + 92)(’01, U2)k71 + C*Q_Qh%a( %71’01, Ug)kfl
for all v1,vs € Vi_1. Note that Ap_; is symmetric positive definite with respect to
the inner product (-, -)x_1,0-
It follows from (B, (B8), (610) and (626) that
I7E_1ollg < (AR_qv,0)k10 Vv E Vi,
|||II]§71'U"|%,I§ < (Ap—10,V) k1,0 Yoe Vi1,
which imply through (B) and interpolation between Hilbert scales
1103 o < (250, 0)k-1,0 = (L+ 0ol g1 + CO2RE 0llT oy -
U
Lemma 6.5. It holds that
(6.27) I 10ll? g < (1 + )0l 1, + CoO 2R ol 1o

for allv € Vi, and 0 € (0,1), where the positive constant Cy is mesh-independent.

Proof. Let (x € Vi be arbitrary and define ¢ € H}(Q) by (G19).
From (LCRB), &), @3), BI), @3), @X), (E11) and Lemmal62 we have
M1 Gl ot < (16K + 16k = Ti-1Gllen)®
< (LGl x +CO72 (NG — <lI2, + 11 — T2,
+ Mk-1(¢ = Go)ll2,)
< (L4 OGN 1 + CO R NICk I 1o -
O

The next lemma follows from (@I3), (6.27) and interpolation between Hilbert
scales, as in the proof of Lemma .41

Lemma 6.6. It holds that

(6.28) I 1ol ko < (L4 )0l ok + Cob 2R 0I5

or all v € Vi, and 0 € (0,1), where the positive constant C, is mesh-independent.
ll Vi doe (0,1 here th 11 tant C 1. h-ind, dent
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We need one more estimate for the derivation of (BI0).
Lemma 6.7. The following estimate holds:
(6.29) M1 = M MGl p(0) S hlClan) V¢ € Ho(Q).
Proof. From 21), 2:08), (6.7), (6.11) and 6.12) we have
IMe—1¢ = 11kl o) < Mr—1¢ = Cllzo) + 1€ = il o)
+ | HxC — M1 x| £y ()
S helCla @) + Al kClla, S PklCla () -

Lemma 6.8. The estimate (3.10) holds.
Proof. Let (x € Vi, be arbitrary. Define ¢ € Hg(Q2) by (6I9) and (x—1 € Vk—1 by
ak—1(Ck—1,v) = a((, Ex_1v) Vv e Vi_q.
We have, by (.8D),
1P~ GllE — s
(6.30) < (M1 Tl — a1 4 (-1 T — P;f*l(k"hfa,kfl)Q
< (14 01 Tl ey + CO 21 T C = P GllF - g -
The first term on the right-hand side of ([6:30) can be estimated using (:80), (3:3),
BI9), ©4), (6:28) and Lemma [6-2k
I TN et < (1 4+ )Gl — o + CO2RE T

< (146 (ICkl -0k + ¢ = Cell1—a k) + CO2RE G I3
(6.31) < (UGN ok + CO 2 (1€ pva 0y + COT2 R NG 1

< @+ NGkl ok + CO* R NGkl + COTRE G &

< (14072l ar + COT R NG i -
Similarly the second term on the right-hand side of (G.30) can be estimated using

D), B2), B8, GBI, @), E3), E2T) and Lemma 6.2
0110 = P Gl ke
< (IMp—1 (M = Olli—ae—1 + 1Me=1¢ = Co—1lli—a,p—1
_ 2
(6.32) +0Sk—1 = P Cklli—ak—1)
2(a—1

< O VMLm= Oy + R IGKI )

< Ch NG IR -
Combining (630)-(6.32), we have

1P Gl oot < (L4672 NCkIT o + CO2RENCHIT &
which implies (BI0) since 6 € (0,1) is arbitrary. O
We now turn to the derivation of (BI2) by first noting that the estimate

(6.33) I1PE olh-ak-1 S lvlli-as Vo€ Vi
follows from (BI0) and (B14).
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Lemma 6.9. The estimate (313) holds.

Proof. Let (x—1 € Vj_1 be arbitrary and define ¢ € H}(Q) and (, € Vi by (6.25)

and (6.20), respectively. Then it follows from [2.1), (31)), (8.3), (3.14), (6.4)(6.6),
69), ([633) and Lemma [6.2] that

ap—1((Idg—1 — P IF_1)Cho1,w)

= ap—1(Cr—1 — PF "Gy w) — a1 (PFHIE_ 1 Gom1 — Ci), w)

<Nk = BE Gl okt lwlhrak—
1P I Gt = G a1 lwlh ek

S Wl e @ lwlhsas—1 + (HE-1 (G-t = 1) -k
IR 1 ¢ = TGl -k + TG = Gelhiauk) lwlhiae—1

S B¢ e o lwlli k-1

S B NGk k-1 lwlhia,s—1

S hillCe-tllik—1lwlitar—1

for all w € Vj_1, which implies (3:12)) because of (3:1). O

Remark 6.10. The proof of Lemma actually establishes the stronger estimate

I(Tdi—1 = PET Iy olhi-ak-1 S PR ollisag-1 Vv € Vier .

7. APPLICATIONS

In this section we apply the theory developed in Sections BHf to two noncon-
forming finite element methods for the variational problem (I). As demonstrated
in [21], both of these methods satisfy the assumptions of the framework developed
in that paper. Therefore, from the discussion in Section [@, it only remains for us
to check the additional conditions ([EI0)—([EI13) for these examples.

7.1. The nonconforming P; finite element method. Let e be (a segment of)
an edge of T' € Tj,. We define

(7.1) ME,T(’U)—%/U‘TdS forve HY(T;), £>1.

Remark 7.1. In the case where £ > k and e is an edge of T, the integral on the
right-hand side of ({Z.I)) should be interpreted as

2é—k

/U‘Tds: Z/ ’U‘Tj ds
€ j=1"¢

where ey, ..., ez« are the edges from 7; that form a partition of e and T; C T is
a triangle in 7, with e; as an edge (cf. Figure[Z1l for the case £ — k = 2).

The nonconforming P; finite element space Vj, is defined by (cf. [31])
Vi ={veLyQ): v|, €Lz, ) VT € T, Me(v) = Merr(v) if e
(7.2) is the common edge of T and 7" in 7y, and M, r(v) =0
if e C 00 is an edge of T'}.
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e
T
&/

T

&
e

FIGURE 7.1. Interpretation of (.I) when £ — k = 2

Henceforth we will denote M. r(v) by Mc(v) if there is no ambiguity about T
or if v has an unambiguous mean value on e.
Let & be the set of the internal edges of 7. We define (-, -)x by

(7.3) (01, v2)k = h} Y M(v1)Me(va) Vi, 00 € Vi
ecéy,
Let Y,°, H'(7;) be the subspace of Ly(2) whose members are finite sums of

functions from the spaces H'(77), H*(72),.... The weak interpolation operator
I, : 5, HY(Ty) — Vi is defined by

1
(7.4) M(Mpw) =5 >, Mer(v)  Ve€&.
eCOT, TETy

Note that there are exactly two triangles in the sum and the mean value of IIzv on
e is just the average of the mean values of v on e from these two triangles.

The restriction of IIj, to HJ (£2) is precisely the weak interpolation operator used
n [21] (cf. also [19], [6]), and the intergrid transfer operator If | : Vi1 — Vj in
[21]] is just the restriction of Iy to Vj_1.

The following lemma, a simple consequence of the Bramble-Hilbert lemma (cf.
[8]) and scaling, is the key to the estimates (G.I0)—([E13).

Lemma 7.2. Let ey, eq be two of the edges of T' € Ty,. Then we have
|Me, (v) = Me, (V)| S |y Yve HY(T).

Verification of (G11)). Let e € E,_1 be the common edge of two triangles T and T’
in 7;—1, and let ey (resp. ez2) be the half of the edge e neighboring the two triangles
Ty and Ts (resp. T3 and Ty) in Ty (cf. Figure [[2).

FIGURE 7.2. Two neighboring triangles in 7;_1
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Then for v € H(Q) + Vi, we have

(7.5) Mer(o) = 5
In view of (Z4) and (ZH), the interpolation operator II_1 : H3 () + Vi — Vi1
can be analyzed locally on each triangle of 7j_1.

Let T be a triangle in 7;_1 subdivided into four triangles T7,...,7T4 and let ey,
..., €6 be the edges from 7}, that are on 9T (cf. Figure[Z.3)). For any v € H}(Q)+ Vi
we obtain from (74), (CH) and scaling

M, (v) + M., (Uﬂ = Me 1 (v).

6
(7.6) M 10lf iy S D [Me, (v) = Me, (0)]*.
ij=1
Note that Lemma [7:2] implies
4
(1.7) I Me,(v) = Me, )P S lbi,y  Vve HY(T)+ Vi, 1<4,5<9.
(=1

For example, we have (cf. Figure [73)
[ Me, (0) = Me, (0)|* S [Me, () = Me, (0)[* + [ Mey (v) — Mey (v)]?
+ [ My (v) = Me, (v)]?

S |’U|%-11(T1) + |’U|%{1(T4) + |’U|%{1(T3) .

It follows from (Z.6]) and (Z7) that
4
(7.8) |Hk—1v|%{1(T) S Z |U|%11(T,_7) Voe H(T) + Vi.
=1

We obtain by summing (78] over all the triangles in 7j_1

(7.9) > /T|V(Hk,1v)|2dx§ > /T|Vv|2dx Vo e Hy(Q)+ V.

Te€T)-1 TET;,

The estimate (6.11) then follows from ([3), E3)), 24), (7.9) and the Poincaré

inequality for nonconforming P; finite element functions (cf. [24] and the references
therein). O

Let T be a generic triangle in 7;_; subdivided into four triangles Ty, ...,Ty € Ty
(cf. Figure[L3). Henceforth we will denote by e, ..., eg the edges of T, ..., Ty (cf.

FIGURE 7.3. A divided triangle in 7;_1
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Figure [T3) and denote by é; (1 < j < 3) the edge of T that contains the edges
€251 and €24 from %

Verification of (612). Let T be a generic triangle in 7;_;. For any v € V}, we have

by (7) and ()

1
(710) Mé‘j (Hk,ﬂ)) = 5 [M62j71 (’U) + M62j (U)} .
Observe also that

Méj (w) = [MCQj—l (w) + M€2j (’U})} Vwe HI(T) )

N =

which together with (Z.7) implies
(711)  |Mz, (w) = Me,(w)| S |wlmry Ywe H(T), 1<5j<3,1<i<9.
We have by scaling

9
2
(7.12) M0 = 0l|7 oy S hi > [Me, (TMx—1v) = M, (v)]”,

Jj=1

and it follows from (77), (X)), (7I0) and (ZIT)) that

4
2
(713) Z [Mej (Hk_lv) — Mej (’U)] 5 Z |’U|%‘I1(T£) + |Hk—1v|%{1(T)
1

~
1l

j=1

AN

2
|U|H1(T[,) :
1

~
Il

Combining (7.I12) and (7I3)), we find

[Tg—1v — U||L2(T) hi, Z |U|H1(Te)

In view of (L3), (Z3) and (24), we obtain the estimate (12) by summing up the
preceding estimate over all the triangles in 7;_1. ([

Verification of (613). Denote by Er the set of the three edges of T'. Then we have
by (2) and (3)

(7.14) (v, V) = % Z Z [M,(v)]? VveV.

TeT, ecér
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The relation (TI4]) allows us to focus on a generic T € 7j_; in the derivation of

(613). From (L8), (T7) and (I0) we have

6
S IMe, () < 5 S M (o)
6
(715) = i Z[Me,( 2 + i Z { ej+6 - [M€j+6 (U) - Me2j—1 (U)])2
+ Mej+6 €J+6 (U) - Me2j (U)])Q}
6 9
S o8+ O 0 005

i=1 =7 =1

for all v € Vi, and 6 € (0, 1), where the positive constant C is mesh-independent.
Summing up the estimate ([Z.I5) over all the triangles in 71 and using (L.3)),

D, @3), @9, B2, B3), @2, (T3) and (1), we arrive at
h% 1 Z Z

TeTk 1 €EEET

(7.16) 1+92 Z 24 CORE D [olii

e€ly TeTy
<(1+ 92)(1) V) + CO2h3 ||v||
= 1+ )vllE x + COT2RE[I -

The estimate ([G.13) follows from (BI4) and (ZI86). O

I 10lI3 51 =

Verification of (G10). Let e be an edge of 7, which is on the common boundary of
T,T" € Tx—1 (cf. Figure[[.2)). Then we have by ([L.8al) and (7.4)
1

[Mer(v) + Mo (0)]" < 5 [Mer(o)] +

LM, ()2

(7.17) M (IF_,v)]? = 2

] =

For T € Tj._1, let EL (resp. £L) denote the set of the edges from 7}, that are on 9T
(resp. interior to T'). We obtain from ([.3) and (ZI7) the estimate

1) e doesit Y (5 5 Ma@P + 3 M)

TeTk- e€&l, ec&l

for all v € Vj_1.
Again the estimate ([ZI8)) allows us to focus on a generic T' € Tj_;. It follows

from (L8H) and (ZII) that
6 9

3
> [Me, ()2 + ) [Me, ()] < 201+ 6%) ) [Me, (0)] + CO2[0[3n

i=1 i=7 j=1

(7.19)

|~

forallv € HY(T) and 6 € (0, 1), where the positive constant C' is mesh-independent.
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Summing up the estimate (ZI9) over all the triangles in 7;_1, we find by (L3),
2D, @Z3), 23), 32), B3), (C1F) and ([TIY)

125y 03 s = (Ty v, Iy v)i

(7.20) <12 Y (53 M) + Y M)

TET,-1 ec&l ec&l
hZ_ _
§(1+02)% ST IM)P+CO2hE > [olfia
TET,_1 EEET TET,-1

< (14 0ol -y + CO 2Rl

for all v € V1 and 0 € (0, 1).
The estimate (GI0) follows from (BI4) and (Z20). O

7.2. The rotated Q; finite element method. We shall adopt the notation in
subsection [T with obvious modifications. For simplicity we assume that 7; (and
hence any 7) is a triangulation of Q by rectangles whose sides are parallel to the
coordinate axes. The rotated Q; finite element space (cf. [42]) is defined by
Vi ={v e Ly(Q): v|R € (1,z1,x0,2%3 —23) VRET:, M. r(v) =
(7.21) M, r(v) if e is the common edge of R and R’ in 7, and M, r(v)
=0if e C 9Q is an edge of R} .

We define the inner product (-, ) by
(7.22) (v1,v2)k = hi Y Me(v1)Me(va) Vv € Vi
ecfy,
The weak interpolation operator ITj, : >-,° | H'(Zy) — Vj, is defined by

1
(7.23) M () = 5 Y M(v) Veeé.
eCOR,RETy,

The restriction of ITj, to H} () is precisely the weak interpolation operator used in
[21], and the intergrid transfer operator I} ; : Vy_1 — Vj, used in [21] is just the
restriction of ITy to Vi_1.

The following analog of Lemmal[7.2]is again a simple consequence of the Bramble-
Hilbert lemma and scaling.

Lemma 7.3. Let e; and ez be two edges of the rectangle R € Ty,. Then we have
[Me, (v) = Mo, (0)] S |0lgimy Vo€ HY(R).

Using Lemma [73] the verification of ([EI0)—(GI3) proceeds as in subsection [T1]
and we therefore omit the details.

Remark 7.4. The results of this paper can also be applied to other nonconforming
quadrilateral elements (cf. [33], [27], [28], [26]).

Remark 7.5. The nonconforming P; and the rotated Q; finite elements are equiv-
alent to the lowest order triangular and rectangular Raviart-Thomas mixed finite
elements (cf. [43], [2], [I]). The results of this paper can therefore be applied to
multigrid methods for the lowest order triangular and rectangular Raviart-Thomas
mixed methods (cf. [20], [1).
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