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COMPUTING IN GROUPS OF LIE TYPE

ARJEH M. COHEN, SCOTT H. MURRAY, AND D. E. TAYLOR

ABSTRACT. We describe two methods for computing with the elements of un-
twisted groups of Lie type: using the Steinberg presentation and using highest
weight representations. We give algorithms for element arithmetic within the
Steinberg presentation. Conversion between this presentation and linear repre-
sentations is achieved using a new generalisation of row and column reduction.

1. INTRODUCTION

The groups of Lie type are among the most important structures in modern
mathematics. Examples of such groups include reductive Lie groups, reductive al-
gebraic groups, and finite groups of Lie type (which include most of the finite simple
groups). Many problems in the representation theory of groups of Lie type have
been solved using computers [31], [I5]. In this paper, we give methods for comput-
ing within the groups themselves, a problem which has only recently been tackled
17, [24]. We have implemented these algorithms in the Magma computer algebra
system [2]. We confine our attention to the untwisted groups; automorphisms and
twisted groups will be dealt with in subsequent work.

Computational group theory has three main strands: permutation groups, ma-
trix groups, and finitely presented groups. The permutation group approach has
traditionally been the most effective because of the very efficient Schreier-Sims
family of algorithms [5]. Recently, effective algorithms for matrix groups over finite
fields have started to appear, in particular, the matrix group recognition project
based on Aschbacher’s theorem [21]. The Todd-Coxeter and Knuth-Bendix algo-
rithms for finitely presented groups [26] are the oldest methods in computational
group theory.

Permutation group methods are clearly useless for infinite groups of Lie type.
Even for finite groups of Lie type, these methods soon become impractical; for
example, the smallest permutation representation of Fs(2) has degree

293,091, 386,578, 365,375 ~ 2.9 x 107,

well beyond the reach of existing computers [23].
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On the other hand, for any field [F, there is a faithful linear representation of
Es(F) over F of degree 248, which makes it feasible to do element operations (pro-
vided we can compute in F). Howlett et al. [I8] construct matrix representations
for finite Chevalley groups; this has been implemented in Magma.

The groundbreaking work of Steinberg [28], [30] gives a presentation for the
groups of Lie type. In the presentation for Eg(FF), each element can be expressed
as a word of length at most 368. This does not necessarily give a finitely presented
group, however, because some of our generators are parametrised by the field (more
precisely, 240 terms are parametrised by the additive group F, 8 are parametrised
by the multiplicative group F*, and 120 are field independent). A word in this
presentation requires less memory than a matrix representation, except for type
A, where the memory usage is asymptotically the same. An additional advantage
is that there is a normal form for elements (the Bruhat decomposition) which reflects
the Lie theoretic structure of the group, thus facilitating the use of Lie theoretic
techniques. Another computationally important presentation for finite groups of
Lie type is described in [3], [T9].

In this paper, we describe methods for doing arithmetic in the Steinberg presen-
tation over any field F in which computation is possible. We note that Riebeek [24],
mainly for F = Fg, and Haller [I7], mainly for unipotent subgroups, have done part
of this work before. We also give algorithms for conversion between the Steinberg
presentation and highest weight representations over the field F. Converting a word
to a matrix builds on the methods of de Graaf [I1] for Lie algebras. Converting
a matrix to a word requires a generalisation of row and column reduction—this is
the main result of this paper. Given these conversion algorithms, we can compute
with either the presentation or a linear representation, whichever is most effective
for the problem at hand.

A motivating application for this work is the matrix group recognition project
[21]), which provides a framework for decomposing a matrix group over a finite field
into a subnormal subgroup chain whose quotients are almost simple. Our methods
are useful for this project since most almost simple groups are finite groups of
Lie type. First, the Steinberg presentation gives a computer representation of
these groups in which conjugacy classes and other such properties can be computed
efficiently using Lie theory. Second, our generalised row and column reduction
algorithm gives a membership test for these groups as matrix groups, which is
necessary for recognising simple groups of Lie type [20].

We use standard group theoretic notation [1]. Our group actions are on the
right, so conjugation is given by ¥ = y~'zy and the commutator is given by
[z,y] = 2ty ~lwy. We occasionally use left conjugation: Ya = yry L.

In Sections Bl and [3, we discuss the computation of root systems and struc-
ture constants. Section Ml describes the Steinberg presentation. Section [ contains
element arithmetic and canonical form algorithms for the presentation; an imple-
mentation of these algorithms is available in release 2.8 of Magma. We describe
algorithms for converting between the Steinberg presentation and highest weight
representations in Sections [ and [7; these will be available in the next release of
Magma. In Section[8, we discuss applications of our algorithms and give an exam-
ple.
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2. ROOT DATA

A root system is the basic structure used for the classification of complex semisim-
ple Lie algebras; a pair of root systems in duality is the structure used for the
classification of reductive algebraic groups—such a pair is called a root datum. We
assume that all permutation and matrix actions are on the right. This is in keep-
ing with the conventions of computational group theory but leads to differences
between our formulas and those found in standard references such as [9], [7], and
[27]).

2.1. Definition. Let X and Y be free Z-modules of rank d with a bilinear pairing
(0,0) : X x Y — Z putting them in duality. Assume we have a basis ey, ..., eq
for X and a dual basis fi,..., fq for Y, so that (e;, f;) = d;;. Let ® be a finite
subset of X and suppose that for each o in ® we have a corresponding o* in Y'; set
®* = {a* | @ € &} and a** = a. We call the elements of ® roots and the elements
of ®* coroots.

Given a root «, we define linear maps s, : X — X by zs, = 2 — (x, o)« and
st Y = Y by ysk = y— (o, y)a*. These maps are reflections if one of the following
equivalent properties hold: (o, a*) = 2; 82 = 1; (284,yss) = (z,y) for all z € X
andy €Y; asq, = —a.

We say that R = (X, ®,Y, ®*) is a root datum if the following are satisfied for
every root o in ®: s, and s}, are reflections; @ is closed under the action of s4;
and ®* is closed under the action of s}. Furthermore, we require that all our root
data be reduced, i.e. if a and § are roots with 8 a multiple of «, then § = +a. The
Weyl group W is the group generated by the reflections s,.

2.2. Simple roots and positive roots. The roots aq, ..., o, are simple roots for
R if they are a basisof Q® < Q ® X and ® = ®TUP ™, where ®* is the set of roots
that are linear combinations of the simple roots with nonnegative coefficients and
®~ = —®T. The elements of ®T are called positive roots and the elements of &~
are called negative roots. The coroots corresponding to the simple (resp. positive,
negative) roots are called simple (resp. positive, negative) coroots.

We call n the rank and d the dimension of R; if n = d, then R is semisimple.
The Cartan matriz of R is C = [(a;, a)]F;—;. Given a root a = Y71 | a;cvi, we
define its height by h(a) = Y., a;. We can define a reflection invariant bilinear
form on Q ® X by

(2.) = 3 (@, 0"y, ")
acd
and a corresponding norm ||z||?> = (z, ). The fundamental weights w1, ...,w, are
the elements of Q ® such that (w;,a}) = d;;. An element A of Q ® X is dominant
if (A, ) >0 for all s.
Given an element w in the Weyl group W, define

b, ={acd" |awcd }=0"Nd w.

The length l(w) is the cardinality of ®,; W contains a unique longest element,
which we denote wy.

Lemma 2.1.

(1) Given a reduced expression w = Sg, - - Sg,, we have

O, ={ 61, Bi—158,, B1—258,—158,5 ---» 188, - S8 I
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(2) By is the disjoint union of ®,, and ®,w whenever l(vw) = I(v) + l(w).
(3) b, = —‘bww_l.
(4) ®T is the disjoint union of ®,, and Py, where wy is the longest element

of W.

Proof. Parts (1) and (2) are proved in [4]. Part (3) follows from the definition as
follows

~P,w = (@ wnNdNHw ! =dTNEdw ! =, 1.

Finally, ® is the disjoint union of ®~w and ®Tw, so ®* is the disjoint union of
T Nd w=>, and DT NPTw =T NP wow = Pyyyy, and so we have (4). O

2.3. Computation. We now give a construction of root data suitable for compu-
tation. Take X and Y to be Z¢ with eq,...,eq and f1,..., fq both the standard
basis. A root datum is determined by a pair of n x d integer matrices A and B such
that the rows of A are the simple roots and the rows of B are the corresponding
coroots; i.e., A;j = (ay, f;) and B;; = (e;, ). The Cartan matrix is C = AB".

Given a root 3 and a simple root «;, knowledge of the Cartan matrix is sufficient
to determine whether or not S+c; is a root. Thus ® can be constructed recursively
from the simple roots. The positive roots are constructed and stored in an order
compatible with height, i.e., h(a) < h(0) implies that o < 3. We extend this to a
linear ordering on ®~ U {0} U ®T in the obvious way. The coroots are computed
similarly.

3. STRUCTURE CONSTANTS

We now briefly discuss the constants used to define semisimple Lie algebras and
groups of Lie type and efficient methods for computing them. See [6] or [24] for
more details.

Fix a root datum R = (X, ®,Y, ®*). For every pair of linearly independent roots
o and 3, we define p,g to be the largest integer such that —p,ga 4 3 is a root and
we define gog to be the largest integer such that goga + 3 is a root. The vectors

_paﬁa+6a"'7_a+ﬂv 67 a—’_ﬁw"»(JQﬁa—’_ﬁ

are all roots; they form the chain through ( in the direction of «. Furthermore
<Bv a*> = Pap — qags-

The semisimple Lie algebra with root system ® has basis elements e,, for «a a
root, and h,, for a a simple root, satisfying the relations

[hoza hﬂ] =0, [eou hﬁ] = <Oé,6*> €a;
" Nogearp if a+pBed,
—ay Ca] = 79 * hocn [e3) = .
le €al ;<w o Ve [ea €s] {0 otherwise.

Chevalley [§] showed that the constants N,g may be chosen to have the form
€ap(Pap + 1) where e43 = £1. This ensures that all the constants that appear in
these relations are integral, so we can define a Lie algebra over Z, and hence over
an arbitrary field. For convenience, we take Nog = 0 when « 4 (3 is not a root.
The constants pag, gag, and ||a/|? can be computed directly from the root datum.
Hence it only remains to compute the constants e,3. From Theorem 4.1.2 of [6],
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we get the equations

(1) Eaf = —EBa;
(2) €af = —€—a,—-p

for arbitrary roots o and (;

Naﬁ _ Nﬁv _ Nva

®) e~ el = T8I

(4) €aB = EBy = Eqa

whenever a + 3+ v = 0; and

NagNys  NgyNas  NyalNps

5 + + =0
) Ta+ 87 P TBE T T +al?

whenever a + 3 4 v+ 0 = 0 and no pair is antipodal. Given a nonsimple positive
root &, take the positive roots «, 8 such that £ = a+ 3 and « is as small as possible
with respect to the ordering of Section 23 We call (a, 8) the extraspecial pair of
&. We can choose the signs €,3 on the extraspecial pairs arbitrarily and then all
the structure constants are determined [6] Proposition 4.2.2]. This method gives us
every possible system of structure constants; hence, if a user does hand calculations
using a particular formula for the constants, it is possible to set the constants in our
code to agree with those calculations. An algorithm for determining the structure
constants from their values on extraspecial pairs is given in [16]. Note that the
number of extraspecial pairs is N — n where N is the number of positive roots.
Furthermore N is easily shown to be O(n?) by checking the number of roots for
each of the classical types A,,, By, Cpn, Dy.

In order to multiply elements in the Steinberg presentation efficiently, we must
compute the structure constants very rapidly. Just storing the constants for the
O(n?) extraspecial pairs and using the algorithm mentioned above is too slow. On
the other hand, storing the constants for all O(n*) pairs uses too much memory.
Hence we store the structure constants for pairs («, 8) with 0 < o < fand a+ 5 €
®, which we call special pairs. There are O(n3) such pairs, as can be shown by a
case-by-case analysis for the classical types. We compute ¢,3 for the special pairs
in the following order: first by the height of £ = a4 (3, then by the position of « in
the ordering of Section [Z3] then by the position of # in the same ordering. Take
(/, ') to be the extraspecial pair of {&. By (@) we have eo3 = sign(tq — t2) where

N_o3Ngig
e MR
However ' may be larger than « so Ng/ and N3 may not be among the constants
we have already computed, and we would like to eliminate the negative root —a/
from these equations. If 3 — o’ = ' — o ¢ ®, then #; = 0; otherwise, by (@),

N_aalNpgp
o —a/[|2

t, = ”ﬂ_ a/”zNa/ﬂ*a/ . ”ﬂ_ a/”zNa/ﬂ'*a . 1
18112 167112 18 —a|?
_ 1B =

_7N /,5_ /N -6’_ 7
R ——
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begin
let £ = a+ (3, let (¢, 3) be the extraspecial pair of £
12
if 3—o/ € ®then t =N, 5 Nyp_a

NS
else t1 =0
end if
ifa—ao € ® then ¢t = ”a”;(l)l(;”zNa/,a_(y/Ngﬁl_g
else ta =0
end if
return sign(t; — t2)
end

ALGORITHM 1. Computing €,4 for special pairs given extraspecial pairs

begin
let m=1
if « + 3 ¢ ® then return 0
if<0thena=—-a;8=-8;m=-musing @) 0<g
if @ < 0 then

if —a < 3 then a<lO<a+p<p
replace («, ) by (o + 8, —a) using (H)
else a<a+p<0<p
replace (a, §) by (8, —a — §) using @)
end if
end if 0<a,p
if @ > 8 then swap « and 3; m = —m using () O<a<p
look up €4
return m - ,3.

end

ALGORITHM 2. Computing €, for all pairs given special pairs

both of the constants that appear here have already been computed. Similarly, if
a—ao =0 — 3¢, then ty = 0; otherwise
_ o=

" PR e

We can now cancel the common factor of 1/||3||? from ¢; and t5 to get Algorithm [l

An alternative method is the cochain formula, which was developed for simply
laced types by Frenkel and Kac [13] and Springer [27] and has been extended to all
types by Rylands [25]. A modification of the cochain formula is given in [I0] and
has been implemented by him in both GAP [14] and Magma [2].

Once we have stored the constants for all special pairs, we need algorithms to
compute them for an arbitrary pair of roots. Since these algorithms are called many
times for every multiplication in our group, it is vital that they be as efficient as
possible. In particular, we eliminate all recursive calls to improve the speed of the
algorithm. In Algorithm 2 we compute €,3—similar methods are used to compute
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Nag, Dag, qap and the root chains, once they have been stored for all special pairs.
The following constants are now easily computed, for roots «, 3 and positive
integers 4, j: whenever (i — 1)a 4 (3 is a root, define

Dap + 1
Meagi = < aﬁi >65a"~€(i—1)a+ﬁ,a;

whenever i + j3 is a root, define

—Mpi for j =1,
Mgaj for i =1,
Cijap = 5 ) .
—5Maypaz fori=3,j=2
—3Matpp2 fori=2j=3;
and for p = pog and g = gop define

g = (—1)p O e
=

Ef—pasa " EF+(g—p—T)aa
Note that these constants are also integral, thus allowing the presentations given
in the next section to be defined for an arbitrary field.

4. THE STEINBERG PRESENTATION

In this section we describe a presentation for the group of Lie type with root
datum R = (X, ®,Y, ®*) over an arbitrary field F. More details on this presentation
can be found in, for example, [27].

4.1. The presentation. The Steinberg presentation for the group of Lie type
Gr(F) has generators z,(a), for a a root and a € F, and y ® ¢, for y € Y and
t € F*. We also define auxiliary generators no = o (1)r_o(—1)za(1) correspond-
ing to the reflections s, in the Weyl group. The relations are

(6) (y©t)(y®u) =y (tu),
(7) et)zet)=(y+2) ot
(8) " @t =za(-D)z—a(D)ra(=1) za(t)z-a(—t"za(t),
(9) (y@t)" =ys, @,
(10) Ta(a)za(b) = za(a + ),
(11) xa(a)xﬁ(b) = za(a) H xia+j[3(cijaﬁaibj)a
4,>0
(12) xa(a)x_a(t) = x—a(_tQG)%(rl%

where « and (8 are linearly independent roots, y,z € Y, a,b € F and t,u € F*.
The product on the right-hand side of ([II]) runs over roots of the form ia + 55 (for
i and j positive integers) in the order described in Section [2:3] Relation ([2) is
redundant except when the rank is one.

4.2. Structure. The group Gg(F) is linear algebraic, even though we have de-
scribed it abstractly. We have not used the presentations described in [7] or [30]
because they define groups which are not necessarily algebraic when F is not alge-
braically closed.

The following result follows from Section 11.1 of [6].
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Theorem 4.1. If R is irreducible, then Gr(F)' /Z(Gr(F)) is a simple group,
unless R has type Ay with |F| < 3 or type Ba or Gy with |F| = 2.

More generally, suppose G = Gg(F) where R does not contain a summand of
type A1 with |[F| < 3 or of type By or Go with |F| = 2. Then G'/Z(G’) is a direct
sum of simple groups. At the top we have G/G' = (Y @ F*)/(Z®* @ F*). At the
bottom we have

2(@G) = {ﬁf ® hi

i=1

n
thm’m =1 for all z in Z@} .
i=1

We define the following important subgroups of Gz (F).

e The maximal torus H is the subgroup generated by the elements y ® t. It
is isomorphic to the tensor product of the abelian groups Y and F*. Note
that Y is an additive group and F* is a multiplicative group, so that, for
instance, ny ® t = y ® t™ for an integer n.

e N is the subgroup generated by the maximal torus and the Weyl terms n,;
it is the normaliser of H, except in certain cases where the field is small.
For w in the Weyl group W, take a reduced expression w = sg, - - - sg, and
set W = ng, ---ng,; this is well defined by Proposition 9.3.2 of [27]. There
is an isomorphism between N/H and W given by Hw < w.

e The unipotent subgroup U is generated by the elements z,(a) for a a
positive root and a € F. Note that U is a nilpotent group and, if F has
characteristic p, U is a p-group. For w in W, define U,, to be the subgroup
of U generated by the elements z,(a) for a in ®,, and a € F.

e The Borel subgroup B = HU. Its double cosets correspond to the elements
of the Weyl group by BwB < w.

4.3. Example: Type A,. Suppose R is a semisimple root datum of type A,.
Then the quotient X/Z® is a subgroup of the cyclic group of order n + 1; suppose
it is the subgroup of size d for some d dividing n + 1. The group of Lie type Gz (F)
is isomorphic to SLy+1.4(F) /Zq, where

SLy11,4(F) = {X € GLy11(F) | det(X)? = 1}
and

Zg={tly |t =1}

In particular, for d = 1 we get SL,11(F) and for d = n + 1 we get PGL,, 4 (F).
Note that some properties of these groups are dependent on the field. For example,
if F is algebraically closed, then PGLy,,1(F) = PSL,,4+1(F) which is simple as an
abstract group. In general PGL;, 41 (F) /PSL,,41(F) 2 F*/(F*)" ™! and PSL,, 11 (F)
may not be algebraic.

5. ARITHMETIC AND DATA STRUCTURES

We now describe algorithms for element arithmetic in the group of Lie type
G = Gg(F). A normal form for elements is a very useful tool for doing computations
in a group. In the case of permutation groups, for example, we get a normal form
from a base and strong generating set. In our case, we use the Bruhat decomposition
|6, Corollary 8.4.4]: each g € G can be expressed uniquely in the form

g = uhau/,

whereu e U, he H,w e W, and v’ € U,,.
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5.1. Actions. The generators of G are of three types: unipotent terms z,(a),
Weyl terms n,, and torus terms y ® t. The following equations describe how these
generators act on each other, thus allowing us to exchange unipotent, Weyl and
torus terms in a word. We also give equations for unipotent terms with negative
roots. It is convenient to introduce the notation h,(t) = a* ® t.

e The action of the Weyl terms on the maximal torus:

(13) (y@t)" =ys, ®t,
(14) ey @t) = ysk 1.

e The action of the Weyl terms on the unipotent subgroup:

(15) z5(a)" = g5, (1a,60),
(16) "eap(a) = g, (Ma,s(=1)'a).

e The action of the maximal torus on the unipotent subgroup:

(17) 25(a)’®" = 25t Va),
(18) Y8as(a) =zt~ a).

e Negative roots:

(19) T_o(t) = 2ot Hnaha(—t Nz (t7h),
(20) Ta(t)a = 2 ot Dho(—t Hza(—t1).

We now discuss computation with torus elements, Weyl group representatives
and unipotent elements in turn, before putting it all together in Section BH.

5.2. Torus elements. The torus is H = Y ® F*. Recall that Y has a basis
f1,..., fa, so every element of Y @ F* can be written uniquely in the form Hle fi®
h; where h; € F*. This element can be represented on the computer by the vector
(h1,-..,hq). Multiplication and inversion are just coordinatewise operations.

Given an automorphism of Y whose matrix with respect to f1,..., fqis M, we
get an induced automorphism of Y ® F*:

d d d d d
Hfi@hi’_’H ZMijfj Qh; = Hf]®<HhiV[”>
= ==t j=1 i=1

Using equation (I3)), we can compute the action of n, on a torus element by taking
M to be the matrix of s,.
A torus element is in the centre of G if it is of the form []}_, f; ® h; with

I R®F) — 1 for all 2 € Z®. This is equivalent to

i=1""

Ea.

d
1= h§0‘jafi> _ Hh:‘w
i=1

i=1

forj=1,...,n.
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5.3. Weyl group representatives. Recall that the Weyl group W is a Coxeter
group and w = ng, - - -ng, where w has reduced expression sg, - - - sg,. The following
equations are useful for computation:

(21) ng"* = ngs, hgs, (Ma,p),
(22) N t=n_, = ho(—=1)ng = naha(—1),
(23) Na’ = ha(—1).

We compute products by repeated use of the formula
(24) b — (wSa) %f a ¢ Dy, o s%mple,
haw-1(=1) (wsq)  if a € &y, a simple.

The inverse of w is computed as follows, using Lemma R.1I(1):

.1 1 1e—1
W =385 88,9
=ng,hp (=1) - -ng,hg,(=1) - ng, hp, (=1)
- (nﬁl o 'nﬁl)hﬁlsﬁl_l"'sﬁl (_1) T hl32sﬁ1 (_1)hl31 (_1)

=) ] ha(-1).

aed 4

w

Note that when « is a nonsimple root, n, = hs, where the torus element h can be
computed using (ZI]) and the fact that s, is conjugate to a simple reflection of .

5.4. The unipotent subgroup. The unipotent subgroup U is generated by the
elements x4 (a) for a a positive root and a € F. It is shown in [6] that every element
of U can be written uniquely in the form [], .4+ Za(aa) where the product is in the
order described in Section 2.3 This proof is constructive and proceeds by collection
using the commutator formulas ({I)) and ([I0). Computationally we use collection
from the left to put a unipotent element into this normal form. This is generally
the most efficient known collection algorithm [22] and our testing indicates that it
is most efficient in this case as well. We invert a unipotent element by reversing the
order of the terms and replacing the field elements by their negatives, then doing
collection to put the terms back in the right order.

Given a Weyl group element w, Carter [6] proves that we can collect any unipo-
tent element into the form

(25) I za(aa) J] zalaa)

(YECI)+\CI>1U acdy,

Note that [[,ce, Tal(aa) is a general element of the subgroup U,,. This is used to
normalise an element of the form whwu’' with w’ in U but not necessarily in Uy:
put «’ in the form (25); then exchange the first part with hw using ([[5) and (T1)
and multiply u by the result.

Finally note that we can easily collect all terms corresponding to a fixed root «,
so every unipotent element can be put in the form

(26) Zo(a) - u’ where no term of the form z,(a’) appears in u'.
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begin
write «’ in the form z,(t) - v’ of (28] whz, (H)u'neg
exchange n, and v’ by (I5)) uhwzy (t)nau
if t#0and a € &, (i.e., gnoy € BwB) then
apply @0) to x4 (t)ne uhr o (e (=t Do (—t~ 1)/
replace u’ by xq(—t~1)u’ uhtwz_ o (") he (=t~
exchange 7_,(—t~1) with hw by ([6) and ()
and multiply v by the result uhtbhe (—t =)/
exchange ho(—t~1) with @ by (I4)
and multiply i by the result whau'
else (gn, € Bun,B)
if ¢t # 0 then
exchange ,(t) with hw by ([I6) and (I8)
and multiply u by the result uhtimngu’

end if
multiply w by sq
if a € &, then
multiply & by hgq-1(—1) in accordance with (24)
end if whu'
end if
end

ALGORITHM 3. Multiplication by a Weyl term

5.5. Normalisation and arithmetic. Recall that we can exchange unipotent,
Weyl and torus terms in a word using the equations in Section [5.1l Our goal
is to efficiently use these equations to put a word into Bruhat normal form. It
suffices to give an algorithm for normalising the product of a normalised element
by a unipotent element, torus element or Weyl term. Note that we assume that
all the terms z,(t) which appear in our word have « positive—any negative roots
that appear in the original word can be eliminated with equation (Id). Much of
the difficulty in this algorithm is ensuring that the roots remain positive when we
exchange unipotent terms with Weyl terms.

Suppose g = whwu' is in normal form. To multiply g by a torus element,
exchange the torus element with wu’ using (I7) and (Id)), then multiply h by the
result. To multiply ¢ by a unipotent element, multiply u’ by the unipotent element
and normalise uhwu' as in the previous subsection.

Finally consider the more complicated case of multiplication by a Weyl term n,,.
Recall that

gne = uhiu'ng € BiwBn, C Buin,B U BB,
where the union is disjoint. This gives us the two main cases of Algorithm Bl In
order to clarify the pseudocode, we write the word we are working on to the right,
but note that the values of the symbols u, h, w and v’ change from line to line.

It is now easy to normalise the product of two normalised words. We invert a
normalised word by inverting each term and reversing their order, then swapping h
and w and normalising the unipotent parts as in Section[>.4l We can do conjugation
more efficiently using the formulas of Section [B.1] directly rather than computing
the product y~'zy, but the result still needs to be normalised. Commutators are
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computed with one inversion, one conjugation, and one multiplication: [z,y] =
x oY,

Note that the most time-consuming part of these arithmetic operations is col-
lecting unipotent elements. Collection is also the only part of this algorithm which
is not known to run in polynomial time. In Section [B.I] we show that there is a
provably polynomial time alternative to collection, which nevertheless seems to be
slower in practice.

6. COMPUTING LINEAR REPRESENTATIONS

Computing an irreducible highest weight representation for a group of Lie type
is fairly straightforward since the representations for semisimple Lie algebras can
already be computed by the algorithm of de Graaf [I1]. Let G be a group of Lie
type, so the derived group G’ is a semisimple group. Let L be the integral Lie
algebra corresponding to G’ and let p : L — gl(V') be the irreducible highest weight
representation on the free Z-module V' with highest weight A € X. We define z,(T)
as exp(T'p(eqa)) € Endgir)(V), where T is an indeterminate. The matrix for x,(a)
for a € T is simply gotten by substitution; this acts on the F-vector space V ®z F.
We also need matrices for the elements of the torus Y @ F* which are not contained
in Z&®* @ F*—this requires a linear algebra calculation the details of which we omit.

This algorithm runs in polynomial time in the coefficients of A for a fixed group
G. Tt is not possible for the algorithm to be polynomial in the rank of G and the
coeflicients of A, since the dimension of the irreducible highest weight module is not
polynomial in these parameters.

The efficiency of this computation can be improved by noticing that the matrices
corresponding to terms in the Steinberg presentation are sparse. So rather than
multiplying on the left or right by the matrices, we use the corresponding row or
column operations. This observation motivates the algorithm of the next section.

7. GENERALISED ROW AND COLUMN REDUCTION

We now consider the converse problem of converting from a representation to
the Steinberg presentation. Together with the previous section, this allows us to
transfer between representations and the Steinberg presentation, so we can use
whichever is most appropriate for the computation at hand.

Our algorithm is a generalisation of row and column reduction or, more specifi-
cally, the LUP algorithm. It works for any nontrivial quotient of a highest weight
representation. In many cases it can be extended to an arbitrary representation:
First note that we can reduce to the case of an irreducible representation by work-
ing our way down a composition series of the module. If F is algebraically closed
or finite, then every irreducible module is a quotient of a highest weight module.

We assume that G is a group of Lie type Gr(F) and that p : G — GL(V)
is a nontrivial quotient of a highest weight representation on the F-space V. We
consider V' to be a G-module by vg := vp(g). Let A be a matrix in GL(V); to
simplify our exposition, we assume that A € p(G) (in fact, our algorithm is easily
converted into a membership test for p(G); see Theorem BI). Our aim is to find
g € G so that A = p(g), where g is given as a word in Bruhat normal form.

7.1. The case of SLa(a). Given a root «, define SLy(«) to be the subgroup of
G generated by the elements z4(a) and x_,(a) for all @ € F. This subgroup
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is isomorphic to a nontrivial quotient of SLo(IF). We define a (projective linear)
action of SLa(«) on the polynomial algebra Fx,y] by

za(a): x>, Y az +y;
To(@): z—ztay, y—u
Na: T —y, y—
ha(t): xw— tx, Y=ty

The highest weight module for SLo(«) of weight m is just the submodule of F[z, y]
consisting of homogeneous polynomials of degree m; we denote this module by
V(m). Note that, since SLa(a) is a quotient of SLy(TF), this may be a projective
representation—for our purposes, however, this is not a problem. If F has charac-
teristic 0, V' (m) is irreducible. If F has characteristic p, then we get an irreducible
module by quotienting out the submodule spanned by the terms z*y™* for which
p divides (T)

Every irreducible SLy(«)-module M is isomorphic to a nontrivial quotient of
V(m) for some m. Suppose we are given such a module M, we now show how
to compute the value of m. Let v be a nonzero fixed vector of z,(1). Then v
can be considered to be the image of " and we can compute m with the formula
vhe(t) = t™v. If F is finite of size ¢, then we can assume that m < ¢ by the
Steinberg tensor product theorem [29] and so m is the smallest positive integer
satisfying this formula for ¢ a primitive element of F. We also know that (—1)™wvn,,
is the image of y™ and the images of the subspaces Fz'y™ % are found by taking
eigenspaces of h(t). Hence we can compute an inner product . on V' so that these
one-dimensional subspaces are orthogonal, and v and vn, have norm one.

Given a matrix A € GL(V), we want to find a,b € F, t € F* and w € W =
{1, 8o} such that A = p(z(a)ha(t)wx,(b)). By an easy computation, we get

m

g.-y" =(=t)", aMg.a™ = (=bt)"™;
cmh.y™ =0,

z"h.a™ =t", y"hoa™ = (at)™

where g = x4 (a)ha(t)naza(b) and h = x4(a)ha(t). Hence we have Algorithm H]
using the fact that v is the image of ™ and (—1)™wn, is the image of y™.

7.2. Computing weights and weight spaces. Given u € X, we define
Vio={veV|vyat)=t"yforallye Y, tcF*}.

Then V = @“ V., and we call pu a weight of V' if V), is nontrivial. The dominance
order for weights is defined by u < v if v — pu = Y7, m;a; where every m; > 0;
we write 4 < v when u = v and p # v. Since V is a nontrivial quotient of a
highest weight representation, it has a dominance-highest weight A and V) is one
dimensional. In many applications, A and V) are assumed to be known. However
they can be computed if necessary: V) is the intersection of the fixed spaces of the
matrices p(x4(1)) for a a simple root. The highest weight can be computed using
the formula A = >""" | (\, o} )w; and the fact that the SLa(«;)-submodule generated
by V, is a nontrivial quotient of V(m) with m = (X, o).
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begin
if vA.vn, # 0 then
let w = s,

let c = (—1)™(vA.v)(vA.vny) ™!
take b to be the mth root of ¢ for which vn, Az, (b)~!.vn, =0
let A= Ap(naxa (b))t
else
letw=1,b=0
end if
let ¢ = (—1)™(vnaA.v)(vA.v)~1
take a to be the mth root of ¢ for which vn,zs(a) tA.v =0
let A= p(zq(a))~tA
take ¢ to be the mth root of vA.v for which A = p(ha(t))
return g = z4(a)hs (1), (b)
end

ALGORITHM 4. The SLy(«) algorithm

We frequently use the following basic facts about the action of G on V:

(27) Vauza(t) CEPV, for a € @,
2l

(28) Vit = Vi,

(29) V,H=1V,.

Fix a nonzero vector vy in V). Write € for the orbit of A\ under the action of
W for each p € 2, choose some w € W so that 4 = Aw and fix v, = vyw. Note
that V,, = Fv, and v, is well defined up to a sign. We can compute V,, for a weight
& Q by taking eigenspaces of torus elements. This allows us to compute a bilinear
form . on V' for which the vectors v, for yu € Q are orthonormal, and ., V), is
contained in the radical.

By Theorem 29 of [30], there is an automorphism of G such that

Ta(a) = T_a(€aa), (yot)—yot!
provided the signs ¢, satisfying the equation
(30) Ealp = —Eatp

whenever a + ( is a root. We can now define an antiautomorphism ¢ on G by
composition of inversion in G with the above automorphism, so that

0 = xfa(eaa)il = {E,a(—éat), (y Y t)(s =y®t.

za(a)
We want the additional property that 62 = 1, which is true if and only if
(31) E_a = Eaq

for every root a. It is easily shown that Hu’ = Hw~'. We take all ¢, = —1:
clearly (BO) is satisfied, so § is an antiautomorphism, and (BI) is satisfied, so it is
an involution.
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We define a left action of G on V by gv = vg®; we wish to show that this has

the property that
UGV = U gu.

It suffices to take u and v of the form v, with p € ©, since 3 o Vo is in the
radical. Furthermore, it suffices to take g to be a generator, either a torus term or
a unipotent term. For a torus term g = y ® ¢, both sides are zero unless u = v = v,
and v, (y @ t) v, =t = v, .0, (y ®t)°. For a unipotent term g = z,(a), both
sides are zero unless u = v = v, or u = v, and v = v, with v = puss. As in
Section [T} the SLa(a)-module generated by v, can be identified with a quotient
of V(m) with m = (u,a*). The vector v, is identified with 2™, and v,n, = ev,
(e = £1) is identified with y™. Now

vuZa(a) = e(vung)za(a)
=ey™zy(a)
=e(y+azx)” € v, +ea™v, + Z Vo
oc¢Q
and
V2o (a)’ = 2™z _o(a)
=(z+ay)" €v, +ea™v, + Z V.
o Q
Consequently, if ©w = v = v, then
Ug v =0T (a) vy =1 =0, vuz0(a) = u.vg’ =u.gv,
and if u = v, and v = v,, then
UGV = 0,0 (a) v, = ead™ = v, V70 (a) = u.vg’ =u. gy,
so we are done.
7.3. The inductive step. In this section we show how to reduce from G to a
reductive subgroup of smaller semisimple rank.

Since A is a dominant weight, its stabiliser W) is actually the standard parabolic
subgroup Wy with J = {s | (A\,a}) = 0}. Within G we have opposite parabolic
subgroups P; = BW;B and Pf = BYW;B®. The Levi complement L; = P; N P§
is reductive with root datum (X, ®,,Y, @), where

Oy ={acd®|(\Na")=0}=90;,

and @} = {a* | a € ®,}. In particular, the semisimple rank of L is strictly smaller
than the semisimple rank of G and the Weyl group of L; is W; = W.

Proposition 7.1. Let g be an element of G. Then g € Ly if, and only if, Vag = Vi
and gV = V.

Proof. First we show that g € Py if, and only if, Vg = V). Since X is the highest
weight, VAB = V) and so VABWB = V), B =3 .y, Vi by 1) and @9). Clearly
this is equal to V) exactly when Aw = A, i.e., w € Wj.

On the other hand, gV = V) means Vyg® = V) which is equivalent to ¢° € P,
ie., g€ Pﬁ. Since Ly = Py N Pﬁ, we are done. O
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Any element w of W can be decomposed in the form wyw” where w; € W and
w” is the unique Wj-reduced element of W such that AMw? = Aw. We write W for
the set of all W;-reduced elements of W. By Lemma Z1](2), ®,, is a disjoint union
of ®,,,w’ and ®,,, and so we get a unique decomposition U, = (UwJ)“’JUwJ. We
are particularly interested in the factorisation wg = wo wy of the longest word in
W. Now wpy is the longest word of W;. Since woy = wo(wy)~1, Lemma ZT[4)
implies that ®* is the disjoint union of q)(wg)_l and ®,,, so we get a unique
decomposition U = U(,7)-1Uw,,. We can now modify the Bruhat decomposition
as follows:

G= |J vHWU,
weWw
. Jrrw?
= U U(wg)_lUwoJijw UU)J UwJ

wyeW s, wleWwJ

= U U(wg)_1< UwOJHwJUwJ> w7 Uy
wleWJ wyeW

et U U(wél)—lLJ’U:)JUwJ.
wd eWwJ
Recall that we are given an element A € p(G) and we wish to find a preimage

g € G. The first step is to find the value of w” in this decomposition of ¢; then we
can find u € Up,gy-1 and v’ € U,s so that A € p(uL ji’u). The problem is then

reduced to finding a word for p(u)~'Ap(w’u')~! in the reductive subgroup L ;.
Since w”’ is the unique Wj-reduced element of W with Aw’ = Aw, it can be
found using the following lemma.

Lemma 7.2. Let g be an element of the double coset BwB of G. If p is the minimal
element of 0 such that vyg.v, # 0, then Aw = p.

Proof. This follows from the facts that

V\BWBC >V,
pEAw

and
UAG » Uaw # 0. O

We now know that A = p(g) with g € U(wél)—lLJ'U:)JUwJ for fixed w’/. Write
g = uhw’u’ where u € Utwgy-1» € Ly, and

u = H Ta(an) € Uy
O/ECI)wJ

Let v be a dominance minimal root in ®,,s with a, # 0. Using (26), we can rewrite
v/ in the form

H Ta(aa)zy(ay),
a€d  g,aRy

with different values of a, but with a, still nonzero. As in Section [ZI] the
SLa(y)-module generated by v, can be identified with a quotient of V(m) with
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m = —(u,v"), the vector v, with the image of y™, and vyn, with the image of
™. Now

A = vag = vyuhw’ v = vyhw'u

€ F v,/

=F"v, H Ta(aa) | z4(ay)

ac®  g,ahy

w

CF* v, + Z Vire | 7y(ay)

£€2>0%,,7\0
C F*(a'vuny +mal 'z ry + -+ up) + Z V.

vAps,
The final line follows from the fact that the only weights that can appear are of
the form v = u + £ — iy where i = 0,...,m and £ is a nonzero linear combination
of roots a € ®,7, @ A v with nonnegative coefficients. Such weights satisfy v A
1 —my = us,. We can now compute a-, by setting

c= (aA.vny)(VrA. vu)_l

and taking a~ to be the mth root of ¢ with the property that vy Az, (av)’l.vunv =0.
By repeating this process for all the roots in ®,,s in an order compatible with the
dominance order, we can compute the value of u’. The order < of Section has
the required property.

We now have g = uhi’ and we wish to find u € Uwg)y-1- This is similar to the

preceding case. We may write u = x(b-) H,BE<I>( Bt zg(bg) and then
wy )T’

_ — e d
Av, = gv, = uhw’v,

€ F*Xuvy = FXvyu’

=P [ 1 oslp) | os(d)
BED,, g,y

CF*(vx + o boany) + Z V.,
VY LSy
where m = (\,v*). Hence we compute b, by taking
c = (vany « Av,)(vy « Av,) ™t

and computing the mth root b, of ¢ such that vyn. . z(b,) "t Av, = 0.
We now have all the ingredients required for our algorithm, which we describe
in detail in the next two sections.

7.4. A base for the Weyl group. By iterating the procedure of the previous
section, we get a sequence of reductive subgroups
G:LJ1 ELJQ 2"'2LJ]H,1 :H

where
{1,....n}=J12J2 22 Jp1 =0.
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begin
let \y =\, J; = {1,...,’[1}, Jy = {SE J1 | </\1,0é§> :O}
let i =2
while J; is not empty
choose r € J;_1 — J; such that {s € J; | (\i—18a,.,a}) =0} C J;
let A\; = \i_15q,., and Jip1 = {s € J; | (o, a%) =0}
increment i by 1
end while
end

ALGORITHM 5. Computing a base of weights

Note that this chain of subgroups depends only on G, not on the particular
matrix A. The subsets J; and the highest weight for each L, can be computed
beforehand using the following theorem.

Theorem 7.3. Let G be a reductive group with highest weight representation V.
Consider the Weyl group as a permutation group on the weights in Q2. Then W has
a base M1, ..., A\ with the following properties:

(1) Wx,,..xiq = Wy, for some J; C{1,...,n} and

(2) i is a highest weight for L, = BW;, B acting on V.
Proof. We begin by putting Ay = A, J1 = {1,2,...,n} and Jo = {s € J1 |
(A1,af) = 0}, and we proceed by induction on i. Given A1, Mg, ..., A;—1 and
Ji, Ja, oo, T; satisfying properties (1) and (2) with J; # 0, we find r ¢ J; such
that (x\z 15%, *) # 0 for some s € J;. Put \; = A\;_18,,. Then for all s € J; we
have

(Aiyag) = (Xic18a,, 07)
< < i—1, 04* >ar7 a* >
= <)\z 1, O ><arv >>O
Thus Jit1 ={s€ Ji | (ar,af) =0} =Wy, and )\, satisfy properties (1) and
(2). O
The weights A; and sets J; are constructed using Algorithm Bl Suppose that
w is an element of the Weyl group W. Then we have a unique factorisation w =

wy, - - - wowi where w; is the unique Wy, ,-reduced element of W, such that Aw; =
Nwwy -

i+1
. w;ll. The element wy; is fixed for a particular group G and is the unique
W, ,-reduced element of W, such that )\iwail = A\jwoy,. Iterating the result in
the previous subsection, we can now refine the Bruhat decomposition to

(32) U me Uwoz e Uw()kHwk S Wt (ka)wk_lmwl T (Uwz)wl le;

W1y, Wk
where w; ranges over the WU+ reduced elements of W)

7.5. Row and column reduction. Putting together the ideas of the previous
sections, we get Algorithm [f] (see Section for the significance of the asterisks).
We assume that \;, J; and wp; have already been computed using the techniques of
Section[T4l Note that the loop has an invariant p(u)Ap(u’), which is always equal
to the original value of A. At the end of this algorithm, A is the image of a torus
element.
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begin
let u,h,u’ = 1.
for ¢ from 1 to k£ do
[Compute w;]
find the largest 1 € € so that v;A.v, # 0.
find the W, ,,-reduced element w; € Wy, with \w; = pwy -+ wi  (¥)
[Compute the component in (U, )i-1"91]
for B in ®,,w;_1 ---wy in the order of Section [2:3] do
let m = (u, 3*), c = (vy, 4. vﬂnﬁ)(v)\iA . v#)il
let b be the mth root of ¢ so that vy, Azg(b) ™' vv,mg =0 (¥)
let v = zg(b)u’, A= Ap(xs(b))~*
end for
[Compute the component in Uy, ]
for a in ®,;,, in the order of Section do
let m = (X, a*), ¢ = (va; N0 « Avy) (vy; « Avy) 7t
let a be the mth root of ¢ so that vy, naza(a)™ . Av, =0
let u = uz,(a), A= p(ra(a)) LA
end for
end for
let w=wy, - wy, A= Ap(w)~!
end

—~
*
N

ALGORITHM 6. Generalised row and column reduction

7.6. Torus elements. We now suppose we have an element A € p(H) where H is
the torus of our group of Lie type G, and we wish to find h € H so that p(h) = A.
Note that p need not be faithful on H, so h may not be uniquely determined. Let
T" be the lattice generated by the weights of V' and choose a basis 71, ..., for T
Then the preimage of A in I' ® F* is computed as szl v ® t; where vA = tyv
for v € V,,. This can be converted to the form H2:1 fi ® h; using the methods of
Section 5.2l

8. APPLICATIONS AND EXAMPLE

The algorithms described in this paper have been implemented in Magma [2].
They are practical for computations in groups of Lie type up to (and sometimes
beyond) rank 10. In particular, they are practical for all the exceptional groups.
The timings for multiplication in the Steinberg presentation are highly dependent
on the efficiency of the field operations. However, it is possible to do computations
in Fg even for quite difficult fields, such as fields of rational functions. Rational
function fields are particularly useful, since a computation with indeterminants
allows us to derive general formulas that apply over any field.

Most of the applications of our algorithms are based on the ability to convert
in both directions between the Steinberg presentation and a representation. This
allows us to work in whichever of the two is most convenient for the problem
at hand: in general the Steinberg presentation has the advantage of making the
underlying Lie theory explicit, while a representation allows us to use the power
of linear algebra. For example, conjugacy classes are more easily computed in the
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presentation, while the Jordan decomposition and lattice subgroups can only be
computed in a representation.

8.1. Application to matrix group recognition. One of the more difficult prob-
lems in matrix group recognition is finding a membership test for a known almost
simple group. Our algorithm provides such a test for natural characteristic repre-
sentations of finite groups of Lie type. We obtain a membership test for p(G) by
running our algorithm for an arbitrary A € GL(V): A is not a member of p(G)
if the algorithm fails or the value of A at the end is not the identity matrix. Al-
gorithm [ can fail in three places, which are marked by (*). The torus element
algorithm of Section [.6] can also fail.

In this and other applications, it is of interest to determine whether our algorithm
runs in polynomial time. When F is a finite field of order ¢, it is straightforward
to show that most of the algorithm runs in polynomial time in log(q) and the
coefficients of A\. For example, the length k of our base is bounded by the reductive
rank of G and radicals over finite fields can be computed in polynomial time by [12].
The main sticking point is the computation of discrete logarithms in Section [7.1]
This can be avoided, however, since the powers involved are bounded by m, and
by Section the values of m which appear are polynomial in the coefficients of A.
We now have the following result.

Theorem 8.1. Let G = Ggr(F,) be a finite group of Lie type and let p : G —
GL(V) be a quotient of a highest weight representation with known highest weight
A. Suppose A € GL(V). We can decide whether A is in p(G) and, if it is, find a
preimage in polynomial time in log(q) and the coefficients of A.

Note that the condition that the highest weight be known is required, since
computing the highest weight requires discrete logarithms. In fact, if G is a one-
dimensional torus with representation V', then computing the weight of V is pre-
cisely the discrete logarithm problem.

As an immediate corollary of Theorem Bl, we get a polynomial time algorithm
for multiplying elements in G: simply convert the elements to matrices in the natu-
ral representation (i.e., the smallest degree highest weight representation), multiply
the matrices, then convert back. In the case of the natural representation, the run-
ning time of our algorithm is O(n?), just like the LUP algorithm for general linear
groups.

8.2. Example: GL,11(F). We now describe how this algorithm works in the case
of the standard representation of the general linear group. Take X = Z"t! with
standard basis vectors e; and Y = Z"*! with standard basis vectors f;. The roots
and coroots are of the form «a;; = e; —e; and of; = f; — fj for 1 <4,5 <n+1 with
i # j. A (co)root is positive when 7 > j and simple when i = j + 1.

The standard representation p : G — GLy11(F) takes 4,,(a) to the matrix
equal to the identity except for the (i,j)-entry which is equal to a, and it takes
fi ® t to the matrix equal to the identity except for the (i,)-entry which is equal
to t. The Weyl group of G is the symmetric group on n + 1 letters with reflections
Sa;; = (i,7). Here p(g®) is the usual transpose of p(g).

Algorithm Bl gives A; = e; and J; = {i,i + 1,...,n + 1}. Since we can take
vy, = b;, these weights correspond to the rows and columns of the input matrix A.
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We can compute
wWo; :Sn---5i+15i: (Z,Z+17,n+1)

and

Doy = {it1,ir- -5 Ant1,i -
In order to compute w;, we need to know the image
Aiw; = uw;l .- ~w;_11
where = e; with j the largest nonzero entry in the sth row of A. Now
Wi = 8iSit1 -+ - Siw;—1 = (1W4y ..., 1+ 1,7)

and

q)wi = {aiwi,ia Qjw; i+1y - - waiwi,iwi*l}
and so
(33) Sy, wim1 w1 ={w,j | § =1lwi—1---wy for l=14,i+1,... dw; — 1}

Furthermore the constants m that appear in Algorithm [0 are all equal to 1. It
is now easily seen that computing the Uy,, component of (32) is just clearing the
(fw;—1 -+ - w1 )th column of the matrix with row operations, and computing the
(Uy,)®i=1""%1 component is just clearing the ith row of the matrix with column

operations (the values of j that appear in ([B3) give exactly the entries in the row
that have not been cleared by a previous column operation).

In order to relate this algorithm to the well-known LUP algorithm, we note that
p can be chosen so that p(B) consists of lower triangular matrices. Suppose that
g € G decomposes as vhuwu' for v € U, h € H, w € W and v’ € U,. Then
L = p(uh) is lower triangular, U = p(wu/w 1) is upper triangular, and P = p(w)
is a permutation matrix (up to signs), giving the usual LUP decomposition.
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