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LOCAL BEHAVIOUR OF POLYNOMIALS

D. P. DRYANOV, M. A. QAZI, AND Q. I. RAHMAN

ABSTRACT. In this paper we study the local behaviour of a trigonometric
polynomial ¢(0) := Y"_  a,e*? around any of its zeros in terms of its

estimated values at an adequate number of freely chosen points in [0, 2m).
The freedom in the choice of sample points makes our results particularly
convenient for numerical calculations. Analogous results for polynomials of
the form ZLL:O a, x¥ are also proved.

1. INTRODUCTION

Let p be a polynomial of degree at most n and suppose that |p(z)| attains its
maximum on the unit circle at the point z = 1. How near to this point can there
be a zero « of p? This question was asked by P. Turdn [I1]. He himself pointed
out that necessarily |a — 1| > 1/n. In addition, he proved that if « is a point on
the unit circle, the nearest positions of a zero are @ = e=™/™ and that p(z) must
be of the form ¢(1 + 2™), ¢ # 0 if p(z) vanishes at one of these points. Note that
t(0) = e p(e?) is a trigonometric polynomial of degree at most n such that
|t(0)| attains its maximum on [—7, 7] at the point 0. Generalizing the question of
Turan we may ask: how near to the point 0 can a zero of a trigonometric polynomial
t of degree at most n be if |t()| attains its maximum M on [—7, 7] at the point
0?7 It was shown by Hyltén-Cavalius [6] that

(1.1) |t(0)| > M cosnd (—2l <6< %) ,

n
with equality at some point 6 € [—7/2n,0) U (0, 7/2n] only when t(f) =
Me" cosnf for some v € R. In particular, ¢t(§) # 0 in (—7/2n, 7/2n). An
equivalent problem is to consider a trigonometric polynomial ¢ of degree at most n
vanishing at the origin and to determine how near to this point can |¢(0)| attain
its maximum on [—7, 7]. To see the equivalence, we may consider the nonnegative

trigonometric polynomial M? — t(f))@ bounded above by M? on [-7, n]. By
a well-known result of L. Fejér and F. Riesz |7l p. 77, problem 40], there exists a
polynomial p of degree at most 2n such that

(1.2) M2 = 10)t0) = |p(?)]  (-r<6<7).

It is clear that |p(z)| < M for |z| = 1 and that |p(1)| = M. Thus, e " p (€!%)
is a trigonometric polynomial of degree at most n, which attains its maximum
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modulus M on [—7, 7] at the point 0. Hence, by (1.1),

i _T ™
‘p(e )‘ZMcosnO ( 2n§9§2n)'

Now, (1.2) implies that

M? — [t(0)]> > M? cos® nb (—1 <6< 1),
2n 2n
that is,
T ™
1. t(0)| < M| sinnd (- <0<
(1.3) [1(0) | < M| sinnd| 5y <0< o
The estimate is best possible as the example ¢(f) := M sinnf shows.

Conversely, we shall show that (1.3) implies (1.1). Let ¢ be a real trigonometric
polynomial of degree at most n such that ¢(0) = M = maxger [t(6)]. Then, t1(0) :=
(M — t(20)) /2 is a nonnegative trigonometric polynomial of degree at most 2n such
that t1(6) < M for all real § and t1(0) = 0. Hence, t1(0) = |t2(0)|?, where t5 is a
trigonometric polynomial of degree at most n such that |to()| < v/M for all real 6
and t2(0) = 0. Applying (1.3) to t2, we conclude that

M —t(260) < 2M sin® nf (—% <20 < %) )

which proves (1.1) for real trigonometric polynomials. However, this additional
restriction on ¢ is superfluous. To see this, let ¢(0)e™" = M := maxper [t(0)],
where 0 < v < 27. Then, o(f) := R (e"*t(9)) is a real trigonometric polynomial
of degree at most n such that ¢(0) = M = maxger |0(0)|. Hence,
1t(0)] > |o(8)| > M cosné (—1 <h< 1) .
2n 2n
Over the years, several people, including the late Professor P. Turdn and the late
Professor R. P. Boas, have independently asked one of us the following question.
What form would (1.3) take if t had a zero of multiplicity k at the origin, where
k < 2n? Although, we are not able to give an explicit upper bound for | ¢(6) | in
some interval around the origin, except in the case where k € {1,2,2n — 1,2n}, we
can characterize the trigonometric polynomial that mazimizes the bound. Before
we do this, we recall the following result of Boas [4] according to which (1.3) holds
if simply |t(0)] < M for § = w/2n, 37/2n, ..., (4n — 1)7/2n.

Theorem A. Lett be a trigonometric polynomial of degree at most n such that
(14)  t(0) =0 and |t(2v+ Dn/2n)] < M forv =0,1,...,2n—1.

Then,
|t(0)] < M |sinnb)| (0 < 10| < 7/2n),
unless t(0) = M e sinnd for some vy € R.

Here, it is important to note that the points 7/2n, 37/2n, ..., (4n—1)7/2n are
exactly the points in (0, 27), where the extremal polynomial M sinnf attains the
values M and —M, alternately. In the case where ¢ is assumed to have a zero of
multiplicity k at the origin, a logical extremal would be a trigonometric polynomial
of degree n which attains the upper bound M and the lower bound — M, alternately,
at 2n — k + 1 points in (0, 27). Do we know if such a trigonometric polynomial
even exists? We claim that the answer is yes for any £ € N. We do not know of
any ready reference, if there is any. Instead of digressing to include an adequate
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justification for our assertion at this place, we have chosen to present it as an
“Appendix” in Section 6.

With the presumption of our claim having been substantiated, we state the
following generalization of Theorem A.

Proposition 1.1. Let t, =t, 1, be the unique trigonometric polynomial of degree
n having a zero of multiplicity k at the origin such that |t.(6)] < M for 0 < 6 < 2x¢
and taking the values M and —M, alternately, at 2n — k + 1 points in (0, 27),
say 05 < 07 < --- < 05, . Furthermore, let t be any trigonometric polynomial
of degree at most n having a zero of multiplicity k at the origin and satisfying the
condition

[t0;)| < M (v =0,1,....2n—k) .

Then, |t(0)| < |t.(0)] in (65,_, — 2w, 0) U (0, 65), unless t(8) = e t.(6) for
some v € R.

We omit the proof of Proposition 1.1 since we shall prove a considerably more
general result in Theorem 2.2.

We know t,, 1, explicitly for & € {1, 2, 2n — 1, 2n} but not for any other value
of k. Thus, Proposition 1.1 is of little practical value if 3 < k < 2n—2. Aslong as
we do not know the points 65 < 67 < --- < 03, _,, we shall take any convenient
set of 2n —k+1 points 0y < 01 < --- < Oz in (0, 27) and see how large | £(6) |
can be at any given point of (02,—x — 27, 0) U (0, ) if we know upper bounds
for [t(00) |, ..., | t(Oan—k)]-

We shall also consider the analogous problem for polynomials of the form
ZZL:O a,x¥ having a zero of multiplicity k at a given point £ € R.

2. TRIGONOMETRIC POLYNOMIALS

Let ¢ be a trigonometric polynomial of degree n having a zero of multiplicity
k at the origin, which means that ¢(0) = --- = t*=1(0) = 0, t*)(0) # 0. Sup-
pose, in addition, that we know estimates for |t(0)| at 2n — k + 1 distinct points
Op < -+ < Oz in (0, 27). Then, how large can [t(f)| be at any given point of
(02n—r — 27, 09)? We shall find the answer to this question.

It is convenient to first introduce some notation.

Notation 2.1. Let ¥, denote the set of all trigonometric polynomials of degree at
most n.

Notation 2.2. Let k and n be integers such that 2n > k£ > 1. In addition, let
o, ...,02,_ be 2n — k + 1 distinct points in (0, 27) such that

(2.1) 0< by <Oy < - <Oy < 2.

Furthermore, let {yo, ..., Y2n—k} be an arbitrary set of 2n — k+ 1 nonnegative num-
bers not all zeros. We shall say that t belongs to T, k(6o, - - -, 02n—k; Y0,-- - s Y2n—k)
(or %, 1 for short) if ¢t € T,, and

2.2) t(0)=---=t*D0)=0 and [t(0,)] <y, (=0,1,...,2n—k).
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Notation 2.3. Let 6g,...,02,—r and vyo,...,y2n—r be as above. We shall use

Tnk (80, -, 02n—k; Yo, - - -, Y2n—k), or simply 7, , to denote the unique trigonomet-
ric polynomial of degree at most n such that
(2.3)

k—
Tap(0) = =787Y(0) =0 and 7..(0,) = (-1)"y, (v=0,1,...,2n—k).
Notation 2.4. In the case where yo = -+ = ya,—r = 1, we shall write 7, . for the
trigonometric polynomial 7, x(6o, ..., 02n—k; Yo, - - -, Y2n—k) of Notation 2.3. It is

easily checked that 7, i . can be represented as

Ik , [ sin 6/2 F $n,k(0)
Tk (0) = Z (—1) {sin 91//2} 28, ,(60,)sin (6 —6,)/2

v=0
2n—k
. 9_91/
(sn,k(ﬁ): Hsm 5 )

Because of its relevance, we shall first determine the sharp upper bound for
|t(k) (0)| as t varies in the class Ty, (6o, - - ., 02n—k; Yo, -- -, Y2n—r) of Notation 2.2.
Our results and the proofs will reveal a new property of the Hermite type interpo-
latory polynomial 7, ) introduced in Notation 2.3.

The following interpolation formula for the k-th derivative of a trigonometric
polynomial, at the point 0 where it vanishes along with its derivatives of order
j <k —1, plays a crucial role in our investigation.

Theorem 2.1. For any integer k € {1, ..., 2n}, let Oy, ..., 2,1 be an increasing
sequence of 2n — k + 1 numbers in (0, 27). Furthermore, let

Mok g o\ F1
Sn.k(0) == 1,1;[0 sin 5 and Spk(0) == <sin 5) Sn,k(0) .
Then, for any trigonometric polynomial t of degree at most n such that
t(0) =--- = t*=1(0) =0,
we have
2n—k 0,) 1

(2.4) tM(0) = 2k+1 |50, (0)] Z ‘S;zk(e )} sin?6,/2

In the case where k > 2, the preceding formula also holds for any trigonometric
polynomial t of degree at most n, which has a zero of multiplicity k—1 at 0, provided
that s, ,(0) = 0. When k =1, formula (2.4) (for t'(0)) holds for any trigonomet-
ric polynomial of degree at most n (whether t(0) vanishes or not), provided that

! /
n, 1(0) = Sn (0) =0.
For any k €N, if B is any of the zeros of S, ;. in (0,27), then

2n—k

(2.5) t'(B) = Z S ) sin? (ﬁl 0,)/2°
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Example 2.1. If 0, = 2v+1)x/2n for v =0, 1, ..., 2n — 1, then
Spn1(0) = sp1(0) = 273D cosnd
and so, Sy, 1(0) = s, ;(0) = 0. Hence, Theorem 2.1 says in particular that for any

trigonometric polynomlal t of degree at most n, we have
2n—1

iy L Ry 1 Qv+
£(0) = 4n Z (=1 sin? {(2v + 1)7/4n} ! ( 2n > '

v=0

Applying this formula to the trigonometric polynomial t(a + -), a € R, we obtain
the well-known interpolation formula
2n—1

R (-1 N v+ 1) N
(2:6) t(a)_zm s sin2{(21/+1)7r/4n}t< L ) (« €R)

of M. Riesz ([8], [9]; also see [3 p. 211]). Thus, (2.4) may be seen as an extension
of this classical formula.

Remark 2.1. Applying (2.4) to the trigonometric polynomial 7 = 7, ;. of Notation
2.3 and taking note of (2.3), we see that

k! 2n—k y
(k) d
T (0) 2k+1 |5n k | Z |S;L k sin2 9,,/2 > 0.

The following consequence of Theorem 2.1 is an important first step towards the
solution of the problem formulated in the third paragraph of the Introduction.

Corollary 2.1. Let Oy, ..., 02,k be as in (2.1), and let {yo,...,yan—r} be an
arbitrary set of 2n — k 4+ 1 nonnegative numbers not all zeros. Furthermore, let T =
Tn,k be the trigonometric polynomial of Notation 2.3. Then, for any trigonometric
polynomial t belonging to the class T, of Notation 2.2, we have

(2.7) {8 ©0) < |7 (0)| =7M(0),
unless t(0) = eV 7(0) for some v € R.
In the case where k > 2 and Oq, . ..,02,_ are such that s%,k(O) = 0, inequality

(2.7) also holds if t is a trigonometric polynomial of degree at most n, having a zero
of multiplicity k — 1 at 0, such that |t(6,)] < y, for v =0,1,...,2n — k. When
k=1 and 0,...,02,-1 are such that s;, 1(0) = 0, the estimate (2.7) (for [t'(0)])
holds for any trigonometric polynomial t of degree at most n such that [t(0,)| < y,
forv=0,1,...,2n —k, unless t(6) = e 7(0) for some v € R.

In addition, if 3 is any of the critical points of the trigonometric polynomial Sy, j
(introduced in the statement of Theorem 2.1) lying in (0, 27), then

(2.8) @) < [7B)],
unless t(0) = eV 7(0) for some v € R.
Remark 2.2. 'We claim that the trigonometric polynomial 7 = 7, ;, of Notation 2.3

is positive in (0, 6y). For this, let 7, 1« be as in Notation 2.4, and note that for
any € > 0 the trigonometric polynomial

A (0) == T(0) + €Tn i +(6)

has a simple zero in each of the intervals (6o, 61),..., (62n—k—1, O2n—k). Let-
ting € tend to zero, we see that 7 has at least one zero in each of the intervals
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0o, 01],. .. [02n—k—1, O2n—k] . It may be added that 0y and 02,_x cannot be multi-
ple zeros of 7 and that 01, ...,602,_,_1 cannot be zeros of multiplicity greater than
2. Counting each zero as often as its multiplicity, we see that 7 has at least 2n — k
zeros in [6y , O2,—| . Since it has a zero of multiplicity k at the origin, it must have
exactly 2n — k zeros in [0y, 02,—%] and no zero in (0, 6y). Thus, 7(0) is of constant
sign in (0, ) and the sign can only be positive because 7(*)(0) > 0 and

1
(0) = & 7™ 0)0F + O (0") asd—0.

The answer to the question asked in the third paragraph of the Introduction is
contained in the next result.

Theorem 2.2. Let g, ..., b2,k be as in (2.1), and let {yo,...,y2n—r} be an
arbitrary set of 2n — k + 1 nonnegative numbers not all zeros. Furthermore, let
T = T,k be the trigonometric polynomial of Notation 2.3. Then, for anyt belonging
to the class T, 1 of Notation 2.2, we have

(2.9) [t(0)] < |7(0)] (0 € (2, — 2w, 0)U(0, 6))) .
There is equality in (2.9) for some 6 € (02— — 27, 0) U (0, bp) if and only if
t(0) = e 7(0) for some v € R.

Besides, if k > 2 and ¢g < -+ < pan—kt1 are the critical points of the trigono-

metric polynomial Sy (introduced in the statement of Theorem 2.1) in (0, 2),
then

O < [7(0)] (0 € (pan—rs1—2m,0)U(0, @0)) ,
unless t(0) = e77(0) for some v € R.

Remark 2.3. Theorem 2.2 extends Theorem A of R. P. Boas. According to that
result, if ¢ is a trigonometric polynomial of degree n with ¢(0) = 0 and [¢((2v +
1)mw/2n)| < 1for v=0,...,2n— 1, then

. ™
1t(0)] < |sinnd| (|9| < %) .

Moreover, |t(0) | = |sinnf| for some 6 in (—7w/2n, 7/2n)\{0} if and only if ¢(§) =
e sinnf for some v € R. Boas [4, p. 44] simply gives a brief outline of the
proof and does not even bother to explain why |t(6)| = |sinnf| for some 6 in
(=m/2n, 7/2n)\{0} only if t(§) = €7 sinnd for some v € R. However, the reader
will soon realize that this part of the result does not even come close to being trivial.

3. ALGEBRAIC POLYNOMIALS

Here again we start with some notation.

Notation 3.1. Let Pn denote the set of all polynomials of degree at most V.

Notation 3.2. For some k € Nand N > klet xp < --- < xy_p be N —k+1
real numbers. In addition, let {yo,...,ynv—r} be a set of N — k + 1 nonnega-
tive numbers such that Zl],v:_ok y, > 0. Furthermore, let £ be any real number
other than the numbers zg,...,zx_;. We shall say that a polynomial p € By
belongs to B x(zo, .- s TN—k; Y0, - -, YnN—k; &) (or P i for short) if p(§) = --- =
p*=D(¢) = 0 and |p(z,)| < y, forv=0,1,..., N — k.
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Notation 3.3. Let xg < --- < zy_k and yo,...,yn—k be as above. Setting z_; :=
—o0 and xy_k41 = +o0, let £ belong to the interval (r,_1,z,), where p €
{0,...,N —k+1}. We shall use nn x(zo,...,ZN—k; Y0,---,YN—k) OF simply 7n k
to denote the unique polynomial belonging to By x (o, .- -, TNk Y0s-- -, YN—k; &)
such that

() (=1)"Hy, forv=up,...,N —k,

TN E(T,) =
ok (—1)yr=rktly, forv=0,...,u—1

ifpe{l,...,N—k}, and

ank(z,) == (D) "y, forv=0,...,N -k
if u =N — k+ 1, whereas

wNke(zy) = (-1)"y, forv=0,...,N—k

if p=0.
Notation 3.4. In the case where yg = --- = yny—_ = 1, we shall write my . for the

polynomial 7n (o, ..., TN-k; Yo, ---,yYn—r) of Notation 3.3.
It is easily checked that mx 1 « can be represented as

k
maa) = T (225 ) e

P 3 oy ( r-¢ )k pra(s)

Ty — f p/]\hk(xu)(x - xu)

N—k
<pN,k(fc) =[] - fcu)>

v=0
if € belongs to (z,—1, x,,) for some pp € {1,...,N — k}, as

N—k b
k() = D (~1)N ( v ¢ ) p/NkpN,k(x)

2 7, € (2)( — )

if £ belongs to (zy—_k , +00), and as

TNk (2) = ]ﬁ—nv ( z=¢ > k(@)
. v=0 Ty, —§ p'N,k

v (z)(x — )

if £ belongs to (—o0, xo).
Analogously to Theorem 2.1, we prove the following result.

Theorem 3.1. With xq,...,xn_k as above, let

N—k
pai@) = [ @=2,) and Pyi(z) = (x— " prala).
v=0

Then, for any polynomial p of degree at most N such that p(¢) = --- = p*=D(¢&) =
0, we have
~  play) 1
3.1 p(k) = —k! pn, z .
( ) (f) N,k(f) ;} PJI\Lk(xV) (f_xz/)Q
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In the case where k > 2, the preceding formula also holds for any polynomial
p of degree at most N, which has a zero of multiplicity k — 1 at &, provided that
Py (&) = 0. If k=1, then formula (3.1) (for p’(§)) holds for any polynomial p of
degree at most N, whether p(§) is zero or not, provided that Py ,(§) = P/N,1(§) =
0.

Besides, if n is any of the critical points of Py i, other than &, then

p(@y) 1
=0 P]'\Lk(x,,) (n—av)?

N—-Ek

(3.2) p'(n) = —Pnx(n)

Remark 3.1. It is easily seen that if £ belongs to (x,—_1, z,), where p € {1,...,
N — k}, then

—1)N=Fk=v Pt (x,)| forv=p,...,N -k,
Pl (o) = {( IR PR ()

(—1)N_"+1|P]'V,k(xl,)| forv=0,...,u—1,

and py k(&) = (=1)VN k= py (€)]. Hence, applying formula (3.1) to the poly-
nomial 7wy, of Notation 3.3, it is easily checked that if { € (x,—1, z,), where
we{l,...,N —k}, then

N—k
. ®) (&) = k! Y 1 :
(3 3) WN,k(f) |pN,k(§)| Vz:(:) |P1lv,k(xl’)| (f _ SCV)2 >0

If £ belongs to (zn—_f , +00), then
P]IV,k(xV) = (_1)N_V_1|P;V,k(x’/)| (V:O7"'7N_k)a

and pn k(&) = |pn,k(§)]. Hence, (3.3) remains true in this case.
Finally, if € belongs to (—oo, zg), then

Pyi(z,) = (DN Py (x)] (v=0,...,N = k),
and py (&) = (=1)N * 1 py r(€)], which shows that (3.3) is true in this case also.

Corollary 3.1. Fork e N, let xg < --- < zy_k be N —k+ 1 real numbers, and let
{vo,.-.,yn—k} be any set of N —k+1 nonnegative numbers such that Zf/v;()k ypy > 0.
Furthermore, let £ be a real number different from the numbers xq, ..., TN_§, and
let mn 1 be the corresponding polynomial of Notation 3.3. Then, for any polynomial
p belonging to the class Py x(xo, .-, TN—k; Yo,---,YN—k; {} of Notation 3.2,

(3.4) PP ©)] < 7841 = 7Tk (©)

unless p(z) = eV wn k(z) for some v € R.

In the case where k > 2, inequality (3.4) holds for any polynomial p of degree at
most N such that |p(z,)| < y,, v=0,...,N —k and p(¢) = --- = p*=2 (&) = 0
(whether p*=1) (&) is zero or not), provided that Py k(&) = 0 andp(z) # ey k()
for ally e R. If k =1, then inequality (3.4) (for |p'(£)]) holds for any polynomial
p of degree at most N such that |p(z,)| < y, forv=0,...,N —1 (whether p(§) is
zero or not), provided that py ;(§) = 0 and p(z) # eV rya(z) for ally €R.

Besides, if w is any of the critical points of Py (z) = (z—&)F 1 Hl],v:_ok (x—my),
other than &, then

(3.5) 1P| < [7nxw)l,

whatever k may be.
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Remark 3.2. We claim that the polynomial 7y of Notation 3.3 is positive in

(&, zp).
First let p € {1,..., N — k}. With 7y 1« as in Notation 3.4, let

Ce(x) == nni(r) + emng(T) (e>0).

Clearly, C.(x,-1)C:(z,) < 0 for any v € {1,..., N — kE}\{u}. Hence, C. vanishes
at least once in (z,—1, @) for v € {1,..., N — k}\{u}. Taking its k-fold zero at
& into account, we see that C;, being a real polynomial of degree N, cannot have
any non-real zeros. Furthermore, it can have at most one zero in the open interval
(¢, z,). In order to show that it has none, it suffices to prove that C.(z) must have
an even number of zeros in this interval if any. However, by (3.3), there exists a
positive number ¢ such that C.(z) > 0 in (£, £ 4+ 6), and then, since C.(z,) > 0,
the polynomial C, cannot have an odd number of zeros in (¢, z,). Thus, C.(x)
does not have any zeros in (£, z,), and so it must remain positive throughout this
interval. Similarly, C.(z) does not have any zeros in (z,-1, ). So, apart from
the k-fold zero at &, all the other N — k zeros of C. lie in (—oo, z,-1) U (x, , 0).
Letting ¢ tend to zero, we see that the polynomial 7y ; must have all its zeros in
(—o0, 1) U{£} U [z, , 00). From (3.3) it follows that my r(2) must be positive
throughout the open interval (§, x,).

If £ € (xn—k, 00), then C. vanishes at least once in (Iu—1 , xu) forv=1,...,
N —k, and so, apart from the k-fold zero at &, the polynomial 7, must have all its
zeros in (o, xn—k). Again, (3.3) implies that mx is positive throughout
(&, TN k+1), where xn k11 = oco. Similarly, 7y is positive in (£, xo) if £ €
(=00, ).

Analogously to Theorem 2.2, we have the following result.

Theorem 3.2. For k € N, let xop < -+- < zn_r be N — k + 1 real numbers.

Setting x_1 = —o0 and Tn_ky1 = +00, let & belong to the interval (x,—1, Tu),
where p € {0,..., N — k+ 1}. In addition, let {yo,...,yn—k} be a set of N—k+1
N—k

nonnegative numbers such that Y, vy, > 0, and let wn i, be the corresponding
polynomial of Notation 3.3. Then, for any polynomial p belonging to the class

PBNk(Tos - TNk Yo, -, YN—k; §} of Notation 3.2,
(3.6) Ip(@)| < [mni(@)] (@€ (@u1, U, z4))
unless p(x) = 7 7y () for some v € R.

The following result is due to Bernstein [2]. It remained unknown until it was
rediscovered by Erdds [3].

Theorem B. Let p be a polynomial of degree at most n with real coefficients such
that |p(x)| < 1 for —1 < x < 1. Furthermore, let T, be the Chebyshev polynomial
of the first kind of degree n. Then

p(2) <ITnu(z)] (2] =1).
Clearly, equality holds for p(z) = £T,(2).

The argument used to prove Theorem B can be modified to prove the following
more general result.

Theorem C. Let xzq,...,x, be an arbitrary set of n + 1 real numbers and let
90, ---,0n be any set of n + 1 nonnegative numbers, not all zero. Denote by II,
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the unique polynomial of degree at most n such that I, (z,) = (=1)""Yy, for
v=0,...,n. Furthermore, let P be a real polynomial of degree at most n such that
|P(z,)| <y, forv=0,...,n. Then,

Tn — X0
- 2

6 rEl<ime (|-

7Z€{x0;xn}) 5

unless P(z) = +11,,(z). In particular, if P is a real polynomial of degree at most n
such that |P(cosvm/n)| <1 forv=0,...,n, then

|P(2)] <|Tu(2)] (2] 21, 2# +1)
unless P(z) = £T,(z).

If p satisfies the conditions of Theorem 3.2, then the polynomial P(z) := p(z)/
(2 — €)* satisfies the conditions of Theorem C withn := N~k and v, =y, /|z, — £[*
for v = 0,..., N — k. Taking note of the fact that the role of II,,, n = N — k, is
to be played by the polynomial 7% . (z)/(z — £)*, where 7y ;. belongs to P j and
satisfies the iterpolation conditions /
Yv

N k(@) = ()N (@, — f)km (v=0,1,..., N —k),

we obtain the following addendum to Theorem 3.2.

Proposition 3.1. Let p be a real polynomial satisfying the conditions of Theorem
3.2. Furthermore, let TN k be as above. Then,

To +IN—k

on ol el (2

IN—k — X
- 2

0 2 ¢ {xo,SUNk}> ;

unless p(z) = £my 1.(2).

As an application of Theorem C and the interpolation formula of M. Riesz men-
tioned in Example 2.1, we prove the following result for real cosine polynomials.

Theorem 3.3. Let t be a real cosine polynomial of degree at most n such that

(3.9) ‘t(%)‘gl (v=20,...,n).

In addition, let t(z) # £ cosnz. Then, for k=0,1,...,

‘t(%) (z)‘ < n?*| cosnz|
({z =x+1y : coshy > V1 +sin2x}\{0, +mr, +27, }) ,

and
‘t(%ﬂ) (z)‘ < n?* | sinnz|

({z:x—l-iy : coshy > \/1+sin2x}\{0, +m, +27, }) .
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4. PROOFS OF THE RESULTS STATED IN SECTION 2

Proof of Theorem 2.1. For any p € {0,...,2n — k} the function

(4.1) Uku(0) = tn,geu(0) = 5n;(((99>) 26211(29 9u>)//22

is a trigonometric polynomial of degree n. Furthermore, it is clear that

1 ifv=y,
i) = O = {0 if v # p
and that if k& > 2, then ug,,(0) = -- ,(cku 2) (0) = 0. Since

;z,k(gl/) = (_1)2nik7V|Sn,k( V)| (V = Oa ]-7 ceey 2n — k) )

we conclude that

2n—k 2n—k
— _ _1\k+v t(el/) l 9_91/
Unsl0) 3= 3 t0) 0k (0) = Snal) 3 (~)" ey ot

is a trigonometric polynomial of degree at most n interpolating ¢ at the points
90, ey an_k, that iS,
Unk(6,) = t(6,) (v=0,1,....2n— k).
Besides, Up 1(0) = - = U/ 2(0) = 0if & > 2.
Thus, if £ = 1, then there exists a constant ¢ such that the representation

NG
(4.2) t(0) = cSpp(0) + Upr(0) = ¢ (sin 5) Sn,k(0) + Un,i(0)

holds for any trigonometric polynomial ¢ of degree at most n; if &k > 2, then the
same formula holds for any trigonometric polynomial ¢ of degree at most n, which
has a zero of multiplicity at least £ — 1 at 0.

Now, let ¢(0) := t(0)/sn k(0). Then, by (4.2),

0 k—1 2n—k k+u (91/) 1 9—6,
0= (s 3) {” 2 VM g e <t

0 &{6o,...,00mn_1}) .

o) = (sn g)“ _ (g)“ {1 N (2)2 " 0(94)}

as § — 0, we see that

Since

s =0, o) = LD

Furthermore, if k£ > 2, then
D0 =0 (j=0,...,k—2).

Hence, using Leibniz’s rule to calculate the k-th derivative of v, as a product of ¢
and the function

2n—k
— k+vﬂl 06y
=c + Z |S;Lk(V)|2COt 5 ,
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we see that

k) () — 7. +(k—1) reny (k-1 KU =~ o tly) 1
P (0) = keI O)X(0) = (-1 5 ;)< V' o7 @) P,

If we consider 1 as a product of t and 1/s, ; and use Leibniz’s rule once again to
calculate the k-th derivative of v, then we see that

() (0)
® ()= 2
¥ (0) )
if £(0) = --- =t*=1(0) = 0 and also if ¢ has a zero of multiplicity & — 1 at 0, for
some k > 2, provided that 5;1,1@(0) = 0. Hence, in either of these two situations
t®)(0) RS w6 1
= (_1)k ! k+1 Z (_1) / s 2 :
$n,k(0) 2 rt S}, 1 (6)] sin® 6, /2

However, s, x(0) = (=1)2""%*1|s, 1(0)], and so (2.4) holds for any polynomial ¢
of degree at most n such that t(0) = --- = ¢t*~1(0) = 0 and also if ¢ has a zero
of multiplicity k£ — 1 at 0, for some k > 2, provided that s%,k(O) =0.

If £ =1 and the points p, ..., 02,1 are such that S}, ;(0) = s;, 1(0) = 0, then,
differentiating the two sides of (4.2), we obtain

1 2n—1 ) 1
t'(0) = Uy, 1(0) = —|Sn(
( ) n,l( ) 4| 1 | Z ( )| sm 0 /2
In order to obtain (2.5), we may smlply dlfferentlate the two sides of (4.2) and
use the fact that 57, . (8) = 0. O

Proof of Corollary 2.1. Since [t(0,)| <y, for v =0, 1,..., 2n — k, it follows from
(2.4) that

2n—k

k! Y
N ) o .
(4.3) [£7(0) ] < k1 | 5n,(0)| Z 6,)| sin?6, /2

unless there exists a real number v such that
(=) t(0,) = y, e (v=0,1,...,2n—k),
that is, unless t(6) = €7 7(f). This does it because, in view of Remark 2.1, the
right-hand side of (4.3) is simply 7(*)(0).
The remaining assertions of Corollary 2.1 can be proved in exactly the same way;
of course, for the proof of (2.8) we need to recall that

wk(0y) = (=12 FVLS) (6]
forv=0,1,...,2n—k. O
Proof of Theorem 2.2. Let |t(6*)] > 7(6*) for some 6* € (0, 6y). If t(0*) =
|t(0*) | e, then .

n(0) = R{e7t(0)}
is a real trigonometric polynomial belonging to
Tnk(00s 30—k Yo, - Y2n—k)
such that

(4.4) n(0%) = [¢(0)| > 7(6%).



LOCAL BEHAVIOUR OF POLYNOMIALS 1357

With 7, 1 . as in Notation 2.4 let
B.(0) := 7(0) + € Tn .« (0) — n(0) (e >0).

Then, clearly, there exists a positive number g such that B.(0*) < 0for 0 < & < &o.
However, Corollary 2.1 implies that B.(6) is positive immediately to the right of 0.
Hence, B has at least one zero in (0, 6*) for € € (0, €¢). Besides, for such values
of e, the trigonometric polynomial B, has at least one zero in each of the intervals

(9* ) 90); (90 ) 91)7 R (92717]671 ) 92717]@) .

Thus, together with the k-fold zero at 0, it has at least 2n+2 zerosin [0, 27). Hence,
T(0) 4 € T ke, (0) = n(0) for all sufficiently small € > 0. However, 1 does not depend
on g, and so, n(d) = 7(0), contradicting the assumption that |t(6*)| > 7(6%).
Consequently,
(4.5) [t(0)] < 7(0)  (0€(0, b)) .

We shall now show that equality can hold in (2.9) at some point 6* in (0, 6o)
only if

n(9) == R{t(O) e} = 7(0) (v :=arg t(6%)).

As indicated earlier, n belongs to T, (6o, - .-, 02n—k; Yo, - - -, Y2n—k). Assume that
n # 7. Then, there must exist j € {0,...,2n — k} such that n(6;) # (—1)7 y;, that
is, (—1)n(0;) is different from y; and |n(6;)| < y;. This implies that
(46) g >0 and (=1){7(8;) — n(6;)} = y; — (=1)'n(6;) > 0.

Let §,, be the trigonometric polynomial of degree at most n having a zero of multi-
plicity &k at 0 such that 6, (0*) = —1 and §,(0,) = (—1)” for v € {0,1,...,2n — k}\
{j}. Now define

(4.7) C.(0) :== 7(0) — n(0) + €0,(0) (e > 0).
In view of (4.6) there exists a positive number ¢; such that
(4.8) (=1)7C.(0;) >0 (0 <e<eq).

Since 1 # 7, it follows from Corollary 1 that 7(®)(0) — n*)(0) > 0, and so also

c (0) > 0 for all sufficiently small e > 0, making sure that C.() is positive
immediately to the right of 0. However, 7(6*) = n(6*) by our assumption and so

(4.9) C.(07) = €0,(0%) = — < 0.

Consequently, C. has at least one zero in (0,0*) provided that e is positive and
small.
From (4.7) it follows that

(-1)"C.(0,) =y, — (-1)"n(0,) + € >0 (vef{0,1,....2n—kN\{j}) -
Thus taking (4.8) into account, we see that
(4.10) (~1)YC-(6,) >0  (v=0,1,...,2n—k)

for all sufficiently small positive values of . From (4.9) and (4.10) it follows that
C. has at least one zero in each of the 2n — k + 1 intervals

(0%, 00), (00, 01), -, (O2n—r—1, O2n—k)
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provided that ¢ is positive and sufficiently small. Thus, according to our tally, C.
has at least 2n + 2 zeros in [0, 27) for all small € > 0, and so for such values of ¢,
we have
@) = 7(0) + €,(0) .

Since 1 does not depend on e, we must have n(6) = 7(6), which is a contradiction.
Hence, n(#) < 7(6) for all 6 € (0, 6) unless n(d) = R{e7¢(0)} = 7(f). We
claim that n(f) = 7(6) only if ¢(f) = € 77(0). Indeed, H(#) := S{e7t(0)} is a
real trigonometric polynomial of degree at most n, having at the point 0 a zero of
multiplicity at least k, and vanishing at the points 6y, ..., ,02,_k, which is possible
only if H(0) is identically zero.

In order to prove that |t(0)| < |7(0)] for all § € (O2,—r — 27, 0) unless t(6)
is identically equal to €!77(6) for some v € R, we may simply observe that ¢(— -)
belongs to T, k(27 — O2p—k, ..., 27 — Oo; Yon—k, - --,yo) and that, for any 6 € R,
the trigonometric polynomial 7(27 — 62y, . . ., 20— 00 ; Y2n—k, - - -, Yo) takes at the
point 6 the same value as (—1)* 7(6o, ..., 02,k Yo,.-.,Yon_r) does at —0 .

The second part of Theorem 2.2 follows from the first part applied to ', which
has a zero of multiplicity at least £ — 1. In addition, by Corollary 2.1, |t/(¢;) | <
| 7/(p;)] for 5 =0,1,...,2n— (k—1), unless t() = e!77(0) for some y e R. [

5. PROOFS OF THE RESULTS STATED IN SECTION 3

Proof of Theorem 3.1. For any p € {0,..., N — k} the function

1 PN k({E)
5.1 V() = UNgplT) = :
(5.1) (@) ) = s

is a polynomial of degree N — 1. It is clear that

1 if v=uy,
0 if v#u

and that if &k > 2, then vg ,(§) =--- = v,(fu_Q) (&) = 0. Hence,

N—-Ek

VN = Z p(x)on k,u(x) = Png(z Z P

v=0

'Uk,u(xl/) = 5;;,1/ = {

Y —x,

is a polynomial of degree at most N — 1 interpolating p at the points xg, ..., N _k,
that is,
VN e(zy) = p(xy) for0<v <N —k.
In addition, Vy x(¢) = --- = V¥ 2(©) = 0if k > 2.
Thus, if £ = 1, then there exists a constant ¢ such that the representation

(5.2) p(z) = ¢Pni(z) + Vi i(z)

holds for any polynomial of degree at most N; the same formula with £ > 2 holds
for any polynomial p of degree at most N, which has a zero of multiplicity at least
k—1até&.

Now, let ¥(z) := p(x)/pn.k(z). Then, by (5.2),

k—1 Ry p(zy) 1
\I’(J?):J? c + ZW ) (J)&{xo,...,l‘]\[_k}).
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Clearly,
®)(€)
5.3 yW (g =L
(5:3) © pnk(€)
if p(¢&) = --- = p*=1(¢) = 0. Hence, if k € N and p is a polynomial of degree at
most n such that p(¢) = --- = p*=1(¢) = 0, then

1 = ) 1
®Byey = — gy — _ v
p(E = () = k! ;
O =70 2 B (o) € P
and so (3.1) holds.

Evidently, (5.3) also holds if p(¢) = --- = p*=2)(¢) = 0 and P x(€) =0 even
if p!=1)(¢) # 0. Hence, (3.1) remains true if p has a zero of multiplicity k — 1 at
¢ and ply 1. (§) vanishes.

In the special case where k = 1, formula (5.2) holds for any polynomial of degree
at most N, whether p(§) is zero or not. In other words

p(@) = cPya(@) + Vha(z)  (peBn)-
Differentiating the two sides of this formula and using the fact that Py ,(£) = 0,
we see that the case k = 1 of formula (3.1) holds for any polynomial p of degree at
most N if the points o, ...,zN—j are such that Py (§) = piy () = 0.

In order to obtain (3.2), we may simply differentiate the two sides of (5.2) and
use the fact that Py ,(n) = 0. O
Proof of Theorem 3.3. Clearly, t(8) = P(cosf), where P is a real polynomial of
degree at most n such that

‘P(cosy—w)‘g Tn(cosy—ﬂ)‘ (v=0,...,n).
n n
Hence, by Theorem C,
|P(cos z)| < |Tp(cosz)| = |cosnz| ({z : |cosz| > 1}\{z : cosz = *1}) ,
that is,
(5.4) [t(2)] < |cosnz| ({z : |cosz| > 1}\{0, 7, £27, .. .}) .

Using (3.9) in (2.6), we conclude that |t'((2v + 1)7/2n)| <n for v =0,...,n — 1.
Hence, |P’(cos (2v + 1)7/2n)| < |T (cos (2v + 1)7/2n)| for v = 0,...,n — 1, and
so, once again, Theorem C may be applied to conclude that |P’(cos z)| < |T,(cos z)|
if | cos z| > cos7/2n. In particular, this estimate for | P’(cos z)| holds if | cos z| > 1,
and consequently

| sin z|| P’ (cos z)| < | sin 2||T),(cos 2)| ({z : |cosz| > 1}\{z : sinz=0}) ,
that is,
(5.5) [t'(2)] < n|sinnz| ({z : |cosz| > 1}\{0, £, £27, ...}),

Since t' is a sine polynomial of degree at most n and |¢'((2v + 1)7/2n)| < n
for v =0,...,n — 1, it follows from (2.6) that ‘t”(mr/n)‘ <n?forv=0,...,n.
Thus, n~2t" is not only a real cosine polynomial of degree at most n but also

n=2t"(cosvm/n)| <1 for v =0,...,n. Hence, in view of (5.4) and (5.5),

It (2)] < n?|cosnz| and |t (2)| < n®|sinnz|
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for any z such that |cosz| > 1, except z =0, £, +27, .... This argument can be
repeatedly applied to conclude that for any k € {0, 1, ...},

‘t(%)(z)‘ <n®|cosnz|  ({z : |cosz| > 13\ {0, +7, +2m, ...})
and

‘t(2k+1)(z)‘ < 02+ sinnz| ({z : |cosz| > 1}\{0, £m, £27, ...}) .

Now, it may be added that | cos (z + iy)|? = cosh? y —sin® z if # and y are real. [

6. APPENDIX

In closing, we shall provide a proof of the existence theorem that was alluded to
in the Introduction.

Proposition 6.1. Let M > 0 and n € N. Then, for any positive integer k < 2n,
there exists a unique trigonometric polynomial t, =ty i« of degree n having a zero
of multiplicity k at the origin such that [t,(0)] < M for 0 < 0 < 2. In addition,
te = tn i+ takes the values M and —M, alternately, at 2n—k+1 points in (0, 27),
say 05 <07 <--- <05 .

For the proof of this result, we use the solution of the following problem, which
goes back to P. L. Chebyshev (see [1, pp. 51-57]): Given two real-valued functions
f and s, both continuous on the finite interval [a, b], how small can the deviation
maxg<gz<b | f(x) — s(x) p(z)| be as p varies in the class Px of all polynomials of
degree at most N7

The next lemma, which is a special case of a result in [I, pp. 55 — 57], gives a
characterization of the polynomial p* that minimizes max,<z<p |f(z) — s(z)p(z)]
over all polynomials p of degree at most N. It may be noted that s(x) is required
(see [, p. 51)) to be different from O throughout [a, b].

Lemma 6.1. Let f and s be two real valued continuous functions on [a, b]. Sup-
pose, in addition, that s(z) # 0 for a < x < b. Then, there exists a unique
polynomial p* € Py such that

ax [f(2) = s(@)p"(0)| = H = nf  max |f(x) —s(x)p()]

Furthermore, there exist at least N + 2 points on [a, b| at which f(z) — s(z)p*(z)
takes the values H and —H, alternately.

We shall also use the following well-known result [7 p. 84, problem 80].

Lemma 6.2. Let p be a polynomial of degree at most n—1 such that /1 — 22 |p(x)|
<1 on the interval [—1, 1]. Then, |p(z)| < n on the same interval.

The following supplement [I0], p. 280] to Lemma 6.2 will also come in handy.

Lemma 6.3. Let p be a polynomial of degree at most n such that p(1) = 0 and
Ip(x)| <1 on the interval [—1, 1]. Then,

’ p(z)

1—=x

§gcot%<n2 (-1<z<1).
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Proof of Proposition 6.1. First, let k be an odd integer. Lemma 6.1, applied with

flz) :=v1—2a2 (1—3:)%;133"_%, s(x) := 1 — a? (1—3:)%;1

and

shows that for any 6 € (0, 1),

(6.1) Hps = inf max {\/ 1—a2(1-— :c)kz;1

PEP gtz —1+0<z<1-4
"

is attained, say for pj. Furthermore, if

1

dp(z) :=v1—22(1- x)k% (x”_% —pg(m)) (k odd),

then, by Lemma 6.1, there exist at least n — consecutive points on the interval

[-1+ 9, 1— 6] at which di(x) takes the values Hy s and —Hj, s, alternately.
ki1 LS

In (6.1), we may take p(z) :=2"" 2 —(1+z) z z
to ‘,Bn_%, to see that

, which clearly belongs

V1—22(1- m)%(l + x)% "k

2R <.

Hk,é <

max
—146<z<1-6

= max (1 —z?%)
—146<z<1-6
Thus, d? is a polynomial of degree 2n such that max_145<z<i1-s |di(z)| < 1, and
so, by Theorem B of Section 3,

|d2((1 = 0)x)| < Ton(lz])  (z €R\(~1,1)).

), which implies that

1
2
Consequently, —{%E;Lc}él |dk (3;)‘ < Ty, (m

k41 "

1

V1-22(1—2)7

Using Lemmas 6.2 and 6.3, we conclude that

: 1
x”—%_p(’g(m)‘ < [ Ton (ﬁ) n® (-1<zx<1).
Hence, there exists a positive number & such that |pf(x)| < 2n¥ + 1 for all z €
[-1,1] if § € (0,0"). This implies that, if 6 € (0,¢’), then di(x) — 0 as z — +1.
It also shows that the search for the infimum in (6.1) may be restricted to those
polynomials in ‘Bni% whose modulus does not exceed 2n* + 1 at any point in

-1, 1].

kE+3
Now, note that for any polynomial p of degree at most n — %,
max \/1—22(1— x)% g —p(x)‘
—1<z<1
2 1
_ 2 _q _1k—1(nfﬁ_ ) >
\/?2’21 (@2 1) (@ - DF a2 = pla) ) | = 03
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since the maximum modulus of a monic polynomial of degree 2n on [—1, 1] can-
not be smaller than 272"*1 Consequently, there exists §y € (0, &), depending

3
on n and k, such that, for any polynomial p of degree at most n — R with

k—1 k+

max_j<z<1 |p(z)] < 2nF + 1, the maximum of 1 — 22 (1 — ) 2 ‘x”*Tl —p(x)‘

over [-1+4 ¢, 1 — d] is the same as its maximum over [—1, 1] if § < dp. Thus, for
any such d, the quantity Hy s is equal to

Hyo == inf max {\/ 1—a2(1- x)k2;1

PEP, _kys —1<z<1
2

g —p(x)}} .

In addition, there exist n — consecutive points in (=1, 1) at which di(z)

takes the values Hy o and —Hj}, o, alternately. Then, clearly,

k—1
dy,(cos §) = 27"+ (5in ) <sin g) <cos <n - %) 0 — p*(cos 9))

is an odd trigonometric polynomial of degree n having a zero of multiplicity k at the

origin such that maxo<g<ar |di(cosd)| = Hyo. Furthermore, there exist 2n —k 41

points in (0, 27) at which dj(cos ) takes the values Hy o and —Hj o, alternately.
In the case where k is even, Lemma 6.1, applied with

, : k+2
f(z) = (1—3:)%3:"7%, s(x) == (l—x)% and N:zn—%,
shows that for any § € (0, 1),
6.2 hys =  inf 1—2)% |2 % - ’
(6.2) wo = b _12%33_6( z)? 272 — p(x)
2
is attained, say for p}*. In (6.2), we may take p(x) := a5 — (1 —l—at:)g " F which

clearly belongs to I3, SER to see that

k k
1= o =gy @)| <1
Lpax (A-a)t e ps (x)] <

As in the earlier case, we can show that max_j<,<i [p;*(z)| < 2n¥ + 1 for all
sufficiently small 9.

This time, there exist at least n —
which

consecutive points on [—1, 1 — §] at

di(z) = (1 - :c)% (m"‘g —pg*(a:)) (k even)

takes the values his and —hy s, alternately. The point —1 must necessarily be
amongst the points where di(xz) = Zhys since, otherwise, dj, (a polynomial of
degree n — 1), would have at least n zeros. Analogously to the case where k is odd,
we can now show that

[SIES

hio:= _ inf max (1—z)
PEP,  ky2 —1<z<L1
’ 2

is attained. In addition, there exist n — consecutive points in [—1, 1), at

which dg(x) takes the values hy ¢ and —hg o, alternately; the point —1 is necessarily
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amongst these points where dy(x) = thg,o. It is clear that

k
dy.(cos @) = 27 nFhHL (sin g) (cos (n - g) 6 — p*(cos 9))

is an even trigonometric polynomial of degree n having a zero of multiplicity k at the
origin such that maxo<g<ar |di(cos )| = hg,o. Furthermore, there exist 2n — k + 1
points in (0, 27) at which di(cos) takes the values hio and —hg, o, alternately.
The point 7 is always amongst these 2n — k 4+ 1 points.

We may use Corollary 2.1 to see the uniqueness of t,. ([l

Remark 6.1. We are able to identify the trigonometric polynomial ¢, ;. . of Propo-
sition 6.1 for k € {1,2,2n —1,2n}. In fact, ¢, 1.(0) = M sinnf has the desired
property for k= 1.

If, as usual, T}, denotes the Chebyshev polynomial of the first kind of degree n,
then

t) = -MT, (cos % cos 9)

is a trigonometric polynomial of degree n such that ¢(0) = ¢'(0) = 0, |[t(0)] < M

for 0 < 6 < 27, and if g < 01 < --- < 03,2 are the points in (0, 27) such that

v+ m
n

T
cos — | cosf, = cos
2n

then ¢(0,) = (=1) M for v =0,1,...,2n — 2. Thus,
™
tnox(0)=—-MT, (cos 2., Cos 9).

(v =0,1,...,2n —2) ,

We leave it to the reader to check that

M2 AN o\*"
_AvEeR (si ) cos— and ﬁn,gn,*EM<SiH§) .

t 2n—1 0) = n—
n,2n ,*( ) (1_ L)n_% 2 2
2n
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